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MAZMUNI
Kirisiw

Matematika pa’ninin’ predmeti. Ko'plik ha'm onmn" elementleri, ko plikler u'stinde a'meller ha'm olardin’
ga siyetleri. Sanli’ ko’plikler, haqiyqiy sanlar ko’pligi, qa’siyetleri ha’m geometriyaliq ma’nisi.

Matematikali’q logika elementleri. Ayti’mlar ha’m olar u’stinde a’meller.

Ekinshi ta'rtipli ha'm u’shinshi ta'rtipli determinantlar, jogari’ ta'rtipli determinantlar hagqinnda tu’sinik.
Si1zigl ten'lemeler sistemasi. Kramer formulalar

Vektorlar ha’m olar u’stinde si’zi’qli” a’meller. Vektorlardi’n’ si’zi’qli’ baylani’sli’li’g’i’. Tegislik ha’m
ken’isliktegi bazis. Tuwri’ mu’yeshli Dekart bazisi. Vektordi’ koordinata ko’sherleri boyi’nsha payda
etiwshilerge jayi’w.

Matritsa haqqi’nda tu’sinik. Matritsalardi’n’ ten’ligi. Matritsalar u’stinde a’meller. Keri matritsalar. Birinshi
da’rejeli ten’lemeler sistemasinin® matritsalig jazdww ha’m matritsaliq sheshimi.. Matritsa rangi.

Swzigh tenlemeler sistemasinin® uhwma teoriyast. R" ken'islik haggqinda tu'sinik. E" ken'islik haggqinda
tu'sinik.Kroneker Kapelli toeremast. Si’zi’qli’ sa’wlelendiriwler.

Tegisliktegi ha'm ken'isliktegi tuwr1 mu'yeshli koordinatalar sistemalari. Tegislikte, ken'islikte eki tochka
arasindagi arahg. Polyar koordinatalar. Dekart ha’m polyar koordinatalart arasindag ™t baylans.

Tuwri s1zig ha'm onm’ ten'lemeleri. Eki tuwrt siziq parallelligi ha'm perpendikulyarlig™t sha'rti. Tochkadan
tuwr sizigga shekem bolg an aralig.

Ekinshi ta’rtipli iymek si’zi’qti’n’ ani’qlamasi’. Shen’ber, Ellifs, Giperbola, Parabola. Shen’ber, Ellifs,
giperbola, parabola, konus kesimlari sipatinda. Ekinshi ta'rtipli iymek sizigtin™ ten"lemesin a’piwayuastiriw

Betlik. Tegislik ha'm onin ten"lemeleri. Tegislikler arasindag™t mu“yesh. Eki tegislik parallelligi ha'm
perpendikulyarhg i sha’rtleri. U sh tegisliktin® kesilisiw sha’rtleri. Tochkadan tegislikke shekemgi bolg an
aralg. Ken'isliktegi tuwrt siziq ten”lemesi. EKi tochka argal o'tiwshi tuwrt sizig ten”lemesi .

Ekinshi ta'rtipli betliktin® aniqlamasi. Sfera. Ellipsoid. Giperboloid. Paraboloid.

Funktsiya tu'sinigi, beriliw usillari, funktsiyalar klassifikatsiyasi. Monoton, keri, periodli funktsiyalar.
Quramali funktsiya. Funktsiyalar u'stinde arifmetikaliq a'meller.Sanli izbe-izlik ha'm onm"  limiti.
Funktsiyanm® limiti.

Funktsiyanin® u'zliksizligi. Kesindide u'zliksiz funktsiya qa'siyetleri. Quramali ha'm keri funktsiya
u'zliksizligi. Tiykarg't elementar funktsiyalardin® u'zliksizligi.

Bir o'zgeriwshili funktsiyanin® differentsial esabi. Tuwindi tu'sinigine alip keletug'in ma’seleler. Tuwind1
aniglamast. Onm' geometriyaliq, mexanikaliq ma'nisi.

Urmbanin® ha'm normaldin’ ten'lemeleri. Quramali funktsiyanin® tuwindisi. Tiykarg'1 elementar
funktsiyalardin® tuwindilari. Tuwindilar tablitsasi

Fuktsiyanin® differentsiyali, onin® geometriyaliq mag anasi. Differentsial formasmin® invariantlig'1.
Parametrlik ha'm keri funktsiyalardin® tuwindilar1. Jogari ta'rtipli tuwindilar ha'm diferentsiallar.
Differentsial esabinin’ tiykarg'i teoremalar1. Lopital ga desi.

Teylor formulasi. Funktsiyanin® o'siwi, kemeywi, estrumlari.Funktsiyanin® araligtag'1n’ u'lken ha'm en’
kishi ma'nisleri. Funktsiyanin® grafiginin® oyiqlig'1 ha'm do'n’esligi, bu’ giliw noqatlari,
asimtotalar1. Funktsiyani1 toliq tekseriw

Aniq emes integral, onin’ qa'siyetleri. Integrallawdin” tiykarg'1 usillar1: o' zgeriwshilerdi almastiriw,
bo’leklep integrallaw.

Aniq integral tu'sinigine keltiriletug'mn ma’seleler. Aniq integral aniqlamasi, qasiyetleri. Integrallaniwshi
funktsiyalar klassi. N'yuton-Leybnits formulasi. Aniq integraldin® o' zgeriwshisin almastiriw, bo'leklep
integrallaw.l-tip menshik integral.2-tip menshik integral. Aniq integraldin® qollaniwlari.



Kirisiw
Jogar1 bilimlendiriwdin® Ma'mleketlik ta'lim standartina ko're “Qaraqalpaq tili ha'm
a'debiyat1” ta'lim bag'darinda oqitilatug’'in  “Joqar1 matematika tiykarlari” pa'ni bag'darlamasi
gumanitar fakul tetler talabalar1 ushin du'zilgen bolip, algebra, vektorlar algebrasi ha'm sizigl
algebra elementleri, tegisliktegi analitikaliq geometriya, ken'isliktegi  analitikaliq

geometriya,matematikaliq analiz elementleri, itimalliglar teoriyas1 ha’'m matematikaliq statistika
elementleri ha'm de pa’'n tariyx1 ha'm rawajlaniwinin’ tendentsiyasi qisqa kursin o'z ishine alad1.

Pa'ndi oqitiwdan magset- talabalarda joqar1 matematika tiykarlar1 kursinin® teoriyaliq
tiykarlarma baylanisl bilim ha'm ko nlikpelerin qa'liplestiriwden ibarat.

Pa'nnin" waziypalart:

- talabalarg’a matematikanin' du'n'qarast1 qaliplestiriwdegi a‘hmiyetin ha'm a'tirap
barliqt1 u'yreniwdegi ornin aship beriw;

- talabalarg’a joqar1 matematika kursmin’ teoriyaliq tiykarlarin u'yretiw, olarda joqari
matematika kursin o'zlestiriwi ushin za'ru'r bilim ha'm ko nlikpelerin galiplestiriw;

- talabalard1 sizigh algebra elementleri, ko'plikler teoriyasi, matematikaliq logika
elementleri, pikirler, 2- ha'm 3-ta'rtipli determinantlar, siziqh ten'lemeler sistemasi, vektorlar
algebrasi, matritsa haqqinda tu'sinik, tegislikte ha'm ken'islikte tuwrt mu'yeshli koordinatalar
sistemalari, funktsiya ha'm ommn' beriliw usillari, funktsiyanin'® limiti, limitler haqqinda
teoremalar, funktsiya tuwindisinin’ aniqlamasi, onin" geometriyaliq ha'm mexanikaliq ma nislert,
da'slepki funktsiya ha'm aniq emes integral aniglamasi, aniq emes integraldin® qa'siyetleri,
integrallaw tablitsasi, aniq integral, onin’ geometriyaliq ma'nisi, qasiyetleri, N yuton-Leybnits
formulasi, itimalliglar teoriyasi ha'm matematikaliq statistika elementleri menen tanistiriw.

Jogar1 matematika tiykarlar1 oqiw pa'nin o'zlestiriw protsessinde a'melge asirilatug’in
ma seleler do gereginde bakalavr:

-shekli ha'm sheksiz ko plikler ha'm olardin™ qa'siyetlerin, pikir ha'm predikatlardi biliw;
analitikaliq geometriya elementlerin biliw; elementar funktsiyalardin® ten'lemesin, qa'siyetlerin,
funktsiya limiti aniglamasin, tuwindinin® aniglamasi, geometriyaliq ha'm mexanikaliq manisin,
da'slepki funktsiya, aniq emes ha'm aniq integral aniqlamalarin, itimalliglar teoriyasi ha'm
matematikaliq statistikanin® da’slepki tu'siniklerin biliwi kerek;

- shekli ha'm sheksiz ko'plikler u'stinde a'meller orinlaw, pikirler ha'm predikatlar
u'stinde logikaliq a'mellerdi ormlaw, tuwri siziq ten'lemelerin du'ziw, sizigh ten'lemeler
sistemasin sheshiw, determinantlardi esaplaw, elementar funktsiyalardin® grafigin jasay aliw, en’
a'piwayi limitlerdi esaplay aliw, funktsiya tuwindisin tabiw, aniq emes integrallardi taba biliw,
aniq integraldi esaplaw, aniq integraldi geometriyaliq ma’selelerdi sheshiwde qollay aliw,
ha'diyselerdin” itimalllig’in tabiw, tosinnanliq shamalardin’ sanli xarakteristikalarin esaplay aliw
ko nlikpelerine iye boliw1 kerek;

- ko'plikler u'stinde a'meller orinlaw, haqiyqiy, kompleks sanlar u'stinde a'meller
ormlaw, duris ha'm naduris pikirlerde ajirata aliw, eki tochka arasindag’i araliqt: tabiw,
elementar funktsiyalardin® grafigin jasay aliw bilimlerine iye boliw1 kerek. Jogari matematika
tiykarlar1 pa'ni ta'biiy — ilimiy pa'n esaplanip, gumanitar fakul'tetlerde 1-, 2- semestrlerde
oqitilad1.



Nel TEMA:

Matematika pa’ninin’ predmeti. Matematika rawajlani’wi’ni’n’ tiykarg’i’ basqi’shlari’.
Ko plik ha'm onmin’ elementleri, ko plikler u'stinde a’meller ha'm olardin’ qa’siyetleri. Sanli’
ko’plikler, haqiyqiy sanlar ko’pligi, haqiyqiy sanni’n’ moduli, qa’siyetleri ha’m
geometriyaliq ma’nisi.

1. Ko’plikler ha’m olar u’stinde a’meller

Ko ‘plik matematikanin’ da’slepki tusniklerinen bolip, og’an o ‘zinen a’piwilaw tusinikler
arqali anmiglama berip bolmaydr . Sonin’ ushin ko’plik tusinigi musallar arqalt tusindiriledi.
Misali, auditoriyadagt studentler ko’pligi, kitapxanadagt barliq kitaplar ko’pligi, mekteptegi
oquwshular ko’pligi, x*> —7x+10=0 ten’lemenin’ sheshimler ko’plig’i, natural sanlar ko’pligi,
Amiwdaryadag’t baliglar ko’pligi, Galaktikamizdag’t planetalar ko’pligi ha’m  tag’t basqalar
ko’plik tusinigine musal bola aladt.

Eger ko ’plikka tiyisli bolatug’in na’rselerdin’ belgisi ko ‘rsetilgen bolsa, onda ko ’plik
berilgen deb esaplanadi. A’dette, ko’plik payda etiwshi na’rseler onin’ elementleri dep ataladt.
Ko’plik latin alipbesinin’ bas haripleri, 4,B,C,....X)Y,..., onin’ elementleri kishi haripleri,
a\Vv,cd,...x,y,z... menen belgilenedi. Bazi-bir x element A ko’pliginin’ elementi ekeni X e A

koriniste, elementi emesligi bolsa xeA  (yamasa X¢ A ) koriniste jazdadt ha’m birinshi

jag’dayda «x element A ga tiyisli», ekinshi jag’dayda «x element A ga tiyisli emes» deb oquadt.
Maisaly, natural sanlar ko’pligin alsaq:

N=/1,234,...n,...},

bunda 2eN, 1000&N qatnaslar orinl x?> +5x—14=0 kha’mdrat ten’lemenin’ sheshimleri
X, =—7, X, =2 lerdialsag, -7¢N, 2e&N boladt

Ko’pliklerdi olardin’ elementleri shekli sanda yamasa sheksiz ko‘p bohwina qarap eki
klassqa ajrattw mumkin. Eger ko’plikti payda etiwshi elementler shekli sanda bolsa, bunday
ko’plik shekli ko ’plik delinedi. Ma’selen, QMU studentleri ko’pligi shekli ko’plikti payda etedi.
Eger ko’pliktin’ elementleri sheksiz ko‘p bolsa, bunday ko’plik sheksiz ko plik delinedi. Misaly,
natural, jup, on’ , taq sanlar ko’plikleri sheksiz ko’pliklerge misal bola aladt.



1.1- amqglama. Birde elementke iye bolmag’an ko’plik bos ko plik dep ataladi ha’m &
simvoli menen belgilenedi.

Misali, x> +1=0 tenlemenin’ haqiquy korenler ko’pligi bos ko plik.

Bos ko plik

Ko plik

Shekli ko plik Sheksiz ko plik

1.2- amqglama. Eger A ko’pliginin’ ha’mme elementleri B ko’plikke teyisli bolsa, A
ko ’plik B ko 'plignin’ ules ko ’pligi delinedi ha’m AcB dep jaziuadt.

Bunda «4 ko’plik B te jatadiy»y yamasa «A ko’plik B tin’ ulesi» dep oquadi. Bul
aniglamadan to’mendegi kelip shig’adr’: DA, ACA.

1.3- amqlama. Eger AcB ha’m BcA bolsa A=B dep qabil qilinadh.
1.4- amqlama. A (i :1_n) ko’pliklerinin’ birigiwi (qosindist) dep, har bir elementi bul
ko’pliklerdin’ en’ bolmag’anda birewine tiyisli elementlerden ibarat bolg’an A ko’pligine

aytladtha’m A=A UA, U..UA, yamasa A= U A, styaql belgilenedi.

i=1
Musal-1. A=71,3,5 ha’'m B=/2,3,4 berilgen bolsa, C=AUB=/1,2,3,4,5 .

Misal-2. D={a,0,0’¢,iju,u’,a’,1; ha’m E=¢byv,n.mfd} berilgen bolsa,F=DCE={
a,0,0’e,iu,u’,a’,l, byn.mfd /.

1.5- aniglama. A (i zl_n) ko’pliklerinin’ kesilispesi (ko ‘peymesi) dep, har bir elementi
bul ko’pliklardin’ ha’mmesine tiyisli elementlerden ibarat bolg’an A ko’pligine aytuadi ha’m

A=A NA,N..NA yamasa A=[]A dep belgilenedi.

i=1
Misal-1. A=/1,2,3,4,5,6,7}, B=/1,3,5,7,9 }bolsa, C=A~B={1,3,5,7/ bolad.
Misal-2. D={a,0,0 ,¢,i,u,u’,a’,1} ha’m E=/b,v,n.m,f,d ? berilgen bolsa,F=DE= boladt.

1.6-amqlama. A ha’m B ko pliklernin’ ayirmasi dep, A ko’pliginin® B g’a teyisli
bolmag’an barlq elementlerinen ibarat C ko’pline aytiladi ha’m C=A\B dep belgilenedi.

Masals,
A=¢1,2,3,45,6}, B=¢2,4,6,8} bolsa, C=A\B=/1,3,5/.
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1.7-amqlama. ASB bolg’anda, A\B ayuma B ko pliginin’ A ko'pligine shekem
toltiruwshisi delinedi ha’m Ba styaql belgilenedi.

1.8-amqlama. Eger Ai(i =Ln;neN,n> 2) ko’plikler berilgen bolip, ha’m olardan
C= {(Xl,x2 v X )X € A (i :L_n)} ko’pligi duzilgen bolsa, omt A (i :1,_n) ko 'pliklerinin’
tiwrt (Dekart) ko ‘peymesi diymiz ha’m

C=AxA x.xA
ko‘rinsinde jazuadi.
1.9-amqlama. A\B h'a'm B\A ko pliklerinin® birigiwine A h’a'm B ko pliklerinin®
simmetrikaliq ayurmast deymiz h’a'm AAB dep belgileymiz yag nty
AAB = (A\B)U (B\ A)

Sanl ko’plikler menen bul kurs dawaminda ko‘p ma’rte ushwastwimizg’a tiwrt keledi.
Sonun’ ushin, to’mende olardit matematikada qabu etilgen belgilewlerdi keltirip o’temiz:

1) N ={1;2;...;n;...} -natural sanlar;
2) Z, =1{0;1;2;...;n;...}- teris emes putin sanlar;
3) Z ={0;#1;%2;...;%+n;...}-putin sanlar;

n
5) J-irratsional sanlar;

6) R=QuJ =(—o0;+00)-haqiquy sanlar;
7) R, = [O T+ oo)-teris emes haqiquy sanlar;

4) Q= {m ‘meZ, ne N}-ratsional sanlar;

8) R™ = (0 P+ oo) -on” haqiquy sanlar;
9) R~ = (—o0;0)-teris hagiquy sanlar ko’plikleri.
Ko’plikler u’stindegi a’meller to’mendegi ga’siyetlerg’a iye:

1% ACLB= BUA; 2°. APB=BA;
3% ACA=A; 4% APA=A; 5°. A(BLC)=( ALB) LC
6°. AN (BAC)=( AHB) nC Musallar
11 111 AACc(A\B)u(B\C)

(AnC)u(BNnD)c(AuB)n(CuD);
112 AA\(B\C)=(A\B)U(ANC)

Nt

12 (B\C)\(B\A) c A\C; 113 (A\B)\C =(A\B)\(B\C)
13C(A\B)=CAUB 114 (AUB)\C=(A\C)uU(B\C)
14(ANB)\C = (A\C) U(B\C) L5

15 (AAB)\C = (A\C) ~(B\C C(C(CAuUB)U(AUCB)) =B\ A
1.6 AAB = (AUB)\(ANB) 1.16

(ANB)U(ANCB)U(CANnB)=AU




Eki ko plik ustinde a'meller

Birigiw a ' meli

A xaM B KenavknepuHuH bupnruym gen 6epuireH ek KenanKkTuH eH,
6onmaraHaa bupeymnHe TMMUCAK BONFaH 3IeMEHT/IEP XKbliHaFblHA aMTaMbI3 XaM
AUB aen 6enrmneimus,afHbli

AUB=< X,XEA Aamaca xeB F

Simmetrikaliq ayurma

A\B h'a'm B\A ko pliklerinin® birigiwine A h'a'm B ko pliklerinin
simmetrikaliq aywrmast deymiz h'a'm AAB dep belgileymiz yag'nty
AAB = (A\B) U (B\ A)




2.H aquyquy sanlar ko pligi. H aquyquy sannin™ absolyut ma’nisi

1°. Salar ko'pligi. Biz belgili, 1,2,3,...,Nn,... natural sanlar bolp, olardt N menen
belgileymiz h'a'm:

N={1,23..n,.},.

Uststyaql, 0, +1,£2,£3,...,£N,... putin sanlar dep atalip, olar payda etken ko 'plikti Z penen
belgileymiz h’a'm:

Z ={0,+1,+2,£3,...%n,...}.

Eger sandi bo'lshek ko'rinisinde an'lattw mumkin bolsa (shekli yamasa sheksiz onliq
bo’Ishek)

B:peZ,qu (1)
q

bul san ratsional san dep ataladi,h’a'mde bunday salar ko 'pligin Q menen belgileymiz:
_JP.
Q=3—:peZ, gqeN :
g

Eki ratsional sanlar qosindisi,ayumast,ko beymesi h*a’m gatnast la'ne ratsional san
boladt.

a+b=b+a, a+a+...+a=na,
ab =ba, aaa....a=a",
a+((b+c)=(a+b)+c, a"am" =a"",
a(bc) = (ab)c, a":a"=a"",

(axb)c=ac +hbc, noo_n
(ab)" =a'd", (%) - Z—

Eger san (1) bo'lshek san ko rinisinde an’latilmasa (yamasa san sheksiz periodlt emes
onh bo'lshek ko rinisinde bolsa) bul san irratsional san dep ataladi h’a’m I menen belgilenedi:

|={V2,78,..}.

Ratsional san irratsional sang'a ten” bola almaydt.

Ratsional h'a’ irratsional sanlar birgelikte h*aquyquy sanlar ko pligin duzedi,h’a’m bul
ko'plikti R dep belgileymiz:

R = (—o0;+).

H ar-bir h*aquyquy sang'a sanlar ko sherinde bir hoqat sa'ykes keledi h'a'm keri aytunda
opwult.



Meyli, @ h'am b h'aquyqiy sanlar bolipp, a<b orinh bolsin.To'mendegi sanlar
ko plikleri matematikada ko'p qollandadt:

[a,b] ={x eR:a<x<b}-segment,
(ab)={ j
[a,b)={x eR:a<x<bj

{ |

(a.b]=

(-o,b]={xeR: x<b}, [a+x)={xeR:x>a},
(-o,b)={xeR: x<b}, (a+w)={xeR:x>a},

XxeR:a<x<b} -interval,

- yarum interval,

X eR:a<Xx<b} -yarn interval

(—o0,40)={xeR:—w < x<+w}=R.

1-nmusal. Berilgen

J§+7

sannwn’ irratsional san ekenligin ko rsetin’.

<4Meyli bul san ratsional san dep oylayiq:

J2+7=r, reQ.

Bul ten'liktin" eki lag'in kvadratqa ko terip,to ' mendegilerdi alamz:
241442 +49=r% 14J2=r?-51.

Keyingi tenlikten

\/—: r2—51

14

: . r-—51
kelip shig'adi.Na'tiyjede irratsional san ( \/E ) ratsional sang a ( T ) ten" bolip

qaladi. Bul joqaridag't tastiyig'imizg'a garama-qarst. Bul qarama-qarsiigtin® kelip shig'iwt

\/E + 7 samn ratsional san dep alg’anumzdan. Demek, \/E + 7 irratsional san. P
2-musal. 1den 1000 g a shekemgi sanlar ishinde 3 ke eseli sanlar neshew?

«4Bizge belgili, 1 den 1000 g a shekengi sanlar ishinde 3ke eseli bolg an sanlar bul:
birinshi ag'zast @ =3 , aywmast d=3 h'a'mde aqugt ag'zast a, =999 bolg'an
arifmetikaliq progressiyant payda etedi. Onda

a,=a +(n-1)d
Formulag'a ko’re

999=3+(n-1)-3



bolip, N=333 bolwtkelip shig'adi. Demek, 1 den 1000 g'a shekemgi sanlar ishinde 3 ke
eseli sanlar sant 333 .

2°.H aquyquy sanmin’ absoliyt ma’nisi. Iqtiyarty X € R san ushin

|x|— X, eger x>0,
~|=x, eger x<0

Dep aling™an |X| ga, X sanumn’ absoliyt ma'nisi deymiz.

=7, -2 =—(-2) =2, i-2| =2 -1.

Sanmin’ absoliyt ma'nisi to ' mendegi qasiyetlerge iye:

Masaly,

1) Iqtiyarty X h'aquyquy san ushin
x| =0, x| =|-x|, x< x|, =x <X
Qatnaslart ormls,
2)eger Xh'aquyquy sant
X <a (|x<a)
Ten'sizlikti qanaatlandirsa, onda ol
—a<x<a (-a<x<a)

Ten'sizlikti h’a’m ganaatlandwradi h*a’m keri aytumda durts.
3) Eger X h'aquyquy sant
x| >a
Ten'sizlikti gahaatlandursa, onda ol
X>a, X<—a
Ten'sizlikti h’a’m ganaatlandwradi h*a’m keri aytumda durts.

4)Eki X h'a'm Y h'aquyquy sanlart ushin
a) [x+y|<|X|+|y.
b) [x—=y|=|x|=[y.
v) -yl =11y,

||||(y¢0)

qatnaslart orinlt .
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5) Mma \/X_2 = |X| ten'lik ormlt.
4-musal. Eger @,b,C haquyquy sanlar ushin @a>b >C bolsa,
la—b|+|c—a|-|b—|
tabusun.
<« Biz bilemiz, a >b bolg'antushm a—b >0 bolp,
la—b|=a-b
boladi. @>C bolg'antushin C—a <0 bolp,
c—aj=—(c-a)=a-c
boladi. b > Cbolg'antushin b—c >0 bohp,
b-c|=b-c
boladi. Demek,
la—b|+[c—a|-|pb-c|=a-b+a-c—(b-c)=2(a-h).»
3°. Qusgasha ko beytiw formulalar.
a’—b*=(a-b)(a+b),
(a£b)*=a’+2ab+b’,
a’+b’=(atb)(@®Fab+b?),
(axb)’*=a’+3a’h +3ab® +b°,
(a+b+c)>=a’+b*+c”+2ab+ 2ac + 2bc.

Orta arifmetikaliq ma’nisi

AT A+ +a,
n

Orta geometrikaliq ma nisi

G =1{aa,a.3,

11



SHET EL MATERYALLARI

Basic notions

In this introductory chapter some mathematical notions are presented rapidly,
which lie at the heart of the study of Mathematical Analysis. Most should already
be known to the reader, perhaps in a more thorough form than in the following
presentation. Other concepts may be completely new, instead. The treatise aims
at fixing much of the notation and mathematical symbols frequently used in the

sequel.

1.1 Sets

We shall denote sets mainly by upper case letters X, Y, ..., while for the members
or elements of a set lower case letters x, y. ... will be used. When an element r is
in the set X one writes x € X (‘x 15 an element of X', or ‘the element x belongs
to the set X7), otherwise the symbol x ¢ X is used.

The majority of sets we shall consider are built starting from sets of numbers,
Due to their importance, the main sets of numbers deserve special symbols, namely:

M = set of natural numbers
Z = set of integer numbers
Q = set of rational numbers
R = set of real numbers

C = set of complex numbers.

The definition and main properties of these sets, apart from the last one, will
be briefly recalled in Sect. 1.3. Complex numbers will he dealt with separately in
Sect, 8.3.

Let us fix a non-empty set X, considered as ambient set. A subset A of X
is a set all of whose elements belong to X one writes 4 C X (A is contained,
or included, in X7} il the subset A 8 allowed to possibly coincide with X, and

C X (*A is properly contained in X7) in case A is a proper subset of X, that

12



cA

X X

Figure 1.1. Venn diagrams (left) and complement (right)

is, if it does not exhaust the whole X, From the intuitive point of view it may
be useful to represent subsets as bounded regions in the plane using the so-called
Venn diagrams (see Fig. 1.1, left).

A subset can be described by listing the elements of X which belong to it

the order in which elements appear is not essential. This clearly restricts the use
of such notation to subsets with few elements, More often the notation

A={zeX |plz)} o A={zxeX : p(z))

will be used (read ‘A is the subset of elements x of X such that the condition p(x)
holds’); plx) denotes the characteristic property of the elements of the subset, i.e.,
the condition that is valid for the elements of the subset only, and not for other

clements. For example, the subset A of natural numbers smaller or equal than 4
may be denoted

A=1{0,1,2.3,4} o A={relN|xr<4}

The expression p{z} ="r < 47 i8 an example of predicate, which we will return to
in the following section.

The collection of all subsets of a given set X forms the power set of X, and
is denoted by P(X). Obviously X € P(X). Among the subscts of X there is the
empty set, the set containing no elements. It is usually denoted by the symbol
0, so 0 € P(X). All other subsets of X are proper and non-empty.

Consider for instance X = {1,2,3} as ambient set. Then

PIX) = {8,{1}, {2}, {3}, {1.2}, {1, 3}, {2,3}. X }.

Note that X contains 3 elements (it has cardinality 3), while P(X) has 8 = 2¢
elements, hence has cardinality 8. In general if a finite set (a set with a finite
number of elements) has cardinality n. the power set of X has cardinality 2".

13



Starting from one or more subsets of X, one can define new subsets by means
of set-theoretical operations. The simplest operation consists in taking the com-
plement: if A i1s a subset of X, one defines the complement of A (in X) to be the
subset

CA={z€X|z¢A)

made of all elements of X not belonging to A (Fig. 1.1, right),

Sometimes, in order to underline that complements are taken with respect to
the ambient space X. one uses the more precise notation CyA. The following
properties are immediate:

CX =49, cd = X, C(CA) = A.

For example, if X = N and A is the subset of even numbers (multiples of 2), then
CA is the subset of odd numbers.

Given two subsets A and B of X, one defines intersection of A and I the
subset

ANB={z€e X |z€ Aand r € B}

containing the elements of X that belong to both A and B, and union of A and
B the subset

AUB={ze X |z€ Aorx € B}

made of the elements that are either in A or in B (this is meant non-exclusively,
s0 it includes elements of AN B, see Fig. 1.2,

We recall some properties of these operations.
i) Boolean properties:
ANCA =4, AUCA = X;

N/ | s
,-/A \\ . AUB
|'Aﬂ B\ 3 i
\ g\ \
X X T —
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ii) commutative, associative and distributive properties:

ANB =BNA, AUB=BUA,
(ANBINC=AN(BNC), (AuB)LUC = Au(BUC),
(AnBjuC=(AUC)N(BUC), (AuByNC=(ANC)L(BNC)

i) De Morgan laws:
C(ANB)=CAUCB, C(AuB)=CANCB.

Notice that the condition A C B is equivalent to AN B=A, or AUB =B,

There are another couple of useful operations. The first is the difference be-
tween a subset A and a subset B, sometimes called relative complement of B
in A

A\B={r€A|z¢B}=ANCB

(read ‘A minus 87}, which selects the elements of A that do not belong to B. The
second operation is the symmetric difference of the subsets A and B

AAB=(A\B)u(B\A)=(AuB)\ (AN B)}.

which picks out the elements belonging either to A or B, but not both (Fig. 1.3).

