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KHUPHUII (1oKTOPJIMK qHCCEPTANUACH AHHOTALMSCH)

JAucceprauus MAaB3yCHHHHI J0J3apOsaurd Ba 3apypatu. JKaxoH
Mukécuaa onub Oopuina€TraH Kymiiad WiIMUN-aMaauil TaakKUKOTIap (U3MKaaa
Mypakkal TypFyH OOBEKTIap OJaTAa yJIapHUHT OOFJIaHTaH MaWTAaru SHEPrUsiCUHU
KaMaluill IMKOHUHY OepyBYM TOPTUIIUII KyWJapy HATHKACUAA XOCUI OYIUIIIMHUA
kypcatanu. bupok keWWHrMm WHWUlapja oJMMIIAp TOMOHHUIAH TapTHOJAHTaH
MyXUTIap/a Mypakkad TypFyH OOBEKTIap XaTTOKM HWTapUIIyBYU TabCUpJIap
HaTXKACUIa XaM MaBXKyJ OVIunuura ucootnanau. MrapumnryBun Ky pTIukiapHu
taBcunamga doinananmnaguran bosze—Xa0bapa monenu, sSbHU TMaHXapajgaru
peaunrep omnepaTopyd 3KCIEPUMEHTAN Ky3aTUIUIAPHUHI Ha3aphil acocu Ba
KYJUIAIIHUHT Ha3zapuil Oa3acu xucoOmaHanu. IIyHUHT y4yH KaTTHK KUCMJap
¢u3nkacu xamJa KBAaHT MalJIOHJap Ha3apusCHAA Yy4palIuraH NaHXapaaaru
3appavajap cucTemMacu ramuiabToHuannapura moc lllpennHrep omneparopnapura
OMJl TAIKUKOTIAPHU PUBOXKJIAHTUPUIL MYyXUM Baszudanapugan Oupu OYIub
KOJIMOKJA.

MycTakWIIMK MUUIapya MaMmJIakaTUMH3a aMajauid TagO0uKKa 3ra OyiraH
nom3ap0 HyHanmMmuiapra SbTHOOpP Ky4aWTHUPWIIM, XyCyCaH, MamJIaKaTUMU3
OJIUMJIapU TOMOHHWJAH OyTYH COHJIM TaHXapaJard 3appadaiap CUCTEMacu
ramuiibToHnannapura moc lllpenuHrep omneparopiiapyuHu YpraHullira ajaoXHiaa
»pTHOOp KapaTwinu. [lamkapagard WKKM Ba yd4 3appadaid cucTeMara Moc
peaunrep omnepaTopiapy Y4YyH MYXHM CIEKTpJlaH Tallkapuaa OoOFjaHTaH
XO0JlaTiap MAaBXyMJIWTH Ba YJIApPHUHT COHHM XamJa MYyXHUM CIEKTp TyOujaaru
s pexTIapHy aHUKJIaIlTra OU/Jl CE3UIIApIId HaTHKanapra SpULIUIIH.

Xo3upru KyHjJa TMaHKapaJard WKKA Ba yd4 KBaHT 3appadyajd cucTeMa
ramuibTOHHaHnapura Moc Ilpegunrep omeparopiapd OWIACHHUHT CHEKTPU
CUCTEMa KBa3MMMIYJIbCHU Y3rapulIura HucOaTaH yTa ce3yBYaH OYJITaHIUTU YUYH
ymly ornepaTopiiap oujiaiapy CIeKTpUra oui MyaMMOJIapHU XaJl 3THIII, KyMIIaJlaH
yu 3appaudanu guckper lllpenunrep omeparopnapu ydyH OOFJIaHraH XoJatjiap
MaBXY/JIMTUHU KYpCAaTUIIl Ba YHUHT COHWUHU aHHUKJIAII MYyXUM axaMuAT KacO
sTMoKna. by Oopama makcanmum WIMUN TaIKUKOTJIAPHHU, >KymilaJlaH, KyWuaarua
HyHaNMMIIapaarda WIMUN U3JaHUIIUIAPHU aMajira ONIUPUIIl MyXUM BaszudanapaaH
Oupu xucoOJaHaaM: MaHXKapaga KUCKa Macodana TabCUpJAINIyBYd WKKUTa OWp
xwn  3appadanu  (pepmuonnum Ekm  Oo30mHIM) cuctemara wmoc peaunarep
OTIEPATOPUHMHT JTUCKPET CIEKTPUHU TaJIKUK OTHUII; YIIOy OMNepaTop MyXuM
CIIEKTpH TyOuaaru OYcaraBui XoAucajdapHU aHMUKJIAII; y4 YI4amiik TaHXkapaja
KypT-KypTH OminaH Kucka Macodanapaa y3apo TabCUpJANIyBYM Y4 3appadaiv
cuctemara moc lllpenunrep onepatopu Xoc KMMaTIapyu COHU YUYYH aCUMITOTHUK
dbopmynanap Tonuil, OMp Ba MKKK YIdamiid MaHkapaja y4 3appadayiv cucreMara
moc Illpeaunrep omepaTopu XOC KUMUMATIAPUHUHT MaBXKYIJWTHHU KYPCATHILL.
HOxopuna kenTupuiITran WIMHR-TAIKUKOTIAp HyHaIMIuaa 6axkapuiaéTradn nWiMnn
M3JIAHUIIIAp Ma3Kyp JUCCEPTAIisl MAB3yCUHHUHT JOJI3apOTUTHA N30XTaiIH.

V36exucron PecryGmukacu Ilpesumentnrunar 2006 iimn 7 aBrycraard
[1K-436-con «®aH Ba TEXHOJOTUSAJIAPHUA PUBOXKIAHTUPUIITHI MYBOPHUKIAIITUPHILL
Ba OOIIKAPUIITHN TAKOMWJUIAMITHPHUII YOpa-TaAOUpIapyu TYFPUCHIA» Xamja
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2008 imn 15 uronpgaru I1K-916-con «/HHOBaLMOH nOHUXanap Ba TEXHOJIOTHS-
JapHU uWOuiad 4YMKapuiira TaTOMK dSTUIIHU parOaTHaHTUpHIN Oopacujaru
Kymum4a 4opa-tagoupnap Tyrpucunga» Kapopiapu Ba Maskyp ¢aosusarra
TEruiuid OOIIKAa HOPMATHB-XYKYKHH XyxoKaTiapja OedruiaHrad BasudaiapHu
amajira oIMpHUIIra ymoly JuccepTalus TaJKUKOTH MyaWsH Japakaga Xu3MmaT
KHJIA]IH.

TagKuKOTHHHT pecny0/auKa (paH Ba TEXHOJOTUSUIADH PUBOKJIAHMIIM-
HHUHI YCTYBOP HyHaJuUILIapura OOFJIMKJIUIH. Maskyp TagKUKOT pecryOiuka
dan Ba TexHosOTHUsANIAp pUBOXIAHUIIMHUHT |V. «Marematuka, MexaHHKa Ba
nH(pOpMaTHKa» YCTYyBOp MYHaIHUIIN Joupacuia OakapuiiraH.

Juccepranus MaB3ycH OYyHNYa XOPHAKHIA WIMHHA TAIKUKOTJIAp mapxnl.

V3nyken3 Ba guckper Ulpenunrep oneparopiapu Xamuaa Dpuapuxc
MOJEJUIApATra OWJI TAAKUKOTIIAD Ba WIMHMN HW3JIaHULUIAD €TAaK4Yd XOPWKUU
JABJIATIAPHUHT WIMHUN MapKazjapu Ba OJIMI TabJIMM MyaccacajapH, >KyMJIaJaH,
Universitat Innsbruck (Aectpus), University of Missouri, Princeton University,
Harvard University (AKI), Poccust ®annap akageMusicd axO0pOTJIapHU y3aTHIII
MyammoJiapu UHCTUTYTH, Université Paris Nord (®panmus), Kyoto University
(Amonwmst), Universitdit Bonn Ba Universitit Mainz (I'epmanusi), Poccuss dannap
axkanemusicu Maremaruka unctutytu Cankr-IlerepOypr O0ynumu, Poccus ®annap
aKaJeMuscu Hazapud ¢u3MKa HMHCTUTYTH, MOCKBa [aBjlaT YHUBEPCUTETH
(Poccus), University Roma and SISSA (Italy), University of Basel, Universitit
Zirich (Switzerland), Universidade de Sao Paulo (bpasuams), University of
Toronto (Kanana), Universiti Kuala Lumpur (Manaii3us) na oaud 60pruiIMoK/a.

OnTuk mnawxapajgaru 3appadajyd cuUcTeMajap, MKKM Ba yd4 3appadaliu
peaunrep oneparopiapu xamaa Ppuapuxc MoAeiapura ouj IyHERAa oauo
OopwiraH TaAKUKOTJIAp HATH)KACHla KaTop J0Jd3apd Macajajiap €4Yuras,
KyMIIaJaH, KyWuaarda WIMAM HaTUXKalap OJWHTAaH: UTAPUITYBYH KyPTIHKIAPHUA
taBcudnamaa Gdorgananuaaaurad  bo3ze—Xab0apa raMuIbTOHHAHW, STBHH
nanmxkapanaru lllpenunrep oneparopu 3KCHEPUMEHTAN Ky3aTUIIJIAPHUHT Ha3apuil
acoCH KWJIMO OJTMHTAH Ba TapTUOJAHTaH MyXUTIap/aa Mypakkad TypryH 0ObeKTIap
UTApUIIIYBYU TabCUpPJIAp HATHWKACHAA XaM MaBXya OVIMIIA MYMKUHJIUTH
ucootmanran (Universitat Innsbruck (ABctpus)); MKKK 3appayaid y3ayKCH3 Ba
muckpet peauarep omneparopiiapu X0 KUMMATIAPUHUHT OOFJIAHUII JOUMUNCHTA
oormukyuru  ypranwiran (Princeton University (AKIL), University of Basel
(IOBewinapus), CamapkaHj JaBjiaT YHUBEPCUTETH); IOKOpU TeMIlepaTypayiapja
ru0o0c MalIoHIapUHUHT KeHI' cuHGU TpaHchep-MaTpUlaiapd YYyH HKKA
3appavyasii OofnaHrad xonarnapu ypranwiradn (Poccus ®annap akagemuscu
axOopoTIapHU y3aTUII MyaMMOJIApU HHCTUTYTH); KJIACTEPIUK MapamMeTPUHHUHT
KWUYMK KUHUMaTiIapuaa WKKU 3appaydaid KiacTep oreparopiiapu OofJiaHTaH
XOJIATJIAPUHUHT MaBXyqiuru ucOornanrad (Poccus @anmap akagemusicu

! Huccepranust MaB3ycu Oyiinua XOpwkuil wiMuii-rankukoriap mapxu: Letter nature doi:10.1038/nature04918,
Annals of Physics doi:10.1016/j.a0p.2004.09.010, Comm. Math. Phys. http://projecteuclid.org/euclid.
cmp/1104253518, Annales del'l.H.P. Physique théorique. http://eudml.org/doc/76764, dyHKu. aHATK3 U €rO MpPUIL.,
http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys. doi:10.1007/s00220-005-1454-y, Comm. Math.
Phys. http://projecteuclid.org/euclid.cmp/1103908588, Matem. c6opuuk http://mi.mathnet.ru/rus/msb/v136/i4/p567,
J. Funct. Anal. doi:10.1016/0022-1236(91)90038-7 Ba 6omika Manbanap acocu/ia UIniab YNKHUITaH.
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axOOpOTIapHH y3aTUIIl MyaMMOJIAPU MHCTUTYTH); UXTHUEPHUNA MOTEHITUAIIA UKKH
3appadanu guckper Ilpegunrep omnepatropu Xoc KUWMATJIApU MaBKYIJIHK
maptiaapu tomwiaran (Universitit Bonn (['epmanms), University of Missouri
(AKIL), Camapkanj qaBiaT YHUBEPCUTETH); YU 3appadyalid y3JyKCU3 Ba JUCKPET
[Ipenunrep onepatopaapu yuyH Epumos adpdextu ncéotnanran (Poccus dannap
akameMusc  (uU3MKa-TeXHUKA UWHCTUTYTH, Poccus Dannap axkagemMusicu
Marematuka wuHcTUTYyTH Cankrt-IlerepOoypr OVmumu, Université Paris Nord
(Opanmus), Kyoto University (Snonwmst), Poccuss @anmap akameMuscu Hazapui
¢uszuka wuHcTUTYyTH, CamapKaHI JaBiaT YHUBEPCUTETH); VY4 3appadaiu
peauHrep omeparopiiapy XOC KUHAMATIApW COHU YYyH MYXHM CHEKTp Yarl
YeKKacura MHTUIUI acumnroTukanapu oinuHrad (Universitit Bonn (I'epmanms),
Kyoto University (Anonus), University of Toronto (Kananma), Camapkana gaBiar
YHHUBEPCHUTETH).

Jynéna OyryHru KyHja, HaHXapaJard UKKU Ba Y4 3appadalid cucteMaliapra
Moc lllpenunrep omnepaTopilapu CHEKTPU Ba PE30HAHCIAPUHU TAJKUK OSTHII
Oyiinua OWp Katop, *KymilaJlaH: TMaHXKapajard WKKU 3appadajy cucTemMara Moc
[Ipenunrep omepaTopiapyd XOC KHWMAaTIaph COHM Ba YJIAPHUHI >KOMIIAIIYB
VPHUHU MAaHXXAPAHUHT YIIYaMH, 3appadalapHUHT Y3apo TabCUpP SHEPTUSUIAPU Ba
CUCTEMa KBa3MHMIYJbCUTa OOFJIMK pPaBUIIA aHUKJIAI, MyXUM CHEKTp TyOuJaru
Oycara XoaucalapyuHU TAJIKUK ATHII, MaHXKapajard y4d 3appadajii cuctemara Moc
peaunrep  omepaTopJapuHUHI  MyXUM  CHEKTpMHM  TaBcuuiam, Oy
OMEpaToOpJapHUHT XOC KUHMaTIapu MaBXYyJJIMTM Ba yjlapra MOC XOC
(GYHKUMSJITApHUHT XOCCaJapUHM aHUKJAl KaOW yCTYBOp WYHAIMILIApAA WIMHMA
TaJKUKOT UIIapU 0JU0 OOPUIMOKIA.

MyaMMOHMHI YPraHWJITaHJIMK Japaskacd. ATOM Ba MOJIEKYJIAp Xam[a
KATTUK OKUCMJIap (U3MKacu, KBAaHT MalJIOHIap HAa3apHsACMHUHT  acoCUi
macananapu [lpenunrep omneparopiiapyHu ypraHuiura kapartuwirad. by coxana
OJIMHTaH HATIKajlap TYFPUCHIA KYTUIad MabiyMOTIap MaTeMaTHK (U3HUKAHWHT
“aarnuknonenusicu” — M.Pun Ba b.CaiiMOHHMHT TYpT TOMJIM KHUTOOMIA
kentupuirad. [lamkapamaru 3appavaniap cuctemacura wmoc Ilpenunrep
omepaTopjapu  yTraH acpHUHr  TykcoHuHun vwuiapuga  [.C.Martuc,
A.N.MorunsHep TOMOHHU/IaH KapaiuO OOIUIaHI Ba YHTA OWJT TAJKUKOTIIAP >Kaaal
puBoxnanau. [lanxapanaru Illpenunrep omnepartopiapyuHU MaTeMaTUK MabHOJA
TaAKUK HThinga y3iaykcus llpenunrep omepatopnapujgard kabu Myammoliap
yapaiiau. SAbHU, gactinad Oup, WMKKM 3appadalid Ba XOKa3o KYI 3appadaiv
orneparopjiapHu Ypranuin Ttajnad stunaav. Y3nykcu3 Ba guckper lpeaunrep
oreparopyiapy xamjaa ymymuiamrad Opuapuxc Moaeliapu YUYyH AUCKPET CHEKTP
MaBXXYJIJTUTH, XOC KHAMATHUHT Y3JIyKCU3 CIIEKTp aTpoduaaru EMunmanapu, y3apo
TabCUP KOHCTAHTACUHUHT OycaraBuil KWAMaTUHU aHUKIal Macananapu M. Kiays,
b. Caiimon, I''M. I'pad, /1. lllenkep, P.A.®@apua na Beura, E.JI. Jlakmtanos, P.A.
Mumnnoc, C.H. Jlakaes, K. MakapoB kabu onuMiap TOMOHHUIAH YPraHUJITaH.

Mabnymkn, ukku 3appavdanu Ilpenunrep omnepartopisapuna y3apo TabCHUP
KOHCTAHTaCl KHYpalUIIM HaTwkacuja OOFJIaHraH XO0JaT SHEPIHsCH Y3JIyKCH3
CHEKTp YEKKACUra sKMHJIAIIaJd Ba TaAbCUP KOHCTAHTACMHUHI YEKJIM KUHMaTHIA
gyerapa OwiaH ycTMma-ycT Tymann. by OycaraBuii KuiiMatra OOFIaHTaH XOJaT EKU
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BUPTYyaJl X0JIaT MOC KEJHUIIWHU aHuKjam macanacu ownan JDx.Payx, b. Caiimon,
M. Knay3 Ba C.H.JlakaeBnap myrymnanrad. C. Anbesepuo, C. Jlakaes, K.

Maxkapos Ba 3. MywmuHOBnap ToMomHMmaH d -ymuammu Z°, d >3, mamkapana
UXTUEPUN HKKH 3appayajd CHCTEMa TaMWJIBTOHHMAHUTA MOC HKKH 3appadain
lpenuHrep omnepaTtopu YYyH XOC KUHUMATIAPHUHT MAaBXYJJIMK MIapTiIapu
Tomwirad. byHman Tamkapu ymOy —ONEpaTOPHUHT MYXHUM  CIEKTpJaH
TaIIKapyuIard Xoc KMiMaTaapyu COHMHUHT YEKJIUIUTH UCOOTIaHTaH.

Yy 3appavamu lpenuHrep omnepaTopiiapd y4yyH IOTEHIMAIra KyWWJITaH
MabiIyM HIapTiapia MyXHM CIEKTpJAH YalJa YeKCU3 COHJArd XOoC KuiMariap
naigo Oymmm Xomaucacu mactiad B.H. E¢umoB TomMoHuman oumnrad. Ymoy
xomuca keimHuanuk ¢usuk omumiap J.C.Martuc, A.M.MorunbHep TOMOHHAAH
Vpra"nwiran. YHUHI KaTbhil MaTeMaTuk ucootu Oupunuu OYnuo [[.P. Sdaes
tomoHu1aH 6epwiran. Kelinnuanuk sca FO. OBunnnukoB, .M. Curan, X. Tamypa
tomoHusian ucobotrnanran. [[.P. fAdaes EbumoB sdpdexrunun danneeB mHTErpal
TeHrIamanap ycyinugan doigananu® ucbornarad. bupok HO. OBYMHHUKOB Ba
N.M. Curan uKKkdTacu OFMp Ba OWUTTacu eHrwi1 OynraH >kypT-KypTu OuiiaH
chepuk CUMMETPHUK MOTEHUIUAUIap €pJamMuia TabCUPJAIIYBYM Y4 3appadaiiud
CUCTEMA yUyH BapHallMOH MPUHIMIIAH Porgananud ymoy xoaucaHu ucOoTiaraH.
X. Tamypa sca EdbumoB sdpdexktunn 3appadanap maccacura derapa KynWmacaaH
KypT-KypTr Ounan (chepuk CUMMETPUK MOTEHIIMAIAPCU3) TahCUPIAIIyBUYH YU
3appadyalii cuUCcTeMa Y4yH Oapya MKKM 3appadalyd CUCTeMajap HoJJa BUPTYal
caTxra sra OyiraHja BapuallMoOH NpUHLMNIAH ¢oitnanannd ucbotnarad. CoOoseB
TOMOHMJIaH y4 3appadanu y3iaykcu3 llpeauHrep onepaTOpUHUHT MYXUM
CHEKTpAaH Yarjard Xxoc KuiMartiiapu COHU y4yH aCUMITOTUK (opMysia TOMHUIITaH.
Kynon moTeHummamiM y4 3appadaid MOJEIb TaMUJITOHUAHIAP YYYH JTUCKPET
CIEKTp YEKJIWINra OWJ HaTwkaiap nactiad, [[x.Vimmsma TOMOHUIAH OJIMHTaH.
YHUHT yCyIuaaH doiinananuo, M.A.AHTOHEI, I'"M.XKucnun,
N.A. lllepemeBckuiinap Typiu y4 3appayaiv cUCTeManap YYyH JUCKPET CHEKTP
YEKJIWJIMTY MacallaCMHU XaJl 3Trad. bup Ba WMKKU yiIuamiik Xo0Jiia y4 3appadaiv
CcUCTEeMa TaMUJIbTOHUAHU YUYH AUCKPET cnekTp ueknmiuru ['.JKucinua TomoHuaan
ucobotnanrad. Jlactma®  mamxkapamaru  KypT-KypTH  OWIIaH =~ KOHTaKT
TabCUPJIALIYBYM y4yTa OUp Xun 3appadanu cucremara Moc Llpegunrep
oreparopjiapy Y4YyH CHCTeMa KBa3WHMITYJIbCMHUHT MaxKaMJIaHTaH KuhiMaTuia
Edumor sdpdextununr wmapxynnuru C.H.JlakaeB TomMoHMZaH HCOOTIaHTaH.
C.H.JlakaeB, XK. AG6aymiaeB Ba 3. MyMuHOBIap TOMOHMJIAH Xy(PT-KydTH OMIiaH
KOHTaKT TabCUPJANIYBUM Y4 3appadaiu cucremara moc aitupmanu Hlpeaunrep
oreparopyiapd y4yH MyXHUM CIEKTpJaH dYaljgard Xoc KuWMatriapu COHM YYyH
aCUMIITOTHK (QopMyna ojuHraH. bup ymuamnu nmamwxkapaga xy(pr-xydtu Ounax
KOHTaKT TabCUPJALIYBYM Y4 3appadanu cuctemara lllpenunrep onepatopaapu Xoc
KuiimaTiapu yexmwmrd M. MymunoB Ba H. AnueB ToMOHUIaH UCOOTIaHTaH.

Jucceprauuss MAaB3YCMHMHI JHUCCepTAnUs OaxapuiaéTran oJMid
TABJIUM MYACCACACHHUHI MJIMHI-TAIKHUKOT HILIAPpU OWJIaH OOFJIMKJIMIH.
Jucceprauust TaJIKUKOTH V3P DA Camapkana OymumuHUHT DA-D1-D045
“Ilamkapamary  Kyn 3appadaiyd cucTeMa ramuwibToHuaHdapu. CHoexktp Ba
pesonancnap” (2007-2011 itit.); V3P ®A Camapkann 6yaumunuar OM-1-016
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“Ilamxapasary UKKU Ba y4 3appadaiy cucTeManapaa Kyiu sHepretuk addextiap”
(2008-2009  iiii.);Camapkana ~ gaBiaT — yHUBEPCUTETHHHHT  D4-DA-D079
“ITanxapanaru COHH cakJlaHMalIuran 3appadanap cUcTeMacH
raMUJIbTOHUAHJIADUHUHAT criekTpan Taxawm’” (2012-2016) maB3ycujara WIMUN
TaJKUKOT JIOMMXAcu Joupacuja Oaxkapuiras.

TagKuKOTHHHI MaKcaau Tamwkapagard XypT-xypTu OwmwraH Kucka
Macodaza y3apo TabCUpIANIyBUM UKKH Ba y4yTa Oup Xui 3appadaiu (hepMuoHiap
€éku OO030HJap) cucTeManlapra MOC HKKA Ba y4 3appavanu Ipenunrep
OTIepaTOPJIAPMHUHT MYXUM Ba JUCKPET CIEKTPIAPUHU TAAKUK KUIHUIIIaH HOOpar.

TaaKukoTHUHT Basudaapu:

UXTUEPHUI YIUaMiM Mamkapaaa Kucka macodana TabCHpIAIyBUd WKKUTA
Ooup xui 3appavanu (pepmuonin) cuctemara moc lllpeaunrep oneparopu Myxum
CHEKTPUIAH TallKapuAaru XoC KUMMaTIApUHUHT MaBXKYJ OYJIMIUIMK [apTIapUHU
aHUKJIAI;

MaH)kapajaru WUKKH Ba y4 3appadanu lllpeaunrep omeparopnapu y4dyH
bupman-1lIBunrep npuHIMNU yXImamnm (aHaJoTH)HU YPHATHUI,

naHxapana xypr-kydTu OuiiaH KYIIHUA TYTyHIapaa ¥3apo TabCUpJIANTyBUU
uKKku 3appadanu (pepmuonnu) cucremara moc Illpeaunrep omeparopu Xoc
KUMMAaTIIapu COHMHU Ba MyXHUM CIIEKTp Oycara XoAucallapuHU 3appadaiap TabCup
SHEPTUSACH Ba UKKHU 3appayald CUCTEMa Tyja KBa3MUMITyJbcUra OOFIIMK XOJiIa
aHUWKJIal,

y4 Yayamiau naHxkapazga kypr-xydpTtu Owian kucka macodanapaa yzapo
TabCUPJIALTYBYH YU 3appadaiiv cucreMara moc lpeaunrep onepaTtopu YeKcu3 Ky
xoc Kuitmatra sra 3kaniaurd (Edumos apdextn)nn ncbotnam Ba Xxoc KuilMatiap
COHM YYYH aCUMIITOTUK (popMyJiajgap TONUUI,

OMp Ba MKKM ¥yia4aMiiM maHxapajga xXy(pT-Kyptu Ounan Oup HyKTajaa
(KOHTaKT) TabCUPJIALIYBYM Y4 3appayanu cucremara moc lllpenunrep onepatopu
X0C KUMMaTIApUHUHT MaBXyIJTUTUHN Ba COHMHUHT YEKJIWIUTUHU KYPCATHIII.

