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p-adic (3,2)-rational dynamical systems with two fixed
points
I.A.Sattarov

Ikkita qo’zg’almas nuqtaga ega bo’lgan p-adik (3,2)-ratsional

dinamik sistemalar

Bu maqolada C), - p-adik kompleks sonlar maydonida
aniglangan (3, 2)-ratsional funksiyaning dinamik sistemasi
o’rganilgan. Bunda Zigel disklar va attraktorlar topilgan.

B nannoit pabore n3ydeHsl p-aindecKre TMHAMUIECKIE CUCTe-
MBI (3,2)-panuoHanbHoil GyHKIMU, onpeieseHHoi Ha one Cp -
P-aIMYEeCKUX KOMILIEKCHBIX uncesi. Haiimensr mucku 3uresst u
ATTPAKTOPBI 3TOU CUCTEMBI.

1. Introduction

The p-adic numbers were first introduced by the German mathematician
K.Hensel. For about a century after the discovery of p-adic numbers, they
were mainly considered objects of pure mathematics. Beginning with 1980’s
various models described in the language of p-adic analysis have been actively
studied. More precisely, models over the field of p-adic numbers have been
considered which, based on the conception that p-adic numbers might provide
a more exact and more adequate description of micro-world phenomena.
Numerous applications of these numbers to theoretical physics have been
proposed in papers [1], [3], [8], [12],[13] to quantum mechanics [5], to p-adic
valued physical observable [5] and many others [6],[11].

p-adic numbers. Let () be the field of rational numbers. The greatest
common divisor of the positive integers n and m is denotes by (n, m). Every
rational number x # 0 can be represented in the form x = p"- where
r,n € Z, m is a positive integer, (p,n) =1, (p,m) = 1 and p is a fixed prime
number.

The p-adic norm of x is given by

p~ ", forx #0,
2|, =
0, for x = 0.
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It has the following properties:
1) |z|p, > 0 and |z|, = 0 if and only if =0,
2) |lzylp = [@lplylp,
3) the strong triangle inequality

‘Jj + y|p < max{h:‘pv |y|p}a

3.1) if x|, # [ylp then |x + y[, = max{|z|,, [y[,},

3.2) if |z|p = |ylp then |z +y[, < |zlp,

this is a non-Archimedean one.

The completion of ) with respect to p-adic norm defines the p-adic field
which is denoted by Q.

The well-known Ostrovsky’s theorem asserts that norms |z| = |z|~ and
|z|p, p = 2,3, 5... exhaust all nonequivalent norms on @ (see [7]). Any p-adic
number z # 0 can be uniquely represented in the canonical series:

z =p" @ (o + z1p + 22P? + ...), (2.1)

where v = y(z) € Z and z; are integers, 0 < z; <p—1,20>0,j=0,1,2,...
(see more detail [4],[7]). Observe that in this case |z|, = p~7®).

The algebraic completion of @, is denoted by C, and it is called complez
p-adic numbers. For any a € C, and r > 0 denote

Urla) ={zeCp:lz—al, <r}, Vi(e)={zeCp:lz—al, <r},

Sp(a)={zxeCp:|z—al,=r}

A function f : U,(a) — Cp is said to be analytic if it can be represented
by

@)=Y falw—a)", fo€Cy,
n=0

which converges uniformly on the ball U,(a).

Dynamical systems in C,,. In this section we recall some known facts
concerning dynamical systems (f,U) in Cp, where f: 2z € U — f(z) € U is
an analytic function and U = U,(a) or C),.

Now let f: U — U be an analytic function. Denote x,, = f™(x¢), where
xo € U and f"(x) = fo---o f(x).

—

Recall some the standard terminology of the theory of dynamical systems
(see for example [9]). If f(xg) = 2o then xq is called a fized point. The set
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of all fixed points of f is denoted by Fix(f). A fixed point xq is called an

attractor if there exists a neighborhood V'(xg) of z¢ such that for all points

y € V(xg) it holds lim y, = xo. If o is an attractor then its basin of
n—oo

attraction is
A(xo) ={y € Cp: yn — x0, N — 00}

A fixed point z¢ is called repeller if there exists a neighborhood V' (z¢) of xg
such that |f(z) — xolp > |x — xolp for x € V(z0), x # x0. Let zp be a fixed
point of a function f(z). The ball V,(zy) (contained in U) is said to be a
Siegel disk if each sphere S,(z¢), p < r is an invariant sphere of f(z), i.e.
if € Sy(zo) then all iterated points z, € S,(x¢) for all n =1,2.... The
union of all Siegel desks with the center at z( is said to a maximum Siegel
disk and is denoted by SI(z).
Let z be a fixed point of an analytic function f(x). Put

d

The point xq is attractive if 0 < |\|, < 1, indifferent if |A|, = 1, and
repelling if |A|, > 1.

We investigate the behavior of trajectory of an arbitrary (3,2)-rational
p-adic dynamical system in complex p-adic filed C,, when the there are two
fixed points. It is studied Siegel disks and attractors of such dynamical
systems.

2. (3,2)-Rational p-adic dynamical systems

A function is called a (n,m)-rational function if and only if it can be

written in the form f(z) = 5”((?), where P, (z) and @,,(z) are polynomial

functions with degree n and m respectively, Q. () is not the zero polynomial
(see [2]).

In this paper we consider the dynamical system associated with the
(3, 2)-rational function f : C, — C), defined by

3+ ax? +br+c
2 +dr+e

f(.f) = , @, b7 & dae € Cpa (1)

N _ /d2 —
where x # 212 = W.

