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KHWPHUII (1oKTOPJIMK qHCCEPTANUACH AHHOTALMSCH)

Juccepranms MaB3yCHHHHT 10/13ap0auru Ba 3apypartu. JKaxon Muxkécuaa
om0 Oopwnaétrad Kymiaad WiIMUN-aMaluid TaAKUKOTIIAp HATWXKAcHaa BYXKYJra
KeJlaJuraH MyaMMOJIApHUHI €4UMMJIapd WHTEerpai Ba auddepeHiuan TeHriama-
Japra KeiaTupuiaav. YJap acocaH KyOaTyp Ba HMHTEPHOJSUMOH (opmynanap
épramuia TakpuOuil eunsiagu. bynmail popMynanapHu KypUILIHUHT aJireOpauk Ba
BapUaIMOH EHAAIIUIIUIApU MaBXKyA OYnuO, mactiabku anredpauk (popmynanap
Hrroton-Kortec, ['aycc tunmpmaru kBagpatyp dopmynarap xamuaa Jlarpamx Ba
Hp0TOH WHTEpHONAIMOH Kynxaaiapuaup. Bapuimon Expammiira acociaHub
Ooynnaii popmynanap Kypumn Hazapuscu AKII Ba Poccus onmumnapu TomMoHuIaH
unuiad yukwirad. OyHKIUSIApHUHAT Typiiu cuH(Iiapua anredpank Ba BapHaIlioH
¢upamryBIapra  acociaHu0® — ontuMan  QopMmynamap Ba  MHTEPHOJSAIUOH
CIUTAMHJIApHU KYPUIITHUHT SHTU aJITOPUTMIIAPUHM UIUIA0 YUKHII XaM/la YIapHUHT
XaTOJUKJIApUHU OaxoJam xucoOJam MaTeMaTUKaCUHUHT MyXHM BasudanapuaaH
Ooupu 6YIud KOIMOKIa.

MycTaknuMK Huiuiapuaa MamilakaTUMHU3[a amMaiuid TaTOMKKa 3ra Oyirax
nom3apd  WyHanumiapra  3THOOpP — Ky4aWTUpWIIU, XYCycaH, XucoOJarl
MaTeMaTUKaCUHUHT KyOaTyp (opMmynanap Hazapuscu Oyiinya HOKOpU anreopauk
AHUKJIMK Japaxkacura sra OynuO, Oupop OMp MyHTa3aM KYNEKHUHI alJlaHULLIAP
rpynnacyd axkclIaHTHpULUIapura HuUcOaTaH WHBApUaHT XaMmJa OpPTOrOHAJ
KYTIIxajyiap Hazapuscura acocianran [aycc tunmpmarum kyOaTyp dopmynanapHu
Kypulllra ajoxuja dSbTUOOpP KapaTWiIId. XOCWJIacu KBaJpaThd OwiiaH
WHTETpaJUIaHYBUM JIaBpUd Ba JaBpuil sMmac, OWp Ba Kym Y3rapyBUWIU
¢bynkuusuiapauar - Cobones dazonapuma  maHXKapaJid ONTUMANT Kybaryp
dbopmyrnanap Kypulll ce3uiapiau HaTHXallapra SpUIIHIIIN.

Xo03upru KyHjaa TaOuui xapaCHJIAPHUHT IOKOPU AHUKJIUKIArd MaTeMaTHK
Mozaemapu cudaruma Kapanaauran mudQepeHniran Ba WHTErpajl TeHTIamasap,
Xama yJapHUHT CHCTEMalapuHHU TaKpuOWil eunin yuyH auddepeHnnanianyBuu
GyHKIMSUTapHUHT THIBOEPT (a3zomapuaa onmTuMaln KBagpatyp, Kybatyp dopmy-
Janap Ba MHTEPIOJISILIMOH CIIAalHIApHU KypUII MyXHUM aXaMuAT KacO 3TMOKaa. by
Oopaga Makcayii WIMHH TaaKUKOTIAPHHU, >KyMJIaJlaH, KyHugaru WyHaJIHII-
Japaard WIMUN W3NMAHUILIIAPHA aMalira OUIMPUII MYXUM Basudanapaan Oupu
XHcOoONaHaau: NaBpui, AaBpuil OynamaraH (QyHKUUSIAPHUHT Typid TWILOEepT Ba
Oanax Qazonapuga naHXkapald AacCUMITOTUK ONTUMall KyOatyp QopMynanap
Kypuir;, Monrte-Kapno metonnapura acocinanran kyoaryp ¢popMmynajiapHu uiiad
YUKHUII; ONTUMAJl KBajapaTyp, Kybaryp QopMynanap Kypull Ba YJIapHHHT
XaTOJMUKIApUHU  Oaxojiam; aHuK (YHUHOHAUIADHU  MHHUMAJUIAIITUPYBYU
criaiianap Kypuul. FOKopua KenTUpWIraH WIMHUK-TAIKAKOTIAp NyHaTUIIN]IA
Oaxapuia€TraH WIMHMH HW3JIaHUIUIAp Ma3Kyp JHCCepTalus MaB3yCHUHHMHT
J0JI3apOTUTHHH U30XJIaNIH.

V36ekucron Pecny6nukacu Ilpesupentuauar 2006 iimn 7 aBrycTiaaru
[1K-436-con «®aH Ba TEXHOJIOTUSJIAPHA PUBOXJIAHTUPHUILHU MYBOQUKIAIITHPHUILL
Ba OOIIKAPUIITHN TAaKOMWJUIAIMITUPHUIN YOpa-TaaOupiapyu TYFpUCHIA» Xamza
2008 #iun 15 wronmaru I1K-916-con «lHHOBaIMOH JOWKXanap Ba TEXHOJOTHUS-
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JapHd wunUIad YMKapuiira TaTOMK STUIIHM parOaTiaHTupuIl Oopacujgaru
KyluMua 4opa-taaoupiap Tyrpucuaa» Kapopnapu Ba Maskyp (daonusrra
TErunuid OOIIKa HOPMATUB-XYKYKHH XyxKaTiapja OenruiaHrad BasudaiapHu
amajira omupuIIra ymoly JauccepTaius TaAKUKOTH MyailsiH Japaxazaa Xu3Mar
KWJIAQJIH.

TaagkMKOTHUHT pecrmy0/jMKa (paH Ba TEXHOJIOTMSJIAPH PUBOKJIAHUIIU-
HHMHI YCTYBOP HYHAJIMILJIAPUIra OOFJIMKJIUIU. Ma3kyp TaAKUKOT pecryOinka
dan Ba TexHoorHsUIap puBOXJIAaHTUpHUIIHHUHT |V. «MatemaTnka, MexaHuKa Ba
nH()OpMATHKA» YCTYBOP MYHAIUIIN ToupacKuaIa OaxapuiraH.

Juccepranus MaB3ycH Oyiln4a XOpHKNd WIMHA-TAAKHUKOTJIAP mapxnl.

KBanpatyp, kybaryp ¢dopmynanap Ba CrulaiiHiIap KypUIl Xama YJIapHUHT
XaTONMMKJIApUHU Oaxonam OVilMya WIMHNA U3JMAHUNUIAP €TaKYd XOPKUAN
JABJIATIAPHUHT WJIMHA MapKasiapy Ba OJIMA TabIUM MyaccacajlapH, KyMIIaJlaH,
Institute of mathematics of Friedrich-Schiller-Universitat Jena, Institute of
mathematics of Universitdit Mannheim, Technische Universitat Braunschweig
(I'epmanus), Universita degli Studi di Roma La Sapienza, Universita della
Basilicata (Mramms), University of Meryland, Kettering University, Columbia
University, Harvard University, Purdue University, Venderbild University (AKLL),
University of Oslo (Hopserus), Katholicke Universiteit, Leuven (benrus),
Universidad de Zaragoza, Universidad Publica de Navarra (Mcmauus), Universite
de Toulouse, Université Joseph Fourier (®panmus), Mathematical institute of
Serbian Academy of Sciences and Arts (Cepbus), Babes-Bolyai University
(Pymunust), Poccus ¢anmap akagemumsicu Cubuppr Oynumum Marematnka
uHCTUTYTH, Poccust ¢annap akamemusacu MaremaTtuka HHCTUTYTH, MOCKBa,
Cankr-IlerepOypr, HoBocuGupck naBiat yHuBepcuteriapu, Poccust ¢anmap
akajgemusich XucoOjail MmaTeMaTHUKacH WHCTUTYTH, Yda WIMHNA MapKa3uHUHT
xucobuam Mapkasznmu MaremaTtuka UHCTUTYTH, Cubuph denepanb YHUBEPCUTETU
(Poccus), JlnemponeTpoBCcK naBiat yHuBepcutTeTd (Ykpaumna), Ko3ok mumuii
yauBepcutetd (Ko3orucToH) na o6 0opuimMok/a.

KBagpatyp Ba kyOaryp opmynanap, HHTEPIOJALMOH Ba SKUHJIAIITUPYBUU
CIUTaHJIap KypHUII Ba Kypwiran opMyajiap XaTOJUKIAPUHU 0ax0JIallHU TaJKUK
KWIMIITa ouj OyHEAa onubd OOpWiraH TaJAKUKOTIap HaTHXacuaa KaTop 10a3ap0
Macajajlap €4YWIraH, >JKymjaJaH KyWHJard WIMHA HaTWKajgap OJMHIaH:
CoboneBuuHr BaszHiu ¢aszonapuna Monrte-Kapimo Meroam acocuaa KypuiraH
KyOaryp ¢opmynanap xaToiaukiapu 6axomapu onuaran (Institute of mathematics
of Jena University (I'epmanus), Columbia University (AKII)); crutaiia GyHKIus-
JapHU Ba @ — QYHKIUSIIAp METOUIApUHU KYI1ad, yu3ukiu auddepeHnnan omnepa-
TOpJIap/ia aHMKJIaHTaH Typiu Tuib0epT ¢azonapuna, Capa MabHOCHIA ONTHUMAI
kBajgparyp ¢opmynamap xucodmanran (Columbia University, University of
Maryland, University of Wisconsin-Madison (AKIII), Technische Universitat

! Muccepraumst Mapsycu 6yitinaa xoprkuii wiMuii TagkukoTnap mapxu: Journal of Approximation Theory, Applied
Mathematics and Computation, Journal of Computational and Applied Mathematics
http://www.journals.elsevier.com/mathematics; Calcolo, Numerical Algorithms, BIT Numerical Mathematics,
Cubupckuii )XxypHaJl BEIYMCITUTEIHHON MaTeMaTukd, JKypHaa BBIYACIHTEIEHOW MaTeMaTHKH M MaTeMaTHYeCKOi
¢busukw, http://www.springer.com/mathematics man6anap acocua UIUIa0 YHKUITaH.
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Braunschweig (I'epmanus), Babes-Bolyai University (Pymuams), Universita degli
Studi di Roma La Sapienza (Mranus)); Typnu runp0ept ¢aszonapuaa, (GyHKIHO-
HaJl aHajau3 MeTojyiapuaaH doigananud, D"-cruaiinnap, L - criaiiHiap Ba
aOCTpakT CIUIaMHIap MaBXKYUIMK Ba sroHamuru ucoOommanran (University of
Wisconsin-Madison, Harvard University, Purdue University, Venderbild
University (AKII), University of Oslo (Hopserus), Université Joseph Fourier
(Opanmus), Xwucobiam MaTeMaTHKacH Ba MaTeMaTUK reodu3uka WHCTUTYTU
(Poccus)); perynssp Ba Kywid TeOpaHyBYM HMHTErpauiap ydyH ['aycc Tumumaru
kBagparyp dpopmynanap Kypuwiran (Mathematical institute of the Serbian Academy
of Sciences and Arts); L' (R") ¢azocunaru ontuman namkapamu Kyoatyp popmy-

nanap kodpduuuentiapu yuyH Bunep-Xond Tunumaru cucrema OJMHTaH, Oy
cUCTeMa EYMMH MaBXY/UIMTH Ba sroHaiuru wucOotianran (Poccust danmap
akagemusicu Cubupp Oynmumu Marematuka WHCTUTYTH, HoBocuOupck napiat
yrusepcutetr (Poccus), V36ekucton Mummii yHUBEpCHTETH Koumaarn Mate-
MaTHKa WHCTUTYTH); YCKIIM 4erapa Karjiamiu Kyoaryp (opmylanap acUMITOTHK
ONTHUMAJUTUTH €TAPJWIMK IIapTiapu TOMWIraH, OyHmaih KyOatyp dopmynaiap
KO3 PHUIMEHTIIADUHNA TOMHUII Y4yH anroputM umuiad uyukwirad (Yda wuamwuii
MapKa3MHMHT XHcoOmam Mapka3id MareMaTuka HWHCTHTYTH), aCHMIITOTHK

onTuMan Kybatyp (opmymanap Hasapusicn LV(Q) daszomapura  ymymmam-

tupwirad (Cankr-IletepOypr maBmar yauBepcutetn, Cubupnb (emepasr yHuBep-
CUTETH); Y4 yiraoBiu cepana d3hdexkrus kydaryp dhopmynanap Kypuwiran (Poccus

—~—m
dannap akagemusicu Xucobnam maremarukack uHCTUTYTH); W, Ba W' naBpuii

Ba jAaBpuiimMac GyHKUMsUap Qasonapujia 3HT AXIIM KBajapaTyp Gdopmyranap
KypWwiIraH Ba YJIapHUHT XaToJUKiIapu Oaxornapu xucoOmanran (Poccust danmap
akaneMuscu Maremarnka WHCTUTYTH, JIHENmpoOmeTpoBCK JaBiaT YHUBEPCUTETH
(Ykpanna), Kozox wmwmmuii yauBepcutretn (Koszoructon), Kliment Ohridski
University of Sofia (bonrapust)).

Hynéna OyryHru KyHaa, KyoOaTyp, KBaaparyp d¢opmynagap xamja
WHTEPTOJISAIUOH CIUIAMHIApHU KYPHII Ba YJIApHU TaTOWK 3TUIN OYitnda Oup Karop,
Kymnanan: nuddepeHnuaianyByn  GYHKIMSUIADHUHT THIBOEpT (daszonapuaa
KBaApatyp, Kyoaryp ¢opmyrnaiap Ba HWHTEPIOJSIMOH CIUIAWHIAPHUHT XaTOJHK
GyHKIMOHAIUTApY AKCTpeMan (QYHKIUSJIAPUHU TOMUIN; TOMWITaH 3KCTpeMall
bynkumsuiap épaamuaa Moc ¢GopMmyranap Ba CIUIAWHIAD XaTOJIUK (PYHKIIMOHAII-
Japy HOpMaJapuHM XUCOOJaIl; ONMTHUMal KBaaparyp, Kydaryp dopmynaiap Ba
WHTEPIOJISALUOH CIUIAWHIAD MaBXY/UIMK Ba STOHAJIWK IMAPTIAPUHU TOIIHUIIL;
onTuMall KyOaTyp (opMmyrnanap Ba HMHTEPHOJSIIMOH CIUIAMHIAp KYpPUIIHUHT
JUCKPET olepaTopiiapra acoCIaHTaH SHTH alrOpUTMIIAPUHU WIIUTA0 YUKUII Xam/ia
onTUMaln KO3(QQUUUEHTIAPHUHT OUIKOP KYPUHUIIMHU TONUII KaOu YCTYBOP
HyHanuuap/ia MMl TaAKUKOT UIIapU 0Ju0 OOpHIMOK/IA.

MyaMMOHUHI  VpraHWIraHjauk  jJapaxkacd. ODyHKIMOHAN  aHAIW3
METO/JIapura acocjlaHu0 KBaapaTyp (opmynanap Kypull Ba YJIapHUHT
xaToymkiaapuau Oaxonam jgactiad A.Capn Ba C.M.HUKOIbCKUWHHMHT WIMHUN
U3NIaHUIUIapuaa Kyoatyp dopmynanapHusr naijgo oymummu sca C.JI1.CoboneBHUHT



WIMUN TagKUKOTIapuaa Oomumanradn. by wMacamara Typau (dasomapga Oup
y3rapyBumiim ~ xoiaga — C.M.Hukonbeckuii, H.IL.Kopneiiuyk, H.E.Jlymmaii,
T.H.bycapoBa, b.bosnoB, B.[l.Motopusiii, A.A.Jluryn, A.A.XKeHcpikOaeB,
K.N.OckonbkoB, M.A.HaxkueB, T.A.I'paHKMHAIApHUHT WIMUA H3JTaHUILIAPU
Oarunutanrad. Kym y3rapyBumnu ¢azonapia MHBapHaHT Ba ACUMITOTUK ONTHMAI
kybaryp  ¢opmynanmap  kypum  OViinua  C.J1.CoGone, B.M.JleGenes,
N.I1.MgeIcOBCKHX, M./1.PamazaHoB, B.H.I1onoBuHKMH, O.B.becos,
I[.b.IlloitnxkypoB, M.B.Hockos, H.M.bmunos, JI.B.Boiitumek, B.JI.Backesuu,
I'.H.Canuxos, M.N.Ncpaunos, C.II.IHym6aes, I'.Il.cmarynnaes,
O.IlamcueBnap, MonTe-Kapno meTonnmapu acocuaa COHIM WHTErpaiam oyinda
H.C.baxBaoB, C.M.EpmakoB, WN.M.Co6ons, H.H.Uenmon, I'.A.Muxaiinos,
A.C.PacynoB, E.Novak, H.Wozniakovskizap wnmuii wusnanunuiap  onu0
OopHIITaH.

Tyryn HykTanap (UKCUpIaHTaH X0JiJa XaTOJIUK (YHKIIMOHAIM HOPMAaCHUHU
kodpdunreHTIap Oyiinya MUHUMAJUIAIITUPUIIIAH XOoCWi OYynran (opmynanap
KYPHUIIHUHT CIIaiiH, @ — dyHkiusuiap Ba CobosneB ycymiapu Mmapxkya. A.Sard,
L.F.Meyers, G.Coman, 1.Schoenberg, S.D.Silliman, P.Kohlermap, -cmaiin
¢dbyukumsnap yeynura acocnanu6, A.Ghizzetti, A.Ossicini, F.Lanzara, T.Catinas Ba

G.Comanmap @ — QyHKUMsIap YCYJIMHH KYiu1abd L(Zm) dazocuga onTuMant

kBagpatyp dopmynanap Kypuiirad. CobosneB ycynu OViinya onTuman KyoaTyp
dbopmynanap Kypuija ontuman Kaaparyp dopmynanap kodhduimeHTIapuHu
m3nam Oyinya C.JI.CoOoNeBHUHT HaTHXajdapy HOKOpHAA JCIaTUITraH CIUIaiiH

YCYJAMHM KY1ad OJMHTaH HATWXKAJIapHU yMyMJIAIITHP]IH. L(Zm) dazocuna

C.JI1.CoGoneB TomMoHMAAH Takiau( KWIMHTAH aJTOPUTMHM KOPHM ATUI OYiinua
3. K. Kamanos, @.f.3arupora, X.M.lllagumetror, A.P.XaéroB Ba Oomikanap
WIMUN TaJIKUKOTIIAp 0JIUO OOpHUIIITaH.

Jactnabku  criailH — QyHKIUSJIAp  YYMHYM  Japaxkalnd — Kymxajiap
OynakjmapujaH  Tamkuia TomraHn d3ad. KeluHyanuk Oy  KOHCTPYKIUS
TaKOMWJUTAIITUPUWIIN, KYIXAJHUHT Japa)kach OUIMPWIIH, JEKUH yJIapHU KypHIII
roscu y3rapmail konnu. CrutaifHnmap Hazapusicuza KEHMHTM MyXuM Kadam Oy
I.Schoenberg wmmr ky6uk cruaiimmnm LY Qasocumarm QyHKmus HOpMacw

KBaJpaTUra MUHMMYM O€pyBYM BapHallMOH Macajga €YMMH OujaH OOFJIOBYH,
D.Holladay aunar matmxkacumup. Kedimnuanmuk D.Holladaynunr marmkacu C. de
Boor TomoHuian ymyminamtupuiad. by HaTuxkanap Karra KU3UKHUILIAD YHFOTAU
Ba  aHWK  Tajabimapra  OOFJMK  paBHIlJa  BapualioH  (QPYHKIMOHAI
TaKOMUJUTAIITUPUWITAH KYTUIad COHJAru WiMUN uiap naigo 6ynau. Bapuamuon
MeTojijIapra acocjaHran ciuiaiamap Hasapuscu J.H.Ahlberg, E.Nilson, J.Walsh,
P.J.Laurent, 1.Schoenberg, C. de Boor, R.Arcangeli, M.C.Lopez de Silanes,
J.J.Torres, B.A. Bacunenko, M.Attea, Barlinet, C.Tomas-Agnan, L.L.Schumaker,
T.Lyche, B.Bojanov, C.b.Creukun, FO.H.Cy66oTun, M.U.WUrnates, A.b.IleBHbIH,
G.Nurnberger, A.IO.bexxaes, X.M.Illagumeros, A.P.XaéroBnap M3IaHUILIAPHIA
PUBOKJIaHTUPHUIIIH.

JIuccepranmusi MAaB3yCHHMHI JUCCEPTANMSA 0a:KaPWIAETIaH OJIMH TABJIUM
MYyacCacaCMHMHI WIMHH-TAAKMKOT HIIIapPU OMJIaH OOFJIMK/IMIU. [(nuccepranus
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TAAKUKOTH Y30eKMCTOH MWIIHi —yHHBEPCHTETH KOWIMjard MatemaTika
UHCTUTYTUHUHT DA-O1-O004+D014 «Kybatyp dopmynanap, cruiaiiHiIap
Hazapusjapy Ba MYyXUM HMHIIOOTJIAp XaB(QCU3JIUITMHU TabMHHIIOBYM Ba peaj
XOJaTHHH OalopaTIoBY kapaéuiuapHu comn moaeiamrtupum» (2007-2011),
O4-OA-O013 «HoacconmatuB Ba omepartopiap aiaredpanapu, JIUHAMHK
cuctemMaiap, xamja YyJapHUHI CTAaTUCTUK (pU3MKa Ba TOMYJSUOH OHOJOrusAra
tanpOukiaapu» (2012-2016) wmaB3ymapupard WIMUH TaJKHKOT JIOWUXajlapH
noupacua oaxkapuiras.

TaakMKOTHHUHT MakKcaaum TwibOepT ¢aszojapuga ONTUMANT KBaJIpaTyp
dbopmynanap, spuM HOPMaHW MUHUMALIAIITHPYBYN WHTEPIOJSAIIMOH CIIIaiHIap-
HA KypHUII Ba YJIApPHUHT ONTHUMaJ XaTOJUK (DYHKIIMOHAIIApW HOPMaTapyuHU
xucoOaniian nbopar.

TaagKuKOTHUHT Basudasapu:

ruisoepT (pazonapuaa KBajapaTyp Ba HHTEPIOSIUOH (HOpMYJIalapHUHT
XaTOJUK (PYHKITMOHAIIAPWHUHT dKCTpeMall GyHKIHUSJIAPUHHN TOTTHIII,

ruwiboepT  Qazonapuga XaTroauk (PyHKUMOHAIApU HOpPMAacH KBaJapaTu
ndo1acHu XOCUIT KUJIHIIL,

JlarpaH>XHUHT HOMabJyM Ko3(DUUUEHTIap METOAWHU KYiuiad, omTuMall
KO3 PUIMEHTIap YUYYH YU3HMKIM TEHIJamanap CUCTEMaJapuHU OJIUIL, OJIUHIaH
cucTeMasap CYUMUHUHT MaBXXyIJIMK Ba SITOHAJIMK IapTIAPUHU TOIIHUIII,

KOHKpET 4M3uKIu nuddepeHnuan omnepaTtopiap AUCKPET aHAJOTIapUHU
Kypui,

muddepennnan onepaTopiaap JUCKPET aHAJIOINIApUTra acocjaHTaH METOJIaH
doitnananu® auddepennuamuianyBun  GyHKUUssap — gaszonapujga  ONTUMAl
KBaJIpaTyp Ba UHTEPIOJIALMOH (opMyaTapHU XOCHII KWJIUIIL,

KypwJiran onTuMall KBaaparyp (opmynaisap Ba MHTEPIOJAIMOH CIUIaiHIap
XaTONMHK (PYyHKIIMOHAIAPH HOPMACHHHU XUCOOIAIIL.

TankukoTHHHT 00beKkTH auddepeHMauIanyBun  QyHKIUsUIap (aszomna-
puaa Xaronuk (YHKIMOHAUIApH OHKCTpeMal (QYHKIMSIIApH Y4YyH derapaBHid
Macananap, KBaapatyp Qopmynanap, HWHTEPHOSAIMOH (opMylajgap Ba CIUIAiH
byHKIMAIAP.

TagKMKOTHHUHT  MpeAMeTH  DKCTpeMai byHKIHIAP, ONTHUMA
kodbdunmentnap yuyH Bunep-Xomd Tunumaru YM3MKIM ~ TEHIJIaMalap
cUcTeMajapu, ONTHUMaJl KBaJpaTyp Ba MHTEPHOJALMOH dopMmyrnanap, Xamaa
ribOepT ¢daszonapuna SpUM HOPMaHM MUHUMAJUIAIITHPYBYM CIUIAWHIIAp/IaH
nbopataup.

TagkuKoTHUHT ycysanapu. TaakukoT uimMaa xucoOjanml MaTeMaTHUKACH,
(GyHKIMOHA aHaINU3, KOMIUIEKC Y3rapyBUMiIn (GyHKUIHUSIAP, TUCKPET apryMEHTIu
bynkuusuiap, auddepeHuran TEHIIaMalap Hazapusulapu ycyJuiapujaH Qoiina-
JAHUJITaH.

TaagKMKOTHUHT WIMMI SIHTWINTH KyiHuaaruiapaan nuoopar:

W, ™m(0,1),K,(P.) Ba L'"(H) ¢asonapuna xBaapaTyp Ba MHTEPIOJSIHOH
bopMyagap XaToauK GYHKIHOHAIIAPH SKCTpeMall (QyHKIUSIIApU TOUIITaH;



w, ™" (0,1), K,(P,) Ba [(z'"v’(H) (azonapaa KeagpaTyp Ba MHTEPIOJIALMOH
dbopmynanap xaToauk (PyHKIIMOHAIIIAPU HOPMaJIapy XUCOOJIaHTaH;
W™ 2(0,1) Ba K,(P.) (asonapma ontuman kBaapatyp Gpopmynanap xamuia

naspuii N ysrapyBuwin Qyukimsap dasocu LSV(H) ma onruman uurepmon-

saiuod dopmynanap kodpdunuentTiiapu yuyH Bunep-Xomnd TtuUnumarda 4m3ukiIu
anrebpank TEHTIIaMallap CHCTeMajlapura KelTHPHIITaH;

OJIMHTAH CHUCTEMajap €YMMIIAPH MAaBXKY/UINTH Ba STOHAIWTH IIapTIapH
TOTIVJITaH,;

d2m d2m—2 d2m d2m—2 d2m—4
X" - dx2m2 Ba x> +20° dx2"2 + o' dx2m

JTUCKPET aHAJIOTIapH KyPHWJITaH Ba yJIAPHUHT XOCcanapy NCOOTIIAHTaH,
L(0,))  dasocuma myc6aT KOOQPUIMEHTIM  ONTUMAN  KBaJAPaTyp

nuddepennran oneparopiaap

dbopMmynamap KypwiraH Ba ONTHMaJl XaTOJHMK (DYHKIIMOHAIM HOPMacHu
XUCOOJIaHTaH,

W, ™" (0,1) Ba K,(P,) ¢asomapma Capa mMabHOCHAA ONTHMAl KBaapaTyp
dopMynanap Kypwirah xamjaa m=1,2 Ba 3 Xxo/ulapuia KypuiraH ONTHMA
bopMyIagap xaToJauKIapu 6axosiapy OJIMHTaH;

L (0,1), W,™"(0,1) Ba K,(P,)dasonapuna spuM HOpMaHM MHHMMAJLIAIL-
THUPYBYH HHTEPIIOJIALMOH CILIAMHIIAD XOCUII KUIHHIaH;

CoGonepaunr LYV(H) naepuii  n ysrapysuwim dynkumsiiap daszocuaa

ONITHMAaJ MHTEPHOJSAIUOH (hopMyanap KypHiraH.

TagKUKOTHMHI aMaJIMii HATHXKACHM KYpWITaH ONTUMal KBaapaTyp
dbopmynanapaan ¢oitnanaHud perysisp UHTErpajUIapHU TaKpUOUii XucoOmaml yayH
Maple nactypraam Tiimrga qactypiap Ty3WITaHIUTHIAH, XaMIa YH3UKId OUpUHYN
Typ @pearonsm Ba BonbTeppa HWHTErpan TEHIVIAaMaJapUHU HWHTEPIOJISIIUOH
cCrutaiiHiiapaaH ¢oinananud COHIM €4HIll MyMKUHIIUTUAAH HOOpaTaup.

TagKuKOT HATHXKAJAPUHUHT HIHOHYWIWJIMIH XUCOOJaml MaTeMaTHKAcCH,
(YHKIIMOHAJ aHAJIN3, KOMIUIEKC Y3rapyBumin (GyHKIUSIIAp HA3apUsICH Ba TUCKPET
apryMeHTIN (QYHKIMSJIAP Ha3apusch ycyimapuiaaH (QoWJalaHUITaHINTA XaMmJia
MaTeMaTHK MYJIOXa3aJapHUHT KaThbUAIUTU OMJIaH acOCTIaHTaH.