TaakMKOTHUHT 00beKTH Tmamkapagaru Kypr-xyhptu OWIaH KUCKa
macodaza ¥y3apo TabCUPJANIYBYM HMKKM Ba Y4 3appadalyd cUCTeMajapra MocC
[Ipeaunrep oneparopiaapuian noopar.

TaaKMKOTHUHT TpeIMeTH TMaHwXKapaJgard HWKKUTa OWUp XWJl 3appadaiv
(bepmuon €xm  0O030HIM) cucTeMara MoC UKKku 3appadasm [Ipemunrep
oreparopJiapH, MaHkapajaru yura oup xui 3appadaiu (0030HIM) cucTeMara Moc
yu 3appavyanu [lpegunrep omnepaTopJapuHUHT CIEKTpall TaAKUKOTIApHIaH
nuodopar.

TaakuKOTHUHT ycysaaapu. TaAKMKOT HIIWAA MaTeMaTHK — aHallu3,
MaTteMaTuk (u3rka, PyHKIIMOHAN aHAIU3 Ba KOMIUIEKC Y3rapyBUWId (QyHKIUsIIAP
HazapusACH ycyJulapuiad GonganaHuiIras.

TaaKMKOTHUHT WIMMI SHIWINTH Kyiuaaruaapaad noopar:

UXTHEPUN YI9aMild Tamwkapaaa Kucka Macodana TabCUPJIANTyBUd HKKHUTA
Ooup xun 3appadanu (pepmuonnu) cuctemara moc lllpeaunrep onepatopu Myxum
CHEKTPUIAH TaIllKapuAard XOC KUMMAaTIAPWHUHT MaBXyZ OYIUIUIMK IIapTiapH
TONUJITaH,



UXTHEPUN YI9aMIid TamkKapaaa Kucka macodaza TabCUPJAINTyBUd HKKHTA
oup xui 3appavanu (hepmuonin) cuctemara moc llpeaunrep oneparopu Myxum
CHEKTPHUJAH TalllKapuJlard XO0C KUMMaTiapyu COHMHUHT YeKJIWJINTY UCOOTIIaHTaH;

NaHXapaHUHT KYIIHU TYTYHJIapulla TabCUpJAIIyBYM HMKKUTa OUp XU
3appadasii  (pepmuonnm)  cuctemara  Moc  llpemunrep  omepartopu
napaMmeTpJapyuHUHT Oapya KuUWMatiapuaa XOoC KUWMATiap COHHM Ba KOWMIAIyB
YPHU aHUK TOIWJITaH;

yq yimuaMmiau mamkapana kypT-kypTu OmiaH Kucka macodamapaa y3apo
TabCUPJIALIYBYM Y4 3appadayid (3appadajiap O0030H OYyiraH Xoj) cUCTEMara Moc
[IpenuHrep onepaTOPUHUHT MYyXHM CIEKTPUAAH Yaljard X0oC KUiMatiapu COHU
Y4YH aCUMIITOTUK (popMyJiajap OJIMHTaH;

y4 Yayamiau naHxkapaga kypr-xydTtu Owian kucka macodanapaa yzapo
TabCUPJIALIYBYM YU 3appadaiu (3appadanap 0030H OyJjraH Xoi) cucTeMara Moc
[IpenuHrep omnepaTopu Y4YyH CHCTEMa KBa3MUMIIYJIbCUHUHI HOJb HYKTa
atpodumaru HoijaH (apkiu KuWMatiapujia MyXUM CIEKTpUIAH dYarjard Xoc
KHIIMaTIapyu COHMHUHT YEKIIMIUTH KYpPCaTUIITaH,

Wik Oop OWp Ba MKKM Yoyamud mamwxkapaga xypr-xydtu Ounan Oup
HyKTaJa (KOHTaKT) TabCUPJALIYBYM y4 3appadayii cuctemara moc Ilpemunrep
ONEepaTOpd MYXUM CIEKTPUAAH TalIKApUJa XOC KUWMATIAPUHUHT MaBXKYAJIUTU
UcOOTIaHTaH;

OMp Ba MKKM yia4aMiuM naHxapajga xy(pT-Kyptu Ounan Oup HyKTajaa
(KOHTaKT) TabCUPJIANIYBUM Y4 3appayaiu cuctemara moc lpeaunrep omneparopu
MYXHUM CIEKTPHUIAH Yarja Xo0C¢ KUiMaTjiapu COHUHUHT YEKJIUITUTH KYpCcaTUiraH.

TaagKMKOTHHHI  amMajJMidi  HATHXKAcM  OOFJIaHTaH  XOJIATJIAPHUHT
AQHAJIMTUKJIUTH  XaKuJard Xyjocajap KaTTUK JKUCMiIap (U3MKAcH Ba KBaHT
MEXaHMKacHu/a OJKCIEPUMEHTAT  TaAKUKOTIApHUHT  cudar KYpCaTKUYUHU
aHUWKJIAIIAa Ba COHJIM XUcoOaniapia KyUIaHWIAITN MyMKAHIUTHIaH nOopar.

TagKuKoT HATHXKAJTAPUHMHI HMINOHYWIMJIMIM MaTEMaTUK  aHaju3,
MaTeMaTuK (pu3uka, GQyHKIIMOHAT aHATU3 Ba KOMIUIEKC Y3rapyBUMIIA (yHKIHSIIAP
HazapusacH ycyulapuiaH (ONHJATaHWITAHINTK Xamja MaTeMaTHK MyJoxasa-
JAPHUHT KATHbUIJIMTH OUJIaH acOCJIaHTaH

TaagKUKOT HATHKAJAPUHMHI WIMHMHA Ba aMaJinii axamMuATH. TaIKuKOT
HATWKAJAPUHUHT WIMHAM axXaMUSITH Y3-y3Ura KylmuMa OmepaTopiiap CIEKTpas
HazapusICHIa, KBAHT MEXaHUKACH, KaTTUK KUCMJIap (pU3MKacH, KBAaHT MailoHIIap
HazapusCH, XycCycaH, [IaHKapaJard WKKH Ba y4 3appadajd CHCTeMa
raMUJIbTOHUAHJIAPUHUHT CIEKTpJaapu OwIaH OOFJIMK MacajalapHU XaJl JTHIIJIA
doianaHuI MyMKUHIUTH OUJIaH U30XJIaHAIH.

TagKMKOT HATHKAIAPUMHUHT aMAIMK aXaMHUSATH HILAA OJIMHTaH WIMHHA
HaTWKajap KaTTUK KUCMJIap (PU3MKAcCH Ba KBAHT MEXaHUKACHAa SKCIEPUMEHTAI
TaAKUKOTIAp VYTKA3WII Ba KyJamra Hazapuid acoc cudarmma Xu3maT KUIHIIN
OnaH OenruIaHaau.

TagKuKOT HATWKAJAPUHUHI  KOpPUM  KuJIMHUIOM. Juccepranus
TaIKUKOTHU XKapa€HUJa OJIMHIaH HaTWKajgap KyMuIard MyHaauluiapaa aMaJIneéTra
YKOPUU KUJIMHIaH:

10



naHXapajard MKKM 3appadanu cucremara moc IIpenunrep omnepartopiapu
X0C KuiiMaTuHu aHukiam ycymmiapu QJ130000.2426.01G11 “Eigenvalue problem
for the two particle Schrodinger operataor on lattice” rpanT noirxcuaa KK Ba y4
3appavasnin auckper lpeaunrep omepatopiapu yuyH Kysutanwiran (Manait3us
TEXHOJIOTUS  YHUBEPCUTETUHUHT 1 HosgOpaaru MamymotHomacu). Wnmuii
HATWOKAHUHT KYJUTAHWIUIIM Kapanda€TraH MKKM 3appadaijiyd ONepaTopiapUHHUHT
acocHil XOcCcaJlapuHU TaJKUK OTUII Ba MaxCyC O5K30THK TMOTEHUIMAUIM Y4
3appadaid CHUCTeMa TaMIIbTOHHAHJIAPUHUHT MYXHM CHEKTPHUHH TaBcHUIaml
MMKOHHMHH O€pras;

UKKW 3appayanu auckper Illpenunrep omneparopiapd y4yH OJMHIAH
HaTwkanapaan ERGS/1/2/2013/STG06/UKM/01/2 “Investigations of the Roles of
theThird Variables in Analysing Statistical relationship functions” rpant
jJolnxacuga paHru Oupra TeHr ymymjamran @Opuapuxc Mojaemapu y4yH
kyutanunrad (Mamaiizuss  Kebanrcaan yHHMBEpPCUTETMHMHT 26 OKTAOpAaru
MabIyMOTHOMacH). WnaMuil HaTWKaHUHTKYJUITAHWUIUIIM —~ HaTWXacuga yumoy
oreparop Xxoc KuiMaTiapu yuyH IIron30 KaTopiaapy OJIMHIaH.

TaakuKoT HATHKATAPUHUHT anpodauusicd. TaIKUKOTHUHT HaTWXalapu
WIMHM-aManuil aHKyMaHnapaa MyXxokaMa KMJIMHTaH, Iy )KyMiajgad. B omimap
pecnyonrka koHdeperuuscu (Tommkent, 2003 ., 2004 i.), «Xycycuii XoCHIaIH
muddepeHnpan TeHriIamazap Xamja aHajiu3 Ba HWH()OpPMATUKAHUHT TYpPJOII
myammonapmu» (Tomkent, 2005 #.), «MaremaTuk (HU3UKAHUHT Ba WHPOPMALMOH
TEXHOJIOTHSUIADHHUHT  3aMOHaBud  Myammonapu»  (Tomkent, 2005 i),
«Omeparopiap anredpacy Ba KBaHT dXTHUMOJUTHKIap Hazapuscu» (Tomkent, 2005
i.), «MaremaTuKk aHaJWU3HUHT naom3apd Myammomiapw» (Ypranu, 2012 i),
«MaremaTuKk aHaiu3 Ba MaTeMaTUK (U3UKAHUHT HOKOPPEKT Ba HOKJIACCHK
macananapu» (Camapkang, 2012 it.), «International Seminar on Mathematics and
Natural Sciences» (Camapkana, 2013 i.), «/IuddepeHiman TeHrIaMaTapHUHT
3aMOHAaBMH MyaMMoJjlapu Ba yjaapHuHr TatOukiaapu» (Tomkent, 2013 i),
«MaremaTuk (PU3MKAHUHT HOKJIACCHUK TEHTJIaMajapy Ba YJIAPHUHT TaTOMKIIApH
(Tomkent, 2014 i.), «3amoHaBUii MareMaTWK (pU3KMKa yCyJUlapu Ba YJIapHUHT
tatOukiaapu» (Tomkent, 2015 #.), Typk nyHécH MaTeMaTHKIAPH IKAMHUSITH
kourpeccu (baky, 2011 i), III xankapo Poccusi—Ko3oFucToH cummosnymu
(Hampuuk, 2014 i#.) nma 6a€H »Twiran xamaa ampoOanusiaH YTKa3uiraH.
TaakukoTHUHT HaTwkanapu CamapkaHj JaBiaT YHUBEPCUTETH KOUIMAArd
«MaremaTuK aHaaM3 Ba YHUHI 3aMOHABUW MaTreMaTWK (u3UKara TaTOMKIapH
CEeMUHapuJa MyHTa3aM paBullna, BOHH yHuUBepcUTETH «AMajauil MaTeMaTHUKa
vHCTUTYTH wWiMuii cemuHapuna (Iepmanms, 2004 ii., 2007 i1.), V36ekucron
Munnuii yHUBEpCUTETH KolMjaard MaTemaTuka MHCTUTYTUHHHT «OrmnepaTopiap
anreOpanapyu Ba yJIapHUHT TarOuKiIapuw» PecryOnmka cemuuapuma (2012-2016
itit.), V36exkucron Mummii yauBepcuTeTHHUHT «DYHKIIMOHAT aHANN3 BAa YHHHT
TatOukaapu» cemunapuaa (2014-2016 iii.) Myxokama KHJIHHTaH.

TaakuKOT HATHKAJAPUMHHMHI IBJOH KMJIMHMIIM. /{uccepranus maB3ycu
6yitnua xamu 41 Ta WIMMII MII 9ON STWITaH, WIylapiaH, Y30ekuctoH Pecry6-
mukacn Ouuid  arTecTaTuuss KOMHUCCHUSCHHHUHI JOKTOPJUK JuccepTalusiapu
acocui WIMMIA HAaTH KaJTApUHU YOTI STHUII TaBCUs ATHITaH UIMUM Hampnapaa 13 ta
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MaKoJia, )KymiiaJiat, 6 Tacu XOprKuil Ba 7 Tacu pecnyOirKa KypHaJIapuaa Halip
ATUJITaH.

JluccepTauNMAHUHT XA’KMHM Ba TY3WIMIIM. [[rccepranus KUpUII KUCMH,
TYpTTa 000, XyJoca Ba (poimasanwirad agabuériap pyixaTuaad TaIllIKW TOMTaH.
JlucceprauustHUHT XakMu 161 GeTHU TalIKuI 3TraH.

JTNCCEPTAIIMSTHUHT ACOCHUN MA3ZMYHHU

Kupum kucmmuaa nuccepraiusi MaB3yCHHUHT J0J3apOJIMTU Ba 3apypaTu
acociaHraH, TaJKUKOTHUHT  pecrnyonuka  ¢aH  Ba  TEXHOJIOTUsIApU
PUBOKJIAHUIIMHUHT YCTYBOP HMYHAJIMIUIApUTa MOCIUIM KypCaTWraH, MaB3y
Oyiinya XOpMXKUH WIMHI-TAAKUKOTIAp IIApXH, MYaMMOHUHI YpraHWITaHJINK
Japakacu KEeNTUPWITaH, TAAKUKOT Makcaau, Bazudanapu, oObEKTH Ba MPEIMETH
TaBCU(JIAHTaH, TAAKUKOTHUHI WJIMHUM SHTWIMITA Ba aMajuil HaTwxkaiapu OaéH
KWJIMHTaH, OJIMHIaH HATWXKAJIApHUHI Ha3apuid Ba aMaluil axamMusiaTH O04ud
Oepwirad, TaJAKUKOT HATWKAJTAPUHUHT KOPUN KWJIMHUIIM, HALIP 3TUJITaH HUIUIAp
Ba JAMCCEpPTALMs TY3WIMILIN OYHNYa MabIyMOTIap KEITUPUITaH.

JucceprauusHuar  «YerapajJaHran  ONepaTOPJIAPHHUHI  CIIEKTPAJI
xoccajgapu (bomianruy MabjayMoT/iap)» 1e0 HOMJIAHYBYM OupuH4YM O00HIa
acoCHil HaTWXajlapHU OJIMIIAA 3apyp OyiraH MyxuM TyIlIyHYanap, Yy3-y3ura
KylIMa olepaTopjap Ba ONEPATOp Ky3FaJMIUIAp HA3apUsACHHHMHI CIEKTpJapura
OMJ] TEOpEMAJIAp KEJITUPUJIITAH.

Huccepranmssaunar  «Ilanmskapagaru uKku 3appadanu  (pepMHOHIH)
cucreMara Moc wuKku 3appavajiu Illpeaunrep omneparopaapm» 1e0
HOMJIAaHYBYM  MKKMHYM 000M  uXTUEpUM  YayamiiM  MaHxkapazaa  y3apo
TabCUPJIAIIYBYM MKKH 3appadanu (dpepmuoninn) cucremara moc Ilpegunrep
OMEpaTOPJAPUHUHT CIEKTPaJ XOCCAJIAPUHU TAAKUK KUJUIIra OaFuIIaHTaH.
Kapanaétran onepaTopjapHUHI CHUCTEMa KBa3HHMMITyJbCHra OOFJIMK  XOC
KUMMAaTIIapu Ba MyXUM CIIEKTPUHHUHT OYycara Xoucaiapu YpraHuiraH.

7%~ d — ymuammm GyTyH comnm mamkapa Ba (Z°)° — Z° HuHr nexaprt
Kynaiitmacu 6yicun. (°[(Z°)*]- opkamm (Z°)® na aHWKIaHTaH KBaJpaTH GHiIaH
KaMJTaHYBYM (QYHKIMSAIApHUHT THIBOEpT dasocuuu Ba (2[(Z9)*]< (*[(Z°)?]-

OpKaJIM aHTUCUMMETPUK QPYHKIUsIApIaH Ty3WIrad KUcM (ha3oCuHU Oenruiaimus.
Ukkurta Oup xun  3appaya  (GepMUOHIM) CHUCTEMaHUHI  SPKHUH

raMuIbTOHHAHN N, Koopamnata Taceupuma (>*[(Z°)?] rumsbept dasocuna
hy=—A, +—A (1)

KYpUHUIIArd —ornepaTop ¢EplaMuja aHUKIaHaay, OyHAa Axl =A®I| Ba

sz =1®A, m>0 — ¢epmuonsunr Maccacu, | — I1°(Z°) o¢asogaru Gupmuk

omepaTop Ba ® TeH3op kynaitMa. [lanxkapasuii Jlamacuan A — 3appadaHuHT OUp
TYTYHAAQH KYIIHA TYTYHTa KYYUIIMHA TABCU(IIOBUM aliupMa OnepaToOpuiup, S’bHU
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A)() =D ()~ (x+9)], ¥ el*(27),

Is|=1

GyHza |s| = ‘s(l)‘ +...+‘s(d)‘; s=(s?,...s) ez

Wxku 3appavand CHCTeMa TaMHJIBTOHHAHM h  3appadajapHUHT  ¥3apo
TabCHPHHH TaBcudmaiian Ba £>*[(Z")?] rumsbept hasocuna Kyinmaru
h=h, -V
dopMyna OwiaH aHWKJIaHAAW, OyHIa V— XaKHKWA KAAMaTIA (QYHKIHTa
KYNaUTHPHII ONEPATOPUIUD:
() (%0, %) = V(% =X, )7 (X, %,), 7 € (22 [(Z7)*] ()

@apaz 1. Yoy V(s) >0 dyukius Z° na xy(T Ba Kyiuaard mapTiapHu
KaHOATJIAHTUPCHH
lim |S|7°V(s) =0, aeap d=1éku?2,
|s|]—>o0
3+1+g
lim]|s| 2 V(s)=0, aecap d=3,
|s|]—>00

lim |s|" V(s)=0, aeap d =4,

s}
oynna ¢ > 0— mycOar coH.

T — d—¥ynuamnm Top, SBHM Kapama-KapIld GEKJIapu aiHMii GynraH
(—,7]" xy6 6yncun. V R® na (227Z)° momyn 6yiinua KMPUTHIraH KyIIAII Ba
XaKUKAM COHra KYMaWTHpHUIL aMajijlapura HucOaTaH abeidb TpyNnacu TalllKWil
kunamd, L2(TY) — T na aHWKIaHraH KBajpaTH OWIAaH WHTErpalIaHyBUHM

dyHEKISTAapHEHET THIR0EpT dasocu Ba L*°(T!) < L*(T) — Tok ¢yHKIMANAp KHCM

dazocu OYICHUH.
dypre aIMaMITAPUILIAPH, UKKH 3appadaid CUCTEMa Tyja KBAa3HHUMITYJIbCH
QKPATUITUIIIN Ba UMITYJIbC KYPUHUINUIATH OINEpPaTOPJIAPHUHT TYFpPU HHTETpal

fFnHMTa SHUIMIINAAH KeiiuH N TaMUIBTOHMAH crekTpuHM ypragmm L>°(T)

rumsOept  dasocuna Kyimmaru Qopmyna OmnaH apmkmanran  h(k), k € T¢
orepaTopJiap OWJIACHHUHT CIICKTPUHU YPTraHUIIra KeATHPUIIaI:
h(k) =hy (k) -v. 3)
Kysranmac hy(k) omepatop L*°(T") dasoma &,(q) dynkuusra
KYTIaWTUPUII OTlepaTOpuaH HoOpaT, sS’bHH
() P)(@) =E, @ F (@), Fel>(T),
OyHma

£, = aZ(l—cos7cosq ).

i=1
V — ¥3apo Tascup (Ky3raTumm) onepartopu L*°(T?) rumebept dasocuna Kyiunaru
dbopmyna OunaH aHUKJIAHATH:
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(vF)(@) = 22)* [W@-tf@dt, el ().

by epna
v(k) = (27) " Y 0(s)e'™?, (4)

SeZd

OyHma
(k,s) = Z?:lk(j)s(j)’ kK=(K®, . kD) eT, s=(s®,.sD)ez’.

Arap V Ky3famumn ornepaTopu siapocu dapa3 | HM KaHOATJIAHTHUPCA, W3JIH
omeparopiyiap cuH(pura Kapanu O0yiaau Ba HATIKAIa MYXUM CIIEKTP TYPFYHJIUTH
xakuaara Beiinm Tteopemacura kypa (3) dopmymna Owmnman anukianrad  h(k)

OIIEPATOPHUHT O,

(h(k)) myxum cnexktpu h,(k) omepaTopHMHI MyXuUM CIEKTpH
O6unan yctma-yct Ttymamu. h,(K) sca ¢yHkumsra kynaitapuin omnepaTtopu
OYNTaHIIUTU YYYH

Toss (N(K)) = [€ in (K), € e (K],
TeHIHMK YpuHiu 0ynamu, Oynna &£ . (K) = mig £.(), &..K)= mag(gk ().

geT gqeT
Ocrnamma 1. h(K) omepatopHuHr MyxuM crektpu K = (7,7,...,m) € T"
(h(k)) uxTuépuit

Oynranna aliHuiM, SbHU HyKTara aina"agu. IyHuHr yuyH o

k e T na abcomoT y3ayken3 6yma onmMaiiam.
1

Masbiaymku, V ONepaTOpHUHT MycOar V2 KBaapaT WIAW3H KyWWaaru
KYpVHHILTA Jra:

1 d 1
(v2 £)(p) = (27) 7 [ V2 (p—p) F(p)dp’
1 1
Ooyuaa v2(p) aapo V2(S) ¢yHKUUSHUHT Teckapu Dypbe anMamTHPULITHAND:

1 1 o
v2(p) = - Z\?Z(S)e'(p's).
(272.)5 sezd
Xap 6up ke(-mnx)® Ba z<E_ (K) (xap 6up keT'\(-z,7z)° Ba
z< &, (K)) yayn L*°(T") dasona

min

1 j vi(p—t)v;(t—s)dt
(Zﬂ)d 1d E(t)—z

saposn B(K,z) bupman-11IBuHrep HHTErpas onepaTopHU aHUKIANMM3.
1 1

Tabkupnaitvusku, uxtaépuit z< & (k)  yuyn  B(K,z) = var, (K, z)v2

B(k,z; p,s) =

TeHIMK Oakapunaau, Oyuna ry(K,z) — h,(k) omepaTopHUHT pe30JIbBEHTACH.

Tavpug 1. d =1 Eéxu 2 6yicun Ba apa3 1 maptiaapu Oaxapuicud. Papas
KUJIaNIUK,

B(0,0)y =, 0=(0,...0) e T".
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TeHrnama Honmac i € L*°(T?) eunmra sra 6yncun. Arap

1
v?2 o
Eo(P)
oynca, h(0) omepaTop HOJIb SHEPTHUIA PE30OHAHCTA 3ra ACHIIIA N,

Kylinmaru teopemManap HMKKHHYHM OOOHMHI OHpUHYM Taparpadgu ydyH
acocuii HaTXKaaap XUCOoOIaHaIH.

dapa3z 1 GaxapuIICHH.

Teopema 1. d =1 ékmu 2 O6yacun. Arap h(0) omepaTop HOJb PHEPrHUSIH

pe3oHaHcra sra Oyiica ¢ku Hoib coHu h(0) omepaTopHHHT XOC KMMaTH Oyiica, y
xonaa uxtuépuit K #0 yuyn h(k) omeparop Myxum criekTpaaH yamnja ETyBYH XOC
KUMMaTra Jra.

Teopema 2. d >3 6yncun. Arap Z=0 couu h(0) omepaTopHUHT N Kappaiu
Xoc KuiiMaTth Oyica, y xosma uxtuépuii K #0 yuyn h(K) omepatop myxum
CIIEKTpAaH Jarnjaa éTyBUd KaMuaa N Ta XOC KHiMartra.

Teopema 3. Nxtuépnii k e (—z,7) Ba d eN mapma h(k) omepaTopHuHT

MYXHMM CIIEKTpJaH 4arja ETyBYM XO0C KHHMAaTIapu COHHM YCKIINTA.
Ocnamma 2. KysraryBum V omnepatop MycOar Oynaraniaurd yuyd h(k)

omeparop & ... (K) man YHrma xoc KuiiMatiaapra sra sMac.

max

Ukkppun GOOHMHT wWKKuHuUM maparpapuma d— Yymuammm Z°, d >1

nawKapajga KyIHH TYTyHIapia TabCUPIAIIYBYM MKKH (pepMHOHIM cuctema h,

raMUIbTOHMAHM Kapairan. YmoOy ramuisromuanra moc h, (K), k eT® wukxu
3appavanu jauckper lllpexurep omeparopu ydyH omeparop mapameTrpiapH:
3appauanap y3apo Tabcup dHeprusicu >0 Ba MKKM 3appayald CHCTeMa Tyia

kBasunMiynbcu K € T ra GOFIMK paBHINIA XOC KMHMATIap COHM Ba JKOMIAIIYB
YPHU TOITHWJITaH.

dapa3 kwnaiimk, h, Ba V omeparopnap (1) Ba (2) dopmynanap Ounan
aHMKJIaHTaH 0yn0, V QyHKIUS KyWnJard KypuHHINTa 3ra OVIICHH:

H -
N — aea x|=1,
Wx)=12 P Ry

0 aeap |x[|Z1.
Y xonma V ¥y3apo Tabcup (Ky3raruin) omeparopu panru d >1 Oyiaran

L>°(T?) rums6ept pasocuna
d
(v)(@) = p(27)> sinq® j sint® f (t)dt
i=1 Td

dbopmyia OuaH aHUKJIaHTaH MHTErpaJl onepaTop Oyinaau.
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Aiitum  xomsku, &,(q) =&,(9%,9?,...99) dynxkums nome HykTama

alHAMaralH MHMHUMyMIa »3ra Ba q(l) q(z),...,q(d) y3rapyBUWIADHUHT YPHUHU
aNIMaIITUPUIITa HUCOATaH UHBAPUAHT 6yJIFaHJII/IFI/I Y4yH

in

S q dq

s €0(a)

uHTerpas Mapxys Ba 1 =1,d HUHT TaHTaHUIIUIAH OOFIIUK 3Mac.