For example, let X = N, A be the set of even numbers and B= {n€ N | n <
10} the set of natural numbers smaller or equal than 10, Then B\ A = {1,3,5,7,9)
is the set of odd numbers smaller than 10, A\ B is the set of even numbers larger
than 10, and AAB is the union of the latter two.

15



2 TEMA:
Matematikali’q logika elementleri. Ayti’mlar ha’m olar u’stinde a’meller.

Matematikaliq logika elementleri. Algoritm tu’sinigi

Matematikalq tu’sinik
Tu’sinik-bul predmetler ha’m qubilislardin® bazibir a’hmiyetli belgilerine muwapiq
pariglaw yamasa uliwmalastirtw na’tiyjesi.
Belgiler-bul predmet yamasa qubilislardin’ bir-birine ugsaslig’t yamasa pariqlaniwin
bildiriwshi qa’siyetleri bolad.

A’hmiyetli ga’siyet dep, tek sol obektke tiyisli ha’m bul qa’siyetsiz obekt bar bola
almaytug’in ga’siyetlerge aytiladi. Obekttin® bar boliwina ta’sir qilmaytug’in qa’siyetler
a’hmiyetli bolmag’an dep sanaladu.

Eger bazibir obekttin’ bar a’hmiyetli ga’siyetleri toplang’an bolsa, bul obekt haqqinda
tu’sinik bar delinedi. Tu’sinikke at qoyiladi, mazmun ha’m ko’lemge iye boladi.

Obekttin’ barliq a’hmiyetli ga’siyetleri ko’pligi tu’siniktin’ mazmunin du’zedi.

Bir qiyli a’hmiyetli qa’siyetlerge iye obektler ko pligi tu’sinik ko’lemin du’zedi.

Aytuimlar ha’m olar u’stinde logikaliq a’meller

SHin yamasa jalg’an ekeni bir ma’nisli aniqlanatug’in derek ga’p aytim delinedi.
Aytimlardi lati a’lipbesinin’ u’lken ha’ripleri menen A, B, C, D, ... arqali belgileydi.

Bir wagqitta shin yamasa bir waqitta jalg’an bolg’an aytimlar ekvivalent aytimlar delinedi.
Meyli A-bazibir aytim bolsin. A aytimnin’ biykarlaniw1 dep A shin bolg’anda jalg’an, jalg’an
bolg’anda shin boliwshi aytimg’a aytiladi ha’m A ko’rinisinde belgilenedi, ol «A emes», «A
ekenligi jalg’an» dep oqiladi.

Misali: A: «5%=20» bolsa, A: «5%#20».

Aytim biykarlantwmimn’ shinliq kestesi to’mendegi ko’riniste boladi: A

A A
SH | J
J SH

Qa’siyeti: A=A boladi. Aytimlar a’piway1 ha’m quramali boladi. Quramali aytimlardi
a’piway1 aytimlarg’a ajiratiw mu’mkin boladi.

Eki a’piwayr A, B aytimlar “ha’m” so’zi menen baylanissa, aytimlar konyunktsiyasi
payda boladi, «AAB» yamasa «A\B» ko’riniste jaziladi, «A ha’m By tu’rinde oqiladi. Aytimlar
konyunktsiyas1 onin’ quramina kirgen aytimlar shin bolg’anda g’ana shin boladi.
Konyunktsiyanin’ shinliq kestesi:

A | B | AAB
SH
SH | SH
J J
SH
J J
SH
J J J
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Misali A: «2<7», «7<10», AAB: «2<7A7<10»

Qa’siyetleri:

1. AAB=BAA (kommutativlik)

2. (AAB)AC=AA(BAC)=AABAC (assotsiativlik)

3. AAA=E (AAA-birdeylik jalg’an aytim)

Eki a’piway1r A, B aytimlar “yamasa” so’zi menen baylanissa, aytimlar dizyunktsiyas1
payda boladi. Aytimlar dizyunktsiyast «AvB» ko’riniste jaziladi, «A yamasa B» dep oqiladi
ha’m onm’ quramina kirgen aytimlardin’ hesh bolmag’anda birewi shin bolg’anda shin bolad1.
Dizyunktsiyanin’ shinliq kestesi:

A B | AVB
SH
SH | SH
J SH
SH
J SH
SH
J J J

Qa’siyetleri:

AvB=BvC (kommutativlik)

(AvB)vC=Av(BVvC) (assotsiativlik)

AvA=SH (AvA-birdeylik shin aytim)
Av(BAC)=(AvB)A(AVC)-(dizyunktsiyanin’ konyuktsyag’a qarata distributivligi)
AA(BvC)=(AAB)Vv(AAC)-(konyuktsiyanin’ dizyunktsiyag’a qarata distributivligi)

AnB=Av ? De Morgan nizamlari

AvB=AAB
Eki a’piway1 A ha’m B aytimlarman du’zilgen «Eger A bolsa, B boladi»
ko’rinisindegi ayttm A ha’m B aytimlarinmn’ implikatsiyas1 delinedi ha’m «A=B»
ko’rinisinde belgilenedi. A=B implikatsiya tek A shin B jalg’an bolg’anda g’ana jalg’an
boladi. A-implikatsiya sha’rti, B-juwmag’t delinedi. A n1 B ushin jetkilikli, B n1 A ushin
za’ru’rli sha’rti dep te ataydi. Implikatsiyanin’ shinliq kestesi:

o bk owdpE

Al B |A=B
SH
SH | SH
J J
SH
J J
SH
J J J

Eger A=V implikatsiya berilgen bolsa, B=>A og’an keri, al A — B garama-qarsi,
B = A garama-qarsi keri implikatsiyalar boladi. Qa’siyetleri:

1. A=V=AVB

2. A=V=B= A (kontrapozitsiya nizami)

A’piwayr A ha’m B aytimlarman du’zilgen «A tek ha’m tek B bolg’anda g’ana boladn»
ko’rinisindegi aytim A ha’m B nin’ ekvivalentsiyasi delinedi, bul «A<>B» ko’riniste jazilad.
A ha’m B ma’nisleri bir qiyl1 bolg’anda shin boladi. Ekvivalentsiyanin’ shinliq kestesi:

A| B |A=B
SH
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SH | SH
J J
SH
J J
SH
J J J

Misali: «279 san1 9 g’a tek onin’ tsifrlar1 qosindis1 9 g’a bo’linse g’ana bo’linedi».279:
9<(2+7+49): 9

Predikatlar ha’m olar u’stinde a 'meller

O’zgeriwshi qatnasqan derek ga’p predikat delinedi. Predikatlar quramina kirgen
o’zgeriwshiler sanina qarap bir orml, eki ormli ha’m t.b. boladi. Biz ko’birek bir ormnh
predikatlar hagqinda aytamiz. On1 A(X), B(y), ... ko’rinisinde belgileymiz.

Predikat quramma kirgen o’zgeriwshi qabil etiwi mu’mkin bolg’an barliq ma’nisler
ko’pligi predikattin’ aniglaniw oblast1 delinedi.

O’zgeriwshi ornma qoyilg’anda, predikatti shin aytimg’a aylandiriwsht ma’nislerge
predikattin’ shinliq ko’pligi delinedi. A(X) predikattin’ aniqlaniw oblast1 X ko’plik bolsa,
shinliq ko’pligi Ta menen belgilenedi ha’m xe XATAC X boladi.

X

Qa’legen ten’leme ha’m  ten’sizlik predikat  bolad1

Predikatt1 aytimg’a aylandiriwdin’ ja’ne bir usili-kvantorlardan paydalanmiw bolip tabilad:.
Eki tu’rli kvantor bar bolip, olardin’ biri «uliwmaliq», ekinshisi - «bar boliw» kvantor1 dep
atalad1.

Uliwmaliq kvantor1 «V» belgisi menen belgilenedi ha’m «ha’r biry, «barliq», «ha’mme»
so’zleri menen an’latiladi. V anglichansha «All» so’zinin’ bas ha’ribi aling’an, «All» - ha’mme,
barliq ma’nisin bildiredi.

Bar boliw kvantor1 «3» belgisi menen belgilenedi, ol anglichansha «Exist»- «bar boliw»
so’zinin’ bas ha’ribinen aling’an ha’m  “bar”, «bar bolad», «tabiladi» so’zleri menen

an’latilad1.
X ko’plikte A(x) predikat berilgen bolsin. A(x) shin bolg’anda jalg’an, al jalg’an bolg’anda

shin bolatug’m A(X) predikat A(x) tin’ biykarlaniwi delinedi. A(x) tin’ shinliq ko’pligi T
bolsa, A(X) tm’ shinliq ko’pligi T' bolad1.

X
o) T
X ko’plikte eki A(x) ha’m B(x) predikatlar berilgen bolsmn. A(x)AB(x) — predikatlar
konyunktsiyasi delinedi. A(x) tin’ shinliq ko’pligi Ta ha’m B(x) tin’ shinliq ko’pligi Ty bolsa,
A(X)AB(x) predikat A(x) ha’m B(x) bir waqitta shin bolg’anda shin boladi, yag’niy
TAAV:TAﬂTv.
A(X)vB(x) predikat A(x) ha’m B(x) predikatlardin’ dizyunktsiyas1 delinedi. Dizyunktsiya

A(x) ha’m B(x) lardin’ hesh bolmag’anda birewi shin bolg’anda shin boladi. Sonmn’ ushin
Tanv=TanTy

boladi.
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A(x) ha’m B(x) predikatlarman du’zilgen «Eger A(x) bolsa, B(x) bolad» predikat
berilgen predikatlardin’ implikatsiyasi delinedi ha’m A(x)=B(X) ko’rinisinde jazilad1.

Misalit A(X)=V(X) : «Eger a :2 bolsa, onda a— jup sany.

Aniglama. Eger TacTy bolsa, onda A(xX)=B(x) logikaliq kelip shig’tw qatnas1 delinedi.
Bul jag’dayda «B(x) predikat1 A(x) dan kelip shigti» dep oqiladi.

Misali A(X)=B(X) : «Eger a : 4 bolsa, onda a — jup san bolad» haqiyqatinda da, TacTy.

Aniglama. Eger Ta=Ty bolsa, onda A(x)<B(x) ten’ku’shlilik (ekvivalentlilik) qatnasi
delinedi.

Eger A(X)=B(x) ten’ku’shlilik gatnasi bolsa, onda A(x) ha’m B(x) dardin’ ha’r biri
ekinshisi ushin za’ru’rli ha’m jetkilikli sha’rt delinedi.

Algoritm tu’sinigi ha’m omin’ ga’siyetleri

Algoritm tu’sinigi fundamental matematikaliq tu’siniklerden bolip, matematikanin’
“Algoritmler teoriyast” dep atalatug’in arnawli bo’limnin’ izertlew obekti esaplanadi.

Algoritm — bul bazibir protsessti aniq su’wretlew ha’m on1 ormlaw ushin ko’rsetpe.

“Algoritm” so’zi IX a’sirde jasag’an Orta Aziyaliq matematik Al-Xorezmiydin’ atin
Evropa tillerine awdariw na’tiyjesinde kelip shiggan. Al-Xorezmiy arifmetikaliq a’mellerdi
orinlaw gag’1ydasin (algoritmin) ko’rsetip bergen.

Bul algoritmler ha’zirgi waqitta da mektep praktikasinda isletilip kelmekte.
Algoritmlestiriwdin’ waziypasi algoritmlerdi du’ziwge (jaziwg’a) u’yretiwden ibarat bolip,
ormlawshi (adam, robat, EVM) algoritmlerdi orinlaw qag’iydasma muwapiq birden-bir
na’tiyjege erisiwi lazim. Al bul algoritmlerdi jaziw qag’iydasina bazibir talaplar qoyadi. Bular
to’mendegi qa’siyetler ko’rinisinde an’latiladz:

SHET EL MATERYALLARI

1.2.2 Predicates

Let us now introduce a central concept. A predicate is an asserlion of property
pix,...| that depends upon one or more variables z, ... belonging to suitable sels,
and which hecomes a formnla (hence true o false) whepever the variables are
fixed. Let us consider an example, IT x 12 an element of the s of natural numbers,
the assertion plx) = " 18 an odd number’ is a predicate: p(7) is true, p{10) false

19



ot oo I x ardd gy denote students of the Podvtechmie of Tarin, the statemert o 7, y)
‘roardl g fellow the same beoares’ & predicade.

Olbsorve that the aforementlned loge operations can be applied to predicntes
as well, aml give rise o new predicates (eg, —ple), ple) V gle) amd 0 on), This
Eact, b the way, establishes & procise relation aimong the essentlsl connectives

oW ardd the set-theoretical operations of taking complements, intersection sl

unkne. In fact, recalling the definition A = {r € X | plz] ) of snbset of a given
st X, the ‘characteristhe property’ ple) of the elememts of A i= nothing cfse bat
i predicate, which = troe precisely for the edemeets of A The complement CA §=
thus abtairexd by negating the charncteristic property

CA=[cre X | -plzl}.

whibe the Intersectlon ard umbon of A with another subect [ = [z € X | gix]} are
chimeribied respectively by the conjuction and the disjasction of the corresponding
characteristic properties:

Anft={re X | plx] Aglxi}, AUBR =[x X | plx) v ylel}

The properites of the sei-ilsworetical operatins recalled in the previons section
trunslate into similar properties enjoyed by the bogic operations, which the resider
cnn paily write coswn.

1.2.3 Quantifiers

Given a predicate piz ), with the varinhle r belonging to a certain st X, one is
naturally lead to ask whether plr) is troe for al! elements o, o iF there ensts af
teagt pee obement & making gl 2] troe, When posing such qoestions we are actoally
aomuidering the formmilas

Ve, ]l (read Yor oll 2, plz) folda")

Il indicating the set to which r© belongs beoomes necessary, ooe writes vr £
X, ple) and ‘2x € X, ple). The svinbal ¥ [(*for all) s callad unbvarsal guan-
tifber. s the svmbsal 3 there exists at bast’) is sabl exEtential quantifier,
[Sometimes o thind quantilier s wsed. 3 whach meeans “there exsts one amd only
otwe elememt” or “thore exiets & unbge’, ]

We wish to stress that putting o quantilier in front of & predicate transform
the lntter in a forondan, whose trath wee may be thin determined. The predicate
] = = stebetly lsma than 7' for example, yahls the sl formola vz = M, ple)
(gince pl B} = [alae, Bor exomple |, while “Or € M, plr)’ is true (eg., r = 6 sstisfies
thwe mssertain).
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The efiect of negation on a quantified predicate must be handled with attention.
Suppose for instance r indicates the generic student of the Polytechnic, and let p(x)
= 'z is an ltalian citizen’. The formula ‘vz, p(x)’ (‘every student of the Polytechnic
has Ttalian citizenship’) is false. Therefore its negation “~(Vz, p(x)) 8 troe, bt
heware: the latter does not state that all students are foreign, rather that ‘there
is at least one student who is not [talian’, Thus the negation of 'Wr. p{x) is
‘Az, -p{z)'. We can symbolically write

~(Vz, fz)) <= 3r, ~plz).

Similarly, it is not hard to convinee oneself of the logic equivalence

~(3x; plx)) = Vi, ~plx).

If a predicate depends upon two or more argunents, cach of them may be
quantified, Yet the order in which the quantifiers are written can be essential.
Namely. two quantifiers of the same type (either universal or existential) can be
swapped without modifying the truth value of the formula; in other terms

YevYy. ple.y) = Vy¥z, plx.y),
dxdy. plr,y) <= 3y3r, plr.y).

On the contrary, exchanging the places of different quantifiers usually leads to
different formulas, so one should be very careful when ordering quantifiers.

As an example, consider the predicate pizx,y) = ‘z = y', with z, y varying in the
set of natural numbers. The formula “Vxr¥y, p(z, )’ means 'given any two natural
numbers, each one is greater or equal than the other’, clearly a false statement.
The formula ¥r 3y, p(z.y), meaning ‘given any natural number z, there is a
natural number y smaller or equal than »’, is true. just take y = x for instance.
The formula *3rVy, plr,y) means ‘there is a natural number x greater or equal
than each natural number’, and s false: each natural number » admits a successor
x + 1 which is strictly bigger than r. Eventually, ‘3r 3y, p{x,y)" (‘there are at
least two natural numbers such that one is bigger or equal than the other’) holds
trivially.
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Ne3 TEMA:

Ekinshi ta'rtipli ha'm u’shinshi ta'rtipli determinantlar, joqari’ ta'rtipli determinantlar
haqqinnda tu’sinik. Siziqh ten'lemeler sistemasi. Kramer formulalan

Determinantlar. Esaplaw usulart h’a’m tiykarg iqa’siyetleri. n-ta rtipli determinantlar.
REJE

Ekinshi ta'rtipli determinantlar;

U shinshi ta'rtipli determinantlar;

Ekinshi h*a’m ushinshi ta rtipli determinantlardi esaplaw;
Determinantlardin® qa'siyetleri;

Algebraliq tohqtutwsht h’a’m minorlar;

n-ta'rtipli determinant

Shet el materyallart

Nogogk~wdpE

Tayamsh so zler:

determinant, element, ag za, determinant ta rtibi, matritsa.
1. Ekinshi ta'rtibli determinantlar.

4 sannan to mendegishe kecte du zemiz:
A — (allalz j (1'1)
217722
Bul matematikaliq obektni 2-ta rtibli kvadrat matritsa dep ataymz.

Anwglama. a,, -a,, —a,, -a,, shama (san) (1)- matritsanin™ 2-ta'rtibli determinantt dep
ataladi. Amglama boyinsha

8y 8y

aZl 22

detA= =8y, —a,a,

dep belgilenedi. Onda, matritsa keste,determinant bolsa san. Belgilewler:

I A

,  a,,-simvollart menen h'a'm

a,;,8,,8,,8,,-sanlar. determinant elementleri delinedi. a,,,a,,-1-gatar elementleri, a,,,a,, -
2-gatar elementleri, a,,,a,,-1- bag ana elementleri, a,,,a,,- 2—bag ana elementleri.

a,,, a,, -elementler jaylasgan dioganal bas dioganal dep, a,,,a,,-elementler jaylasgan dioganal
ekinshi dioganal dep ataladt.

ij-

I —gatar ko rsetkishi
j —bagana korsetkishi
(1.2)
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12
Misal: 1) =1.4-2-3=-2
34

—6 7

3 _5‘:('6)'(—5)—7-3=30-21:9

2)‘

2. Ushinshi tartipli determinantlar

9 sannan duzilgen mina kestege

&, 4, a;
A= Ay Ay Ay
Ay Ap A

3-ta'rtipli kvadrat matritsa delinedi. Bul matritsanin' determinantt to' mendegishe esaplanadi.

8; 8, daz)| |A 8, a;
(1.3) detA=det| a, a,, 8y, |=|a, &, ay==

8y 83 833) |8y 83 8y
Q" 8yy A3 T8 Ay " Qy3 + g8y 8y 3By Ty — Sy " 8yp "3 —8gp "Ayy "y -
Qatar, bag ana, bas h"am ekinshi dioganal tusinikleri 2-ta'rtipli determinanttag 1 styaglh
aniqlanadt.

3. U'shinshi ta'rtipli determinantlardy esaplaw
U shmu’eshlik usul;

a, 0 0] ]0 0| [0 0 a, |0 © a, 0 0|]0 a, O
0 a, O0[+0 0 tla, 0 0|-|0 0|-|0 0 ayl-la, 0 0
0 0 a 0 0|0 a, O 0 0/ |0 a, 0| |0 0 a,
(1.4)

Bul usu boywinsha 3-ta'rtipli determinantti esaplaw formulasin beredi:

a; &, a;
Ay 8, Q= A rdy,cant +ta;3-8y Ay, = Ay Ay, 1 Bg3m8g, 18yt Ay,
Ay Ap a5
(1.5)
Misal.
-1 1 -2
0 2 4|(=-1.2.5+1-4-2+(-2)-0-3-2-2-(-2)-3-4-(-1)-5-0-1=
2 3 5

=-10+8+0+8+12-0=18

Sarrius usuh:
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Q; 8, & A, i3\8y; 8, (A By ay; a,

Ay Ay A=Ay Ay Ay Ay —(3y |8y Ay =
A 8y Ay |8y 8y Qg3 dy Ay 853085 8y,
a11'a22'a33+ +a13'a21'a32' = 8y 18y 8y5m 8, "8yt . (1-6)

-1 1 —-2-11

0 2 4|0 2=-1.2.5+41-4-2+(=2)-0-3—-2.2-(=2)—
2 3 5|2 3

~3.4.-(-1)-5-0-1=-10+8+0+8+12—-0=18

Ixtwyariy gatar yamasa bag ana elementleri boyinsha jiklep esaplaw:

8; a, dy
a,,a a,,a a,a
A=la, a, a, =(_1)1+1a11_ 22923 +(_1)1+2312_ 21923 +(_1)1+3a13. 2%22| (1.7)
a, a, a, 2933 1933 1932

4. Determinanttin’ gasiyetleri

1. Determinanttin® qgatar elementleri menen bagana elementlerin almasturip qoysaq
determinant ma’nisi 0 zgermeydi.
a‘ll a12 a13 a‘ll a'21 a‘31
A=la, 8y ay|=|a, 8, a
a‘31 a32 a‘33 a‘13 a23 a‘33

1-Misal.

1 2 3 QL -1 -2
-1 0 2=2 0 4/=-12-8+10-8=-18
-2 4 5 3 2 5

Demek determinantta gatar h’a’m bag ana elementleri ten™ kushli eken.

2. Determinantta

qon'st qatar(bag'ana) orwmlarin almastursaq, determinanttin® belgisi
0 zgeredi.

a11 alZ a13 a21 a22 a23

A,y Ay, Ayg| = — |y y, Qp5 |yamasa
A, A5, Agg ;3 8,3 Agg
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&, &, A, a;; A3 Ay,
Ay, Ay, Ayl = —|Q, Ay Ay,
a; A, Agg Q3 dy; Ag,

1 -1 -2
2-Misal. 2 0O 4/=-12-8+10-8=-18
3 2 5
-1 1 -2
0 2 4|=-10+8+8-0+12=18
2 3 5

3.Determinantta eki gatar(bag ana) elementleri 0°z-ara ten” bolsa, omn' ma'nisi nolge ten".

& Ay Az | (A Q4 Ay
A=la,; a, a;, :aizauazszo
Ay 5, Ay A5 i3 g

3-Masal.

12 3
1 2 3|=2+24+15-24-2-15=0
4 51

11 4
1 1 5(=1+12+15-12-1-15=0
3 31

4. Determinanttti bazi-bir sang'a ko beytiw ushin omn™ bazi-bir gatar(bag ana)
elementlerin ust sang'a ko beytiriw jetkilikli.

a, a, ag| |ia, 4a, Aa,
A Ay Ay Ap|=| Ay ay A3

83 83 Gyl |8y Ay Ay

a; &, &, | Aa, Adag
A8y 8y Ay|=(Ay Ad, Ay (1.8)

a31 a32 a33 a‘31 ﬂ“ a32 a‘33
4-Mysal.
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2 1 12
313 9 27/=3-(2-9-16+1-27-15+3-5-12-12-9-15-1-3-16-2-27-5) =
15 5 16

= 3-(288+405+180 1620 — 48— 270) = 3- (—1065) = —3195
36
27|=6-9-16+3-27-15+3-5-36-36-9-15-3.3.16 - 6-27-5=

15 5 16

=864+1215+540-4860-144-810=-3195

5.Determinanttin™ bazi-bir gatar(bag anara) elementleri nollerden ibarat bolsa onin® ma'nisi
nolge ten".

a, &, a;| |0 a, ay
A=10 0 01=|0 a, a,|=0

Ay 5, Ay 0 QA3 Ay
5-Misal

0 0 O
1 2 3|=0-2.1+0-3-4+1-5-0-0-2-4-0-1.1-0-3-5=0
4 51

10 4
1 0 5/=1-0-1+4-1.0+1-0-4-4-0-3-0-1-1-1-5-0=0
301

6.Determinanttin’ eki gatar(bag ana) elementleri sa'ykes proportsional bolsa, onin* ma'nisi nolge
ten".

&, Q5 Qg a,; Aay; a5
A= /’tall /’i’a12 /’La13 — alz/la12 ay; =0
Ay, a;, Qg a3 Aa; ag

36 9
1 2 3/=3-2-1+6-3-4+1-5-9-9.2.4-6-1-1-3-3-5=
6-Musal. 45 1

=6+72+45-72-6-45=0
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7.Determinanttin”  bazi-bir gatar(bag'ana) elementleri qosindidan yamasa aywmadan ibarat
bolsa,onda determinanttin®™ ma’'nisi eki determinanttin® ma’nislerinin® gosindisina yamasa
ayumasisina ten” boladt.

a,*b a,a;| |a, a, az b a, a;,
a21 i b2 a22 a'23 = a21 a'22 a'23 i b2 a22 a23

a31 i b3 a’32 a‘33 a31 a‘32 a‘33 b3 a32 a33
(1.9)

a,*b a,+b,a,+b |a, a, a, |b b, b
a21 a22 a23 = a21 a22 a23 i a21 a'22 a23

2y, 8, A | (A 8 | A A Ay

8. Detrminanttin® bazi-bir gatar(bag'ana) elementlerin xtiyarty sang'a ko beytip ekinshi
gatar(bag ana) elementlerine sa ykes qossaq(alsaq) determinant ma’nisi 0" zgermeydi.

a'll a12 a13 a'll +A- a12 alZ alS
aZl a‘22 a'23 = aZl +A- a‘22 a'22 a23 (llO)
aSl a32 a33 a‘31 +A- a‘32 a32 a33
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SHET EL
MATERYALLAREI

1. Matrices

Matrices allow us to operate with arrays consisting of many numbers,

functions or mathematical statements, just as if we operate with several
ems.

Matrices have a wide application in different branches of knowledge, for
imstance, in mathematics, physics, computer science, and so on. Matrices

allow us to solve systems of ordinary equations or sets of differential
equations, o predict the values of physical quantities in quantum theory, 1o

encrypl messages in the Internet, and so on.

In this chapter, we discuss the basic concepts of the matnx theory,
miroduce matrix characteristics, and study some matrix applications. The

important propositions are proved and illustrated by examples.

1.1. Basic Definitions

A matrix is a rectangular array of numbers, algebraic symbols or
mathematical functions, provided that such arrays are added and
multiplied according to certain rules.

Matrices are denoted by upper case letters: 4, B, C, ...

The size of a matnx is given by the number of rows and the number of
columns. A matrix with mr rows and » columns is called an mxn matrix
(pronounce m-by-n matrix). The numbers m and n are the dimensions of the
matrix. Twio matrices have the same size, if their dimensions are equal.

Examples:
Ix 2 matnx 2= 31 matnx 2x 2 matrix
2 =7
=1 5 0 ST =CO08X
A=|1 0 Am = _
1 4 3 3 8 COSx  SIinx

Members of a matrix are called its matrix elements or entries. The entry
in the i-th row and the j-th column of a matrnx 4 is denoted by @, ; or 4, ;.

The subscripts indicate the row first and the column second.

In the examples above, the boldface elements are a,, =4 and &, =5.

A matrix with one row is called a row matrix: {n,I, - MNP ).
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2. DETERMINANTS
2.1. Permutations and Transpositions

A permutation of elements of a set of ordered elements 15 any one-to-one
transformation of the set onto itself.

Let § be the ordered set of the natural numbers from 1 o »:
Swm{l, 23 . m}.
A permutation of § 15 the set of the same numbers arranged in a particular
wWay:
(L3 ...n} = iy, dy.... 0,0

A permutation is called a transposition, if the order of two elements of the
sel is changed but all other elements remain Mxed.

Example of a permutation:
L2341 = {2,413

Example of a transposition:
.24 = {4231

Every permutation of ordered elements can be expressed through a
sequence of several transpositions. For instance, permutation {2, 4. 1, 3} can

be presented by the sequence of the following transpositions:
1,2,3.4) = {3214} = [(23L4 = (2413
It is said that a permutation of § contains the inversion of elements i, and
iy, 1T
Jek and ;=i
The total number of inversions determines the inversion parity of the

permutation that takes on two values: either even or odd.

A permutation is called an even permutation, if it contains an even number
of inversions. This means that an even permutation i formed by an even
number of transpositions of §.

An odd permutation contains an odd number of inversions.

This means that an odd permutation 15 a sequence of an odd number of
transpositions of &,

Example: The permutation {2, 4, 1, 3} of {1,2,3 4} is odd, since it
contains three inversions:
2andl, 4 and I, 4 and 3.
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Theorem 1
Any transposition changes the inversion parity of a permutation.

Proof: It i5s not difficult w see that the transposition of neighboring
elements i, and i, changes the inversion parity of a given permutation.

The transposition of elements i, and i, ; can be expressed as the sequence
of (2k =1} rranspositions. Really, by & transpositions of the element ¢; with
the neighboring element on the nght of iy we get the permutation

.:I I11IIJ1't:IIJ1...: :

k transpositions
{""-I__'I"'II_J—_#-:"'}
-._I,_.-'
k elements

Then, by & - 1 transpositions of the element 7, ; with the neighboring

T

element on the left of ¢

k- We gel the desired permutation

k-1 transpositions
.J.- : N I. -
{"'r.I"_.;r”'rj_;l."ll"l'”]'
eyt
k-1 elements

The total number & +(k=1)=2k =1 of the transpositions is an odd number,
and hence the inversion parity of the permutation 15 changed.

Theorem 2
Given the set §={1,2,3, ..., n}, there are n! different permutations of §.

Proof: Consider an arbitrary permutation of 5.

The first position can be displaced by any of n elemenis.

The second position can be displaced by any of the remaining »n—1
elements.