TaaKuKOT HATHXKAJAPUMHUHT WIMMI Ba aMaauid axamMusitu. TaakukoT
HATWOKAIAPUHUHT WIMUK  axamusatd  auddepeHnuamianyBu  QyHKIHIIAp
dazonapuna ontuMan KyOaTyp Ba KBaaparyp dopmyianap xamja yMyMIIalraH
CIUTalHJIapHU KypHUII aJITOPUTMH OMJIaH U30XJIaHAIH.

TankukoT HaTWXKANAPUHUHT aMaluil  axaMUsTH KypWwiraH OINTUMal
KBaJipaTtyp (opmynanap Ba MHTEPHOJSLUOH CIUIaiHJIap Peryisp UHTErpaljiapHu
COHJIM XHcoOnamra Xamja 4yu3ukin OupuHun Typ Ppenronsm Ba Bonbreppa
WHTETpaN TEHTJIaMaTapuHU TaKpUOUil eunIra Xu3smMaT Kiiau.

TaaKuKOT HATHXKAJAPUHUHT KOPUH KuJnHuIIM. /luccepranus TaAKUKOTH
Kapa€HuJla OJMHIaH HaTWKajlap KyWHJAarn WyHAIMIUIIApAa amMaiauérra KOpUu
KWJIUHTaH:
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W™ (0,1) Ba K,(P,) ¢asonmapna xypuiran Capia MabHOCHAA ONTHMAT
kBajgparyp dopmynamap «Optimal Quadrature Formulas for the Space HM1»
maB3ycugaru DFG — Priority Program 1324 pakamiu XOpH)KHH TpaHTHAA Iy
dazonmapna 0 waAekcau Dypbe KOIDPUIMEHTIAPUHU COHIM XHCOOJANl YIyH
kynnanunran (Mena ynmBepcuteTH MareMaTHka MHCTUTYTHHHHT 2016 iun 14
CEHTSIOp/Iaru MabIyMOTHOMAcH, ['epmanus). UnmMuil HaTWKaHUHT KYJUTAHUIITA
H*"l ¢azona @Dypse wuHTErpamapu ydyH KypwiraH ONTHMal KBaApaTyp
(dbopMynaapHUHT HATH>KAcH OWJIaH COJMIIITUPUINTA UMKOH OepraH;

W™ 2(0,1) hazocunarn KBagpaTyp (opmysanap XaToJdUK (QYHKIMOHAIH-

d2m d2m—2

X" B dx2m2
ran guckper anamorm «Approximation of integral and differential operators and
applications» massycumarn 174015 pakamum xopwkuii rpartuma W, ™" (0,1)

HUHT TOMWJITaH 3KCTpeMan QyHKUIUACH Ba OMEPATOPHUHT KypHJI-

¢dazocuna @Dypre HHTErpaiapy Y4YyH KBajapatyp ¢GopMmyrnanap XaTolIuK
GYHKIIMOHATN SKCTpeMai QYHKIUSACHHHU TomnuIinra Kyuranuiaran (Cepoust ¢daH Ba
caHbarT akajgemusick Marematuka WHCTUTYTHHUHT 2016 #un 6 wuroH;aru
MabJIyMOTHOMAacH). MiMuil HaTkaHUHT Ky uTaHuauimy Oypbe kodgpunmuenTiapu
yUyH OITUMAaJ KBaJpaTyp GpopMyianap KypHil UMKOHHUHH OepraH.

TaagkuKOT HATHXKAJAPUHUHI anpodaumsicd. TaAKUKOTHUHT HaTWXalapu
WIMHAKA-aMaJIMM  aHXKyMaHjlapAa MyXOKama KWIMHIaH, Wy oKymuagaH: «Kym
dazam MyxuTiaap/ia UICCUKINK Ba Macca aJIMaIllyBH >Kapa€HIapuHA MaTEMaTUK Ba
conn Moaesutarrupui (byxopo, 2001), «Matematuk (usrka Ba HHPOPMALIMOH
TEXHOJIOTUSJIAPHUHT X03Upru 3aMoH Myammonapu» (Tomxent, 2003), «Em
OJMMIIApHUHT pecnyonuka koHpepenuuscu» (Tomkent, 2003, 2004), «Xycycuii
xocuianu auddepeHiman TeHrIamManap Ba aHajin3 Ba MH(QOPMATUKAHUHT TYPIOII
myammosapu»  (Tomkent, 2004), «Omnepatopiap anreOpac Ba  KBaHT
sxtumoitukiaap Hazapuscn» (Tomkent, 2005), «LUMS 2-nd international
conference on mathematics and its application in information technology» (JIaxop,
[ToxuctoH, 2008), «XucooOmamnn TeXHOJIOTHUIAPH Ba MaTEMaTHK MOICIIIAII THPHIII
(Tomkent, 2009), «Amanmii MaTemaThka Ba HH()OPMAIIMOH TEXHOJOTHSIIAP
noia3ap6 myammosapu — an-Xopasmuii 2009» (Tomkent, 2009), «Omnepatop
anreOpanapu Ba Typmom wmyammodap» (Tomkent, 2012), «JIuddepeniman
TEHIJamMajap 3aMOHAaBHH MyaMMoOJapud Ba yiaapHUHT TaaOukiapu» (TolikeHT,
2013), «Amanmii Ba reometpuk aHammu3» (Camapkana-HoocuOupck, 2014),
«MaremaTuk (uU3MKa HOKJIACCHUK TEHIVIaMallapd Ba YJIApHUHT TagOUKIapu»
(Toukent, 2014) xkabu amKXyMaHiIapaa Mabpy3a KYypHHHUIIKIA Oa€H STUIITaH Xam/ia
anpobanysaIal yTKasuwirad. TaJKHKOTHHHT HATWXKAaTapd Y36ekucToH Mummii
YHUBEPCUTETH Kommuaarn MaremaTtnka WHCTUTYTHHHHT «Onepatopiap anredpa-
napu Ba ynapauHr Tanoukmapm» (Tomkent, 2010-2016) Ba «Kybaryp dopmyna-
nJap Hazapuscu Ba comyap Hazapuscu» (Tomkent, 2005-2016) Pecmy0nuka
CeMHHapylapuJa, TOMIKEHT TeMup WyJd MYXaHIWCIAPU  WHCTUTYTUHHHT
«Xucobnam mareMaThukacu Ba HMH(POPMATHKAHUHT 3aMOHABUNA MyaMMOJapH»
wivaii  cemuHapuna (Tomkent, 2008-2012), Cantesiro ne Kommocrtena
YHUBEPCUTETH Koluaaru MatemaTuka MHCTUTYTU WiMHuil cemunapuaa (Mcnanus,
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2012), Mena yHuBepcHTETMHHMHT MaTeMaTHKa WHCTHTYTH WIMHH CEMHHApPHIA
(I'epmanwus, 2010, 2015) Myxokama KAJTUHTaH.

TaagKMKOT HATHXKAJAPUHUHI JbJOH KWIMHWUIIM. J[Mcceprauus MaB3ycu
6yitnua xkamu 44 Ta WIMHIl WII 9OI STHITAH, LIylapiaH, Y30ekucToH Pecry6-
mukacu Onuid ATTectanusi KOMUCCUSCUHUHT JJOKTOPIIUK JIUCCEepTAlUsIapU acOCU
WIMHUN HaTWKAJIApUHU YOIl STUII TaBCUSl ATWITAH WIMHUN Hampiapaa 23 Ta
MakoJa, xxymiuaaas, 10 Tacu xopuxkuii Ba 13 Tacu pecnyOimka )KypHajuiap/ia Haup
STHUJITAH.

JluccepTanMSIHUHT XAa:KMHM Ba Ty3WwaumId. Juccepranus KAPUIT KHCMH,
TypTTa 600, XYyJoca Ba ¢oianaHuiaran agabueTiap pyixaruaH TallKuil TONTaH.
Jucceramumsauar xaxmu 200 OeTHU TaIIKUII STraH.

JTACCEPTAIIUSIHUHT ACOCUM MASMYHHA

Kupum kucmuaa amccepranys MaB3yCHHUHT J0JI3apONMId Ba 3apyparu
acocllaHraH,  TaJKUKOTHUHI  pecnyosvka  ¢aH  Ba  TEXHOJIOTHsUIApU
PUBOKJIAHUILIMHUHT YCTUBOpP HYHAJIMLUIAPUTa MOCIWIH KypcaTWiraH, MaB3y
Oyiinya XOpWXKUH WIMHI-TAIKUKOTIAp MIAPXHU, MYaMMOHUHI YPraHWITaHINK
Japakacu KENTUPWIraH, TAJKUKOT MakKcaJu, Bazudaiapu, 0ObeKTH Ba IpEeIMETU
TaBCU(JIAHTaH, TAAKUKOTHUHI WJIMUN SHTUJIUTH Ba aMallui HaTwkaidapu OaéH
KWIVHTaH, OJIMHTAaH HATWKaJapHUHI Ha3apuil Ba amMaluil axamusaTH O4u0
Oepwiirad, TaAKUKOT HATWKAJIAPUHUHT JKOPUN KWIMHUIIM, HALIP 3TUJITaH ULUIAp
Ba JMcCcepTalys Ty3WINIIN OYiinya MabIyMOTJIap KEJITUPHUIITaH.

Hucceprauusaunr «JluddepenuuaianyBun pynkuusiiap ¢aszosnapuaa
KBaApaTtyp ¢opmynanap 3KcTpeMan QyHKOusjapu» 1e0 HOMIAHYBYU
oupuran 606 W, ™" Ba K, (P.) runs6epr dhazonapuma keagpatyp popmysanap
AKCTpeMall (pyHKUMsUIapU TOIMIITa, Xamjaa OINTUMal KBajaparyp ¢opmysiaiap
MAaBXKyJUUINTY Ba ITOHAJIMTY UcOOTIIalra OaFuuIaHTaH.

Yoy
Jo00dx=3C,0(x,) )
KBaJpaTyp popmyiIaHu
K(x)=g[oy1](x)—§cﬂ5(x—xﬁ), (2)

xaTonmuK (yHKimonanu 6unan 6upra kapaiimus. bynna C, Ba X, (€[0,1]) nap (1)
opmyaHuHT KO>(PUIMEHTIIApU Ba TYTYH HyKTanapH, &gy (X)— [0,1] xecmanunr
XapakTepUCTUK QyHKIWsICH, O(X) — IupakHUHT AeibTa-QyHKIUIACH, ¢ — (QYHKIHS
3ca KyMuJ1arnda aHuKJIaHTaH

WHL, ={p:[0,1]] > R|¢p™? - abcomror yanykcns Ba 9™ e L,(0,1)},
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1 2 )2
||go |W |_2|| = { _[ [Pm (diJ (0(X)J dx} spuM HopMaiu (a3o 3neMeHTu 0yinuob, OyHnaa
0 X

d dn d L d i
Pl—|=a ..+a—+a, a,#0 P|— d :

W™ L, - runsept dasonapu 6ymm6, L dasonapurusT yMymIamMacuup.

Kyitnnaru aitupma
(4,9) =I¢(X)dx—gcp¢(xﬁ) = [ 1(x)p(x)dx 3)

(1) xBagpatyp GOpPMYIaHUHT XaTOJUTH JEHIIIAIH.
Kynnnarn Komm-1IBapn TeHrcusnurura acocan

(@S

(3) xaronukHWMHT aOcomoT KuiMatH (2) XarosmK  (QYHKIMOHAIWHUHT
W™ L, kymma dasonaru

HOpMacH OpKaiu OaxonaHaiw. ¢ XaTONMK (YHKIHOHAIU (4) HOPMAacHUHH TYTyH
HyKTanap puxkcupianranga kodpduurentiap Oyitnua muanmymunu tonui Capn
Mmacanacu Jeimnamu. Xampaa onuHran ¢opmyna Capa MabHOCHAA ONTHMAI
KBaJpatyp Gopmyna aerunanu.
busnan Kyliuaaru MKKU MacalaHu KeTMa-KeT eurll Tanad KUINHAIH.

Macana 1. W™, ¢asocuna (1) xBagpatyp Qopmyna / XaToIHMK

I= sup (4, 9)] (4)

ot ™oL

byHKIMOHATN HOpMacH (4) HH TOIUIIL.

WL

Macana 2.

:igf ||£|me Lz*” TEHIJIUKHU KaHoaTiIaHTUpyBuu C,
s

K02 PHUITMEHTIIApHN TOTIHIIL.
WL pasoma ¢ xaroaumk (yHKIMOHAIM HOPMACHHH OLIKOP KYPUHMILIA

TOMMILI y4yH OepwiraH (yHKIMOHATHUHT SKCTpeMan (QyHKUMICH N1e0 aTanyBud
Xamaa

Pm
()= v WL
TEHIJIMKHY KAHOATJIAHTUPYBUM W, OQyHKumscunan Qoiinananmwmam. W ™ML,

runs0epT  (asocu OynraHnMrunaH Y, SKcrpeman (QyHkuus OepunraH  (2)

byHKIIMOHAN EpaMuia, YU3UKIHN Y3ITYKCY3 (PYHKIIMOHAIHUHT YMyMUN KYPUHHUILIN
xakuaaru Pucc reopemacu €pnamuaa udogananaau, SbHU

(40)=W @)y (5)

Gy epra ()= [ K000008 w0 (y10),., =[P.[ 5 Jur 00, 5 Jotoom -

UKKATa Y, Ba @ (QYHKIWAJAPHUHT CKasIp KymalWTMacu. YHAAH TalllKapw,

PuccuuHr yira teopemacura acocas, (5) Hu xucobra om0, KyiHuIaru TeHIITHMKHHA
0JIaMH3

13



T A

Hlynnaii kuauO, (2) xaTonuk (YyHKIMOHAJIMHUHT I/, 3KCTpeMall (PyHKUUSACUHU

torui yuayH (5) GyHKIIMOHAT TEHTJIAMaHH €YHIII Talad KUIHHAIH.
[llyrn xam Ttabkumiam  kepakku, P (d/dx)=d*"/dx*"xonma, sbHU

L’ (0,1) ¢aszoma, macama 1 C.JI.CoGomeB TOMOHMIAH edwiraH. by xomga
sKcTpeMal QyHKIUS KyHHnIard KypuHHUIIIa

v, (X)=(=D)"(x)*G, (x) + B, ,(x),

| |2m—l

2:(2m-1)!
Keiinn, L\” pasocuma ontuman keaaparyp Gpopmynanap koddduimentiapyu

oynna G_(X) = Ba P, (X) mapaxxacu m—1 Oyiran uxtuépuii Kymxai.

yuyH C.JIL.CoGoneB TomoHugaH Bunep-Xomd Tunumard cucreMa OJIMHTAH.
OnuHran cucremMa e4rMMH MaBXyAJUTW Ba SATOHAINUTH ypraHuirad. by cucremanu
eunm yayn d°" / dx*" nuddepenumnan onepaTop aHaIOrHra acoCIaHraH auropuTM

Takau( KWIMHTaH.
d m m-1

m + m-1
dx™ dx

Kyiugarnda oenrunainmums
W, (0,1) ={¢:[0,1] > R | "™ - abcomoT y3nykcus Ba ™ € L,(0,1)},
OyH1a

buz P (d/dx)= XOMHM  Kapaiimms. Moc W™L,  ¢asonu

oW 0] ={[(0" 00+ 00 o)

I:((p(m) (X) + @™ (X))de <o Ba |p|=0 ¢axar Ba paxar ¢ =P, ,(X)+de™ Gyuca,
Oy epna P_,(X) - mapaxacu m—2 Oynran uxtuépuii kynxan, d - KOHCTaHTA.

W, ™" (0,1) ¢azocuna W,y OKCTpeMan (yHKUMS KyHMIard derapaBuid
Macalia eYuMHUTUD

Vi () =y (%)= (=D)"((x), (6)
(W) =w i ?(0)) =0, s=1m-1 (7)
(w0 )+ () [5=0. (8)

Kyinnarn ypunmm
Teopema 1. W,""7(0,1) dasona (6)-(8) uerapasuit macana eunmu v,

byakus ¢ Xaronuk (QYHKIMOHAIM SKCTpeMan (QyHKOuscu OYynud Kyhumaru
KYPHHILTA 3Ta

Vo () =DM *G,, (X) + P () +de,

G (x)= sgnx(e' —e”* w x*7 9)
v 2 2 = (k-1

d - uxtuépuii xakukuii con, P, (X) - mapaxxacu m—2 Oyiaran Kymnxa.

OyH1a
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Keiinn, W ""(0,1) ¢asocuna (1) KypuHMUIITArM ONTHMAN KBAApPaTyp
dbopMynangap MaBKyJIUTH Ba ATOHAJWTY UCOOTIIaHTaH.
DHIU @ QyHKUUA
K,(P.)={0:[0,1] > R| o™ - abcomor y3mykcus Ba ™ € L,(0,1)}
ruib0epT (asocura TETWIUIM XOJMHU Kapaiimm3. byHna ¢yHKmus Hopmacu
KyHugarnda aHuKIaHa i

real-{ ][ & Joco) o]

oy cpaa P g |- o e 050w [[ (5ot e -0

= +w :
dx ) dx" dx™? dx
dakat Ba dakat ¢(X)=CSinwX+C,coswx+R_.(X) xomma, 6ynma R _.(X) Oy
m — 3- gapakayim Kymnxam, m> 2.

K,(P.,) dazoma ¢ ¢ynkumonan Ba uxtuépuit @ € K,(P,) ¢byHkuus ydyH
srona y,, € K,(P) ¢ynkuus masxyn 0ymub, y Kyiimparn uyerapaBuii macana
e4ruMH Oyaau

v (X)+20° 70 (X) + @'y (X) = (D)7 (), (10)
(V&2 0+ @y (¥)][5=0, s=01..,m-1. (11)
Kyingaru Hatuxa YpUHIUIAD
Teopema 2. (10)-(11) uerapasmii macaima eunmu K,(P.) dasocuma /

XaTONMK (QYHKUMOHAIMHUHT ¥/, OKCTpeman (QyHkuusacu Oymub, Kyihuaaru
kypunumira sragup ¥, (X) = (=1)"(x)* G, , (X) + d,sinwx +d,coswx + R, ,(X),
Oy epma d,, d, - xakukuii cormnmap, R_,(X) 6y m—3 - gapaxanu kymnxaz Ba

G, (X) = (j)m# ((2m —3)sin wx — wxcos wx + ZmZZ ) (m(;If _11))l(wx)2k_l) .(12)
[0 k=1 —1)!

Vupan tamkapu, K,(P)) dasocuna (1) xypunumpmarn Capn mabHOCHIA
ONTUMA KBaapatyp hopMyJanap MaBKyUTUTH Ba STOHAIUTH HCOOTIaHTaH.
W, ™" ga K,(P.) daszonapuna (1) kypuaumnaru Cap MabHOCHIA ONITUMAI
KBaAparyp GopMysagap KypHIl YH3UKJIM TCHIJIAMalap CUCTeMajaapura ojmo
KeJIMHraH. Y0y JUcCepTanusl HIMHHUHT MaKcaad Oy CHCTeMalapHUHT aHATNTHK

€UMMHUHU Tomuuaup. ByHuHr ydyn 6u3 nuddepenuuman omneparopiap AUCKPET

aHanormapura acocanmanran CobOoneB MeroawHM Kyiaimus. byHma Owusra
d2m d2m—2 d2m 2m-2 d2m—4

2 4
dXZm - dXZm—Z Ba dXZm +2a) dXZm—Z +o dXZm—4

Kepak Oynasu.
HMucceprauustnuar  «/Iuddgepenunan ONEPATOPJAPHUHI  JUCKpeET

d2m d2m—2
dx" - dx2"2

orneparopJiap AUCKPET aHajIoriaapu

a”Hajorjgapu» 7e0 HOMJIAHYBYM  MKKHHYH  000OH Ba

15



2m 2m-2 2m-4
d

dXZm dXZm—Z dXZm—4
PUHU KypHILra Ba KypWIral aHajorjiap XxoccajlapyuHu ucOoTialra OaruiiaHraH.
VkkuHyn O60OHMHT OumpuHud maparpaduma d”"/dx*™ omepaTop AHUCKpET

amanorn D_(hp) xakumarm mabiaym wHarwkanap kenrtupwiran. L dasocuma

muddepeHnran omneparopiap IUCKPET aHajorjia-

onTHMaNl KBaaparyp (opmynansap Ba MHTEPHOJAIHMOH (opMysanap KypHUIl ydyH
ousra D_(hf) muckper omeparop kepak Oymaau. D_(hf) omneparopaunr
Kyvuaara omkop kypuauimn X.M.IIIaguMeToB TOMOHUIAH OJIMHTAH:

Z/xq‘ﬂ“, | 8122,
Dm(hﬂ)=p<1+ZAw | BI=1,
c+S A, pe,

klk

—MNI 2m+1
(h—ml)’ A= % C=-2""" E, ,(X) - 2m—1- napaxanu
2m—l k

Diinep-Dpobennyc kymxaau, ¢, gap E, (X) xynxan wimusnapw, |, <1, h -

bynna p=

KMukuHa MycOat napamerp. YHaan tamkapu, C.JI.Cobones Ba X.Illagumerosnap
tomonuaan D_(hf) omeparopHuHT Xoccanapy ypraHuIraH.

Huccepranusi UKKUHYM OOOM MKKMHYM maparpadguaa KyWuaard TEHIrjiama

CUNIITaH
D, (hB)*G,,, (hB) = 5,(hp), (13)
oy epna G, (hpB) 6y G, (X) Ta MOC TUCKPET apryMeHTIH QYHKIHS.

(13) Tenrnama eyuMu XaKuaard Kynuaard TeOpeMaHu KeITHPaMH3
2m 2m-2

dx?" - dx2"2

kaHoatnautupysuu, D_, (hB) nuckper ananorn Kyiugaru KypuHuIIra sra

Teopema 3. nuddepennuan oneparopHur, (13) TEeHrIUKHU

S AL 1p122
Dm,w(hﬂ)=i 2"+ SA, 1flL

2m-2

c+E% p=0
OyHna
Cotsm-2)e et s &P p 2 20-A)TIAEN +D) - Dy,
P2 AP (A) |

2m-2

Pna(A) =2 pA°=(1-")(A-2)"" = 2(A(e™" +1) —€" (A" +1)) x
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{h(l— AT+ Pa-AT" E,(1)+..+ hzmsEzM(ﬂ)}
3! (2m-3!)

Ponzr Poms 18p B ,(4) kymxan xospduumentmapu, A4, map F, ,(4)
KynxagHuHr Moayiau 1 naH kuuuk wigmsiapu, E (A) Oy K-mapaxamm Diinep-
®polOeHnyc Kynxaau.
D, (hB) omeparop xoccanapu ypranunmy Ba Kyiingaru ncOoTIaH/Iun.
2m d2m—2

dXZm - dXZm—Z

KpeT aHajoru m=1,2,3 napaa Kyliujaru TEHIJIMKIapHU KaHOATJIaHTUPaIu:

1) D, (hB)*e” =0, 2) D, (hB)*e™ =0, 3) D, (hB)*(hB) =0

Teopema 4. nuddepenuuan onepatopuunr D (hB) nuc-

n<2m-3, 4) D, (hB)* G, (hB) = 5,(hp).
2m d 2m-2 d 2m-4
WNxkuHun OOOHMHT y4YMHUYM maparpadpuaa —+ 20" I + o' VR
X X

OrepaTop JUCKPET aHAJIOrdW KypH/raH, SbHU KyWHIArd TEHIIMKHH KaHOATIAHTH-
pyBuu D_, (hf) muckper aprymeHTIN QYHKIHS TOIHITaH

D, « (h5)*G,  (hB)=6,(hp), (14)
oynna G, , (hB) 0y G, (X) ramoc muckper aprymenTin GyHkmsa, m>2, >0,
0,(hp) - muckper nenpra-GpyHKuus.

(14) Tenrnama eyuMu Y9yH KyHUaara TeopemMaiiap HcOOTIaHTaH
2m 2m-2 2m-4

Teopema 3. —+ 20° + o muddepeHnran onepaTOPHUHT

dXZm—Z dXZm—4
(14) TeHIIMKHU KaHOATJIAHTHPYBYH JUCKPET aHAIOIM KyHuaarnda

S AL 182

2m-1

2w m-1
D h = 1 , :1’
ax (NB) D p +Zﬁx | 3|
C+Z&,ﬂ 0
bynna A = LAk 4(&;« 2}Lk(cﬂ(v)ks)hw+1) == , C =4—4C08hw—2m_%,
2 (-D)“(m -k -1)(hw)***

=(2m —3)sinhw — hwcosh +2

P, ,(4) Oy 2m—2-z[apa>1<anp1 MabIyM Kymxam, P, ,, P, ; Jap IIy KyIxaxn

kodddurmentnapu Ba A nap P, ,(4) Huar wigusnapy, |4, <1,
2m d2m 2 d2m 4

2 4
T+ ey onepatopunr D, (NF) - mmc-

KpE€T aHaJIoru KYﬁHHaFH TCHINIMKIIAPHU KaHOATIIaHTUPaau

Teopema 6.

17



1) D, (hpB)*sin(hwp) =0, 2) D, (hB)*cos(hwp) =0,
3) D,.« (hB)*(hwp)sin(hwp) =0,  4) D, (hp)* (hwp)cos(hwp) =0,
5) D, (hB)*(hB) =0, «=0,1,...,2m-5.

JucceprauustHuar «Onrumana kKpaapatyp dopmynangap ko3(UIHEHT-
Japd Ba yJap XaToJuK (YHKIHMOHA/IAPH HoOpMajapu» 1c0 HOMIAHYBYH
yauaun 606u D, (hp),D,, (hgB) Ba D, (hB) nmuckper oneparopmapaan
doiinananu6, moc pasumaa L\, W™ pa K,(P,) dasonapna (1) kypuaummaru

Capn MabHOCHA ONTHUMAN KBaApaTyp QopMmyniajgap KypHINra, Xamja yJapHUHT
XaToNMKIapu Oaxomaiira OaruIIaHTaH.

Yuunun 606 GupuHum maparpaduna acocmii makcanx L"(0,1) dasocuna,

CobosieB MeTONMHU KYyinad, Kyduaaruya TyryH Hykranu Capa MabHOCHIA
onTUMall KBaApatyp (Gopmyianap Kypui

X =nh X._=1-nh1=0t-1,0<n,<n <..<p_<t, teN,

m arap m xydrt
1 2 PR (15)
X,=hp,t<B<N-t, h:W, t= .
[E} +1 arap m TOK,
Ba 77,,1=0,t -1 napamerprapuu tannad (1) kypununigaru mycoar ko3 dunneHT-

U onTUMaln KBajparyp dopmynanap onum. by epna [a] Oy & COHHHUHT OyTyH

KHCMHU.
Ontuman kod(puuueHTIap Y4yH CUCTeMa YpraHwivO, Kyluaara jiemma
UCOOTIIAHTaH.
Jemma 1. L(0,1) dasona (2) xaromuk ¢ynxumonamm (15) Tyryn
Hyktagap Owman (1)- kypuHUMImardn ontuMal KBaapatyp Gdopmynanap
ko3 duUIMeHTIapu KyHHJaru CUCTEMaH! KaHOATIaHTUPaan

;z;ém; [Zﬂ“+—+;d ZO( 1iqqk+_")ﬂ; : A‘t"‘j, (16)

0,2,4,...m-2 m-— xydr, 1, a=0,
bynna o = 0” =
0,2,4,...m-1 m-— TOK, 0, a=#0,
g arap m xydr,

t =
m
[3}4_1 arap Mm TOK,

Oy epna [a] - @ coHHHMHT OyTyH KucMH, 0, Jap HOMabJiIyM mapamerpnap, ¢, Jap
E,. ,(q) Diinepa-dOpobeHnyc Kynxaam WiIIU3IapH, |qk| <1.

Jlemma 1 pman dovinananu6, (1) xypuHHIIZAa ONTUMA KBaJpaTyp
dopmynanap Konrad ko3pPUIHeHTIapy yIyH KyWHard Y PUHIIH.

18



Teopema 7. L"(0,1) ¢asoma (2) xatomuk ¢ynkmmonamm Ba (15) Tyryn
HyKTajmap Owrad (1) kKypuHUIIZarn ontuMman KBajapaTyp (opmynaiap ko3ddu-
IUEHTJIapu Kyhuaaru popmysa omnan udoaanaHaam

C, :h(1+mzldk(qf +qu'”)), t<pS<N-t,

oyuma d , (K=1L,m-1) map kyiimgaru m—1 Ta YM3HMKIM TEHIJIamanap CHCTEMa-

CUHM KaHOATJIAHTUPAJIU.

m-1 j _qt+l+(_1)in—t+i o tj+l_ B_+1 t-1 o B _ ]
d : — A0 =——=-)> Csh(t-7,), ]=123..,m-1
é k; (qk _1)|+1 J+1 ﬂZ_:‘) B ( 77/;‘) J

OyHIa éﬁ :CO:N—,H (=0,1,...,t-1) kosdpdumuentaap (16) cucremanan aHuMKIIa-
Haqu, O, map E, ,(q) Ditnepa-®pobennyc kynxamu niausnapy, |d, [<1.
Keitnn, L'7(0,1) dasocuna xypunran (1) xypunnmnarun Capa mMabHOCHAA

onTUMaja KBaapaTyp (opmynamapu XaTOJIMTUHUHT IOKOPH OaXOCHHM OJIMIIra
UMKOH OepyBuH (2) xaTonuk (pyHKIIMOHAIM HOPMACUHUHT KBapaTH XUCOOIaHTaH.