=(27)"( sgl (q) dg)™,i=1,d 6yncun.

Vmoy HaparpaQ)HHHr acocuii HaTIKaCMHHM  KyHUIArd TeopeMasa
KEJITUPAMM3.
Teopema 4. @) 0< <y, 6yncuH. Y xonma uryHjaai OymiMac GS), |=0,d

TYILIaMIIAp MaBKyAKH, Oy TYIuiamaap y4ayH
d
O = . L _aa (i) _
GP(eP=o l=j j=0d, (JoP=T
i=0

MyHocabaTnap Oaxapuiaamad Ba K eG(O) oymaranma h, (k) omeparop Myxum

(|)

CIIEKTPHUHT Kyliu Oycaracu &, (K) nam wamia xoc Kuiimarra sra smac; ke G,

min

1=1,d 6ynranma h, (k) omeparop & ; (K) manm wanna xappamunuknapu Ounan
Oupra aiiHan | Ta ZS) (k),i=1,1 xoc kuiimarra sra Ba ZS) (k)>0,i=1,L.
0)=0

6ycafaz[a HOJIb DHEPrUsiIv pe3onancra sra. d >3 6ynranna h, (0) oneparop yuyn

b) x=p, 6yncun. d=1 €ku 2 Oynramma h, (0) omeparop &

min

(0)=0 oOycara d xappamu xoc kuiimar Oymamu. Mxtuépuit d e N Ba

mln

keT! k=0 yayn h,(k) omeparop & ; (k) Gycaranan wanma kappaauamkiapu

Owian Oupra avinan d Ta ZS)(k), i =1,d xoc kuiimarra sra Ba ZS)(k) >0,i=1,d.
C) u>pu, 6yncun. V xonma uxtuépuii KeT’ yuynm h (k) omeparop

(k) Oycaraman yvanza aiiHan d Ta Z(')(k) i=1,d xoc kuiimarra sra. x> 4d

oynranma ZL')(k) <0,i=1,d oymaau.

Hucceprauusinuar  «Ilanxapagarm yu  3appavaiau  Hlpeaunrep
ONepaTopu X0C KUHMATIAPU Y4YYyH ACHMNTOTHKA» /10 HOMJIAHYBYHM yUYWHYHU
0600muaa yu ymuamiu namxapana xypr-xydtu Ounan Kucka macodanapaa y3apo
TabCUPJIALTYBYH Y4 3appadaiu (3appadanap 0030H OyiaraH X0i) cucTemMara Moc
Mpeauarep omepatopu yuyH EdumoB »sddextn wucOormanran Ba MyXuM
CIEKTpJaH 4Yamjard XOoC KUHUMaTiapu COHM YYyH aCUMNTOTUK ¢opmMyranap
onmuHrad. CucTemMa KBa3MMMIYJLCHUHUHT HOJIb HYKTa aTpoduIard HOJIaH GapKiu
KAAMaTIapuaa MyXHM CIEKTPHJaH dYamjard XocC KHWMariapu COHHHUHT
YeKJIMIIUTH KYPCATHUIITaH.
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VupHYn OOOHMHr OHMpHHYM Ba WKKMH4YM mnaparpadmapuma  Z°,d >1
namxapaaa xxypT-xydTa OmiraH Kucka Macodanapaa y3apo TabCUPIIANTyBUNd UKKA

Ba y4 3appayanu cucremanapHur h, H »sHeprus omepatopnapu kapairas. by
omeparopjap  HMMIyJdbC  KypuHuUIuAa  TacBupiaHrad. Cucrema  Tyna
KBa3MHMITYJILCIIAPH QXKpaTHTrad, MMITyJIsC Kypuaummgara h, H onepartopmap

®on-Helivan TyFpu uHTerpan imrunaura &immran Ba h(k), keT?, H(K),
K € T? omepaTopnap OMJIacHHH YpraHHUIIra KeATHPHITAH.

C[(Z)™] opxamm (Z°)",d =1,2,... na aHWKIAHTaH KBajpaTH OWIaH
KaMJTaHYBYM (QYHKIMANAPHUHT THIBOEpT ¢asocunn Ba (>°[(Z)" 1< (*[(Z°)"]

OpK&JIM UXTUEPUN WKKWTA Y3rapyBUMCHHHMHI YPHUHU ajJMalITHpUINTra HUcOaTaH
CUMMETPUK (PYHKIMSIIAp KUCM (Pa30CUHU OeNruiaiMus.

Z° — d Yiuamu GYTYH COHNM mamkapaga M =1 Maccalld MKKUTA SPKUH
3appavanap (3appadayiap 0030H OYJraH X0j1) CUCTEMAaCHHUHT YHEPTHsl ONepaTopu

KoopauHaTa Kypurummaa (>°[(Z*)?] runsbept hazocuna Kyiumarm

h=AR1+1®A

y3-y3ura KyliMa yerapajiaHrad orepaTop OWIaH aHUKJIaHA]IH.
[Tamxkapana kucka Macodasa ¥3apo TabCUPJIANTYBYM UKKUTA OUP XM KBaHT

3appadany (OO30HIM) CHCTEMAHMHT Tyna ramumbToHmann (>°[(Z°)?] rumsbept

dazocuna h, spkuH raMuIIBTOHHAHHUHT V KY3FAIUIIN OpKaiIu Kyidunara gopmyra
OnIaH aHUKJIAHAIN:
h=h,-V.
by epna
(I9) (% X,) =X, —X,)(x,.%,), € 2[(Z°)2].
Dapas 2. V(s)— byHxims Z° na anukiadras, sxydt, Homanduii Ba
. 1

lim |s|™’ ¥9(s)=0, 6> 5

|S|—)oo
IapTHU KaHOATJIAHTHUPAIH.
Moc paBuniga 7' —d Vagamuin OyTyH COHJIM MaHXapaja yuTa SpKUH KBaHT

3appavanu (3appadayiap 6030H OyiraH xo0J1) CHCTEMaHUHT I—Al0 SHEPIUsl ONepaTopu
0*°[(Z°)®] runsbepT dhazocuna Kyiuaara GpopMyIia OUIaH aHUKIAHAN:

H, =AQI QI+ AR T + 1 @1 ®A.

Kyopr-xyptn Ounan ukku 3appavanu kucka V=V, =V, ,«a,f,7 =123

NOTEHIMAJIIM yuTa OUp XWJI 3appayaiv CUCTEMaHUHT Tyna H sHeprus onepatopu

pr?

H, onepaTopHuHT YyerapanaHra Ky3rajaullnjad noopar:

H=H,-V,
3
6yama V=>V_V =V,a=1,2,3— (**[(Z")*] basona dyskumsara xymaiTupumn
i=1
omnepaTtopu 0ynuob, Kyiiuaaru ¢popmysia OuaaH aHUKIaHAIH:
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V7YX %) = V(K =X, W (50, X X )37 € 5[
L>*[(T*)"] < L*[(T")"] opxamu (T?)", meN na aHMKIAHraH CUMMETPHK

(GyHKIMsIApAaH TY3UIraH KUCM (pa3oHu OenruiaimMus.
F — craHnapT Qpypre aaIMaIlITHPULITN

F 2z > (T, [F(HIp) = — - > e N £(x)

(272.)5 xezd
Ba YHUHT TE€CKapy aJIMaIITUPHUIIN
* * 1 i X
F AT > 2(2°), [F W)X = ngde(p’ "w(p)dp
(27)?

xamaa A = FAF — A — JlamnacuanHUHT (Qyphe aIMalTHPUIIK OYIICHH.
Tabkumiant xxousku, A — £(-) GyHKIUATa KYTARTHPHII ONICPATOPH, THHU

(A)K) =&(p)f(p), fel (T,
OyHma

d
&(p) =Y (1-cosp®), p=(p®,...p")eT".
i=1

Wmmynbe TacBMpWaa WKKHA 3appadaid Tyjga cucremara mMoc h omepatop
L>*[(T%)?] dazona
h=h,-v
dopmyna OwnaH aHWKTaHAIW. VKKUTa SPKUH 3appadaid CHCTEMaHWHT SHEPIHSI
ornepaTtopu h, Kylnaara KypuHUILITa 3ra
hy =A® 1 +1®A,
sehu hy — e(k,) +&(K,) dynkuumsra kynaitnpuim oneparopu:

(hF)(kj. k) = (eky) + ek DT (kg k), | el [(T7)°]

V aca ¥pama TUMHIAard HHTErpaj ornepaTopaH uoopar:

d

(vf)(k,. k) = (27) 2 j vk, —k,)o(k, +k, —k, -k, )f(k, k, )dk,dk,, fe L>*[(T)?],
()2

oyama 6()— T° nmarm Jupakauar nenta-pyskmmscu. V(K) dysxmms sca (4)

kypunumaaru Oypee Katopu €pamMuia aHUKIaHAIU.

Y4 3appadaid CUCTEMaHMHI Tyja DJSHEprus omneparopy H wumiynasc
taceupuna L>°[(T?)%] runebepr dasocmmaru ¥3-y3ura KymiMa derapaiaHraH
orepaTop cudaruia aHUKIaHAIN:

H=H,-V,-V,-V,,
OyHna
H,=AQI®1+1 QAR +1® 1 ®A,

3
SBHHM ydYTa SPKUH 3appadaHuHr H, sHeprus omepartopu Zg(ka) dyHKIHATA
a=1

KYTIAUTUPHUIIT OTIepaTopu Oyaau:
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(Ho £k ko k) = [ 61 (Koo ko),

d
V, DKk ke) = (27) 2 [ vk, —k,) %
(1%)3
xo(k, =K, )o(k, +k, —k, =k ) f(k{,k;,k;)dk/dk,dk;, fe L>*[(T*)°].
k=k +k,eT® Ba K=Kk +k,+k, €T’ opkamu Moc paBumia HKKH Ba Y4
3appavaiy CUCTeMa TyJa KBa3UUMITYJIbCIapUHU OeNTruIaiMus3.
L*¢(T?) < L*(T") — xydt pynximsuaap kucM dazocu 6yiacun. L>*[(T)?] Ba
L>*[(T")°] runs6epT dazonapuaunT
2,8 d\217 — 2,e d

L2*[(T*) ]—Ler@L (T*)dk
Ba

2,8 dy37 — 2,8 dy2

L#[(T)°]= |, ®L[(T*)*1dK

TYFpH UHTETpal WuFUHANTA éiinamacu h Ba H sHeprus oneparopiapuHUHT

h= j @ h (k)dk (5)
- keT
H = j ® H(K)dK (6)

TYFPU UHTETPAII UMFUHAUTA ENUIIMACUATA MOC KEJIA/IH.
Yuyunun OOOHMHT y4YMHYM maparpaduaa WKKH 3appadaidl  JTUCKPET
[peaunHrep onepatopu yayH HOJIb SHEPTHSUIM PE30HAHC TYIIYHYACH KUPUTHUIITAH.

d =3 o6yucun. (5) popmynana KeITUPUITAH ﬁ(k), k e T° Ko6ux omepatop

kyiunaru h(k), k € T° onepaTopra yHuTap SKBUBAJIEHT:
h(k) = h,(k) —v.

hy(k) Ba Vv omeparopmap L**(T®) runsbepr Qasocuna Kyiiumaru

dbopmynanap OuiiaH aHUKJIaHAH:
(oK) )(k,) =&, (k) F(k,), Fel?(T),
OyHna
k K
Ek,)= g(E—kﬂ)+g(E+kﬁ)

Ba

(vF)(k,) = (27) 7 [vik, —kp) T (K, )dk,, e L2(T%).

(6) dbopmymama KenTHpHITaH I:I(K), K eT® xobuk omeparop Kyimmaru

H(K), K eT® onepatopra yHuTap S5KBUBAJICHT:
H(K) =H,(K)-V, =V, -V,.
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H,(K) Ba V_ =V,x=1,2,3 oneparopnrap L*°[(T*)*]= L*(T°)® L**(T®)
runbOept pasocuma (K, ,K,) e (T®)? koopauHATamapia KyHHaard KypHHHIIAA

TaCBHUPJIaHAON:

(Ho(K) )k, k) = E(Kik, k) Tk, k), fel*[(T)],

E(K;k

a!

k,)= g(K—ka)+g(k7“—kﬁ)+g(k7“+kﬂ),

V, Pk, .Ky) = (27) 2 [uik, —Kp) T (K, K, )k, f e LP[(T?)°]

£,(q) dynxmus =0 Hykraga allHUMaraH MUHMMYyMra 3ra OYIraHjIuru
yuyH xap o6up keU;(0) Ba z< €&, (K) na
1 1
1 J~ vZ(p-t)vZ(t—q)dt
27y’ E(t)-z

B(p,a;k,z) =
T3
UHTETPaj YCKJIH.

L**(T®) dazona B(K,z) uHTErpan omepaTtopHH KyHuaara Gpopmyiaa opKaIy
aHUKJIaMH3

B(k,2)f(p) = [B(p,q:k,2) f (a)da

Ocnamma 3. h(0) oneparop z<E,(0) =0 xoc KuitMaTra sra OYIUIIN y9yH

L**(T®) ¢dazona anuknanran B(0,z) onepartop yuyH 1 coHn Xoc KuitmaT 6y muim
Ba yHra moc i € Ker (I —B(0, z)) xoc pyHkus yayH
1

_ (v2y)(p) s
f(p)_é’o(p)—z 0.0. peT

dopmyna Ouman ammknmanran f ¢ymxmus L*°(T®) ¢asora xapamum 6ymumm
3apyp Ba erapiu. bynpman Ttamkapu, arap zZ<O0 Oynca, y xonma Kyiuaaru
TEHTJUKIIap YpuHIM OYnaau:

dim Ker (h(0) — zI ) = dim Ker (I —B(0, z)) Ba

1

Ker (h(0) — zI) = {f|f () = g’z(‘/)’)_(i w e Ker (I —B(0,2))}.

Tavpugh 2. Arap 1 conn B(0,0) oneparop yuyH (OutTa €kn OMp HedTa) X0C

KUiiMat O6yJica Ba yHra Moc i X0oc¢ QyHKIUS YUYH
1

2u)(-
(V l//)() & L2,e (T3)
£ 0 ()
myHocabat ypuniu, seau 1< dim Ker (1 —1B(0,2)) > dim Ker (h(0) —zl)+1 6¥ca,
y xoiaa h(0) oneparop HOJb SHEPTHSITN PE30HAHCTA AT JICHUITAIIH.
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Teopema 5. ®apa3 2 ypunmm, h(0) >0 Ba h(0) omeparop HOIB dHEPrUsIU

pe3oHaHcra sra 6yicun. Y xonna 6apua k e T. nap yuyn h(k) omepatop Myxum

cnekTpaan yana €rysun sirona z(K) xoc kuiimarra sra Oynaau. byrnan Tamkapu

Hob HyKTaHuHr mryHnait U (0) arpodu maexynku, 6apua k eU,(0) map ydyH

z(k) — ¢ynxuns mycoar Ba U(0) ma y3mykcus 6ynann.

(K)= min E(K;k,.,k;), E,(K)= max E(K;k, k;) 6yncun.
PR kg kgeT?

Teopema 6. H(K),K € T® omepaTopHHHI MyXUM CIEKTPU y4yH KyHuparu

mln

TEHIJIMK YPUHIIN:
Gess(H (K)) = U{O-d (h( p)) + E(K - p)}U[Emin (K)! Emax (K)]!
pe']T3
oynna o, (h(k)) — h(k), k € T° onepaTopHUHT TUCKPET CIIEKTPH.

o (H(K) = [J{oy (h(p) +&(K —p)} Ba

peT3
o2 (H(K)) = [y (K), Enp ()= [ {E(KK, k)3
K kpeTS

Tymiaminap Moc xXomma H(K) MyxuMm CHEKTpUHHHT WKKH 3appadaid Ba yd
3appavaniy KUCMJIapy JeUrIaan.

N(K,z) opxamu H(K), K eT® oneparopuunr z<r(K) maH yamgara xoc
KuimMatiapu coHuHu oenrunaiimus, 0ynaa 7(K) = inf o, (H(K)).

Ocnamma 5. Teopema 5 maptnapu 6axapuica, o, (H(0))=[0,E, ., (0)] Ba

0. (H(K))=[7(K),E, . (K)] Tenrnukmnap ypunnu Oynaau, OyHma xap Oup

K eTy yuyn 7(K)>0.

Teopema 7. Teopema 5 HuHT mmapmiapu OaxapwicuH. Y xonma H(0)
orepaTop MYXHMM CIEKTp KyHH 4erapacujaH dYarja 4eKCH3Ta XOC Kuimarra sra
oymamu Ba N(0O,z) dyHkums yuyH

n MO0 A
—-o|log|z|| 27
MyHocabat 6axkapwiany, OyHna A,
_ 8sinh 71/6
J3coshz/2

TEHTJIAMAHHUHT ATOHA MyCOaT CUUMH.
Teopema 8. Teopema 5 HUHT mIapTiapu OaxkapuiacuH. Y xonga Oapya

K eUJ(0) napna N(K,0) conu yexnu Ba Kyﬁmlam
N(K,0) _
|K|»o| log | K || T
ACUMIITOTHKA YPHUHIIN.
Ocnamma 6. h(0) omeparop manduii xoc KuiimMaTra sra Oyica, y xojaa

o, (H(K))=[z(K),E, (K)] Tenrmux Ypunm 6ymamu, 6ynna xap oup K eT®
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yayH 7(K) < 0. By Xonma y4 3appadanu oneparop Oy OyamMaran UKKU 3appadain
myxuMm crektpra ara Ba N(K,7(K)) < co.

Huccepranmsinuar  «llanakapagarm y4  3appavaau  Ilpeaunrep
onepaTopJapu Xo¢ KUHMATIAPUHUHT MABXKYAJIUTYA BA COHUHUHT YeKJIUIUTH
XaKuaa» 1e0 HOMJIAHYBYM TYPTUHUM 000MAa OMp Ba MKKM YIdamild MaHxapaja
KyDT-KypTH OUSIaH KOHTAKT TabCUPJIAIIYBUM yuTa OUp XU 3appadaiu (0030HIH)
cuctemara moc IlpeauHrep ornepaTOPUHUHI MYXUM CHEKTPUAAH dYarja Xoc
KUMMAaTIIapy MaBXyIJIUTH Ba YJIAPHUHT COHU YEKJIMJIUTH UCOOTIaHTaH.

TypruHur OOOHWUHr OupuHYM mnaparpadumaa OWp Ba HMKKU YiIdaMid
nanxapazaa Kypr-xyQTtu OunaH KOHTAKT TabCUPJIALIYBYM MUKKH Ba y4yTa OUp XHII
3appauanu cuctemara moc lllpeaunrep omeparopiapu UMIYIbC KYpUHHUIIHIA
tacBupaanaau. ®apa3 KWJIAMINK,

V(X, —X,) = 5Xﬂxy ,
OyHzaa 5Xﬂx — KpoHnekep cumBoiu.
/4

Wxku OO30HIM CUCTEMaHUHT KOHTAKT MOTCHIIUAILIN TabCUPJIANIYBUTA MOC
ukku 3appauamu h, (k), k e T Ilpeaunrep oneparopu L**(T") dasoma kyitumaru
dbopmyIia OuiaH aHUKJIaHA N

h, (k) = hy(k) + Av.
by epna

(vf)(p)—( R jf(q)dq, f el (1),

A<0 (A>0)- TopruiryBYn (I/ITapHmquH) 3appadajapHUHT  KOHTAKT
TabCUPJIAIIYB SHEPTHSICH.

Okopunarunex, yu 3appasamu H,(K), Ke T® onepatop Kyitunaru

dbopmyIia OuiaH aHUKJIaHA N
H,(K) = H,(K)+ AV, +V, +V,).

By epma H,(K),KeT® — L*[(T%)’] ¢asona dynximsara kymaitupuin

OIepaTopu:
(Ho(K)f)(p,a) = E(K; p.a) f(p,a), feLl*[(T°)°],
OyHna
E(K;p,q) = (K- p—0)+&(p)+£(a).

V=V,+V,+V, omepatop »sca L*°[(T%)’] dasoma (p,q)e(T")?

KoopnMHaTanapna

(Vi)(p.q) =

jfamm+ If&K—p—mm

1
(2 ) (2n)"

KYpHUHUILN/IA AHUKJIAHA/IH.
Teopema 9. Uxtuépuit A #0 ma H,(K) omeparopHHHr MyXuM CHEKTpU

yiyH

(27)°

Oessspec(H, (K)) = U{e () + £(K = K)HJIE min (K), Epa(K)]

ke']I‘
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tenriuk  ypumiu, Oynma €,(k) — h,(k), keT" onepatopHuHr sroHa Xxoc
KUHAMATH.
Uji0[P, (K)]={K e T* | K~ p,(K) < 6}~ p.(K)eT"  myxranmmr
0 = 0(K)— arpodu 6yicun.
H,(K) onepaTtop xoc KuiiMaTiapu COHUHUHT YEKJIWINTH, XOC KUHMaTIapu

Ba yiapra Moc OOFJaHTaH XOJATJIAPHUHT PETYJISAPJIMIH XaKWIaru KyHuaard
TEOpEMaA YPUHIIU.

Teopema 10. d =1,2 Ba A <0 6¥acun. Y xonma

1. llynnait 6 >0 maBxyxaku, 6apua K €U [0] map yuyn H,(K) oneparop
MYXUM CHEKTPH Ooo (H,(K)) nam wamma uexmura E, ,(K),....E, ;(K) xoc
KuiMatiapra sra.

2. H,(K) oneparopuunr E,(K), KeU 0] xoc xuiimatra Moc
Wie, (k) € L2°[(T?)?] xoc ¢ynkmmscu (p,q) < (T?)? 6yitmua perynsap. Bynnan
tamkapy, E,(-), K €U [0] xoc kuiiMaT Ba BEKTOp KMHMaTIIN

v, 1Us[0] = LIUL[0L [T’ K=, e

akcnantupum K € T 6¥itnua perymsp.
Ym6y 6oOHMHT acocuit Hatwkanapuman oupu 6ynran H,(K), K e T

orepaTop OOFJIaHTaH XOJIATIapy MaBXYTUTH XaKUIard TEOPEMAaH! KEITHPaMH3.
Teopema 11. d =1,2 6yicus.

1. bapua 1<0 Ba KeT‘ mapma H,(K) omepatop MyXuM CHeKTp TyGH

Towspec(H; (K)) man wanna E, (K) xoc kuiimarra sra.

2. bapua 1 >0 Ba K € T napna H,(K) omepaTop MyXuMm CHeKTp YHI YeTH
Tosspec(H; (K)) mam yurma E, (K) xoc kuiimarra sra.

Hamuowca 2. Erapnuya xatta | A >0 nap yuyH ukku 3appadanu h, Ba yu
3appadand H, raMWIbTOHHAHIIAP

[mkin e, (k),mlflxei (k)] Ba [mKIn EA(K),mé':IX EA(K)]

SIKKaJIaHTaH TapMOKJIH (T0JI0CaIn) CIeKTpiapra ara.
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XVJOCA

Huccepranms uimm mnamwkapajgard kKyhr-KybTtu OusaH Kucka Macodama
y3apo TabCUpJIALIYBYM WKKMA Ba y4yTa Oup Xui 3appadanu (depmMuoniap €Exu
0030HJIap) cHUcCTeMaiapra MOC HWKKM Ba yu 3appadanu lpeaunrep
OMEpaTOPJAPUHUHT MYXHMM Ba JIMCKPET CHEKTPJAPUHUA TAAKUK KUJIUIIra
OarvIIUTaHTaH.

TaAKUKOTHUHT aCOCUI HAaTWXKajJapu KyluaaruiapjaaH uoopar:

1. bup Ba uKkM ymyamiau THaHkapaaa KucKa Macodaaa TabCHpIAllyBUd
WKKUTa Oup Xui 3appadanu (pepmuonnm) cuctemara moc lpeaunarep onepatopu
VUYH PE30HAHC TYITyHYACH KUPUTHITAHIUTUHA TabKHUJJIAI )KOU3;

2. Wxtuépmii ymuamum naHXapaaa Kucka Macodaga TabCHUpIAIlyBUH
UKKHATa Oup xui 3appadanu (pepmuonnu) cucremara moc lllpenunrep onepatopu
MYXHM CIIEKTpUJAH TallKapuja XOC KUHUMaTIapyd MaBXKyJ OVIHWINMA IIapTiapu
TOMWITAHJIUTUHUA YBTUPO(] ITUIIT MYMKHH.