The third posibon can be displaced by any of the remaining n=2
elemenits, and s0 on.

The n-th position can be displaced by the rest single element.

Therefore, there are nin — 1 n - 2)._.1 = n! ways to gel a new permutation
of the elements of §.
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Example:
The set §= {12 3] comsists of three elemenix, and =0 the number of
different permuintions 5 5= b

L3, A0, [RL3,
L, 2L, [LL3.

a} The pzmmiaisons

)

(,2 3§, (2.5,1) and {3,132

are even, since each of them is a saquence of an even number of
transpositions of the elements of 5:

(1,23} = [({351] -+ (L3N,
(1,23} = (L1} - (LL2.

In terms of inverssons, the permwatons (L2 3], (LLl] and
{3, ,2] are even, smoe each of them conirs an even number of
mversions of the elemenis. For instance, the permudation [2, 3, 1]
coniams fwo inverseans of the ebements:

2 and | since 2 is on the beft from I, and 2 > 1,

Y and |, since 3 is on the kefi from I, and 3> 1.
Likewise, the pemmaiaisons

(5203, [(LL3 and (L3 2]

are odd, smoe each of them = a seguence of an odd pumber of
manspositions of the elements of 5. In pamicolar, the permotaton
13, 2, 1] is the tramsposiivon of the elemends | and 3 of 5.

In terms of mversions, the permuiaton [32.1) 15 odd, since W
coniams the odd number of the inversions

Y and 1 zsince § sonthe left from ¥ and 5> 2,
Y gnd I,since 5 sonthe lef from | and 3>,

2 and |,since 2 =onthe lef from | and 2> 1.
The permmtaion (11, 5] contains the inversion of the elemenis 2
and L.

The permmotaiion {1, 3 2] contains the inversion of the elemenis 3
and 1.
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Examples:
1} Let -'l-[
saolutinn:

SINY CDEX

) } Find det 4.

—CO%X SENT
WMn¥ OosT| 1 .

det A = ] -l T4Cos o],
—CDEI  RINX

ir

1]
2 L.:u-[ d']' Verify that det A4 = det A7 .

e

salution:
.i:u-ﬁ j-m‘—.!h: and .tur-lz :’I-nd—h:'.

| 2 13
5) Ewvaluasie |4 5 6.
TR 9

= o
i
=

3 0 T
43 Ln:l:.-l-[I __I:'-:l-l:l ﬂ-[3 -_-]' Verify that det A8 = det A-dei 5.

i Jon s o

det A-det B =110,
5 07 1Yy (35
oy 26 o 5
5
det AR = =5 |=535-13=110.
g Jofs freee
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Siziqgh ten’lemeler sistemast
Tiykarg’1 tu’sinikler

Aniglama. n belgisizli m ten’lemelerdin’ sizigl sistemasi dep

Q% +a,X, +..t X, =b
a, X +a,X, +..+a, X =Db,
_______________ (1)

(A X Fa,X, ..+ a3, X, =D

m

tu’rindegi sistemag’a aytiladi, bunda ais, ..., @amn sanlari (1)-sistemanin’ g'a'rezli koeffitsentleri,

ten'liktin'on’ jag’indag'1 by, by, ..., by sanlar1 g'a'rezsiz yag'niy azat koeffitsentler dep ataladu.

Mina

(a, a,...a,, )

@)

matritsasi sistemanin’ tiykarg'1 matritsas1 delinedi.

Eger barliq bi=0 i=1,2, ..., m bolsa, onda sistema birtekli siziql1 sistema dep, al keminde

bir bj=0 bolsa, onda sistema birtekli emes siziql sistema dep ataladi.

Sistemag’a qoyg’anda onm’ ha’r bir ten’lemesin duris ten’likke aynaldiratug’m n
sandag’t Xi, Xz, ..., Xn sanlarmnin’ ha’r qanday jiynag’1 sistemanin’ sheshimi delinedi,h*a’m ol bir
sheshim esaplaniladi. Keminde bir sheshimge iye sistema birgelikli sistema delinedi. Eger

sistema sheshimge iye bolmasa, onda ol birgelikli emes dep ataladi.

Tek bir sheshimge iye birgelikli sistema aniq sistema dep, ol birden artiq sheshimlerge

iye sistema birgelikli biraq aniq emes sistema dep ataladu.

Sistemani sheshiw — bul sistema birgelikli yamasa birgelikli emes ekenligin aniqlaw, eger

ol birgelikli bolsa, onda onin’ barliq sheshimlerin tabiwdan ibarat.

Gauss usili
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Si1ziqh algebrahq sistemalardi sheshiw ushin nemets matematigi K.F.Gausstin’
(1777-1855) at1 menen atalatug’in metod ken’nen qollaniladi. Gauss metodi eki
basqishtan turadi.
Meyli m belgisizli m ten’lemeler sistemas1 berilsin:

3)

Birinshi basqish (tuwri ju’ris): (3) sistema u’shmu’yeshlik tu’r dep atalatug’in ko’riniske
alip kelinedi.
Ekinshi basqish (keri ju’ris). Xi, X2, ..., Xm belgisizler, son'g'1 X, beligisizden baslap birinshi

X1 belgisizge deyin izbe-iz tu’rde aniglanadi. Gauss metodi u'sh belgisiz, u'sh ten'lemeden

du’zilgen sizigl ten'lemeler sistemasin sheshiw basqishlarin gqarap shig’ amz:

Birinshi basqishta uliwmaligt1 sheklemey, (4) sistemadag’1 birinshi ga’demnin’ jetekshi
elementi sipatinda a;; #0 alinadi (keri jag’dayda yag'niy eger a;; =0 bolsa, ten’lemelerdin’
ornin almastiramiz yamasa belgisizlerdi qayta nomerleymiz). Birinshi ga’demde x; belgisizin

ekinshi ten’lemeden baslap qalg’an barliq ten’lemelerden shig’arip taslaymiz (joq etemiz),

a
21
bunin’ ushin birinshi ten’lemeni ge ko’beytip ekinshi ten’lemeden, birinshi ten’lemeni
11
a3 . : .
— ge ko’beytip u'shinshi ten’lemeden ag’zama-ag’za alamiz . Bunnan keyin berilgen (4)
a
11

sistema o0g’an ekvivalent bolg’an




ko’rinistegi sistema menen almastiriladi, bunda

a. a.
i1 M _p _ “i1

aV =a

ij ij B (l’J:2’3) (6)

Ekinshi ga’demde usinday jol menen (5) sistemadag'1 ekinshi ten'lemeden to'menve X,

— belgisizdi jog altip baramiz,h’a’'m

sistemasin alamiz, bunda

(2) 1) aé? L) (2) 1) ag @

_ B . Y

a33 — g3 (D) 453 b3 o b3 ® b2 (8)
22 s,

Berilgen sistemam (7) u’shmu’yeshli tu’rge alip keliw menen Gauss metodi menen
sheshimdi du’ziwdin’ birinshi basqish1 tamamlanadi.
Ekinshi basqish — keri ju’ris — us1 (7) u’shmu’yeshli sistemani sheshiwden ibarat. Bul

to’mendegishe ju’rgiziledi: son’g’1 ten’lemeden X3 aniqlanadi. Bul ma’nisti 2 — ten’lemege

goyip, onnnan Xzni aniqlaymiz.

Bunnan keyin tabilg’an X3 ha’m X ma’nisleri boymsha 1— ten’lemeden X; aniglanadi.
Usinin’ menen (4) sistemanin’ sheshimin 0g’an evivalent bolg’an (7) sistema ja’rdeminde tabiw

tamamlanadi.

S1ziql1 sisteman1 matritsaliq formada jazg’an qolayli boladi. Bunin’ ushin

matritsa — bag’analardi Kiritemiz, olar sa’ykes tu’rde vektor — sheshim ha’m bos ag’zalar
vektor: delinedi. Sonda (1) sistemani og’an ekvivalent bolg’an
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Ax=b

matritsalq ten’leme menen almastiriwg’a boladi.
Siziqly ten’lemeler sistemasin Kramer metodi menen sheshiw
Meyli (4) sistema berilgen bolsin. Eger

8y 9y, &g X by
A=|a, a, ay |, x=|x, |, b=|b,
831 8y, A3 X3 b,
belgilewlerin kiritsek, onda (4) sistemani
Ax=b 9)

matritsaliq tu’rde jaziwg’a boladu.

Eger (3) sistemanm’ A matritsas1 aynumag an (ayriqsha emes) matritsa bolsa, yag’niy:

Ay &, A5
A=detd=|a, a,, a,
Ay Agy 8y
A=det A#0 bolsa, onda
At—L1A 10)
A

keri matritsa bar boladi, bunda A —bul A matritsasumin® biriktirilgen matritsasi dep
atalatug in to'mendegi matritsa:

(P A A
A= A, A, A, (11)
Az A Ay

Bul jerdegi h'a'r-bir Aj; aj; elementinin’ algebrahq tohqturtwshist.
(9) ten’likti soldan A™ matritsa ko’beytip

A'Ax=A"D
ten’ligin alamiz, bunnan
x=A"b (12)
yag’my
) Ar Ay Ay (B
X, :X A, A, Ay b, (13)
X3 As Ay Ay b3

Bul son’g’1 (13) matritsaliq ten’likten

X, = (k=1,2,3) (14)

By
A
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gatnasin alamiz, bunda

b1a12 Ay a11b1a13 ay, a12b1

Al = bz ay, Ay, rAz =8y bz Ay As =8y 3y bz

b3 Ay, Ay Ay b3 Ags ay Az b3
Yamasa Ax= biA+ boAsk + bsAsk (15)

Solay etip, to’mendegi tastiqlawg’a kelemiz (Kramer qag’iydasi): eger (3) siziqh
sistemanin’ aniqlawishi nolge ten’ bolmasa, onda bul sistema (14) formulalar1 menen
anigqlanatug’in birden — bir sheshimge iye boladi. Bul (14) formulalar Kramer formulalar
dep atalad.

(15) ten’liktlerdin” on’ jag’1 det A aniqlawishinan bul aniglawishti k — bag’anam
bos ag’zalar bag’anas1 menen almastirnwdan aling’an aniqlawishtin’ k — bag’anasinin’
elnmentleri boyinsha jayilmasi ekenin an’sat ko’riwge boladi.

Yag my:
b a, a;
A, =bya,, a,|=b A, +b,A, +bA;,
b, a;, as;

a,, b a;,

A2 = Ay bz Ayz| = 1A12 + b2A22 + b3A32’
Az, b3 As;

&, A, bl
As = 857 Ay, bz — b1A11 + b2A21 + b3A31-
as; As, b3
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SHET EL MATERYALLARI
4.2. Main Definitions
Consder a sysiem of &2 linear equations with n unknowns

Ty Xyt b AT, =0
@3y ¥ llga Ky ¥ ot By, T, =iy

By ¥ T Ty + o T X, =y

Here g are numernical coefficienis; b, are constanis {(f = 1,2 -+, .m) and X

are mmknowns | f= 12 - ).
A soletion of system (|} = a sei of valoes of the unknowns X that reduces

all equaivons (1) to identiies. If there exisis a solution of simulaneoos
equaisons. then the sysiem is called consistent; otherwise, the sysiem =
inconsistent.

Using mainix multiplicabons, system of equaioms (1) can be represented by
a simgle mainy equation

il

AN = B,
where A is the coefficient mainx comsisting of g the column matnx
Baf|ly | is called the non-homogeneous term; 4 is the columm matn,
whose elemems are the unknowns Xy

T o B,
fm Wy @ 7 iy i Y X3 e iy
Vg dg1 Tt dg, ) I, '&.
If the nonshomogensous term & = egual to zero, then the linear sysiem =

called the homogensous system:
AX =),

Two linear systems are called equivalent, if they have the same soluison
=
Elementary transformatbons of the linear sysiem &5 the process of
obizining an equivalent linear system from the given sysiem by the
following operabions:

|1 Interchange of fwo equations.

21 Multplecaison of an equatkon by a norero number.

5) Addibon of an eguation muliypleed by a constant 0 another

equathom.

Each of the abowe operaivons generaies an equivalent linear sysiem.
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Applying the lmear trancformaisons we iry o find an equivalent system
whach can be easier sobved.

4.3. Gaussian Elimination
Consder the sugmented matrix of system 1)

gy gy v A
I e i
By Uy 77 gy

There i oneg-ip=one  comespondence beiween  the  elementary
mmansformations of the tmear system and linear row operations on the
augmemed mainy. [Indesd:
= |mierchangmg two equatbons of the sysiem comesponds o
interchanging the rows of the augmenied matrix.
= Multiplication of an equation by a nonzero number corresponds. o
multiplication of the row by that number.
— Addition of two eguations of the system commesponds o additeon of
the rows of the matnx.
The mann idea is the folbowing.
First, transform the awgmenied mainx io the opper tnangle form or row

echelon form:
3" " 1 qSEr " Il'lﬁ'l
ﬂ al: 1 aEr L] ||-E
0 0 F e = ee|h
(A|F) = "o : E"
I A
0 0 0 o oo oefi]

Then write down the linear sysiem comesponding io the augmented mainy
in the mangle form or reduced row echelon form. This sysiem = equivalend
o the given system but it has a simpler foom.

Fimally, solve the system obiained by the method of back substinstion. If i
I NECes=ary, assign paramein: valoes io some unknowns.

This sysiemate procedure of solving sysiems of blinear eguabions by
clementary row aneraibans 5 known % Gaussion elimination.
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4.3.1. Some Examples
I} Solve the system bebow by Gaussian eliminatson:

2o = xy + 5, = 1
o XMy + Xy —Jupy m—2
|2y #doy + = |
Soletion: Reduce the angmented matrix to a triangle form:
-1 il 2 =1 5w
I]—J—E&r:r.-, T —h|-4
T 4 1
2 1]
nIraTR J -1 —Id]: :.3.[ —n -14
eIy 2 15
2 10
m=bm=Inl0 3 —=11{=14|n 'fi" 3 =11]-14
B 0 43| 43 0 0 1)1

The later mairix comesponds io the sysiem
24, =1y +5r; =D
Say=1lx, =—14
Ty
whach is equivalent to the indtal system.
Mow the solufion can be easily found:
i, = —ld+ 1y, =-3F = I,=-l,
dy,m] 0+, —5n=md = =2,
X 2

Thas we obtam the soluison X =| x, |=| —1 | of the grven sysyiem.

I |

It is nod difficalt o verify the values of the unknowns satisty all the given
equaiboms:

2y =xp 5y = X2 ==+ 5- 1m0,
j:|+:]—.5|1']—1+l—l]—.:l-ll—l
2oy wdr, vy m v do=1j+ 1 ml.
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2} Fimd all solutions of the sysiem of equations via Gaussan elimination
I+ Xy =iy =
[E:, — iy — I, m=1
I_d-:, *iy—Ar, =5
Solatiom: The sysiem can be represenied by the sugmented matnx. Apply
the linear row operations:

11 -1 o I 1 -1] o

3 o1 =1]-2|*T TG o3 1 ]-2

a1 =35 o3 ] e
1 1 -1]o
a=rm+n|d =3 1|=-2
o 0 0|7

The third row corresponds 1o the eguaiion
by +0-xy + 0w, =7

which evidenily has no solutions.

Therefare, the given sysiem is Inconsistent.

1) Use Gaxsan elimmation o solve the system of eguations.
Nyt Xy =iy —2r, ={}
21, % Xy — X, + 1, =2
-0t =Y v a, =

Solatiom: By elementary tansformations, the sugmented mainx can be
reduced io the row echelon fomm:

1 1 =1 =2| a0 1 1 =1 =20
301 =1 1= g o 1 5 |-2
p—
11 =3 1]a)*7"T e 2 -4 -1 4
1 1 =1 =2|0

r:,brrl'lr:'l:l'—ll 3 |=2
¢ o0 =2 9|0

The reduced mainix bas the mnk 3 and comesponds io the folbowing system
of Linear equabons
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N+ I=X—Ii, =0
—x, +x +3x, ==l
=2, = %, =i
The vanable x; is considered o be an arbeirary pammeter o, regardless of
the value of whech the remaining values of 1,,x;, and x; reduce all
equaisons. of the given sysiem io dendities.
From the last equaion we find

X g:
i 2 -
Then we odvizin
4 15
Xy m 24 0y -lS:.,-iqu-rS.i:_., -Iqu.
o %

) =Xy =1, 'I'h_,'-il"—?n_—zill:d-—i—h‘-
The general solaton of the system

-3 =%
e
Y g
2
Iy
-—
)
'

_1'-

e

depends on the arbiirary parameier c. Any particolar value of ¢ gives a
pariscular solution of the sysiem. Assigning, for instance, the zemo values o
i_z‘-.

the parameter ¢, we oblain a pariscular solution X, =

Settmg © = X we obiain another particular spdotion X, = .
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Ne4 TEMA:
Vektorlar ha’m olar u’stinde si’zi’qli’ a’meller. Vektorlardi’n’ si’zi’qli’ baylani’sli’li’g’i’.
Tegislik ha’m ken’isliktegi bazis. Tuwri’ mu’yeshli Dekart bazisi. Vektordi’ koordinata
ko’sherleri boyi’nsha payda etiwshilerge jayi’w.

Vektor. Vektorlar u'stinde a meller

Vektorlar algebrasi. Vektor: aniglamasi, koordinatalari, ga’siyetleri. VVektorlar u'stinde
a meller. Kollinear ham komplanar vektorlar.

Fizika, texnika, ximiya ha'm t.b. pa'nlerde u'yreniletug in shamalar eki klassga bo"linedi:
skalyar ha'm vektorliq (yamasa bagitlang an). Skalyar shamalardi xarakterlew ushin olardin’
san ma nisin ko rsetiw jetkilikli. Misali, ko'lem, massa, tig izliq, temperaturi ha'm t.b. Vektorliqg
shamalardi xarakterlew ushin tek g'ana san ma'nisin ko'rsetip goymay, sonin’ menen birge
olardin™ bag’itin da ko'rsetiw za'ru'r. Misali, denege ta'sir etiwshi ku'sh, ha'reket tezligi, magnit
yamasa elektr maydaninin® kwshleniwi ha'm t.b.

Aniglama. Bag itlang an kesindi vektor dep ataladi.

Vektor AB (A nogatisi vektordin™ basi, V noqati vektordin® aqiri delinedi) yamasa a

tu'rinde belgilenedi. Vektor uzinlig'i ‘Z?

b

5‘ tu'rinde belgilenedi.

Basi ha'm aqiri betlesetug’in vektor nollik vektor dep ataladi ha'm 0 tu'rinde

—

belgilenedi, [0

=0. Uzinlig'i 1 ge ten” bolg an vektorlar birlik vektorlar dep ataladi.
Aniglama. Bir tuwri sizigta yamasa parallel tuwri siziglarda jatiwshi vektorlar kollinear
vektorlar dep ataladi.

Kollinear vektorlar birdey bag’itlang’an yamasa garama-garsi bag itlang'an boliwi
mu-mKin.

Aniglama. Kollinear, birdey bag itlang'an ha'm uzinliglari ten” bolg an vektorlar ten®
vektorlar dep ataladi.

Aniglama. Bir tegislikte yamasa parallel tegisliklerde jatiwshi vektorlar komplanar
vektorlar dep ataladi.

Eger komplanar vektorlardin®™ baslari uliwma noqatga iye bolsa, onda olardin™ bir
tegislikke tiyisli bolatug inlig’in ko rsetiw mu mKin.

AB ha'm BA vektorlari garama-qarsi vektorlar dep ataladi. Eger AB=a tu'rinde
belgilense, onda BA =—a tu'rinde jaziladi.

Vektorlar u'stinde sizigli a'meller dep vektorlardi gosiw, aliw ha'm vektorlardi sang'a
ko beytiwge aytiladi.

Vektorlardi gosiwdin® u'shmu’yeshlik ga desi. Nolden parigli eki a=AB ham b=BC
vektorlari berilgen bolsin. a+b :Z*, c=AC vektorlarin tabiw ushin birinshi qosiliwshi
vektordin® basin ekinshi gosiliwshi vektordin™ agiri menen tutastiratug'in vektorg a aytiladi.

Vektorlardi qosiwdin® parallelogram ga'desi. Bunda ta'repleri berilgen vektorlar
bolatug'in parallelogramm du ziledi, bunda vektorlar bazi bir noqatta jaylastiriladi. Sonda
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parallelogrammnin’ korsetilgen nogattan shig iwshi diagonali berilgen eki vektor gosindisin
beredi.

Vektorlardi qosiwdin™ ga’siyetleri:
1. Orin almastiriw qa’siyeti a +b=b +a
2. Gruppalaw ga’siyeti (c_z + 5)+ c=a+ (B + E).

Vektorlardi aliw ameli qosiwg a kerisinshe orinlanadi.

Vektorlardi sang'a ko'beytiw. a0 vektorinin® A0 sanina ko'beymesi dep, a
vektorina kollinear, uzinligi |/1|-‘5‘ g'aten bolg’an, 1 >0 bolg'anda a vektori menen birdey

bag'itlang'an, al A <0 bolg anda a vektorina garama-garsi bag’itlang’an Ada vektorina
aytiladi. A-a=b bolsa, onda a|b,

l_a‘ =[] ‘5‘ . Tiykarg'i qa'siyetleri:
1. l-a=a-1

2. Apa)=(Ap)a, (2.~ const)

3. (A+u)a=Aa+ pa

4. l(5+5)=15+/15.

Vektor tu’sinigi. Vektorlardi gosiw ha’m ahw

Geometriyada vektor dep, uzinhg’t ha’m bag’it1 boyinsha xarakterlenetug’in shamalarg’a
aytamiz. Demek, vektor beriliwi ushin omin’ uzinhg’t ha’m bag’it1 beriliwi kerek. Sizilmada
vektor bag’itlang’an kesindi tu’rinde su’wretlenedi. EKinshi jagtan, Ha’rganday bag’itlang’an
kesindi 0’zinin’ uzinhg’1 ha’m bag’it1 boyinsha xarakterlenedi. Sonhgtan berilgen uzinhgtag’:
ha’m bag’ittag’1 Ha’rganday bag’itlang’an kesindini vektor dep garawg’a boladi. Bag’itlang’an
kesindinin’ baslang’ash tochkasi -vektordin’ baslang’ish tochkasi, al aqirg’: tochkasi-vektordin’

aqirg’1 tochkas: dep ataladi. Baslang’ish tochkas: A, al aqirg’1 tochkast B bolg’an vektor AB
dep belgilengen. A ha’m B tochkalarinin® arasindag’s araliqg AB vektorinin’> moduli yamasa
uzinhg’1 dep atalad: ha’m ol | AB| dep belgilenedi. Baslang’ish ha’m aqgirg’1 tochkalar:

betlesetug’in vektor nollik vektor dep atalad: ha’m ol AA = 0 dep jaziladi. Nollik vektordin’
uzinhg’1 nolge ten’, al bag’it1 aniq emes bolad.

Vektorlardin’ ten’ligi to’mendegi sha’rtlerdi ganaatlandiradi:

a) Ha’rqanday vektor 0’z-o0’zine ten’ (refleksivlik sha’rti);

—

b) eger @ vektor Bvektorma ten’ bolsa, onda D vektor1 @ vektorma ten’ bolad1
(simmetriyaliq sha’rti);

v) eger a vektor1 b vektorma, al b vektor: C vektorma ten’ bolsa, onda @ vektor1 C
vektorina ten’ boladi (tranzitivlik qa’siyeti).

—

I. Vektorlardi qosiw. Meyli bizge eki & ha’m D vektorlar: berilgen bolsm. Erikli O
tochkasman baslap 8 = OA vektorm ha’m ol vektordin’ aqirg’t tochkasi1 A dan baslap
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b = AB vektorin jasaymiz. Bul jasaw nltiyjesinde aling’an (1-su’wret) C = OA vektor:

—

berilgen @ ha’m 6 vektorlarinin’ qosindis1 dep, al & ha’m b vektorlar1 qosiliwsh1 vektorlar

dep ataladi. Bul eki vektordin® qosindis1 @ + 5 = C dep jaziladi. Vektorlardi qosiwdm’ bul
qa’desi u’shmu’yeshlik ga’desi dep ataladi, sebebi eki vektordi qostw ushin u’shmu’yeshlik
jasawg’a tuwra keledi.

Eki vektordin’ qosindist O tochkasin
saylap aliwg’a baylanissiz boladi.
Haqiygatinda, biz O tochkasman basqa bir O’

tochkasin saylap alip, ust O’ tochkasman
baslap joqaridag’i jasawlardi ormnlasaq, onda
C vektorma ten’ bolg’an C' vektorma iye

bolamiz.
O B U’shmu’yeshlik ga’desinnen ma’seleler
1-su’wret sheshiwde ju’da’ paydali bolg’an to’mendegi
ga’de kelip

shig’ad:’ berilgen u’sh A, B, C tochkalarinin’ ga’legen jaylasiwinda

AB + BC = AC

ten’ligi orinh bolada.
Vektorlardi qosiw to’mendegi qa’siyetlerge iye:

1. Qa’legen eki & ha’m 6 vektorlar1 ushin, ol vektorlardin® qosindist dep atalatug’in bir
d+b vektor bar bolad.

2. Qa’legen eki d ha’m 6 vektorlarinin’ qosindisi ushin §+6 = 6+<'_i ten’ligi ormli
boladi (qostwdin’ kommutativlik nizama).

ten’ligi ormli bolad1 (qosiwdin’ assotsiativlik nizami).

4. Qa’legen a vektoriushin @ +0 = @ ten’ligi ormli boladu.

vektorlardi qosiwdin’ assotsiativlik qa’siyeti u’sh vektordin’ qosindisin aniglawg’a

—

mu’mkinshilik beredi. Berilgen u’sh a,b, € vektorlarmin’ gosindisi dep,
da+(b+c)=(@+b)+c=d
vektorina aytamiz.

Il. Vektorlard1 aliw. Vektorlardi aliw a’meli vektorlardi qosiw a’meline keri a’mel retinde

—

aniqlanadi. Berilgen 8 ha'm D vektorlarmm’ ayirrmasidep, X + B =a ten’ligin

—

qanaatlandiratug’m X vektorma aytamiz. Bul & ha’'m D vektorlarmin’ ayirmas: & — € dep
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—

belgilenedi. Sonda X = a —b , bundag’t & vektor1 azayiwshu, al b vektor: azaytiwshi vektor
dep atalad1.

Egerde biz erikli bir O tochkasmin’ baslap, berilgen @ ha’m 5 vektorlarin, yag'nry
OA=3 hem CB=bh vektorlarin jasasaq, onda OB + BA = OA yamasa b+BA=3.
Demek BA vektor: berilgen & ha’m b vektorlarmm’ ayirmasina ten’ boladi.

Vektorlard: sang’a ko’beytiw
Nollik vektordan o’zgeshe bolg’an & vektormm’ A # 0 sanina ko’beymesi dep,

to’mendegi sha’rtlerdi qanaatlandiratug’in 6 vektorina aytamiz’
a) ‘ 6‘ = ‘ A H a ‘, bunda ‘ A ‘ — A saninin’ moduli~

b) eger A > 0 bolsa, € ha’m @ vektorlar1 bir bag’itlas, al A < O bolsa garama-qarsi

bag’itlas.

Bul @ vektormm’ A sanmna ko’beymesi A8 yamasa a A dep belgilenedi, demek
b=2Ad.

Jogaridag’1 aniglamadan nollik vektordin’ ga’legen sang’a yamasa erikli vektordin® O

sanina ko’beymesi nollik vektor bolatug’n kelip shig’ad1.

—

Qa’legen ﬂl,ﬂ,z sanlart ha’m qa’legen a,b vektorlar1 ushin vektord:r sang’a
ko’beytiwdin’ to’mendegi qa’siyetleri ormnli bolad1’

a)l-a=a, (—1) ad = —4a, bunda —a vektor1 8 vektorina qarama-qars1 vektor.
b) ﬂi(/lz é):(lllz)é V) (11 +/12)§:/11§+/12§

9) 4(@+b)=Aa+ A0

Ko’sher. Vektordin’ ko’sherdegi koordinatas:

Egerde tuwrinin’ u’stinde o’lshew birligi berilip, ha’m ol tuwrinin’ u’stindegi eki
bag’ittin’ birewi on’ bag’it ushin qabil etilse, onda bul tuwr1 ko’sher dep ataladi. KO’sherdin’
u’stindegi uzinlig’1 birge ten’, on’ bag’ittag’1 Ha’rqanday vektor birlik vektor dep atalad1.
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Ko’sherdegi qa’legen @ vektormm’ ust ko’sherdin’ birlik vektorma qatnasi @
vektorinmn® algebraliq ma’nisi yamasa us1 ko’sherdegi & vektorinin’ koordinatas1 dep atalad.

AB vektorinmn’ algebraliq ma’nisi ( AB ) dep belgilenedi. Bul aniglamadan to’mendegiler kelip
shig’ad1’

1. Birlik vektordin’ koordinatasi 1 ge ten’.

2. Berilgen ko’sherdegi o’z-ara ten’ vektorlardin’ koordinatalar1 da o’z-ara ten’ bolad1
ha’m kerisinshe eki vektordin’ koordinatalar1 o’z-ara ten’ bolad1 ha’m kerisinshe eki vektordin’
koordinatalar1 o’z-ara ten’ bolsa, onda ol vektorlardin’ o’zleri de o’z-ara ten’ bolad1.

3. Eger ko’sherdegi eki vektordin’ uzinliglar1 o’z-ara ten’, al bag’itlar1 qarama-qarsi
bolsa, onda olardin’ algebraliq ma’nislerinin’ modulleri ten’, al belgileri qarama-qars: boladi,

yag'niy
(AB)+(BA) =0
4. (Jal lemmas1). Kosherdegi A, B, C tochkalarinin’ erikli jaylasiwinda
(AB) + (BC) = (AC)
sanl ten’ligi orinli boladi.