Teopema 8. L'7(0,1) pasocuma (15) Tyryn mykranapu owian (1) kypunum-
Jaryd onTUMall KBajpatyp dopmynanap (2) xaToJuk (QyHKIHOHATH HOPMACUHHUHT
KBaJpaTy KyMUJard KypuHUIIIA

2 thB 2h2m+l 1/ o
=(-1 m+1 2m+ C h—l 2m _ p2m 4
D {(Zm)! (2m)!{§( o= )

m-1 2m (_1)|qt+i _ qN—t+l o
d At ,
MDD Ve

Oy epma B, bepnymnu connapy, éﬁ, p=0t-1 nap (16)- cucremaman

e

anuknanaay, 0, mgap E, (Q) Diinepa-OpobeHnyc Kymxaaum HIIU3IapH, |qk|<l,

1M, B=0t-1nap (14)- nan anuknanamm, A't*" 6y t*" nam onnmras i - TapTHOM
ueknu aiiupma, d, map Teoepma 7 1a aHUKIIAHTaH.

Tabkuanam kepakku, (15) TyryH HyKrajgap TEHT y30KjiamraH Oyica, sbHU
(15) nma mapamerpmap 7,=0,7,=1,...,n_, =t—1 O6ynca, y xonga Teopema 7 Ba 8
napaan  A.Capn, M.®D.Meiepc, I'.Koman, MW.I1Iéu06epr, C.A.Cunnuman,

C.JL.CoGoneB, @.3arupoBa, X.M.llagumeroB Ba Il.KoxnepmapuuHr O6ab3u
HATWKaJIAPUHU OJIaMU3.

Vuunun 606HMHT nkkunuk maparpapuma W, """ ¢paszocuna (1) xypuaum-
garu Capa MabHOCHAA ONTUMaN KBaapaTyp ¢dopmynanap Kypwirad. bynna
JUCCEPTALUSAHUHT UKKMHYM 000M MKKuH4YM naparpaduna Kypuiran D, (hp)
IUCKpET omeparopunal Qoigananuiarad. TabKuayaml Kepakkd,  KypHIraH
onTUMaj KBaaparyp ¢opMynanap Aapaxacu M-—2 naH OIIMaraH Kymxajajiap Ba
e QyHKIUSACH YyIyH aHUKIUP.

m =1 xoJ anoxujaa Kapajirad Ba KylWuaaru ucOOTIaHraH
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Teopema 9. W2(1,0) (0,1) ¢asocupa (1) KypuHUIIAArH TYI'YH HYKTAJapH TEHT
Y30KJIHMKAA >KOWJIAIIraH ONTUMal KBaapaTyp ¢opmynanap KodphuueHTIapu
Kyhugarnda udoganaHaam

e" -1
) :0’N1
_ e"+1 P
h_ —_—
M’ =1 N -1,
e +1

oyaga h=1/N, N=12,....
Cyurpa, m>2 xoimap y4yH OmKop Qopmynanap OJHHTAH Ba KyHuaaru
Teopema uCOOTIaHTaH

Teopema 10. W,""(0,1) ¢asoma m>2 Ba N+1>m Gymranga TeHr

Y30KJIMK/a KOWIAITaH TYryH HyKTauu (1) KYpHHUIIZArd onTUMall KBaapaTyp
dbopmynanap korbunmeHTIapu Kyiunaru popmynanap Ounan udogananagn

Com e"—-1-h +§(a AE"—e)+ A (e-D)+ A "(@1-e") N
-1 E (e-DI-A)E - 4)

op A AN+ A0y

k (e-D(4 -D(4e"-1) |

° m-1 -
C,=h+>(aA’+bA"™") B=LN-1
k=1

éN ZM_Fle(ak //{k(e—ehﬂ)_'_ﬂkN (ehﬂ_e:)‘i‘ﬂ/kNﬂ(eh _e) N
e-1 i3 e-DL-4)E"-4)

+b ﬂ/kN+l(e_eh+l)+ﬂk2(eh+l_eh)+/1k(eh _e))

k (e-D)(L-4)(L-Ae") |

oyepma a., b Ba 4 (k=1m-1) nap mabaym karTanuxiaap.

VYHaaH Tamkapu, KypwiraH ONTHMall KBajparyp (opMyJanap XaTOJUTH
6axocu yprammwmran, seaum W  (pasoma onrtuman xatomuk (yHKIHOHAIM
KBaJIpaTH HOPMacH XMCOONanran Ba (ha3omaru ontuMai keaaparyp dgopmyma LS
¢dazona aCHMITOTUK ONTUMAJT SKaHIUTY UCOOTIIaHTaH.

Vuunun 606HuHT yunnun naparpaduna K,(P.) daszona (1) kypunuimaru
Capn mabHOCHAA omnTUMan KBaaparyp dopmynaiap kodppuiuueHtnapu ydyH
owkop (opmynanap oyivHrad. byHna MKkMHUM OOOHMHI y4uMHYM Haparpaduia
xKypumran D, (hf) nauckper oneparop Kymmanunran. Kypunran onruman
KBaapatyp ¢opmynanap Aapakack M—3 [aH OMIMaiaWraH Kynxaaiap ydyH
xamza Sin X Ba COS X TPUTOHOMETPUK QYHKIHUSIIAP YUYH aHUK.

Acocuil HaTHXKa Kyilnaarunya

Teopema 11. K,(P.) dazoma m>3 Ba N +1>m 6Gynranna (1) kypunum-
naru Capn MabHOCHZA ONTHMANl KBajparyp ¢opmynanap KodQQuimeHroapu
Kyhunaaru popmynanap Ounan udoaanananu
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. _h v A=A s _h oA A
C0_2+;mk(ﬂ,k—1)’ CN—2+§mK(ﬂk_l),

Coh+Sm (X +A4"), B=12..,N-1,
k=1

oygma m, A (k=1Lm-1) nap MabiyM KaTTaquKJIap. YHIAH TalIKapu,
M =2,3xo/utapia ONTHMaJl XaTONUK (DYHKIMOHAIM KBaApaTiapd HOpMAacu
xucobmnanran. K,(P) dasocuna kypuiaran omntumain kBaapatyp (dopmystanap
CoGonesrunr LS pazocuma aCHMITOTHK ONTHMAIT SKAHJIUTU HCOOTIIAHTaH.

Hucceprauussaunr «JluddepennuannanyBuu pynkuusiiap gasonaapuaa
ONTHMAJ HHTEPHOJANUOH ¢Gopmyaanap» ae0 HOMIAHYBUM TYPTUHYH 000U
MHTEPIOJSIIMOH L craifHiap Ba OoNTUMall UHTEPHIOJSINOH opMyanap Kypuul-

ra Garumuanrad. by epna L , W™ pa K,(P,) runs6ept dazonapuna spum
HOPMaHM MUHUMAJUIAIITHPYBYU HHTEPIOJSIIUOH CIUIAMHIAp KOA(PPHUIIMEHT-
JIADUHUHT OMIKOP KYPHHHINK TOMWIraH, xamaa L.V maBpuit N y3rapyBumim

byakumsuiap dhazocuaa ONTUMAaN MHTEPIOISIUOH (hopMyTanap KypuiraH.

Ymly nuccepraiys UITMHUHT HATHOKAJIApU YMyMIIAIITaH CIUTaiHIap OuiaH
Oornuk Oynranu yuyH, Anbepr, Humbcon, Youm moHorpaduscura acocianuo,
yJIapHU TabpUPUHA KEITUPAMHU3.

dapa3z kunainuk, L —Kyiugaruda OepuiraH 4Yu3uKiIu AauddepeHiman
oriepaTop OYJICUH

L=a (x)D"+a_,(x)D"" +...+a,(X),
oyuma a,(x) (j=0,1,..,m) ¢yuxumsanap C'[a,b] dasora Termuum Ba [a,b] na

a_(x)#0 6yncun. L xabu L ra popman Kyuima onepaTopHu Genruiaimms;
L'=(-)"a, (x)D"+(-)"*a_,(x)D"" +...+a,(X).

Arap [a,b]kecmama A:a=x,<X <..<X,=b 1yp OGepmiran Oymca, y xonga A

typra HucOaTan K (0<k <m) nedextnm ymymnamran crutaiie (Exu L — crutaiin)

ne6 xap 6up (X_, %) (i=12,..,N) ounk opamukna LLS, =0 muddepenunan

TeHIJIaMaHu KaHoaTnantupysur Ba W L, cundnan onunran S, (X) ¢yHkumusra

aiitunamu. Opatmarn  (gedektr 1) cmmain  2m—1-  taptubnm  Xocuiacu
y3WIHIILUTApra dra, aMMo (akaT TYPHHUHT TYTYH HyKTaJlapHa.

Anbepr, HunbcoH, YouIutapHUHT HWIUTApUAAH MabIyMKH, aedexta 1
Oynran ymymilalirad CIUlaiiH ydyH KyWujaru TacAuk YpuHIW: (apa3 Kuiaiiuk
Aa=X <X <..<X,=b 1yp Ba Y ={y,i=0,1...,N} conmap kerma-keTIuru
6epwiran 6yiacun. W™ L, cundra terunum 6apua f(x) =y, i=0,1...,N maprau
KaHoaTiaHtupyBun f(X) ¢ynxumsanap opacuma S,(Y,X) yMymiamras cCIuaiH,

b
arap y MaBxy/J OyJca, I( Lf (X))2 dXx mHTerpasTH MUHUMAaJUTAIITHPATIH.
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By 606ma, 6m3, LI, W™ pa K,(P,) ¢aszonapma nedextn 1 ra Tenr

2 2
yMyMJIallirad cruiaiHiaap kodpdhuuueHTIapu yuyyH KYJUiaml Kyjaa Kyniail Oynrax
omKop Gopmysaigap oJlaMu3.
Kylinagarun uHTEpHOIALUA MaCAIACUHU KapalMu3.

1
Macana 3. j(w(m)(x))zdx KaTTaJMKKa MHHUMyM O€pyBud  Ba

S, (x,)=p(x,), £=01...N
MHTEPONSANMS INapTIapuan Kanoatnantupamuran S_(X) e L\ (0,1) ¢ynxumsman
TonuHr, Oynaa X, €[0,1] - unrepnonsnusa Tyryn nykranapu Ba ¢(X,) Oepuiaran
KurMariap.

B.A.BacuiieHKO MIUTAPMHUHT HaTW)Kalapura acocnanu® S (X) uHTepro-
SIUOH CIUTAWHHUHT aHATUTUK KYPUHHUIMHN OJIaMHU3

S,()=Y.C.G, (x=x,)+P, ,(x)

m-1
6y epma C, »=0,1,...,N -xakukumii connap, P, (x)=> p x* - M-1l-napaxamm
a=0

2m-1

| x|
2.2m—-1)!”

TypTunun Go6HUHT OupuHum maparpaduna, d°"/dx*" omeparop auckper

ananoru D_(hf) ra acocmanran CobosieB METOAMHM WIIIATHO, Macana 3 HUHT

kynxan Ba G_(X) =

equmu OynraH S_(X) WMHTEPHIOJSIIMOH CIDIaH KOA(QUIMEHTIapH y4yH OIIKOp

dopmynanap onuHraH. TabKuajgam Kepakku, Oy HMHTEPHOJSLMOH CIUIaiH
napakacu M—1 naH omMaras Kynxaaiap y9yH aHUKIHD.

Kyhnnaru ypunauaup

Teopema 12. LS"(0,1) ¢asocuna TeHr y3oKjamraH TYTYH HyKTald

S, (X) MHTepHOISIOH CIUIaiiH KO3 UIMEHTIapH KyHUIard KypUHHIITa 3ra

CO:hp[C(p(O)Jrgo(h)erij;-(—h)} ZA* p{zqk(p(hy)ﬂvl +g'N }

k

C, =hp[p(hs - h)+C(p(hﬂ)+¢(hﬂ+h)]+ZA* p[qu "p(hy) +a/M, +q, "N }
B=12,..,N-1, k

_hp[C(p(l)ﬂL(/)(1 h)+zp (1+h)} F:Z;Aq—hp{

M=

qu_yQ)(hj/)+qF|\/|k + Nk:l’

1l
o

/4

P. =§(p; +p,), @=01..m-1

OyHzaa A‘O”‘:ZI:(—l)i"Ci'I“ Ba M,,N,, p,C, A,q.,p,,p,, «=0,1,...,m-1 nap

MabJIYM KaTTaJIUKIIAp.
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Xycycan, Mm=1 Ba M=2 xoJuiapia, OXUPTd TeOpeMaJaH MOC pPaBHIIA
19(0,) Ba L?(0,1) ¢asonapna I:(w'(x))zdx Ba I;(¢"(X))2dx KaTTAJIUKIAPHH

MI/IHI/IMaHHaH_ITI/IPYB‘—H/I MabJIyM YU3UKIIN I/IHTepHOHﬂHHOH crjiaiiH
| X — h7/| | x=hy["
S,(x)= ZC

12
JIApHU OJIaMU3.
TYpTrHUM OOOHUHT UKKUHYM Naparpaduia Kyiuaaria Macajia eqduiral

+p, Ba Kybuk cmmaiin S,(X) = ZC + P X+ P,

1
Macana 4. I((p“”’ (X) + @™ (x))?dX KaTTAIMKKa MUHUMYM O€pyBYH Ba

Sm,W (X/;) - (D(X/;)1 ﬂ =01..,N
MHTEPIIONAUMS apTIapuek  Kanoartnantupysun S, (X) eW,""7(0,1) ¢ynx-
wusian tonunr, 6yana X, €[0,1] - marepriomsims tyryn mykramapu Ba ¢(X,) nap

MAabJIYM.
Macana 4 HuHr euumu Oyiran S . (X) MHTEPHOJSLMOH CILIANH KyHuaaru

KYpUHHIITA 3Ta
N m-2 .
S,w(X)= ZCmeYW (X=Xx)+> rx +de”,
i=0

oy epra C , »=01..,N, r, i=0.1..m-2, d- xakukuit connap, G, (x) - (9)-
TEHIJIMKaH aHMKJIaHAIN.
Tabkuutam kepakky, S, (X) HHTepHOmsLMOH CIUaiiH e (yHKuus Ba

mapaxkack M—2 [JaH olIMarad Kymnxamiap y4yH aHuK.

Kyinnaru ypunnuaup

Teopema 13. W/™"(0,1) ¢asocuma TeHr y30KIMKIa XKOIIAUITaH TYryH
HyKTaimg S, (X) HMHTEPIONAIMOH ciaiiH  ko3bdHUMeHTIapy  Kyiunarn

K}”/pI/IHHHJz[a

St (0)——[¢(h)+ae +3n - h)}z [Mmhy)m +4N}
C,= Tco(hﬂ) ——[(p(h(ﬂ 1) +p(h(B+D)]+

Zﬁk [Zﬂf Tothy)+ APM, + 4" ﬁNk}, B=12,...N -1,

C, :%go(l)—z%{go(h(N _1)+ "’}:h+zr (1+h)}

DY [Zﬂﬁ i)+ M +Nk},
1

ri:E(ri‘+ri*), i=0,1....m-2, ;( 0)—r, +ep(d) - el rj

3
v\)

n
o
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OyHza AVOi:ZV:(—l)V'(‘I/jIi Ba M ,N, p, C, A, A4, a,a", r,r,
1=1

i1=0,1,...,m—2 MabiayMm KaTTaJuKIap.

M = 2 na Harpy3ka ko3ddurpent 1 OYaraH HHTEPIOISIUOH SKCIIOHECHITHAT
CIUIAMHHHU OJIAMU3.

TYpTrHUM 60OHUHT yunHYM Naparpaduia Kyduaaru Macaia ypraHuirad

1
Macana 5. I((p‘"” (X) + @’ (x))?dx karTanMkka MUHUMYM OepyBYHM Ba

0
Sox(X,)=0(x,), #=01,..,N
MHTEPIOJALMS IIapTaapuHy  KaHoatnantupysun S (X) e K,(P)) dyukumsan
tormHr, Oy epaa X, €[0,1] - nnrepnonsuus Tyryn mykramapu, @(X,) - Gepuiran
KUnMariap.
S,..« (X) MHTEPIOIANMOH CNNAWHHUHT aHATUTHK KYPUHUIIN Kyiuiaruya:

Sk (X)= iCme’K (X=x,)+d;sin(@x) + d, cos(wXx) + R _;(x),
y=0

m-3
oyuma C, y=0,1,...,N, d, Ba d, - xakukwuii cornap, R _,(x)=>rx* 6y m-3 -
a=0

napaxamu kynxazn sa G, (X) ¢oyskuwms (12) TeHIIMKIaH aHUKIaHANW.
S, « (X) mATEpHONAIMOH crTaiiH SIN@X Ba COS@X Xamaa M- 3 - mapaxkann

UXTUEPUM KYNXaJIapra aHuK.
Cynrpa, Sm,K (X) HHTEpIOIALMOH CIIaiH Kod(pdHIIMEHTIApH  YIyH

dopmysangap onunaran. Hartwka Kyiugarnda
Teopema 14. K,(P,)bazona tenr ysoxmukaa érran TyryH HyKramum S (X)

WHTEPTOJISAIUOH CIUTaiH K03 GUIIUCSHTIApH Kylnaarnda

C, = p[Cgo(O) + @(h) —d; sin(hw) + d, cos(hw) + mz_:ra‘-(—h)“} +
z’*p[zwhm M, +A°N }

C, = ple(hs - h)+0¢(hﬂ)+¢(hﬂ+h)]+z“’[ZW "p(hy) + M, + 4N }

B=12,...,N -1,
C, = p[Cgo(l) + @1 —h)+d;sin(e+ hw) +d, cos(w + ho) +

+Zf {(1+h)” ]+Z&p[ZﬂkN “p(hy) + M +N}

1, 1,
di:E(di +d, ) i=12, r =§(ra +ra), a=01..m-3,

a
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Gy epra A0 =Y (-1)"C'l Ba M_,N,, p, C, A, 4,d", d*, i=12 r,r",
=1

a =0,1,...,m—3 MabilyM KaTTaJIuKJIap.

Huccepranust WM TYpTUHYM OOOMHMHI  TYpPTMHYM  maparpaduia
Co00neBHHUHT @(H) naBpuil N y3rapyBumiu GyHKOUsIap ¢Gazocuaa OnTuMan
MHTEPIIONIALUOH POopMyJsia KypuiraH.

dapa3z kunaiimk, @ ¢ysknusiap R" jgokan skamimanyBdu M TapTHOIH
Xocujiara sra Ba (), yerapajgaHraH coxa y4yH KyHuJaru HHTErpajl yerapajgaHral

[> %!(D“qo(X))zdx,

Qo\a\=m
n
Oy epma a - mynabrHuHzexkc o =(«,q,,..a,), al=alal. .al, |a|:2aj,
=1
0“p(x)

OX["OX;?...OX"
spar @(X+ Hy)=¢(X), XeR", Oynna y - uxtuépuii OyTyH KHUMATIH YCTYH

Dp(X) = . 2m>n OyicuH Ba ¢ - H MaTpunanu naBpuii QyHKIHs,

BekTOp, H - Nxn ynuoBnu nerepmMuHantu | ra TteHr marpuua. H wmartpunara
yHUHT Q) (pyHIaMeHTal napajulellenunean Kyiuaarnia Moc Kynunaiam

Q,={xeR": x=Hy, tme 0<y,<1, j=12,.,n}.
LS(H) ¢aso snementiapu Oupu—OupHiaH ¥y3rapmac conra (apk KHIyBYH

byHKIIHSIIAp. Egm/)(H) dazona hyHKIMIIap HOPMACH

Q lef=m

ARGY { > %’(D“w(x»deT

dbopmyra OusiaH aHUKJIAHATH.
LS (H) da3ona Kyiiuaara HHTEPIONISIHOH GOPMYJIAHU KapaiiMus3

p(x)= P (x) = Zc (X (x) 17)

x®eQ, Ba C (X) mapamerpnap moc pasumiaa (17) uarepnosnsmuon ¢opmyma-
HUHT TYyT'YH HyKTaJapu Ba KO3 OUIUEHTIapH JIeHnIIa .
@(X)— P (X) aiiupma (17) uHTEprnonsuron (popMyJaHMHI XaTOJNMIH Jeku-

naau. by XaTtonukHuUHr OuMpop Z HyKTajaru KAiMatud ¢ QyHKOusIap ycTuaa
aHUKJIaHTaH QyHKUMOHAN OYnaau, SbHU

(t.9) = 9(@) = P.(D) = 9(2) - 3.C, (Do (x") -

= f Kﬂx -27)-— kZN_;Ck (2)0(x — x(k)))*¢0(H _1X):|(p(x)dX,
oynna O(X) - Aupakuunr gensra Gpysxuumsicr, ¢,(H "X)=> 5(x—Hp),
7
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10 =( 80t-2) - £C,0(xx") 4 (H ) (18)

oy (17) unreprnossuod GopMyIaHUHT XaTouK GpyHkiuonam Ba LSV (H) ¢asora

terunum. LS (H) ¢aszo 1 ra oproronan, seru (£,1)=0 6Gymran, (18)

KYpUHHUILIAry 6apya n1aBpuil GyHKIHMOHAIIApAaH noopar.
Kyitnnaru Komm-I1IBapiia TeHrcu3aurura acocat

(@) | 1L (H)|- [ 157 (H)|
(17) unrepnonsuuon dhopmysa xaroauru (18) dyHKkIImOHAT HOpMACH
[l = sup [(to)
RIGH St

opkanu Oaxonanaau. [lemak, (17) wuHTepnogsAuuoH ¢opMyla XaTOJIUTH
LS (H) daso dpyukumstiapuna 6axonam LS (H) ¢asona xartonuk GyHKIMOHAIA
{ HOpPMacHHHU XHCOOJamra oiud KeInHAIM.

[ynnai kuaub, Ou3 Kyhiuaaru Macajianapra ara 0yiamus

Macana 6. L'V (H) ¢asocuna (17) unTepronsiuoH (HopMmyia XaToJHK

¢dbyHKIMOHATM ¢ HOPMAaCHHH TOIIMHT.
Aéuku, xatonuk ¢ynkmmonamn ¢ HuHT HOpMacu C, (z) xoaddunmentiap

Ba X" TyryH Hykranapra GOFIHK. E(ZT“?(H) dazocuaa XxaToIMK GyHKITMOHATUHUHT
HOpMacu TYryH HyKrajgap conn N Oepuiranga SHr KHYMK KUHAMartra osra
Oynanuran (opMmyna ONTUMAT HUHTEPHONALNMOH (opmyna neiimmamu. Arap X©
TYI'yH HyKTajJap IaHXapaHUHT HykTanapu Oyica, spEu X' = hHK xypuaumga
Oyinca, y xoJ1a WHTEPIOMSIIUOH GopMyina Mamkapanu aeiiniaaau. By epma h -
KMYKHHA MycOaT mapaMeTp Ba MaHxapa KaJaMu Jeduniaiu.

Vm6y naparpaduusr acocuii makcagu LV (H) dasocuna X =hHK tyryn
HYKTaIM TMaHXapajld ONTUMall HHTEPHOJSIIUOH (QopMysa KypUIIIUp, SBHU
KyWHJaru MacajaHyu eqHIINp.

Macana 7. Tyryn nykranap X = hHk 6ynranma

11 M o 1 (%)
LT )| = inf 157 ()

TEHTJIMKHU KaHoaTIaHTupyBuu Cy(z) ko3¢ duLmeHTIapHu TOIHHT.
by nmaparpaduauHT acocuii HaTKacH Kylnaarunda
Teopema 15. L"(H) ¢aszocuna (18) xaromuk ¢yukiuonamm (17)

KYPUHUIIJIaTd ArOHA MaHXapaJid ONTUMaJl MHTEPHOJIALMOH (OopMysia MaBxkKyH Ba
YHUHT K03 duumeHTiapu Kyuaarnya aHukjIaHaau

AL =1 [1+ > exp(z”ilHH_f*;':lmﬁ

-1

—n). K(y)), K(»)= Z| Hl*(h}t—ﬂf) "

t
t=hy
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XVJ0CA

Huccepranus uimu Typiu nuddepennumamianyBun GyHkusuiap dazonapuaa
Capn MabHOCHIa ONTHMAJl KBaJApaTyp Ba MHTEPIOJSIIUOH (GopMyanap KypHUIlra
Xamjia YIapHHUHT XaTOJUKIIapy 0axolapuHu Xucooamra OaruiuianraH.

TanKMKOTHUHT acOCUil HaTWKalapu KyWHIaruiapaan uoopar.

1. W™ pa K,(P.) daszonmapmaru keagpatyp (GopMynanap Xxamia [(Z'”v)(H)

dazocugarn MHTEPHONSIUOH (opMyJa XaTONHMK (YHKIMOHAUIAPU SKCTpeMall
GbyHKIUSIapU TOMUITAHIUTUHU KEATUPHUIIT MyMKHUH.

2. W™ ga K, (P) ¢asonapnarn xsagparyp dopmynazap sa L7 (H)

dazocumaru MHTEPHOMALMOH (QopMysa XaToMWK (PyHKIHOHAIIApU HOpMajapu
XUCOOJIAaHTAaHTaHIUTUHYU TabKHIJIAII YKOU3.
3w K (P) Ba @(H) dazonapia onTuMmana KBaapaTyp Ba
UTEPIOJIATINOH (dopMynanap kKodDHUIMEeHTIapyu yYyH YH3UKIW TEHTJIaMaiap
CHUCTEeMAacH OJMHTAHJIUTUHUA XaMmJa Oy CHCTeMalap €YUMH MaBXyAJUTd Ba
SATOHAJIUTU UCO0TIaHuO, Oy eduM Moc (dazonapia XaToNMK (PYHKIIMOHAIIAPH
HOpMaJIapUTa MUHAMYM OEPUIIMHA TabKHUJIAIT JIO3UM.
d2m dZm—Z d2m ) d2m—2 A d2m—4
VTR Ba v +2m VT + o vz omepaTopiiap JIUCKPET

ananornapu D, (hB)Ba D, (hB) nap KypuiaraniuriHy YbTUPOQ STUII KEPAK.

5. L"(0,1) dasocuma Myc6aT KodDOMIHMEHTIM ONTHMan KBAaApaTyp

dbopMmynamap KypwiraH Ba ONTHMaJl XaTOJHMK (DYHKIIMOHAIM HOPMacHu
XMUCOOJTAHTAHJINTY KAl DTUIL JTO3UM.

6. W,""V(0,1) ¢asoma napaxacu M-—2 naH omMaraH Kymxamiapra Ba €
Gynkuusara amuk Oymram Capi MabHOCMAA ONTHMAid OYyaral KBaaparyp

dbopMynanap Kypuira.
7. K,(P,) dasocuma nmapaxkacu M—3 1aH OmMaraH Kymnxamiapra xamjia

SinwX Ba COS@WX TPHUTOHOMETPUK (YHKIHWsIAp ydyH aHMK Oyaran Cappn
MabHOCHZA ONTUMaN KBaapatyp <¢opmynazap Kod(h(UUHMEHTIApH OLIKOP
dbopMynagapy OIMHTAHWUHUA TABKUAJIAIT JTO3UM.

8. K,(P,) ¢a3ocuna xypwiran ontuman kBaapatyp (opmyrnamap, m=2,3
6ymranna, L)"(0,1) dasocuna acHMITOTHK ONTHMAN SKAHINATU MCOOTIAHTAHIIATH
Kai] KUJIHII JIO3UM.

9. LI"(0,2), W,""(0,1) Ba K,(P,) chasomapma ApuM HOPMAaHH MHHMMAI-

JAITUPYBYU UHTCPIIOJIALIMOH CHHaﬁHHap KYPWJITaHJINUIU KCITUPUIIT KOU3.
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10. L'"(H) nmaspumii N ysrapyBumiv QyHKImsuiap (asocuaa Mamkapaii

ONTUMAaJI UHTEPIOJIALMOH (hopMyJianap KypuiraH.
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HAYYHBIN COBET 14.07.2016.FM.01.01 IO ITPUCYKJIEHUIO
YUYEHOM CTENEHHU JJOKTOPA HAYK
ITPU HAIIMOHAJIBHOM YHUBEPCUTETE Y3BEKUCTAHA

HHCTUTYT MATEMATHUKU ITPU
HAIIMOHAJIBHOM YHUBEPCUTETE Y3BEKNCTAHA

XAETOB ABJYJIJI0 PAXMOHOBUY

OIITUMAJIBHASA AIIIIPOKCUMALIUA ®YHKIHMOHAJIOB
HNOI'PEITHOCTEN KBA/IPATYPHBIX 1 UHTEPIIOJISIUOHHBIX
®OPMYJI B ITIPOCTPAHCTBAX JTUPPEPEHIIMPYEMbBIX @YHKIIUHN

01.01.03 — BeruncniurenbHast U TMCKPETHASE MaTeMaTHKa
(pusuko-maTeMaTHUECKUE HAYKH)

ABTOPE®EPAT JOKTOPCKOI JUCCEPTALIUN

Tamkent — 2016
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Tema nokTOpCKOH AMcCCepTAMM 3aperucTpupoBaHa B Bpicield aTTecTAMOHHOH KOMMCCHH
npu Kaéunere MunuctpoB Pecny6aukn Y3o0ekucran 3a Ne 30.09.2014/B2014.5.FM131.