3. Uxtuépuii yaamiu [MaHXapaHUHT KYILLIHU TYT'YHJIApUa
TabCUPJIALTYBYM HWKKUTAa OWUp Xui 3appadanu (pepMHOHIM) cucTeMara MOC
[IpeaunHrep onepaTopu mapaMeTpiIapUHUHT Oapya KHiMaTiapuia Xoc KuiiMaTiap
COHHM Ba >KOWJIAIIYB YPHU TOMWITAHIUTHHYI KAl KUITUIIT JIO3UM.

4. Yy ymyamnu nawxkapazaa xxkypr-xypTa ounian Kucka macodanapa y3zapo
TabCUPJIALITYBYM Y4 3appadaiu (3appadanap 0030H OYJraH X0i) cucTemara Moc
[IpeauHTep ONMEPATOPUHUHT MYXUM CIICKTPHIAH YallJard XOC KUMaTjaapu COHU
Y4yH aCUMIITOTHK (hopMyIiaiap TOMUITAH.

5. VYu ynmuamim nanxapana xypr-xydTtu omnan kucka Mmacodanapaa yzapo
TabCUPJIALIYBYM YU 3appadaiu (3appadanap 0030H OyjaraH Xoi) cucremMara Moc
Ipequarep omeparopw YYyH CHCTEMa KBa3HUMITYJIbCHHHHT HONb HYKTa
atpoduaary HoifaH ¢apKiId KHMMaTiapuga MyXUM CHEKTPHIAH dYarjard Xoc
KUMMATJIapU COHUHHUHT YEKIIMIIUTY KYypPCaTUJIITaH.

6. bup Ba mkku ymuamiu mamxkapana KypT-xkypTtu Ownan Oup HyKTana
(KOHTaKT) TabCUpJANIYBUM Y4 3appaudanu cuctemara moc lllpenunrep oneparopu
MyXHM  CIEKTpHUJIaH  TallKapuaa XoC  KUWMATIapUHUHT  MaBXKYIJIUTH
MCOOTIAHTAHJIUTUHU YBTHPO( ITHUIIT KOU3.

7. bup Ba WMKKM Yayamid mamxapana KypT-xkypTtu Ownman Oup HyKTama
(KOHTaKT) TabCUPJANIYBUM Y4 3appadanu cuctemara moc lllpenunrep oneparopu
MYXHM CIIEKTPHJIaH Yarja X0C KHAMaTIapu COHMHUHT YSKJIHINTH KYpCaTHIITaH.
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BBE/IEHUE (aHHOTALMS IOKTOPCKOM JUCCEPTALMHI)

AKTYQJILHOCTb M BOCTPeOOBAHHOCTH TeMbl AMccepranuu. MHorouuc-
JICHHBbIE HAYYHO-IIPUKJIA/HbIE HCCJIEIOBAHUS, NPOBOJUMBIE B MHPOBOM YPOBHE,
[OKa3bIBAlOT, YTO BCIOAY B (PU3MKE YCTOWYMBBHIE CIO0XKHBIE OOBEKTHI OOBIYHO
oOpa3yroTcsi B pe3ysbTare JEHCTBUS CHUJ IPUTSHKEHUS,, KOTOpPbIE IO3BOJISIOT
COCTAaBHBIM YaCTSIM YMEHBIINUTh 3HEPTHIO MPU UX CBs3bIBaHUM. OIHAKO, TIOCIIEAHNE
ro/ibl YYEHBIMHM JIOKa3aHO, YTO B YNOPSAJOYEHHBIX CPEax YCTOMYMBBIE CIIOXKHBIE
OOBEKTBI MOTYT CYIIECTBOBATh AAXKE B CIIy4ae OTTAJKHUBAIOIIMX B3aUMOJICHCTBHA.
Monens boze-Xabbapaa, ucnonb3yemMblid Ui ONUCAHUS OTTAJIKUBAIOIIMX Map, T.€.
orepatop Illpenuurepa Ha pemieTke, SBIAETCS TEOPETUUYECKUM OOOCHOBAHHEM
AKCHEPUMEHTATIBHOTO HAOMIOJAEHHUSI M TEOPETHYECKOW 0a30il IS NpUMEHEHHS.
[loaTomy pasButue wuccnenoBanus omneparopoB lllpeauHrepa, cOOTBETCTBYIOLIMX
raMUJIbTOHUAHAM CHCTEM YaCTUI Ha PELIETKE, KOTOPhIE BCTPEYAIOTCS B MOJEISIX
(U3MKK TBEPAOro Teja, a TAKXKe PELIeTYaTOd TEOPHM MOJIA, SBJSIETCS OJHUM U3
IPUOPETHBIX HAIIPABJICHUIL.

B Hamieill ctpaHe B roabl HE3aBHCUMOCTH OOJIbIIOE BHUMAaHHUE YAETSETCS
HaIpaBJICHUSM, UMEIOLUM MPHUKIAIHOE 3HAYEHHUE, B YaCTHOCTH, 0COO0€ BHUMaHHE
ObUIO yzeneHO uccienoBaHuo oneparopoB lllpenuHrepa, COOTBETCTBYIOLIMX
raMAJIBTOHUAHAM CHUCTEM YAaCTUL[ Ha LEJIOYHCICHHOM pelIeTKe. 3HAuUuTENIbHBIC
pe3ynbTaThl ObUIM JOCTUTHYTHI 10 OIpPEICICHUIO YCIOBHM  CYIECTBOBaHMS
CBSI3aHHBIX COCTOSIHMI M UX YMCIIa BHE CYIIECTBEHHOIO CIEKTPa, a TAKKE MOPOrOBBIX
a¢dekToB  cyllecTBEHHOro  crektpa  Juisi  omepatopoB  Illpemunrepa,
COOTBETCTBYIOIIMX CUCTEMAM JBYX U TPEX YACTHUIL HA PEILETKE.

[lockoibKy, ciekTp cemerncTBa onepaTtopoB llpenrHrepa, cOOTBETCTBYOIIMX
raMUJIbTOHUAHAM CHUCTEM JIBYX M TPEX KBAHTOBBIX YACTHUI] Ha pEIIETKE, SBISETCA
JIOBOJIBHO YYBCTBUTEJIBHBIM K U3MEHEHHIO KBA3UUMITYJIbCA CUCTEMBI, BAXKHYIO POJIb
UrpaeT pelieHre mpooeM, OTHOCSIIMECS UCCIIEA0BAaHUN CIIEKTPOB ATUX ONEPaTOpPOB,
B YAaCTHOCTH, CYLIECTBOBAHME CBS3aHHBIX COCTOSHUI M OIPENEINUTh MX YUCIA JUIS
TPEXYAaCTUYHBIX JUCKPETHBIX orneparopos IlIpenunrepa. B cBs3u ¢ 3Tum peanusarys
LIEJIEBBIX HAYYHBIX MCCIIEJOBAHUI B CIEIYIOIIMX HAIIPABICHUSX SBJISIETCS OJHOW W3
BRXHBIX 3a/a4: MCCIEN0BaTh JTUCKPETHBIM crekTp omneparopos IlIpenunrepa,
COOTBETCTBYIOIIMX CHCTEMaM JIBYX OJMHAKOBBIX 4acTHIl (0030HOB WM (hEPMHUOHOB)
C TAapHBIMU KOPOTKO-JIEHCTBYIOIIMMM ITOTEHLUMAJIAMU HA PEIIETKE, yCTaHOBHTH
MIOPOTOBBIE SIBJICHUSI CYIIECTBEHHOIO CHEKTpa ISl ATUX ONEpaTropoB, IMOIYYUTh
acUMITOTUYEeCKHe (HOPMyJIbI Uil 4HCiIa COOCTBEHHBIX 3HAYEHUN TPEXYaCTUYHOIO
oneparopa Illpeaunrepa, COOTBETCTBYIOIIETO CHCTEME TPEX YacTUIl C MAPHBIMHU
KOPOTKOJICHCTBYIONIMMH TMOTEHIMAIAMU Ha TPEXMEpPHOM pelieTke, I0Ka3aTh
CYLIECTBOBaHHE COOCTBEHHBIX 3HAYEHHMH TpexyacTWyHoro omeparopa lllpenunrepa,
COOTBETCTBYIOIIETO CUCTEME TPEX YaCTHI] HA OJHOMEPHOM U JBYMEPHOM pelleTKax.
Hayunble wuccrnenoBaHus, NpPOBOAWMBIE B BBIIICYNOMS-HYTBIX HalpaBlICHUSX,
MOJITBEPKAAIOT aKTyaJIbHOCTh TEMBI JUCCEPTALIUU.

HccnenoBanuss JaHHOW JAMCCEPTALMM B OIPENETICHHOW CTENEHU CIIyXKaT
pemieHnto 3aaa4, YykazaHHbIX B llocranoBnenusix Ilpesugenta PecmyOmuku
V36ekucran Ne [1I1-436 ot 7 aBrycra 2006 rona «O Mepax 1o coBEp-IIEHCTBOBAHUIO
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KOOpAMHALMU U YOPABJIEHHUs Pa3BUTHEM Hayku U TexHonoruw», Ne II1-916 ot 15
utonst 2008 roga «O JOMONMHHUTENBHBIX MEpax MO CTHUMYJIMPOBAHUIO BHEAPEHUS
WHHOBAIIIOHHBIX IIPOEKTOB W TEXHOJIOTMHA MPOU3BOJICTBA» a TaKXKE B APYIHX
HOPMAaTUBHO-TIPABOBBIX aKTaX, OTHOCSIIMXCS K TAHHOW 00JIaCTH JeSTETbHOCTH.

CBs3b uccIeI0BAHNS K IPHOPUTETHBIM HANPABJICHUSIM PAa3BUTHS HAYKH
U TeXHOJIOTHil pecimy0uKHU. [[aHHOE HCCIeI0BaHUE BBIMOJIHEHO B COOTBETCTBUU C
NPUOPUTETHBIM HAIPABJICHUEM pPa3BUTHs HAyKH M TEXHOJNOTUH B PecmyOmuke
V36ekucran IV. «Maremarrka, MexaHuka v HHPOpMaTHKay.

O030p 3apyGe:KHBLIX HAYYHBIX HCCJCIOBAHMIE 1O Teme JHCCEPTAIHN .
Hayunble w#ccienoBaHHs 1O M3YYEHUIO CIEKTpa HENPEPBIBHBIX M JAUCKPETHBIX
oneparopoB Illpeaunrepa, a Taxxke Mmonaenu @Ppuapuxca, BEIyTCS B KPYIHBIX
HAYYHBIX [IEHTPAX W BBICIINX YYeOHBIX 3aBEJCHUSIX MHpa, B yacTHOCTH: B Universitat
Innsbruck (Asctpus), University of Missouri, Princeton University, Harvard
University (CIIA), Uuctutyte npobnem nepenaun uHdopmanuun PAH, Université
Paris Nord (®panmms), Kyoto University (Smonus), Universitit Bonn u Universitét
Mainz (I'epmanusi), Cankr-IletepOyprckom — oTnenenun  MaremaTudec-Koro
uncturyra PAH, MockoBckoM rocymapctBeHHOM — yHuBepcutere (Poccus),
University Roma and SISSA (Mramus), University of Basel, Universitit Ziirich
(IIseiitiapust), Universidade de Sdo Paulo (bpaswmus), University of Toronto
(Kanmama), Universiti  Teknologi Malaysia, Universiti Kebangsaan Malaysia
(Manaiizus).

B pe3ynbrare HaydHbIX UCCIENOBAHUM, MPOBEICHHBIX ISl CUCTEM YacTUIl Ha
ONTUYECKON pelIeTKe, IBYX M TpexX4yacTUUHbIX orneparopoB lllpeaunrepa, a Taxxke
mozenert Opuapuxca B MUpE PELLICHBI LEIbIA PsiJl aKTyalbHBIX 3a/1a4, B TOM YHCJIE,
MOJTyYEHBbI CIEAYIOIIME Hay4YHbIE pe3ysibTaThl: raMuibTOHMaH bose-XaOOapna, T.e.
muckpetHeii  omepatop  lllpenuHrepa,  ucnosib3yemblii 1T ONHMCAHUS
OTTAJIKUBAIOIIMX TMap, Oepercs B KauecTBE TEOPETHMUYECKOro OOOCHOBaHMS
AKCIEPUMEHTATILHOTO HAOMIOACHUS U JTOKA3bIBACTCS, YTO B YHOPSIOUEHHBIX Cpeaax
YCTOWYMBBIE CJIOXKHBIE OOBEKTHI MOTYT CYIIECTBOBaTh JaXe B  clydae
oTTalKkMBarommx B3aumozencTeuit (Universitat Innsbruck (Ascrtpus)); wu3ydeHa
3aBUCUMOCTh COOCTBEHHBIX 3HAUYEHWUH OT KOHCTAHTHI CBSI3U JUIA JIBYXYaCTUYHBIX
HETIPEPBIBHBIX M JIUCKpeTHBIX omeparopoB Ilpemurepa (Princeton University
(CIIA), University of Basel (IlIseiinapusi), CamapkaHaCKuii rocyaapCTBEHHBIN
YHUBEPCUTET); WCCIICJOBAHbI JIBYXYAaCTUYHbIC CBS3aHHBIC COCTOSIHUS TpaHchep-
MaTpuI] I0BOJBHO HIMPOKOTO Kacca THOOCOBCKUX IMOJIEH MPU BBICOKOW TEMIIepaType
(MuctutyT mpobiiem mepenaun uHdopmanuun PAH (Poccus)); wsydeHa mpupona
NOSIBJICHUSI CBSI3aHHBIX COCTOSIHMM JBYXYAaCTHMUHBIX KJIACTEPHBIX ONEpaTropoB Npu
MaJlbIX 3HAYeHUsX mapamerpa kiactepHoctu (MHctutyr mnpobnem mnepenadu
unpopmariu PAH (Poccus)); HaiieHsl ycnoBHs CYIIECTBOBAHUS COOCTBEHHBIX
3HAYEHU JABYXYAaCTHYHOIO JUCKPETHOro oreparopa llpenuHrepa ¢ Npor3BOJIbHBIM

2 0630p 3apybeXKHBIX HAYUHBIX HCCIEIOBAHHMH 1O TeMe mucceprammu: Letter nature doi:10.1038/nature04918,
Annals of Physics doi:10.1016/j.a0p.2004.09.010, Comm. Math. Phys. http://projecteuclid.org/euclid.
cmp/1104253518, Annales del'.H.P. Physique théorique. http://eudml.org/doc/76764, ®dyHKL. aHATK3 U €rO MPHIL.,
http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys. doi:10.1007/s00220-005-1454-y, Comm. Math.
Phys. http://projecteuclid.org/euclid.cmp/1103908588, Matem. c6opuuk http://mi.mathnet.ru/rus/msh/v136/i4/p567,
J. Funct. Anal. doi:10.1016/0022-1236(91)90038-7 Taxxe ObUIH HCCIIEAOBAHBI U APYTHE HCTOYHUKH.
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noreHmmanioMm (Universitit Bonn (I'epmanwmst), University of Missouri (CILA),
CamapkaHJICKUi TOCYJTapCTBEHHBIM YHUBEPCHUTET); Noka3aH 3Pdext Edumona s
TPEXYaCTUYHBIX HEMPEPHIBHBIX U JUCKPETHBIX orepatopoB Ilpeannrepa (dusuko-
texunyeckuii nHCTUTYT PAH, Cankr-IlerepOyprckoe otnenenue MaremaTuyeckoro
uactutyta PAH (Poccus), (Université Paris Nord (®panmms)), Kyoto University
(Anonus), unctuTyT Teopernueckor ¢usuku PAH (Poccus), Camapkaniuckuit
rOCyJapCTBEHHBI YHUBEPCHUTET); MOMyYeHA aCUMIITOTHKA JIJIsl YKMCa COOCTBEHHBIX
3HAYEHW, HAKAIUIMBAIOIIMXCS K JIEBOMY Kparm CYLIECTBEHHOIO  CIEKTpa
tpexuactuanoro oreparopa (Universitit Bonn (I'epmanms), Kyoto University
(Anmonwust), University of Toronto (Kananma), CamapkaHICKHil ToCyIapCTBEHHBIN
YHHUBEPCHUTET).

Ha MupoBOM ypoBHE OCYILIECTBIISIETCS PsiJi HAYYHO-UCCIIEN0BATENBCKUX PaboT
B NPUOPUTETHBIX HAMpABJICHUSAX I[I0 HWCCIEAOBAHUIO CIEKTpA M PE30HAHCOB
oreparopoB IllpenuHrepa cucTeM IBYX M TpPEX 4YaCTUI[ HA PEIIETKE, TAKHE Kak
HAXOXK/IEHUE YHCIIO M PACHOJI0KEHUE COOCTBEHHBIX 3HAYEHUH B 3aBHCHUMOCTH OT
pPa3sMEPHOCTH PELIETKH, SHEPIMHM B3aUMOJCHCTBHMS YaCTUL[ W KBa3UUMILYJIbCa
CUCTEMBI JIByX4YaCTUYHOro oreparopa llIpenuHrepa Ha pelIeTKe; HCCIIENOBAHUE
IIOPOTOBBIX SIBJICHWH CYLIECTBEHHOI'O CIIEKTpa 3TOr0 OIepaTropa, OIMCAHHE
CYLIECTBEHHOI'O CIEKTpa TpexdacTuyHoro onepartopa IllpennHrepa Ha pererke,
YCTQHOBJICHUE  CYIIECTBOBAHMS  TPEXYAaCTHUYHBIX  CBSI3aHHBIX COCTOSHUM U
UCCIICZIOBAHUE  CBOWCTB  COOTBETCTBYIOUIMX  COOCTBEHHBIX  (PYHKUMH  3THX
OIIEPaTOPOB.

CreneHb wu3y4eHHOCTH mpoOseMbl. OCHOBHBIC 33Ja4yd aTOMHOW U
MOJIEKYJIIpHOM ~ (PU3MKHM, (U3MKKM TBEPAOrO Tela, KBAHTOBOW TEOPUU OIS
NpUBOAATCA K u3ydeHuto onepatopoB lIpenunrepa. Haumbonee mnonHblid 0030p
pe3yabTATOB MO ATOM 00JaCTH COAEPIKUTCS B SHUMKIIONEAMH COBPEMEHHOU
MaTeMaTudeckoil ¢pusuku — yerbipextomuuke M. Puma u b. Caiimona. Onepatopsl
IpenuHrepa, COOTBETCTBYIOLIME CHUCTEMAaM 4YacTHLl Ha PpEUIETKE, BIIEPBbHIE
paccmarpuBamich B 90-x romax npouuioro Beka [.C. Martrcom, A.M1.MoruwisHepoM
U TI0CJIe YeTJ1 ucciieoBanus OypHO pa3BuiMch. B cinydae oneparopa Llpenunrepa Ha
pelIeTKe B MaTeMaTHYeCKOM CMBICIIE BO3HUKAIOT T€ XKe MPOOJIEMbI U TOT K€ MOPSIOK
UX U3Y4YEHHs, YTO U B Cllydyae HempepblBHOro omneparopa llpenunrepa. A UMEHHO,
CIIEAyeT CHayaja M3y4YHTh OJHOYACTUYHBIE ONEPATOPBI, a 3aTEM IBYX, TPEX M T.I.
yactuuHble omneparopbl lpenunrepa. 3amauv O CyIIECTBOBAHWU JUCKPETHOTO
CHEKTpa, a TaKXKE OIpeNeieHUsl MOPOrOBOr0 3HAYEHHS KOHCTAHThI CBSI3U IS
HEMPEPHIBHBIX M TUCKpPETHBIX orepaTopoB IlIpenunrepa, a Takxke st 0000IICHHON
monenu Opuapuxca uzydanuchk B padotax M. Knaysa, b. Caiimona, I'.M. I'pada, /.
[ITenkepa, P.A. ®@apua na Beura, E.JI. JlakmranoBa, P.A. Munnoca, C.H. Jlakaesa,
K. Maxkaposa u ap.

M3BECTHO, 4YTO C YMEHBIIEHUEM KOHCTAHTBl CBS3M 3HAYEHHE SHEPIUH
CB3aHHOT'O COCTOSIHMA JIByX4acTH4YHOro ormepartopa lllpeaunrepa mpuOmmxaercs
Kparo HEMPEPBIBHOIO CHEKTPa, U MPU HEKOTOPOM KOHEYHOM 3HAYEHHHU KOHCTaHTBI
CBSI3U MOMNAJaeT Ha Kpail. M3yueHunro Bompoca O COOTBETCTBUM 3TOMY MOPOrOBOMY
3HAQUEHUIO CBS3aHHOTO COCTOSIHMS WM BUPTYaJbHOTO YPOBHS MOCBSIIEHBI PaOOTHI
J.P. Sdaesa, [Ix. Payxa, b. Caiimona, M. Knay3a u C.H.Jlakaesa.
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C. Anbesepuo, C. JlakaeBbim, K. MakapoBsiM 1 3. MyMHUHOBBIM HaiiIeHbI
yCJIOBUS CYIIECTBOBaHMSI COOCTBEHHBIX 3HAYEHHUN JBYXYAaCTHYHBIX OINEPaTOPOB
[IpeanHrepa, acCOUMUPOBAHHBIX TAMUJIBTOHUAHOM CHUCTEMBI JBYX IMPOU3BOJIBHBIX
YaCTHIl Ha d - MEPHOM pPEIIECTKE 7%, d>3.

[losiBieHne  OECKOHEYHOTO  4YHcia  COOCTBEHHBIX  3HAUEHWM  JieBee
CYILIECTBEHHOT'O CHEKTpa TPEXUaCTHUHOTo onepartopa LlpeanHrepa npyu HEKOTOPBIX
yCJIOBUAX Ha TIOTEHIIMAJ BIepBbie Obul 0OHapyxkeH EduMoBbiM. ITOT 3pdexT Obu1
M3ydeH BO MHOTUX ¢usndeckux padorax aBtopoB J[.C. Martuc, A.M1.Moruibhep.
Ctporoe MaTeMaTH4YeCKOE JI0Ka3aTeIbCTBO cylecTBOBaHusA dPdexTta Edrmona ObLio
mpoBezicHO BriepBbie B padote J[.P. fdaera, a 3atem B padorax 0. OBunHHWKOBA,
NM. Curana, X. Tamypa. JI.P. SdaeB ycranoBun sddexr Edumona, ncnonn3ys
MeTOJl MHTerpanbHbIX ypaBHeHurd ®agneeBa. Omnako, FO. OBumHHHMKOB M M.M.
Curan MHTEpeCHBIM BapHALIMOHHBIM METOAOM ycTaHoBWIM 3¢ dekr Edumona mns
CUCTEM TPEX YaCTHII, U3 KOTOPBIX JABE TSIKENbIE, OJIHA JIETKas, B3aUMOJICHCTBYIOIINX
C TOMONIbIO ChEepPUYECKU-CHMMETPUYHBIX TMapHBIX MoTeHmanoB. X. Tamypa
UCTIOJNIB3YsI BAPHALIMOHHBIA METOJ JJ0Ka3al cyulecTBoBaHue 3pdexra Epumona, 6e3
OTPaHUYEHUsI HA MacChl YaCTUI, B3aUMOACHCTBYIOIIMX C TOMOIIbIO MapHBIX
HNOTEHLMAIOB (He 00s3aTeNbHO CPEepUUECK CUMMETPUYHBIX) B CiIydae, Korja Bce
JIByXYaCTHUUHBIEC TIOJICUCTEMBI UMEIOT BUPTYaJIbHBIM YpOBEHb B HyJie. B pabore A.B.
CoboseBa HailieHbl ACUMITOTHYECKUE (POPMYJIBI JIJISl YHCIa COOCTBEHHBIX 3HAYCHHM,
JeKalMX JIEBEE CYIIECTBEHHOIO CIEKTpa TPEXYAaCTHYHOTO  HENpPEPBIBHOTO
oneparopa [lpeaunrepa. B MHOro4aCTMYHOM Ciy4dae NEPBBIM HETPUBUAIBHBIN
pe3yNbTaT MO0 KOHEYHOCTH JTUCKPETHOrO crekTpa Obul momydeH JIk. Ymusmoid,
V3YYMBIIMM OJWH MOJCIBbHBIN TPEXYaCTUUHbIM TaMUJIBTOHUAH C KYJIOHOBCKUMHU
noreHuuanamu. I[Ipumensii ero merogq M.A. Antonen, I'M. Kucimn u U.A.
[epemeBckuil  yCTaHOBWIIM  PE3YJIbTATBl O KOHEYHOCTH JHUCKPETHOIO CIEKTpa
Pa3HBIX TPEXYACTHUYHBIX cUCTEM. KOHEUHOCTh TMCKPETHOrO CIEKTPa TAMUJIbTOHUHA
CUCTEMBI TPEX YacTUIl Ha EBKIHMIOBOM MPOCTPAHCTBE B OJJHOMEPHOM M JIBYMEPHOM
ciydyasx nokazana [.M. JKucnuneim. Brnepseie C.H. JlakaeBbiM a0Ka3aHO
cymiectBoBanue 3pdexra EpumoBa mayisi TpexyacTUUHOTO AMCKPETHOTO OrepaTropa
HlpenuHrepa,  COOTBETCTBYIOLIETO  CHCTEME  TPEX  OJMHAKOBBIX  YaCTHII,
B3aUMOJICICTBYIOIINUX C MOMOIIbIO MAPHBIX KOHTAKTHBIX MOTEHIIUAIOB MPUTSKE-HUS
pu GUKCUPOBAHHOM 3HAYCHUU KBa3UUMIyJbca cuctembl. B paborax C.H. Jlakaena,
KHW. AOnymmaea u 3.9. MyMmHHOBa TOJyY€HBl ACHMIITOTHKH [UIS 4HCIa
COOCTBEHHBIX 3HAYEHMM, JIeXKAIlUX JIEBEE CYLIECTBEHHOIO CIEKTpa Pa3HOCTHBIX
oneparopoB lllpeauHrepa, COOTBETCTBYIOIIMX CHCTEMaM TpEX YacTHI, B3aUMO-
JEHCTBYIOIUX C TIOMOINBIO TMAPHBIX KOHTAKTHBIX TMOTEHIIUAIOB  MPUTSHKEHUSI.
Koneunocts auckperHoro cnektpa omneparopa llpeauHrepa, COOTBETCTBYIOIIETO
CUCTEME TPEX 4YacTUll C MapHbIMU KOHTAKTHBIMHU MOTEHIMAJaMH Ha OJIHOMEPHOM
pereTke ycrtaHoBieHa M. MymuHoBbsIM 1 H. AnneBbIM.