Da’lilleniwi. Egerde A, B,C tochkalarinin’ ekewi, misah A ha’m B, yamasa A
ha’m C betlesse, onda

(AB) + (BC) = (AC)

ten’ligi (AC) = (AC) yamasa (AB) + (BA) =0 birdeyligine keledi. Sonligtan A, B,C
tochkalar1 o’z-ara betlespeydi dep qabil eteyik. Bul jag’dayda olardin’ birewi galg’an ekewinin’
arasinda jaylasadi. Eger B tochkasi A ha’m C tochkalarinin’ arasinda jaylassa, onda

‘(AB)‘ + ‘(BC)‘ = ‘(AC)‘ ha’m AB, BC, AC vektorlar1 bir bag’itlas. Sonlhqtan olardmn’

algebralig ma’nislerinin’ belgileri birdey, yag’'n1y (AC) sant (AB) + (BC) gosindisina ten’
boladi.

Egerde C tochkasi A ha’m B tochkalarmin’ arasinda jaylassa, onda joqaridag’i
da’lillengen boymsha

(AC) +(CB) = (AB)

yag'niy
(AC) = (AB)—-(CB)

—(CB) = (BC) bolg’anhqtan joqaridag’1 ten’lik to’mendegi tu’rge keledi
(AC) =(AB) +(BC)

A tochkast B ha’m C tochkalarmmn’ arasinda jatatug’mn u’shinshi jag’day da usig’an
ugsas da’lillenedi.

Vektorlardin® skalyar, vektorlig ha'm aralas ko beymesi

Ken'isliktegi vektorlardin® skalyar, vektorlig ha'm aralas ko beymeleri. Vektorlardin®
arasindag'i mu yesh. Vektorlardin™ komplanarliq sharti.
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Aniglama. EKki a= (ax;ay;az) ham b= (bx;by;bz ) vektordin® skalyar ko beymesi dep,
bul vektorlar uzinliglari ha'm olardin” arasindag’i ¢ muyesh kosinusinin® ko beymesine ten’

bolg an skalyarg'a (sang a) aytiladi ha'm a-b tu'rinde belgilenedi.
a-b= ‘Zz”l_y‘ cosp=ab +ab, +ab,.
Qa'siyetleri: a-b=b-a; (4-a)b=A-(a-bya-(b+c)=a-b+a-c,

2

—2

b

a-a:‘a a‘: a ;

- [ 3. _ab ab,+ab +ab,
al = ax+ay+az,cosq0—‘_ o
al-f]

2, 2, 2 [12 52 27
\/ax +a, +a; \/bx +b; +b;
albsab +ab +ab, =0.

U’sh vektordan turatug’in sistema belgili bir ta'rtipte berilgen, yag niy olardin™ gaysisi
birinshi, gaysisi ekinshi ha’m qaysisi u shinshi ekenligi ko rsetilgen bolsa, onda bul vektorlar
sistemasi ta'rtiplengen dep ataladi. Ta'rtiplengen vektorlar ushligin bir uliwma baslaniw
nogatina keltiremiz. Komplanar bolmag an ta'rtiplengen vektorlar u’Ishiginde u shinshi vektor
ushinan garag anda birinshi vektor ekinshi vektorg'a en’ gisga bolg'an aralig'i saat tilinin®
aynaliw bag'itina garama-qarsi bag'it bolsa, onda olar on u'shlik dep ataladi. Keri jag dayda
vektorlar u'shligi shep u’shlik dep ataladi.

Aniglama. E:(ax;ay;azll_az(bx;by;bz) vektorlarinin® vektorliq ko beymesi dep
to'mendegi sha'rtlerdi ganaatlandiratug’in ¢ vektorina aytiladi (E =axb tu'rinde belgilenedi):
a) ¢ vektori @ ha'm b vektorlarina perpendikulyar;

b) E, Z_), ¢ vektorlari on” u shlik du zedi;

V) ¢ vektorinin® uzinlig'i M-‘Z_)‘singo sanina ten” (¢ - bunda a ha'm b vektorlarinin®
arasindag'i mu'yesh), yag niy ¢ vektorinin® moduli a ha'm b vektorlarinan jasalg'an
parallelogrammnin™ maydanina ten".

a b b a
on" u'shlik shep ushlik
Qa’siyetleri:
axb=—bxa; (Aa)xb=Alaxb}ax(b+c)=axb+axc;
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axb=

Q .l
=1

y z|"

S
S

a,
bx v z

Aniglama. (axz'))-z ko beyme vektorlardin® aralas ko'beymesi dep ataladi (EZ_)E
tu'rinde belgilenedi) ha'm ol moduli boyinsha o'Ishemleri sol vektorlar bolg an parallelipedtin’
ko'lemine ten” boladi: V' = i(c_z xB)-E.

Qa’siyetleri:
(axbp=albxc) abo=boa=cab, abo=-bac:
a, a, a,

abc= b, b, b, | a, b ha'm ¢ vektorlarinin® komplanarliq sha'rti abc =0,
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SHET EL MATERYALLARI

%. Vectors

E.1. Basic Definitions

A threedimensbonal vector in some coordinaie system is an ordered
mmplet of mumbers that obeys certain nules of addmion and muliyplicaieon,
and that are tramsformed under rotaison of a coordimaie system just as the
coordmates of a point.
The members of the plet are called the conrdinades of the vector.
Likewise, one can define an p-dimensional vectaor.
Usmally, vectors are denoied by boldface letiers: @, &, e, .... The notateon
a@ = g, 43,4, ]

means that the numbers @, o, and &, are the coordinaies of the vecior &
in a three=dmensional coordinaie sysiem
Two vectors, o= |a,@,.0y ond b=ff b &), are egual, f ther
poordmates are respectively equal, that &,

wy = by,

o = b o iy =iy,

@y = by
Mote thai o vecior equaldy 5 equivalent 1o the sysiem of three scalar
equalsties for the coordmates of the vecior,

Linear vecior operations inclode the multiplecation of a vector by a scalar
guaniity and the addmon of vecoors.
If a vector & = {3y .a,,8,] is moltipleed by o scalar A, then b= da is the
vecior such that

b = A,

by = Ay,

IIFI-.'LJJ.

The sum of teo vectors a = |0, .40, | and b= [k b K] is the vechor

LT RS D RR A WA SR A
The difference between two vecoars 15 defimed in terms of sddicion:
C™ =g+ b
Therefore,
c=a-bh o cedy=lh, eap=by, oea b
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5.2. Geometric Interpretation

5.2.1. Vectors in Three-Dimensional Space
Cionssder a rectangular coordinaie system.
Let @ = a4y .4,,4;] be o grven vecior, and £ and f be two points with the
coordmmates {1, ¥, 5 b and ( ¥y, ¥s, 25 ), respectively.
The pomts Fixg. ¥.2; ) and Fyix1y, ¥y,5;) can be selected =0 as io saisfy
conditions

o = X3 =TIy, dy =¥~ M iy =By =,

Therefore, vector a can be mterpreied as the direcied line segment Pl-h
from & oo £

Tht-u-u-u-nd.im]:e:nf.ﬂ-.i"_, are egqual io the differences between the
corresponding coordinates of the poimis Py, va. 2 b and Bix, w50

APy m (=5, ¥y = 2 = 1)

The poini F is the base nfﬂ-jﬁ', and & is the head. The base of 2 vecior =
al=o called the vecior tail or the ongin of the vecior.

The lkemgith of & vecior B = defined = the length of the line segmend
jaining F; and F;.

Mote that a vecior is a quantiy possessing both magnitede and direction a1
once. The boldface letier a represents a vector quamisty, whale & = & | is the
magmnitude of the vecior &, that &, « is a scalar guaniity entrely defined by
a numencal valoe.

If a vector joins the angin of the coordimate sysiem with a point Pix, ¥, =),
then 1l & called the radiwsay ector of the poind # and denoted as r.

&

r Pi{x v 2%

A
ole” | x
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5.2.2. Linear Vector Operations
Equality of Vectors
By parallel tl'u.n.da.l:l-un,tqual vecbors should comcide with each other:
.ﬂu.l.i' AR =DC

.l'l..

Scalar Multiplication
The kenggth of the vector b= i is bl d |a.
If 4 >0 then b is a veclor of the same direction as &:
d - 4
oF
4 ¥

If 4 <{ then vector b= 4o has the opposiie direction with respect o a:
[

*

y h=-7a

The opposie vecbor of AR is the vectar B4 = — AR .
r'_____‘,_?-ﬂ .é:'""f‘ﬁ
A A4

The lengih of a undt vector equals unity. If @ is a2 nonszero vecior then

g=S & the unit vecior in the direction of .

a
The 3um of Two Vectors

Trinngle Rule Purallclogram Rule

|l:—l'+b

ZATE A,
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The Difference Baetween Two Vectors

In order io subimoi a vector & from @, add the opposiie of b 1o &
g b g )

Thus, the difference betwesn two veclors @ and & = the veclor c = @ = 6

zuch that ¢+ b =a.

i e <7

5.2.3. Projection of a Vector in a Given Direction

Let & be an angle between two veciors, & and b.
The guandity

Projs = acosd (1]
k% called the projection of a on b,
If & i= an acuie angle then the projection s posiinve.
If & iz an obiuse angle then the projection is negative.

1 | L @
b =, [
Progpa =0 Praj,a < &
(ne can easily prove that
o E']':]jnrﬂq-.l.‘l-—l:'rnj‘::“?rujﬁc

Z’}j:::
. b

If the direcison is determined by the r-ans, then the projection of @ onio the
reaxis equals the difference between the coondmaies of the endpoimnis of the
verior




5.2.4. Properties of Linear Vector Operations

All the below formulated properties are based om the propertics of real
numbers, and they are result of the definations of lincar vector operations.

Proofs can be casly performed by the reader.
1) The commutative law for addition:

a+b=b+a

b
c=hb+a
d a
C=a+b
b

2) The assocuative law for addition:
a+b+c)=(a+b)+c~a+b+¢

d <

b dmash+c

a
3) The distributive laws for multiplication over addtion:

Ala+b)=Aa+Ab, (A+ua=Aa+ua.
a -Ak K

2% o ia=AD
e z//}<;/“\\§ o
a+b=AC 2 )t(a*b)-‘l?

4 B

5.3. Decomposition of Vectors into Components

5.3.1. Rectangular Orthogonal Basis
1) Leti= {1, 0, 0] be the unit vector in the positive direction of the x.
axis. Any vector @ = La,0,0] can be expressed as

=ta. 0.0 =a, (L0 =a.i.
The vector { is said to be a basis in an one-dimensional space of vectors.
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i | ¥
r ] ]

& ) oy

N Letd=[1,0, 0} and § = [0, 1, 0} be two unit veciors in the positive
direcioms of the r-axis and y-axx, respectively.
Any vector @ = je, g 0] can be expressed as
o= laa K=a [L00]+a [010=aita,j.
v

=

They say that { and j are the hasis veciors in a two=dimensional space of
veciors.

3) Letd= [, 0.0} =0, L 0}, and k= {0, @, |} be three mutally
orthogonal wmit vectors in the positive directions of the Cartesian
coordmaie axes.

I"!_ )

el

1"
Any vector @= g, a @ | can be expreszed ax the |lmear combinatson of
the vectors 4, jand &:

a=laa, a i =a {L00+a (010§ +a_ {0001
Therefore, we obiain the resoboivon of an arbatrary vector 2
a=a i+a, j+a k i
ower the orthogonal basis of vectors, where quanisties @, d; and & are
called the coordinates of the vecior & with respect to thas basis,
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Ne5 TEMA:

Matritsa haqqi’nda tu’sinik. Matritsalardi’n’ ten’ligi. Matritsalar u’stinde a’meller. Keri
matritsalar. Birinshi da'rejeli ten’lemeler sistemasinin™ matritsahq jazuwi ha'm
matritsahq sheshimi.. Matritsa rangi.

MATRITSA. TIPLERI. MATRITSA U'STINDE A'MELLER. QA'SIYETLERI.
REJE
1.Matritsa tu sinigi,turleri.
2.Qatar, bag'ana, elementler h*a’m o’ Ishemi.
3.Matritsa u’stinde a'meller,qa’siyetleri.
Tayanish so zler:

Tuwrimu'eyshli,  kvadrat  matritsa, matritsa-qatar, —matritas-bag’ana, nollik, birlik
matritsa,trasponerlew.

1° Matritsalar birinshi ret matematikag’a 1857 — jili kiritilgen. Matritsaliq belgilewler
ha’r quylh sizigh tu’rlendiriwler ormlang’anda qolayli ha’m og’ada paydali. Matritsaliq
operatsiyalardi an’sat a’melge asiratug’in ha’zirgi zaman esaplaw mashinalarinin’ rawajlaniw1
bilimlerdin’ ha’r qiyh tarawlarinda matritsalardi ken’inen paydalaniwg’a qosimsha tu’rtki jasadi.

m X n - o’Ishemli A matritsasi dep m qatardan ha’m n bag’anadan ibarat keste(tablitsa)
tu’rinde jaylastirilg’an mxn haqiyqiy sanlardin’ jiynag’ina aytiladi. Matritsalar latin alfavitinin®
bas h'a'ripleri menen belgilenedi: A, B, C, D, Q, E.

Qisgasha bilayda jaziuadu:

A=(a). i=Tm, j=in A=|a |, i-im, j-ir
Tolhq jazuiwt:
d;; d;, ...d, Ay, Ay, ... Ay,
Attt =) i=t2em 12,
Ay A o 8y Ay Ao o 8

Matritsant du’ziwshi sanlar — matritsanin’ elemetleri dep ataladi. Eger m=n bolsa, onda
A matritsas1 tuwrimu’yeshli dep, al eger m=n bolsa, onda ol n- ta’rtipli kvadrat matritsa
delinedi.

Matritsanin’ joqaridag’1 belgileniwinde indeks i— gatar nomerin, al j — bag’ana nomerin
an’latadi. m x 1 o’Ishemli
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\
al 4 al 1
N A, || | Az,
am \ aml /
tu’rindegi matritsa matritsa - bag’ana yamasa vektor — bag’ana dep, al aj, az, ... , an sanlari

onin’ koordinatalar1 delinedi. Tap usig’an uqsas 1 x n o’lshemli bir qatardan turg’an matritsa
matritsa — gatar yamasa vektor — qatar delinedi ha’m

A = Hai,a2 ...anHz(al, a, ..., a)

tu’rinde belgilenedi.

Barliq elementleri a;;=0 bolg’an matritsa nollik matritsa delinedi. Mina

(a,;, a,...a,, )

kvadrathiq matritsada ais, az, ..., an, elementleri bas diagonald,

ain, &n1, .., @n12, ... an1 elementleri ekinshi diagonaldi du’zedi.

tu’rindegi kvadratliq matritsa diagonalliq matritsa delinedi ha’m

D=diag(A1, Az, ..., An) tu’rinde belgilenedi. Eger bunda A;=A,= ...=A,=1 bolsa, onda bul
kvadratliq matritsa birlik matritsa delinedi ha’m ol E arqali belgilenedi:
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Matritsalar u’stinde a meller

Eki matritsan1 gosiw ushin bul matritsalardin’ birdey o’lshemlerge iye bohwi za’ru’rli.
Eki A=(a;) ha’m B=(b;) matritsalarinin’ gosindis: dep sonday C=(cj;) matritsasina aytiladu,
bunda ci=ai+bj, i=1,2,..., m, j=1,2,..., n. Eki matritsanin’ gosindis1 A+B tu’rinde belgilenedi.

Matritsalardi gosiw to’mendegi ga’siyetlerge iye
1.A+B=B+A (kommutativlik qa’siyeti)
2.(A+B)+C= A+(B+C) (assotsiativlik qa’siyeti)

Qa’legen birdey o’lshemli eki matritsa ushin A+X=B bolatug’in birden bir X matritsasi
mudami1 bar boladi. Sonda X matritsas1 B ha’m A matritsalarinin’ ayirmasi dep ataladi. Bul
jag’dayda X=B-A=(bj-aij) tu’rinde jazadi. O — nollik matritsa bolg’anda A+X=0O ten’lemesi
X=0-A sheshimge iye boladi, ol A matritsag’a qarama-qarsi matritsa dep ataladi ha’m -A
arqal belgilenedi -A=-(ajj) ekeni ko’rinip tur.

Bul ga’siyetlerdin’ orinli ekeni haqiyqiy sanlardin’ sa’ykes qa’siyetlerinen kelip shig’adu.
A=(aj) matritsasinin’ BeR=(-00,00) sanina ko’beymesi dep
BA=(Bai)
matritsasia aytiladi.

A ha’m B matritsalarin a ha’m 3 haqiyqiy sanlarina ko’beytiw to’mendegi qa’siyetlerge
iye:

1) 1.A=A; (-1)-A=-A; 0-A=0, sonin’ menen birge son’g’1 ten’likte sol jagtag’t 0 — san,
al on’ jagtag’t 0 — nollik matritsa.

2) (0+B)A=aA+PA — sanlarg’a qarata distributivlik ga’siyeti

3)a(A+B)= aA+aB — matritsalarg’a qarata distributivlik ga’siyeti.

A ha’m B matritsalarg’a kelisilgen matritsalar delinedi, eger A
matritsasinin’ bag’analar sani B matritsasinin’ qatarlar sanina ten’ bolsa.

m x n o’lshemli A=(a;) matritsasinin® n x p o’lshemli B=(bjj) matritsasina
ko’beymesi dep sonday m x p o’lshemli C=AB matritsasina aytiladi, bunda ci element
to’mendegi formula boymsha aniqlanadi

n
Clk = Zaijbjk
=1
Solay etip, C matritsasinin’ Cik elementi A matritsasinin’ | — gatarinin’ elementlerinin’ B

matritsasinin’ j — bag’anasinin’ sa’ykes elementlerinin’ ko’beymelerinin’ qosindisina ten’.
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Eger A-B=B-A ten’ligi orinlansa, onda A ha’m B matritsalar1 kommutativ matritsalar
delinedi, uliwma jag dayda

A-B#B-A.
Matritsalardin’ ko’beymesinin’ aniqlamasinan
A-E=E-A=A; A-0=0-A=0
ten’likleri kelip shig’ad.

Eger A — kvadrat matritsa bolsa, onda A-A.- .... -A=A" ko’beymesi A matritsasinin’ n
— da’rejesi delinedi.

Matritsalardin’ ko’beymesi ushin to’mendegi qa’siyetleri ormh
1.(AB)C=A(BC) — assotsiativlik qa’siyeti
2.(A+B)C=AC+BC; A(B+C)=AB+AC — distributivlik qa’siyeti.

A matritsasinan onin’ qatarlarin sa’ykes bag’analart menen almastirrwdan
payda bolg’an A" matritsas1 A g’a qatnas1 boymsha transponirlengen matritsa delinedi

A'=(ay)' = (") = (aj)

Eger A= AT bolsa, onda A matritsas1 simmetriyali matritsa delinedi.

A+O=A+0=A
A+B=B+A
(A+B)+C=A+(B+C)
1'A=A"1=A
A-0=0-A=0O

(0£f)-A=a-A+f-A
o' (AxB)a-A+o-B
A-B£B-A
(A-B)-C=A:(B-C)
A-E=E-A=A
(A£B)-C=A-CxB-C

M atritsa Matritsalar ustida chizikli amallar. Teskari matritsa. Matritsaning rangi.

1. Matritsalar.

8y A8y By,

8y, Ay,

m ta satrli va n ta ustunli ushbu A = twg'ri burchakli jadvalga mxn

Ay Ao

imn

wichamli twg'ri burchakli matritsa deb ataladi. Bu erda a;; - sonlar matritsaning elementlari.

Matritsalar lotin alfavitining bosh harflari bilan belgilanadi. A, B, C, D, Q, E
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Qisgacha quyidagicha yoziladi A=(a;), i=1.m, j=l.n, A=|a |, i=1.m, j=1.n.

a'11

a'21

Agar n=1 bwlsa, A= ustun matritsa deyiladi.

Agar m=1 bwlsa, A=(a, a,..a,) satr matritsa deyiladi.

8y A,y

Ay, BypeeByy ey,

Agar m=n bwlsa, A= n-tartibli kvadrat matritsa deyiladi..

A kvadrat matritsa uchun detA ni hisoblash mumkin.
Agar det A= 0bwlsa, A kvadrat matritsa xosmas yoki maxsusmas matritsa deyiladi.
Agar det A=0 bwlsa, A matritsa xos yoki maxsus matritsa deyiladi.

Maxsus matritsa uchun echim yuk .

(a, a,,..a,,)- bosh dioganal deyiladi. (a,, a,,,,....a,) -yordamchi dioganal deyiladi.

a, 0 .. 0
0 a
A= 2 matritsaga dioganal matritsa deyiladi. detA=a,, -a,,......a,, bwladi.
0 O a,,
a 0
0 a 0 . - n .
A= ga skalyar matritsa deyiladi. det A=a" bwladi.
0 0 .. a
01 .0 . . - :
E= ga birlik matritsa deyiladi. detE =1 bwladi.
00 .. 1
00
0 0 .. . - :
Q= ga nol matritsa deyiladi. detQ =0 bwladi.
00 .. 0

A matritsaning mos satrlari, uning mos ustunlari bilan almashtirish natijasida hosil
bwlgan matritsaga transponirlangan matritsa deyiladi va A" deb belgilanadi.

Agar A matritsa kvadrat matritsa bwlsa, u holda det A=det A" bwladi.
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Agar A= A'shart bajarilsa, u holda A kvadrat matritsa simmetrik matritsa deyiladi.
1 2 1 2

Misol . A= bwlsa, u holda A" = bwladi.
2 1 2 1

2. Matritsalar ustida amallar.
AgarA:(aij) va B = (bij) matritsalarning mos elementlar teng bwlsa, ya ni (a,.j):(b”.),
bu matritsalar teng matritsalar deyiladi va A= B kabi belgilanadi.
Matritsalarni qwshish, ayirish, songa kwpaytirish, bir-biriga kwpaytirish mumkin.
1) A=(a;) va B=(b;) matritsalarning yig'indisi deb C = (c; ) matritsaga aytiladi, bunda
(c;)=(a;)+(b;), (=12..m, j=12,..,n) A+V=Skabi belgilanadi.

2) A=(a;)matritsaning 4 soniga kwpaytmasi deb shunday C=(c;)=1-A=4-(a;)
matritsaga aytiladiki, bunda (c;)=1-(a;) -

Matritsalarni gwshish ayirish va songa kwpaytirish chizigli amallardir

1 5 0 -3 2 13
1) va V= 2A-V=? 2A-V=
~3 2 2 1 -8 3

a, -4 a, j

a21 a22

a, a
2) A sonvaA= (“ 12JberilganA-/1E=? A-/1E=(
8y a, — A

Matritsalarni kwpaytirish.

mxk wichamli A= (aij) matritsaning kxn wlichamli V= (bij) matritsaga kwpaytmasi
deb mxn wlchamli shunday S:(cij) matritsaga aytildiki, uning c; elementi A matritsa satr
elementlarini VV matritsaning mos ustun elementlariga kwpaytmalari yig indisiga teng, ya ni

Scija ¢ ;a b, +a;by,;+b u holda kabi belgilanadi S=V A
1-1
. 2 1
Misol A=|2 1 |[va B=
11
11

2 1 1-1
2) A:(5 3j B:(2 4] AV =V A har doim bajarilmaydi. V E=E V

Matritsalarni kwpaytirishning asosiy xossalari .

1) (A-B)-C=A-(B-C), 2) (A+B)-C=A-C+B-C, 3) (1-A)-B=1-(A-B), 4)
A-E=E-A=A

5) A-Q=Q-A=Q, 6) (A-B)'=AT-B" , 7) det(A-B)=detA -detB .

3. Teskari matritsa.
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8y Ay,

oo : a, a,..a,..a
Ushbu A kvadrat matritsani qaraymiz: A=| 2 27272"

Agar A-B=B-A=E bwlsa, V matritsa A matritsa uchun teskari matritsa deb ataladi va u A™
kabi belgilanadi.

Teorema:

Agar A matritsa xosmas, ya'ni detA=0 bwlsa, u holda uning uchun A™ teskari
matritsa mavjud.

1) A kvadrat matritsa uchun teskari matritsa mavjud.

2) detA=0
Ar Ay Ay Ay

A = A Ao AaA matritsaga A matritsaga biriktirilgan matritsa deyiladi.
Ay Ay Ay A

Buerda A; lar a; elementlarning algebraik twldiruvchilari.

A A Ay A,
oo 1A A A

~ A matritsaga A matritsaga teskari matritsa deyiladi.
e

A Ay Ay A
o 9 ;) v |
Misol 1) , detA= =8-3=5=0.
34 3 4
A, =(-1)"-4=4, A,=(-1)-3=-3 A,=(-1)"-=-1 A,=(-1)"2=2.
pio b (AcA L[4
“detA\A, A, 5(-3 2/
Tekshiramiz.
A‘l-A=1-(4 —1].(2 1}1.(8—3 4-4 jzl'f ojz[l 0]=E.
5(-32 )13 4) 5(-6+6 -3+9) 5(0 5/ (01
A_A_lz(z 1}5(4 —1}1_(5 0}2(1 o]:E
34)5(-32) 5(05) (01

1-21 13 2
A=l2 0 -1|, A'=/033]|, A’lzl-A
-2 11 234

Teskari matritsaning xossalari:
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1 ) 1 A
1) detAt=—— 2)(A-B) =B*-A"
) det A )( )

4. Matritsaning rangi.

1 1 7 1 11 7 1 11 7 1 10 0 O
A= 2 3 4 -2| U 01 -10 -4y 0 1 -10 4ju|0 1 -10 4 |u
-1 6 2 5 07 9 6 0 0 79 34 0 0 79 34

10 0 O
g0 1 0 0]. rangA=3.
0 0 79 34

18 ta 2 - tartibli minori, 4 ta 3 - tartibli minori mavjud.
A matritsadan 2 tasatr 2 ta ustun ajratamiz satr ustunlarining kesishmasida 2-tartibli

matritsa xosil bulib uning determinanti matritsaning 2 tartibli minori deyiladi.

M, =0
Agar bulib
M

=
Xammasi u xolda rang A=K
‘1 1‘ M, = (1)
M, =
2 3 M, = (7)o M,, = (5)
Birinchi tartibli minorlari .

Matritsaning rangi deb uning noldan farkli eng kata minorining tartibiga aytiladi Matritsada
elementar almashtirishlar.

A) nollardan iborat gatorlarni wchirish .
B ) ikkita parallel katorlarni wrnini almashtirish .

V ) Bir katorni barcha elementlarini biror songa kupaytirib boshka katorning mos elementlariga
kushish .

G ) katorning barcha elementlarini noldan farkli bir xil songa kupaytirish
Bu almashtirishlar natijasida ekvivalent matritsalar xosil buladi Matritsaning rangi uzgarmaydi

Teorema Matritsalar ustida elementar almashtirishlar natijasida uning rangi uzgarmaydi .

1 4 3 2 1 1 4 3 2 1 1 43 2 1

Misol . 5 — 01 -1 -2 2 . 01 -1 -2 2 . 01-1 -2 2 rangA=2.
2 9 5 2 4 01 -1 -2 2 0 0 0 0 O
2 7 7 6 O 0o 11 2 -2 0 0 0 0 O

63



SHET EL MATERYALLARI.

1. Matrices

Aamces allow us to operabe with armays conssimg of many numbers,
funciions or mathematical satemenis, just & if we aperaie with several
Fems.

AMances have a wade application in different branches of knowledge, for
msiance, in mathematics, physics, compuier sceence, and =0 o Mainces
albow us t0 solve sysiems of ordinary eguations or seis of differential
equaieons, io predect the values of physical quantities i guaniom theory, o
encrypt messages in the Iniermnet, and =0 on.

In this chapier, we discuss the basic concepts of the mairix theory,
mtroduce matrix chamcteristics, and study some matrix applications. The

Emporiani proposiisomns are proved and illusimted by examples
1.1. Basic Definitions

A mairix & a rectangular armay of numbers, abgebrawe symbols or

mathemarical functions, provided that soch arreys are added and
multiplied accordmg io centan rules.

Marrices are denoted by upper case ketters: AL 5. C, ...
The size of a manx is given by the number of rows and the number of

columns. A mainx with m rows and 2 columrms s called an wx 8 mamnx
[pronoumce m=bysa mairix). The mombers m and # are the dimensions of the

mairix. Two mairices have the same size, if their demensions are egual

Exarmples:

Fxl matrx %3] matnx %1 mainx
2= 1 8 0 i

F 3-[3 3 1:;] c'-[""' c_"”]
3 4 COET &INX

Adembers of a mainx are called its mairix ebements or entries. The entry
i the ith row amd the j<th column of a mair A is denoted by a, or 4, .

The subscnpis indicate the row first and the column second.
In the examgples above, the boldince elements are @, , =4 and b, =3.

A matrix with one row 5 called a row matnix: I:au L — u“].
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(o
4
A matrix with one column 5 called 2 colamn madtrix: ]_'_I
.y
In the general formy a mainx = wniten as follows:
L
Mg Wz ' @y v gy,
Sha g "t 3y T G,
g Sy vy v
l":'-J- Tma2 "7 Omy ™" Oma

A shant form of this eguality is A ={|a, , |

A sguare mairix has = many rows as columns, the nomber of which
determimes the order of the mainx, that i, an n=n mainx is the mairix of

the & -1h order.

1.2. Matrix Operations
Equality of Matrices
Two mairices, A= || and B=§b , |, are equal, if they have the same
sizes and their elemenis are equal by pairs, dhat is,

Ad=8 = o, ,=h,
for each pair of indexes |7, J].