In this paper we consider the case a # d. There are two fixed points:

e—bE/(e—b)2+4(d—a)c
2(a —d) ' @)

T2 =
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Denote
P={zeCp:Inec NU{0}, f"(z) =212}

For any z € C), © # 212, by simple calculations we get

(& = i) + o (@:)]* + o2 ()]

: "l —m) 4 B2 +e— L,
where

a ex? + (ae —c)x +be —cd  a? d
mE =ty el =TT e 1 W=ty
Denote

d2
a1, = |a1(xi)|p7 Q24 = |a2(xi)‘p7 /Bl,i = |ﬂl(x1’)|p, ,82 = |€7z|p, 1= 172
and
a; = max{ay i, /2 ), Bi = max{f1,i,\/Pa}.

Let

a1 # J/az; and Br; # /P
Consider the following functions:
For 0 < a < 8 define the function ¢q g : [0, +00) — [0, +00) by

g‘—;r, if r<a,

o, if r=aq,
Pa,8(r) = ;—i, if a<r<§8,

g*, it r=4,

r, if r>p,

where o* and §* are some given numbers with a* < g—; B8* > B.
For 0 < 8 < « define the function ¢, g : [0, +00) — [0, 4+00) by

g—Zr, if r< g,
g, if r=p,

2

bap(r) =< < if B<r<a,

r )

o, if r=aq,

r, if r>a,
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oy . 2
where o/ and 8’ some positive numbers with o/ < «, 8’ > %

For oo = 8 > 0 we define the function v, : [0, +00) — [0, +00) by

r, if r#a,
Ya(r) =

a, if r=aq,

where & is a given number.
Using the formula (3) we easily get the following:
Lemma 1. If z € S, (x;), then the following formula holds

@Zh,@i (T)v lf 673 < ﬂi,
[ (x) — xi|p = qbgiﬁi(r), if >0, n>1, i=12.
Yo, (r), if o =B
Thus the p-adic dynamical system f"(z),n > 1,z € C, \ P is related
to the real dynamical systems generated by ¢, g, ¢o.s and ¥,. Now we are
going to study these (real) dynamical systems.

Lemma 2. The dynamical system generated by ¢ g(r),a < 3 has the
following properties:

1. Fix(pag) = {0} U{r:r>pru{p*: if g =p*}
2. Independently on «, we have
0, forall r < 8,

lim o 5(r) =4 n, foral r>pg, ;
n— 00 ’
pr, it r=p

proof. 1. This is the result of a simple analysis of the equation ¢, g(r) =

Proof of part 2 follow from the property that ¢, g(r), r # «, is an
increasing function.

Lemma 3. The dynamical system generated by ¢, 5(r), @ > 8 has the
following properties:

A. Fix(¢ap) ={0tU{r:r>a}tU{a: ifa=a}
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B. We have
0, if r=0,
lim ¢y 5(r)=4q €B, forall 0<r<a, ;
n—00 ’
r, forall r> q,

)

where B = (o, ¢o.5(8)).

proof. Since ¢, g(r) is a piecewise linear function the proof consists
simple computations, using graph of the function and varying the parameters
a, (.

The following lemma is obvious:

Lemma 4. The dynamical system generated by ¢,(r),« > 0 has the
following properties:

(i) Fix(¢po) ={0}U{r:r #a}U{a: ifa=a}
(i)

r, for any r # a,a # &,
lim ¥ (r)=1< &, for r=a,a#a,
n— oo

r, forany r>0,a =4,

Now we shall apply these lemmas for study of the p-adic dynamical
system generated by f.
For x € Sy, (), we denote

(= — @) + ay(2)]* + ag(wi)lp

a;‘k(l'):ai. |[(x—xi)+ﬁl(xi)]2+e_(ii|p7 =1,2 (4)
For x € Sp,(x;), we denote
B () = B; - [(z — @) + aa ()] + il (5)

[z = 2) + (i) +e— L1,

Using Lemma 1 and Lemma 2 we obtain the following
Theorem 5. If o; < 5; and « € S,(x;), ¢ = 1,2 then the p-adic
dynamical system generated by f has the following properties:

1. The following spheres are invariant with respect to f:

Sr(xi)v ifr> Bh
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2. We have
lim f"(z) =x;, forall r< g,
n—oo

f(Sr(zi)\P) C Sp(x;), forall r>p;,
nll}n;of (a:) S Sﬁ;(I)(mi), if r=0;;

By Lemma 1 and Lemma 3 we obtain the following
Theorem 6. If a; > f5;, i = 1,2 then the p-adic dynamical system
generated by f has the following properties:

A. The following spheres are invariant:
Sr(dfi), Zf r> oy,

B. We have

ILm f(z) € Su(x;), pe B, forany 0<r <oy,
f(Sr(z;)\P) C Sp(x;), forany r > ay;

By Lemma 1 and Lemma 4 we get
Theorem 7. If a; = §;, and = € S;(x;), ¢ = 1,2 then the dynamical
system generated by f has the following properties:

(i) For any r # «; the sphere S,(z;) is an invariant set.
(ii) (ii.a) If a; # o (z) then
F(Se(@) \ P) C Sy(x:), forall v+ g
f(Sr(xi) \ P) C Sar ) (i), if 7= au;
(ii.b) If oy = a*(z) then

f(Se(z;)\'P) C Sp(x;), forall r=#0;

Remark 8. By above analysis it is clear that both fixed points z1,x
have the same character. More precisely if z; is attractor (resp. repeller or
indifferent) if and only if x5 is attractor (resp. repeller or indifferent). If fixed
points z;,¢ = 1,2 is attractor then its basin of attraction is A(z;) = V3, (z;).
We note that if fixed points are repeller then |f(x) — z;|, > |z — x|, for any
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x € Vg, (x;),x # x;. If fixed points are indifferent then they have the same
Siegel disk and 1. SI(x;) = Vo, (@), if & # a;; 2. SI(x;) = Cp\ P, if& = o.
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