CBsi3b TeMbl JHUCCEPTALMH € HAYYHO-HCCJIEJ0BATEIbCKMMHM PadoTaMu
BBICIIET0 Y4eOHOrO 3aBellcHMS, B KOTOPOl BBINOJHAETCH JAUCCEPTALHUS.
JuccepranmonHasi paboTa BBINOJIHEHA B COOTBETCTBHU C IUIAHOBOM TeMOW Hay4YHO-
UCCIIeIOBATENLCKUX paboT "['aMMIBTOHMAaHBI CHUCTEM HECKOJIBKMX 4YacTUI[ Ha
pemerke. Crnektp u pe3oHaHchl", Camapkanackoro otaenenus AH PY3 (QA-DI1-
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®045, 2007-2011 rr.); "Huzkosnepreruyeckue 3pdexTsl B cucteMax ABYX M TpeX
yactull Ha pemretke" Camapkanjckoro otaeneHus AH PY3 (OM-1-016, 2008-2009
T.); CHeKkTpajibHbIA aHAJIM3 TaMUJIbTOHMAHOB CHUCTEM C HECOXPaHSIOMIMMCS
OTpaHMYECHHBIM 4HciaoM yactull Ha peuietke (D4-OA-DO79, Camapkaniackuit
rocyaapcTBeHHbiil yauBepcutet 2012-2016 rr.).

Leabto ncciaenoBanmus sBISICTCS M3yYEHUE CYIIECTBEHHOTO M JIUCKPETHOTO
CIEKTPOB JBYX M TpexuyaCTHM4YHbIX omepartopoB lllpeaunHrepa, cooTBETCTBYIOLIMX
CHCTEMaM JIByX M TPeX OJWHAKOBBIX 4acTll ((hepMHOHOB MM OO30HOB) C TTAPHBIMU
KOPOTKO/ICHCTBYOLIMMH [MOTEHLIMAIIAMHU HA PELLIETKE.

3agauu UccJIeJOBAHUS

HATH YCIIOBHSI CYIIECTBOBaHHMsS COOCTBEHHBIX 3HAUYEHUH JBYXYaCTHYHOI'O
oneparopa lpenuHrepa, COOTBETCTBYIOIIETO CHUCTEME JIBYX OJIMHAKOBBIX YaCTHIL
(pepMHOHOB) C KOPOTKOACUCTBYIOIIMMHU MOTEHIIMATIAMHU ISl 000U pa3MEpHOCTH
PEILIETKY;

YCTaHOBUTH aHajor mnpuHiuna bupmana-llIBunrepa st AByX W Tpexyac-
TUYHBIX orieparopoB Llpeaunrepa Ha pemierke;

OIPENICIUTh YUCIO COOCTBEHHBIX 3HAUYEHUH M MOPOTOBBIX SIBICHUM CYIIIECT-
BEHHOI'O CIIEKTpa JBYX4YaCTH4YHOro ormeparopa llIpenuHrepa, COOTBETCTBYIOIIEIO
cucreMe JByX 4actull (()epMHOHOB) C MApHBIMU B3aMMOJCHUCTBUSIMU HA COCETHHX
y3J1aXx PEIIeTKH B 3aBUCHMOCTH OT SHEPrUM B3aMMOJCWUCTBHUS YACTUIl M TOJIHOTO
KBa3WUMITYJIbCA CUCTEMBI ABYX YaCTHII,

JI0Ka3aTh OECKOHEYHOCTh Ynciia cOOCTBEHHbIX 3HaueHuil (3¢ ekt Edumona) u
YCTaHOBUTHh ACUMINTOTHUKY JJIsi YHUCJIAa COOCTBEHHBIX 3HAUEHUN TPEX4aCTUUYHOIO
onepatopa lllpeauHrepa, COOTBETCTBYIOIIEIO CHUCTEME TpeX vacTuil (O030HOB) ¢
MAPHBIMH JIBYX9YaCTUIHBIMH KOPOTKOICHCTBYIONTUMH IMOTCHIIMATIAMHU Ha TPEXMEPHOM
pelleTKE;

YCTAHOBHUTH CYIIECTBOBAHME W KOHEYHOCTh YHMCIIa COOCTBEHHBIX 3HAYCHUUN
Tpex4acTH4HOro oneparopa llIpenuHrepa, COOTBETCTBYIOLIETO CHCTEME TPEX YACTHLL
C MapHBIMU JBYXYaCTMYHBIMA KOHTAKTHBIMH TOTCHIIMAJIaMHd Ha OJHOMEPHON Hu
JBYMEPHOM PELIETKAX.

O0bekT wuccaenoBanusi - omneparopbl IlpenuHrepa, COOTBETCTBYIOLIUE
cUCTEMaM JIBYX U TPEX YacTHI[ C MapHBIMU KOPOTKOICHCTBYIOIIMMH TTOTEHITH-aIaMU
Ha peIeTKe.

IIpeaMer ucc/ie0BaHusl - CIEKTPAIbHBIN aHAU3 JBYXYaCTUYHBIX OMepaTo-
poB Ilpenunrepa, COOTBETCTBYIOUIMX CHUCTEMaM JIByX OJMHAKOBBIX YaCTHII
(pepMuoHOB MM 0030HOB) Ha pelIETKE, Tpex4yacTHUHOro orneparopa [lpenunrepa,
COOTBETCTBYIOIIETO CUCTEME TPEX OJMHAKOBBIX YacTHI] (0030HOB) Ha PEILIETKE.

Metoabl uccaenoBanmsi. B jguccepranuM  MCHONB30BaHBl  METOJbI
MaTeMaTHYECKOro aHalln3a, MaTeMaTn4ecKor PU3nKH, GYHKIIMOHAILHOTO aHan3a 1
Teopur (HYHKITHI KOMIUIEKCHOTO MTEPEMEHHOTO.

Hayuynasi HOBU3HA HCCJIEOBAHUS 3aKITIOYACTCS B CIIETYIOIEM:

HAICHbl ~ YCJIOBUSl ~ CYLIECTBOBAaHMS ~ COOCTBEHHBIX  3HAYEHW  BHE
CYLIECTBEHHOI0 crieKTpa orneparopa llIpenuHrepa, COOTBETCTBYIOILETO CUCTEME JBYX
OJTMHAKOBBIX YaCTHII ((DEPMHOHOB) C KOPOTKOICHCTBYIOITIM TIOTEHITHAJIOM TIPH BCEX
Pa3MEPHOCTSX PELIETKH;
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JIOKa3aHa KOHEYHOCTh 4YHCla COOCTBEHHBIX 3HAYEHUII BHE CYLIECTBEHHOIO
cniekTpa oreparopa llIpenuHrepa, COOTBETCTBYIOIIETO CHUCTEME JIBYX OJIMHAKOBBIX
gactull ((epMHOHOB) ¢ KOPOTKOACHCTBYIOIINM MOTCHIIUAJIOM Ha PEIIETKE,

HalJCHO 4YHUCIO U PAaclojoKeHHE COOCTBEHHBIX 3HAUCHUH oOIeparopa
[IpeauHrepa, COOTBETCTBYIOIIETO CHUCTEME JBYX dYacTHIl ((hepMHOHOB), B3aUMO-
JCHCTBYIOIIUX Ha COCEIHMX Yy3JaX PEIICTKH IMPH BCEX 3HAYCHUAX ITapaMeTpOB
oreparopa,

MOJIyYEHbI ACUMITTOTUKH JIJIs1 YMCia COOCTBEHHBIX 3HAUCHUM, JICXKAIIUX JIEBEES
CYILECTBEHHOTO criekTpa oneparopa [lIpeaunHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX
gactur] (0030HOB) C MapHBIMH KOPOTKOJEHCTBYIOIIMMH TIOTCHIIMAJIAMHA Ha
TPEXMEPHOU PEILETKE;

MOKa3aHa KOHEYHOCTh 4YHCIa COOCTBEHHBIX 3HAUCHHUH, JICKAIUX JIeBee
CYILIECTBEHHOTO criekTpa oneparopa [lpeaunHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX
gactull (0030HOB) ¢ MAapHBIMM KOPOTKOACHCTBYIOIIMMH TOTEHIIMAJIAMUA  Ha
TPEXMEPHOM pEIIETKE MPU HEHYJEBBIX 3HAYEHHUAX KBAa3HMMMITYJIbCA B OKPECTHOCTH
HYJIS,

BIICPBBIC JIOKA3aHO CYIIECTBOBaHHWE COOCTBEHHOI'O 3HAYCHHUS oOlepaTopa
[IIpenuHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX YACTHUIl C MAPHBIMU KOHTAKTHBIMU
MOTEHI[MAJIaMH Ha OJJHOMEPHON 1 ABYMEPHOU pEIICTKAX.

IIpakTH4eckne pe3yJabTAaThl MCCIAEIOBAHUAA - COCTOAT B BO3MOXKHOCTH
MIPUMEHEHUSI BBIBOJIOB 00 aHATMTUYHOCTU CBSI3aHHBIX COCTOSIHUM MPHU UCCIICOBAHUU
KAUeCTBEHHBIX CBOMCTB  OKCIEPUMEHTAJILHBIX  HAOMIOJEHUNW U YHUCIICHHBIX
BBIUUCIICHUN B (PU3UKE TBEPJIOTO TeJla U KBAHTOBOM MEXaHHUKE.

JI0CTOBEPHOCTH Pe3yJIbTATOB HCCJIeI0BaHUsI 0OOOCHOBAaHA HCIIOJIb30BAHUEM
METOJIOB MaTEMaTHYECKOr0 aHajiu3a, MaTeMaTH4ecKon (pu3uku, (HyHKIMOHAIBHO-TO
aHaJIM3a U TEOPUHM (PYHKIMM KOMIUIEKCHOTO TMEPEMEHHOI0, a TaKXe CTPOTOCThIO
MaTEMaTUYECKUX PACCYKICHUU.

Hayynasi ¥ npakTuyeckasi 3HAYMMOCTb Pe3yJIbTATOB HCCJIEI0BAHUS.
HayyHoe 3HaueHMe pe3yabTaTOB MCCIICIOBAHUS 3aKI0YAETCS B TOM, YTO OHU MOT'YT
OBITh HCIIOJB30BAaHBI B CIIEKTPAIBHONW TEOPHUH CAMOCOMPSIKEHHBIX OIEPaTOPOB,
KBAaHTOBOM MeXaHUKe, (DU3HMKE TBEPJIOTO TeJla, KBAHTOBOM TEOPHH TTOJIS, B YACTHOCTH,
MIPU PEUICHUSIX 3a/1a4 CBS3aHHBIX CO CIIEKTPOM raMUJIBTOHUAHOB CHCTEM JIBYX M TPEX
YaCTHI] Ha PEIIETKE.

[IpakTHdeckoe 3HAYEHHE IUCCEPTAIMOHHOIO WCCIEAOBAHUS OMPEILIIeTCs
TEM, YTO TIOJy4yeHHbIE B paboTe Hay4yHbIe pPE3YyJIbTaTbl MOTYT CIIYXKHUTh
TEOPETUYECKONM OCHOBOW SKCIIEPUMEHTAIBHBIX HAOJIO/ICHUH, TPOBOAUMBIX B (PU3HKE
TBEPJIOTO TeJla M KBAHTOBOW MEXaHHUKE.

BHenpenue pe3yabTatoB ucciaenoBanusi. [lonydeHHble B JuccepTanyu
pe3ysbTaThl OBUIM KCIOJB30BaHbl B  CICAYIOIIMX HAYYHO-MCCIIEI0BATEIbCKUX
MPOEKTaX:

METOJIbI  ONpEJCICHUS 4YHClIa COOCTBCHHBIX 3HAUCHHWH  OIEepaTopoB
[IpearnHrepa, COOTBETCTBYIOIIMX CUCTEME JBYX YACTHUIl HA PEIIETKE UCTOIb30BaHbI B
UcclieoBaHusIX 3apyoesknoro npoekra QJ130000.2426.01G11 “Eigenvalue problem
for the two particle Schrodinger operataor on lattice” mns HEKOTOpBIX HIBYX H
TPEXYaCTUYHBIX JUCKPETHBIX oneparopoB llpeaunrepa. (YHUBEPCUTET TEXHOIOTHH

32



Manaiizus, cnpaBka ot 1 HosOpst 2016 roma). IlpumeHeHHMe 3THUX HAyYHBIX
pE3yabTATOB JIA€T BO3MOXKHOCTb HU3YyYUTh OCHOBHBIE CBOMCTBA JIBYXYaCTUYHBIX
OIEepaTopoOB U OIUCATh CYIIECTBEHHBIA CIEKTP T'aMUIbTOHHMAHA CHUCTEMBI TpeEX
YaCTUI] C PK30THYECKUMHU CTICIUAILHBIMU TTOTEHIATIAMU;

pe3ynbTaThl JUIs AMCKPETHBIX omepaTtopoB llIpenuHrepa, HCmoib30BaHbl B
HCCIIEIOBAHHUIX 3apy0eKHOTO IPOEKTa LRGS/TD/2011/UKM/ICT/03/02
“Investigations of the Roles of theThird Variables in Analysing Statistical relationship
functions” s o0oOmenHow wmoxemn Ppuapuxca panra oauH. (YHHBEpCUTET
Kebanrcaan Mamnaii3usa, cnpaBka ot 26 oktsaopst 2016 rona). IlpumeHenne 3THX
HAYYHBIX pPE3yJbTaTOB CIIOCOOCTBOBAJIO MONYYUTh PAAbl [1r0M30 A71s1 COOCTBEHHBIX
3HAUYEHHI 3TOr0 OIEepaTopa.

Anpodanusi  pe3yJbTaToB  HMccaeAoBaHusl. OCHOBHBIE  PE3YyJbTaThl
MCCIIEZIOBAHUS OOCYKIAINCh HA HAYYHO-TIPAKTHYECKUX KOH(PEPEHIUSIX, B TOM YHCIIE:
peciyOnuKaHcKoi KoH(epeHIHu Moioabix ydeHbix (Tamxkent, 2003 r., 2004 r.),
«duddepeHinanbuble  ypaBHEHUS C YaCTHBIMU IPOW3BOAHBIMU M POJICTBEHHBIC
npobnembl aHanmm3a u  uHPopMmartuku» (Tamkent, 2005 r1.), «CoBpeMeHHBIE
pooJeMbl MaTeMaTUYeCKON (U3MKU U MHPOPMAIIMOHHBIX TeXHONorui» (TalkeHr,
2005 r.), «OmneparopHbie anreOpbl U KBAaHTOBasi TEOpHsl BeposiTHOCTei» (TalkeHr,
2005 r.), «AxTyanbHble TIPOOJIeMbl MaTeMaTHueckoro aHanuzay (Yprend, 2012 r.),
«HekoppekTHble W HEKIACCHYECKHE 3aJladyd MaTeMaTUYecKOoro aHaliu3a |
Maremarmueckoii ¢mukm»y (Camapkann, 2012 r.), «International Seminar on
Mathematics and Natural Sciences» (Camapkann, 2013 r.), «CoBpeMcHHBIC
po6sieMbl AU PepeHIIMaTBHBIX YpaBHEHUHN U uX npuiioxe-uus» (Tamkent, 2013 1.),
«Heknmaccuueckue ypaBHEHUS] MaTeMaTU4ecKod (U3MKA M WX [PUIIOKEHUSD)
(Tamkent, 2014 r1.), «CoBpeMEHHBIE METOABl MaTeMaTHYeCKOW (U3MKH U UX
npuiokenus», (Tamkent, 2015 1.), «IV Congress of the Turkic World Mathematical
Society» (Baku, 2011), Tperuiéi MexayHapoaHblii Poc-cuiicko-Kaszaxckuit
cumnosuym (Hampumk, 2014 r.). BeicTyreHus u HOKIaabl MPOIUTH IHAPOKYIO
anpoGaruio.  Pe3ynpTaThl  HMCCIENOBaHHMM ~ OOCYKJAIMCh  HA  CEMHHApE
«MaremaTu4yecKuid aHaJIU3 M €ro IMPUJIOKEHUS B COBPEMEHHOM MATEMAaTHYECKOU
¢usuke» CamapkaHACKOTO TOCYIapCTBEHHOTO YHUBEPCUTETa, Ha CEeMHUHape
NuctutyTta npukinagHoi matematuku (yauBepcuteT boun, I'epmanus, 2004 r., 2007
r.), Ha peciyOIuKaHCKOM ceMuHape «OnepaTopHble alreOpbl U MX MPHIOKESHUS
WNucturyra Marematuku npu HarmonansHoMm yHuBepcurtere Y30ekucrana (2013 r.,
2016 r.), Ha TopoAcKoM ceMuHape «DyHKIIMOHAIBHBIN aHAIMK U €r0 MPUIIOKEHUI
Hanmonansaoro yauepcutera Y30ekucrana (2014-2016 rr.).

Ony0,1MKOBAaHHOCTH Pe3yJbTATOB MccienoBaHus. [lo Teme auccepranuu
ory0mMKoBaHO 41 Hay4HBIX padoT, M3 HUX 13 BXOIAT B MepeUeHb HAYYHBIX U3IaHHMH,
npeIoKEeHHBIX Briciieit aTrectaiinoHHoM komuccuen Pecryonvku Y30ekucTaH Ajis
3alUTHl JOKTOPCKUX JHUCCEPTaIlii, B TOM 4YHCJIe W3 HUX 6 OmMyOJMKOBaHBI B
3apyOEKHBIX JKypHaIax v 7 B PeCITyOIMKAaHCKUX HAYYHBIX U3AHHSIX.

O0bém um cTpykTypa amccepraunmm. Jluccepraiusi COCTOMT U3 BBEICHUSA,
YeThIpexX IJIaB, 3aKIIOUEHHS M CIHCKAa HCIOJb30BaHHOM suTeparypel. OO0beM
ccepTanuu coctapisieT 161 crpanuir.
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OCHOBHOE COIEP KAHUE INUCCEPTALINU

Bo BBegenumum 00OCHOBaHa akKTyaJlbHOCTh U BOCTPEOOBAHHOCTH TEMBI
JUCCEepPTallUM,  OMNPEIEIECHO COOTBETCTBHE  HMCCIEAOBAaHUS  MNPUOPUTETHBIM
HaIpaBJICHUSAM Pa3BUTUS HAYKHM W TEXHOJIOTHMH pecnyOuKH, TMpUBEACHBI 0030p
3apyOEKHBIX HAyYHBIX HCCIEAOBAHMM 1O TEMe JUCCEepTallMd U CTENEHb
U3YYEHHOCTH MPOoOJIeMbl, CHOPMYIUPOBAHBI LIEJIU U 3aJl1a4H, BBISIBJICHBI OOBEKT U
OpeAMET HCCIEIOBAHUS, W3JIOKEHBl HAayyHas HOBH3HA U MPAKTUYECKUE
pe3yJIbTAaThl  MCCIICIOBAHUs, PACKpbhITA TEOPETUYECKass H  IMPAKTHUYECKAS
3HAYMMOCTb MOJYYEHHBIX PE3YJIbTATOB, TAHBI CBEICHUS O BHEIPEHUU PE3YJIHTATOB
UCCIIEIOBaHMsI, 00 OMyOJIMKOBAHHBIX pab0Tax U O CTPYKTYpE AUCCEPTAIHH.

B mepBoil riaBe amccepranuu, Ha3BaHHOM «CleKTpaJibHbIEe CBOWCTBA
orpannyeHHbIX omnepaTopoB (IIpeaBapuTejJbHbIE CBeIeHHN)», TPUBEICHBI
HEOOXOJIUMbIC TPEIBAPUTEIIBHBIC CBEIACHUS, OCHOBHBIC TEOPEMBbI CIEKTPaTbHON
TEOPUU U TEOPUHM BO3MYIIICHUN CAMOCONPSHKEHHBIX OMEPaTopoB, KOTOPbIE OyAyT
VICIIOJIB30BAHBI IIPU U3JI0KEHUN OCHOBHBIX PE3YJIbTATOB JUCCEPTALUH.

Bropas rnmaBa nucceprauuu, Ha3zBaHHas «/(ByX4yacTH4YHBbIE OIEPaTOPbI
Ilpennnrepa, cOOTBETCTBYWINHME CHCTeMaM ABYX 4YacTull ((pepMHOHOB) HaA
pelieTKe», IMOCBSIIEHA MCCIEIOBAHUID CIEKTPAJIbHBIX CBOMCTB OIIEPATOPOB
[lIpenuHrepa, COOTBETCTBYIOIIMX CHUCTEME JBYX  OJWHAKOBBIX  YaCTHII
(bepMHOHOB) ¢ KOPOTKOACHCTBYIOIIMMH TOTEHIIMAIaMi Ha O -MEepHOW pelieTke
Z°, d>1. MUsydeHBI COOCTBEHHBIE 3HAUCHUS W TIOPOTOBBIC SBICHHSA
CYLIECTBEHHOI'O CIIEKTpa 3TOr0 ONEPATOpa B 3aBUCUMOCTH OT KBa3MHUMITYJIbCa
CHUCTEMBI.

Iycts 7" — d -MepHas nenouncienHas pemerka u (Z°)? — 1exapToBo IIpo-
mBenenne Z°. O603HaunM gepes (°[(Z°)’]— rumbOepToBO MPOCTPAHCTBO KBA-
paTUYHO-CyMMHpYEMBIX ~ (YHKIHMH, onpenenenHbix Ha (Z°)° m  depes
0**[(Z°)*1 < (’[(Z")?] - moAmpOCTPaHCTBO, COCTOSIIEE M3 AHTHCHMMETPHUHBIX
(yHKUUH.

CBoOoaHBI rammibTOHHAaH N, CHCTEMBI IBYX OJMHAKOBBIX YaCTHII

A

(bepMHOHOB) B KOOPJMHATHOM TMPEJCTABICHUH OIPEACISETCS OIepaTopoM,
JefCTBYIONIM B THIILOEpTOBOM mpocTpancTee £>2[(Z")?] mo dbopmyie

~ 1 1
hy=—A, +—A, _, 1
rae Axl =AQIl nu sz =1 ®A, a m>0 — macca ¢epmuoHa, | — eTUHUIHBIN

omepatop B mpoctpancTBe 1°(Z°) n ® TeH30pHOE mpom3BeneHNe. Pemreryarsiit

Jlarutacuan A — pa3sHOCTHBIN OIEPATOP, ONKCHIBAIOIIUM IIEPEHOC YACTULBI C y3JIa
Ha COCEIHUM y3€ll, T.€.

A)() =D )~y (x+8)], v el*(Z°),

Is|=1

rze |3 =‘s(1)‘+...+‘s(d)‘; s=(sY,...s") ez’
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FaMMIBTOHHMAH ~ CHCTEMBI  JABYX  (pepMHOHOB  (IBYXYaCTHYHBIM
raMuibToHMaH) H omuceiBaeT B3aMMOIEHCTBHE IBYX YacTHUIl B I'MJILOEPTOBOM
2 dy2
npocrpanctee /“*[(Z°)°] mo dhopmyie

~

h=h, -V,
rae V— omneparop yMHOXKEHUS Ha BEIIECTBEHHO3HAUHYIO (DYHKITHIO
V)%, %) =004 =X W (%, %), ¥ € C°[(Z°)°]) (@)

Venosue 1. Tlpenmonoxum, uto ¢yHkmms V(S)>0 uerna Ha Z° W

YAOBJIETBOPSCT YCIIOBUSIM
lim |S[?V(s)=0, mpu d =1, 2

|s|—o0
1

lim 152" 9(s) =0, npu d =3,

|s|—>o0

lim |s]°* 9(s) = 0,npu d >4,

[s|[—o0
rae & > 0— HEeKOTOPOe MOIOKUTEILHOE YUCIIO.
Iycte T — d- MepHEIT TOp, T.e. Ky6 (-7, 7] — ¢ COOTBETCTBYHOIIMM
OTOXKJICCTBJICHHEM MPOTUBOIOJIOKHBIX IpaHeil. OH paccMaTpuBaeTcs Kak abeiieBa
rpyIia, B KOTOPOH ONepaly CIOXKCHHUS U YMHOXCHHS Ha BEIICCTBEHHOE YHCIIO

BBEJICHBI KaK OTIEPALlMH CIOKEHHS U YMHO)KGHHS Ha BEIIECTBEHHOE uncio B R*
nmo momymo (27Z)', a L*(T%) — runs6epToBO NPOCTPAHCTBO KBAJPATUUHO-
MHTErpUpyeMbIX (yHKIMHA, ompemeneHHelx Ha T° n  L*°(TY) < L*(TY) -
OIPOCTPAHCTBO HEYCTHBIX (DYHKIIH.