Stalar Multiplication
Any mamx A may be mubtiplied on the nght or left by a scalar quaneity A
The produoct is the mainx & = 4 A | of the same size 2% A) such that

By=day,
for each {{, fY.

To multiply a matrix by a scalar, multiply every
mairix ebemend by that scalar.

Example: Let .-I-[E = n]-Th-mS.-l—[m =13 "}].

1 4 -1 3 M =5
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The 3um of Matrices
If A=fir, ;|| and &=}b || are mainces of the same =ze, then the sum,

A= B, isthe matrix O =||c, , | such that

o = a, 8,
for each pair [¢, j§.

To add matrices, add the corresponding matrix elemenis.
i T1 b =15 3
Example: et A= and & = . Then
=1 2 0 4 1 2
I 71 & =15 3} /9 -& 4
A+ B= + - -
-1 24} 14 1 2 } 3} 2
Multiplication of a Row by a Calumn

Let A be o row mairix having & many elements as a column matnx 2.

In arder io mulisply 4 by &, 6 1s necessary io muliiply the commespondimg
elemenis of the matrices and 1o add up the prodocts. Symbaolecally,

IIEIIJ
i ]

..-I.E'-‘.n:lIIJ Mgy " u'“} _'_l —u,llhu+n,l_illl|+..-+n|r,ﬁ-*',—§aub“
By

Thas, maultyplymg a row mairx by a column maimx we obiain a nomber.
Laier we will show that any nomber can be considered 2 an | w1 matroc

To multiply a twos=row mabnx .--I'-['lllI ]-[I:Ill'J G I:Ilj"'] by the
A dyy Fpy ... dag
b,

column mairix Be= (&)= ! |, we muliiply each row of 4 by the colummn

bea
of #. In this case, the prodoct A8 = the following 2 x| mabnx:

A ) Ll | Ny vy by 4o by
Similarly, the mubtiplication of an m=row mainx by an s<olumn marx
generies the mx r mairoc
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Matrix Multiplication
The proaduct of two mainces, A4 and B, is defined, of and only if the number

of elemenis in a row of A eguals the number of ones m a column of .

Let A be an mw f mainx and & be an [ = # mainx. Then the product 4B =
the mwxn mairix such that iis eniry m the i=th row and the j<th column =
equal i the product of the jsth row of 4 and the j«th colupm of &. If we
denote the rows of A by A, A, and the columss of B by El,ﬂz,--.. themi

-"|| A8, A8, - A8
N B P B
Ag "II-I-'EJ "'ll.-E: v "'Il.-EJ

To find the element o ; in the ih row and the j<th column of the
matrix C = A8, muliyply the isth row of A by the f<th column of §:

Node 1: The symbalic notation A means the product of two equal sguare

MarTices: A A,
Similarty. A,
KW O e
I —

Node 2: In general, the product of matrices is ot commumiee: A8« B .

Examples:
|7 For each of the following mamces,

E'[T ;.] f'ﬁ]' D={2 0], and F-[Iil 211]'

2 1
determane whether it eguals the matnx ..-I-[II} 3] ar nil.
Solution: The dimensions of both mamices, O and £, differ from anes

of A. Therefore, 4 & C and 4 & D,
There are o matnices, 5 and F, which comsist of the same elemenis =

A and have the same order. However, the comesponding enines of A and
& are not equal m pairs, and =0 A= 8.
The mainx F saixfies all conditvons of matrix equality, that is, A = F.
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EJL:‘lj—I . u.nd.ﬁ!—4 11]'.
2 = 3 15

Solve for X the mainx eguation
X+4d=8

venmae(f 0! )
G wH )

3} Given two matrices A={l 2 3] and F=|—4| find the matnx

splution:

L]
products A8 and 84
Ssolutinn:
5
AR=(l 2 3)|—4|=1-5+2-{-4)+3-0=-1,
I
3 31 5.2 3] 3 I I3
BAm| =4l 2 J)=|-4:1 -4.2 —-d-3|a|—-4 —-& —12[
0 a-1 .2 03 a o 0
4) Let j-[i ;} amd E-[j _51} Find the difference between
mainy products AE and 8.
solution:
ﬂ_[i I.}{.:I 5}_[2~J+l-4 2-5+l--|—:||}_[||] *EI}I
0 3fi4 =l Oededed DS+ 3e(=1) |2 =3

PN EREATEN 32850 3l+5.3 & IS
4 -1)lao 42 5(=11-0 4-1#i=1p-3) L& 1)

W 9y (6 18} {4 -9

"E_E"'[ﬂ —3]_[5 l]-[-i —.J'

68



Ne6 TEMA:

Swzigh ten’lemeler sistemasumn® uhwma teoriyast. R" ken'islik hagqunda tu'sinik. E"
ken'islik hagqunda tu'sinik.Kroneker Kapelli toeremast. Si’zi’qli’ sa’wlelendiriwler.

Ko'pag'zal. Joqari ta'rtipli (n =2,3, 4) ten’lemeler.

Kardano formulasi. Ten lemelerdi sheshiw

Jogarg’i tartipli sizigli algebraliq ten’lemeler (n=2; 3; 4) ha'm olardin™ sheshimlerin
tabiw usillari:kvadrat, kub, bikvadrat ten’lemeler. Tiykarg'i teoremalar: algebranin™ tiykarg'i
teoremasi, Bezu, Viet teoremasi (n=2; 3). Kardano formulasi. Ten lemelerdi sheshiw usillari
ha'm olardin algoritmi.

n - ta'rtipli ko pag zalim yamasa polinomdt garastiramuz:

n n-1 n-2 2
P (X)=a,x"+a, X" +a, X" +...+aX +ax+a,

n

bunda >0 - putinsan, Ags &5 Ay, gy ey Ay 15 A haguyguy yamasa kompleks
sanlart ko'pagzaliin™ koefficentleri dep ataladi.Bul jerde an bas koefficent,h'a'm

n - - - - -
a, X' pas ag za,al dy saltan’ ag'za delinedi.Bas agzamn® da'reje ko rsetkishi
ko'pag zalimin® da'rejesin an'latadi. Ko'pag'zalinin® (1)-ko'riniste jaziliwi, ko'pag’zalinn’
kononikaliq tu'ri dep ataladi.Misali:

2
Pz (X) = ax” +bX+C kyadrat u'sh ag'zals;
4 3 2
I:)4 (X) — a~4X + agx + a2X + a1X + ao to'rtinshi da’'rejeli ko pag'zali.

Teorema (BEZU). Ijn (-x) ko pag zalini X — O g ag'zalisina bo’lgende
shiggan galdiq })n (x) ko pag zalinin’® X=« degi ma nisine ten".
P(X)=(XX+a)-P_,(X)+R,
P(a)=a,a"+a _a" ' +...+aa+a, =
Aniglama: Ko'pag'zalmin® kononikaliq jaziliwinda o'zgeriwshi x-tin® bazi bir a-
ma'nisinde, ko'pag'zalinin® ma'nisi nolge ten' bolsa, onda o'zgeriwshinin® bul ma’nisi

ko'pag'zalinin® koreni(sheshimi) dep ataladi,yag niy

_ n n-1 n-2 2
P.(X)=a,x"+a, X" +a,_, X" +...+a,X +ax+a

n

Pn(a):ah05n+ah_10!n_l+ ..... +a,a+a,=0

Algebranin’ tiykarg'i teoremasi. Ha'r ganday #2 - da'rejeli ko pag zali keminde bir
korenge iye bolad.
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n-da‘rejeli E,(x) ko'pag zali X—a tu'rindegi #2 dana sizigli ko beytiwshige
ajiraladi, yag niy

P(X)=a,(x-a&)(X-,)...(x~a,).

Eger haqiyqiy koefficientli Pn (x) ko'pag zali a= 7/+l5 kompleks korenge

iye bolsa, onda ol usi sannin” tu'yinlesi g=y— 10 korenge de iye boladi.

Eger I:)n <X> - a‘n (X_al)kl (X _%)kz (X —a, )km bolsa, onda
+k, +...+k_=n
kl 2 m

Ha'r ganday n-da'rejeli Pn(x):o ten’lemesi keminde bir korenge iye ha'm » danadan

artiq korenge iye bola almaydi.Bul tastiyiglawlardin® durishg'in kvadrat u's hag zalin1 garap
shig1iwdan baslaymiz.Kvadrat u's hag zalinin® korenin tabiw ushin, kvadrat ten lemeni sheshiw
kerek,yag niy:

ax’ +hx+c=0,
D =b’-4ac

Kvadrat ten'lemenin' korenlerinin® birew yamasa ckew boliwi, diskriminant dep
ataliwshi1 D- anlatpasinin® ma'nisine baylanishi.Eger D#0 bolsa eki korenge, h’a’m D=0 bolsa bir
korenge iye boladi, olardi to'mendegi formulalar menen tabamiz:

—b+/D

Eger D=0 bolsa x , = 5 ,
| a

Eger D=0 bolsa x=—
2a

Bul jerde D>0 bolsa h'a'r eki koren h'aqiyqiy,al D<0 bolsa h*a'r eki koren kompleks.

Viet teoremasi.Eger X1 ’ X2 sanlar1 kvadrat ten'lemenin’ korenleri bolsa , onda




ten'likleri ormli.

X, X

jaza alamiz,yag ' niy:

2 sanlar1 kvadrat ten'lemenin’ korenleri bolsa,onda kvadrat u'sh ag'zalini jiklep

ax® +bx+c=a(x—x)(X—X,)
X° +ax® +bx+c=0 )
tu’rindegi ten’leme kub ten’leme dep ataladi, bunda ¢, b, c. berilgen turagli sanlar.

a
(2) ten’lemede X =17 — g an'latpasi ja'rdeminde o’ zgeriwshilerdi almastirsaq,

2+ pz+qg=0 3)

ten'lemesin alamiz. (3) ten'lemenin’ korenlerin Kardano formulasinan paydalanip tabiw
mu”mkin:

Z=U+V,
u:3_ﬂ+ A’ V:3_ﬂ_,\/z’
\/ 2 2
2 3
A:q__l_p_
4 27
u +v,  u —v \/—
Eger A>0 bolsa, onda z; =U; +V;, 2,3 =— ) + ) N3, bunda u,,v, arqali
u,v korenlerinin® hagiyqgiy bo lekleri belgilengen;
3p z,
Eger A=0 bolsa, onda z;, = —, z, = z, =
q

Eger A <0 bolsa, onda

3
2 |-Peos? 2 = /_B ? £120° |, bunda COS :—q/ P .
2,=2 3 Cos 3 Z,,=2 3 cos(3 +120 j ®» 5 57

Viet teoremasi. Eger x,, x,, x; sanlari (2) ten'lemenin” korenleri bolsa, onda

a=—(X+X+X);
(x—xl)(x—xz)(x—x3):0 hem 1 P = XX + XX + X X5
C=—XX,Xs.
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Ne7 TEMA:

Tegisliktegi ha’m ken'isliktegi tuwr1 mu yeshli koordinatalar sistemalar. Tegislikte,
ken’islikte eki tochka arasindag v arahq. Polyar koordinatalar. Dekart ha’m polyar
koordinatalar arasindag v baylans.

Reje:
1. Tuwri mu’yeshli Dekart koordinatalar sistemasi.
2.EKki tochka arasindag’i araliq.
3.Kesindini berilgen gatnasta bo"liw.
4. Tuwri s1ziq ha’'m onin’ ten'lemeleri.

5. Eki tuwri siziqtin” parallellik ha'm perpendikulyarliq sha'rtleri.

Matematikanin®™ geometriyaliq ma’selelerdi algebralig usillardi paydalanip sheshetug'in
bo’limi analitikaliq geometriya dep ataladi. Analitikaliq geometriyanin™ tiykarinda koordinatalar
usili bolip, oni XVII a’sirde frantsuz matematigi ha'm filosofi Rene DEKART kirgizdi ha'm bul
usildi ko'plegen ma’selelerge qollandi. Koordinatalar usili nogatinin® halin koordinatalar
sistemasin payda etiwshi bazibir siziglarg a salistirmali garawg a tiykarlang an.

Tuwridag'i Dekart koordinatalar sistemasi (n=1 oIshemli kenislik E'). Qa'legen tuwri
sizigta baslang'ish O naqgati, « —>« belgisi menen on’ bag'it ha'm uzinliq birligi (masshtab)
tan'lap alinadi. Payda etilgen bir o'Ishemli koordinatalar sistemasi menen hagiyqgiy sanlar
ko pligi arasinda bir ma'nisli sa'ykeslik ornatiw mu 'mkin. Qa’legen bir M nogatsinin’
tuwridag’i orinina sa'ykes keliwshi x sani (1-su'wret) onin® koordinatasi dep ataladi ha'm
M(x) tu'rinde belgilenedi.

M X

0O 1 b

1-su wret.

Eki A(x,) ha'm B(x, ) nogatlari arasindag'i d araliq

a’:|x2 —x1|:\/(x2 —xl)2 :

Ko o'sherdegi (algebraliq) bag'itlang'an kesindinin® shamasi AB =x, —x,, bunda
A(x,) ha'm B(x, ).

Tegisliktegi Dekart koordinatalar sistemasi (n=2 o'lshemli ken'islik E?). Tegisliktegi
ga'legen O nogati (bul nogat koordinata basi dep ataladi) argali o'z-ara perpendikulyar eki
kosher Ox (abstsissa) ha'm Ou (ordinata) o tkiziledi ha'm bul ko sherlerde ten'dey masshtab
birligi tan’lap alinadi. Ox ha’m Ou ko sherleri jaylasgan tegislik Oxu koordinatalar tegisligi dep
ataladi.Tegisliktegi nogatinin® koordinatalari dep nogatinin™ usi tegisliktegi orinin aniglaytug'in
sanlar jubinaNogatinin® shereklerdegi koordinatalarinin™ belgileri:

v

+

+

U +

+
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Tegisliktegi eki A(x,;y,) ha'm B(x,;y,) nogatlarinin® arasindag’i d aralig

d:\/(xz_xl)2 +(yz_y1)2 :

Ushlari A(x,,»,) ha'm B(x,,y,) nogatlarinda bolg*an kesindini berilgen 1 gatnasta
bo’liw, yag'niy AN : NB= A ten'ligin ganaatlandiratug’in AV kesindisinin N(x,y) nogatsi
koordinatalarin

_ntA o Ay,
1+4 1+ 4

formulasi boyinsha tabiw mu'mkin. Dara jag'dayda, AV Kkesindisinin® ortasinin®
koordinatalari
+ +
x:xl xz,y:% yzl

2 2

Tobeleri A, (x,, v, ), 4, (%, ¥, ), A3(x5, 5 ) ..., 4,(x,,v,) nogatlarinda  bolg'an

| |

e o 1|
du'n’ki ko’ pmu’yeshliktin® maydani S = —
To'beleri 4, (x,,,), 4,(x,,¥, ), 45(x;,»;) nogatlarinda bolg'an u’shmu’yeshliktin'

Xy Vo

Xy Vo
_|_

X3 V3

+xn Yn

X1 N

+

. 5 on ol
maydani S:iE x, y, 1| formulasi boyinsha tabiladi.

X3 y; 1

U'sh 4, (xl,y1 ), A4, (xz,y2 ), A3(x3,y3) nogatlarinin™ bir tuwriga tiyisli boliw sha’rti

x ol

X3 ¥y 1

Ken'isliktegi Dekart koordinatalar sistemasi (n=3 o'lshemli ken'islik E’). Bir O
nogatsinda kesilisetug'in ha'm birdey masshtab birligine iye bolg an u'sh o z-ara perpendikulyar
Ox, Ou ha'm Oz ko sherleri kenislikte tuwri mu yeshli Oxuz Dekart koordinatalar sistemasin
aniglaydi. Bunda Ox - abstsissa, Ou - ordinata ha'm Oz - applikata ko sheri dep ataladi.
Koordinatalari menen ken'isliktegi nogat M(x;y;z) tu'rinde jaziladi.Ken'islikti Oxu, Oxz, Ouz
koordinata tegislikleri segiz oktantga bo’ledi. Nogatinin® oktantalardag'i koordinatalarinin
belgileri:

I Il v \% VI VI VI
X - - + + - - +
U + - - + + - -
Z + + + - - - -
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n-o Ishemli Dekart koordinatalar sistemasi ( ”). Qa’legen M nogatsin koordinatalari
menen M(x,,x,,...,x,) tu'rinde jaziw mu'mkin. Eki A(a,,a,,....a,) ha'm B(b,b,,...,b,)
nogatlarinin® arasindag i d araliq

d =\/(b1 —a,) +(b,—a,) +..+(b,-a,)

formulasi boyinsha esaplanadi.

Tegislikte Oxu tuwri mu’yeshli Dekart koordinatalar sistemasi aniglang an bolsin.
Tegisliktegi figuralardi uliwma F(x,y):O tu'rindegi ten’leme menen analitikaliq an’latiw
mu mkin, bunda G -berilgen funktsiya.

Tuwri tu'sinigi aniglanbaytug’in matematikanin® da'slepki tu siniklerinin™ biri, sonligtan
0g an aniglama jog.

1. Tuwrinin™ uliwma ten'lemesi birinshi ta'rtipli eki 0" zgeriwshili sizigli ten’leme:
Ax+By+C=0 (1)

bunda A, V, S - turaglilar. Dara jag daylari:

a) A=0,B#0; By+C=0, y=—C/B - bul Ox ko sherine parallel tuwri ten'lemesi;

b) A=0, B#0; C=0;By =0, y=0 - bul Ox ko sherinin” ten'lemesi;

V) A#20,B=0; Ax+C =0, x=—C/ A - bul Ou ko sherine parallel tuwri ten'lemesi;

g) A#0, B=0;, C=0; Ax=0, x =0 - bul Ou ko sherinin" ten'lemesi;

d C=0;Ax+By=0, y=—A4Ax/B - bul koordinata basi O(0,0) nogatisi argali

0 tetug’in tuwri ten lemesi.

2. Tuwrinin® mu’yeshlik koeffitsientli ten’lemesi. u=kx+b, bunda k =#ga -tuwrinin’
mu yeshlik koeffitsienti, « -tuwrinin® Ox ko'sherinin® on™ bag'iti menen payda etetug in
muyeshi, b-parametri da slepki ordinata dep ataladi.

3. Tuwrinin® kesindilerdegi ten lemesi. —+% =1, bunda a ha’m b parametrleri tuwrinin

a
sa'ykes Ox ha'm Ou ko sherlerinen kesip etetug’in kesindilerinin™ uzinliglari

4. Tuwrinin® normal” ten’lemesi. xcos #+ ysin #— p =0, bunda r-koordinata basinan
tuwrig'a tu'sirilgen perpendikulyar (normaldin®) uzinlig'i, f-usi perpendikulyardin® Ox
ko sheri menen payda etetug in mu yeshi.

Ax+ By +C =0 tu'rindegi ten'lemeni normal tu'rdegi tuwri ten lemesine alip keliw

ushin ol ten’lemenin’ eki jag'in da normallastiriwshi ko beytiwshi M =+ ———— shamasina
VA® + B’
ko beytiw za'ru’r, bunda * belgisinen S saltan™ ag'za bbelgisine garama garsi tan"lap alinadi.
5. Tuwrilar da’stesinin” ten lemesi.

4, (xl,yl) nogati argali o"tetug in tuwrilar da stesinin” ten"lemesi:
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Y= :k(x_xl)'

Eki 4x+B,y+C, =0, A,x+B,y+C, =0 tuwrinin’ Kesilisiw nogati argali o'tetug’in
tuwrilar da’stesinin ten’lemesi: a(A4,x+ B,y +C,)+ B(4,x+ B,y +C,)=0.

Eger o =1 bolsa, onda da’stede ekinshi tuwri bolmaydi.
6. Berilgen noqatlar argali o'tetugin tuwrilar.

A,(x,,y,) nogati argili 0'tetug’in tuwrilar da'stesin y — y, = k(x —x, ) ten'lemesi menen
anlatiladi, bunda k& —qa’legen parametr.

4, (xl,y1 ), B(xz,yz) nogatlari argali tek bir g ana tuwri o"tkeriw mu mkin:

Y= _ X=X

Yo—=1 XX

Berilgen 4,(x,,y, ) nogatinan tuwrig'a shekemgi d aralig:

a-| Bty sin ‘_‘Axl+Byl+C‘.
P AR T e g

7.Eki 4 x+By+C, =0, 4,x+B,y+C, =0 tuwrinin’ 0°z-ara jaylasiwi.

7.1. Eger A = 4 B, —( bolsa, onda bul tuwrilar parallel boladi ha'm
B
2 2
a) 4 _B _G | betlesedi,
A2 B2 C2
b) 4 _ B, C - kesilispeydi.
AZ BZ C2

7.2. Eger A # 0 bolsa, onda bul tuwrilar bir (X, u) nogatda kesilisedi

_Cl Bl Al_Cl
_Ax__cz Bz _A,v_Az _C2,
A A T A A

8. EKi 4 x+B,y+C, =0, A,x+B,y+C, =0 (yamasa y =k,x+b,, y=k,x+b,)
tuwrilarinin® arasindag’i mu’yesh

— Ale _AzB1 _ kz _kl .
A A, +BB, 1+kk,

1gp

Bul formuladan eki tuwrinin™:
8.1. 4,/ 4, = B,/ B,; k, =k,-parallellik sha’rtin,

8.2. 4,4, = B,B,; k, =—-1/k,-perpendikulyarliq sha'rtin alamiz.

8.3. EKi 4x+B,y+C, =0, 4,x+B,y+C, =0 tuwrilarinin” arasindag"i mu’yesh
bissektrisasinin ten'lemesi [Ax+By+C| | |Ax+B,y+C)|

A +B? A2 +B?
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SHET EL MATERYALI
6. Straight Lines

6.1. Equations of Lines
A directson vecior of a straight lime is a vecior parallel o the lme.
Acoording io the postulates of geometry, a poimt W and a drection vecior
g determime the siraight lme L.
Let A be an arbitrary point on the line. The difference F = E between the
radivs-veciors of the pomts 4 and M, 15 o veoior in the line, that i1s,

r=u 0 g
Two pamllel vectors are propontional:
r—R=Iy (1}

This vecior equality = called the vector equatkon of the line. An arbitrary
number § & said to be a parmmeter.

k-
. N
i »
s
. ¥ =,
= if_ A # e, M
'.. ._-*-.
-..- - -.-". .__-
F - -

Assume that a rectangular Canesian ooordinate sysiem is chosen. Then
equatkon | 1) can be wnitien o the coordinate form as the system of three
Lingar equateons

T=xgtg.f

¥=Va+q,f {2}

r=zy+4q. ¢
where x, v and = are nmning coordinates of a point an the lme. Vectors
P, § and g are represented by thewr coordinaies:

F= Ry 0= Xy V= B 2= 5
g =190 4,0 01 -

Egumations of a line in coordinate form (2) are called the parametric
equatbons of a line.
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Solving sysiem (2] by elimmation of the parameier ¢, we obiam the
canonical equaibons of & line:

I—Xg _F—Vy _I—Tg

)
EE Ty P

If M Xy ¥gaZg) and M (X, .2 ) ArE two given poinis on a lme then the
vecior

g = 1% = Ty By = Var 5y~ Tal
joinimg these poinis serves as a direction verior of the line.
Therefore, we get the following squations of a line pas<ing throusgh o
EIVET WS

T~ % VY~V _="%5 4]
L=h h~Fr 45
Examples:
I} Let L be a Bne passing through the points AF(1,0,2) and
ML(51,=-2).

Check whedher the poimt AT, 3, 1) Lie on the line L.
Solutbon: Using {4} we get the aquatiorns of L:
x=| F=1
ER
The coordinates of the point A sabsfy the equation:
7=-1_3_-—l0-2
2 1 -4
and 5o A = a pomt of the kine L.
21 Write down the canonical equations of the lme passing through the
poimt A4(2, X 4) and being paralle]l io the vecior g= (5,0, —1].
Sanlution: By equation {3, we obiain
=2 p=3 z-—-d
50 -1

=1
Moie that a symbalecal notation "T mears the equathon y= 3.
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6.2. Lines in a Plane
[ the x, y=plane, a line = described by the lmear equation

Ax+ By+C =0, (3]
If M ix,. vy) = a poind on the line then
.‘I;"'.&_Il'ﬁ'l’f-ﬂ. |:'ﬁ-.|

Subimacting identsty (6) from equaton (5 ) we obsain the squation of a bne
passing through the point MWyix,. vy ):
Alx=x3) = By = vzl =i} I B
The expression on the lefi hand side ha< a form of the scalar product of the
vectors o= 4 B} and r—f= [T— 5. V= ¥
me{r=r, =i,

Therefore, the coefficienis A and & can be interpreted geomeincally as the
coordimates of a vecvor in the x, vw=plane, being pemendicular o the line.

A F
B mo={d. 8
., ] 1
r,il"n:_i Fa
i g F-r H
I R
II --'----:*..-"-. i
fl" e »
|_| .

The camonical equaison of a lme in the x, p=plane has a form
o _Y—la
49, a

where g = {74, ] is a direction vector of the lme.
In the x, ymplane, an aquation of a lme passing through two grven poinis,
M i T, Wy b and M (1, ¥, ), = wniiten as follows

=Ll

n=% Fi—¥o
Sometimes it is helpful o express a sirnighi=line eguation in the x, y=plane
as

X ¥
—_—t—m | M
a b

In this case, y =0 implies y=g, and x={0 mmplies p=h.
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.F._'l-

X .:| .
| a b
B
" i o
.\--.'-._ ]
il (@ | '-.__.

Therefare, the quaniities @ and & are, respectively, the v-miercept and the p-
micrcept of a graph of the line. Equation (7) = called an equation of a line
im the indercept formn.
A line om the xy=plane may be alko grven by the equatvon m the slope-
miercept form
yukx+lr,

where b is the peintercepi of a gmph of the bine, and & 1s the slope of the
kine.
If M i, vy) 5 2 poind on the line, that is =k, +8, then the poini=
slope equation of the lme is

F= Yy =mb{r=x5).

Examphes:
|} A hine on the x, y=plane is grven by the eguation
Ir=3r+2dm.
Find: {1} any two points on the bine; (it} the shope of the lines (ui)
the v= and p=iniercepts.
Sirluteon:
(i} Setting x= { we obtam y= 1.
If r=3 then =0
Therefore, the powms A0, £)and (3, 10} bie on the fine.
[y 2r—3p+2d=0 = }'l%I'-I'H..
Therefiore, the slope of the lme is & = 2/5.
(i) The pmintercept equals 8. The y=intercept is the sodaison of the
equation F=i, thai s, r==ll

2} In the , ymplane, find the equation of the line passing through the
point A (5, ¥} and being perpendicular o the vecior ¥ = (2 =1} .

Sanlution: Llsmg equaivon (Ha) we obiain
Hx—5)—(y—3)=ll = yuly-T.
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Ne8 TEMA:

Tuwri siziq ha’m onin’ ten'lemeleri. EKi tuwrt siziq parallelligi ha’m perpendikulyarhg
sha'rti. Tochkadan tuwr siziqqga shekem bolg an arahg.

Reje:
Tegislik ha'm onimn' ten'lemeleri.
Tegislikler arasindag’1 mu'yesh.
Eki tegisliktin® parallellik ha’'m perpendikulyarliq sha'rtleri.
Tochkadan tegislikke shekemgi araliq.
Kenisliktegi tuwr1 s1ziq tenlemesi.
Eki tochka arqali o tiwshi tuwr1 s1z1q ten'lemesi.

ok wnE

Ken'islikte Oxuz tuwri mu'yeshli Dekart koordinatalar sistemasi aniglang’an bolsin.
Ken'isliktegi figuralardi uliwma F(x,y,z)=0 tu'rindegi ten'leme menen analitikaliq an"latiw
mu mkin, bunda F berilgen funktsiya.

Birinshi ta'rtipli u'sh o’zgeriwshili sizigli algebraliq ten’leme u'sh o’Ishemli ken'islikte
tegislikti an"latpaydi. Tegisliktin™ uliwma ten’lemesi:

Ax+By+Cz+ D=0 1)
bunda A, B, C, D koeffitsientlerdin~ keminde birewi nolden o0 zgeshe ga’legen sanlar dep
uyg ariladi.

M(xo;yogzo) nogatsi argali o'tetug’in ham n= Ai’+B}’+ Ck  vektorina
perpendikulyar tegislikti A4(x—x,)+B(y—y,)+C(z—z,)=0 ten'lemesi menen aniglaw
mu mkKin.

Kesindilerdegi tegisliktin® ten lemesi:

£+Z+£:1
a b c

bunda a, b,c - tegisliktin® sa'ykes Ox, Ou, Oz Kko'sherlerinen Kkesip algan
kesindilerinin™ uzinliglari.

Meyli a, ham «, tegislikleri 4 x+B,y+Cz+D, =0, A,x+B,y+C,z+D, =0
ten’lemeleri menen berilgen bolsin. Bul tegisliklerdin® arasindag’i ¢ muyesh olarg'a normal
n_1 = (AI;BI;CI) ha'm Z = (AZ;BZ;Cz) vektorlarinin® arasindag’i mu’yesh retinde aniglanadi,
yag niy
non, A A, + BB, +C,C,

‘n_IHZ \/Af +B} +C} \/A22 +B;+C;

cosQp =

Eger normal vektorlari kollinear bolsa, onda olarg'a sa'ykes keliwshi tegislikler parallel

A B
boladi —1:—1:Q ha'm eger normal vektorlari perpendikulyar bolsa, onda sa’ykes
AZ BZ C2

tegislikler de perpendikulyar boladi 4,4, + B,B, + C,C, =0.
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M (x5 32, ) nogatsinan Ax+Vu+Sz+D=0 tegisligine shekemgi gashigliq
d:Lﬁb+B%44ko+D|
VA* +B* +C*?