JIOKTOpCKast JMCCepTalysl BBHIMOJHEHA B VHCTUTYyTE MareMaTukd TpH  HaruoHaabHOM
YHUBEPCUTETE Y30eKuCTaHa.

ABTOpedepar auccepTalMid Ha Tpex s3bikax (y30EKCKHM, PyCCKHiA, aHTJIMWCKHIA) pasMelleH Ha
BeO-cTpanuie Hayunoro cosera (http://ik-fizmat.nuu.uz/) u urdopmaroHHO-06pa30BaTEIHLHOM IIOPTAIIE
«ZIYONET» (www.ziyonet.uz)

HayuHbIii KOHCYJbTAHT: HlagumeToB XoamaTBaii MaxkamOaeBuY
JOKTOP (pH3MKO-MaTeMaTHYECKUX HAYK, Ipodeccop

OduuuaabHbie OMMOHEHTHI: Erich Novak 5
npodeccop (Yausepcuret Hena, I'epmanmns)

AutoeB Paxmatniuio JIzxkypaeBud
TOKTOp (pH3UKO-MaTeMaTHYECKUX HayK, mpodeccop

CoJjieeB AXMAaIKOH
JOKTOP (pH3MKO-MaTeMaTHYECKUX HAYK, Ipodeccop

Benymas opranusanusi: HMucrutyr MatemaTtuku YHupepcutera CaHThAro e
Kommnocrena (VMcnanust)

3ammra AuccepTaluu COCTOUTCS « » 2016 roma B 4acoB Ha 3aceJaHHUU
Hayunoro cosera 14.07.2016.FM.01.01 npu HamumonanesHOM yHuBepcuteTe Y30ekucrana. (Anpec:
100174, r. TamkenT, AaMa3apckuii paiion, yia. Yaumsepcuterckas, 4. Tem.: (+99871)227-12-24, daxc:
(+99871) 246-53-21, e-mail: nauka@nuu.uz).

C IOKTOpPCKOW HuCcCepTalyeil MOXHO O3HAKOMHUTBCS B HHQpOpMaIMOHHO-pECypCHOM IIEHTpPE
HammonanpHOTO yHUBepcuTeTa Y30eKkncTaHa (3aperucTpupoBaHa 3a No ). (Ampec: 100174, r.
TamkenT, Anmmasapckuii paioH, yi. YauBepcuterckas, 4. Tei.: (+99871) 246-02-24).

ABTOpedepar auccepTannu pa3ociaH « » 2016 roxa.
(mpoTtokon pacchuiku Ne OT « » 2016 roga).

A.A. AOnylIyKypoB
Ipencenarens HaydHoro coBeTta mo nNpucyKIACHUIO
YYEHOU CTENeHH JOKTOpa HayK, 1.(.-M.H., Ipodeccop

I'.'!A. borupos
VY4eHnslil cekpetaps HaydHoro cosera o npucykKJIeHHIO
YUEHOH CTENEeHHU AOKTOpa HayK, K..-M.H.

P.J. AnoeB

Ipencenarens Hay4HOTO ceMuHapa npu Hayunom
COBETE MO MPUCYKACHUIO YICHOU CTEMICHH JOKTOPA
HayK, 1.¢.-M.H., mpodeccop
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BBE/JIEHUE (aHHOTALMS AOKTOPCKOM JUCCEPTALMHU)

AKTYaJIbHOCTh W BOCTPeOOBAHHOCTH TeMbl auccepTanmuu. PemeHus
npo0ieM, BO3ZHUKAIONIMX B PE3yJbTaT€ MHOTMX HAYYHO-TIPUKIIATHBIX HCCIEH0-
BaHUW, MPOBOJMMBIX HAa MHUPOBOM YPOBHE, MPUBOJAT K HHTETPAIbHBIM U
muddepeHranbHbM ypaBHEeHUAM. OHU NMPUOIMKEHHO PEIlaloTcs, B OCHOBHOM, C
NOMOIIbIO KyOaTypHbIX M HWHTEPHOJSUMOHHBIX (opMmyi. HMwmerorcs anredpa-
WYECKWE W BapHallMOHHbIE MOAXOJAbl MOCTpOeHUs Takux ¢opmyn. IlepBbimMu
anreOpandeckumMu  GopMmysiaMyd  SBISIFOTCS ~ KBagpaTypHbie  (QOpMysbl  TUTA
Herorona-Koreca u 'aycca, a Takxke MHTEpNIOJIALMOHHBIE MHOTOUWIEHB! Jlarpanxa
1 Hprorona. OcHOoBaHHas Ha BapHALMOHHOM IOJIXOJIE, TEOPUS ITOCTPOEHUS TAKUX
dopmyn Owbuta paspaborana yuéHeiMu CIIIA u Poccun. PazpaboTka HOBBIX
QJITOPUTMOB MTOCTPOCHHUS ONTUMANIBHBIX (OPMYJI U UHTEPIIOJIALMOHHBIX CIUIAHHOB
a TakXe OLEHKA UX TMOTPEIIHOCTEN B pa3iMuYHbIX KiaccaX (PYHKIMHA, OCHOBaHHAs
Ha aiareOpanyvyecKkux M BapHAIlMOHHBIX TMOJXOJIaX, SBISETCS OAHOW M3 Ba)KHBIX
3a/1a4 BIYUCIUTEIbHON MaTeMaTHKU.

B mnameil crpaHe B roabl HE3aBUCMMOCTH OOJIBIIOE BHUMAHUE YAENAETCA
HaIpaBJIeHUsIM, HMEIOIIMM NpPUKIaAHOE 3HaueHue. B wyacTHOcTH, B Teopuu
KyOaTypHbIX (OpPMyJI BBIYMCIUTEIBHOM MAaTEMATHKH OCO0O€ BHUMAaHHE ObLIO
YACJIEHO  TOCTPOCHHIO  KyOaTypHbIX  (Qopmysn, 00Jamarouux  BBICOKOM
anredOpanvyeckol TOYHOCTBIO M WHBAPUAHTHBIX OTHOCUTEIBHO NpeoOpa3zoBaHUM
Ipynnbl BpalleHUd KaKoro-HUOy[b MPaBUJIBHOTO MHOTOIPAaHHUKA, a TaKXKe
¢opmynam tuna [aycca, OCHOBaHHBIX Ha TEOPUU OPTOTOHAIBHBIX MHOTOUYJIEHOB.
3HAYUTENbHbIE PE3yJbTaThl ObUIM JOCTUTHYTHl IO IOCTPOEHHUIO PELIETYATBhIX
ONTHMAaJbHBIX KyOaTypHbIX (opmyn B mnpoctpaHcTBax CoOojieBa OAHOTO U
MHOTHX TE€PEMEHHBIX, TMEPUOAUYECKUX U  HENEePUOAMYECKHX  (PYHKIIUH,
IPOU3BOIHBIE KOTOPBIX UHTETPUPYEMBI C KBAJPATOM.

B Hactosiee BpeMsl BaXHYH pPOJb WIPAET MOCTPOCHHE ONTUMAJIBHBIX
KBaJIpaTypHBIX, KyOaTypHbIX (OpMyl H HMHTEPHOSALUMOHHBIX CIUIAWHOB B
TMIIbOEPTOBBIX IIPOCTPAHCTBAX g depeHunpyemMbIx byHKIHI JUISL
NpUOIIKEHHOTO pelieHuss TudepeHnalbHbIX 1 UHTETPATbHBIX YPaBHEHHM, a
TAaK)K€ MX CHCTEM, KOTOpPBIE pPACCMATPUBAIOTCA KAaK BBICOKO TOYHbBIE
MaTeMaTUYECKHE MOJIETN €CTECTBEHHBIX POLECCOB. B CBA3M ¢ 3TUM, peanuzanus
LEJIEBBIX HAYYHBIX UCCIIEIOBAHUM, B CIEAYIOIIMX HAINPABICHUAX SBISETCA OJAHOU
U3 BaXHBIX 3a7a4: MOCTPOEHUE pPEUIeTYATHIX ACHUMIITOTHYECKH ONTUMAJIbHBIX
KyOaTypHBIX (opMyJI; pa3paboTka KyOaTypHbIX (GOpMYJ, OCHOBAHHBIX Ha METO/IaxX
MonTe-Kapio; noctpoenrne onTuMaabHbIX KBAJAPATYPHBIX, KyOaTypHBIX GopMyIl U
OLICHKM MX [MOTPEUIHOCTEH; IOCTPOCHUE CIUIAHOB, MHUHUMM3UPYIOIIUX
omnpeneieHHble (PYHKIMOHAIBI B Ppa3IMYHBIX TUIBOEPTOBBIX M OaHAXOBBIX
IPOCTPAHCTBAX MEPUOAMYECKUX a TaKKe Hernepuoauyeckux ¢yHkuuil. Hayunsie
UCCJIEI0BAHHUSI, TPOBOJMMBIE B BBILIECYTIOMSHYTBHIX HAaIPABJICHUIX, IOJATBEPKAAIOT
AKTyaJbHOCTh TEMBI JUCCEPTALIUH.

HccnenoBanuss AaHHOM AUCCEPTALlMA B OIPEACICHHOM CTEIEHU CIIyXKaT
pelieHuo 3aaay, yka3zaHHbIX B [loctanoBnenusix Ilpesunenta PecmyOnuku
V36ekuctan Ne [II1-436 ot 7 amrycra 2006 toma «O wmepax 1O COBep-
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IICHCTBOBAHUIO KOOPJIMHAIIMU U YNPABJICHUS PAa3BUTUEM HAYKU U TEXHOJIOTHMN,
No TIII-916 or 15 wurona 2008 roma «O [OOMOJHUTENBHBIX MeEpax IO
CTUMYJIMPOBAHUIO BHEAPEHUS HHHOBALMOHHBIX IPOEKTOB M TEXHOJIOTUU
MIPOM3BOJICTBA» a TAKXKE B JPYTMX HOPMATUBHO-IIPABOBBIX aKTaX, OTHOCSAIIUXCS K
JAHHOM 001acTH NEATETbHOCTH.

CooTBeTcTBHE MCCJIEIOBAHUSI € NPUOPUTETHBIMH HAINPaBJIEHUAMH
Pa3sBUTUA HAYKM W TeXHOJIOTH pecnyOauku. J[aHHOe wucCcien0BaHUE
BBITIOJTHEHO B COOTBETCTBUU C NMPUOPUTETHBIM HAIMPABICHUEM PAa3BUTHS HAYKH U
texHojoruit B PecnyOnuke VY30ekucran V. «Marematuka, MexaHuUKa H
uH(OpMaATHKAY.

OG30p 3apyGesKHBIX HAYIHBIX HCCJIETOBAHMIA 110 TeMe JHCCepTALMHS.

Hayunple wuccienoBaHus 1O TOCTPOSHUIO KBAJAPATYPHBIX, KyOaTypHBIX
GbopMyT U CIUIAWHOB a TaKXKe MO U3YYCHHUIO OIICHKH MX MOTPENTHOCTEH BEIyTCS B
KPYIHBIX HAYYHBIX [IEHTPAX M BBICIIMX YYEOHBIX 3aBEJCHUSX MHUPA, B YACTHOCTH:
B Institute of mathematics of Jena University, Institute of mathematics of
Universitdt Mannheim, Technische Universitdt Braunschweig (I'epmanus),
Universita degli Studi di Roma La Sapienza, Universita della Basilicata (Mrammus),
University of Meryland, Kettering University, Columbia University, Harvard
University, Purdue University, Venderbild University (CIIIA), University of Oslo
(Hopserus), Katholieke Universiteit, Leuven (benrust), Universidad de Zaragoza,
Universidad Pablica de Navarra (Mcmanms), Universite de Toulouse, Université
Joseph Fourier (®panmmst), Mathematical institute of Serbian Academy of Sciences
and Arts (Cepous), Babes-Bolyai University (Pymbraus), MHCTHTYTE MaTeMaTHKH
Cubupckoro oraenenusi Poccuiickoit akagemun Hayk, MareMaTuueckoM
uHcTUTyTe Poccmiickoit akamemun Hayk, MockoBckoM, Cankt-lIleTtepOyprckom,
HoBocubupckom rocyapcTBEHHOM yHUBEpcUTeTax, NHCTUTYTE BBIUUCIUTEIHHON
maremMaTuku Poccuiickon akagemMuu Hayk, HHCTUTyTE€ MaTeMaTukKu C
BBIYMCIIUTENbHBIM  IEHTpOM  Ydumckoro HaydyHoro 1eHrpa, CubOupckom
dbenepanbHoMm yHuBepcuteTe (Poccust), JIHempormeTpoBCKOM TOCYIapCTBEHHOM
yauBepcurtere (Ykpanna), Kazaxckom HaimoHnanbHOM yHHUBepcuTere (KasaxcraH).

B pesynprare Hay4yHbIX HMCCIEOOBAaHMM, IPOBEACHHBIX [0 IOCTPOCHUIO
KyOaTypHBIX U KBaJpaTypHbIX (OPMYJI, MUHTEPHOJSILIUOHHBIX W CIJIAYKUBAIOIIMX
CIUTATHOB M MO M3YYEHUIO OLEHKH MOTPEIIHOCTEN MOCTPOEHHBIX (HOpMYI B MUpE
pelIeHbl 1ENbld psAJl aKTyalbHBIX 3a/a4, B TOM YHUCJE, MOJYYEHBI CIIEAYIOIIHE
Hay4HbIC PE3YyJbTaThl: TMOJYUYEHBI OIEHKH IOTPEITHOCTH KyOaTypHBIX (Gopmyi
MIOCTPOCHHBIX Ha OCHOBE MeTojla MoHTe-Kapio Ha BeCOBBIX MNPOCTPAHCTBAX
Cob6onera (Institute of mathematics of Jena University (I'epmanus), Columbia
University (CILIA)); ucnonb3ysi CrutailH (DyHKIHHA W OCHOBBIBAsCh Ha METOJ
@ — pyHKIIUI B Pa3IUYHBIX THUIHLOCPTOBBIX MPOCTPAHCTBAX, OMPEICICHHBIX Ha

JUHEHHBIX  auddepeHIManbHbIX — ONeparopax, IOCTPOCHbl  ONTUMAaJbHbIC

% 0630p 3apyOexKHBIX HAYYHBIX HCCIEIOBAaHMI 1o Teme muccepramuu: Journal of Approximation Theory, Applied
Mathematics and Computation, Journal of Computational and Applied Mathematics
http://www.journals.elsevier.com/mathematics; Calcolo, Numerical Algorithms, BIT Numerical Mathematics,
Cubupckuii )XxypHaJl BEIYMCITUTEIHFHON MaTeMaTukd, JKypHan BBIYACIHTEIEHOW MaTeMaTHKH M MaTeMaTHIeCKOM
¢duzuku, http://www.springer.com/mathematics, Taxksxe O51TM HCTIOTB30BAHBI U JPYTHE HCTOTHHKH.
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kBagparypHbie ¢opmyisl B cmbicie Capna (Columbia University, University of
Maryland, University of Wisconsin-Madison (CIIIA), Technische Universitat
Braunschweig (I'epmanus), Babes-Bolyai University (Pymeinus), Universita degli
Studi di Roma La Sapienza (Mranus)); UcHojib3ysi METOAbl (PYHKIIMOHAIBHOI'O
aHaiu3a J0Ka3aHbl CYNIECTBOBAHHWE W E€AMHCTBEHHOCTh M Pa3pabOTaHbl TEOPUU
nmoctpoeHuss D™ - crumaitHoB, L - crlalilHOB M aOCTpaKTHBIX CIUTAtHOB B
pa3MuYHbIX THILO0epTOBBIX mpocTpaHcTBax (University of Wisconsin-Madison,
Harvard University, Purdue University, Vanderbilt University (CIIIA), University
of Oslo (Hopserus), Université Joseph Fourier (®panmwms), HWucTHTyT
BBIYMCIIUTENILHON MaTeMaTuKu U maTtemaTudeckor reodusuku (Poccusn));
MOCTPOEHBI KBaJipaTypHbie (GopMynbl Tuma l['aycca s peryiasipHbIX U CHIBHO
ocumyumpyromux wHTerpaios (Mathematical institute of the Serbian Academy of
Sciences and Arts); mist K03 pHUIIMEHTOB ONTUMATBHBIX PEIMIETYATHIX KyOaTypPHBIX
dopmyn max mpoctpancteom LYV (R") nosyuena cucrema thna Bunepa-Xonda,

J0Ka3aHbl CYLIECTBOBAHME U €JUHCTBEHHOCTh pelIeHUs 3Toi cuctemsl (MHCTUTYT
MareMatuku  Cubupckoro  otaeneHuss  Poccuiickod — akaaeMuu — Hayk,
HoBocubupckuit  rocynapctBennbiii — ynuBepcuter  (Poccus),  Uuctutyt
MaTeMaTHKu T1pu HanuonanbHOM yHUBepcuUTeTe Y30E€KUCTaHA); HAaMJIEHBI
JOCTATOYHBIEC YCIOBHSI aCUMITOTUYECKOM ONTUMAJIBLHOCTH KyOaTypHBIX (OpMYJI €
OTPaHUYEHHBIM TOTPAHUYHBIM CJIOEM, Pa3palbOTaH aJrOpUTM ISl HAXOXKJICHUS
ko3puumeHToB Takux KyOarypHbix Qopmyn (MHCTUTYT MareMaTHKU C
BBIYHUCIUTENIBHBIM HEHTPOM Y ()UMCKOrO HAy4YHOrO IIEHTpa); TEOpHUs ACHMIITO-

THYECKH ONTHMAIIBHBIX KyOaTypHBIX (GopMmyi1 0606miena Ha npoctpanctsa L' (Q)

(Cankt-IletepOyprckuii rocynapcTBeHHbI yHUBepcHTeT, CuOupckmii dheaepab-
HBIi YHUBEPCUTET); HAa TPEXMEPHOl cdepe mnocTpoeH Kiace 3PPEKTUBHBIX
KyOarypubix Qopmyn (MHCTUTYT BBIYMCIHUTEIBHOW MaTeMaTHKu Poccuiickoii
aKaJIeMHH HayK); TIOCTPOCHBI HAWITYUIINE KBaIpaTypHbIe (DOPMYIIbI U BBHIUYUCIICHBI

—~m
MX OLEHKHM norpemHocreidi B npocrpanctBax W, u W nepuomuueckux u

Henepuoanuecknx Gpyukmuii (Martematudeckuii ”HCTUTYT Poccmiickoil akageMun
Hayk (Poccus), JlHenponeTpoBCKUl roCy1apCTBEHHBIN yHUBEpPCUTET (YKpauHa),
Kazaxckuit nHanmonanpublii yHUBepcuter (Kasaxcran), Kliment Ohridski
University of Sofia (boarapust)).

Ha MupOBOM YpOBHE OCYIIECTBISIIOTCS PsIi HAYYHO-HCCIEAOBATEIbCKUX
paboT B MPUOPUTETHBIX HANPABIECHUSAX, TAKUX KaK MOCTPOEHHUE KBaJApaTypHBIX,
KyOaTypHbIX (OpMyJl a TakKe HWHTEPIONSAIMOHHBIX CIUIAHHOB W MO HX
NPUMEHEHUIO, 3 UMEHHO: HaXOXIEHUE HKCTPEMaJIbHBIX (PYHKIUN (DYHKIIMOHAIOB
NOTPEIIHOCTEN KBAAPATYPHBIX, KyOATypHbBIX (OPMYJT M HMHTEPHOJISALMOHHBIX
CIUTAlHOB B THWJIBOEPTOBBIX MPOCTpaHCTBaX AU epeHunpyeMblx (QYyHKIUH;
BBIYKCIIEHHE HOPM (DYHKIIMOHAJIOB MOTPEIIHOCTEH COOTBETCTBYIOIIUX (POpMYN U
CIUTAITHOB C TMOMOIIBIO HAWJEHHBIX SKCTPEMAJIbHBIX (YHKUUN; HCCIIETOBAHUE
CYILLIECTBOBAHUS M €IMHCTBEHHOCTH ONTHUMAJIbHBIX KBaJPaTypPHBIX, KyOaTypHBIX
(GopMysl W UHTEPIOJALMOHHBIX CIUIAHHOB; pa3pabdOTKa HOBBIX aJITOPUTMOB
IOCTPOEHHUSI ONTUMAIbHBIX KyOaTypHbIX (OpMYIT U  HMHTEPHOJSLUOHHBIX
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CIUJIalHOB, OCHOBAHHBIX HA JUCKPETHBIX OMEPATOpPax a TaKkKe HAXOXKICHUE SBHBIX
dhopM onTUMANILHBIX KOA(DPUITHEHTOB.

Crenenb m3ydyeHHocTH npodiaembl. [loctpoenue kBaapaTypHbix GopMyn U
M3Y4YEHUE UX OLIEHKHU MOTPEIIHOCTH, OCHOBAHHbIE HAa METOAaX (PYyHKIIMOHAIBHOTO
aHaju3a, BIepBbIe OBLIN JTaHbl B Hay4YHBIX padoTax A.Capaa u C.M.Hukonbckoro,
a MOSIBJIEHUE TeOpUU KyOaTypHbIX (hOPMYJI CBSI3aHO C HAYUYHBIMHU UCCIEAOBAaHUSIMU
C.JI.CobGoneBa. DTOoMy BOIMPOCY B Pa3IMYHBIX MPOCTPAHCTBAX B OJHOMEPHOM
ciydae nocBsiensl padotel C.M.Hukonbckoro, H.I1.Kopueituyka, H.E.JIymmai,
T.H.Bycaposoii, b.bosinoBa, B.[l.MotopHoro, A.A.Jluryna, A.A.)KeHncwikOaena,
K.1.OckonbkoBa, M.A.YaxkueBa, T.A.I'pankunoii. B mnpocTpaHcTBax MHOro
MepeMEHHBIX (YHKIMA 10 TMOCTPOCHUIO WHBAPUAHTHBIX M ACHUMITOTUYECKU
ONTUMAJIbHBIX KyOaTypHbIX (popmyn Benu HayuHble uccienoBanus C.JI.Coboes,
B.N.JIe6enes, WU.I1.Mricockux, M./[.Pamazanos, B.1.ITonosuakun, O.B.becos,
L.b.IoiinxkypoB, M.B.Hockos, H.M.bnuuos, JI.B.Boutumek, B.JI.Backesuu,
I''H.Canuxos, M.!.Ucpaunos, C.I.IIymbaes, I'.Il.Ucmarynnaes, D.1llamcues, a
no ¢opMmysiaM YHUCIEHHOTO WHTETPUPOBAHUS OCHOBAHHBIX Ha MeToie MoHTe-
Kapno Hayunble wuccienoBanusi mnpoBeneHsl B paborax H.C.baxBainoga,
C.M.EpmakoBa, M.M.Co6ons, H.H.Yennona, I'.A.MuxaiinoBa, A.C.Pacymnosa,
E.Novak, H.Wozniakovski.

CymiecTBytoT crjladlH Metol, Meron ¢ —dynkuuid u Mmeron Cobonea
MOCTpOoeHUs (OpMyJI, TOJYUYCHHBIX TPH MUHUMH3AIMU HOPMBI (PYHKITMOHAIIA
norpemtHocT Tnpu  ¢GukcupoBaHHbIX y3nmax. A.Sard, L.F.Meyers, G.Coman,
I.J.Schoenberg, S.D.Silliman, P.Kohler, ocHoBbIBasch Ha MeTOJEe CILIAliHOB, a
A.Ghizzetti, A.Ossicini, F.Lanzara, T.Catinas u G.Coman, ucrob3ys METOI @ —
(GyHKLMIA, MOCTPOUIIM ONTUMANIbHbIE KBaJApaTypHble (OPMYJbI B IPOCTPAHCTBE
L(Zm). B moctpoenun ontumanbHbIX KyOaTypHbIX (popmyn mo meroxy Coboresa

pesyabtatel C.JI.CoOoneBa 10 HaxOXJIECHHIO KOA(PPUIIMEHTOB ONTHUMAaIbHBIX
KBaJpaTypHbIX (HopMyJs1 0000IINIIN BBIICYTOMSHYThIE UCCIECIOBAHUS, B KOTOPBIX
ObUT MpUMEHEH MeToJ ciiaiiHoB. Peanmzanus mpeioxxenHoro C.JI1.Co0oseBbiM

aNropuT™Ma B  IPOCTPAHCTBE L(zm) BEJIACh B HAYYHBIX HCCIEHOBAHUSAX

3. K. Kamainosa, ®@.4.3aruposoii, X.M.Illagumerosa, A.P.Xaérosa u p.

[lepBpie crutaitH  (QyHKIMH OBUTM CKJIEEHBI M3 KYCKOB KyOMUYECKHX
MHOTOUYJICHOB. B nmanpHeifmeM, 23Ta  KOHCTPYKIHS — MOIU(PHUIIMPOBAIACH,
MOBBIIIIANACH CTETEHbh MHOTOWICHOB, HO U WX TIOCTPOCHHUS OCTanach
Heu3MeHHOW. Cleayromuil CYIIeCTBEHHBIM Iar B TEOPUM CIUIAHHOB - 3TO
pesynbrar D.Holladay, cBsssiBarommii kyOmueckue crutaiinel |.J.Schoenberg ¢
pEIICHNEM BapHAIlMOHHOW 3ajaull 0 MHHMMYME KBajpaTra HOpMBI (YHKIUHA W3
npoctpanctea L. Jlanee, pesynsrar D.Holladay 6611 0606men C.de Boor. Dtu

pe3ynbTaThl BBI3BAIM OOJBINOW WHTEPEC, W Jajiee, TMOSBWIOCH OOJBIIOE
KOJMYECTBO paboT, TJe B 3aBUCUMOCTH OT KOHKPETHBIX TpeOOBaHUM
MOAUGUITIPOBAIICS BapHAITMOHHBIA (PyHKITMOHAN. Teopus CIUTAifHOB, OCHOBaHHAs
Ha BapHAIlMOHHBIX METOJaX, M3ydyajach M pa3BuBanachk B paborax J.H.Ahlberg,
E.Nilson, J.Walsh, P.J. Laurent, l.Schoenberg, C. de Boor, R.Arcangeli,
M.C.Lopez de Silanes, J.J.Torres, B.A. Bacunenko, M.Attea, Barlinet, C.Tomas-
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Agnan, L.L.Schumaker, T.Lyche, B.Bojanov, C.b.Cteukuna, FO.H.Cy0606oTHHa,
M.U.Urnatesa, A.B.Ileusiii, G.Nurnberger, A.FO.bexxaeBa, X.M.IllagumeToBa,
A.P.Xaértona.

CBsi3b TeMBbI JMCCEPTAIMM C HAYYHO-HUCCJIEI0BATENbCKMMH padoTamMu
BbICIIET0 Y4eOHOI0 3aBe/leHHSl, B KOTOPOil BBINOJHSETCH AHCCEPTALUS.
JluccepranioHHass pa0OoTa BBHIMIOJHEHA B COOTBETCTBUM C IUIAHOBOM TEeMOM
Hay4dHO-HUccienoBareabckux pador PA-O1-O004+D014 «Teopun KydaTypHBIX
dopMy, CrUIalHOB M YHCJICHHOE MOJICIMPOBAHUE MPOILIECCOB MPOTHO3UPOBAHMUS
pearbHOTrO  COCTOSIHMSI M oOecrieueHuss  O€30MacCHOCTH  OTBETCTBEHHBIX
coopyxenuity (2007-2011), ®4-DA-D013 «HeacconnaTtuBHbIe W ONEPaTOPHBIC
anreOpsl, TMHAMUYECKUE CUCTEMBI i UX TIPUJIOKEHHUS B CTATUCTUYECKON (U3HKE U
nonyasiuoHHod  Ouosorum»  (2012-2016) HMHcTHTYyTa MaTeMaTHKH — IpU
HannonansHoMm yHUBepcuTeTe ¥Y30eKuCcTaHa.

Leabio uccaeaoBaHus SBISIOTCS MOCTPOSHUE OMTHUMAIBHBIX KBAJAPATYPHBIX
GbopMyT W HMHTEPIOJSAIMOHHBIX CIUIAWHOB, MUHUMH3HPYIONIUX ITOJYHOPMBI B
TMIBOCPTOBBIX  MPOCTPAHCTBAX, W BBIYUCICHHUE HOPM WX ONTHMAJbHBIX
(YHKIIMOHAJIOB MOTPEIIHOCTEN.