[Tocne mnpeoOpazoBanuii Dypbe, BBIACICHUS TOJHOTO KBa3UUMITYJIbCa
CUCTEMBI JIBYX YaCTHIl Pa3JIOKEHUS B MPSIMOM OMEpaTOPHBIN MHTErpasi, U3yueHUe

CIIEKTpa raMWJIbTOHUAHA N CBOIUTCS K M3YYEHUIO CIIEKTpa CEMEHCTBA OMIepaTOPOB
h(k),k e T, meiicTByromux B rIsOepTOBOM TIpocTpancTee L°(T") mo dopmyre
h(k) = h, (k) —V. (3)
Hesosmymiennslii onepatop h,(K) ects oneparop ymHoxxenus Ha yHkuo &, (q)
B L*°(TY), T.c.
(LK) F)@) =E(@f(@), fel™ (T,

rac
=— ) (1-cos—cosg").
(@) mé} 5-c0sq")

Oneparop B3auMoAeHcTBUS (omepaTop BO3MYIIEHHUsS) V JEHCTBYET B
runs0epToBoM mpocTpancTee L°(T!) mo dopmye
(vf)(q) = (27) Iv(q —t)f(t)dt, f el>°(T).
Td
3nech

v(k) = (27)™ ) u(s)e'™?, (4)

SeZd
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rae (k,s) = Z?zlk”)s“), k=K. k"eT!, s=6%,..s5ez".
Ilpu BbmosmHeHuu ycnoBuss | Bo3MmymeHue V  omeparopa  h,(K)

NPUHAISKAT KIIACCY ONEpPAaTOPOB CO CIIEOM H CIIEAOBATEIBHO, U3 TEOPEMBI
Beiuis o cymectBeHHOM crekTpe cymecTBeHHbli crnektp o, (h(k)) omeparopa
h(k), onpenenennoro mo (3), coBnagaer co cnekrpom omneparopa h,(K). Tak kak
h, (k) ectp omeparop ymHOXeHHS Ha QyHKIHIO,

Toss (N(K)) = [€ i (K), € (K)],
e

8min (k) = mlg gk (q)’ gmax(k) = mag(gk (q)

qeT qeT
Sameuanue 1. Tpn k = (7, 7,...,m) € T® cylnecTBEHHEIH CIEKTp orepaTopa
h(k) BwIpoXkmaeTcs, T.e. MpeBpaIlaecTcs B TOYKY, M IO3TOMY MbI HE MOXKEM
yTrBepkaath, uto o, (h(K)) sBasercs abcomroTHO HEMPEpHIBHBIM TPH JIOOOM

keT?.

1
W3BecTHO, YTO MOJIOKUTETHHBIA KOPEHb V2 oreparopa V UMEeT BHI

(v2f)(p) = (27) 2| 2 (p—p)f(p)dp,

1 1
rie sapo V2 (p) ecth obpatHoe npeobpasoanue Dypre dyHkmu V2 (S), T.€.,

1 1 o
v2(p) = - Z\?Z(S)e'(p’s).
(2”)5 sezd

(k) (1 mna kaxmoro kK eT\(-z,7)" u

Jna kaxgoro Ke(-z,7)* n z<E

min

z<&,,,(K)) onpenenmum mHTerpanbHeii oneparop bupmana-llIsunarepa B(K,z) c
SAPOM
1 1
2 _ 2 _
B(k,z;p,s) = _[V (p—tVE(t=s)dt.
(2r) E M) -z

d
T
Ormernm, uto i moboro z<E&.,.(K) mmeer MecTto paBEeHCTBO
1 1

B(k,z) = v5r0(k, Z)V2? | rae I, (K, z)— pe3onbBenTa oneparopa h,(K).
Onpedenenue 1. Ilycte d=1 wim 2 wu BeIIONHSETCA YycioBue |.
[Ipennosoxum, 4TO0 ypaBHEHHE

B(O,0)y =y, 0=(0,...0) T¢
nMeeT HeHyseBoe pemrenme € L*°(T"). ByazeM rosoputh, 4to omeparop h(0)

MMEET PE30HAHC C HYJIEBOM DHEPTUEU, ECIIH
1

WD) , 20y
Ey(P) # LT,
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[Ipennonoxxum, 49rto BbIIONHAETCS YycnoBue 1. Torma crpaBenvBbl
CIEAYIOIINE TEOPEMBI:
Teopema 1. Tlycte d =1 unm d=2. Eciu oneparop h(0) mMmeeT pe3oHaHC C

HYJICBOM sHeprue win Z = 0 sBiseTcs cOOCTBEHHBIM 3HaUeHHEM omeparopa h(0),
to mius aroboro K #0 omepatop h(k) mmeer coOcTBeHHOE 3HadeHHeE, JIeXKalllee

JIeBe€ CYHICCTBEHHOTO CIIEKTA.
Teopema 2. Ilycte d>3. Ecim uncino z=0 sBasercs N— KpaTHBIM
cobcTBeHHBIM 3HaYeHHEM oreparopa h(0), To mis arodoro k #0 onepatop h(k)

UMEET He MeHee N COOCTBEHHBIX 3HAUYCHHH, JICXKAIIUX JIEBEe CYIICCTBCHHOTO
CTIEKTpa.

Teopema 3. Il mo6bix K € (=7, 7)* u d e N oneparop h(k) moxer umersb

JUIIIb KOHEYHOE YHCIIO COOCTBCHHBIX 3HAUCHUH, JICXKAIIUX JIEBEe CYIIECTBEHHOTO
CTIEKTpa.
3ameuanue 2. Tak xak BO3MYIICHHBIN omepaTop V moioxuteneH, h(k) He

MMeeT COOCTBEHHbIX 3HaueHuil npasee &, (K).

B maparpade 2 rnaBbl 2 pacCMaTpUBAETCS FAMUIBTOHHAH h, CUCTEMBI IBYX

dbepmuoHOB, mBIKYIHEXCA Ha O — MepHO# pemrerke Z°,d >1 u B3anMoseiicTBy-

IONUX Ha OJIMKAWUIIINX COCEIHUX Y3JIaX. Y CTaHOBJIEHBI YUCIIO U MECTOTOIOKECHHE
cOOCTBEHHBIX 3HA4YEHUM AByx4acTH4HOro omeparopa lllpenunrepa, accoruupo-

BAHHOTO C TaMUIBTOHMAHOM N, B 3aBHCHMOCTH OT MapaMeTPOB OMNEPATOpA: OT
3HAUYCHUN SHEPIHHM B3aWMOJICHCTBUA Ha coceAHux y3max x>0 u mosHoro
KBa3MMMITYIIbca cuctemsl K € TY,
[Ipenmnosioxkum, 4TO ONEPATOPHI ho u ¥ onpenesieHsl o gopmynam (1) u
(2), a pynkuus V uMeeT BHUI:
. L npu | X|=1,
V(x) =42
0 npu |x]#L
Torna omeparop BO3MYIIEHHS V SIBJISIETCS WMHTETPAIbHBIM ONEPaTOPOM
panra d >1, neifcTByronmM B runbOepToBoM npoctpancTe L*°(T?) mo dopmymne

d
(v)(@) = u(27)*> sing®” j sint® f (t)dt.
i=1 rd
3ameTum, 9TO byHKIHS E,(q) =&,(q?,q?,....9) uMeeT
HEBBIPOXKICHHBIH MHHUMYM B HyJI€ U MHBapHAHTHA OTHOCHUTEIILHO MEPECTAHOBKU

aprymentoB ®,0?....,q", cnenoarensHo uHTErpaN

sin“q” q
o &0(0)
CYIIECTBYET U HE 3aBUCHUT OT BbIOOpa | = 1_d .

IlycTh
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= (27)"( S?(q) dg)*,i=1,d.

OCHOBHBIM pe3yJbTATOM 3TOTO naparpa(ba SIBIIICTCS CIICIYFOIIasi TeOpeMa.
Teopema 4. ). Iycts 0< u < u,. Torma cymectByeT pasbuenue Topa T°,

T.€. HEMYCThIC MHOYKECTBA GS) 1 =0,d Takue, yro

- d .
GLI)WfJi) =@, | #j, j=0,d, UG,(,') :Td’
i=0

unpu keGY oneparop h, (k) He uMeeT COOCTBEHHEIX 3HAYCHMH JIeBEE TOPOTa

(k) cymectennoro cnexrpa; npu keG",1=1,d oneparop h, (k) umeer

m|n

TOJMBKO | COOCTBEHHBIX 3HAYCHHIA ZL')(k),I =1,] ¢ yd4eroM KpaTHOCTH, JieBee
nopora & . (K) u ZS)(k) >0,i=1,1.

b). Iycte = g4. Tpu d =1 mmm 2 omeparop h, (0) umeer d — kparHbIi
(0)=0. IIpu d >3 mopor &_.(0)=0
sBystercst d — KpaTHBIM COOCTBEHHBIM 3HauenueM oneparopa h,(0). s mo6bix

BUPTyaJlbHBI ypoBeHb Ha mopore &, min

deN u keT k=0 onepatop h ,(K) mmeet poBHO d COOCTBEHHBIX 3HAYECHMI
(k) u z¥(k)>0,i =1,d.

¢). Hycts 1> p,. Torma ansa mo6oro k e T omepatop h ,(K) nmeer posHO
(k). Tpu x> 4d

min

() i=1d
z,’(k),i=1,d c yuerom kpaTtHOCTH JIeBee nopora &

d co6ereennbix snauennii z(’(k),i=1,d nesee mopora &,

UMEET MECTO ZS) (k)<0,i=1,d.

B Tperbell rinaBe auccepTalid, Ha3BaHHONW «ACHMITOTHKA JJIA 4YHCIA
COOCTBEHHBIX 3Ha4YeHUH TpexyacTu4yHoro omneparopa Illpexunrepa Ha
pemierke», jaoka3zaH 3(pdexkr EdumMoBa M moONydeHBI ACUMOTOTUKHU ISl YUCIA
COOCTBEHHBIX 3HAYCHUH, JIekKAIIMX JIEBEE CYIIECTBEHHOTO CIEKTpa olepaTopa
[peauHrepa, COOTBETCTBYIOIIETO CHCTEME TpeX 4acTull (0030HOB) C MApHBIMU
KOPOTKOJICMCTBYIOIIMMHU TIOTEHIMAJIaMU Ha TpexMepHou pemerke. I[lokazana
KOHEUHOCTb 4HCJIa COOCTBEHHBIX 3HAUEHUM, JICKAIIMX JIEBEE CYIIECTBEHHOIO
CIIEKTpa MPU HEHYJIEBBIX 3HAYEHUSIX KBAa3UUMITYJIbCA B OKPECTHOCTH HYJISI.

B NEpBOM 1 BTOPOM naparpadax riaBel 3 guUccepTallid paccMaTPUBAIOTCS

A

oriepaTopbl h, H SHEpPrUH CHCTEM JBYX M TpeX 0030HOB Ha pemerke Z°,d >1,

B3aUMOJICMCTBYIOIIUX C MOMOIIBIO MAPHBIX KOPOTKOAEHCTBYIOIIMX IMOTEHIUAIOB
MPUTSHKEHUSI. DTU ONEpPaTOpbl OINKCHIBAIOTCS B UMITYJIBCHOM IMIPEACTABICHUU.
[Tocne BbIIENEHUS MMOJHBIX KBA3UUMITYJILCOB CHCTEM YacTHII, onepatopsl h, H B
MMITYJIbCHOM TIPEICTABIICHUM pPa3jiaraloTcs B TMpsMOUM uHHTerpain Helmana u

CBOJATCA K M3ydeHHIo cemeiicts oneparopos h(k), ke T, H(K), K eT’.
[Tycthb CI(Z)™]- TMJILOCPTOBO  IMPOCTPAHCTBO  KBaJAPATHIHO

CYMMHUpPYeMBIX ~(DYHKIH, ONpeeNeHHBIX Ha JeKapToBOM IIPOHM3BECHUH
(ZHY™,d=1,2,... u 1myers  (*[(Z*)"1<¢’[(Z°)"]  noampocTpaHCTBO
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CUMMETPUYHBIX  (YHKIIMH  OTHOCUTEIBHO  MEPECTAaHOBKU  JIOOBIX  JABYX
[IEPEMEHHBIX.
Omnepartop 5SHEPIUM CHCTEMBI JBYX CBOOOJHBIX OJUHAKOBBIX YaCTHIL

(6030HOB) ¢ Maccoii M=1 ma d-mepHOHl NemouncieHHoi pemerke Z° B
KOOPJIMHATHOM pe/ICTaBIICHUN aCCOLIMUPYETCS C OTpaHUYCHHBIM

CaMOCOMPSKEHHBIM orepaTopoM N, B runs6eproBoM mpoctpanctse (>°[(Z")%]:

h=ARI+1®A.

[TonHbIl TaMUIBTOHUAH CHUCTEMBl ABYX OJIMHAKOBBIX KBAHTOBBIX YaCTHII
(0030HOB) C JBYXYaCTHUYHBIMH KOPOTKOJCHCTBYIOIIUMHU B3aUMOAECUCTBUAMU V

neficTByeT B rUIB6epTOBOM mpocTpadcTee (>°[(Z°)*] m ABIseTCS OrpaHNYEHHBIM

BO3MYIIICHHEM CBOOOTHOTO FaMIJIbTOHNAHA Ny

A A

h=h,-V.
31ech
(9% %,) = 00K, =X W (%, %,), 97 € C[(Z°)]
Yenosue 2. DOyHKIHS v(s) - BCIIICCTBCHHO3HAYHAsl,  YeTHAasd,

HeOTpHIlaTeNbHas Ha Z° U yIOBIETBOPAET YCIOBUIO

lim [SI°7 9(s) =0, 6> %
|S|—)oo

AnasornyHo, omeparop osHeprun H, cucrembl Tpex CBOOOIHBIX

OJIMHAKOBEIX KBAHTOBBIX uacTHI (6030HOB) Ha d-MepHO# pemerke Z°
ompesienseTcs B ruIp6epToBoM npoctparctae £>°[(Z%)%] mo dpopmyme:

A

Hy, AR I Q1+ QAR T +1 ® 1 ®A.

Omnepatop sHeprun H MOTHOW CHCTEMBI TPEX OJWHAKOBBIX KBAHTOBBIX YaCTHI
(0030HOB) ¢ TApHBIMHM  JIByXYACTUYHBIMH  TIOTEHUManamu V=V, =V,

A

a, B,y =1,2,3 aBnsieTcsa orpaHU4eHHBIM BO3MYIIeHHEM oniepaTopa H:
A =H, -7,
3
e V=>V V =V, «=1,23- onepatop ymuoxkenus B (>°[(Z°)%],
i=1
OTpeIeNICHHBIN 10 (hopMyIie
V1) (%0 X, %) = V(X = X 7 (%, %, %), 47 € L2 [(Z°)°].

Oycte T =(-z,7]°—= d— wmepueii Top u L>°[(TY)"]< L’[(T*)"]-
MOJIITPOCTPAHCTBO CHUMMETPUYHBIX (DYHKIIMA, OMNPEICICHHBIX B JEKapTOBOM
npomssenenunn (T9)", meN.

[Tycte F — crangaptHoe npeoOpa3oBanue Dypbe
FAZ) - (T, [F(HI)= Y e t(x)
XeZd
¢ oOpaTHBHIM
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F(T) » A2, [F @0 = —— [ £ p(p)dp,

(27)?
u A= FAF" — npeobpasoparue Oypoe Jlammacuana A.

OtmeTtuMm, 94TO A SIBJISIETCS ONIEPATOPOM YMHOKEHUS Ha QyHKIHO £(-), T.€.

(Af)(k)=&(p)f(p), f el (T,
rac

d
£(p)= > (1-cosp®), p=(p®,...p*)eT".
i=1

JIByX4acTHUHBIA oOmeparop N TOJHOH CHUCTEMBI JIBYX YacTHIl (TIOJIHBIH
raMUIGTOHHAH) B HMITYJICHOM TpeAcTaBleHHH B mpoctpanctBe L°[(T?)?]
omnpenenseTcs no popmyie

h=h,-v.
Omepatop osHeprum h, cucrembl AByX CBOOOAHBIX 4dacTUIl (CBOOOIHBIN
raMHJIbTOHHAH) UMEET BH/T
h=A®1+1®A,
T.€. omeparop h, sBistercs oneparopom ymuoxenus Ha Gynknuio g(k,) +&(K,)

(YK, k) = (e(ky) + ek D (ks k), f e L [(T7)°]

NHTerpanpHbIi onepaTop V — ONEpaTop TUIA CBEPTKHU:

d
- 2 2, dy2

(vf)(k,, k,) = (27) ? I vk, —k,)o(k, +k, —k, =k, )f(k, Kk, )dk,dk,, fel*[(T°)],

(r)?
rne J() — nenra- gpynkims Jupaxa vHa T, a dynxmms V(K) ompenensercs uepes
psan @ypee (4).

TpexuactTuunblii omepatop H mogHON cUCTEMBbl Tpex YacTHll (MOJHBIN

raMUJIbTOHHAH) B WMIYJbCHOM  TPEACTaBICHUM  OMpENeNseTcsl  Kak
CaMOCONPSIKEHHBI OTPaHUYCHHBIM OMepaTop B TUILOEPTOBOM MPOCTPAHCTBE

L>*[(T)?] ro dopmyue:
H=H,-V,-V,-V,,
rae H, umeer Bun
H,=A®I Q1+ I QAR + 1 Q1 ®A,
T.€. omeparop »Hepruum H, cucreMbl Tpex CBOOOAHBIX YACTHUL[ SIBJIAETCA

3
OIepaTOpOM YMHOXKEHUS Ha (DYHKIIHIO Zg(ka) ;

a=1

(Ho £k ko k) = [3 6T (Koo ko),
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V, Pk ko ko) = (27) 2 [ w(k, k) x

(r9)3

x Ok, =k, )5k, +k, —k, —k,) f(kj,k;, ki)dk/dk,dk;, e L**[(T)°].
O6o3naunm uepes K=k +k,eT® coors. K=Kk +k,+k, €T’ osyx-

COOTB. MPexXuacmuyHbll K8A3UUMUN)JIbC.
ITycts L**(T?) < L*(T?)— HOAMPOCTPAHCTBO YETHHIX (PyHKIHMI. Pa3moxeHue

rins6epToBa mpoctpanctea L>°[(T?)?] coots. L**[(T?)*] B nmpsimoii nuTerpan
L2,s[(r]rd)2] — J.k y @ Lz'e(Td)dk
COOTB.
2,s dy\37 — 2,8 dy2
L[(T)]= |, ®L[(T*)]dK

BJICUET pa3jioKeHue oneparopa dHeprun h coorB. H B mpsiMoii nHTETpan

h= j @ h (k)dk (5)
COOTB. <
H = j ® H(K)dK (6)

B Ttpetrem maparpade TpeTheil TaBbl BBOJUTCS TOHSATHE pPE3OHAHCA C
HYJIEBOW 3HEPTUEN ISl IBYXUAaCTUYHOTO TUCKpeTHOro oneparopa Llpeaunrepa.

Iycts d =3. Crnoituslii oneparop h(k), keT®, B pasnoxeHuu B Opamoii

uaTerpan (5) yaurapHo >kBuBanenteH omneparopy h(k), k € T°, xotopslii nmeer
BU]I

h(k) =Ry (k) —v.

Omeparopsl h,(K) m Vv ompenenstorcss B THIBOEPTOBOM MPOCTPAHCTBE
L*¢(T°) mo dopmyme
(e () F)k,) =& (k) FK,), fel™(T),

rae

£ (k,) = g(g— kﬁ)+g(g+ K,)

(vf)(k,) = (27) 2 jv(kﬂ —k) f(ky)dk,, fel*(T).

CrolHBIN omiepaTop H~(K), K € T® B pasnoxenun B mpsiMoii uaTerpan (6)

yHuTapHo skBuBanentes oneparopy H(K), K e T®, u umeer Buj
H(K) = H,(K) =V, =V, =V,
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Omeparopsr H,(K) u V_ =V,o=1,2,3, onpexnensrorcss B TUIBOEPTOBOM
npoctpanctee L*°[(T°)?]1= L,(T®) ® L**(T°) u B xoopaunarax (K_,k 5) € (T%)?
HPUHUMACT CJICAYIOIICE MPEICTABICHHIE

(Ho(K) T)(k, . k,) = E(K;k, k) T (K, k,), | eLl*((T°)),

E(K;k

a!

ky)=e(K-k,) +g(%‘—kﬁ) +g(k7“+ Ks),

v, 1)K, k) = (27) 2 [uk, —kg) (K, K, )dk,, T e L#[(T%)]

Tax xak ¢ynkuus £, (q) UMeeT eAUHCTBEHHbIN HEBBIPOXKICHHBIIT MUHUMYM

B =0, ma xaxnoro K eU;(0) u z< €&, (K) urrerpan

min

1 J-v;(p—t)v;(t—q)dt

Blp.aik2) =15 % £.()-2

TB
KOHEYEH.
Onpenenum uaTerpanbHeii onepatop B(K,z) B L (T°) mo dopmyie

B(k,2)f(p) = [B(p,a:k,2) f (a)da.

3ameuanue 3. ScHo, uro omepatop h(0) mmeer coOCTBEHHOE 3HAYCHUE
2<&,(0)=0, T.e., Ker(h(0)—zl) 0, Torna u ToIbKO TOra, KOT1a KOMIIAKTHBIH
omepatop B(0,z) neiictByer B L>°(T°), mMeer coOCTBeHHOe 3Ha4yeHHE 1 M
cymectByet ¢pyakiusa i € Ker (I —1B(0, z)), uto dyHkuus f, onpeneiacHHas Mo

1
_ (v&y)(p)
f(p)=—+—
Eo(p) -1
npuragnexut B L2 (T%). B atom ciyuae f e Ker(h(0)—1zl).

Kpowme Toro, ecmu Z <0, Torma
dim Ker (h(0) — zI ) = dim Ker (I —B(0, z))

I.B. PEe€ T3,

1

Ker (h(0) — zI) ={f|f () = é"z(‘g)_(z w e Ker (I —B(0,2))}.

Onpeoenenue 2. Oneparop h(0) mMeer pe3oHaHC C HYJICBOH HDHEPrUHMA

(moporoBsiii), ecnu 1 coOcTtBeHHOe 3HadeHue onepatopa B(0,0) u s
COOTBETCTBYIOIIEH COOCTBEHHOM (DYHKIMH (HOPMAJIM30BAHHOW) i/ BBIMOJIHSAETCS

COOTHOIICHUC
1

V2)0) | 2e s
50(-) i (T )’

T.€.,
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1<dim Ker (I —1B(0,z)) > dim Ker (h(0) — zl ) + 1.

Teopema 5. Tlpeanonoxum, 4yto BeImojdHseTcs yciaoue 2. Ilycte h(0)
MMeeT pe3oHaHC ¢ HyseBoil sHeprueid m h(0)>0. Torma npu Beex keTy
ormeparop h(k) mmeer emMHCTBEHHOE TMOJOXHTEIHLHOE COOCTBEHHOE 3HAUCHHE
z(k), nexamiee JeBee CYIIECTBEHHOro crekTpa. Kpome Toro, cCymiecTByer
okpectHocTh Hyns U, (0), uro mpu Bcex K eU,(0) dynxmus z(K)— sBusercs
yeTHOH U1 HenpepbiBHOU B U ;(0).

[lycTs:

E.n(K)= min E(K,k,,k;), E ,(K)= max E(K,k,,k,).
ka,kﬂe’]l‘g ka,kﬂe’ﬂ‘g

Teopema 6. JIns cymectseHHOTO criekTpa omepatopa H(K), K eT® umeer
MECTO CIIE/IYIOIIee PaBEHCTRBO:

0 (H(K) = Lo (0(0) (K ~ DIFO LBy (K), Ep (K],
peT
rie o, (h(k)) nuckpernsrii cnextp onepartopa h(k), k e T°.
MHoxecTBO
GO (H(K)) = [Ep (K),Ene (K= | {E(KiK, K,)}
Ky kTS
(cooTs.
F2(H()) = U{os (n(p) + (K - D))
peT
Ha3bIBACTCS TPEXYACTUIHON YaCThIO (COOTB. JBYXYACTHYHOW YaCThIO) CYIIECTBEH-
Horo crniektpa H (K).

O6o3naunm uepe3 N(K,z) uyucimo coOCTBEHHBIX 3HAYEHUH omeparopa

H(K), K eT® nexamux nesee z < 7(K), rae
7(K) =inf o (H(K)).
3ameuanue 5. Ilpu TPEANONONKHUSIX TEOPEMBI O  BBIMOJHSIIOTCS

0.(H(0)) =[0,E,,(0)] n o (H(K))=[r(K),E,(K)], rone z(K)>0 nux
kaxxaoro K e’]l‘g’ .

Teopema 7. TIpeAmonokuM, 4To BBIIOJHEHBI yCiI0BUs TeopeMbl 5. Torma
ormepatop H(0) mmeer OeckOHEUHOE YKCIIO COOCTBEHHBIX 3HAYCHHH, JICIKAIIUX

JeBee HIDKHETO Kpas CyIIecTBeHHOro cmektpa, u g ¢yakiaua  N(O,z)
BBIITOJTHACTCSI COOTHOIIEHNE
N(0,z) _ A
m -—— -~
>-ollog | z|| 27
rae A, eIMHCTBEHHOE TTOJIOKHUTEIFHOE PEIICHHE YPaBHEHUS
8sinh 71/6
J3cosh/2’
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Teopema 8. IlycTb BBINOIHEHBI MPEAIOIOKEHN TeOpeMbl 5. Toraa mpu Bcex
K eUJ(0) uucno N(K,0) KOHEUHO U BBINOJIHACTCS CIEIYIOIIAs aCHMIITOTHKA
N(K,0) _ 4,
im-——-=—.
K-o|log | K| =
3ameuanue 6. Ecou omeparop h(0) mmeer oTpumartenbHOe COOCTBEHHOE
snagenue, 10 o, (H(K))=[z(K),E,_ (K)], tre 7(K)<0 s xaxmoro K eT®,

ess
B sroM ciyyae Tpex4yaCTHYHBIM OIIEpaTOp HMMEET HEMYCTOM JABYXYaCTHUYHBIN
cymectBeHHbIN criekTp 1 N (K, 7(K)) < oo,

B derBeproil rnaBe auccepranuy, Ha3BaHHONM «(O CylIeCTBOBAHMHM W
KOHEY-HOCTH YHCJIa COOCTBEHHBIX 3HAYeHHIl TPeX4YaCTHYHOIO OIeparTopa
IlpequH-repa Ha pelieTKe», J0KAa3aHbl CYIIECTBOBAHME M KOHEYHOCTh 4YHCIIA
COOCTBEHHBIX 3HAYEHUH, JIEKAIUX JIEBEE CYIIECTBEHHOIO CIEKTpa OIeparopa
[peauHrepa, COOTBETCTBYIOIIETO CUCTEME TPEX OAMHAKOBBIX YacTHIl (0O030HOB) C
MapHbIMU KOHTAKTHBIMHU MOTEHIIMAJIAMU Ha OJTHOMEPHOU U IBYMEPHOI penIeTKe.