Berilgen eki tegisliktin® kesilisiw sizig'i arqili otetug’in barliq tegislikler da'stesinin®
ten’lemesi:

a(Ax+By+Cz+ D)+ B(Ax+By+C,z+D,)=0
bunda « =1 dep alip da’steden ekinshi tegislikti shig arip taslaw mu mkin.
Kenisliktegi tuwrini birinshi ta’rtipli ush o zgeriwshili sizigli algebraliq ten'lemelerdin’
sistemasi menen, yag niy eki tegisliktin® kesilisiw sizig'i sipatinda an"latiw mu mkin:
Ax+By+Cz+D =0
A,x+B,y+C,z+D, =0

Bul tuwrinin® bag itlawshi vektorin (yag niy tuwrig'a yamasa og an parallel tuwrig'a
tiyisli vektor) tegisliklerdin® normal vektorlarinin™ vektorliq ko beymesi tu rinde aniglanadi.

Meyli tuwri M (x,,y,,2z,) nogatsi ha'm s =(/;m;p) bag'itlawshi vektori menen
berilgen bolsin. M(x;y;z) - usi tuwrinin® ga’legen bir nogatsi dep uyg aramiz. Onda, tuwrinin’

vektorlig ten"lemesi » = r, +¢s;
parametrlik ten’lemesi x = x, +nt, y =y, +mt; z =z, + pt;

X=X _ V=V _ 272

n m p

kanonikalig ten’lemesi

Eki tuwrinin bir tegislikte jaylasiw sharti:
a—a, b—b c—c
n m p |=0.
n m, P
Tuwri ha’'m tegislik arasindag'i mu yesh:
|An+Bm+CM
VA + B +C* > +m* + p?

sin @ =

parallellik sha'rti: An+ Bm+Cp =0;

B
m

perpendikulyarliq sha'rti: é = g
n p
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SHET EL MATERYALLARI

G.4. Distance From a Point to a Line

Consder a kline in the x, y=plane.
Let o be o nommal wector o the line and A x, w30 be any pomt on the
line. Then the disance & from a point ot on the lne is equal 1o the

ahsolute value of the projection of PM on -

om

— o=
3 P |
:
»
i
In pariscular, if the lme is given by the equation
Ar+ By + C =),

and the coordinates of the point # are x; and p,, that is,

me= (A By and PM =[x, =Ty 5 = Fl
then the dixiance from the point M1, 5] 0 the line 5 caloolasied
according o the following fommula:
_LAw = o b+ By = va)|

d " "
-J..-I'-i-ﬂ"
Since .“'I:Iﬂ._]-'ﬂl = a poind on the line,
Ary + By +Cmll_

Therefare, we obiain

g + &y, = O
3..1:1-5':

Example: Let ARC be a rianghe in i, yeplane with the veriices at the
poinis d=[2 =1}, B[4 4] and C = |2, 7).
Find the alivude from the verex AL
Solution: The altitude from the veriex A egualks the distance 4 from the
peoint A io the line passing through the poinds & and
Find the equation of the lme B

I o sr-2p-12an,

2 5

Therefare, a normal vecior o the line BC & r= [5 -1,
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=
Since AC = {7, 8], we finally obinin

j-:'. T:5+8-(-2) i,.'g
Jﬁ-ﬂ =27 ..F;r 29

6.5. Relative Position of Lines
Let two lines, £ and L., be given by their eguations, .g., in the canonical

forme
L: e s el i e
.. P M,
L: JI:‘1':1_.1"'."":_1_-331

Js ¥y e

where [po.p.pl=p and |g,.4,.9;) =g are direction vectors of the
kines.

In order to deiermine the relative posstion of the lines, it is necessary o
consider the eguations of both lmes as a sysiem of linear equatvons. Each
linexs & described by two linear equations, and so we have the followng
sysiem of four linear eguations with three unknowns o, v and =
(x=x ) p == w)p,
Jlx=x)p, =iz=2)p,

(x=xy g, =(¥=y e,

L=y g, =(z-2 Mg,

Let ux analyze all possible cases.

I} Assome thai sy=iem (| ) is inconssient. Then the lmes are evther parallel
or skew. If the coordinates of the direcion veciors P and § are
proportional, thai =,

F:_-F.II_FJ

¥ 9 4
then the lmes are parallel; otherwise, they are skew.
2} Suoppose thai system (1) 15 consisient, and the rank of the coefficiend
mairix equals 3. Then L and L, are iniersecting lines, thai is, they have
exacily one point of inbersecion.
33 If sysiem (1) is conmsient, and the ank of the coefficient maimx eguals
2, then the hines coincude with each other.
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7.1. General Equation of a Plane

A mormal vector io a plane = a perpendiocolar vector io the plane.
Acoording 1o geomerical posoolaies,

= A poimt and a vecior determine o plane.

= Three points determine a plane.

The gemeral eguation of a plane in a reciangular Canesian coardinaie
sysiem has the following fommn:

Ar+ By +Cz+ D=, i1}
where x, v and z are unnimg coordmates of a point in the plane.
Let M (5, v,z ) be a pomi inthe plane, that is,

A, + Byy+ O+ D=, (2]
Subimcting identity (2) from eguation { ) we obiain another form of the
general equation of a plane:
=)= Bp=1)+Cz=z)=0. (5]
Assame that 4, & and C are the coardinaies of some vecior 8.
Then the left hand side of eguation (3) is the scalar product of the vectors
moand r =g === R =5
fr=np)-n=0. 1 3a)
By the properties of the scalar product this equality implies that the vecior
A & perpendicular o the verior F=rx. Since F=# is an arbairary vecior m
the plane , » 15 o nommal vecior io the plane P

a ¥
P
H nLF
- HLF-r
i
X
@ i1

Thas, egmabion (3) descnbes a plane that passes throwgh the poum
M x, ¥.2b- The coeffickents A4, B and O can be mienpreted as the

coardimates of a normal vector o the plane.
Cionsader a few particular cases of eguoation | |
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I3 If =10 then the plane
Ar+ By + Crmi
passes through the ongin.
21 If C=10 then the plane
Axr+ 8y + D =i
1% paralle] io the s=axis, that is, # exiends abong the r-axis.
5) If 8=10 then the plane
Ar+Cz+ D=l
i paralle] io the ymaxis.
4) IfA=10 then the plane
By+Cz+ Dwi)
1% paralle] io the y=axis.
31 If A=8=10 then the plane
Cz+frem i
i parallel o the 1, yeplame, that ix, the plane = perpendicular io the
TmilK1S,

o plbe
I} Let M {l,=25) be a poini m 2 plane, and m=[4, 5] be a
nommal vecior io the plane. Then the plane & descnibed by the
following equation
dix=lj+3Hyp+2)-z—5)=0 = dr+iy—br+Id=i.
2} A plane is grven by the eguarion
r=2y+lz—timi
Find a umi normal vecior u io the plane and find any two poinis m
the plane.
F..l-uu-:s.inu.-:L,-E.:|nnd|-|-1ﬁ!+q—1F+r'--Jﬁ,um

u-—-:lr:Th'—Ej'+1H.

Setting x = =, we obixin z =1,

Likewise, if i = ==, then y =3

Therefore, (0,0, 2} and 4,0, =30) are the poinis in the given
plane.
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Ne9 TEMA:

Ekinshi ta’rtipli iymek si’zi’qti’n’ ani’qlamasi’. Shen’ber, Ellifs, Giperbola, Parabola.
Shen’ber, Ellifs, giperbola, parabola, konus kesimlari sipatinda. Ekinshi ta rtipli iymek
sizgtin” ten’lemesin a’piwayilasturiw

Tegisliktegi ekinshi tartipli siziglar ha'm olardin™ kanonikaliq tu'rleri: Shen ber. Ellips.
Giperbola. Parabola. Olardin® ten'lemesi, ga'siyetleri, elementleri, direktrisalari, diametrleri
ha m urinbalari. U shinshi ha'm joqgari ta rtipli algebraliq, transtsent iymeklikler.

x ha'm u koordinatalarg'a garata ekinshi ta'rtipli ten’leme menen aniglang'an siziq
ekinshi ta'rtipli sizig dep ataladi. Eger iymek sizigtin® nogatlari bazibir nogatg'a garata
simmetriyali bolsa, bul iymek siziq orayliq siziq dep, nogat - iymek sizigtin® orayi dep ataladi.

Ekinshi ta'rtipli iymek siziglardin™ kanonikaliq ten’lemelerin, yag niy bul iymek sizigtin®
orayi yamasa ushin koordinatalar basinda, simmetriya ko sherleri koordinata menen
betlesetug’in jag daydi garastiramiz.

Birneshe o zgeriwshinin® birtekli ekinshi ta'rtipli ko pag zalisi bul o zgeriwshilerdin®
kvadratliq formasi dep ataladi:

Ax* +2Bxy+Cy*> +2Dx+2Ey+F =0 (1)

(1) ten’leme kooffitsientlerinen eki aniglawshini 6 - u'lken ag zalarinin diskriminanti
ha'm A - ten'leme diskriminantin du zemiz:

4 A B D
o :‘ ,A=\B C E|.
B
D E F
0 ha'm A manislerine garata (1) ten’leme aniglaytug’in geometriyaliq obrazdi
biliw mu mkin:
A#0 A=0
0>0 Ellips Nogat
0<0 Giperbola Kesilisiwshi tuwrilar
o0=0 Parabola Parallel tuwrilar

1. Shen ber.
Orayi C(a; b) nogatisinan R (R>0) gashiqgligta jaylasgan tegisliktin™ barliq nogatlarinin®

geometriyaliq orini shen'ber dep ataladi ha'm ol (x—a)2 +(y—b)2 =R’ ten’lemesi menen
analitikalig an’latiladi. Orayi koordinata basi O(0,0) nogatinda jaylasgan, radiusi R-ge ten
bolg’an shen'ber x*+y* =R’ ten'lemesine iye boladi. Shen'ber to'mende aniglanatin
ellipstin® dara jag dayi bolip tabiladi.

2. Ellips.
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Aniglama. Ellips dep tegisliktegi sonday nogatlardin® ko pligine aytiladi, bul nogatlardin’
ha'r birinen usi tegisliktin® fokuslari dep ataliwshi eki £}, F, noqatlarina shekemgi bolg an
gashigliglardin™ qosindisi turagli shama bolsa. M(x, u) ellipstin® ga’legen bir noqgati bolsa, onda
|F\M|+|F,M| =2a, bunda a-qa’legen turagli san.

Ellipstin® kanonikalig ten"lemesi:

2 2
XY
e )

bunda a ha'm b - belgili turaglilar. Ellips noqatlari koordinata basina garata simmetriyali.
Koordinatalar basi (2) ellipstin® simmetriya orayi, koordinata ko'sherleri onin® simmetriya
ko'sherleri boladi. Ellips ordinata ko'sherin B,(0; ») ha'm B,(0;—b) nogatlarinda, abstsissa
ko'sherin 4,(a;0) ha'm A, (—a;0) nogatlarinda kesip o'tedi. Ellipstin® simmetriya ko sherleri
menen kesilisiw nogatlari ushlari dep ataladi. Ellipstin® ushlarinin® arasindag’i araliq
|4,4,|=2a, |B,B,|=2b ellips ko'sherleri delinedi. Ko'sherlerden u'lkeni - ellipstin® u'lken

ko sheri dep, ekinshisi - ellipstin™ kishi ko sheri dep, a ha’m b parametrleri yarim ko sherler dep
ataladi.

X ha’m u koordinatalarinin® o'zgeriw oblasti. —-a<x<a,-b<y<b. Ellips

simmetriyali bolg anligtan oni tek g'ana birinshi sherekte tekseriw jetkilikli. Birinshi sherektegi
ellipstin™ ten’lemesi:

y:é'\/a2 —x’.
a

a>b bolsin. c¢=+/a®>~b> dep belgileymiz. F(c;0) ha'm F,(~c;0) nogatlari
ellipstin® fokuslari dep ataladi. |FlF2| =2c - ellipstin” fokus aralig’i delinedi. Ellipstin” fokuslari
jaylasgan u'lken ko'sher fokal ko'sher dep, r, =|MF,| ha'm r, =|MF,| shamalari fokal

radiuslar dep, ¢ = — (O <e< 1) shamasi ellipstin” ekstsentrisiteti dep ataladi.
a

x=al/& ham x =—a/ ¢ tuwrisiziglari ellipstin® direktrisalari delinedi.

Ellipstin® ga’legen M noqatinan F, (yamasa F, ) fokusina shekemgi bolg an aralig penen
direkstrisag'a shekemgi d, (yamasa d,) araliq qgatnasi turagli shama & g'a ten  boladi:

g
d, d,
3. Giperbola.

Aniglama. Giperbola dep tegisliktegi sonday nogatlardin® ko pligine aytiladi, bul
nogatlardin™ ha'r birinen usi tegisliktin fokuslari dep ataliwshi eki F}, F, nogatlarina shekemgi

bolg an gashigliglardin™ ayirmasinin™ absolyut shamasi turagli shama 2a g'a ten” bolsa. M(x, u)
ellipstin® ga’legen bir nogati bolsa, onda
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|F\M|—|F,M|=2a
bunda a- ga’legen turaqgli san.

Giperbolanin® kanonikaliq tenlemesi:

2 2

=1 3)

QN|><
%)

Koordinata ko'sherleri giperbolanin® simmetriya ko’sherleri, koordinatalar basi
simmetriya orayi boladi.

Giperbola Ou ordinatalar ko'sheri menen kesilispeydi. B,(0;6) ha'm B, (0;—b)
nogatlari giperbolanin™ jormal ushlari dep, |BIBZ|=2b kesindisi jormal ko'sheri dep, b - jormal
yarim ko sheri dep ataladi.

Giperbola Ox abstsissalar ko'sheri menen 4,(a;0) ha'm 4,(—a;0) nogatlarinda
kesilisedi. Bul noqatlar giperbolanin® hagiyqiy ushlari dep, |A1A2|:2a kesindisi hagiyqiy
ko sheri dep, a - hagiyqgiy yarim ko sheri dep ataladi.

Giperbolani

y:ié\/x2 —az, xe(—oo;—a)u(a;+oo)

a

ten'lemesi menen de jaziw mu mkin. Giperbola shegaralanbag'an siziq bolip, ol x=a
ha'm x=-a tuwri siziglar menen shegaralanbagan oblasttin” sirtinda jaylasgan ja ne eki tarmaqga

iye.

Giperbolanin® hagiygiy ko sherinde Fl(c;O) ha'm F, (— c;O) fokuslari jaylasgan, bunda
c=\/a2+b2.|FlF2|:2c - giperbolanin® fokus aralig’i delinedi. Giperbolanin® fokuslari
jaylasgan u'lken ko'sher fokal ko'sher dep, r, =|MF,| ha'm r, =|MF,| shamalari fokal

radiuslar dep, ¢ = € (1 < 5) shamasi giperbolanin® ekstsentrisiteti dep ataladi.
a

x=al/& ham x =—a/ ¢ tuwri siziglari giperbolanin® direktrisalari delinedi.

Giperbolanin® ga’legen M nogatinan F, (yamasa £, ) fokusina shekemgi bolg an araliq
penen direkstrisag'a shekemgi d, (yamasa d,) araliq gatnasi turagli shama & g'a ten” boladi:

g
d, d,
b b o S . .
y =—x, y=——ux tuwrilari giperbolanin™ assimptotalari dep ataladi.
a a
4. Parabola.
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Aniglama. Parabola dep tegisliktin® fokus dep ataliwshi berilgen G* nogattan ha'm
direktrissa dep ataliwshi berilgen tuwri sizigtan ten'dey uzagligta jaylasqan barliq nogatlardin®

ko pligine (geometriyaliq orinina) aytiladi.
Parabolanin” kanonikaliq ten’lemesi:
y*=2px (4)

bunda r-berilgen turagli hagiyqiy parametr. Ko binese p >0, x >0 dep uyg ariladi.

Parabolani y ==+,/2px ten'lemesi menen de jazip ko rsetiw mu mkKin.

Ox ko’sheri parabolanin® simmetriya ko sheri dep, O(0, 0) nogati parabolanin™ to besi
dep ataladi. Parabola shegaralanbagan siziqg, ol asimptotalarg'a iye emes.

u

F(%;O) nogati parabolanin® fokusi dep, xz—g tuwri sizig'i direktrisasi dep,

r=|MF| ha'm d =|MN| sanlari parabolanin’ ga'legen M nogatinan sa'ykes fokusga ha'm
direktrissag'a shekemgi aragashiqliq dep ataladi, bunda »=d . Parabola ekstsentisiteti:

g:—:l_

d
Eger parabolanin® fokal ko'sheri sipatinda Ou ko'sheri alinsa, onda parabolanin’

ten’lemesin x”> =2 py tu'rinde jaziw mumkin.

Eger ellips, giperbola ha'm parabolanin® fokusin polyar koordinatalar sistemasinin’
polyusi retinde, fokal™ simmetriya ko sherin polyar ko sher retinde alsag, onda bul u'sh iymek
sizigti bir ten"leme menen jaziw mu mkin:

r= S —
l-¢gcosg
2

bunda ¢ -ekstsentrisitet, r-parametr. Ellips ha'm giperbola ushin p = —.
a
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4.1. Circles

A elrcle is a set of points. m a plane that are eguidistant from a fived pomi.
The fixed point is called the cemter. A line segment that joens the cenier

with any point of the circle is called the radiss.
In the ry=plane, the disiance between two poinis Mix, ¥) and W01, vgh

equals
11;1_11; "'U"‘."-i; '

and =o the circle is descnbed by the equaton

(x=x3 P #(F=pgF = R%, (1
where 1y and ¥y are the coordmaies of the cender, and & is the radius.
o F
v} .J'H'I!:..!}
»f
X
& fy X =

Eguation of a circle centered at the orign
4yt B (X
= knowm as the canomical equatson of the circle.
If f = & real parameter, then
x = Boost

{_p-.ﬁr.im
are the parmmetne squations of the circle centered at the ongm with mdos
R.

By eliminamon of the parameter r, we refun bo canomical equation (2]
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2 1
{"J"‘"’f"f“; B 'S
¥ =K =in"r
Likewise,
X iy + R oosd
{y-_pﬁ-rﬂﬁ:u‘

are the pammetnc equations of the ciocle centered at the poant Wi x,. 7 b
with radius R.
Examples:
|} The circle is given by the equation
=dxsy +hy=12,
Find the radivs and the coordmates of the cender.

Solwtion: Tramsform the quadratic polynomial on the kefi-hand side of
the equatson by adding and subtmacting the comesponding constanis o
compleie the perfect sguares:

redraip —dx+4)-d=ix-2) -4

_1-': +ihiym i_u-'l-rﬁ_p-r Fh=C w5+ 3 -9,
Then the given equaison is reduced oo the form

l.'L'—Ijl:I +[F+ ]l: -51,

which descnibes the circle centered at the point M, (2.—5) with radius 5.

2) Let

el =Ry +1T7=0.
Find the canonical equation of the circle.
solution:
:'11-1:1-_1-':—3_1-'1-]'?-0 —h -|.r:-|-h:-|-]'|-|-l_1-':—EJ-'-|-]-ﬁ-]-'l} ]
'I-I'”I-I"_'l-'—d-ll-ﬂ-
The radius of the circle equals zero, that means the given equationm
oomesponds to a null point circle.
5) The equation
o +2r+ p # 5=l
can be reduced to the form
T+ lf 1-_|.':'-—-d,
which has mo soluisons. In this case they say that the equatom
dexcribes an imagmary circle.
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8.2. Ellipses
An ellipse is a plane curve, which is represenied by the eguation
1

§+§--I (3)
mn some Caniesian coordmaie sysiem.
Eguation (1) is calbed the canonécal equation of an ellipse, or the equatson
of an ellipse in the canonical system of coordmaies. The positive guamtities
2ir and b are called the axes of the ellipse. One of them is sad 10 be the
mrapor axis, while the other is the minor axs.
In the camonical system, the coordinaie axes are the aves of symmetry, thad
means if a point {x, ¥) bebongs to the ellipse, then the points (—x, v,
(x,=v) and (—x.—F] alzo belong io the ellipse.
The intersecivon poinis of the ellpse with the axes of symmeiry are called
the vertiees of the ellipse. Hence, the pommis ($2,0) and (0,£5) are the
vertices of ellipse (3).
-

If @ = b = & then eguation (5] is reduced o equation [ 2] of a circle. Thos,
o can conskder a circle & a specific ellipse.
The parametric equatkons of the ellipse have the followng forme

X = g oo
{y—.!rni.m
(e can exily eliminate the parameter r io obiain the canomical equation of
the ellipse:

The equaison
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cormesponds 1o the ellypse with the center at the pomnt M i xg, v, - The aces

of symmeiry of thix ellipse pass through M, bemng pamllel o the
conrlmabe axes.

8.21. Properties of Ellipses
Consder am ellipse, which = given by equatson {3) with the major axs 2a.
Two fixed points, £i=c0) and Fye,0), are called the focwses of the
ellipse, if equality ¢* =a° =4 is satisfied.
Comespondimgly, the disiances 5 and r from any poine Mix, v) of the
ellipse io the pomis F, and £ are called the focal disinmees.

The ratic: = = ¢ is called the eceentricity of ellipse.
i
Mote that D< o<,

e

. R EE

I} Let x be the abscissa of a pomnt of ellipse (3. Then the focal disiances
af the poimt can be expressed 2= folbows:
F o=+ X, 4ap
Fy = F = XL LT
Proof: By the defindtion, the distance between two poinis, Wir v) and
Fi{=c.0), =

ri-.i[llﬂz'l:'i-_r".
Consder the expression under the sign of the mdical.
By subwivuimg
- - b]
¥ omla’ -y,
a
cmgr and B =g’ =g sg{l-c')
m 5, we obiain
£ es{r+el + ) sy +2erte + )y
-II-I-EA:IJI"I-i:I:.I:':-I-IIi:II—II'Hl—IJ]..
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which reculix in
"i] - 1-1-1121-1:'21-1-11-::']1-
Likewise,
:5 —-|I|Il.1.'—|:'l'= -|-_|.':I = rf ag ~axe+rc =ja-xc).
Since a# 1 £ 0 the above fommulas give the desired sisiement.

2} For any point of ellipse (3], the sum of the focal disiances is the
comsiant quamisty i

Ko#r=-2a. (3]
This property follows from formulas (4a) and (db)

Two symmetric lmes passimg at the distance 2 from the center of an ellipse

L
and bemng perpendicular to the major axs are called the direcirices.
- =1
- '.? W ™=
i.=
[
= A

——
e IMrectrices <

3} For any pomn of ellipee (3 the mtio of the focal distance 1o the

distance from the comesponding directrix is egual io the eccentnicity of
the ellypse:

a

i-i-f 'ﬁ.

dy d,

Prood: By Propenty | and in view of the fact that

94



whiach resualis in
.li:I =g +2aree X e =@+ xcl.
Likrwise,
" —-]Il:—el': +y =™ Keas -laxc+ro =s{a-xc).
Since a% 1 e3> (0, the above formulas give the desired stsiement.

2} For any point of ellipse (5], the sum of the focal disiances is the
comsiant quamiety i

Kenmta, (51
This property follows from formulas (4a) and (db)p

Two symmeiric lmes passing ai the distance 2 from the center of an ellipse
L
and being perpendicular io the major axix are called the direcirices.

B | |
Tm—y ¥ T
x
; >
-.-.___ _.-'I'

a

e irectrices <

3} For any pomi of ellipse (3 the mtio of the focal disiance io the

distamce from the comresponding directnx is egual io the ecoentricity of
the ellypse:

i-i-: .ﬁ.

dy  dy

Proof: By Propenty | and in veew of the fact that
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dy=S+x and o ="-x,
il [ 3

we obtam the desmed resulis.
4} Assume thai the curve of an ellipse hax the miror reflectvon property.

If a point light souwrce 1s locaied &t a focus of the ellipse, then mys of
light meet at the other focus afier being reflected.

In other words, ai any posnt of an ellipse, the tangent lme fores agquoal
angles with the focal radivses.

3} The arbial paih of a planet around the =m is an ellipse such that the
sun i locaied at a focus.

Example: Reduce the equaison
It +dr+ 3 =12y -l
i the canomical form. CGirve the detailed description of the ocorve.
Salution: Complete the perfect sguares.
el sdr+3yi = 12y=]l =
Nl + 2+ l)+ My —dp+dj=ls =
Nx+lfF +Hy=2P =15 o
II+|II*'I_I-'—EFJ_]
1512 5 '
Thux, the given equation descnbes the ellipse with the cenber ai the
poimt (=1, 2.
The major semi-axis equals /152 , and the mincr semisaxis is 5 . The

foouses are located on the horizontal line y = 2. The distance between
each focus and the cender i

I'."-'J _ﬁ-:l E_ - _-_

The scceninicity equals

e A5
r-ﬂ'-m-:ﬁl-ll
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Nel10 TEMA:

Betlik. Tegislik ha'm omin™ ten’lemeleri. Tegislikler arasindag v mu yesh. Eki tegislik
parallelligi ha’m perpendikulyarhg v sha'rtleri. U sh tegisliktin™ kesilisiw sha’rtleri.
Tochkadan tegislikke shekemgi bolg an arahq. Ken'isliktegi tuwr siziq ten"lemesi. Eki
tochka argah o"tiwshi tuwr siziq ten’lemesi .

Tuwridag'i Dekart koordinatalar sistemasi (n=1 o'Ishemli ken’islik El). Qa’legen tuwri sizigta
baslang'ish O naqati, « —>« belgisi menen on’ bag'it ha'm uzinliq birligi (masshtab) tan'lap alinadi.
Payda etilgen bir o'Ishemli koordinatalar sistemasi menen hagiyqiy sanlar ko pligi arasinda bir ma nisli
sa'ykeslik ornatiw mu mkin. Qa’legen bir M nogatsinin’ tuwridag’i orinina sa'ykes keliwshi x sani (1-

su wret) onin® koordinatasi dep ataladi ha'm A/ (x) tu'rinde belgilenedi.

M X
0] 1 X

1-su’wret.
Eki A(xl) ha'm B(xz) nogatlari arasindag’i d aralig

d=|x,—x|= (x, —x,) .

Ko'o’sherdegi (algebralig) bag'itlang an kesindinin® shamasi AB = x, —Xx, , bunda A(xl) ha'm
B(x2 ) :
Tegisliktegi eki A(xl;yl) ha'm B(xz;yz) nogatlarinin” arasindag’i d araliq

d:\/(xz_x1)2 +(yz_y1)2 :

n-o'Ishemli Dekart koordinatalar sistemasi (E ”). Qa’legen M nogatsin koordinatalari menen

M(x,,x,,...,x, ) tu'rinde jaziw mu'mkin. Eki A(a,,d,,...,a,) ha'm B(b,,b,,...,b,) nogatlarinin’
arasindag’i d araliq

d :\/(b] —a,) +(b,—a,f +..+(b,—a,)

formulasi boyinsha esaplanadi.

1. Tuwrinin®™ uliwma ten’lemesi birinshi ta'rtipli eki o zgeriwshili sizigli ten’leme:
Ax+By+C=0 Q)

bunda A, V, S - turaglilar. Dara jag daylari:

a) A=0,B#0; By+C=0, y=—C/B - bul Ox ko'sherine parallel tuwri ten"lemesi;

by A=0, B#0; C=0;By =0, y=0 - bul Ox ko'sherinin® tenlemesi;

V) A#0,B=0; Ax+C=0,x=—C/A -bul Ou ko'sherine parallel tuwri ten"lemesi;
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9) A#0, B=0; C=0; Ax =0, x =0 - bul Ou ko'sherinin" tenlemesi;

d C=0; Ax+ By =0, y=—Ax/B - bul koordinata basi O(0,0) nogatisi argali otetug’in
tuwri ten’lemesi.

2.Tuwrinin® mu’yeshlik koeffitsientli ten’lemesi. u=kx+b, bunda k& = #g ¢ -tuwrinin® mu’yeshlik
koeffitsienti, « -tuwrinin® Ox ko'sherinin® on™ bag’iti menen payda etetug’in muyeshi, b-parametri
da’slepki ordinata dep ataladi.

X
3. Tuwrinin® kesindilerdegi ten'lemesi. —+Z:1, bunda a ha'm b parametrleri tuwrinin’
a

sa'ykes Ox ha'm Ou ko sherlerinen kesip etetug'in kesindilerinin™ uzinliglari
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SHET EL MATERYALLARI

7.1. General Equation of a Plane

A mormal vector o a plane = a perpendioalar vector io the plane.
Acoonding io geometrical postalaies,

= A poimt and a vecior determine o plane.

= Three points determine a plane.
The genmeral eguabtion of a plane in a reciangular Canesian coardinaie
sysiem has the folbowing fom:

Ar+ By +Cz+ D=, i1}

where x, v and = are runnimg coordmates of a point in the plane.
Let M i 5y, ¥y.2;) be a poimt in the plane, that is,

Ay = By, + O + D= (2}
Subtmacting identity (2} from eguation | |} we obiain another form of the
general equation of a plane:
Ax=x)=By=1)+C(z=z )=, (5}
Axgume that A, & and C are the coordinates of some vecior ».
Then the left hand side of eguation (3) is the scalar product of the vecbors
moand F=p == V= F T
fF=n)-m=1, [ 3a)
By the properties of the scalar product this equality implies that the vecior
A & perpendicular io the verior F=r . Since F—# is an arbiirary vecior i
the plane , # is a normal vecior io the plane P

a ¥
7
M nLF
P HLFr-r
of
0 y

Thus, eguabtion (¥) descnbes a plane that passes thromgh the poed
M x, ¥.2;b- The coefficeenis 4, F and C can be mierpreted as the

coordimates of a normal vecior to the plane.
Cionsuder a few particular cases of eguation ()
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§

L}

4

e}

If £¥=10 then the plane

Ar+ Bp+ =i
paszes through the ongin.
If C =10 then the plame

Axr+ 8y + =i
1% parallel io the z=axix, that is, H exiends abong the r-axis.
If &=} then the plane

Ar +Cz+ D il
1% parallel io the pmaxis.
If A =0 then ihe plane

By+Cz+D=i)
i parallel io the w=axis.
If 4=8=10 then the plane

Cz+ el

i parallel 1o the 1, veplane, that ix, the plane = perpendicular io the
Dl K15,

Examples:

3y

Let M {l,=2.5) be a poini im a2 plane, and m=(4, 5 be a
normal vecior io the plane. Then the plane & descnbed by the
following equation

dix=1j+3Hr+2)-z—5)=mll = dx+iy—hz+Idai.