3agauu ucciie0BaHNS:

HAlTH SKCTpeMaibHble QYHKIMK (DYHKIMOHAIOB MOTPEIIHOCTEH KBaJpaTyp-
HBIX U UHTEPIOJSAIMOHHBIX (DOPMYJT B THILOSPTOBBIX MPOCTPAHCTBAX;

MOJIYYUTh BBIPOKEHHS JIJIsl KBaJpaTa HOpMbl (DYHKIIMOHAIOB MOTPENTHOCTEN
Ha THWJIOEPTOBBIX MPOCTPAHCTBAX;

npuMmeHsis Metoj; Jlarpanxka HEONpeNeIeHHBIX MHOXUTENEH, MOIy4UuTh
JVMHENHYIO CUCTEMY HJisi ONTUMAJIbHBIX KOA(h(UIIMEHTOB, MCCIENIOBATh YCIOBUS
CYLIECTBOBAHMS U €IMHCTBEHHOCTH PEIIECHUS MOJyUYEHHBIX CUCTEM;

MOCTPOUTh  JIUCKPETHBIE  AHAJIIOTM  KOHKPETHhIX  AuddepeHanbHbIX
OTIepaTOpPOB;

B MPOCTpaHCTBAX AU(PPEepeHIUPYEeMbIX (DYHKIMNA MONTYYUTh ONTHMAJIbHBIE
KBaJIpaTypHbIE M WHTEPIOISAIMOHHBIE (OPMYIIBI MONB3YACh METOIO0M, KOTOPBIN
OCHOBaH Ha JIMCKPETHBIX aHanorax quddepeHIaaIbHbIX OepaTOPOB;

BBIUUCIUTH HOPMBI (DYHKIITHOHAJIOB MOTPEIIHOCTEH, IOCTPOSCHHBIX OMTHMAIIh-
HBIX KBaJAPATYPHBIX (OPMYIT U HHTEPIOJIAIMOHHBIX CIIJIAHOB.

OO0beKT uccjaeoBAHMA - KpaeBble 3aJaydl JUIsl SKCTPEMAJIbHBIX (PYHKIIHIA
(GYHKIIMOHAJIOB MOTPENIHOCTENH B MPOCTPAHCTBAX MUDPEpeHIHpPYEMBIX (YHKIUH,
KBaJipaTypHble (HOPMYJIbl, UHTEPIOJIALUOHHBIE (OPMYIIbI U CIUTAMH PYHKIUU.

IIpeamer ucciaenoBaHusi - IKCTpeMaabHble (PYHKIUU, CUCTEMBI JIMHEWHBIX
ypaBHeHul Tuna Bunepa-Xonda s onTuMaibHBIX KO3 OUIIMEHTOB,
ONTUMAaJIbHbIE KBaJpaTypHble (OPMYJbl, ONTUMAJIbHBbIE HMHTEPIOJISILIMOHHbBIE
dbopMynbl M CIUIaiHBI, MHUHUMHU3UPYIOIIUE TOJYHOPMBI B THJIBOEPTOBBIX
IPOCTPAHCTBAX.

Mertoabl uccienoBanMsi. B qgucceprannu  MCNOJIB30BAHBI  METOJIBI
BBIYHCIIUTEILHON MaTeMaTUKH, (YHKIIMOHAIBHOTO aHaiu3a, Teopuu QGyHKIUAN
KOMIUIEKCHBIX MEPEMEHHBIX, (PYHKIMHA IHUCKPETHOTO apryMmeHta, auddepeHim-
AJbHBIX YPAaBHEHUM.
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Hay4nasi HOBH3HA MCCJIeIOBAHUSA 3aKII0YAETCS B CJIECAYIOIIEM:
HaWJEeHbl  AKCTpeMajbHble (QYHKIMKM  (QYHKIMOHAJIOB  MOTPEIIHOCTEN
KBQJIpaTypHbIX U HUHTEPHOJSUMOHHBIX  GOpMyJdl B  MPOCTPAHCTBAX

(mm-1) | (m) :
W (0,0), K, (R) 1 L (H);
BBIYMCIICHBI HOPMBI  (DYHKIIMOHAJIOB IOTPENIHOCTEH KBaApaTypHBIX U
MHTEPIIOJSIMOHHBIX (popMyn Ha ipoctparctax W, ™" (0,1), K,(P.) u L'V (H);
MOJIyYEeHbI CHCTEMBI JIMHEWHBIX anreOpandecKuX ypaBHEHHU Tuia Bunepa-

Xomnda 11 KOIPPUIMEHTOB ONTUMAIBHBIX  KBaJpaTypHbIX (opMyn B
npoctpancteax W,""7(0,]) m K,(P,) ¥ oNTMManbHBIX HMHTEPIOJALIMOHHBIX

dopmyn B npoctpanctBe CobGomesa L)”(H) nepuomudeckux N mepeMeHHBIX
yHKIwmi;

HaiiJIeHbl YCI0BHUS CYLIECTBOBAHUS U €MHCTBEHHOCTH PEIIEHHH MOITy4eHHbIX
cUCTEM;

IOCTPOEHBI  JMCKPETHBblE aHANord  JuPepeHIUanbHEIX  ONepaTopoB

d2m d2m—2 dZm d2m—2 d2m—4
o e Mg +20° VT + o' e 1 FOKAsaHbI 1 CBOMCTBA;
X X X X X

MOCTPOEHBI ONTHUMAJIbHbIE KBaJIpaTypHble (HOPMYJbI C MOJOXKUTEIbHBIMU
koddduieHTaMM W BBIYMCIIEHA HOpMa  ONTUMAJbHOrO  (DyHKIMOHAa

norpemHocty B ipocrpanctee LS (0,1);

TIOCTPOEHBI ONTHMANbHBIE KBagpaTypHble (opmyinsl B cmbicie Cappa B
npoctpancteax W, ™" (0,1) u K,(P,) a Takke mpyu m=1,2 u 3 TOIydYeHHI
OLIEHKH TOTPELIHOCTEH IOCTPOEHHBIX ONTHMANIBHBIX (hOPMYIT;

T0JTy4eHbl MHTEPIOMAIMOHHbIE CIUIAMHBI, MUHUMHU3UPYIOIIHE MOITYHOPMEI B
npocrpancteax LY (0,1), W, ™" (0,1) u K,(P,).

TIOCTPOEHBI ONTHMANbHBIE WHTEPHONAIMOHHbIE (DOPMYIBI B IIPOCTPAHCTBE

Co6osea )" (H) mepuoanuecknx N nepeMeHHbIX QYHKIIMIA.

IIpakTHyeckue pe3yjbTaThl HCCJAEI0BAHUS - CO3JaHUE MPOTPaMM Ha
s3bIKe TIporpamMMupoBanms Maple st mpuOIMKEHHOTO BBIYUCICHUS PETYIISPHBIX
WHTETPAJIOB, HCIIOJB3Ysl TOCTPOCHHBIC ONTHMAJIbHBIC KBaApaTypHbIE (GOpMyII,
MOJIyYCHUE YHCJIEHHBIX PEIICHUM JIMHEWHBIX HWHTETPAIBHBIX YPaBHECHUH
OpenronibmMa U BompTreppa mnepBoro poja  HMCHONAb3YyS HHTEPIOJSIIUOHHBIC
CIUIANHBI.

JloCTOBEPHOCTDH Pe3yJbTATOB HCCJI€eI0BaHUsI 000CHOBAaHA MCIIOJIE30BAHUEM
METOJIOB BBIUYMCIUTECIIBHOW MaTeMaTHKH, (YHKIIMOHAJIBLHOTO aHAIW3a W TEOPUHU
GYHKIHMA KOMIUICKCHBIX TIEPEMEHHBIX, TCOpHH (HYHKIIMHA JUCKPETHOTO apryMEHTa,
a TAK)e CTPOTOCTHI0 MAaTEMAaTHICCKUX PACCYKICHHM.

Hayuynas W npakTuyeckasi 3HAYMMOCTH Pe3yJIbTATOB MCCJIeI0BAHUS.
HaydHoe 3HaueHue pe3yslbTaTOB HWCCIAEAOBAHUS 3aKJIIOYAeTCsl B TOM, 4YTO B
npocTtpancTBax auddepeHnnpyemMbix (QYHKIUH CO37aH alTOpPUTM IMOCTPOSHUS
ONTUMAJIBHBIX KBAJIPaTYPHBIX, KyOaTypHBIX (pOpMYJT U 000OIIEHHBIX CIUIAHOB.

[IpakTrueckas 3HAUUMOCTh JIUCCEPTAIIMU COCTOUT B TOM, YTO MOCTPOCHHBIC
ONTUMAaJIbHBIE KBaJIpaTypHbIEe (POPMYIIBI U WHTEPIOJSIUOHHBIE CIJIAWHBI CITy>KaT
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JUIA  YMCIIEHHOTO BBIYUCIEHHS PEryISpHBIX MHTEIPAlIoOB, a TaKkKe I
NPUOIMKEHHOTO PellleHUs JTMHEHHBIX UHTErpajbHBIX ypaBHeHui dpearonbma u
BonbTeppa IepBoro poja.

BHeapenune pesyJbTaToOB MccJeloBaHus. IloydeHHbIE B AUCCEPTALUHU
pe3yabTaThl OBLIM HCHONB30BAHBEI B CHEAYIONUX HAyYHO-HCCIEN0BATENbCKHX
POEKTAX:

ONTHMalbHblE KBaJpaTypHble (GopMynsl B cMbicie Capia, MOCTPOEHHBIE B
npocrpancteax W ™" ?(0,1) wu K,(P,), HCHONB30BaHBI B HCCIEIOBAHUAX

3apybexHoro npoekra DFG — Priority Program 1324 «Optimal Quadrature
Formulas for the Space H"l» s 4uciaeHHOro BbIYMCIICHHS KOI()(HUIIMEHTOB
dypbe ¢ uHAeKcoM 0 B 3TUX ke MPOCTpaHCTBAX (YHUBEPCUTET Uena, I'epmanus,
crpaBka oT 14 centsops 2016 rona). [IpuMeHeHHE ATUX HAYYHBIX PE3YJIbTATOB
JTa€T BO3MOXHOCTh CPaBHUTh C pPE3YJbTaTOM ONTUMAJbHBIX KBaJAPaTYPHBIX
dbopmyn st uHTErpanoB Mypre NOCTPOEHHBIX B TpocTpaHcTBe HM],;

Hal{IcHHasT  JKCTpeMalibHas  (QyHKOMS  (QYHKIMOHAJIA  IMOTPEIIHOCTU
kBaapaTypHbix Gopmyin B mpoctparctee W, ™"V (0,1) 1 mocTpoeHHBIH AMCKPETHBIN

d2m CIZm—Z

dXZm - dXZm—Z
npoekta 174015 “Approximation of integral and differential operators and
applications” npu HaXOXKJICHUH OKCTpPeMalbHOW GYHKIUH  (QYyHKIHOHAJA
MOTPEUTHOCTH KBaApPaTypHbIX (popmyn mnsg uHTerpanoB dypbe B MPOCTPAHCTBE

W, ™" (0,1) (MaTemaTnuecknii MHCTUTYT AKajeMuu Hayk W HcKyccTs CepOuw,

aHaJior orcparopa HCIIOJIB30BaHbI B MCCIICIOBAHUAX 3apy6e>1<H0r0

cipaBka ot 6 wutoHA 2016 ropa). IlpuMeHeHUMe 3TUX HAYYHBIX PE3YJIHTATOB
CHOCOOCTBOBAJIO TMOCTPOEHUIO ONTHUMAJbHBIX KBaApaTypHBIX (opmyn as
koo pumento Oypre B mpoctpanctee W, ™" (0,1).

AnpobGanusi  pe3yJabTaToB  HccJaeaoBaHusl. (OCHOBHBIE  pE3yJIbTaThl
UCCIIEIOBaHMUs  OOCYXKIAJIMCh HAa HAYYHO-NPAKTUYECKHX KOH(PEPEHIHUSAX, B TOM
yucne: «MaTemMaTHueckue M YHCICHHBbIE MOJCIHUPOBAHMS MPOLECCOB TEIUIO U
MaccooOmena B MHorodaszHeix cpenax» (byxapa, 2001), «CoBpemeHHBIC
npoOsieMbl MaTeMaTH4ecKOM (U3MKM U HHPOPMAIMOHHBIX  TEXHOJOTHN
(Tamkent, 2003), «Pecnybnukanckas KOH(EPEHIIUS MOJOJBIX  yUEHBIX)
(Tamkent, 2003, 2004), «/Auddepennnanbapie ypaBHEHHUS C YaCTHBIMU
MIPOM3BOAHBIMU M POJICTBEHHBIEC MTPOOIeMbl aHanu3a U nHpopmatukm» (TamkeHT,
2004), «AnreOpa omnepatopoB M KBaHTOBas Teopus BepostHOcTei» (TamkeHrt,
2005), «<LUMS 2-nd international conference on mathematics and its application in
information  technology» (Jlaxop, [Ilakucran, 2008), «BbrurcauTenbHbIC
TEXHOJOTUM W  MaTeMarndeckoe  mojaenupoBanue»  (Tamkent, 2009),
«AKTyaJabHBIE TPOOIEMBI TPUKIATHOW MaTeMAaTHUKH W HHPOPMAIIMOHHBIX
TexHOJIoTHH — anb-Xopeamu 2009» (Tamkent, 2009), «OnepatopHbie anreOpsl U
cmexHpie  mpobnembl»  (Tamkent, 2012), «CoBpeMmeHHBIE  MPOOIEMbI
mubdepeHnnanbHbIX  ypaBHeHUNW U ux npwioxeHus» (Tamkent, 2013),
«[IpukmagHoii u reomerpuueckuii aHamu3» (Camapkana-Hosocubupck, 2014),
«Hexknaccuyeckue ypaBHEHUSI MaTeMaTUYeCKOW (U3MKM W WX TMPUIIOKEHUSD)
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(Tamkent, 2014). BpicTytuieHHss W JOKJIAIbl TPOIUIM IIHPOKYIO arpoOaIuio.
Pe3ynbTaThl HcclieoBaHUS OOCYXAAINCh HAa pPecnyOJMKAHCKUX CeMUHapax
«Omnepatopubie anredpbl U ux npuioxenus» (Tamkent, 2010-2016) u «Teopus
KyOarypHeix ¢opmyn u Teopus uucem» (Tamkent, 2005-2016) HWHctuTyTa
Marematuku npu HanumoHalbHOM YHHBEpCHUTETEe Y30€KHCTaHa, Ha HayYHOM
cemuHape «CoBpeMeHHbIe MPOOJEMbl  BBIUUCIUTEIBHOW  MaTeMaTHUKU U
unpopmarukn» (Tamkent, 2008-2012) TamIKEHTCKOTO HHCTUTYTa HHXCHEPOB
KEJIC3HOJIOPOKHOTO0 TPAHCIIOPTA, HA HAYYHOM ceMuHape MHCTUTyTa MaTeMaTHKU
yHuBepcuteta Cantbsro ne Komnocrena (Mcnanus, 2012), Ha HaydHOM ceMHUHape
Wncturyta MaTemMatrku yHuBepcuteta Mena (lepmanns, 2010, 2015).

Ony0JMKOBaAaHHOCTH pe3yabTaToB HMcciaeaoBaHus. [lo Teme nucceprauuu
onmyOnukoBaHO 44 HaydHbIX PabOT, W3 HUX 23 BXOAAT B TMEpPEeUEHb HAYYHBIX
W3JIaHUN, TPEIIOKCHHBIX BhICHIe arTecTalioHHOW Komwuccueidl PecnyOmuku
VY30ekuctan A 3alUThl JOKTOPCKUX JuccepTanuii, B ToM umcie u3 Hux 10
OIyOJIMKOBaHbI B 3apyOeXHBIX >KypHalaXx W 13 B pecmyOJMKaHCKUX Hay4HBIX
U3/IaHUSIX.

O0béM m cTpykKTypa amccepraumm. J[uccepramusi COCTOUT U3 BBEICHHS,
YeThIpeX TJIaB, 3aKJIOYEHUs M CIHUCKAa HCIOJIb30BaHHOM mnuTeparypbl. OObeM
nucceprannu cocrasisieT 200 cTpaHu.

OCHOBHOE COJEPXAHUE JUCCEPTALIUUA

Bo BBegeHmum O00OCHOBaHa aKTyaJbHOCTh M BOCTPEOOBAHHOCTH TEMBI
JUCCEPTALMM, ONPENEIIEHO COOTBETCTBUE  HCCIEAOBAHUS  NPUOPUTETHBIM
HAIPaBJICHUSAM Pa3BUTHUS HAYKM U TEXHOJOTHH pecryOJuKH, MPUBEACHBI 0030p
3apyOeXHBIX HAy4YHBIX HCCJIEIOBAaHUN 1O TEME JAUCCEPTAllMM U  CTENEHb
M3YYEHHOCTH MpoOsieMbl, C(HOPMYIUPOBaHbI LIEU U 3a/1a4M, BBISBIEHBI OOBEKT U
MpEeAMET HCCIEIOBAaHUSA, W3JIOKEHbl HayyHas HOBHM3HA U NPaKTUYECKHE
pe3ynbTaThl  HMCCIIEJOBAaHUS, pACKpbITa TEOPETUYECKass M  IpaKTUYecKas
3HAYUMOCTb MOJTYUYEHHBIX PE3YJIbTATOB, IaHbl CBEJICHUS O BHEIPEHUU PE3YJIHTATOB
ucclieIoBaHus, 00 onmyOJIMKOBAHHBIX pab0OTax U O CTPYKTYpe AUCCEPTaLUU.

IlepBasg rnaBa jaMccepTaliy, Ha3BaHHAs «IJKCTpeMajibHble (YHKIHMHU
KBaJApaTypHbIX ¢opmya B mpocrpaHcrBax au¢depeHuupyemMbix (QpyHKUMD)
MOCBSIILIEHA HAaXOXACHUIO AKCTPEMAJbHBIX (DYHKUIMH KBaJpaTypHBIX (opmyn a
TAaK)K€ JI0KA3aTENbCTBY CYLIECTBOBAHHA M €IMHCTBEHHOCTH ONTHMAJIBHBIX
KBaparypHbix Gopmyn B Tunb6epToBeix mpoctpanctBax W, ™" u K (P.).

PaccmoTpum kBasipaTypHyto hopmyy

Jo(x)dx = ;Cﬁﬁo(xﬁ) (1)
0 =0
¢ (YHKIIMOHAJIOM IOTPEIIHOCTH
N
£(x) :5[0,1]()() _zcﬂ5(x_xﬂ)! (2)
=0
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rae C,— xoapuimentsl u X, (€[0,1]) - y3mer popmyssr (1), &4y(X)—
xapaktepuctuueckas (ynkius orpeska [0,1], O(X)—nmensra-dynkius Jlupaka,

@ — DJIEMEHT NPOCTPAHCTBA
WL, ={p:[0,1]] > R |p"™™" -a6c. nenp. u o™ € L,(0,1)},
1

C MOJIYHOPMOM ||(p |W L2|| = T(Pm (ijgp(x)j dx 2 :
0 dx

d dr d L d i
Pl—|=a .+ta—+a, a =0 Pl— d :
rae m(dX) " o + +a1dX+ . . u _([( m(dxjgo(x)j X < 00

[poctpanctea W™ L, SBISIOTCS TMIBOEPTOBBIMU M OOOOIIEHHEM MPOCTPAHCTB
(m)
L.
Crnenytoias pa3HOCTh

) =I¢(X)dx—gcfg¢(xﬁ) = [ L(x)p(x)dx 3)

Ha3bIBACTCSI MOTPEIIHOCTRIO KyOaTypHO# hopmydsr (1).
Cornacno HepaBeHcTBY Komu-IIIBapiia

(Lo eIW™L | |elw L,
a6COJIIOTHOC 3HAYCHHUC ITOTPCIIHOCTHU (3) OIOCHHUBACTCA C TIOMOIIBIO HOPMBI
[ew™L| = sup |(2,9)] (4)

L

Pl *
(yHknnoHana mnorpemHocTd (2) B compsbkeHHOM mpoctpaHctee WL, .

Munnmuzanuss HopMbl (4) QyHKIMOHAIA TOTPENHOCTH ¢ O KO3QQHIMEeHTaM
npu GUKCUPOBAHHBIX y3JIax Ha3biBaeTcs 3anayeil Capia u nosydeHHas popmyna
Ha3bIBAETCS ONTUMAaIBHOM dhopmyiioi B cMmbeiciie Capaa.
HawMm Tpebyercs nocienoBaTeabHO PEIIUTh CIEYIONIUE 3a1a4H.

3aoaua 1. Haittu HOpMy (4) dyHKIIMOHANIA TOTPENTHOCTH ¢ KBaJpaTypHOU

dopmyset (1) Hax npoctpancteom W L, .
3aoaua 2. Haiitu takue kodpduimentsl Cz, 4TOOBI yAOBJIETBOPSIIOCH

WL =infew L,

PaBCHCTBO

JIsI HAXOXJCHUA B ABHOM BHJAC HOPMBI HKIOMOHAJIa IMOI'pCIIHOCTH B
axoxac (0) € HO OHala Iorpce oC 14
IIPOCTPAHCTBE WP"'L* HCIIOJIB3YETCA TaK Ha3bIBa€CMasd JSKCTpE€MaJibHasd HKIOMA

2

l//f JAHHOI'O q)YHKHI/IOHaJIa, JJIA KOTOpOﬁ BBITTIOJIHACTCA paBCHCTBO
) =[ WL v, 1w L.

Tak kak W™L, sBisercs ruibOEpTOBBIM, TO OJKCTpeMaidbHas (YHKIUS W/,

BBIpa)KaeTCs depe3 3aJaHHbld (yHKIHOHAN (2) ¢ momompio Teopembl Pucca 06
oO11eM BHJIe TMHEWHOTO HENPEPHIBHOTO (PYHKIIMOHANA, T.€.

(£.0) =¥ @)y 5)
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0

e ()= [ 10000 1 (o), =P[5 w0oR [ £ Jotosx -

CKaJIIpHOE Npous3BeneHue QpyHkuui y, u ¢. Kpome Toro, mo Toi ke Teopeme
Pucca, yautsiBas (5), moiay4dum clieayroiiee paBeHCTBO

2
| lePmL2|| :(g’l//ﬁ)'
Takum oOpa3zoM, 4yTOObI HaWTU SKCTpeMallbHYI0 GYHKLIMIO Y, IS (pyHKIMOHAa

norpemHocTy (2) TpedyeTcs penuTh PYHKIMOHAIBHOE ypaBHeHuE (5).

Otmetum, uro B ciaydae P (d/dx)=d*"/dx*", 1.e. B mnpocrpaHcTse
LY (0,1), 3amaua 1 pemena C.JI.CoGoneBbIM. DKcTpeManbHas (QYHKIHSA B 3TOM
cllydae UMeeT BU]I

v, (X)=(=D)" (%) * G, (x) + P, (X),
2m-1
X
2.(2m—1)!
Janee, ana Ko>(QPUIUEHTOB ONTUMAILHLIX KBaJPATypHBIX (OPMYI B
npoctpanctee LS”, C.JI.Co6oneBbiM ToydeHa cuctemMa Tuna Bunepa-Xomda.

rae G_(X)= P .(X) - mHOrOYNEH cTemenn m—1.

Vcce10BaHo CyIECTBOBAHKME U €IMHCTBEHHOCTh PEILEHHS [TOTyYEHHOM CUCTEMBL.
IIpeI0kKeH aarOpUT™M PEIEHHs STOM CHCTEMBI OCHOBAHBI HA JUCKPETHOM aHAJIOTe
nuddepenumansaoro oneparopa d" / dx*"

d m d m-1

Msbl  paccmoTpuM  ciy4aun Pm(d/dx):d_m+W' CooTtBeTcTBYIOLIEE
X X

npoctpancteo W "L, 0603Ha4nM Kak

W,"(0,1) ={¢:[0,1] > R | 0" - abc. memp. u 9™ € L,(0,1)},
C I0JIy HOPMOU

o 0] ~{ (0 00+ 6 ) o

j:(qo(m)(x)+go(m’”(x)) dx<o u |p|=0 Torma u TombKO TOrzA KoOrza
=P ,(x)+de™, rme P_,(X) - MHOTOUIEH cTenieHn M—2, d - KOHCTaHTA.

B mnpocrpanctee W,""(0,1) oskcrpemanbHas (yHKUMS V,, SBISETCS
pEILICHUEM KPaeBOM 3a1a4u

wiw () =y () = (=) (), (6)
(W70 -w P (0)[5=0, s=1m-1, (7)
(v ) +y () [5=0. 8)

CripaBe/InBa CIeIyONIas

Teopema 1. B npoctpanctee W, ™"V (0,1) pemenue kpaesoii 3anaun (6)-(8)
SIBISIETCS SKCTPEMAIIbHOM QyHKIMeH /,,, QyHKLMOHAIA OrPeHOCTH { U NMeeT
BT

Vo () =ED"0*G,, () + P, () +de,
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rac

M

_sgnx(e‘—e o x*
G (0= [ > 1),j ©)

d - moboe fefcTBUTEIBHOE YHCIIO, Pm_z(x) - MHOTOWICH CTEIeHH M — 2.
Jlanee, [OKa3aHbl CYIIECTBOBAHME M E€IMHCTBEHHOCTh ONTHMAJBHBIX
KBaapaTypHbx Gopmyn Buaa (1) B cmeicne Capaa B npoctpanctee W, ™" (0,1) .
PaccMoTpuM cilydaii, Korna (QyHKIMH ¢ HPMHALIEKAT B THILOEPTOBOMY
IIPOCTPAHCTBY
K,(P.)={0:[0,1] > R|p™" - abc. menp. u o™ eL,(0,1)},

C HOpMOM
1/2

el =P j¢<x>]dx |

d dm ) dm—z 1 d 2 _
rae P (dxj o P ®>0u Io(Pm (&J(D(X)j dx<oo. [ =0 rornau

TosIbKO Torma koraa @(X)=cCsSin@wX+cC,coswXx+R_.(X), rme R_.(X) -

MHOTOYIEH CTEIEHH M—3, M > 2.
B mpocrpanctee K,(P.) mis ¢dynkuwonana ! u it 10008 (QyHKIMU

¢ € K,(P,) cymectByer enuncteenHas gynkims v, € K, (P,), xoropas spasercs
pEelIeHHEM ypaBHEHHUS

v (X)+20° 77 (X) + @'y 50 () = (D)™ (x), (10)
C KPaeBBIMH YCIOBUSIMH

(W20 + @y ()5

MMeeT MecTo Clieayrormast
Teopema 2. Pemenne kpaeBoit 3amaun (10)-(11) B mpoctpanctee K, (P.)

-0, s=01..,m-1. (11)

ABJIAETCA DKCTpeManbHON (yHKIMeH v, (yHKIMOHATA MOTPEITHOCTH ( M OHa
MMEeT CJICIYIOUINH BU
w,(X)=(=D)"(x)*G,,,, (X) +d;sinwx+d,coswx+ R, _,(X),
rae d,, d, - neficrButensuble uncna, R, (X) - moanHoM crenenn m-—3, u
m 2k-1
G, «(X) = %((Zm 3)sin wX — wX COS X + ZKZ; (Y (m(zr_ll))!(a)x) ).(12)
Janee, [OKa3aHbl CYIIECTBOBAaHHE U EIMHCTBEHHOCTh OITHMAJbHBIX
KBaapaTypHbIX opmy: Buaa (1) B cmeicie Capaa B nmpoctpanctee K, (P,).

[TocTpoeHne onNTUMaNbHBIX KBagpaTypHbIX (opmyn Buga (1) B cmbicie
Capna B mpocTpaHCTBax Wz‘m‘m‘l) u K,(P ) mnpuBeneHbl K CHUCTEM JIMHEHHBIX

ypaBHeHuid. llemplo  HaAcTOSIIEH — OUCCEpTallMK  SBJSIETCS  HaXOXIACHHE
AQHAIUTHYECKOTO pEIIeHUsI 3TUX cucTteM. [[Isi 3TOro MBI TPHUMEHSEM METO
CoOoneBa, OCHOBaHHBIM Ha JUCKPETHBIX aHajorax JudgdepeHInaTbHbIX
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ornepatopoB. Ilpu 3ToM HaM TpeOylOTCs NUCKPETHBIE AaHAJIOTH ONEPaTOPOB

d 2m d 2m-2 d 2m d 2m-2 d 2m-4
dXZm - dXZm—Z n dXZm + 2602 dXZm—Z +a)4 dXZm—4 '

Bropas rnmaBa guccepraumu, Ha3BaHHas —«/lMckperHble  aHaj0TH
nu¢depeHUINATBHBIX ONEPATOPOBY» IOCBSIIEHA [OCTPOCHUIO JIUCKPETHBIX

2 2m-2 2 2m-2 2m-4
da" d d=" , d°" , d"
X" - dx2"2 H X" +20 dx2"2 +o dx 2 n

JI0KA3aTeIbCTBY CBOMCTB IIOCTPOEHHBIX JTUCKPETHBIX aHAJIOTOB.
B nepBom maparpade BTOpOii T1aBbl IPUBEIEHBI H3BECTHBIE PE3YJIbTATHI 110
nuckperHomy anamory D_(hf) omepartopa d®"/dx*". Ilpu mnocrtpoeHun

dHaJIOI'OB OIICpaTopoOB

ONTUMAIBHBIX KBAAPATYPHBIX (OPMYJ W HHTEPIOSIIMUOHHBIX (QopMyT B
npoctpanctee L mam Tpebyercs muckpermbii amanor D _(hf) omepatopa

d*"/dx*".  Cnenmyromas sBHas Qopmyna aua D (hB)  momyuena
X.M.IITlaguMeTOBBIM:

YAQM mpu  |B2,

k=1

m-1

D,(hA)=pil+2 A mpn |B=],

C+§i npu f=0,

k=1 Q
e
(2m _1)! (1_ qk)2m+l 2m-1
p = 2m ! A< = ! C=-2 !
h E,..(a)

E,..(X) - nomuHoM Diinepa-®pobenuyca crenenn 2m—1, §, - KOPHH MOJIMHOMA
E,..(X), |0, <1, h - manblii nonoXuTENBHBIA TApAMETD.