B nmnepBom maparpade derBeprod riaBbl omnepatopsl IIpenunrepa,
COOTBETCTBYIOIIME  CHUCTEMaM  JBYX M  TpeX  OJMHAKOBBIX  YacCTHIL,
B3aMMOJICHCTBYIOIIUX € IIOMOLIBIO IAPHBIX KOHTAKTHBIX I[OTEHLHAJIOB
IIPEICTABISIECTCS B UMITYJIbCHOM IpeacTaBiieHud. ITycTs

V(X, —X,) = 5xﬁx7 ,
rae 5Xﬂx — cumBoa Kponekepa.
/4
JIByxuacTuunslii onepatop Ilpenunrepa h, (k), k e T, cooTeTcTByIOMmMIi
cucTeMe ByX 6O30HOB C KOHTAKTHBIM TOTEHIHMAnoM, AeiictByeT B L**(T?) mo

dbopmyie:
h, (k) = hy(K) + Av.

3nech
1 e
(VE)(P) = =5 [ F(a)da, fel*(T?),
(2n)" ),
A<0 (A>0)- oHeprus KOHTAKTHOTO  B3aUMOJCHCTBUS  MPUTSHKCHHS

(oTTanKMBaHMUS ) YACTHII.
Amnanorndso, Tpexyactuunblit onepatop H,(K), K e T, onpenensercs no

dbopmyie:
H,(K) =H,(K)+ AV, +V, +V,).

3necs H,(K),KeT?, neiicteyer B L**[(T")*] kak omepaTop YMHOXeHHs Ha

byHKIIHIO:
(Ho(K)F)(p,a) = E(K; p,a) f(p,q), feLl*[(T°)°],
rIe
E(K;p,q) = (K- p-0)+&(p) +£(q).
Omepatop V=V, +V,+V, neiicteyer B L*[(T")’] m B KoopammaTax
(p,q) € (T")? umeer Bux
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1 ! .
27y ) Tjd Fadts s Tjd F(tK - p—q)dt.

Teopema 9. s moboro A #0 cymecrBeHHslit cnekTp onepatopa H, (K)

(VH)(p.a) =5 [ F(p.)dt+

OIIpCACIIACTCA paBCHCTBOM

O-essspec(Hy(K)) = U{eﬂ (k) + ‘9(K - k)}U[Emm(K)’ Emax(K)] )
ker
rie €,(K) enuncTBeHHOE cobcTBEHHOE 3HaueHue onepaTopa h, (K), k e T,

Iycts U, 0[P (K)]={K e T | K - p,(K) |< 6} - 6 =0(K) -
okpecTHOCTH Touku P, (K) e T?.

CnpaBeyiiBa Teopema, YTBEpKIaroliass KOHEYHOCTh YHC]Ia COOCTBEHHBIX
3HadyeHuil onepatopa H,(K), a Taxxke peryiasipHOCTh COOCTBEHHBIX 3HAUECHUH U

COOTBETCTBYIOIIUX CBA3aHHBIX COCTOSHUI.
Teopema 10. ITycts d =1,2 u 4 <0. Torma

1. CymectByer 6 >0, uto mpu Bcex K €U [0] omeparop H,(K) mmeer
KOHEYHOE 4MCIO coOcTBeHHBIX 3Hadenumd E, ,(K),...E, ,;(K), nexammx nesee
HIKHETO Kpask CYIIECTBEHHOIO CIEKTPA O .. (H, (K)).

2. CBs3aHHOE COCTOSHHE WA’EA(K)(.,.)eLZ‘S[(Td)Z] onepatopa H,(K),
cooTBeTcTByMOIIee cobcTBeHHOMY 3HaueHuto E,(K), K eU,[0] perymspHo mo

(p,q) e(T%)>. Kpome Toro, cobcrBennoe 3Hauenme E, (), KeU 0] wu
BEKTOPHO3HAYHOE OTOOPAKCHHE

v, U101 = LIU,[0]; L*[(T)°T, K —=>W,e

Takxke perynspasi mo K e T°.
Chopmynupyem TeopeMy O CYIIECTBOBAaHUM CBSI3aHHBIX COCTOSIHUU

oneparopa H,(K), K e T, xoTopast SIBISETCS OJHUM M3 OCHOBHBIX PE3yJIbTATOB
ATOW TJIaBBHI.

Teopema 11. Ilycts d =1,2.

1. Tlpu Bcex A<0 u KeT’ omeparop H,(K) umeer cobcTBeHHOE

b
snauenne E,(K), nexamee nesee HmwKHEro kpast To..(H,(K)) cymecrsennoro

CTICKTpaA.
2. Tlpu Bcex A>0 u KeT omeparop H,(K) umeer cobcTBenHOE

snauenue E,(K), nexamiee npaBee BepxHero Kpas réssspec(H ,(K)) cymecrBenHOTO

CIIeKTpA.
Cneocmeue 2. Jlns nocratouno 6onbmoro | A| aByxuactuansiii h, (coots.

TPEX4aCTUYHBIN raMIIIBTOHHAH H ;) MMeeT U30IMpOBaHHbIH MOJIOCATHI CIIEKTP
[min e, (k). maxe, (] (min E, (K), max E, (K))).
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3AKJIIOYEHUA

JluccepranonHas paboTa MOCBAILEHA WCCIEIOBAHUIO CYIIECTBEHHOTO U
JUCKPETHOTO CIIEKTPOB JIBYX M TpexdacTW4HbIX oneparopos Illpeaunrepa,
COOTBETCTBYIOIIUX CUCTEMaM JIBYX U TPEX OJAMHAKOBBIX YacTHIl ((PEpPMHOHOB WU
0030HOB) € TAPHBIMHU KOPOTKOEHCTBYIOIMMHU OTEHIIMATaMH Ha PELLIETKE.

OCHOBHBIE pe3yJIbTaThl HCCIEAOBAHUSA COCTOSAT B CIEAYIOIIEM.

1. BBeneHo  moHsATHS  pe3oHaHca g omeparopa  llpeaunrepa,
COOTBETCTBYIOIIETO CHUCTEME JBYX OJMHAKOBBIX YacTUl ((PEepMHOHOB) C KO-
POTKOJAECMCTBYIOIIAM MOTEHIIMAJIOM Ha OJJHOMEPHOU U ABYMEPHOU pPEIIETKAX.

2. Halimenbl yclOBHSI CyIIECTBOBAaHUSI COOCTBEHHBIX 3HAUYCHHUU BHE
CYILLIECTBEHHOI'0 crekTpa omnepatopa llpeauHrepa, COOTBETCTBYIOIIETO CHCTEME
JBYX OJHMHAKOBBIX YacTHIl ((hepMHUOHOB) ¢ KOPOTKOJAEHCTBYIOIIUM IMOTEHIMAIOM
IIPU BCEX PA3MEPHOCTAX PELIETKH.

3. Halinensl 4Mcio U pacrnojioKeHHE COOCTBEHHBIX 3HAYEHMM omeparopa
HlpenuHrepa, COOTBETCTBYIOILIETO CHCTEME JBYX 4acTull ((pepMHOHOB),
B3aMMOJICHCTBYIOIIUX HAa COCEAHMX Y3J1aX pEIIEeTKH IIPU BCEX 3HAYCHUAX
apamMeTpoB OIEPATOPA.

4. [lonydyeHbl acUMNTOTHYECKHE (OPMYNBl s 4Kciaa COOCTBEHHBIX
3HAYEHHH, JIe)KAIUX JIEBEE CYLIECTBEHHOTo crekrpa omneparopa IllpenuHrepa,
COOTBETCTBYIOIIETO  CHCTeME Tpex  dyacTull (0030HOB) C  MapHBIMHU
KOPOTKOJICWCTBYIOIMMHU IMOTEHI[MATIAMHU Ha TPEXMEPHOU PEIIETKE.

5. IlokazaHa KOHEYHOCTh YHCJIa COOCTBEHHBIX 3HAUCHHUH, JICIKAIIUX JICBEE
CYILLIECTBEHHOr0 crekTpa omnepatopa lpeauHrepa, COOTBETCTBYIOIIETO CHCTEME
Tpex yactull (0030HOB) C MapHBIMU KOPOTKOJEHCTBYIOUIMMHU IMOTEHIMAIaMU Ha
TPEXMEPHOU pelIeTKe MPU HEHYJIEBBIX 3HAUEHUSX KBA3HMUMITYJIbCa B OKPECTHOCTH
HYJIA.

6. BriepBeie 10Ka3aHO CyIIECTBOBAaHWE COOCTBEHHOTO 3HAYEHUS BHE
CYILLIECTBEHHOIr0 crekrpa omneparopa llpeauHrepa, COOTBETCTBYIOIIEIO CUCTEME
TPEX YaCTULl C NApHBIMA KOHTAKTHBIMM IOTEHIMAJIAMM Ha OJHOMEPHOM U
JBYMEPHOM pElIETKaX.

7. YcTaHOBJIeHA KOHEYHOCTh 4YHCJIa COOCTBEHHBIX 3HAYEHUH, JexXalux
JEeBEeEe HIDKHEr0 Kpas CyLIECTBEHHOro crekTpa onepatopa [lpenunrepa,
COOTBETCTBYIOILIETO CHCTEME TPEX YacTUL C MapHbBIMH KOHTAaKTHBIMHU
IIOTEHIIMaJIaM1 Ha OJJHOMEPHOU U IBYMEPHOU PELIETKAX.
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INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Numerous scientific
and applied researches conducted around the world show the following fact:
throughout physics stable composite objects are usually formed by way of
attractive forces, which allow the constituents to lower their energy by binding
together. Repulsive forces separate particles in a free space. However, in recent
years scientists have proved that in a structured environment such a periodic
potential and in the absence of dissipation, stable composite objects can exist even
for repulsive interactions. The Bose-Hubbard models, which have been used to
describe the repulsive pairs, i.e. the Schrodinger operators on lattices is the
theoretical basis for the experimental observations and applications. In this regard,
the study of Schrodinger operators, associated to Hamiltonians of systems of
particles moving on lattices, which appear in models of solid state physics and
lattice field theory, is one of the priority areas of science.

In our country in the years of independence, a great attention has been paid
to scientific areas having a practical importance; in particular, a great emphasis has
been placed on study of Schrédinger operators associated to Hamiltonian of a
system of particles moving on integer lattices. Significant results have been
achieved in finding conditions for the existence of bound states and for their
number, the energy of which is located outside the essential spectrum, and also to
the threshold effects of the essential spectrum for Schrodinger operators, associated
to systems of two and three particles on lattices.

Since the spectrum of the family of the Schrodinger operators appears quite
sensitive to a change of the quasi-momentum of system, solving problems related
to the spectrum of these operators, in particular, to prove the existence of bound
states as well as to determine their number depending to the quasi-momentum of
system, for three particle discrete Schrodinger operators is of highly importance. In
this regard, the implementation of investigations in the following directions is one
of the main problems: to investigate the discrete Spectrum of the Schrodinger
operator corresponding to a system of two identical particles (bosons or fermions)
with short-range pair potentials on lattices; to establish the threshold phenomenon
of the essential spectrum for these operators; to obtain an asymptotic formula for
the number of eigenvalues for the three-particle Schrodinger operator associated to
a system of three identical particles on the three-dimensional lattice with a short-
range pair interaction; to show the existence of eigenvalues of the three-particle
Schrodinger operator associated to a system of three identical particles on lattices
of dimensions one and two. Many research activities carried out in the
aforementioned scientific areas all around the world exhibit a great interest and
motivation to the topic of dissertation.

The research conducted in this thesis corresponds to the tasks specified in
the Decree of the President of the Republic of Uzbekistan Ne PD-436 on August 7,
2006 “On measures to improve coordination and management of the development
of science and technology”, No. PD-916 from July 15, 2008 “On additional
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measures to stimulate innovative projects and technologies” and other normative
and legal acts relating to the fundamental sciences.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

A review of foreign scientific research on the theme of the dissertation®.

Studies of the continuous and discrete spectrum of the Schrédinger operator,
and the Friedrich's model, conducted in major scientific centers and universities of
the world, in particular: in the Universitit Innsbruck (Austria), University of
Missouri, Princeton University (USA), Institute for information transmission
problems of the Russian Academy of Sciences, Universit¢ Paris Nord (France),
Kyoto University (Japan), Universitit Bonn and the Universitat Mainz (Germany),
St. Petersburg Department of the Mathematical Institute of Russian Academy of
Sciences, Moscow State University (Russia), University Roma and SISSA (ltaly),
University of Basel, Universitdt Ziirich (Switzerland), Universidade de Sao Paulo
(Brazil), Universiti Teknologi Malaysia, Universiti Kebangsaan Malaysia
(Malaysia).

As a result of scientific research conducted on a system of particles in the
optical lattice, for the two and three-particle Schrodinger operators, as well as
Friedrichs' models a number of problems have been solved; in particular: Bose-
Hubbard Hamiltonian, 1.e., the discrete Schrodinger operator, which is used to
describe the repulsive pair is a basis of experimental observations and
applications, where it is proven the existence stable objects for repulsive
interactions in a structured environment and in the absence of dissipation
(Universitat Innsbruck (Austria)); the dependence of the eigenvalues to the two-
particle coupling constant for continuous and discrete Schrodinger operators has
been studied (Princeton University (USA), University of Basel (Switzerland),
Samarkand State University); the bound states of the transfer matrices for a wide
class of Gibbs fields at high temperature have been explored (Institute for
Information Transmission Problems of the Russian Academy of Sciences
(Russia)); the nature of appearance of bound states of the two-particle cluster
operator for small values of the parameter of clustering is studied (Institute for
Information Transmission Problems of the Russian Academy of Sciences
(Russia)); the conditions for the existence of eigenvalues of the two-particle
discrete Schrodinger operator with arbitrary potential have been found (Universitit
Bonn (Germany), University of Missouri (USA), Samarkand State University); the
existence Efimov’s effect for the continuous and discrete three-particle
Schrodinger operators is proven (University of Toronto (Canada), St. Petersburg
Department of the Steklov Institute of Mathematics, RAS (Russia), University of

* Review of foreign scientific research on the topic of the dissertation: Journal of Approximation Theory, Applied
Letter nature doi:10.1038/nature04918, Annals of Physics doi:10.1016/j.a0p.2004.09.010, Comm. Math. Phys.
http://projecteuclid.org/euclid. pp/1104253518, Annales del'l.H.P. Physique théorique. http://eudml.org/doc/76764,
Func. anal and its apl., http://mi.mathnet.ru/rus/faa/v27/i3/p15, Commun. Math. Phys. doi:10.1007/s00220-005-
1454-y, Comm. Math. Phys. http://projecteuclid.org/euclid.cmp/1103908588, Math. collec http://mi.mathnet.ru/
rus/msb/v136/i4/p567, J. Func. Anal. doi:10.1016/0022-1236(91)90038-7
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Sussex, Brighton, (United Kingdom), Kyoto University (Japan), Institute for
Theoretical Physics of the Russian Academy of Sciences (Russia), Samarkand
State University); an asymptotics for the number of eigenvalues accumulating to
the left edge of the essential spectrum for the continuous and discrete three-
particle Schrodinger operators has been obtained (University of Sussex, Brighton
(United Kingdom)), Universitit Bonn (Germany), Kyoto University (Japan)) ,
Samarkand State University).

Also there are a number of research projects in priority areas for the study of
the spectrum and resonances of the Schrodinger operators of systems of two and
three particles on lattices: to study the location of the eigenvalues depending on the
lattice dimension, the interaction energy of the particles and the quasi-momentum
of system of the two-particle Schrodinger operators; to explore the threshold
phenomenon of the essential spectrum for the two-particle Schrodinger operator; to
describe of the essential spectrum for the three-particle Schrodinger operators on
lattices; to establish the existence of bound states and to study their analytical
properties of the two and three-particle Schrodinger operators.

The degree of scrutiny of the problem. The main problems of the atomic
and molecular physics, solid state physics, quantum field theory leads to the study
of the Schrédinger operators. We refer to the four-volume encyclopedia of modern
mathematical physics of M. Reed and B. Simon for more comprehensive overview
of the results in this area. The Schrodinger operators corresponding to particle
systems on lattices was considered for the first time in 90-ies of the last century by
D.S. Mattis, A.l. Mogilner and then the related research has evolved rapidly. From
the mathematical point of view in the theory of the lattice Schrodinger operators
the same problems and the same order of study can be observed as in the theory of
continuous Schrodinger operators. Namely, it is necessary to understand first the
one-particle case, then two, three, etc. particle lattice Schrodinger operators. The
problems of existence of a discrete spectrum, as well as the determination of the
coupling constant threshold for continuous and discrete Schrodinger operators has
been studied by M. Klaus, B. Simon, G.M. Graf, D. Schenker, R.A. Faria da
Veiga, E.L. Lakshtanov, R.A. Minlos, S.N. Lakaev, K. Makarov and etc.

It is known that with a decrease of the coupling constant the energy of a
bound state of a two-particle Schrédinger operator becomes close to the edge of the
continuous spectrum, and sometimes it attains the edge for some finite value of
coupling constant. The study the problem of whether this threshold of the essential
spectrum is a bound state or a virtual level has been devoted several papers of D.R
Yafaev, J. Rauch, B. Simon and M. Klaus, S.N. Lakaev.

Unlike the continuous Schrodinger operators the discrete Schrodinger
operators non trivially depend on the quantity so-called quasi-momentum
(analogue of the momentum in the former case). S. Albeverio, S.N. Lakaev, K.A.
Makarov and Z.E. Muminov have found conditions for the existence of
eigenvalues of the two-particle Schrodinger operator, associated to the
Hamiltonian of a system of two arbitrary particles on lattice, depending on the
guasi-momentum.
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The existence of infinite number of eigenvalues lying below the essential
spectrum of the three-particle Schrodinger operator under certain conditions on the
potential has been first discovered by V. Efimov. A rigorous mathematical proof of
the existence of the Efimov effect was first proved by D.R. Yafaev using the
Faddeev integral equations method. Later Yu.Ovchinnikov and I.M. Sigal have
proved the Efimov effect using an interesting variational method for a system of
three particles, two of which are heavy and one of them is light, interacting via
spherically symmetric pair potentials. H. Tamura proved the existence of Efimov
effect, using the variational method, without restriction on the mass of particles
Interacting via the pair potentials (not necessarily spherically symmetric), when all
the two-particle subsystems have a virtual level at zero. A.V. Sobolev has found
an asymptotic formula for the number of eigenvalues lying below the essential
spectrum of three-particle continuous Schrédinger operator. In multi-particle case
the first nontrivial result on the finiteness of the discrete spectrum has been
established by J. Ushiyama for a model of the three-particle Hamiltonian with
Coulomb potentials. Using the method of Ushiyama M.A. Antonets, G.M. Zhislin
and L.A. Shereshevskii have established results on the finiteness of the discrete
spectrum of different three-particle systems: for instance the finiteness of the
discrete spectrum of a system of three-particles moving on Euclidean space of
dimensions one and two, has been proven by G.M. Zhislin.

In case of the discrete Schrodinger operators, the existence of the Efimov
effect for the discrete three-particle Schrodinger operator, associated to a system of
three-identical particles interacting via zero-range attractive pair potentials was
first proved by S. N. Lakaev using the Faddeev integral equations method for the
fixed value of the quasi-momentum of the system.

In the works of S. Albeverio, S.N. Lakaev, Z.I. Muminov and S.N. Lakaev,
J.I. Abdullayev an asymptotics for the number of the eigenvalues lying below the
essential spectrum of the Schrédinger operators associated to the systems of three
arbitrary and identical particles interacting via pair attractive zero-range potentials
have been established. The finiteness of the discrete spectrum of the discrete
Schrodinger operator corresponding to a system of three particles on one-
dimensional lattice, interacting via pair zero-range attractive pair potentials has
been established by N. M. Aliev and M. E. Muminov.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work is
done in accordance with the planned theme of scientific research “Hamiltonians of
systems of multi-particles on lattice” Samarkand branch of Uzbekistan Academy
of Sciences (FA-F1-F045, 2007-2011); “Low-energy effects in the systems of two
and three particles on lattice” of Samarkand branch of Uzbekistan Academy of
Sciences (FM-1-016, 2008-2009); Spectral analysis of Hamiltonian of a systems
with non-conserved limited number of particles on lattice (F4-FA-F079,
Samarkand State University, 2012-2016).

The aim of the research is studying the essential and discrete spectrum of
two and three-particle Schrodinger operators associated to a system of two or three
identical particles (bosons or fermions) with short-range pair potentials on lattice.
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Research problems:

to find conditions for existence of eigenvalues of two-particle Schrodinger
operator associated to a system of two identical particles (fermions) with a short-
range potential in any dimensional lattice;

to establish an analogue of the Birman-Schwinger principle for two and
three-particle Schrédinger operators on lattice;

for the two-particle Schrodinger operator associated to a system of two
particles (fermions) with pair interactions on neighboring sites of lattice to
determine the number of eigenvalues and threshold phenomena of the essential
spectrum depending on the interaction energy of the particles and the total quasi-
momentum of the system of two particles;

to prove infiniteness of the number of eigenvalues (the Efimov effect) and to
establish the asymptotic behavior of the eigenvalues of the three-particle
Schrodinger operator associated to a system of three particles (bosons) with pair
two-particle short-range potentials in the three-dimensional lattice;

to establish the existence and finiteness of the number of eigenvalues of
Schrodinger operators associated to a system of three particles with a pair two-
particle zero-range potential on the one and two-dimensional lattices.

The research object - Schrodinger operators associated to systems of two
and three particles on lattice interacting via short-range pair potentials.

The research subject - spectral analysis of two-particle Schrodinger
operators associated to systems of two identical particles (fermions or bosons) on
lattice, the three-particle Schrodinger operator associated to a system of three
identical particles (bosons) on lattice.

Research methods - methods of mathematical analysis, mathematical
physics, functional analysis and complex analysis.

The scientific novelty consists of the following:

the conditions for existence of the eigenvalues outside the essential spectrum
of the Schrodinger operator associated to a system of two identical particles
(fermions) with a short-range potential in all dimensions of the lattice is found;

the finiteness of the number of eigenvalues lying outside of the essential
spectrum of the Schrodinger operator associated to a system of two identical
particles (fermions) with a short-range potential on lattice is proved;

the number and location of eigenvalues of Schrodinger operator associated
to a system of two particles (fermions), interacting on neighboring sites of lattice
for all values of the parameters of the operator is determined,;

the asymptotic behavior of eigenvalues lying below of the essential spectrum
of the Schrodinger operator associated to a system of three particles (bosons) with
short-range pair potentials in the three-dimensional lattice is studied;

the finiteness of the number of eigenvalues lying below the essential
spectrum of the Schrodinger operator associated to a system of three particles
(bosons) with short-range pair potentials in the three-dimensional lattice for
nonzero values of the quasi-momentum in the neighborhood of zero is shown;

the existence of eigenvalues of the Schrodinger operator associated to a
system of three particles with pair two-particle zero-range potential in the one and
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two-dimensional lattices is proved. Our result is the first one in the theory of the
three-particle Schrédinger operators.

Practical results of the study consists in the possibility of using the
findings of the analyticity of bound states in the study of qualitative properties of
experimental observations and numerical calculations in solid state physics and
guantum mechanics.

The reliability of the results of the study. Our results have been obtained
under the rigorous of mathematical reasoning using the methods of mathematical
analysis, mathematical physics, functional analysis and complex analysis.

The scientific and practical significance of the research results. The
scientific importance of the results of the study lies in the fact that they can be used
in the spectral theory of self-adjoint operators, quantum mechanics, solid state
physics, quantum field theory, in particular, solutions of problems related to the
spectrum of Hamiltonians of systems of two and three particles on lattice. The
practical significance of the dissertation work is determined by the fact that the
obtained results serve as a theoretical basis of experimental observations, carried
out in solid-state physics and quantum mechanics.

Implementation of the research results. The results obtained in the
dissertation work were used in the following international research projects:

our methods of determining the number of eigenvalues of the Schrédinger
operator associated to a system of two particles on lattice have been used in the
foreign project research QJ130000.2726.01K82 on “Eigenvalue problem for the
two particle Schrodinger operator on lattice” for some two and three-particle
discrete Schrodinger operator. (Malaysia Technology University, a certificate,
dated November 1, 2016). The application of our results helps to study the basic
properties of the two-particle operators and describe the essential spectrum of the
Hamiltonian of system of three particles with some exotic specific potentials;

our the results for discrete Schrodinger operators have been used in the
foreign research project ERGS/1/2/2013/STG06/UKM/01/2 on “Investigations of
the Roles of the Third Variables in Analysing Statistical relationship functions” for
the generalized Friedrichs model of rank one. (University Kebangsaan Malaysia, a
certificate dated October 26, 2016). The application of results of the dissertation
helped to get Puiseux series for the eigenvalues of aforementioned model operator.