21 A plane is grven by the eguation

r=2Xy+3z—bmi.
Find a vmit normal vecior & io the plane and find any two poinis m
the plane.

Solwtion: Since a = {1, =2, 3] und|-|-1ﬁ5+q—1F+1—'--JH,um

I
u—m-mla—2j+1ll.

Setting x = v ={}, we obiainz =1,

Likewise, if x =z =0, then =i

Therefore, (0,02 and W,{0,=30) are the poinis in the given
plane.
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Let M i1, w230, Malis, ¥a.25) and MW ix;, ¥y.2,] be three given poinis

m a plane P, and 41, v,z be an arbéirary point in P
Cansader three vecionrs,

MMar—r=jx=x,y=y.r=5],

MMy =r =g ==X, V= V2 =5
and

-”l-'i"'ri"'.l-_"l':":l_"l-.""}'."‘|~f:|_1||-
They all |k mn the plane P, and s their scalar mple produect s equal io zeroc
lP=m =Rl =r)=0 =
I=I F=h =I=3
=Xy Va=k Z3=I|=0 4]
L= B~Mh H—5
Egumation (4} descnbes a plane pas<ing through three given pommis.
Example: Let W (25 =1, My(2,=35) and 4,(4,5,0) be paints im

a plane.
Find an equarion of that plane.
Snlwtion: By equation {41, we have
=21 p=5 z+l
i -8 4 |=0 =
2 0 |
=2 p=5 =+l
0 2 == =
2 0 |

Ax—==2r=35p—4z+1p=il =
dr—2p—dr+Xmi =

i—yF—2z+1=0.
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T.3. Other Forms of Equations of a Plane
Iy Let paip.p,.p.| and §=ig,.4,.9;] be two veciors thal are
parallel to a plane P, and Af,(x;, v,.2;) be a point in .
If F= {x, ¥, 2| is the mdius-vecior of an arbetrary poind n the plane P, then
three veciors, F=§f = (X=X, ¥= ¥;,2=2;| . p and §, are coplanar, and =0
the scalar trple product = aqual o Fern:
(FP=glpg=0.
This equaliy expresses an equation of a plane m the vecior form. [ can
also be written in the coordimaie fomm & folbows:
=X F=h I=5
B, Py P, =il (5]
i ?j. i
2} Assume that the general equaivon of a plane = expressed in the form of
the following equality:
X F. I

=ttt (6]
d & c

ymz=mll = T

rmzmll = y=k,

y=my=fl = =g,
Therefore, the quanisies a. & and ¢ are, respectively, the y<miercept, y-
miercept and zsintercept of the plane.

C

f

Eguation (6] s called the equaison of a plane m the indercept form.
For instance, the equation
%f_isi'%ll
describes the plane with the iom, pm oeindicrcepis eqgual 2, =5 and 4,
respectively.
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Nell TEMA:

Ekinshi ta'rtipli betliktin® aniqlamasi. Sfera. Ellipsoid. Giperboloid. Paraboloid.

Ken'isliktegi analitik geometriya. Ken'isliktegi nogat, tuwri ha'm tegislik  tuwri
mu yeshli Dekart koordinatalar sistemasindag’i tuwri menen tegisliktin® ten’lemeleri, olardin
0 z-ara jaylasiwi. Nogattan tuwrig'a ha'm tegislikke shekemgi gashigliq.

Ken'islikte Oxuz tuwri muyeshli Dekart koordinatalar sistemasi aniglang an bolsin.
Ken'isliktegi figuralardi uliwma F(x,y,z)=0 tu'rindegi ten'leme menen analitikaliq an'latiw
mu mkin, bunda F berilgen funktsiya.

Birinshi ta'rtipli u'sh o'zgeriwshili sizigli algebraliq ten’leme u'sh o’Ishemli ken'islikte
tegislikti an"latpaydi. Tegisliktin™ uliwma ten"lemesi:

Ax+By+Cz+ D=0 1)
bunda A, B, C, D koeffitsientlerdin™ keminde birewi nolden o0 zgeshe ga’legen sanlar dep
uyg ariladi.

M(xo;yo;zo) nogatsi arqali o'tetugiin ham 1= i+ B}' +Ck  vektorina
perpendikulyar tegislikti A4(x—x,)+B(y—y,)+C(z—z,)=0 ten'lemesi menen aniglaw
mu-mKin.

Kesindilerdegi tegisliktin® ten lemesi:

£+Z+£:1
a b c

bunda a, b,c - tegisliktin® sa'ykes Ox, Ou, Oz ko'sherlerinen kesip alg'an
kesindilerinin™ uzinliglari.

Meyli a, ham «, tegislikleri 4x+B,y+Cz+D, =0, A,x+B,y+C,z+D, =0
ten’lemeleri menen berilgen bolsin. Bul tegisliklerdin® arasindag’i ¢ mu yesh olarg'a normal
n_1 = (AI;BI;CI) ha'm E = (AZ;BZ;CZ) vektorlarinin® arasindag’i mu’yesh retinde aniglanadi,
yag niy
non, A A, + BB, +C,C,

‘n_IHZ \/Af +B} +C} \/Azz +B;+C;

cosQp =

Eger normal vektorlari kollinear bolsa, onda olarg'a sa'ykes keliwshi tegislikler parallel

A B
boladi —1:—1:Q ha'm eger normal vektorlari perpendikulyar bolsa, onda sa'ykes
AZ BZ C2

tegislikler de perpendikulyar boladi 4,4, + B,B, + C,C, =0.

M, (xo;yo;zo) nogatsinan Ax+Vu+Sz+D=0 tegisligine shekemgi gashiqliq
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g |Ax0 + By, +Cz, +D|
NA* + B? +C?

Berilgen eki tegisliktin® kesilisiw sizig'i argili otetug'in barliq tegislikler da'stesinin’
ten’lemesi:

a(Ax+By+Cz+ D)+ B(Ax+By+C,z+D,)=0
bunda « =1 dep alip da’steden ekinshi tegislikti shig arip taslaw mu mkin.
Kenisliktegi tuwrini birinshi ta'rtipli u'sh o zgeriwshili sizigli algebraliq ten’lemelerdin
sistemasi menen, yag niy eki tegisliktin® kesilisiw sizig i sipatinda an’latiw mu mKin:
Ax+By+Cz+D =0
A,x+B,y+C,z+D, =0

Bul tuwrinin® bag’itlawshi vektorin (yag'niy tuwrig'a yamasa og'an parallel tuwrig'a
tiyisli vektor) tegisliklerdin® normal vektorlarinin® vektorliq ko beymesi tu rinde aniglanadi.

Meyli tuwri M (x,,7,,2z,) nogatsi ha'm s =(/;m;p) bag'itlawshi vektori menen
berilgen bolsin. M(x;y;z) - usi tuwrinin® ga’legen bir nogatsi dep uyg aramiz. Onda, tuwrinin’

vektorliq tenlemesi » = r, +ts;
parametrlik ten’lemesi x = x, +nt, y =y, +mt; z =z, + pt;

X=X _V=Vo _Z27%

n m p

kanonikalig ten’lemesi

Eki tuwrinin bir tegislikte jaylasiw sharti:
a—a, b—b c—c
n m p |=0.
n m, P
Tuwri ha’m tegislik arasindag’i mu yesh:
|An + Bm + Cp|
VA + B> +C* > +m* + p?

sin @ =

parallellik sha'rti: An+ Bm+Cp =0;

perpendikulyarlig sha'rti: A = B = g
n m p

Jeke jumis tapsirmalari ha’m tekseriw ushin sorawlar.

1. Tuwri ha'm tegislik arasindag’i mu yesh.
2. U’sh tegisliktin® kesilisiwi jag daylari: bir tuwrida, bir nogatta.

3. Analitikalig tu'rde berilgen tuwri ha'm tegisliktin® kesilisiw nogatsin tabiw.

104



Ken'isliktegi ekinshi ta rtipli betler

Ken'isliktegi ekinshi ta'rtipli ten’lemeler. Kvadratliq forma. Ekinshi ta'rtipli betlerdin’
kanonikaliq ten’lemeleri sfera, tsilindrler, aynaliw betleri (ellipsoid, giperboloid, paraboloid).
Konusliq betler.

Ken'isliktegi bet u'sh ozgeriwshini x, u ha'm z lerdi baylanistiratug’in ten'leme menen
aniglanadi. x, u ha’m z lerge garata ekinshi ta'rtipli algebralig ten’leme menen aniglang an bet
ekinshi ta'rtipli bet dep ataladi. Uliwma ten’lemesi:

Ax* +By* +Cz*> +2Dxy + 2Exz + 2Fyz +ax+by+cz+d =0 (1)

bunda A, B, C, D, E, G koeffitsientlerdin® keminde birewi nolden o’zgeshe dep
uyg ariladi. A, B, C, D, E, G, a, b, ¢, d koeffitsientlerdin” baylanisli bul ten’lemeler tu'rli
betlerdi aniglawi mu mKin.

Sfera. (1) ten'lemede A=B=C=1,D=E=F=a=b=c=0,d=-R> tu'rinde
alinsa, onda orayi koordinata basinda bolg'an R radiusli sferanin® x>+ y® +z* =R’
ten’lemesine iye bolamiz.

Aniglama. Orayi C(x,;y,;z,) nogatisinan R (R > 0) qashigligta jaylasgan ken'isliktin'
barliqg nogatlarinin’ geometriyaliq orini sfera dep ataladi ha'm ol
(x - X )2 + (y - )2 + (z -z, )2 = R” ten'lemesi menen analitikalig anlatiladi.

Bul ten'leme (1) ten’lemeden

A=B=C=1,D=E=F=0; a=-2x,;b=-2y,;c=-2z,; d=x, +yg +z0 - R’
tu'rinde alinsa kelip shig adi.

Sfera to ' mende aniglanatugin ellipsoidtin™ dara jag dayi bolip tabiladi.

1. Jasawshilari koordinata ko sherlerinin™ birine parallel bolg an betler. Bazi bir siziqti
kesip o'tiwshi sizigtin® usi siziqti boylap ha'm berilgen bag itqa parallel ha'reketinen payda
bolg an bet tsilindrlik bet delinedi. Ha'reketleniwshi tuwri sizig jasawshi dep, berilgen siziq
bag itlawshi dep ataladi.

z koordinatani o'z ishine almaytug'in ha'm ken’islikte garastirilatug’in F(x;y):O
ten'leme menen jasawshilari Oz ko'sherine parallel ha'm bag itlawshisi Oxu tegisliginde
berilgen ten'leme menen sipatlanatugin tsilindrlik betti aniglaydi. Usig an ugsas

F(x;z)zO ha'm F(y;z)zO

ten lemeleri jasawshilari sa'ykes Ou ha'm Ox ko sherlerine parallel bolg an tsilindrlik
betlerdi aniglaydi.

Misali,

1) Do'n'gelek tsilindr. x* +z*> =R* ten’lemesi menen an'latiladi. Onin" simmetriya
ko sheri Ou, al Oxz tegisligindegi bag itlawshisi shen ber boladi;

2 2
2) Ellipslik tsilindr x_2+2/_2 = 1. Jasawshilari Oz ko sherine parallel, Oxu tegisligindegi
a

bag itlawshisi - ellips;
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2 2
X
— -

3) Giperbolalig tsilindr =1. Jasawshilari Oz ko sherine parallel, Oxu

=)

a
tegisligindegi bag itlawshisi - giperbola;

4) Parabolaliq tsilindr y* =2z . Jasawshilari Ox ko'sherine parallel, Oxz tegisligindegi

bagitlawshisi - parabola.

2. Aynaliw betleri: a) Ouz tegisliginde F(y,z)=0 ten'lemesi menen berilgen L sizig'in
Ou ko'sher do’gereginde aynaldirilg'anda payda bolg'an bet ten’lemesin aliw ushin bul siziq

ten'lemesindegi z 0"zgeriwshisin ++/x* +z> qga 0'zgertip, u ti 0'zgerissiz galdiramiz.

b) Oxz tegisligindegi siziqti Ox ko sheri do gereginde aynaldiriwdan payda bolg an bet
ten'lemesin aliw ushin z ti +£+/y* +z> ga 0'zgertip, x ti 0°zgerissiz galdiramiz.

v) Oxz tegisligindegi sizigti Oz ko sheri do"gereginde aynaldiriwdan payda bolg an bet
ten'lemesin aliw ushin ++/x* +z> ga 0'zgertip, z ti 0"zgerissiz galdiramiz.

g) Ouz tegisligindegi siziqti Oz ko'sheri do gereginde aynaldiriwdan payda bolg an bet
ten'lemesi aliw ushin u ti ++/x*> + y* qga 0’zgertip, z ti 0°zgerissiz qaldiramiz.

Bulardi uliwmalastirip tablitsada ko rsetiw mu mkin:

lymekliktin® Aylaniw ko sheri Aynaliw betinin” ten’lemesi
ten’lemesi
F(x;y)=0 Ox Fb; Y +z2)=0

z=0 Ou F(/x2+zz,y ~0

)

)
F(x2)=0 Ox Fle[y?+22)=0
y=0 0z Flx*+)7,2)=0
F(y;z)=0 Ou F(y, x2+22)=0
x=0 Oz Flx?+y%,z)=0

Misali,

1) Aynaliw ellipsoidi. Oz do gereginde Oxz tegisligindegi ellipsti aynaldirsaq kelip
2 2 2

x4yt oz

X z
shig'adi: —+—=1= +—=1.
: a’> b’ a’ b*
2 2 2
Uliwma ellipsoid *+2—+Z_=1,
a b ¢
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2 2
2) Giperboloid. Ouz tegisligindegi Z—Z—Z—z =1 giperbolani:

C
2 2 2

Oz ko’sheri do'gereginde aynaldirsaq, bir pa’lleli al ;y —Z—Z:I giperboloidi kelip

2 2 2
shigadi. Uliwma tu'ri 2+ 2~ = =1,

a C
y2 )C2 +22
Ou ko’sheri do"gereginde aynaldirsaq eki palleli PEa -— =1 giperboloidi kelip
C
2 2 2
shigadi. Uliwma tu'ri 2+ 2~ == 1.
a- b° ¢

3) Paraboloid. Ouz tegisligindegi y2 =2pz parabolani Oz ko’sheri do'gereginde
aynaldirip aynaliw x* + y* =2pz paraboloidin aliw mu*mkin.

2 2

Elliptik paraboloid: *— +2— =2z, (pz >0).
P 4
xz 2
Giperbolik paraboloid: — P
P 9

3. Konuslig betler.

4. Sizigli betler. Tuwri sizigtin® ha reketleniwinen payda bolg an bet sizigli bet dep, onda
jatatugin tuwri siziglar jasawshilar dep ataladi.

Ekinshi ta'rtipli tsilindrlik ha'm konuslig betler, giperbloloidlar sizigli betlerdin™ misali
bolip tabiladi.
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1.5. Distance From a Point To a Plane

Assume that a plane # is determined by the equation in the geneml form:
Ar+ By +Cz =+ Dmil, 9]

Let ¢Mx;, ¥y, Z;) be a gven pomnt not i the plane, and Mix, v,z) be an

arbitrary point in P. Then the distance o between the point {7 and the plane

P & equal vo the sbsobate value of the projection af E-r!-!' on m= AR C).

| oM
d =|Pr =
" 'E"J.'I;]‘ "
i Y
Iu'
SO S
n
P R_F
Therefore,
g AMr=x )+ B —l|=:|-l-lf'l:.=—'|_
A+ B e
By equaley {9),

Ax+ By +Czm—I},
and %o the disiance between point ;_.'-'l.tl,_ml.rll and plane (%) & given by

the followmg formusla:
d_‘.-f.r.-r.lﬂjﬁl 1;&, 'I'.El\_ e
L+ B+

Example: Let the plane be given by the aquation
x+ly—dzr+imi,

The distance from the pomnt (KX =7, 1) to the plane ks

284+ 3=Th=4:1+5] 4 -
d -h—l, -g- —25,
hgl e Y | L
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7.6. Relative Position of Planes
Let two planes. & and £ be given by their general eguations

R : Ax+ B+ Cze ) =i,
R : At + By o+ Cqz + Oy mil).
Consader the sysiem of two linear equations
{.l,xn?.y-rf‘,z-rﬂi-ﬂ, (10)
Ay w Boy+ Coz+ [ =i,

L} If sysiem (10} is inconsistent, then the planes are parallel. and so the
coordimates of the normal veciors a, = |4, 8,,C;] and m, = |4, 8,,C. ) are
proportional:

4.5.5.8

Ao 8 O Iy
2} If system {100 is consistend and the equatvons are propormal 1o each
other, then F is jusi the same plane as £

45 5.0

A 8 O Iy
3) If system ( 11} is consisient, and the rnk of the coefficient matrix eguals
2 then & ond F; are miersecting planes. The locus of these distmot
micrsecting planes s exactly one line L. The vecior product of nomal
veciors to the planes £ and # & the vecior, which & perpendscular io the
normal weciors, and so 1 les in both planes. Therefore, m; wa, is o
derection vecior f of the intersection line L:

In a similar way we can consider the relative position of any member of
planes. The only difference is the momber of possible cases.

109



7.7. Relative Position of a Plane and a Line
Let a plane P be given by the equation in the general form
Av+ 8y +Cr+ D =iy
and a bne [ be determined by the sysiem of two linear equations
Ax+ B y+Cz+ D =i,
[.-I,__t-r.ﬂ':_p-rf':.nﬂ_t = [
To mvestigate the relative posstions of the lime and the plane, consider the
micgrated system of equations:
Ax + 8y + Co+ Dail,
Ar+ 8+ Cz+ =0, (11}
A+ B+ O+ D= (L

I} If the mnk of the cocfficent mabrix equals 3, then the system =
consisient and has o wnigee solubon [, V.ol - It means thed

M 31 Ty, Vo T b 15 the pioiint of intersection of the plane and the line.
2} If system: (L1} is consisient, and the ok of the coefficient maimx

equals 1, them the line £ lies m the plans P.
3} If sysiem | 1} is mconsistent then the lime L = parllel to the plane P,

7.8. The Angle Between a Plane and a Line

Let @& be the angle between o normal veciors r io a plane and a directvon
vector | of a line, and & be the angle berween the plane and the lme.

Then & and § are complementary angles shown in the figuare bebow,
H{ T- ,|1-|.IH=IJ|::I':'
e //

sin = cosg = i
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Ne12 TEMA:

Funktsiya tusinigi, beriliw usillar1, funktsiyalar klassifikatsiyasi. Monoton, keri, periodl
funktsiyalar. Quramal funktsiya. Funktsiyalar u’stinde arifmetikaliq a’meller.Sanh izbe-
izlik ha’m onin™ limiti. Funktsiyanimn® limiti.

Funkciya tusinigi

Turagli shama dep tek bir ma'nisti qabil etetug”in shamag'a aytamiz. Turaqli shamalardi latin
alfavitinin® da'slepki jazba ha'ripleri menen belgileymiz yag'niy a,b,c,d.... Eger shama bazi
bir wagqitlarda(jag'daylarda) g'ana turaqli bolip qalsa, on1 parametr dep ataymiz. Ha'r qiyl
san ma nislerdi gqabil etetug'in shamani 0 zgeriwshishamalar dep ataymiz ha'm olardi latin
alfavitinin® aqirg’1 jazba ha’ripleri menen belgileymiz yag'niy X, y, z....

Eki X ha'm Y ko 'plikleri berilgen bolsin,xeX hamyeY.

Anmiglama. X ko pliginin® ha'r bir X(X e X ) elementine bazi bir gag'1tyda yamasa nizam
boyinsha Y ko pliginin® aniq bir y(y € Y) elementi sa'ykes qoyilg'an bolsa, X ko pliginde
funkciya berilgen dep ataladi ha'm ol

y=r(x)
siyaqlibelgilenedi.

BundaXko pligifunkciyaninaniglaniwoblastidepataladi ha'mD(y)=Xbelgilenedi,

alYko pligifunkciyanin®

ma nislerko pligidepataladiha mE(y)=Y depbelgilenedi,xg a rezsizo zgeriwshiyamasafunkciy
aargumenti,yga rezlio zgeriwshiyamasaxo zgeriwshisinin™ funkciyasidepatalad,

fsa ykeslikgag'1ydani,nizaminko ‘rsetiwshibelgi.

Muisal: X=(-o0;+00) ha'r-birhagiygiysang aonin®
2
kvadratinsa'ykesgoyayiqyag niy V = X .BulmisaldaD(y)= (-o0;+0),E(y)=[0;+c0).
Funkciyalardin® beriliwusillar

Funkciyabirnesheusildaberiliwimu mkin:

1. Analitikal:quszl.xo zgeriwshinin™ ha'rbirma nisinesa’ykeskeliwshiy-tin®

ma’nislerixo zgeriwshisiustindeanalitikaliga' mellerdiorinlawna tiyjesiko rinisideyag niyform
ulaja’rdemindeberiliwineanalitikaliqusildiymiz. Bulusiimatematikadaa meliyesaplard:
islewdeko pushiraydi.

2

Misale: y = X )(_2’ y=+/2X+8

2. Grafikalqusil.Bunda Y = f(X)funkciya51 tegisliktegi (x,y) noqatlarko pligigrafigiargal:
beriledi, xargumentlerdin® ma nislerihogattin” abscissasi, yfunkciyanin®
ma nislerisa’ykesnogatordinatasi.

Misalv:y A

v
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3. Tablicaliq ustlda. Bunda X argumentinin’ ma'nislerine sa'ykes y funkciyanin® ma’nisleri
tablitsa tu'rinde beriledi.

Misali: Qon'rat-Tashkent jolawshi poezdinin® basip o tken jolinin® waqitqa qarata o"zgeriw
kestesi:

t(waqit,s) 1 3 6 9 12 15 18

S(jol,km) 60 180 360 540 720 900 1080

4. So’7 benen beriliw usili.

600sum, eger a = b bolsa;

Misali:Jol haq1 600 sum: f (x) = {0 - bol
sum,eger a = olsa.

Funkciyanin® tiykarg'1 qa’siyetleri
1. Jup ha'm taqhig1.
Aniglama: Eger VXeX ushin

f(—x)=f(x)

ten'likorinl bolsaf(x)- funkciyajupfunkciyadepataladi.
2

Misal: Y = X7, Y =|X
2 2

sebebi (_X) =X, |=X

Jupfunkciyalardin™ grafigiordinateko “sherineqaratasimmetriyali jaylasqanboladi(1-su wret).

f(—x)=—1f(x)

ten likorinl bolsaf(x)- funkciyataqfunkciyadepataladi.

, Y=CO0S Xfunkciyalanjupfunkciyalar,
, C0S(—X) =C0osX

:‘X

Aniglama: Eger VXeX ushin

Misalz: Y = X3, y — 2X, y — th funkciyalar: tagfunkciyalar,
sebebi (—X)° = —x°, 2(=X) =-2x, tg(—x) = —tgx

Tagfunkciyanin® grafigikoordinatabasinagaratasimmetriyah jaylasganboladi(2-su wret).

Jogarnidag'1
ekianiglamanin’daten’likleriorinlanbaytug® infunkciyalarjuptaemes,tagtaemesfunkciyalardepat

aladi yag'niy Y = T (X) funkciyas:

bolsa.

X
juptaemes, tagtaemesegerde f(—x) = {_ f (%)
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2 3 2
Msali: Y = X~ + 3X—2, Y= \/;, y= 2X° —X funkciyalar:
juptaemes,taqtaemesfunkciyalar.

Misal: 1-su'wrette funcsiyanin® grafigi  (X,y) kordinatali nogati menen birge (-X,y)
koordinatali noqatinandao'tedi. Ol jup funkciya. 2-su wrette funkciya grafigi A(x,y) nogattan
ha'm B(-x,-y) nogattan o tedi. Bul taq funkciya.

X.y)
(k.y)
L/ . -X_f ()X /\/ >
x 0' xxf(-x) 0 x/\_/
('X,'Y)
f (x)-jup funkciya f (x)-taq funkciya
1- su'wret. 2-suwret.

2. Monoton funkciylar.Meyli Y = f (X) funkciya berilgen bolsn.

Aniglama: Aniqlaniw oblastinan aling'an
X € X, X, € X ushin X, <X, bolawman f (x,) < f (X,) ten'sizligi kelip shigsa,

y=f (X)funkciyam X araligta 0’siwshi funkciya dep ataladi.
Misali: Y = 3X — 5 funkciya X=(-00;+0) aralig'inda o siwshi funkcuya.
X1=2< Xp=3 ushin y;=3-2-5=1<y,=3-3-5=4.

Aniglama: Aniglaniw oblastman aling"an
X, € X, X, € X ushin X, <X, bolawman f (X,) > f (X,) ten'sizligi kelip shigsa,

y=f (X)ﬁmkciya51 X araliqta kemeyiwshi funkciya dep ataladi.
Misali: Y = —3X + 5funkciya X=(-00;+0) aralig inda kemeyiwshi funkcuya.
X1=2< Xp=3 ushin y;=-3-2+5=-1>y»=-3-3+5=-4.
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O siwshi ha’m kemeyiwshi funkciyalar monoton funkciyalar dep atalad.

3. Shegaralang anlig 1. Baz1 bir X aralig' inda gandayda bir M>0 sani1 bar bolip, VX € X
ushin f(X)<M, (f(X) > M) ten'sizligi ormlansa, y = f(X) funkciyasi X araligta

joqaridanshegaralang an(to 'mennen shegaralang'an)dep ataladi. Qarama-qarsi
jag'dayda,yag'n1ty onday M san1 bar bolmasa shegaralanbag an dep atalad.

Misali: Y = X° +5 funkciya X=(-00;+0) aralig'inda to'mennen shegeralang'an funkcuya,
sebebi Vxe(-00;+0) ushin Y = X* +5>5 .

4. Periodlilig 1. Egerde bazi bir T #0 ushin x e X,(x+T)e X bolg’anda f(x+T)= f(x)
ten'ligi ormli bolsa, y = f(x)funkciyas1 T periodga iye periodlifunkciya dep ataladu.

Misali:y=sinxfunkciyas1 T=27 periodga iye periodli funkciya, sebebi ga'legen X ushin
sin(x+2 z)=sinx.

Funkciyalardin® klassifikatsiyasi

Egerde funkciya on’ jag'inda g'a'rezli o'zgeriwshi bolmag'an formula ja'rdeminde
berilse onda ol aniq funkciya dep ataladu.

Misalr; Y = X* +5X +1 aniq funkciya.

X argumentinin® yfunkciyasi, g'a'rezli o'zgeriwshige qarata aniglanbag'an F(x;y)=0
tu'rinde berilse, onda ol funkciyaaniq emes funkciya dep atalad.

Misali: X° + y2 + 2YX — X =0 aniq emes funkciya.
Keri funkciya.Meyli Y = f(X), ma nisler ko'pligi Y bolg'an ha'm X ko pliginde
aniqlang'an, X g'a'rezsiz o'zgeriwshinin' funkciyasi bolsin. f(x):y bolg'anda, ha'rbir

Y€V ke birden bir x € Xt sa'ykeslendiremiz. Onda payda bolg’an x = (p(y), ma nisler
ko'pligi X bolg'an, Y ko'pliginde aniqlang’an keri funkciya dep ataladi, ha'm omt x= f7*(y)
ko rinisinde belgileymiz.

Misali: Y = X’ funkciyasma X = \/V keri funkciya boladu.

Qa’legen gatan™ monoton funkciya ushin keri funkciya bar bolatug'inlig'in dalillewge
bolad1.

O'’zara keri funkciyalardin® grafikleri birinshi ha'm u’shinshi koordinata mu’yeshlerinin’
bissektrisasina simmetriyali boladu.

Misali: y=a* ha'm x=log, y, yamasa y = log, x 0'zara keri funkciyalar. (a >1),

Quramali funkciya.Meyli y= f(u) ma'nisler oblastt Y bolg’an U ko pliginde
aniglang'an U o'zgeriwshisinin' funkciyast bolip, al o'zgeriwshi U 0'z gezeginde, ma nisler
oblastt U bolg'an X ko'pliginde aniglang'an X 0 zgeriwshisinin® U = (D(X) funkciyast bolsim.
Onda X kopliginde berilgen y = f [(p(X)] funkciyas1 quramali funkciya dep ataladi.

Misal: 1) Y = X* —2X—3 quramali funkciya, bunda U= Xx? —2x—3, y = Ju
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2) y=Ig x, u=¥x, y =Igu quramal funkciya ha'm t.b.

Elementar funkciyalar.
Elementar funkciyalar algebraliq ha'm transtsendentlik bolip bo'linedi.