Kpome toro, C.JI.Co6oneBbiM u X.M.IllaguMeTOBBIM H3y4€HBI CBOMCTBA
nuckpetroro oneparopa D_(hg).

Bo BTrOopom naparpade BTOpoii T1aBbI PEIIeHO CIeIyIollee ypaBHEHHE
D, (h8)*G,, (hB) =5, (hp), (13)
rae G, (hB) dynxius auckpernoro aprymenra, coorserctytomas G, (X).

CnpaBenBa ciaeayronas

Teopema 3. HMuckpernsiii ananor D, (hfB) muddepenmmansroro onepa-
2m dZm—Z

dXZm - dXZm—Z 1Y

TOpa JOBJIETBOPAOIINI paBeHCTBY (13), umeeT BuA:
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TZ:'MF”, | B1>2;
D, (hf)=—— 2"+ SAL 1Y

2m-2

20455 =0
rac
C=1+(2m—2)e" +e*" +— =3 p2m3 A:2(1—/%)“_2[&(9%&1)—eh(if+1)]I02mz’
Poms AP 2 (A)

P (4) = Z pA° = (1—e™)A- )2 - 2(A(e* +1) —e" (A +1)) x

><|:h(1— /1)2”‘*4 + M Ez(ﬂ*) + o+ hzm_3E2m-4(ﬂ'):|’
3! (2m—3I)

P, s Py - KOIbOuuments: muorowieHa P, ,(A), A - KOpHH MHOro4sicHa

P, ,(A), mo wmonmymo wmensbmme emununsl, E, (A1) - MHOrounen Diinepa-
®pobenuyca crenexu K.
W3zyuensl coiictpa oneparopa D, (hF) u nokxasana ciemyromas

Teopema 4. JlACKpeTHBIA aHAJIOT D,w(hB) mubdepennuansroro
2m 2m-2
oreparopa (;j ™ —(;j Py npu m=12,3 YIOBJIETBOPSIET CJIEAYIOLIUM
X X
paBEHCTBAM:
1) D, (hp)*e” =0, 2) D,,(hA)*e™ =0, 3)D,,(hp)*(hp)" =0
n<2m-3, 4) D, (hB)*G,,, (hB) =6, (hp).
Jlanee, B TpeTheM maparpad)e BTOpOH TJIaBbl, IOCTPOEH AMCKPETHBIN aHAIOT
2m 2m-2 d 2m-4 .
onepatopa  — . +20° VIE + o o 16 Haiiena dyuxkmms D, (hf),
KOTOPBIN YAOBICTBOPSIET CICAYIOIIEMY YPAaBHEHHUIO
D, (hB)*G, ( (hp) =6, (hp), (14)

rae G, (hB) dynxuus auckperHoro aprymenta coorsercTBytomas G, , (X),
m>2, >0, 6,(hf) - nuckperHas aenbra-QyHKIHS.

CnpaBenBa ciaeayronas

Teopema 5. JIuckpeTHbId aHanor s quddepeHnnaibHOro onepaTopa
d 2m 2m-2 d 2m-4
2m + 20)2 2m-2 2m-4 !
dx dx dx

CICIYIOLIUN BU

yIOBIATBOpsAIMK  ypaBHeHuto (14), wumeer
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S AL | BE2
2a)2m—l ) m-1
D, «(hB)=—F—1+ 2 A, [BFFL
’ (_1) p2m—2 zl
C+mii, =
=0
Trac
A(:(l_ﬂ"k) (/1k _ZﬂkCOSha)_'_l) p2m—2’ C:4_4COSha)—2m— pZm—S’
X? 2m— 2(ﬂk) p2m—2

2k-1
Py, = (2M=3)sinhew - ha)cosha)+22( 1)*(m—k -1)(ho)
k=L (2k —-1)!

P,.,(4) - u3BecTHbli moauHOM crenieHn 2m—2, P, ,,P,, , - KoO3QdUIueHTB U

A, - kopuu nmommuoma P, (1), |4, |<1.

HNmeer mecTo cnenyromas

Teopema 6. Jluckperneiii anamor D, (hp) mmddepentmansroro
2m 2m-2 2m-4
d , d

2
—+20 G +® D YAOBJIETBOPSIET CIAEAYIOIIUM PAaBEHCTBAM

1) D, (hB)*sin(hwp) =0, 2) D, (hB)*cos(hwp) =0,
3) D, (hB)*(hwp)sin(hwp) =0,  4) D, (hB)*(hwp)cos(hwB) =0,
5) D, (hB)*(hB)* =0, «=0,1,...,2m-5.
B  Tperpeii rmaBe — auccepranuu, Ha3zBaHHOU  «Ko3ppuuueHTsI

ONTHMAJILHBIX KBAPATYPHBIX (OPMYJ H HOPMbI HUX (PYHKIIMOHAJIOB
norpenHocTei», ncrons3ys guckperHele omepartopel D, (hB), D, (hg) wu

oreparopa

D, «(hB), mocrpoensl ontumanbHble KBajapaTypHble (opmynsl Buaa (1) B

-1)

rnb6epToBBIX mpocTpancTBax L, W ™™ u K (P.) , a Takke uccinenoBanbl ux

OLICHKU MOTPEUTHOCTH.
OCHOBHOI 11eJIbIO TIEPBOTO Maparpada TpeTbei riaaBbl SBISETCSA MOCTPOCHUE

ONTUMAJIBHBIX KBaAPaTypHBIX (opmyst B cmbicie Capaa B mpoctpanctee L (0,1)
C y3JlamMH
X =nh X,_=1-7h,1=0t-1,0<p, <7 <..<n_<t, teN,

m
— opd M YETHOM,
X, =hg,t< <N th—l t—2 ’ (15)
B ﬂ’ = ﬂ = -4 - Wl - m
> +1 1pu M HEYETHOM,
ucnonb3ys meron CoboseBa U YnCIeHHbBIH BbIOOp mapameTpoB 77, 1=0,t -1 mus

MOJTyYeHUs] ONTUMAIBHBIX KBaJpaTypHbIX (opmyn Buaa (1) ¢ mMOIOKHUTETHLHBIMU
koa(urmentamu. 3mech [a] - SIBJISIETCSI 1I€JIOM YaCThIO YKCia a.
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Hccnenyss cuctemy s ONTUMAIbHBIX KO3((UIMEHTOB CHadajga Mbl
JOKa3aId CIEAYIOIIYIO JIEMMY, KOTOpas IMO3BOJISIET MOJYYUTh SBHBIE (OPMYJIBI
JUISL ONTUMAJIbHBIX KOA((PUITMEHTOB.

Jlemma 1. KoadpuimeHTs oNTUMANIBHBIX KBaApaTypHBIX ¢opmyst Buaa (1) ¢
¢ynkumonanom morpemnoctd (2) u ¢ ysmamm (15) B mpocrpanctee L (0,1)

YAOBJIETBOPSIIOT CUCTEME

3 é a a -~ d < ( 1) qli-H _q:‘ - Ai a 16
; ﬂ77/; Zﬂ + 2 +Z kz )|+1 t |, ( )
0,2,4,...m—2 mpu M — 4ETHOM, 1, a=0,
3necyr o = 0% =
0,2,4,...m—-1 npu M — HEYETHOM, 0, a=#0,
m
> KOrJa M 4eTHOE,

t=
m
[E} +1 Kkorma M HEYETHOE,

rac [a] - 1ejasa 4acTb 4ucia a, dk - HCHU3BCCTHBLIC IIapaMCTpPhI, qk - KOpHH

MHorouwieHa Diinepa-Ppodennyca E, (q), |qk|<1.

C momomipto JIeMMBI | I OCTaNbHBIX KOI(PQPHUIIMECHTOB ONTUMATBHBIX
KBaJpatypHbIx Gopmyn Buna (1) mokasana ciemyromniast

Teopema 7. KoapduureHTh ONTUMATBHBIX KBaJIpaTypHBIX (popmy: Buaa (1)
¢ ¢ynkuuonanoM morpemHoctd (2) u ¢ ysnamu (15) B mpoctpanctee L (0,1)

BBIpaXKaroTcs (opMyIIoi
° m-1
C, = h(1+2dk(qf +qk““ﬁ)), t<B<N-t,
k=1

rie d., (k=1L,m-1) ynoBnerBopsitoT crneayromeii cuctemMe M-—1 JIHHEHHBIX

YPABHCHUU:
m-1 i qt+l+( 1) qN —t+i . tj+l B .
d . ANQ =—1 Cshi(t-n,)
242 i1 Z =)
j=12,3,..m-1,

3neck kKoddduuuentsr C5 =Cny (£=0,1,...,t —=1) onpenensrorcs U3 CHCTEMEI
(16), q, - kopau MHOTOuWIeHa Ditepa-Ppodennyca E, (Q), |q, [<1.

Jlayiee, BBIYMCIICH KBagpaT HOPMBI (YHKIIMOHANA IOTPENTHOCTH (2),
KOTOPBIH TO3BOJIAET TOJYYUTh BEPXHIOI OIICHKY MMOTPEUTHOCTH MOCTPOSHHBIX
ONTUMAJIBHBIX KBaJApaTypHBIX Gopmyin B cMmbicie Capaa Buaa (1) B mpocTpaHcTBe

(m)
L (0,1).

Teopema 8. KBampaT HOpMBI (GYHKIIOHAIA TIOTPEUTHOCTH (2) ONTUMAIbHBIX
KBaapaTypHbIx popmyn Buaa (1) ¢ ysmamu (15) na npocrpanctee LS (0,1) umeer
BT
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Hm L

2 2m 2m+l (11 /
:(—1)””{h B | 2N {Z(C hlﬂém—ﬂzm)+

(2m)' (2m)' p=0
+m ld Z( 1) qiﬂ _qF - Alth}:|’

rne B, - uncna beprynm, C s, B=0,t-1 onpenenstorcs u3 cucremsr (16), q, -

KOpHH MHoOrowieHa Diinepa-®podennyca E, .(q), |qk|<1, ns, B=01-1

ompenenstorcss u3 (14), A't’"-komeunas pasHocTh mopsaka i or t*", d, -

orpeneneHsl B Teopeme 7.

CienyeT OTMETHTh, 4yTO Koraa y3isl (15) paBHooTcTOsIIIKE, T.€. KOrma B (15)
nmapametpsl 77, =0,77,=1,...,n7_, =t -1, TO U3 Teopem 7 u 8 MOIYyYNM PE3YIBTATHI
HEeKOTOpeIXx  pabor  A.Capma, M.D.Meiiepca, [.Komana, W.IlI€nbepra,
C.A.Cunnumana, C.JI.Cobonesa, ®@.3arupoa, X.M.lllanumerona u I1.Koxnepa.

Bo BropoM maparpade TpeThell TiaBbl JUCCEpPTAIIMH  MTOCTPOCHBI
onTUMaJbHbIE KBapaTypHble (opmyibl Buaa (1) B cmbicie Capia B IpOCTPaHCTBE
WS ™™ TIpu 5TOM HCIIONB3yeTCs AUCKPETHBIN OMEPATOP D, (hB3) , mocTpoenHmlii
BO BTOpoM maparpade BTOpoil riaBbl auccepranuu. Creayer OTMETUTh, 4YTO
MOCTPOCHHBIE ONTHUMAJIbHBIE KBaApaTypHble (OPMYIbI SBIAIOTCS TOYHBIMH IS
MOJIMHOMOB CTeNeHH <M —2 u Jyisl QyHKIHUH €

Cayyaii m =1 paccMOTpeH OTAENBHO, U JOKa3aHa CIEayromas

Teopema 9. KoahpuuneHTsl ONTUMANIBHBIX KBaApaTypHBIX popmya Buaa (1)
C PpAaBHOOTCTOSAIIMMU y3JdaMd B TPOCTPAHCTBE Wz(l’o) (0,1) BeIpakarorcs
cienyomuMu hopmynamMu

e"-1

) ZO!N!
_ e"+1 p
h_ —_—
M, L=1N-1,
e +1

rne h=1/N, N=12,....

Hanee, ang ciayyaeB M>2 TOJy4YeHBl sIBHbIE (POPMysbl ONTHUMAJIbHBIX
K02 (PUITMEHTOB ¥ TOKa3aHa CIETyrOIIas

Teopema 10. KoadduimeHTsl onTUMAaIbHBIX KBaApPaTypHBIX (OpMYI BUAA
(1) ¢ ¢yHKIMOHAIOM MOTPEMIHOCTH (2) M C PaBHOOTCTOSILIMMHU Yy3J1aMH B

npoctpanctee W,""(0,1) mpu m>2 u N +1>m Bripaxarorcs GopMyIamu
- _e'-1-h h o A(e"-e)+A(e-D)+ A" A- e)
Co="—~ +3(a, -
e’ = e-DA-24)E" - 4)
g A -0 =D 44 0-e)y
% (e-D(4 -D(4e"-1)
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Co=h+3(a Al +bA""), A=IN-1
CO:N :Mij(ak ﬂq((e_ethl)_i_ﬂﬂ(N (eh+1_er;)+ﬂkN+1(eh _e) N
e' -1 k1 (e-D(A-A)(E"-4)
+b /1KN+1(6 eh+l)+ﬂ,k(eh+l e )+ﬂﬂ<(e _e))
(e-DI-4)1-4e") ’

rie &, b u 4 (k=1,m-1) usBectHblie BeTUINHBL

Kpome Toro, wucciegoBaHa OILIEHKAa MOTPEIIHOCTH  MOCTPOEHHOM
ONTHUMAJIIbHONW KBaJIpaTypHOH QOpMyJibl, T.€. BBIYUCIEH KBaJpaT HOPMBbI

1,0
ONTUMAIBHOTO (ByHKIMOHANA morpemHocTd Ha npoctpanctee W,"” u nokasaHo,
1,0
YTO ONTUMAajbHAas KBajparypHas (opmyia B TNPOCTPAHCTBE Wz( ) sBstercs

ACHMIITOTUYECKH ONTHMAJIBHOM B pocTpanctee LY.

B Ttperhem maparpade TpeTheil THaBBl AHUCCEPTAIMA HAWICHBI SIBHBIC
dhopmyibl 1 KOADPUIIUEHTOB ONTUMAaIbHBIX KBaJipaTypHbIX Gopmyi Buaa (1) B
cmbiciie Cappa B poctpanctee K, (P, ). Ilpu aToM npuMeHeH IUCKPETHBII aHaior
D, (hB), moctpoennbli B TpeThbeM maparpade BTOPOH INaBbl AUCCEPTALUM.
[TommydeHHbIe ONTUMaIbHBIE KBAJApPATypHBIC (POPMYJIIBI SBISIOTCS TOYHBIMH U IS
MHOTOYJIEHOB CTE€NEHH <M—3 u Ui TPUTOHOMETPUYECKUX (PyHKIMH SIN@X U
COS wX.

OCHOBHBIM PE3yJIbTATOM SIBJISICTCSI CIEAYIOIIAs

Teopema 11. KoadduimeHTbl onTUMaIbHBIX KBaJpaTypHBIX (HOpMYN BHUAA
(1) B cmbiciie Capna B npoctpanctee K, (P.) mpu m>3 u N +1>m Beipaxarorcs
(bopMynaMH

m-1

. _h A=A
Zm ( ) CN—EJFka(ﬂ)’

k=1
Cy= h+ka(ﬂ,kﬁ +,1KN-ﬂ), B=12,.,N-1,
k=1

rae M, A, (k=1,m—1) u3BecTHbIC BETUINHBEI.

Kpome Toro, BBIYHMCIACH KBaJpaT HOPMBI ONTHMAIbHOrO (YHKIIMOHAIA
HOIPEIIHOCTH B caydasx M=2,3. Jloka3aHo, YTO ONTHMAJbHbIE KBaJpaTypHbIE
dopmyiel, noctpoeHusie B mpoctpanctBe K, (P ) SIBASIOTCS acHMITOTHYECKH

ONTUMaNbEHEIME B ipocTpancTee Cobonesa L™ .

UYerepras rjiaBa Y CCEepTaLNH, Ha3BaHHAas «OnTuMaibHble
UHTEPNOJANUOHHBbIE (opmyabl B mnpocTpaHcTrBax auddepeHurpyeMbiX
¢GyHKUMIT», TOCBAIICHA TIOCTPOCHUIO HWHTEPIOJSIMAOHHBIX L  CIUIAalHOB U
ONTUMAJIbHBIX MHTEPIOISIUOHHBIX (hOPMYJI. 3/1€Ch HalIeHbI IBHbIE (DOPMYJIbI JIJIs
K02 PUITMEHTOB MHTEPIIOISAIMOHHBIX CIUTAMHOB MUHUMU3HPYIONIUX MOy HOPMBI
B runbbepToBbIX mpoctpanctBax LoV, W™y K, (P.), Takke mocTtpoeHsl
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ONTHMAaJbHBIE HWHTEPIOJAIMOHHBIE (OPMYyIbl B  MPOCTPAHCTBE @(H )
NEPUOANYECKUX N —IMEePEMEHHBIX (PYHKIIUMA.

Tak kak pe3ynapTaThl HACTOSILEH IMCCEPTAIlMM CBS3aHBI C 00OOIICHHBIMU
CIuTaiiHaMu, IPUBEJEM UX ONpeiesieHue cienys MoHorpaguu Andepra, HumbcoHa,
Yomnma.

[Tycts L —nuneitnsiii quddepeHnnanbHblil onepaTop, 3aJaHHbI GopMyon

L=a (x)D"+a_,(x)D"" +...+a,(X),
rae ¢pynxoun a,(x) (j=0,1,..,m) npunamnexar C'[a,b] u a, (x)#0 na [a,b].
OGo3naunm uepe3 L oneparop, GopManbHO conpskeHHbIH L
L'=(-)"a_ (x)D" +(-)""a_,(X)D"" +...+a,(x).

Ecmu Ha otpeske [a,b] 3amana cetka A:a=Xx <X <..<X, =b, To 06001IEHHEIM
cinaiinoM (wim L —crunaitn) gedexkra K (0<k <m) orHocurensHo ceTkn A
HaspiBaetcss  Qymkuus S, (X) wm3  kmacca WL,  ymoBneTsopsromas
nudepennuransiomy ypaBHennto L'LS, =0 Ha KakIoM OTKPHITOM HMHTEpBaJe
(x_,x) (i=12,..,N). OObrunbli cmiaiin (medekra 1) DomyckaeT pas3pbIBEI
2m —1-if TpOMU3BOIHOM, HO TOJIBLKO B y3JlaX CETKH.

U3 pesynbratoB pabor Anbepra, Humbcona, Yomma u3BecTHO, 4TO AJs

0000111eHHOrO craifHa qedekra 1 cripaBeyIMBO CIeIyOLIee YTBEP)KICHHE: MyCTh
JaHbI CETKHU Ata=X, <X <..<X,=Db u II0CIIEA0BATEIBHOCTD

Y ={y,i=01..,N}. Cpemn Bcex ¢ynkuuii f(X), mpuHamIeKAIMX KIacCy

W™ L, u takux, uro f(x)=y., i=0,1,...,N, o6o0mennsiii craiin S, (Y,X), ecnu
b
OH CymIecTBYeT, MUHIMu3MpyeT naterpan [(Lf (x))" dx.

Jlanee, B HacTosuledl TIJaBe Mbl II0JIy4aeM SBHBIE (OPMYJIBI LIS
K03 (PHUIMEHTOB 000OIIEHHBIX CIUTaliHOB jaedekta 1 B mpoctpanctBax L.”,

W™ g K, (P.), KOTOpble OYeHb yIOOHBI I IPUMEHEHHS.

PaccMOTpUM ClleyOIIy0 HHTEPIIOISAIIMOHHYIO 3a/1a4Yy.
3adaua 3. Haiitn dymxmmo S_(x) e LS(0,1), xotopas naer MuHEMYM

1
BEJIMYKHE J.(go(m) (x))?dX M yIOBIETBOPSET MHTEPIIOISIMOHHBIM YCIOBUAM

0
S,(%,)=9(x,), A=01..N,
rae X, €[0,1] - y3nel untepnonsuun u ¢(X,) 3aJaHHbIE 3HAYEHHUS.

Cnenys pesynbratam paboT B.A.Bacuienko, mojlydaem aHaJIMTHUYECKOE
MpeJCcTaBiIeHHe HHTEPIOSIMOHHOTO citaitHa S_(X)

S,(0=C,G,(x=x,) +P, (%)
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m-1
rne C, y=0,1,..,N - neiCTBUTENbHBIE YHCIIA, P_.(x)=> p,x* - MHOrouieH

2m-1

| x|
2:(2m-1)!
B nepBom mnaparpade uyerBepTOi TnaBbl, ucnonb3ys Meton CoOosnesa,

crenehn M-1u G_(X)=

2m

OCHOBaHHBIN Ha quckperHoM aHanore D_(hf) omepatopa —— r , IOJy4aeM sIBHbIE
X"

Gopmyssl  K03()(GHUIMEHTOB HHTEPIOSIIUOHHOTO CIUlaiiHa S _(X), KOTOpbIe

SBJISIIOTCS pemeHneM 3a1a4un 3. CiielyeT OTMETHTh, YTO STOT HHTEPIOJSIIMOHHBIH
CILTAlH SBJISIETCS TOYHOM [T MHOTOYJICHOB cTenenn <m—1.

CnpaBenBa ciaeayronas

Teopema 12. KoddduumeHTsl HHTEPHOMANUOHHOTO crutaitHa S _(X), ¢

paBHOOTCTOAMMMHE y3i1amu B ipoctpanctee L (0,1), mmeror cnenyrommii Bu

co:hp[c¢(0)+¢(h)+mz_lp;-(-h)} ZA* p{zqup(hynm +g'N }

k

C, =hp[e(hB —h)+Cp(hp) + p(hpB +h)]+ZA* p[ZQ"’ "p(hy) +a/M, +q."” }
B=12,.,N-1, k

C. =hp| Co) + L)+ 3, pi Ly |+ fz“q—[iqk“%ﬂhywqﬁmk !

7=0

P, :%(p; + p;), a=01..m-1

rIe AiO“:i(—l)i"Ci'I“ u M ,N, p, C, A, q.,p,,p,, =01..m-1
1=1

M3BECTHBIEC BETNYUHBI.
B uactHOCTH, B ciiydasx M=1 u M=2, u3 nocieaHell TEOPEMbl TOTyUUM

. y | x—hy|
V3BECTHBIE MHTEPHOIANUOHHBIE JIMHEUHBIN CIUJIalH Sl(X)=ZCy—

Z 5 tP u

KyOmuecknit crotaiin S, (X) = ZC Ix=hy[ hy [
¥=0 12
1 1
IO (@' (X))’dXx u IO (¢"(X))?dX BemuumHbL, COOTBETCTBEHHO B IIpocTpancTeax LY (0,1)
i L2(0,1).
Bo Bropom naparpade 4eTBepTOi IIaBbl AUCCEPTALIMU PELIEHA CIIEAYIOIAs
3adaua 4. Haiitn pynkumio S, (x) eW,""7(0,1), kotopas naér MmuauMy™m

+ P, X+ P,, KOTOpPbIE MUHUMU3HUPYIOT

1
BEJIMYHHE I(go"") (X) + @™ (X))?dX 1 yaOBIETBOPAET YCIOBUAM MHTEPIIOISALUN

Sm,w (Xﬂ) = (D(Xﬂ)’ IB =0,1...,N,

rae X, €[0,1] - ysmsr unrepnomsmm n ¢(X,) n3BecTHL
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WuTepnomasiuuonsslil cinaie S_ (X) , KOTOPBIN SABIISAETCS PELICHUEM 331a4u

4, UMeeT BU
N m—2
S,w(X)=>CG,, (X=X )+ rx +de”
y=0 i=0

rae Cy, y=01.,N, r, i=01..,m-2, d- neiictButensurie uncna, G, (X)
omnpenenseTcss paBeHCTBOM (9).
CrnemyeT OTMETUTb, YTO HMHTEPHOJNALMOHHBIA crmaiin S, (X) sABisercs

TOYHBIM /151 PYHKIIUK € | JUIs TF000T0 MHOTOYJIEHA CTereH:n M— 2.,
HNmeer mecTo cnenyromas
Teopema 13. KoddbduumeHTsl HHTEPNONAMMOHHOTO craiiHa S, (X) ¢

,m-1 o
paBHOOTCTOAIIMH y31amu B poctpanctee W, ™" (0,1) nmeror cnemyrommii Bux

=—(p(0)——[¢)(h)+a e +Zr (=h)’ }+Z [Zﬂ{(p(hy)+M +A'N }
C,= T(P(hﬁ) —T[(P(h(ﬂ —1))+p(h(B+1)]+

-12? |:Zﬂkﬁ 7‘(0(h7/)+21<ﬁM _|_lkN ﬁNkj|, ﬂ:l,Z,...,N -1

C, =%¢(1)—2%{ (h(N —1) + ?:h+§rj(1+h)‘}+

+mzlﬂ’:* [Zﬂf “p(hy)+ A, + Nk}

k=1

d =£(r; +17), i1=01..m-2, d =%((/)(0)—ro‘ +e¢(1)—e§n+j,

e A0 = z( 1)“( ]r uM_N,p,C A, A, a,a, r,r,i=01..,m-2

W3BECTHBIE BEJIMYUHBI.

[Mpu M=2 mnonyyaeM HUHTEPHOISIUOHHBIA 3KCIIOHEHIIMATBHBIA CIUIANH C
K03 (UIIMEHTOM Harpy3ku 1.

B tpetbem naparpade ueTBepToi IJIaBbl HCCIEA0BaHA

3a0aua 5. Haittu dynxmuio S, (X) € K,(P,), xortopas naér MuHMMYM

1
BEJIMYHHE I(gp‘m) (X) + @’ ? (X))’ dX ¥ ymOBIETBOPSET YCIOBUAM UHTEPIOISALIUM

0
Sm,K (Xﬂ) = ¢(Xﬂ)’ $=01..,N,
rae X, €[0,1] - y3nsr unrepnomsiumm, ¢(X,) - 3anaHmble 3HAYCHHS.

AHanuTHYeCKoe MpeJCTaBICHHe WHTEPIOSIHMOHHOrO citaitHa S, (X)
CIIEyOLIast:

S, (X)=Y.CG, (x-x )+d,sin(wx) +d,cos(x) + R, ,(x),
y=0
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m-3
rne C,, y=01..,N, d, u d, - neficrButensubie uncma, R ,(X)=>rx* -

a=0
MHorowreH crenienn M—-3 u G_, (X) onpenensercs paseHcTBoM (12).

OTMeTHM, YTO MHTEPIOJISIIMUOHHBIN cIulaiiH S, (X) sBISeTCS TOYHBIM JUIS

GyHKIMA SIN WX U COS@X | A AF060ro MHOroYIeHa crenenn m—3.
Hlanee,  momydaem  TouHble  (Qopmynbl  Anid  KO3(PPUIUEHTOB
MHTEPIOJIAIMOHHOTO craiiHa S, (X). PesymbraToMm sBisieTcs ciemyromas

Teopema 14. Ko>dduuuenTsl HHTEPHONALMOHHOrO crmiaifna S, (X), ¢

paBHOOTCTOsIIMMH y3namu B ipoctpanctee K, (P.), umerot cnenyromuii Bz

C, = p[C(ﬁ(O) +@(h) —d; sin(hw) + d, cos(hw) + mz:ra-(—h)“} +
Z’*p[mco(hmm +AN }

C, = ple(hs—h)+Co(hp) +p(hB+h)]+ ;T[iﬂf”(p(hy) + M+ AN, }

£=12,..,N-1
C, = p[Cgo(l) + @1 —h)+d;sin(w+ hw) +d, cos(w + ho) +

Shaehy ]+z’*p[m o)+ AM, +Nk],

1o, 1.
d =§(o|i +d;), =12, ra=§(ra +r), «=0,1,..,m-3,

Ko 1 g

me A0 =Y (-D"CI* u M,,N., p, C, A, A.d, d’, i=12, r,r’

a=0,1...,m—3 NU3BECTHbLIE BEJINUNHEI.
B derBeprom maparpade dYETBEpPTOW TJIABBI JUCCEPTAIIMU TIOCTPOCHBI

ONTHMAaJIbHBIC HHTEPIOSIMOHHEBIC (hopMyItsl B pocTparcTBe Cobornesa L (H)
NEpUONMYECKHX N —  TMepeMeHHbIX (QyHKIud. HamomHuM  omnpeneneHue
npoctpancta Cobonesa L\ (H) mepromudeckux N - mepeMEHHBIX (QyHKITHIA.