Approbation of the research results. The main results of the study has
been discussed at scientific conferences, including: the Republican Conference of
Young Scientists (Tashkent, 2003, 2004), “Partial Differential Equations and
related problems of analysis and informatics™ (Tashkent, 2005), “Modern problems
of mathematical physics and information technology” (Tashkent, 2005), “The
algebra of operators and the quantum theory of probability” (Tashkent, 2005),
“Modern problems of mathematical analysis” (Urgench, 2012), “Ill-posed and non-
classical problems of mathematical analysis and mathematical physics”
(Samarkand, 2012), “International Seminar on Mathematics and Natural Sciences”
(Samarkand, 2013), “Modern problems of differential equations and their
applications” (Tashkent, 2013 .), “Non-classical equations of mathematical physics
and their applications” (Tashkent, 2014), “Modern methods of mathematical
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physics and their applications” (Tashkent, 2015), “IV Congress of the Turkishc
World mathematical Society” (Baku 2011), the third international Russian-Kazakh
Symposium (Terskol, 2014). Talks and reports passed a wide approbation. The
results also have been discussed in the seminar on “Mathematical analysis and its
applications in modern mathematical physics” (Samarkand State University), in the
seminar of the Institute of Applied Mathematics (University of Bonn, Germany,
2004, 2007), in the national seminar on “Operator algebras and their applications”
(Institute of Mathematics at the National University of Uzbekistan, 2013, 2016), in
the seminar on “Functional analysis and application” (National University of
Uzbekistan, 2014-2016).

Publications of the research results. On the topic of the dissertation 41
research papers has been published in the scientific journals, 13 of which are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the doctoral theses, in addition 6 of them
were published in international mathematics and physics journals and other 7 in
national mathematical journals.

The volume and structure of the dissertation. The dissertation consists of
an introduction, four chapters, conclusion and bibliography. The volume of the
thesis is 161 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
importance of the obtained results, and give an information on the implementation
of the research results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled “Spectral properties of bounded
operators (Preliminary information)” we reduce some necessary preliminary
information, including theorems of spectral theory of self-adjoint operators,
perturbation theory, which we employ in the formulation of the main results of the
thesis.

The second chapter, titled “Two-particle Schrodinger operators
corresponding to systems of two particles (fermions) on the lattice”, is devoted
to the study of the spectral properties of Schrodinger operators corresponding to
the system of two identical particles (fermions) interacting via short-range

potentials on d- dimensional lattice Z°, d >1. We study the eigenvalues and
threshold effects of the essential spectrum of the operator depending on the quasi-

momentum of the system. Let Z®be d -dimensional lattice and (Z°)? — Cartesian
product of Z°. Denote by ¢?*[(Z)?] Hilbert space of square-summable functions
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defined on (Z%)? and by ¢*2[(Z")*]< ¢*[(Z°)?] subspace of antisymmetric
functions.

Free Hamiltonian ED of the system of two identical particles (fermions) in
the coordinate representation is defined by the operator acting in Hilbert space

(5]

~_ 1 1
hy=—A_+—A_, 1
where A, =A®1 and A, =1®A, and m>0 — mass of the fermion, | — the

identity operator in space 1°(Z") and the symbol ® denotes the tensor product of

operators. The lattice Laplacian A is the difference operator which describes the
transfer of particles from one site to the neighboring one, i.e.

(AP)(x) = D Ty ()~ (x+8)], v el*(Z°),

|s|=1
where [s| =[sV|+...+[s[; s=(s®,...s?) eZ’.
Hamiltonian of a system of two fermions (two-particle Hamiltonian) H
describes the interaction of two particles in a Hilbert space ¢**[(Z%)?] as

h=h, -V,
where vV — the multiplication operator by the real-valued function of the form
(V) (%, %,) = V(% =X (%, %,), ¥ € (**[(Z7)*] (2)

Hypothesis 1. Assume that V(s) >0 is even nonnegative function on Z° and
satisfies the conditions
lim | S[°*° ¥(s) =0, incase d =1, 2
lSHw T
|!liLnOO|S| 29(s)=0, incase d =3,

lim |s|°* 9(s) =0, in case d >4,

|s|]—>
where & >0— some positive number.
Let T® be d- dimensional torus, i.e. cube (—z,7]"° — with properly

identified opposite faces. It is regarded as an Abelian group with the operations of
addition and multiplication by a real number given by the addition and

multiplication by a real number in R by moduloe (227)°, and L*(T") be Hilbert
space of square-integrable functions defined on T andL*°(T%)c L*(T¢) be

subspace of odd functions.
After application of the Fourier transform and separation of the total quasi-
momentum of the system of two particles and decomposition to the direct integral

of von Neumann, the study of spectrum of Hamiltonian h reduces to the study of
the spectra of the family operators h(k),k e T, acting in the Hilbert space

L>°(T") as
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h(k) = hy (k) —v. 3)
Unperturbed operator h,(k) is the multiplication operator by the function
£,.(q) in L*>(T"), i.e.

(hh(K) )@ =& (@) f(a), fel*(T),
where

2.¢ K
£.()= EZ(l—cos7 cosq™).
i=1

The interaction operator (perturbation operator) v acts in Hilber space L>°(T¢) by
formula

(vH)(@) = (22)* [W(@-1f()dt, fel>(T).

Here

v(k) = (27)* 3 0(s)e" ™, (4)

SeZd
with (k,s):Z?zlk“)s“), k=(k®,.. k"MeT!, s=(P,..sez’.

By Hypothesis 1 perturbation v of the operator h,(k) belongs the trace class
operators, consequently, by the Weyl theorem the essential spectrum o, (h(k)) of
the operator h(k), which is defined in (3), coincides with the spectrum of the
operator h,(k). Since h,(k) is the operator of multiplication by the function we

get
Oess (h(k)) = [gmin (k)’ gmax(k)] '

gmin(k) = m“;' gk (q)’ gmax(k) = mag(gk (q)

geT gqeT
Remark 1. If k = (7, z,...,m) € T then the essential spectrum of the operator
h(k) degenerates, i.e. it becomes a point, and the essential spectrum o (h(k)) of

h(k) is therefore not absolutely continuous for any k € T°.
1

It is known that the positive root v2 of the operator v is defined as

(v2f)(p) = (27) 2| V2 (p—p)f(p)dp’

where

SS

1 1
where kernel vZ(p) is the inverse Fourier transform of the function v2(s), i.e.

1 1 1 _
v2(p) = - > 02 (s)elPY,
(271.)5 sezd

(k) (analogously for any k € T* \ (-, 7)°
(k)) we define the Birman-Schwinger integral operator B(k,z) with

Forany k e (-7, 7)" and z<&
and z< €&
the kernel

min
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B(k,z; p,s) =

1 1
1 ,[ vi(p-t)v2(t—-s)dt
(27)° M-z
We note that forall z< &, (k)

Td

1 1
B(k, z) = v2r,(k, z)v?,
where r,(k, z) is the resolvent of the operator h, (k).
Defination 1. Let d =1 or 2 and Hypothesis 1 holds. Assume that equation
B(0,0)y =y, 0=(0,...0) € T*
has a nonzero solution y e L*°(T?). We say that the operator h(0) has a zero
energy resonance, if

1
V2)(P) | 20 ed
S ¢ L20(T).
£,(p)
Assume, that Hypothesis 1 holds. Then the following statements hold:

Theorem 1. Let d =1 or d=2. If the operator h(0) has a zero energy
resonance or z =0 is eigenvalue of the operator h(0), then for any k #0 the
operator h(k) has eigenvalue below the essential spectrum.

Theorem 2. Let d > 3. If the number z =0 is an eigenvalue of multiplicity n
of the operator h(0), then for all k # 0 the operator h(k) has at least n eigenvalues

below the essential spectrum.
Theorem 3. For any k e (—z,7)" and d e N the operator h(k) may have

only a finite number of eigenvalues below the essential spectrum.
Remark 2. Since perturbed operator vis positive, h(k) has no eigenvalue

above & . (k).
In section 2 of Chapter 2 we considered Hamiltonian ﬁy of a system of two

fermions acting in the d —dimensional lattice Z“,d >1 and interacting on the
neighboring sites. We determine the number and location of eigenvalues of the
two-particle Schrodinger operator associated to ﬁﬂ depending on the parameters of
the operator and interaction energy x>0 as well as the total quasi-momentum of
the system k e T“.
Let the operators h, and ¥ be defined by the formulas (1) and (2), the
function v has a form:
H
V(x) =12
0 for |[x]#1.
Then the perturbed operator Vv is the integral operator of rank d >1, acting
in Hilbert space L*°(T") by the formula

for |x|=1,
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d
(vF)(@) = u(27)* > sing® j sint® f (t)dt.
i=1 rd
We note that, the function £,(q) =&,(9”,q?,...,q”) has a nondegenerated
minimum at zero and invariant with respect to permutations of the arguments
q®,9?,...,.", consequently the following integral

M

smq d
jE(q) |

exists and does not depend on the choice of i =1,d.

Let
(M

= (27)°( S';(q) dg)*,i=1d.

The main theorem of this paragraph is the following.
Theorem 4. a). Let 0< 1 < y,. there exists a partition of the torus T, into

nonempty sets G, =0,d such that

OBV =, 1], j=04, [ Jo¥ =T,
i=0

and if k eG(O) then the operator h (k) has no eigenvalue to the left of threshold
(k) of the essential spectrum; if keG®,I=1,d the operator h, (k) has

I’T'III"I

exactlyl - eigenvalues z(k),i=1,1 with the multiplicity to the left of the
threshold &,,,(k) , moreover z(k)>0,i=1,1.

min

b). Let = g, If d =1 or d=2 then the operator h, (0) has a virtual level of

multiplicity d at the threshold £_. (0)=0. If d >3 then the threshold &£ .. (0) =0
is an eigenvalue of the multiplicity d of the operator h,(0). For all d e N and

min

k e T,k 0 the operator h,(k) hasexactly d eigenvalues zfj)(k),i =1,d counted
with the multiplicity lying to the left of the threshold & . (k), moreover
z0(k)>0,i=1,d.

c). Let x> u,. Then for any keT® the operator h,(k) has exactly d
eigenvalues z¥(k),i=1,d lying to the left of the threshold &, (k). If x> 4d
thenz® (k) <0,i =1,d.

In the third chapter of the thesis titled “The Asymptotics of the eigenvalues
of the three-particle Schrodinger operator on a lattice”, we prove the existence
of the Efimov effect and obtain asymptotic formulas for the number of eigenvalues
lying to the left of the essential spectrum of the Schrodinger operator
corresponding to a system of three particles (bosons) with short-range pair
potentials on the three-dimensional lattice. We show the finiteness of the number

min
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of eigenvalues located to the left of the essential spectrum for nonzero values of
the quasi-momentum in the neighborhood of zero.
In the first and second sections of Chapter 3 of the thesis the energy

operators h, H of systems of two and three bosons on the lattice Z%,d >1,

interacting via attractive short-range pair potentials. These operators are described
in the momentum representation. After separation of the total quasi-momentum of
the system, the operators h, H are decomposed into von Neumann direct integral

and are reduced to the study of families of operators h(k), keT?, H(K),
KeT".

Let ¢°[(Z°)"™] be the Hilbert space of square-summable functions, defined
on the Cartesian product (Z%)",d =1,2,... and let ¢**[(Z*)"]1< ¢*[(Z")"] be

subspace of symmetric functions with respect to permutations of variables.
In the coordinate representation the energy operator of the system of two

free identical particles (bosons) with a mass of m=1 on d - dimensional lattice Z°
Is represented by a bounded self-adjoint operator ﬁo in a Hilbert space ¢*°[(Z)?]:
h=A®1 +1 QA

Now the total Hamiltonian of the system ¢ acts on Hilbert space ¢**[(Z")?]

and is bounded perturbation of the free Hamiltonian h, :
h=h,—V.
Here
O9) (x5, %,) = 00X, =X, (X5, X,), 7 € 2°[(Z7)*].

Hypothesis 2. The function ¥(s) is real valued, even, non-negative on Z°
satisfying
lim |s]**” ¥(s) =0, 9>%-

|s|]—>o0

Similarly, the free energy operator Ho of the system of three identical free
quantum particles (bosons) on d - dimensional lattice Z¢ is defined in the Hilbert
space (**[(Z")*] by formula:

Hy=AQI® I+ I QAR + 1 ® 1 QA.

The total energy operator H of the complete system of three identical quantium
particles (bosons) with two particle pair potentials V=V, =V, , «, 8,y =123 s

bounded perturbation operator H,:
H=H,-V,
3
where V=>V, V, =V, =123 is the multiplication operator on ¢**[(Z°)°],
i=1
defined by the formula
(Vo2 (%0 X0 X5) = V(X5 = X W0 (%, %, %), 97 € C2°[(Z°)°].
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Let L>°[(T*)™] < L’[(T)™] be the subspace of symmetric functions defined

on the Cartesian product (T*)", meN.
Let # —be standard Fourier transform
Fi2@)— @), [FDOIP)= Ye'™ f(x)

XeZd
with the inverse
* * 1 i(p,x
FL(T) - @), [F )]0 = —— [ " w(p)dp,
(27)?

and A = FAF" Fourier transformation of the Laplace operator A.
We note that the A is the operator of multiplication by the function &(.), i.e.

(Af)(K) =e(p)f(p), fel*(T?),
where

d
g(p) =D (1-cosp®), p=(p?.....p)eT".
i=1

In the momentum representation the two-particle operator h of the full two
particles system (i.e. total Hamiltonian) is defined in the space L**[(T°)?] as
h=h,-v.
Here the unperturbed operator h, is of the form
hy =A® | +1®A,
i.e. operator h, is the operator of multiplication by a function &(k,) + (k) :
(T, k) = (s(k,) + ek ) F K, k), f el [(T°)]
The perturbation v is a convolution type operator:

d
(vH)(k,. k) =(27) 2 j vk, —k;)o(k, +k, —k, =k, )f(k,,k, )dk,dk, f e >[(T?)],
(19)2
where §(-) — Dirac delta function on T and the function v(k) is defined by the

Fourier series (4).
Three particle operator H of the complete system of three particles (total
Hamiltonian) in the momentum representation is defined as a self-adjoint bounded

operator in a Hilbert space L*>*[(T")?] by the formula:
H=H,-V,-V, -V,
where H,

3
is the multiplication operator by the function Zg(ka):

a=1

(Ho 1) (ke ko ko) = [ 60,01 (ko ko k),

and
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_d
V, )k ko k) = (27) 2 [ vk, k) x
(r9)3
xo(k, =K, )ok, +k, —k, =k, ) f(k,k;, k;)dkdk,dk;, fe L>*[(T*)?].
Denote by k=k + k2 e ’]I‘d resp. K=k +k,+k, €T’ two resp. three
particle quasi-momentum.
Let L>*(T“) = L*(T") be the subspace of even functions. Decomposition of

L>*[(T*)?] resp. L>°[(T?)*] into direct integral
L*[(T)]= |, ®L*(T)k
resp.
L>*[(T%)%] = j @ L>°[(T%)*]dK
and commutations of operator hresp. H with the Abelian group of translations in
(Z")? resp. (Z*)® imply their decomposability into the direct integral

h= j @ h (k)dk (5)
resp. -
j @ H(K)dK (6)

In the third section of Chapter 3 we introduce the notion of a resonance with
zero energy for the two-particle discrete Schrodinger operator.

Let d =3. The fiber operator ﬁ(k), k eT® in the decomposition (5) is
unitarily equivalent to the operator h(k), k € T*
h(k) = h,(k) —v.
The operator h,(k) and v are defined in the Hilbert space L**(T®) by the

formula
(h (k) F)k,) =E (ky) T (ky), fel®(T),
where

£ (ky,) :g(g—kﬁ)+g(g+kﬂ)
and
(vP)(k,) = (27) 2 J'v(kﬁ k) f(k,)dk,, fe L>€(T®).

The fiber operator I:|(K), K eT® in (6) is unitarily equivalent to the

operator H(K), K eT?
H(K) =Hy(K) -V, -V, -V,
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The operators H,(K) and V, =V,x =1,2,3are defined in Hilbert space
L**[(T%)*]1= L(T*) ® L**(T°) and in the coordinates (k, k,)e(T°)* has the
following representation

(Ho(K) )k, k) = E(K;k, k) Tk, k), f e LPo((T°)%),

E(K;k, k,) = &(K —k,) +g(%—kﬁ) +g(%+ K,

v, 1)k, k) = (27) 2 [u(k, —k;) T (K, k,)dk,, e L[(T%)?)

Since the function £,(q) has a unique non-degenerate minimum at g =0
forall keU,(0) and z< &, (k) integral

1 1
1 Ivz(p—t)vz(t—q)dt

B(p,q;k,z) = (22 £.(0)-2

’]I‘3
Is finite.
We define the integral operator B(k,z) in L**(T°) as
B(k,2)f (p) = [B(p,q;k,2) f ()da.
'IF3

Remark 3. The operator h(0) has an eigenvalue z<&,(0)=0, i.e.
Ker (h(0)—z1) =0 if and only if the compact operator B(0,z) acting in L>¢(T*)
has an eigenvalue 1 and there exists a function y € Ker (I —B(0, z)), such that the
function f defined by

1
_ (vy)(p)
f(p)=-7"+"—
Eo(p) -1
belongs to L*(T?). In this case f e Ker(h(0)—zI). Moreover, if z <0, then
dim Ker (h(0) — zI ) = dim Ker (I —B(0, z))

almostall peT®

and
1

Ker (h(0) —zI) ={f|f () = % w e Ker (1 - 1B(0,2))}-

Definition 2. We say that the operator h(0) has zero energy resonance
(threshold), if 1 is eigenvalue of the operator B(0,0) and the corresponding

eigenfunction(normalized) y satisfies the condition
1

VO ae s
o oo

1<dimKer (I —1B(0, z)) >dim Ker (h(0) — zl ) +1.
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Theorem 5. Suppose that the Hypothesis 2 is satisfied. Let h(0) has a zero

energy resonance and h(0) > 0. Then for all k e T; the operator h(k) has a unique
positive eigenvalue z(k) located to the left of essential spectrum. Moreover, there
exists a neighbourhood U ;(0) of zero, such that for all k €U ;(0) the function z(k)
is even and continuous in U ;(0).

Let Emin(K)E min E(K,ka,kﬂ), Emax(K)E max E(K,ka,kﬁ).

ka,kﬂe’ﬂ‘s ka,kﬁdr?’

Theorem 6. For the essential spectrum of the operator H(K), KeT® the

following equality holds:
G (H(K)) = Lo (h(p) + £(K — p)}ULE,, (K),E,, (K)]
peT3

holds, where o, (h(k)) is the discrete spectrum of the operator h(k), k € T®.

The sets

o2 (H(K)) = [Enn (K), Enu (K)]1= | {E(K:K, k,)}
Ky kpeTS
(resp.
o2 (H(K) = Uto, (n(p)+2(K - p)})
peT

are called the three particle part (resp. two particle part) of the essential spectrum
of H(K).

We denote by N(K,z) the number of eigenvalues of the operator
H(K), K e T® lying below z < 7(K), where 7(K) =inf o, (H(K)).

Remark 5. Under the assumption of  Theorem 5. the equalities

o.(H(0))=[0,E, . (0] and o..(H(K))=[r(K),E,.(K)] hold, where 7(K)>0

forany K e T;.

Theorem 7. We suppose that the condition of the theorem 5 is fulfilled. Then
the operator H(0) has infinitely many eigenvalues lying below the bottom of the

essential spectrum and the function N (0, z) obeys the relation
N(0,z
_N©2) _ A
25— o||og|z|| 21’
where 4, is the unique positive solution of the equation
_ 8sinh 71/6
J3coshzi/f2’
Theorem 8. Let the assumption of the Theorem 5 is fulfilled. Then for all
K eU2(0) the number N(K,0) is finite and has the asymptotics
N(K,0
- NKO) _ 4y
Ki-o|log | K| 7«
Remark 6. If the operator h(0) has a negative eigenvalue, then
o, (H(K)) =[z(K),E, ., (K)], where z(K) <0 for all K eT®. In this case, the
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three particle operator has a non-empty two particle essential spectrum and
N(K,7(K)) < .

In the fourth chapter of the thesis, titled “About the existence and
finiteness of the number of eigenvalues of the three-particle Schrédinger
operator on lattice” we show the existence and finiteness of the number of
eigenvalues located to the left of the essential spectrum of the Schrodinger operator
corresponding to a system of three identical particles (bosons), interacting with
pair wise zero-range potential on the one-dimensional and two-dimensional lattice.

In the first section of the chapter, the Schrodinger operators corresponding to
the system of two and three identical particles, interacting via a pair wise zero-
range potential, is presented in the momentum representation.

Let

V(X, —Xx,) = 5xﬁx7’

where 5Xﬂx — Kronecker symbol.
/4

Two particle Schrodinger operator h,(k), keT‘, corresponding to the
system of two bosons with a zero-range potential acts in L*¢(T¢) as
h, (k) = hy(k) + Av.
Where

— 1 2,e d
(f)(p) ‘WI f(q)dg, fel>(T?),

A <0 (A>0) is contact interaction energy of attractive(repulsive) particles.

Similarly, the three particle operator H,(K), K eT’ is defined by the
formula:

H,(K) =H,(K)+ AV, +V, +V,).
Here H,(K), K eT" acts in L*>*[(T?)*] as the multiplication operator by the
function:
(Ho(K)f)(p,a) =E(K; p,q) f(p,q), feLl*[(T%)],
where
E(K;p.a) =&(K-p-a)+&(p)+(q).

The operator V=V, +V, +V, acts in L**[(T")*] and can be represented in the
coordinates (p,q) € (T?)? as

_ 1
(Vf)(p.a) = 22)°

f(t,q)dt f(t,K-— dt.
j(q) +( j( p-0q)

Theorem 9. For any 4 =0 the essentlal spectrum of H ,(K) defined by the
equality
Gespec(H,, (K)) = [ e, (K) + £(K = K) Y JIE min (K, E (K1,

ker
where e, (k) is a unique eigenvalue of the operator h, (k), k e T* .
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Let U, [p,(K)I={K eT*{K-p,(K)|<5}- 5=5(K) be neighbour-

hood of the point p,(K) e T".

We have the theorem, which states that the number of eigenvalues of the
operator H, (K) as well as the regularity of the eigenvalues and the corresponding

bound states.
Theorem 10. Let d =1,2 and 2 <0.

1. There is 6 >0, such that for all K eU[0] the operator H,(K) has a
finite number of eigenvalues E, ,(K),...,E, ;(K) lying below the bottom of the
essential spectrum o ....(H, (K)).

2. Bound state Wie, (06 € L>°[(T*)?] of the operator H,(K) corresponding
to eigenvalue E,(K), K eU,O0] is regular as a function of (p,q)e(T)>.
Moreover, the eigenvalue E,(:), K€U 0] and the vector-valued mapping
v, :U,[0]— L’[U,[0]; L>°[(T")*]], K — W&, are also regular as a function

of KeT",
One of the main results of this chapter is the following theorem on existence

of bound states of the operator H, (K), K € T*
Theorem 11. Let d =1,2.

1. Forall A<0 and K €T the operator H,(K) has an eigenvalue E,(K)
lying below the bottom of essential spectrum rfssspec(H L(K)).

2. Forall >0 and K eT* the operator H,(K) has an eigenvalue E,(K),
lying above the top of essential spectrum z,...(H, (K))

Corollary 2. For sufficiently large | A |> 0 two particle h, resp. three particle
Hamiltonian H, has an isolated band spectrum [mine,(k),maxe,(k)] and
k k

[mKin EA(K),méax E,(K)].
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CONCLUSION

The thesis is devoted to investigate the essential and discrete spectra of two
and three-particle Schrodinger operator corresponding to the system of two or three
identical particles (bosons or fermions) interacting via short-range pair potentials
on lattices.

Basic results of the research are as follows.

1. We introduce the notion of resonance for the Schrodinger operator
corresponding to a system of two identical particles (fermions) interacting via
short-range potential on one-dimensional and two-dimensional lattice.

2. We find the conditions for existence of the eigenvalues lying outside of
the essential spectrum of the Schrodinger operator corresponding to a system of
two identical particles (fermions) interacting via short-range potential for all
dimensions of the lattice.

3. We determine the number and location of the eigenvalues of the
Schrodinger operator corresponding to a system of two particles (fermions),
interacting on neighboring sites of latticefor all parameters of the operator.

4. We obtain an asymptotic formula for the number of eigenvalues lying to
the left of the essential spectrum of the Schrédinger operator corresponding to a
system of three particles (bosons) with short-range pair potentials in the
threedimensional lattice.

5. We show the finiteness of the number of eigenvalues lyingbelow the
essential spectrum of the Schrodinger operator corresponding to a system of three
particles (bosons) with short-range pair potentials on thethree dimensional lattice
for nonzero values of the quasi-momentum in the neighborhood of zero.

6. We prove the existence of an eigenvalue lying outside of the essential
spectrum of the Schrodinger operator corresponding to a system of three particles
with pair contact potentials on one dimensional and two dimensional lattice, which
is the only result in the theory of discrete Schrédinger operators.

7. Weestablish the finiteness of the number of eigenvalues lying below the
bottom of the essential spectrum of the Schrédinger operator corresponding to a
system of three particles with zero-range pair potentials on oneand two-
dimensional lattices.
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