[Mycts GpyHkumu @ umeror B R" 10KambHO CyMMEpyeMbie MPOU3BOTHbBIC
HopsiiKa M U A7 OrpaHUYeHHOM o0aacTi ), CleqyIOmUi HHTErpal OrPaHu4EH

[> —(D“co(X)) dx,

Q, |al=m
rae a - MympTHHHAEKC a=(a,a,,...,a,), al=alal.a), |alF)a,,
. d“p(x
D p(x) = 2
OX;OX;?...0X."
marpuieir mepuomoB H, T.e. o(Xx+Hy)=¢(Xx), xeR", rtoe y - moboii

. [Tonmoxkum, uto 2M >N U @ - nepuoarUYecKas GyHKIIHS C

I[eJI03HAYHbI  BEKTOp crojben, H - wmarpuna NXN ¢ eIUHUYHBEIM
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aerepMuHaHTOM. Martpuie H  cooTBercTByeT ee  (pyHAaMEHTaNbHBIN
napajuenenunesn €2, cleayroumM oopazom

Q,={xeR": x=Hy, rne 0< y, <1, j=12,...,n}.
DneMEeHThI NPOCTPAHCTBA [‘;’“/’(H) ABISAIOTCA (DYHKUIMAMH, OTIUYAIOIIUMUCS APYT

OT Jpyra Ha TmocTosiHHOe umcino. Hopma ¢ymkimit B mpocrpanctse L"(H)
omnpeaensercs GopMyIoi

Jo! @(H)HJ Zﬂ(D“w(x»deT

o, lam ot !
PaccMoTpuM MHTEPIOIAIIMOHHYIO (GOPMYITY BHJIA

P(x)= P (x) = gck(x)qo(x“» 17)

B mpoctpancte LV(H), Touku Xx* € Q u mapamerper C,(X) COOTBETCTBEHHO

HA3BIBAIOTCS Y31aMU U KOIppuyuenmamuy AHTEPIOIAITHOHHON hopmysl (17).
Pasnocte  ¢(X)— P,(X) Ha3biBaeTCs MOrPEIIHOCTBIO MHTEPHOJIALMOHHOM

dbopmyinbl (17). 3HaueHre ATOM TMOTPEIIHOCTH Ha HEKOTOPOM TOYKE Z SBISETCSA
JTMHEHHBIM (QYHKITMOHATIOM HaJ QYHKIHUSIMH @, T.€.

(t.0) = (2) - F;(z)=¢(z)—gck(z)(p(x<“)=

= IK&X -1) —ng(zw(x - x“)))*qﬁo(H _1X):|¢(x)dX,

rae O(X) - nenbra-dynxumst Jupaxa, ¢,(H7'X)=> 6(x-Hp),
s

10 =( 30c-2) -3¢, @30c-x) | (H ) (18)

- (pyHKIIMOHAJI TOTPEIIHOCTA UHTEPIOIAIUOHHON popMyiibl (17) U NpUHAITIEKUT
npoctparctBy LV (H). IIpoctparctBo LV (H) cocrout n3 Bcex MepHOTMIECCKUX
¢dyukuronanos (18), koTopbie OpTOrOHAIBHBI CTUHHMIIC, T.C.
(¢,1)=0.
ITo nepaBenctBy Kommm-IlIBapua |(/,p)|< H(p| E”‘/)(H )H : HE | [(zW(H)H HOTPELIHOCTD
(18) dhopmyitet (17) oLieHHBaeTCs C MOMOIIBIO HOPMBI
= sup [(to)

ORIGY St
¢bynkuonana mnorpemHoctd (18). CrnemoBaTenbHO, OLIGHKA MOTPELTHOCTH
UHTEpHoAMoOHHON dopmynbl  (17) Ha (QYHKIUSIX TPOCTPAHCTBA E(F)(H)
OPUBOJUTCS K HAXOXACHUIO HOPMBI (DYHKIHMOHAJTIA MOTPEIIHOCTH ! B
CONPSIKEHHOM MTPOCTPAHCTBE E(Z?")/ (H).
CrnemoBaTenbHO OTCIOJIa MBI ITOJIydaeM CIICIYIONIYIO 3a1ady.
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3aoaua 6. Havimu nopmy @ynxyuonana noepewnocmu { uHmMepnoisyuoH-
noti popmynvt (17) 6 npocmparncmee [(;"F(H) :

ScHo, uTOo HOpMa (YHKIMOHAJNA MOTPEIIHOCTH { 3aBUCUT OT
kooppuumentos C, (z) u yznos X"'. Onmumanvnoii unmepnonayuonnoti popmy-
70Ul Ha3bpIBaeTCs Takas (Gopmyna, Koropas mnpu 3amaHHoM uyucie N y3ioB
(GyHKIIMOHAN MOTPEIIHOCTH UMEET MUHUMAIbHYIO HOPMY B E(ZT“?(H). Ecnu y31bl

X gBnAIOTCA TOUKaMU pelieTKM, T.e. pacronoxkensl B Toukax Buga X =hHk
TOra Takas MHTEpPHOJSAIUMOHHAas  (opmyla  Ha3bIBaeTCsi  pewemuamou
UHMEPNOAYUOHHOU (popmyaol. 3aeck N - Manblil MOJOKHUTENLHBINA apaMeTp U
HA3bIBACTCS UIACOM PEULemKU.

OCHOBHOI1 1I€NIbI0 HACTOSIIETO Maparpada sBISIeTCs OCTPOUTH PEIIETYATYIO

ontuManeHylo Qopmyry B mpoctpanctee LV(H) mms ysmoe x® =hHk, Te.
PEIINTH CIETYIONIYIO 3a1ady.

3aoaua 7. Haittu xooppunuentsl Ck(z), yAOBIETBOPSIOLIUE CIYIYIOIIEMY
PaBEHCTBY

17 ) = inf 1 k)]
npu X" =hHk .
OCHOBHBIM P€E3YJIFTATOM HACTOSIIEr0 Haparpada siBISIETCS CIIeIyHOIas

Teopema 15. B mpocTpaHCTBE @(H) CYILECTBYET €IUHCTBEHHAs

pemieryaras ONTUMajibHas WHTepmossimuoHHas Qopmyna Buma (17) ¢
¢dyukimonagom mnorpemHocTd (18) ko3 PUIIMEHTB KOTOpBIE ONPEIEIIIIOTCS

dhopmyon
é([,B]' =t (1+ 3 exp(2ziH *(Hhg ~2)y) K(y)]
! = | H —1*7/ |2m !

-1

1
R DT T

tzhy
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3AKJIIOYEHHUE

HuccepranoHHass  paboTa  MOCBALIEHA  IOCTPOCHHUIO  ONTHUMAJIBHBIX
KBaJpaTypHbIX (opmyn B cmbicie Capaa M ONTUMAIbHBIX MHTEPHOJSLUOHHBIX
dopMyJl, a TakKe BBIYMCICHUIO OLIEHKM MX MOTPEIIHOCTEH B pPa3IMYHBIX
npocTpaHcTBax AU depeHIupyeMbx GyHKINMN.

OCHOBHBIE pe3yNbTAThI UCCIEA0BAHUS COCTOST B CIEAYIOLIEM.

1. Halinensl skcTpeManbHble (YHKUMH (YHKIHMOHAJIOB IOIPEIIHOCTEH

KBaApa-TypHbIX  (opmyn B  mpoctpancteax W,™™Y um K, (P) wm

MHTEPIOJSAIMOHHBIX (opmy:t B ipoctpanctee L (H).
2. Beruucinensl HOpMBI  (YHKIIMOHAJIOB TIOTPEIIHOCTEH  KBaJAPaTyPHBIX
dopmyn B mpoctpancteax W, ™Y, K (P.) ¥ WMHTepnONAIMOHHBIX (GOPMYN B

npocrtpanctee LSV (H).
3. [lonydeHbl nUHEHHBIE CHUCTEMBI I KO3(PQPUIMEHTOB ONTUMAIbHBIX
KBaJPaTYPHBIX U MHTEPNOJISIMOHHBIX (hopmyit B mpoctpanctBax W, ™" K (P )

u L'V (H). JlokasaHbl CynIieCTBOBAHHME U €IMHCTBEHHOCTD PEIIEHHUH ITHX CHCTEM,

a TakXKe MOKa3aHO, YTO B COOTBETCTBYIOIIMX MPOCTPAHCTBAX ATH PEIICHUS TAIOT
MUHUMYM HOpMaM (QYHKITHOHAJIOB MOTPEITHOCTEH.
4. Iloctpoensl nuckpernele ananoru D_ . (hg) u D_,(hp) onepatopos
2m 2m-2 2m 2m-2 2m-4
d d d , d , d

dx2" B dx2™2 n dx2" +2w dx2™? To dx2™ :

5. [locTpoensl onTuManbHbIE KBaAPATypHbIE (POPMYIIBI C MOJIOKUTEIbHBIMU
koddduiieHTaMM W BBIYMCIIEHA HOpPMa  ONTUMAJbHOrO  (DyHKIMOHAa

norpemsocty B mpoctpanctee LoV (0,1).

6. [TocTpoeHbl oNTHMaNIbHBIC KBajparypHbie (Gopmynbl B cMmbicie Capna B
npoctpanctee W, ™"V (0,1), KOTOpbIe TOYHHI AN MOJTMHOMOB HE BHIIIE CTEHEHH
M—2 u aas GyHKIuu e *.

7. TlomydyeHsl siBHbIE GopMysbl 1id  KO3(POUIMEHTOB ONTUMAIBHBIX
KBaJZlpaTypHbIX (opmyi B cMbiciie Capna B npoctpanctBe K, (P.). IlomxydeHHsle

ONTHMAJbHBIC KBaJpaTypHbie (HOPMYJIBI TOYHBI IS MHOTOWICHOB <M—-3 wu
TPUTOHOMETPUUECKUX (PYHKITHI SiNnwX u COSwX.
8.llpy M=2,3 noka3aHo, 4YTO ONTUMAaJbHBIE KBaJIpaTypHbe (OPMYIIbI

noctpoeHnsle B mpoctpaHctBe K, (P)  SBISIOTCA  acHMITOTHYECKH
onTuMabHEIME B ipoctpanctae L (0,1).

9. [TocTpOEHbl ~ HMHTEPHOJSLUMOHHBIE  CIUIAWHBI,  MHHUMHU3HPYIOLIHE
nonysopmy B npoctparctax Lo (0,1), W™ (0,1) u K,(P,).

10. ITocTpoeHbl penieTyaThie ONTHMAILHBIE HHTEPIIOJISIMOHHbBIE (GOPMYIIbI B

npoctparctBe LV (H) meproauueckux N mepeMeHHBIX QYHKIIHIA.
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INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Solutions of problems
arising from the many scientific and applied researches, carried out in the world
level, can be reduced to integral and differential equations. They are approximately
solved mainly using quadrature and interpolation formulas. There are algebraic and
variation approaches for constructing such formulas. The first algebraic formulas
are the Newton-Cotes and Gauss type quadrature formulas and the Lagrange and
Newton interpolation polynomials. Based on the theory of variation approach
constructing such formulas were worked out by scientists of USA and Russia.
Development of new algorithms for constructing optimal formulas and spline
interpolations as well as an estimation of their errors in different classes of
functions, based on algebraic and variation approaches, is one of the important
problems of computational mathematics.

In our country in the years of independence great attention is given to
directions which have applied sense, in particular, on the theory of cubature
formulas of computational mathematics, special attention was paid to construction
of cubature formulas with high accuracy and algebraic invariant under
transformations of the group of rotations of a regular polyhedron, and the formulas
of Gauss type based on the theory of orthogonal polynomials. The significant
results have been achieved by the construction of lattice optimal cubature formulas
in Sobolev spaces of one and several variables, periodic and non-periodic functions
whose derivatives are square integrable.

At the present time, construction of optimal quadrature, cubature formulas
and interpolation splines in Hilbert spaces of differentiable functions plays an
important role for approximate solution of differential and integral equations and
their systems, which are considered as the highly accurate mathematical models of
natural processes. In this regard, the implementation of targeted researches, in
particular, researches in the following areas is one of the most important tasks:
construction of lattice asymptotic optimal cubature formulas; development of
cubature formulas which are based on Monte-Carlo methods; construction of
optimal quadrature, cubature formulas and estimation their errors; construction of
splines minimizing certain functionals in different Hilbert and Banach spaces of
periodic and nonperiodic functions. Investigations conducted by the above-
mentioned scientific research directions, confirm actuality of the theme of the
thesis.

Investigations of this thesis in a certain extent are the challenges identified in
the Republic of Uzbekistan Presidential Decree No. PD-436 of 7 August 2006 «On
measures to improve the coordination and management of the development of
science and technology», No. PD-916 from July 15, 2008 «On additional
measures to stimulate innovative projects and technologies» and other normative-
legal acts of fundamental sciences.

Connection of research to priority directions of development of science
and technologies of the Republic. This work was performed in accordance with
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the priority direction of development of sciences and technologies of the Republic
of Uzbekistan V. «Mathematics, Mechanics and Informatics».

A review of foreign scientific research on the theme of the dissertation®.

Investigations on the construction of quadrature, cubature formulas and
splines as well as to study the estimation of their errors are maintained in scientific
centers and universities of the world, in particular: Institute of mathematics of
Friedrich-Schiller-Universitat Jena, Institute of mathematics of Universitat
Mannheim, Technische Universitdt Braunschweig (Germany), Universita degli
Studi di Roma La Sapienza, Universita della Basilicata (Italy), University of
Meryland, Kettering University, Columbia University, Harvard University, Purdue
University, Venderbild University (USA), University of Oslo (Norway),
Katholieke Universiteit, Leuven (Belgium), Universidad de Zaragoza, Universidad
Pablica de Navarra (Spain), Universite de Toulouse, Université Joseph Fourier
(France), Mathematical institute of Serbian Academy of Sciences and Arts
(Serbia), Babes-Bolyai University (Romania), Institute of mathematics of Siberian
division of Russian Academy of Sciences, Mathematical institute of Russian
Academy of Sciences, Moscow, Saint-Petersburg, Novosibirsk state universities,
Institute of computational mathematics of Russian Academy of Sciences, Institute
of mathematics with computational center of Ufa scientific center, Siberian federal
university (Russia), Dnepropetrovsk state university (Ukraine), Kazakh national
university (Kazakhstan).

As a result of scientific investigations, conducted by construction of cubature
and quadrature formulas, interpolation and smooth splines and by study of the
error estimate of the constructed formulas, in the world the series actual problems
were solved, in particular, there are obtained the following scientific results: the
error estimations of cubature formulas which are constructed by Monte Carlo
method in weighted Sobolev spaces are obtained (Institute mathematics of Jena
University (Germany), Columbia University (USA)); using spline functions and
based on ¢ —function methods in different Hilbert spaces, defined on linear

differential operators, optimal quadrature formulas in the sense of Sard are
constructed (Columbia University, University of Maryland, University of
Wisconsin-Madison (USA), Technische Universitat Braunschweig (Germany),
Babes-Bolyai University (Romania), Universita degli Studi di Roma La Sapienza
(Italy)); using methods of functional analysis existence and uniqueness are proved
and the theory of construction of D™-splines, L-splines and abstract splines in
different Hilbert spaces is worked out (University of Wisconsin-Madison, Harvard
University, Purdue University, Vanderbilt University (USA), University of Oslo
(Norway), Université Joseph Fourier (France), Institute of computational
mathematics and mathematical geophysics (Russia)); Gauss type quadrature
formulas for regular and high oscillating integrals are constructed (Mathematical

* Review of foreign scientific research on the theme of the dissertation is worked out based on the sources: Journal
of Approximation Theory, Applied Mathematics and Computation, Journal of Computational and Applied
Mathematics http://www.journals.elsevier.com/mathematics; Calcolo, Numerical Algorithms, BIT Numerical
Mathematics,  Siberian journal of Numerical Mathematics, Journal of Computational Mathematics and
Mathematical Physics, http://www.springer.com/mathematics,
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Institute of Serbian Academy of Sciences and Arts); the Wiener-Hopf type system
for coefficients of optimal lattice cubature formulas on L\”(R") space is obtained

as well as existence and uniqueness of the solution of the system is proved
(Institute of mathematics of Siberian division of Russian Academy of Sciences,
Novosibirsk state university (Russia), Institute of mathematics at National
University of Uzbekistan); sufficient conditions of asymptotic optimality of
cubature formulas with limited boundary layer are found, algorithm for finding of
coefficients such cubature formulas is worked out (Institute of mathematics with
computational center of Ufa scientific center); theory of asymptotic optimal

cubature formulas are generalized to Lf"(Q)spaces (Saint-Petersburg state

university, Siberian federal university); class of effective cubature formulas are
constructed on three dimensional sphere (Institute of computational mathematics of

Russian Academy of Sciences); in the spaces W, and W of periodic and

nonperiodic function the best quadrature formulas are constructed and the
estimation of their error are calculated (Mathematical institute of Russian
Academy of Sciences (Russia), Dnepropetrovsk state university (Ukraina), Kazakh
national university (Kazakhstan), Kliment Ohridski University of Sofia
(Bolgaria)).

Nowadays in the world a number of priority scientific investigations have
been carried out on construction of quadrature, cubature formulas and interpolation
splines, and their applications, namely: finding the extremal functions of error
functionals of quadrature, cubature formulas and interpolation splines in Hilbert
spaces of differentiable functions; calculation norms of error functionals of the
relevant formulas and splines using found extremal functions; study the existence
and uniqueness of the optimal quadrature, cubature formulas and interpolation
splines; the development of new algorithms for constructing optimal cubature
formulas and interpolation splines based on discrete operators, as well as finding
the explicit forms of optimal coefficients.

The degree of scrutiny of the problem. The construction of quadrature
formulas and the study of their error estimates based on the methods of functional
analysis, was first given in scientific works of A.Sard and S.M.Nikol’skii, and the
appearance of the theory of cubature formulas was associated with investigation of
S.L.Sobolev. In different spaces in one dimensional case works of S.M.Nikol’skii,
N.P.Korneychuk, N.E.Lushpay, T.N.Busarova, B.Bojanov, V.P.Motorniy,
A.A.Ligun, A.A.Zhensikbaev, K.l.Oskolkov, M.A.Chakhkiev, T.A.Grankina are
devoted to this problem. In the spaces of multivariate functions the invariant and
asymptotic optimal cubature formulas were constructed by S.L.Sobolev,
V.l.Lebedev, 1.P.Mysovskikh, M.D.Ramazanov, V.l.Polovinkin, O.V.Besov,
T.B.Shoynjurov, M.V.Noskov, N.I.Blinov, L.V.Voytishek, V.L.Vaskevich,
G.N.Salikhov, M.l.Israilov, S.Sh.Shushbaev, G.P.Ismatullaev. E.Shamsiev and
numerical integration formulas based on Monte-Carlo methods were constructed in
works  of N.S.Bakhvalov, S.M.Ermakov, 1.M.Sobol,  N.N.Chentsov,
G.A.Mikhaylov, A.S.Rasulov, E.Novak and H.Wozniakovski.
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There are spline method, ¢ —function method and Sobolev method of

construction of formulas obtained by minimizing the norm of the error functional
at fixed nodes. A.Sard, L.F.Meyers, G.Coman, I|.Schoenberg, S.D.Silliman,
P.Kohler, based on spline method, and A.Ghizzetti, A.Ossicini, F.Lanzara,
T.Catinas, G.Coman using ¢ —function method constructed optimal quadrature

formulas in the space L(Zm). In construction of optimal cubature formulas by

Sobolev method the results of Sobolev, on finding the coefficients of optimal
guadrature formulas, generalized some above-mentioned investigations in which

spline method was used. In the space L‘;") Sobolev’s algorithm was realized by

Z.Zh.Zhamalov, F.Y.Zagirova, Kh.M.Shadimetov, A.R.Hayotov and others.

The first spline functions were bonded from pieces of cubic polynomials.
Further, this construction was modified, degree of polynomial was increased,
boundary values are changed, but the idea remains changeless. The next step in the
spline theory is D.Holladay’s result connecting 1.Schoenberg’s cubic spline with
the solution of the problem on minimum of the function norm from the space L.

Further, C. de Boor generalized D.Holladay’s result. These results have aroused
great interest and then appeared a large number of works where depending on the
specific requirements the variational functional was modified. The theory of
splines, based on variational methods, were studied and developed in works of
J.Alberg, E.Nilson, J.Wolsh, P.J. Laurent, 1.J.Schoenberg, C. de Boor,
R.Arcangeli, M.C.Lopez de Silanes, J.J.Torres, V.A.Vasilenko, M.Attea, Barlinet,
C.Tomas-Agnan, L.L.Schumaker,  T.Lyche, B.Bojanov, S.B.Stechkin,
Y.N.Subbotin,  M.lL.Ignatev,  A.B.Pevniy,  G.Nurnberger, A.Y.Bezhaev,
Kh.M.Shadimetov, A.R.Hayotov.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work
was performed in accordance with the plan of scientific researches FA-F1-
FO04+F014 «Theories of cubature formulas, splines and numerical modelling of
prediction processes of the real state and security of responsible structures» (2007-
2011), F4-FA-F013 «Non-associative and operator algebras, dynamical systems
and their application in statistical physics and population biology» (2012-2016) of
Institute of Mathematics at National University of Uzbekistan.

The aim of the research is construction of optimal quadrature formulas and
interpolation splines minimizing semi-norms in Hilbert spaces and calculation of
norms of their optimal error functionals.

Research problems:

to find extremal functions of the error functionals of quadrature and
interpolation formulas in Hilbert spaces;

to get expressions for the square of the norm of the error functional on Hilbert
spaces;

to get a linear system for optimal coefficients applying Lagrang’s method, to
study conditions of existence and uniqueness of a solution of the obtained system;

to construct the discrete analogues of certain differential operators;
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to construct optimal formulas using methods which are based on discrete
analogues of the differential operators in the spaces of differentiable functions;

to calculate norms of error functionals of the constructed optimal quadrature
and interpolation formulas.

The object of research - the boundary value problems for extremal functions
of error functional in the space of differentiable functions, quadrature formulas,
interpolation formulas and spline functions.

The subject of research - extremal functions, system of linear equations of
Weiner-Hopf type for optimal coefficients, optimal interpolation formulas and
splines minimizing semi-norms in Hilbert spaces.

Methods of research. In the dissertation work methods of computational
mathematics, functional analysis, and theory of complex variable functions,
discrete argument functions and differential equations are used.

Scientific novelty consists of the following:

extremal functions of the error functionals of quadrature and interpolation

formulas in the spaces W,""*(0,1), K,(P,) and @(H) are found;

norms of the errors functionals for quadrature and interpolation formulas on
the spaces W,""*(0,1), K,(P,) and @(H) are calculated;

linear systems of algebraic equations of Weiner-Hopf type for coefficients of
optimal quadrature formulas in the spaces W,""*(0,1) and K,(P.) and optimal

interpolation formulas in the Sobolev space LA(f(H)of periodic n variable

functions are obtained;
conditions of existence and uniqueness of solutions of the obtained systems
are found;

2m 2m-2
: : : d
the discrete analogues of the differential operators S g and
X X
d2m 2m-2 2m-4
—+ 20’ ——+w'—— are constructed and their properties are proved;
dx dx*" dx=™

in the space L"(0,1) the optimal quadrature formulas with positive
coefficients are constructed and the norm of optimal error functional is calculated,;

optimal quadrature formulas in the sense of Sard in the spaces W,™"(0,1)
and K,(P,) are constructed and for m=1,2 and 3 estimations of errors of the

constructed optimal quadrature formulas are obtained;
explicit formulas for interpolation splines minimizing seminorms in the

spaces L\ (0,1), W, ™"*(0,1) and K,(P,) are found.

optimal interpolation formulas in the space L{"(H) of periodic n variable
functions are constructed.

Practical results of the research consist of the creation of programs in
Maple programming language for the approximate calculation of regular integrals
constructed using optimal quadrature formulas, as well as the possibility of the
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numerical solution of linear integral equations of Fredholm and Volterra of the first
kind using interpolation spline.

The reliability of the research results is proved using methods of
computational mathematics, functional analysis and the theory of functions of
complex variables and the theory of functions of discrete argument, as well as the
rigor of mathematical reasoning.

The scientific and practical significance of the research results.

The scientific significance of the results of the study lies in the fact that in
spaces of differentiable functions created an algorithm for constructing optimal
quadrature, cubature formulas and generalized splines.

The practical significance of the thesis lies in the fact that the construction of
optimal quadrature formulas and spline interpolation used for numerical
calculation of regular integrals, as well as for the approximate solution of the first
kind Fredholm and Volterra linear integral equations.

Implementation of the research results. The results obtained in the thesis
the results were used in the following research projects:

optimal quadrature formulas in the sense of Sard constructed in spaces
W, ™" (0,1) and K,(P,) are used in DFG foreign research projects - Priority

Program 1324 «Optimal Quadrature Formulas for the Space H"1» for the
numerical computation of the Fourier coefficients with index O in the same spaces
(Jena University, Germany, certificate dated September 14, 2016). The application
of these research results made it possible to compare the result with the best
quadrature formulas for Fourier integrals constructed in the space H"1,;

the extremal function of the error functional of quadrature formulas in the

2m 2m-2

dx2" - dx2"2
studies of the foreign project 174015 «Approximation of integral and differential
operators and applications» in finding the extremal function of error functional of
quadrature formulas for Fourier integrals in the space W,""*(0,1) (Institute of

mathematics of the Academy of Sciences and Arts Serbia, certificate dated June 6,
2016). The application of these research results contributed to the construction of

optimal quadrature formulas for the Fourier coefficients in the space W, (0,1).

Approbation of the research results. The main results of the dissertation
were presented and discussed at the following scientific and practical conferences:
«Mathematical and numerical modelling of heat and mass exchange processes in
multi-phase environments» (Bukhara, 2001), «Contemporary problems of
mathematical physics and information technologies» (Tashkent, 2003),
«Republican conference of young scientists» (Tashkent, 2003, 2004), “Differential
equations with partial derivatives and related problems of analysis and
informatics” (Tashkent, 2004), «Operator algebras and quantum probability»
(Tashkent, 2005), «LUMS 2-nd international conference on mathematics and its
application in information technology» (Lahore, Pakistan, 2008), «Computational
technologies and mathematical modelling» (Tashkent, 2009), «Actual problems of
applied mathematics and information technologies—al-Khorezmi 2009» (Tashkent,

space and the discrete analogue of the operator are used in the
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2009), «Operator algebras and adjacent problems» (Tashkent 2012),
«Contemporary problems of differential equations and their applications»
(Tashkent, 2013), «Applied and geometric analysis» (Samarkand-Novosibirsk,
2014), «Nonclassical equations of mathematical physics and their applications»
(Tashkent, 2014). The present work was discussed at the Republican seminars
«Operator algebras and their applications» (Tashkent, 2010-2016) and «Theory of
cubature formulas and number theory» (Tashkent, 2005-2016) of Institute of
mathematics at the National University of Uzbekistan, at the seminar «Modern
problems of computational mathematics and informatics» (Tashkent, 2008-2012)
of the Tashkent institute of railway engineering, at the scientific seminar of
Institute of Mathematics, University of Santiago de Compostela (Spain, 2012), at
the scientific seminar of Institite of Mathematics, Jena University (Germany, 2010,
2015).

Publications of the research results. On the theme of the dissertation we
have published 44 scientific papers, 23 of them are in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for Protection of doctoral theses, including 10 papers in international
scientific journals and 13 of them published in national scientific journals.

The volume and structure of the dissertation. The dissertation consists of
the introduction and four chapters, conclusion and references. The volume of the
work is 200 pages.

THE MAIN CONTENT OF THE DISSERTATION

In introduction the actuality and demand of the theme of dissertation is
verificated, connection of research to priority directions of development of Science
and Technologies of the Republic is stated, review of foreign scientific research on
the theme of the dissertation and the degree of scrutiny of the problem are
provided, the aim and problems are formulated, the object and the subject of
research are described, scientific novelty and practical results of the research are
stated, the theoretical and practical significance of obtained results are revealed,
the implementation of research results in practice and date on published works and
dissertation structure are given.

The first chapter of dissertation named «Extremal functions of quadrature
formulas in the spaces of differentiable functions» is devoted to finding of
extremal functions of quadrature formulas and proving existence and uniqueness of
the optimal quadrature formulas in the spaces W™ and K,(P.).

We consider the quadrature formula

Jo00dx=3.C,0(x,) &
with error functional
£(x) :5[0,1]()() _zcﬂ5(x_xﬂ)! (2)
p=0
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where C, are the coefficients and x, (€[0,1]) are the nodes of the formula (1),
&y (X)is the characteristic function of the interval [0,1], o(x)is Dirac’s delta

function, ¢ is an element of the space
WL, ={p:[0,1] > R |p™™ is absolute continuous and ¢™ e L,(0,1)},

1

with semi-norm | |W ™ L,| = {j(Pm (ij(p(x)j dx}2 ,
0 dx

dm d 1 d 2
+..+ta—+a, a #z0and || P.| — |p(X) | dx .
m de al dX 0 m _l.[ m(dxj¢( )] <0
W™ L, is the Hilbert space and is generalization of the space L\".
The following difference

) =I¢(X)dx—gcﬂ¢(xﬁ) = [ L(x)p(x)dx 3)

Is called the error of the quadrature formula (1).

According to the Cauchy-Schwarz inequality

(o) I<]eIW Lo 1w L,
absolute value of the error (3) is estimated by the norm
lew™L = sup [(2.0)l (4)
fowoLz2

of the error functional (2) in the conjugate space W ™L,". Minimization of the norm
(4) of the error functional ¢ by coefficients, when the nodes are fixed, is called
Sard’s problem. The obtained formula is called the optimal quadrature formula in
the sense of Sard.

We have to consequently solve the following problems.

Problem 1. Find norm (4) of the error functional ¢ of the quadrature formula
(1) on the space W™ L,.

where P, (ij =a
dx

Problem 2. Find such coefficients éﬁ, which satisfy the equality
Héwv"mL; =inf|e|w™L].

In order to find explicit form of norm of the error functional 7in the space
W™L," is used such called exptremal function w, of the given functional for which
the following equality is fulfilled

) =[eIW L || |w, 1w L.
Since W™L,is a Hilbert space, the extremal function w, in this space, is found

with the help of the general form of a linear continuous functional on Hilbert
spaces given by the Theorem of Riesz. Then for the functional ¢ and for any
@eW™L, there exists the function y, eW™L, for which the following equation

holds

(4.0) =¥ @)y 5)
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where (£,¢) = j ((X)e(x)dx and (y,, @), =]P ( j%(x)P (;j (x)dx is the
0 X
inner product of functions y, and ¢. Furthermore, by that theorem of Riesz,

taking into account (5), we get the following equality

| AWEL[ = (tw,).
Therefore, in order to find the extremal function y, for the error functional (2) it
Is required to solve the functional equation (5).
We note that in the case P (d/dx)=d*"/dx’", i.e. in the space L{"(0,1),

Problem 1 was solved by S.L.Sobolev. The extremal function in this case has the
form

v, (X)=(=D)"(x)*G, () + R, (),

and P_,(x) is polynomial of degree m—1.

| |2m—1

2:(2m-1)!

Further, for coefficients of optimal quadrature formulas in the space L{",
system of Wiener-Hopf type is obtained by S.L.Sobolev. Existence and uniqueness
of the solution of this system is proved. An algorithm was offered for solution of
this system which based on the discrete analogue of the operator d*" / dx*".

d m m-1

We consider the case P, (d/dx)= T Corresponding space W ™L, we
dx™ X

where G,_(x) =

denote as
W, 2(0,1) ={¢:[0,1] - R | ¢ is absolutely continuous and ¢™ < L,(0,1)},
with the semi-norm

lolw."(0,1)] = { [0 (%) + 0" (x)) dx} ,

Ll(q)(m)(x)+g0(m 1’(x)) dx<ooand |@|=0 if and only if ¢=P_,(x)+de™, where
P_,(x) is a polynomial of degree m—2, d is a constant.

In the space W,""*(0,1) the extremal function y,, is the solution of the
boundary value problem

Wiw () =y (¥) = (=D)"(x), (6)
(w520 -y (0))[5=0, s=1Lm-1, (7)
(W () +w 5" (0)15=0. 8)

The following result is true
Theorem 1. In the space W,™"*(0,1) the solution of the boundary value

problem (6)-(8) is the extremal function y,,, of the error functional / and has the
form

v, (X) = (D)) *G,,, (X) + B, (x)+de™,
where
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G (x)= sgnx( e —e™* o x™ ©)
i 2 2 S (k-1

d isareal number, P_,(x) is a polynomial of degree m—2.

Further, existence and uniqueness of optimal quadrature formula of the form
(1) in the sense of Sard in the space W,™"*(0,1) are proved.

Consider the case when the function ¢ belongs to the Hilbert space

K,(P.)={¢:[0,1] > R |p™" is absolutely continuous and o™ < L,(0,1)},

with the semi-norm
o K2<Pm>u={J:(Pm (& Jow) dx} ,

where P (ij: a” + o’ d™ »>0 and Il P (ij(ﬁ(ﬁ 2dx<oo. =0 if
"ldx ) dx" dx™?’ ol "Ldx

only if @(x)=csinwx+c,cosmwx+R_.(x), where R .(x) is a polynomial of
degree m-3, m>2.
In the space K,(P,) for functional ¢/ and for any function ¢ € K,(P,) there
exists a unique function v, € K, (P,), which is the solution of the equation
v (X)+20° 70 (X) + @'y () = (1) (X), (10)
with boundary conditions
(V/;T:S)(X) n wZW;T:s—Z)(X))

=0 s=01..,m-1 (11)

Theorem 2. The solution of the boundary value problem (10)-(11) in the
space K,(P,)is the extremal function y,, of the error functional ¢ and it has the

following form
w,(X)=(=D)"(x)*G,,,, (X) +d;sinwx+d,coswx+ R, _,(X),
where d,, d, are real numbers, R _,(x) is a polynomial of degree m—3, and

G, (X)= (j)m% ((2m —3)sin wx — wxcos wx + ZmZ_z (Y (m(;If _11))l(wx)2k_l) .(12)
(0] k=1 —1)!

Further, existence and uniqueness of optimal quadrature formula of the form
(1) in the sense of Sard in the space K, (P.) are proved.

Construction of optimal quadrature formulas of the form (1) in the sense of
Sard in the spaces W,™"® and K,(P.) is reduced to systems of linear equations.

Aim of the present dissertation is to find analytic solution of these systems. For
this we apply Sobolev method which based on the discrete analogues of the
differential operators. And we need discrete analogues of the operators

d 2m d 2m-2 d 2m d 2m-2 d 2m-4
dXZm - dXZm—Z and dXZm + 2(02 dXZm—Z +a)4 dXZm—4 '

The second chapter which named «Discrete analogues of differential
operators» is devoted to construction of discrete analogues of the operators

66



d2m dZm—Z d2m dZm—Z d2m—4
— and +20° +o' and investigation of the properties
dXZm dXZm—Z dXZm dXZm—Z dXZm—4 g p p
of the constructed discrete operators.
In the first section of the second chapter we give some known results on the

discrete analogue D_(hg)of the operator d*"/dx*". In construction of optimal
quadrature formulas and interpolation splines in the space L we need the
discrete analogue D_(hp) of the operator d*"/dx’". The following explicit
formula for D_(hg) was obtained by Kh.M.Shadimetov:

Z&qw’l npu |22,
D, (hg)=p 1+Z‘A mpu | =1,

C+z npu (=0,
k= O,

where
_ 1 2m+1
— (2m2m 1)’ A< — (l q ) C — _22m—1’
h 2m 1(qk)
E,. .(X) is the Euler-Frobenius polynomial of degree 2m-1, q, is roots of the
polynomial E, ,(X), |q, <1, h isasmall positive parameter.

Moreover, S.L.Sobolev and Kh.M.Shadimetov studied properties of the
discrete function D_(hg).

In the second section of the second chapter the following equation is solved
D, (hB)*G,,, (hB) = 5,(hp), (13)
where G, (hp) is a function of discrete argument corresponding to G_ ,, (X).

The following is true
Theorem 3. The discrete analogue D, (hB) of the differential operator

d2m 2m-2

satisfying equation (13) has the form:

dx2" - dx2"2
TZ;/XW”, | B1>2;
D, (NB) =——{ -2’ +m21/x, | BI=1.
mZ‘\ =0,
where
C=1+(2m—-2)e" +e*" 4+ —2n2 i A= 2(1—%)“‘2[&(8%&1)—eh(/if+1)] Ponz
P2 AP 2 (A)
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B (A= 3 pA = (- e™) (- A"~ 2(A(e™ +1) — 6" (4* + D) x

{h(l— AT+ Pa-AT" E,(1)+..+ hzmSEzM(ﬂ)}

3l (2m —31)
P,.., P, are coefficients of the polynomial B, _,(1), A  are roots of the
polynomial B, ,(4), |4|<1, E,(4) is the Euler-Frobenius polynomial of degree

k.
The properties of the discrete analogue D, (hgB) are studied and the

following is proved
Theorem 4. The discrete analogue D, (hB)of the differential operator

d 2m d2m—2

for m=1,2,3 satisfies the following equalities:

dXZm - dXZm—Z
1) D, (hB)*e” =0, 2) D,,(hp)*e™ =0, 3)D,,(hB)*(hp)" =0,
n<2m-3, 4) D, (hB)*G,,, (hB)=35,(hp).

Further, in the third section of the second chapter the discrete analogue of

2m 2m-2 2m-4
the operator +20°'——+o'—— is constructed, i.e. it is found the
dx®" dx*" dx>"
function D, , (hB) which satisfy the following equations
D, « (hB)*G,  (hB)=6,(hp), (14)

where G, (hg) is the function of discrete argument corresponding to G, , (x),

m>2, >0, o,(hp) is the discrete delta function.

The following result is proved.
Theorem 5. The discrete analogue for the differential operator

(;szzmm +20° dxzzmmzz +o' dxzzmm44 satisfying equation (14) has the form
SAAT | pR2
0. (0= 57—+ 5 A, 1AL
o kz% p=0,
where A = (A= 2)"" (% — 24, cosho+1)p,, , . C=4-4coshw—2m— Pz

2P 2 () ..
m=2 (_1)K _k_ 2k-1

b, , = (2m—3)sinhw—hwcoshe + 25 Y (M=K =D (he)

k=1 (2k —1)!
P,..(4) is the known polynomial of degree 2m-2, p,,,,p,,, are coefficients
and A, are roots of the polynomial P, ,(4), |4, |<1.

Further, we have the following
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Theorem 6. The discrete analogue D, (hp)of the differential operator

d 2m 2m-2 2m-4 o ] o
ot 20° FVTER o' VTR satisfies the following equalities
1) D, . (hB)*sin(hwp) =0, 2) D, (hB)*cos(hwp) =0,

3) D,.« (hp)*(hap)sin(hwp) =0,  4) D, , (hp)*(hwp)cos(hws) =0,
5) D, (hB)*(hB) =0, «=0,1,...,2m-5.

In the third chapter which is named «Coefficients of optimal quadrature
formulas and norms of their errors functional», using the discrete operators
D,(hg), D,, (hB) and D, (hp), optimal quadrature formulas of the form (1) in
Hilbert spaces L , W,™"® and K,(P,) are constructed, and estimations of their

errors are calculated.
The main aim of the first section of the third chapter is to construct optimal

quadrature formulas in Sard’s sense in the space L{”(0,1) with the nodes

X =nh X,_=1-nh i1=0t-1,0<n,<n <..<p_<t, teN,

T OIN-i

m )
— when m is even

’ 15
X, =hB.t< <Nt h=—, t=]? (15)
[g}tl when m is odd,

using Sobolev’s method and to choose numerically parameters 7., i=0,t—1 in
order to get optimal quadrature formulas of the form (1) with positive coefficients.
Here [a] is the integer part of a number a.

Studying the system for optimal coefficients we proved the following lemma

which allows to get explicit formulas for optimal coefficients.
Lemma 1. Coefficients of optimal quadrature formulas of the form (1) with

the error functional (2) and with the nodes (15) in the space L' (0,1) satisfy the
system

STTRNY R SFR S 1)'qi“—qk“ 16
2.Comy=h| 2B+ +Z kZ A, (16)
=0 p=1 i= l)
0,2,4,...m—2 when m is even, 1, a =0,
Here o = _ 0% =
0,2,4,...m-1 when m is odd, 0, a=#0,
m i
E when m is even,

t:
|:%:|+1 when m is odd,

where [a] is the integer part of a number a, d, are unknowns, g, are roots of the
Euler-Frobenius polynomial E,_ (q), |qk|<l.
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Using lemma 1 for the remaining coefficients of optimal quadrature
formulas of the form (1) the following is proved
Theorem 7. Coefficients of optimal quadrature formulas of the form (1) with

the error functional (2) and with the nodes (15) in the space L”(0,1) are expressed
by the formula

Cy :h(1+ mz_ldk(qf +qu-ﬁ)j, t<B<N-t,
k=1

where d,, (k =1,m-1) satisfy the following system of m—1 linear equations:

n1 j _qt+l+(_1)in—t+i o it = AU = S .
d k : K A OJ = = C h t— J,
kz;l‘ 2 (qk _1)|+1 j 1 pZo B ( 77,5)
1=123,..m-1,

Here coefficients (03,} = éN—ﬁ (#=0,1,...,t-1) are defined from the system (16), q,
are roots of the Euler-Frobenius polynomial E, ,(q), |q, [<1.

Further, we have calculated square of the norm of the error functional (2),
which allows to get upper bound of the error of the constructed optimal quadrature

formulas in the sense of Sard of the form (1) in the space L)"(0,1).
Theorem 8. Square for the norm of the error functional (2) of the optimal
quadrature formulas of the form (1) with the nodes (15) on the space L{”(0,1) has

the form
2 thB 2h2m+1 -1/ o
— _1 m+1 2m + C h—l 2m 2m)+
D {(Zm)! (2m)!{/;)( oy =

m—1 2m (_1)iqt+i _qN—t+1 .
+> d At :
kz:;; k; (qk _1)|+1 }j|

where B_ are Bernoulli numers, éﬁ, P =0,t-1 are defined from the system (16),

Hm L

g, are roots of the Euler-Frobenius polynomial E, ,(d), |a,|<1, 7,, S=0,t-1

are defined form (14), A't*" is the finite difference of order i from t*", d, are
defined in Theorem 7.

It should be noted that when the nodes (15) are equally spaced, i.e. when in
(15) the for parameters 7, =0, 7, =1,...,57,_, =t -1, then from theorems 7 and 8 we
get the results of some works of A.Sard, L.F.Meyers, G.Coman, |.Schoenberg,
S.D.Silliman, S.L.Sobolev, F.Y.Zagirova, Kh.M.Shadimetov and P.Kohler.

In the second section of the third chapter, optimal quadrature formulas of the

form (1) in Sard’s sense in the space W, ™" are constructed. And the discrete
operator D, (hg) is used. It should be noted that the constructed optimal

quadrature formulas are exact for polynomials of degree <m-2 and for the
function e™.
The case m=1 is considered separately and the following is proved
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Theorem 9. Coefficients of optimal quadrature formulas of the form (1) with
equally spaced nodes in the space W,“(0,1) are expressed by the formulas

e" -1
) ZO’N’
_ e"+1 P
h_ —_—
2070 poiN-y
e +1

where h=1/N, N =1,2,....

Further, for the cases m=>2 explicit formulas for optimal coefficients are
obtained and the following is proved

Theorem 10. Coefficients of optimal quadrature formulas of the form (1)
with the error functional (2) and with equally spaced nodes in the space

W ™" (0,1) for m>2 and N +1>m are expressed by formulas
G = e ;1—h +E(ak A" —e)+ A (e—l)Jhr/1k “(1-e") N
e-1 ia (e-D)A-4)(" - 4)
+h ﬂkN”(eh—e)+ﬂkN(e—1)+ﬂ~k(1—eh))
k (e-D(4 -D(A4e" -1
C,= h+§(ak/1kﬂ +b A, B=LN-L

oo e"h Jhrl—eh +§(ak A(e—e")+ A" (e™ —e“h) + AN (e" —e) N
-1 = (e-DA-A)(E" - 4)
Lp A E=E ) A e 2, —e)y
k (e-D-24)1-4e" |
where a,_, b, and 4, (k =1,m—1) are known quantities.

Moreover, estimation of the error of the constructed optimal quadrature
formula is studied, i.e. square of the norm of the optimal error functional is

calculated on the space W,*” and it is proved that the optimal quadrature formula
in the space W,"” is an asymptotic optimal in the space LY.

In the third section of the third chapter, optimal quadrature formulas (1) in
the sense of Sard in the space K,(P,) are constructed. Also the discrete operator
D, « (hpB) which is constructed in the second chapter is used. The obtained optimal
quadrature formulas are exact for polynomial of degree <m-3 and for
trigonometric functions sinwx and coswx .

The main result is

Theorem 11. Coefficients of optimal quadrature formulas (1) in Sard’s sense
in the space K,(P,) for m>3 and N +1>m are expressed by formulas

o h m-1 _ aN o h m-1 _ 2N

(:0:__|_ka(2’k—/1k)7 CN:_+ka(2'k j’k )’

2 4 A -1 2 A A -1
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Comh+Sm (X +A4"), B=12..,N-1,
k=1

where m,, 4, (k=1,m—1) are known.

Moreover square of the norm of the optimal error functional in the cases
m=2,3 are calculated. It is proved that the optimal quadrature formulas in the

spaces K, (P.) are asymptotic optimal in the space L.

The fourth chapter which is named «Optimal interpolation formulas in the
spaces of differentiable functions», is devoted to construction of interpolation L
splines and optimal interpolation formulas. Here explicit formulas for the
coefficients interpolation splines minimizing semi-norms in Hilbert spaces L,

W, ™" Yand K,(P,) are found, and optimal interpolation formulas in the space

LA‘f(H) of periodic n variables functions are also constructed.

Since the results of the dissertation are connected with generalized splines
we give definitions following Ahlberg, Nilson and Walsh.
Let L be a linear differential operator given by formula

L=a (x)D"+a_,(x)D"" +...+a,(X),
where functions a,(x) (j=0,1...,m) belong to C'[4,b] and a,(x)=0 on [a,b].
We denote by L the operator which is formally conjugate to L :
L'=(-)"a_ (x)D" +(-)""a_,(X)D"" +...+a,(x).
If Aca=x,<x <..<X,=Db is a mesh on [a,b], then a generalized spline of
deficiency k (0<k<m) with respect to A is a function S,(x) which is in
W™+ and satisfies the differential equation L'LS, =0 on each open mesh
interval (x_,,x) (i=12,..,N) of A. The ordinary spline (deficiency 1) allows
discontinuities in the 2m —1 th derivative, but only at mesh points.
It is known, from the results of Ahlberg, Nilson and Walsh, that for

generalized spline of deficiency 1 the following is true: Let
Aa=X,<X <..<X,=band Y ={y,i=0,1,...,N} be given. Then of all functions

f(x) in W™L, such that f(x)=vy, i=0,1...,N, the generalized spline S,(Y,x),
b
when it exists, minimizes [(Lf (x))" dx.

Further, we get explicit formulas for coefficients of generalized splines of
deficiency 1 in the spaces L\, W,™"* and K,(P,).

Consider the following interpolation problem.

Problem 3. Find a function S_(x) € L\"”(0,1), which minimizes the quantity

1
[ ("™ (x))*dx and satisfies the interpolation condition
0

S.(X,)=0p(x,), B=0L..,N,
where x, €[0,1] are the interpolation nodes and ¢(x,) are given numbers.
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Following the results of V.l.Vasilenko, we get the analytic form of
interpolation formula S_(x)

5,(0=3C,6,(¢~x)+ P, (),

where C , y=0,1,..,N are real numbers, P, (x)= Zp x* is a polynomial of

2m-1

| x|
2-(2m-1)!"
In the first section of the fourth chapter, using Sobolev method based on the

degree m—1and G_(x) =

2m

discrete analogue D, (hg)of the operator we get explicit formulas of

coefficients of the interpolation splineS_(x), which is the solution of problem 3. It

should be noted that this interpolation spline is exact for polynomials of degree
<m-1.

The following is true

Theorem 12. Coefficients of the interpolation spline S_(x)with equally

spaced nodes in the space L™ (0,1) have the following form

Co=hp[0¢(0)+¢<h)+jsz;-(—h)} S A p[zqkw(hy)m LN }

C, =hp[e(hp - h)+C¢<hﬂ)+¢(hﬂ+h)]+Z’* p[Zq'ﬂ 7'co(hy)+quk+qk”Nk}
£=12,...,N-1, k

C, =hp[C¢(1)+¢(1—h>+;”z_§p:,-(1+h) } Z“hp[iqk“y¢(hy)+qk“mk+m}

k=1 y=0

P, =5 (P +P.), @=0L..m-1

where A'0” =Zi:(—1)‘*'Ci'|“ and M_,N, p,C, A,q.,p,,p,, «a=01,...m-1 are
1=1

known.
In particular, in the cases m=1 and m=2, from the last theorem we get

well ~ known linear spline S/ (x)= ZC'X h7| +p, cubic spline

N X—hy . L , .
SZ(X):Z(;Cyl 127| + pX+ p,, Which minimize _[0((0 (x))?dx and j:((p (x))*dx

quantities in the spaces L(0,1) and L'”(0,1), respectively.
In the second section of the fourth chapter, the following problem is solved.
Problem 4. Find a function S, (x)eW,""*(0,1), which minimizes the

1
quantity j (0™ (x) + 0" (x))?dx and satisfies the interpolation condition
0
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Sm,W (Xﬁ) = @(Xﬂ), ﬂ = Oili"'l N y
where X, €[0,1] are the nodes of interpolation and ¢(X,) are known.
The interpolation spline S, (x), which is the solution of problem 4, has the
form

N m-2 .
S,w(X)= ZCme’W (X=X )+ > orx' +de”,
7=0 i=0

where C , y=0,1,..,N, r, i=0,1..,m-2, dare real numbers, G, (x) is defined
by equality (9).

It should be noted that interpolation spline S, (x) is exact for function e
and for any polynomial of degree m—2.

Theorem 13. Coefficients of the interpolation spline S, (x)with equally

m,m-1

’(0,2) have the following form

2200 -2 oty +ae +:§jn(—h)i}+§%[;“;w(hy) M|

spaced nodes in the space W,

C,= %{p(hﬂ) —Z%W(h(ﬂ “1)+ p(h(B+D)]+

+m21i[iﬂk'”¢(h7) +A'M, +1k“ﬂNk}, B=12,.,N-1,

k=1 ﬂk PLy=o
=202 gt )+ 2+ ey |+
i=0

+§%[gwco(h7) A, 4 Nk]

| =£(ri +r°),i=01...m-2, d =%(<o(0)— fy +ep(l) —em_zrﬁ),
0

where AVO‘:ZV:(—l)V'[‘I/jl‘ u M, ,N, p, C, A, A, a,a, r,r,

i=0,1,..m-2 are known.

For m=2 we get interpolation exponential spline with tension parameter
equal to 1.

In the third section of the fourth chapter the following problem is considered
Problem 5. Find a function S, (x) € K,(P,), which minimizes the quantity

I (™ (X)+ @’p'™?(x))*dx and satisfies the condition

S, (X)=0(x,), £=01..,N,
where X, €[0,1] are the nodes of interpolation, ¢(X,) are known.
Analytic representation of the interpolation spline S, (x) is the following:
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Sk (x) = iCme‘K (x— xy) +d, sin(wx) + d, cos(wx) + R__.(x),
7=0

m-3
where C, »=01..,N, d, and d, are real numbers, Rmfg(x):zorax“is

polynomials of degree m-3 and G, (x) is defined by (12).
We note that the interpolation spline S, (x) is exact for the functions

sinwx and coswx and for any polynomial of degree m—3.
Further, we obtain formulas for coefficients of the interpolation spline
S,.«(X). Theresultis

Theorem 14. Coefficients of the interpolation spline S, (x)with equally
spaced nodes in the space K,(P,) have the following form

C, = p[Cgo(O) + ¢(h) —d; sin(hw) + d, cos(hw) + mZara‘-(—h)“] +

Z/’;kp[zw (hy)+ M, + A'N }
C, = ple(hB—h)+Co(hpB) + p(hB + )]+ 2%[2%”(0@7) + A'M, + %NﬂNk}
£=12,...N-1,

C, = p[Cgo(l) + @1 —h)+d;sin(w+ hw) +d, cos(w + ho) +

+zr (L+h)* ]+2A*p{zz§ "o(hy) + "M, +N}

1,.. N - 1, .
di:E(di +d. ) i=12, ra:E(ra +ra), a=01..m-3,

+

r

a!

where A0 =Y (-"'C'” u M,,N., p, C, A, A.d", d°, i=12,

= i a!
a=0,1...,m-3 are known.

In the fourth section of the fourth chapter the optimal interpolation formulas
in the Sobolev space L\”(H) periodic n variables functions are obtained. We
recall the definition of the space LA(f(H) :

Assume that in R" functions ¢ have local integriable derivatives of order
m and for finite domain Q, the following integral is bounded

> —(D“co(X)) dx,

Q, la]=m
where ¢is multiindex a=(a,a,,..2,), a'l=ala,l.a!, |al=)a;,
“lp(X) . . : .
Dep(Xx) = . Assume that 2Zm>n and ¢ is a periodic function with

OX["OX;?...0X"
matrix H, i.e. ¢o(X+Hy)=¢(x), xeR", where y is a integer-valued vector
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column, H is the nxn matrix with unique determinant. To the matrix H
corresponds its fundamental parallelepiped Q, as follows

Q,={xeR": x=Hy, where 0<y, <1, j=12,..,n}.
Elements of the space LA‘f(H) are functions which differ each from other to a
constant. Norm of functions in the space LA‘P(H) are defined by the formula

AGE { [DRCRIO dx} .
Consider the interpolation formula
p(x) =P (X) = ;Ck(X)q)(X(“) (17)

in the space L™ (H), points x* e Q, and parameters C,(x) is called the nodes

and the coefficients of the formula (17), respectively.
The difference ¢(x)—P,(x) is called the error of the interpolation formula

(17). The values of this error at a point z is a linear functional on functions ¢, i.e.

(t,0) = p(2) - Pq,(z)=¢(z)—gck(z)¢(x<“>=

= J Kﬁx -2)- Ii‘,ck(z)é(x — x(k)))*¢o(H _IX)}gp(X)dX,
where §(x) is Dirac’s delta function, ¢,(H"'x)=>.6(x-Hp),
B

1 =( 30-2) -3¢, @30c-x) | (H ) (18)

Is the error functional of the interpolation formula (17) and belongs to the space
LSV (H). The space LY”"(H) consists of all periodic functionals (18) which are
orthogonal to unique, i.e.
(1,1)=0.
By the Cauchy-Schwarz inequality |(,¢)|< Hmf;“(H)H.HmBF(H)H the error
(18) of formula (17) is estimated with the help of the norm
L)) = sup |(ne)
AIRGYE

of the error functional (18). Therefore, estimation of the error of the formula (17)
on functions of the space L\”(H) is reduced to finding the norm of the error

functional ¢ in the conjugate space LA‘;”?(H).
Therefore we get the following problems
Problem 6. Find norm of the error functional ¢ of the interpolation formula

(17) in the space [‘F(H).
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Clearly that the norm of the error functional ¢ depends on coefficients
C.(z) and the nodes x". Optimal interpolation formula means such formula
which for given number N of nodes the error functional has minimum norm in
L™ (H). If the nodes x“ are points of the lattice, i.e. they located in points

x® =hHk then such interpolation formula is called the lattice interpolation
formula. Here h is a small parameter and is called the step of the lattice.
The main aim of this section is to construct the lattice optimal interpolation

formula in the space L'(H) for the nodes x* = hHk, i.e. to solve the following
problem.

Problem 7. Find the coefficients ék(z) satisfying the following equality
17 ) = int 170
for x* =hHk.
The main result is

Theorem 15. In the space LA‘ﬁ(H) there exists a unique lattice optimal
interpolation formula of the form (17) with the error functional (18) coefficients of
which are determined by the formula

i ) exp(27ziH *(Hhp -z
CUpLD) = [1+zo R

-1

°K(7)j,

1
Where K()/) = Z | H _1*(h_]_t . ]/) |2m

t=hy
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CONCLUSION

The dissertation is devoted to construction of optimal quadrature formulas in
the sense of Sard and optimal interpolation formulas, and calculation of estimation
of their error in different spaces of differentiable functions.

The main results are the following:

1. The extremal functions of the errors functionals of quadrature formulas in
the spaces W, and K, (P,) and interpolation formulas in the space L{”(H) are
found.

2. Norms of the errors functionals of quadrature formulas in the spaces
W™ K (P.) and interpolation formulas in the space L”(H) are calculated.

3. Linear systems for coefficients of optimal quadrature and interpolation
formulas in the spaces W,""*, K,(P,) and L\"(H) are obtained. Existence and

uniqueness of the solutions of the systems are proved, and it is shown that the
solutions of these systems minimize the norms of the errors functionals in
corresponding spaces.

4. The discrete analogues D, (hg)and D, (hg) of the differential operators

d 2m d 2m-2 2m 2m-2 2m-4

2 4
dx2" o dx2™2 and dx2" +20 dx2™? +o dx2™

the constructed discrete operators are proved.
5. Optimal quadrature formulas with positive coefficients are constructed and

norm of the optimal error functional in the space L)”(0,1) is calculated. The
obtained quadrature formulas are exact for polynomial of degree m—1.

6. Optimal quadrature formulas in the sense of Sard in the space W,™"*(0,1),
which are exact for polynomials of degree m—2 and for the function e, are
constructed.

7. The explicit formulas for the coefficients of optimal quadrature formulas in
the sense of Sard in the space K,(P,)are obtained. The obtained optimal formulas

are exact for polynomial of degree <m—3 and for functions sinwX and coswx.
8. It is proved that the optimal quadrature formulas constructed in the space

K,(P,) for m=2,3are asymptotic optimal in the space L'"(0,1).
9. Interpolation splines which minimize semi-norms in the spaces L' (0,1),
W,™"%(0,1) and K,(P,) are constructed.

10. The lattice optimal interpolation formula in the space LA‘f(H) of
periodic n variables functions.

are constructed and properties of
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