Algebraliq dep argument u'stinen shekli sandag’1i algebraliq a'meller ormlanatug’in
funkciyalarg'a aytamiz. Algebraliq funkciyailarg'a:

- pu'tin ratsional funkciya (ko pag'zanin’ yamasa polinom):
y=a,X"+ax" " +..+a, ,X+a,;
- bo’Ishek ratsional funkciya-eki ko'p ag'zaligtin® qatnas;

- irrotsianal funkciya (eger a'meller ishinde argumentten koren shig'ariw a'meli bar
bolsa) funkciyalar jatadi.

Basqa ga'legen algebraliq emes funkciya transtsendentlik boladi, olarga:
ko rsetkishli, logarifmlik, trigonometriyaliq, keri trigonometriyaliq funkciyalar jatadi.

Mektep kursman belgili tiykarg'1 elementar funkciyalardi keltirip o’ temiz.
1. Swzuqh funkciyalar.
y =kx+b

en ko'p taralg'an funkciya bolip esaplanadi. Bul s1ziqli programmalastiriwda ko plep
gollanilad1.

2. Da’rejeli funkciya.
y=x", n=0,
N nin’ natural ma’nislerinde yag'nty N € N bolg anda bul funkciya barliq sanlar
ko sherinde aniglang an.
3. Ko'rsetkishli funkciya.
y=a", Va>0,a=0
Aniglaniw oblast1 X & (- o0;+o0), al ma'nisler ko'pligi y € (0;+o0). Eger a >1 bolsa,
funkciya monoton o°sedi, eger 0 < a <1 bolsa, monoton kemiydi.
4. Logarifmlik funkciya.
y=log, x, Vva>0, a=1.
Bulfunkciyako rsetkishlifunkciyag aqgaratakerifunkciya.
. - X : .
Sonhgtanda X € (O;+oo), ye (— oo;+oo). Bunin grafigi Y = @’ funkciyasinin
grafigimeneny=xtuwrisinagaratasimmetriyal: boladi. Somin’ menenbirgeqgalegen a tiykar:

ushin 109, 1 = Osha’rtiorinlanadi, sonhgtandaga’legenlogarifmlikfunkutsiyanin® grafigi (1;0)
nogatinano tedi.

5. Trigonometriyaliq funkciyalar.
y =sSinx, y =C0sX, y =tgx, y = ctgx.
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Yy =SiNXha'm Y = COSX funkciyalar1 barliq sanli tuwrida amglang'an ha'm
ma'nisleri ko'pligi [-11] aralig't boladi. Y =tgXfunkciyasix tm® X =%(2n +1),neN

ma’nislerinen basqa barliq ma’nislerinde aniqlang’an ha'm aniqlaniw oblastinin® ha'r bir
intervalinda monoton o'seddi. Tangens ha’m kotangenslerdin® manisler ko pligi (~ oo;+0)

bolad:.

-2 0 w2
8-su wret 9-su wret
Iy ] “ y = ngy y = Ctgx 1 “ 1 1
-3n/2 i-n -n/2:D é i i /2 )i( -;t -/270 1It/2 T 3702 X7t : : >
10-su wret. | | | 11-su wret. | |

y =sinXx, y=tgx, Y =ctgxfunkciyailaritagha molardin’

grafiklerikoordinatabasinasimmetriya (8, 10, 11-su’wretler). Al Y = COSX funkciyas: jup,
sonhgtandaonin™ grafigiOyko sherinesimmetriyali (9-su wret).

y =sSinX ha'm Y = COSX funkciyalarmn', period: 2z, al Y =10X ha’m y =ctgx
funkciyalarinin® periodi  ge ten'.

6.Keri trigonometriyalik funkciyalar.

1) y = arcsin x, x e [-11], ye[—%;%}

funkciya Y =SINX funkciyasma keri funkciya. Sonhqtan da bul funkciyanm' grafigi
y =sin X funkciyanin® grafigine y=x tuwrisina qarata simmetriyali (12-su"wret).

yy
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/2 y =farcsinx /2 y=X  \---- \

v

13-sufwret

2)  y=arccosx, xe[-11] y=[0;7)

funkciyas1 )} = COSX funkciyasma keri funkciya. Sonhqtanda onmn' grafigi y=x tuwrisma
garata } = COSX funkciyasinin® grafigine simmetriyali (13-suwret).

T T
3) y =arctgx, xe(—oo;+0), ye| -=; =
2 2
funkciyast Y =10X funkciyasma keri funkciya. Onin' grafigi y=x tuwrisma qarata Y = th
funkciyasmin' grafigine simmetriyali. (14-su wret).
4) y = arcctgx, x € (—oo; + o), ye(0;7)

funkciyas: Y =CtQX funkciyasma keri funkciya. Onmn' grafigi y = X tuwrisina qarata
Y = CtgX funkciyasmin' grafigine simmetriyali (15-su"wret).

y T A A

<
I
QD
=
a
«
<

((»]

K

((»]

></

e m e —m————————

_______ 174 3§ wret 15-su wret
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Sanh izbe-izlikler ha’'m olardin’ shegi

Aniglama.Baz1 bir nizam menen ha'r bir natural n sanina toliq aniqlang’an an sant

sa'ykes Keltirilgen bolsa, onda {an} sanli izbe-izligi berilgen dep ataladi ha'm

to ' mendegishe jazilad:
{an } :a,,a,,...,a,,...bundad,, a,,..., &, ,... sanl izbe izliktin' ag'zalar1 dep atalad.
Qisqasha aytqanda sanli izbe-izlik bul natural argumenttin® a, = f(n) funkciyasi
bolad.

11

1 1
Misali: 1. @, =—; Bul sanlar izbe-izligi 1, E, .. — boladi
n

n

2.4, = n?; Bunday sanlar izbe-izligi 1, 4, 9, 16. . .n%ko riniste boladu.

Aniglama. Egerde ga’legenshe Kkishi & >0 saniushi N sani tabilip, izbe-izliktin" barliq
n > N nomerlerge iye ag'zalar1 ushin |an - AI < & ten'sizligi orinlansa, A sani {an} izbe-

izliktin™ shegi dep ataladi ha'm on1

lima, = Atwrinde jazamiz.

N—oo
, _6n-5 i 7 13
Misali.l. 4, on bolsa, >’ 6 »---3 izbe izliktin' shegin tabiw kerek.
Sheshiliwi.
) . _bn-5 . 5 ) . b 5
lima, =lim :I|m[3——j:I|m3—I|m—:3——:3—0:3
N—»o0 n—>wo 2N n—>o0 n n—»o0 n—w© 21 o0

2.a = Nn’sanlar izbe-izligi 1,4, 9, 16. . .n%o riniste ha'm onmn" shegi

lima, =limn® =0® =00},

n—oo N—o0
3. a, :(—1)nsanlar izbe-izligi -1, 1, -1, 1. . .(-1)". . ko'riniste ha'm onmn" shegi
. - n
lim a, = I|m(_1) bolad.
n—oo nN—o0

Ahiglama:Egerde izbe-izlik shekli shekke iye bolsa, onda ol jiynaqli, al shegi
sheksizlik yamasa uliwma shekke iye bolmasa tarqaliwshi dep ataladi.

1-misaldag’1 uzbe-izlik jiynaqli,al 2-3-misaldag 1 izbe-izlikler tarqaliwsh1 boladi.

Sheksiz kishi ham sheksiz u’lken shamalar

Aniglama 1. o(x)funkciyasi ushimn !(ifga(x) =0 ten'ligi orinlansa, onda
—
o ( X), X —> @ da sheksiz kishi dep atalad1.
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Eki sheksiz kishi shamanin® qosindis1 (ayirmast) ha’'m ko beymesi de sheksiz kishi
shama boladu.

Eki sheksiz kishi shamanin® qatnasi tuwrali uliwma tastiyiqlaw aytiwg'a bolmaydi,
sebebi ol shamalardin® xarakterine baylanisli ha'r qiyli boliw mu’mkin.

X—>7r n—o0 n 4

Misali. limsin x =0, Iim(ij =0

Sheksiz kishi shamalardin qa siyetleri.

1. Shekli sandag'1 sheksiz kishi shamalardin® algebraliq qosindisida sheksiz
kishi shama bolad1.
2. Sheksiz kishi shamanin® sheklengen funkciyag'a (turaqlig'a, basqa sheksiz
kishi shamag'a) ko beymeside sheksiz kishi shama bolad:.
3. Sheksiz kishi shamani, shegi nolden o'zgeshe funkciyag'a bo'lgendegi
tiyindiside sheksiz kishi shama bolada.
Aniglama 2. Qa’legenshe u'lken on® M>0 san1 ushin, 6>0 (M nen g-a‘rezli, 6=6(M)) on’

san1 tabilip, Xo g'a ten’ bolmag'an barliq X ushin |X—X0|<§ ten’sizligi orinlang anda

| f ()| > M bolsa, f(x) funkciyasi x—>Xosheksiz u’lken shama delinedi,

lim f (x)=c0.

X—>Xp

Misal ushin, y=tgxfunkciyasi X — % de sheksiz u'lken, y =+/5X—7 , x—oc da sheksiz

u'lken boladi. Sheksiz u'lken shama X—Xg (Xx—>oc) da sheklenbegen funkciya ekenin aytip o'tiw
kerek. Sonin" menen birge sheklenbegen funkciyanin® sheksiz u'lken boliw1 sha'rt emes.

Sheksiz u'lken shamalardin qa siyetleri:

1. Sheksiz u'lken shamanin’, shegi nolden o'zgeshe funkciyag'a ko beymesi
sheksiz u’lken shama.
2. Sheksiz u'lken shama menen sheklengen funkciyanin® qosindist sheksiz
u’lken shama.
3. Sheksiz u'lken shamani, shekke iye funkciyag'a bo'lgendegi tiyindi
sheksiz u’lken shama.
Funkciyanin® shegi

Funkciyanin®_sheksizliktegi shegi.a,=f(n) sanl izbe-izliktin" shegi menen y=f(x)
funkciyasinin® sheksizliktegi shegi tig'1z baylanisli. Sanli izbe-izlikte n o'siwshi ha'm tek putin
ma nislerdi alatug’ i bolsa, funkciyada o'zgeriwshi X qa'legen ma'nis aladu.

Aniglama 1. Qa’legenshe kishi on™ &0 san1 ushin bazi bir on® S>0 (eg'a g arezli)
S=S(¢) san1 tabilip ‘X‘ > S bolg'an barliq x ushin

f(x)-A<e

ten'sizligi ormlansa, A san1 X tin" sheksizlikke umtilg'andag'1 y=f(x) funkciyasinin® shegi
dep ataladi ha'm ol

lim f (x) = Adep belgilenedi.

X—>00
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Funkcivanin® nogatdag'1 shegi. Eger y=f(x) funkciyasi Xonoqatmm’ do gereginde
aniglang an bolsin, bazi birde Xp nogatnin® o'zinde de beriliwi mu mkin.

Anmiglama 2.y = f(x)funkciyas1 berilip, qa'legenshe kishi &>0 san1 ushm
5 >0(5 = 5(g)) san1 bar bolip, X tm* X g'a ten” bolmag'an ga’legen manisinde |x—x,| <&

ten'sizligi orinlang’anda |f(X)— A| < & ten'sizligi ornlansa, A san1 X tin’ Xo g'a umtilg'andag'1
(yamasa Xonogatindag'1) f(x)funkciyasmmn® shegi dep ataladi ha’m ol )!'_T f(x)= Adep
0

jaziladi.

1-Eskertiw. Shektin® aniqlamasi funkciyanin® Xgnoqatinin® o'zinde bar boliw1 talap
etilmeydi, sebebi Xonogatmin® bazi bir do'geregindegi X#Xo ma nisin qaraydi. Basqasha aytqanda,
lim f(X) t1 qaray otirip, biz X, Xo g'a umtiladi, al funkciyanin' Xgnoqatindag'it ma'nisine

baylanisli emes dep esaplaymiz.

2-Eskertiw. X, Xo g'a umtilg'anda, X 0'zgeriwshisi tek xo dan kishi ma'nis yamasa

kerisinshe tek xo dan u'lken ma’nis alatug'in bolsa, sonin menen birge f(x) funkciyasi bazi bir A

sanina umtilsa, f(X) funkciyasmin' bir ta'repli shegi tuwrali so'z etiledi ha'm sa'ykes shepten
lim f(x)ha'mon'nan lim f(x) umtiladi delinedi.

X—>Xq—0 X—>Xo+0

Eger |im0 f(X) = lim f(X)= A bolsa, lim f(X) = A bolatug'm1 ko'rinip tur.

X—>Xo— X=X +0 X=X

Sheksiz kishi shama menen funkciva sheginin’ baylanisi.

Teorema. Eger f(x) funkciyasi x—>Xp (X—oc) da A g'a ten' shekke iye bolsa, onda on1 A
sani ha'm X—Xg (X—oc) dag'1 sheksiz kishi shama a(X) tin* qosindisi tu'rinde ko rsetiwge boladi:

f(xX)=A+a(x).
Teoremanin' keriside duris.

Teorema. Egerde f(x) funkciyasin A sani ha'm x—Xp (X—oc) da sheksiz Kishi a(X)

shamasinin® qosindisi tu'rinde ko rsetiw mu'mkin bolsa, A san1 funkciyanm' Xx—Xo (Xx—oc) dag'1
shegi boladi, yag'my lim f (X) =A

X—>Xg (0)

Shekler haqqinda tiykarg 1 teoremalar

Qaralatug’in ha'rbir teoremada funkciya bazi bir uliwma X ko pliginde aniglang'an ha'm
Xo shek nogati dep esaplaymiz.

Meyli bizge y= f(X) ha'm y=§D(X) funkciyalar1 berilip, )I(E];] f(X) = A,
0

lim ¢(X) = B shekleri bar bolsin:

X—Xg

1. Funkciya tek g'ana bir shekke iye boladi;
lim f(x)= Aham lim f(x)=B < A=B
X—>Xg X—>Xg '

2. Shekli sandag’1 funkciyalardin® algebraliq qosmidismin® shegi olardin® sheklerinin’
algebraliq qosindisina ten':

120



lim[f () £4(x)]=limf (x) £ lim¢(x)= A<B.

X—Xg X—Xg X—Xg

3. Shekli sandag'1 funkciyalardin® ko beymesinin® shegi ust funkciyalarmin® sheklerinin’
ko'beymesine ten'. Dara jag'dayda turaqli sand1 shektin® sirtina shig'ariwg'a boladt:

!irpo[f(x)-¢(x)]:1irp f(x) - lim g(x), !inxl(c-f(x)) =c-lim f(x).

Saldar. Egerde f(x) funkciyast X — X, da shekke iye bolsa, onda onin" on" da'rejesinin’

X — X, dag'1shegi, bul funkciyanin® sheginin® da'rejesine ten’, yag niy

lim[ f ()] = [ lim f (x)}n . (n-natural san).

X—Xg

4. Eki funkciyanin® qatnasmin’ shegi sol funkciyalardin® sheklerinin® qatnasima ten':

li f
.im[m}: AT A oo
X—>Xg ¢(X) )I(I_[D ¢(X) B

5. Eger lim f(u): A u=gp(x), lim go(x):u0 bolsa, quramali funkciyanin' shegi,

u—ug

lim f [¢(X)} =A bolad.

X—Xg

6. Xo nogatinin’ bazi bir do"gereginde f(x)< ¢(x) bolsa,
lim f (X)<HiM@(X) polaa

X—=>Xg X—=>Xg
Biz wshinshi teoremani, cki funkeiya ushin da’lilleyik. Meyli 1im f(x)=A,
0

lim@(x)=B bolsin. Onda f(X)=A+a(X), @(X)=B+A(X) boladi, bunda a(x) ha'm AXx) lar

X —> X, da a(x) =0, L(x)—>0. Sonda f(X)- (X)=A-B+y(X), bunda
Y(X)=AL(X)+Bou(X)+a(X) A(X), demek X —> X, da y(x) =0, bunnan

Iim[f (X)'(P(X)]Z A-B=Ilimf(x)-lime(X), teorema dalillendi. Qalg'an teoremalar
X—>Xg X—>Xg X—>Xg
usig an ugsas da'lillenedi.

Shektin”_bar _boliw_belgisi. Shektin® bar boliwin biliw ushin joqaridag’i shektin’
aniglamasin qollaniw, barliq waqitta qolayli bola bermeydi.

Oni shektin® bar boliw belgisi arqali iske asiriw ma’qsetke muwapiq boladi.

Teorema 1. Egerde {an} sanli izbe-izlik monoton ha'm sheklengen bolsa, ol shekke iye
boladu.

Eki jag'day boliw1 mu ' mkin:

a) izbe izlik kemeyiwshi emes ha'm joqaridan shegaralang'an a;<a,<...<ap<....<M.
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b) izbe izlik o'siwshi emes ha’m to mennen shegaralang'an a;>a,>...>ap>...>M.

Teorema 2. Egerde Xonoqatmin® bazi bir do'gereginde (yamasa xtin' jeterli u'lken
ma nisinde) f(x) funkciyas1 x—0 (yamasa x—oc) da birdey A shekke iye bolg an ¢(x) ha'm yA(x)
funkciyalarinin® arasinda jatsa, onda f(X) funkciyasida A shekke iye bolad.

Da’lillew. Meyli x—0 da lim @(x)= A, lim y(x)= A bolsm. Bul qa'legen >0 ushm,

barliq X#Xo ma'nisi ushm |X—X0| < ¢ sha'rti ormlanatug'in 6>0 shamasi tabiladi ha'm bir

waqitta

p()-A<e, [y(x)-A<e
ten'sizlikleriorinlanatug inlig inbildiredi, yamasa

A-e<p(X)<A+e, A-e<y(X)<A+te.

Sha'rtboyinshaf(x) ekifunkciyanin® arasindajaylasqan, yag niyo(X)<f(x)<y(X), demekjoqaridag'1
ten'sizliklerden:

A-e<f(x)<A+e, yag'niy | f(x)— A| <E&.

Bul lim f(x)= A ekenligin bildiredi.

X—>Xg
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Functions

Functions ¢crop up regularly in everyday life (for instance: each student of the
Polytechnic of Turin has a unique identification number), in physics (to each point
of a region in space occupied by a fluid we may associate the velocity of the particle
passing through that point at a given moment}, in economy (each working day at
Milan’s stock exchange is tagged with the Mibtel index), and so on.

The mathematical notion of a function subsumes all these situations.

2.1 Definitions and first examples

Let X and Y be two scts, A function f defined on X with values in Y is
a correspondence associating to each element z € X at most one element y € Y.
This is often shortened to ‘a function from X to ¥'. A synonym for function is
map. The set of z € X to which [ associates an element in Y is the domain of
[ the domain is a subset of X indicated by dom f. One writes

f:domfC X =Y.

If dom f = X, one says that f s defined on X and writes simply f: X — Y.
The element y € Y associated to an element x € dom [ is called the image of
x by or under [ amd denoted y = f(x). Sometimes one writes

fixzw flz).

The set of images y = f(2) of all points in the domain constitutes the range of
f, asubset of Y indicated by im f,

The graph of [ is the subset I'{f) of the Cartesian product X x Y made of
pairs (x, f(x)) when x varies in the domain of f, Le.,

I(f) = {(z,f(z)) EX XY : = €dom[}. (2.1)
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Figure 2.1. Naive repeesentation of a function using Venn diagrams

In the sequel we shall consider maps between sets of numbers most of the time.
If ¥ = R, the function f is said real or real-valued. If X = R, the function is
of one real variable. Therefore the graph of a real function is a subset of the
Cartesian plane R?.

A remarkable special case of map arises when X = N and the domain contains
a set of the type {(n € B : n > ng} for a certain natural number ng > 0. Such a
function is called sequence. Usually, indicating by a the sequence, it is preferable
to denote the image of the natural number n by the symbol a,, rather than a{n);
thus we shall write a : n — a,. A commaon way to denote sequences s {a, },n,
(ignoring possible terms with n < ng) or even {a,}.

Examples 2.1
Let us consider examples of real functions of real variable.
i) f:R =R, f(z) =ax+b (a,b real coefficients), whose graph is a straight line
(Fig. 2.2, top left).
ii)f: & <R, flzx) = z% whose graph is a parabola (Fig. 2.2. top right).
i) f:R\{0} CR—R, f(z)= i-, has a rectangular hyperbola in the coordinate
system of its asymptotes as graph (Fig. 2.2, bottom left).

V) A real function of a real variable can be defined by multiple expressions on
different intervals, in which case is it called a plecewise function. An example
is given by f:[0,3] - R

3z fo<x<1,

](;:):{4-1‘ fl<xr<2, (2.2)
z—-1 f2<z2<3,

drawn in Fig. 2.2, bottom right.
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Figure 2.2. Graphs of the mape f{x) = 2r2 (top left), f{z) = z? (top right), f(x) = i
(bottom left) and of the piecewise function (2.2) (bottom right)

Among plecewise functions, the following are particularly important:
v ) the absolute value (Fig. 2.3, top left)

' 5 ot B ifx>0,
1R=R g@=={" 220
vi) the sign (Fig. 2.3, top right)
+1 ifx >0,
J R—=Z, f(x):sign(z):{o fxr=0,
-1 fr<iy

vil) the integer part (Fig. 2.3, bottom left}, also known as lloor function,

f:R—Z f(z)=|r] = the greatest integer < x

(for example, [4] =4, [V2]| = 1, [-1] = =1, [-3] = —2); notice that
[Zj<z<[rj4+1, VreR;
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Figure 2.8, Clockwise from top Jeft: graphs of the functions: ateolute value, slgn, man-
tissn and integer part

viii) the mantissa (Fig. 2.3, bottom right)

fiR=R, flx)=Mz) =z - |s]
{the property of the floor function implies 0 < M(z) < 1),

Let us give some examples of sequences now.

ix) The sequence
n
et (23)

is defined for all » > 0. The first few terms read
1 2 - 3
00-0, 013-2--0.5. 02—5-0.6, 03—;-0.75.
Its graph is shown in Fig, 2.4 {top left).

x) The saquence
n
a,,=(l+%) {2.4)
is defined for n > 1. The first terms are
22, ay= o =225, as= o3 =237007, aq= 2> = 244140625
a) y @2 4 oy 3 7 ' ﬂ¢—256— . .

Fig. 2.4 (top right) shows the graph of such seguence.
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Figure 2.4. Clockwise: graphs of the sequences (2.3), (2.4), (2.6), (2.5}
1) The sequence

iy = ! [2.5)

associates to each natural number its factorial, defined in (1.9). The graph of
thiz sequence i shown in Fig. 2.4 (bottom left); & the values of the ssquence
grow rapidly as n increases, we used different scalings on the coordinate axes.

il | The sequence
_ +1 if n is even, )
e = {—1) ={_] i ks odd, {m =10 (2.6)

has alternating values +1 and — 1, aceording to the parity of n. The graph of the
sexqience 15 shown in Fig. 2.4 {bottom right).

At last, here are two maps defined on B? (lunctbons of foo reel caraobles).

xiii] The function

I:H?._, R. Jl':#ly:|= 1,I'-_|:2 .|,.y2
maps a generic point P of the plane with coordinates (z, ) to its distance from
the origin.
X1V The map ; ;

F:R =R flaew={wz)

associates to a point F' the point P symmetric to F with respect to the bisectrix
of the first and third quadrants, O
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Nel3 TEMA:

Funktsiyanmin® u’zliksizligi. Kesindide u’zliksiz funktsiya qa’siyetleri. Quramal ha’m
keri funktsiya u’zliksizligi. Tiykarg'1 elementar funktsiyalardin® u’zliksizligi.

Funkciyanin® u’zliksizligi
Funkciyanin® u'zliksizligitu'sinigimatematikalqanalizdin® tiykarg'1 tu'siniklerinin’ biri.

Aniglamal Egerde f (x) funkciyasi1 berilipto'mendegisha'rtlerdiqanaatlandirsa:

1. Xonoqatinda aniqlang'an, (yag'niy f (Xo) bar);

2. X — X, da shekli shekke iye;
Bulshekfunkciyanin® usi noqatdag'1 ma'nisineten’.
3. lim (X) = f(X0 ), y="f (X)funkciya51 Xonoqatindau zliksizdelinedi.
X—>Xg

Antlama2 Egerdey = f (X) funkciyasi Xo noqatindaaniqlang”anbolipargumenttin’

sheksizkishio'siminefunkciyanin’ sheksizkishio'simisa'ykeskelse,
‘my lim Ay = lim | f (x, + Ax)— f(x)|= = f(x i

yag'niy im Ay Ax—>0[ ( 0 ) ( )] O bolsa, y ( )ﬁmk01ya51 Xo
noqatindau’zliksizdelinedi.

Egerde y = f (X)ﬁmkciyas1 Xonoqgatdau’zliksizbolmasa, ondaus1
nogatdau ziliskeiyedelinedi, Xonogati u'zilisnoqati depataladi.

U zilisnogatlarbirinshiha'mekinshitiplibolipbo'linedi.
Egerdexonoqatinda Xl_i)mo f(X)— Xl_i)rlei0 f(X)aylrrna51 sheklibolsa, u'zilisnogatbirinshitipli, ~qars1
jag daydaekinshitipliu'zilisnoqat1 depataladi.
Noqatda uzliksiz funkciyalardin® qa’siyetleri:
1°. Egerdef(x) ha'mg(x) funkciyalart Xgnoqatindau'zliksizbolsa, ondaolardin' qosindisi
f(x)

f(x)+g(x), ko beymesif(x)-g(x), tiyindisi M (9(x)#0), xonoqatindau’ zliksizfunkciyalarbolad1.

2°, Egerdey=f(x) funkciyas1 Xonoqgatindau'zliksizha ' mf(xo)>0 bolsa, f(x)>0
bolatug” inxgnoqatinin® do"geregitabiladi.

3°. Egery=f(u)  funkciyas1  Ugnoqatindau’zliksizlikbolsa,  alu=¢(x)  funkciyasi
Xonoqatindau'zliksizha ' mug=¢(Xo) bolsa, onday = f [(p(X)]quramah funkciyasi Xgnoqatindau'zliksiz.

Kesindide u zliksiz funkciyalardin® qa’siyetleri:
1°. Egery=f(x) funkciyas1 [a,b] kesindisindeu'zliksizbolsa, ondaolus1 kesindidesheklengen.

2°. Egerdey=f(x) funkciyas1 [a,b] kesindisindeu zliksizbolsa, —ondaolbulkesindideen®
kishima nisimha’men’ u’lkenma’nisiMgeiyeboladi (Veyershtrassteoremast)

3°. Egerdey=f(x) funkciyasi [a,b] kesindisindeu'zliksizha'monim" ushlarindag'1 ma'nislerif(a)
ha'mf(b) garama-qars1 belgigeiyebolsa, kesindinin® ishinenf(£)=0 bolatug'in&e(a,b) nogat1 tabiladi.
(Boltsano-K oshiteoremast).
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SHET EL MATERYALLARI

2.2 Range and pre-image

Let A be a subset of X. The image of A under f is the set

f(A)={[(x) : € A} Cim [

of all the images of elements of A. Notice that f(A) is empty if and only if A
contains no elements of the domain of f. The image f{X) of the whole set X is
the range of [, already denoted by im f.

Let y be any element of V'; the pre-image of y by f is the set

S Uy)={zedomf : fx) =y}

of elements in X' whose image is y. This set is empty precisely when y does not
belong to the range of f. If B2 is a subset of V', the pre-image of / under [ is
defined as the set

JYUB)={redomf : f(x)€ B},

union of all pre-images of elements of 1.

It is easy to check that A C f~'(f(A)) for any subset A of dom f, and
(7Y B)Y) = Bnimf C B for any subset B of Y,

Example 2.2

Let f: R — R, f(z) = #%. The image under f of the interval A = [1,2] is the
interval B = [1,4]. Yet the pre-image of B under f is the union of the intervals
[~2, <1] and [1,2], namely, the set

S UB)={zeR : 1<|z| <2}
(see Fig. 2.5). s

The notions of infimum, supremum, maximum and minimum, introduced in
Sect. 1.3.1, specialise in the case of images of functions.
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I Y(B)

Figure 2.5, lmage (left) and pre-inage (right) of an interval relative to the function
flx) ==

Definition 2.3 Let [ be a real map and A a subset of dom f. One colls
supremum of f on A (orin A) the supremum of the image of A woder f

Bup flx) = sup f(A) = sup{ f(z) | x € A}.

Then [ is bounded from above on A if the sot f(A) is bounded from above,
or eyutvalently, tfsup Jlz) < 4.

l!supﬂz) wﬁmtc and belongs to f(A), then i is the maxemun of this set.

Thu numbn is the maximum value (or simply, e maximum) of [ on
A and i3 denoted by nmxf(m)

The concepts of inﬂmum and of minimum of f on A are defined siilarly.
Eventually, [ is said bounded on A if the set f{A) i ounded

At times, the shorthand notations sup, f, maxy f, et ¢. are used,
The maximum value M = maxs f of f on the set A is characterised by the
conditions:

1M = a value assumed by the function on A, ie.,
there exists 2y € A such that f(xy) = M:
) M ks greater or equal than any other value of the map on A, o
forany r € A, f(z) < M.

Example 2.4
Consider the function f{x) defined in (2.2). One verifies easily

'!'gxlf(r) 3, ‘g};&!(mhﬂ. ‘gtiﬁlf(xhd. 1(@3{3!!{£]=l-

The map does not assume the value 1 anywhere in the interval [1, 3], so there is
no minimum on that set, O
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2.3 Surjective and injective functions: inverse function

A map with values in V¥ 35 called onto if im f = Y. This means that cach y € Y
is the image of one element = € X at Jeast. The tenin surjective (on Y) has the
same meaning. For instance, f : R — R, f(z) = az + b with a # 0 is surjective
onR.oron:o:therealnumberyistheimageofx-'-&'-'.Onthocontmy.tlw
function f : R — K. f(z) = z? is not onto, because its range coincides with the
interval [0, +20).

A function f is called one-to-one (or 1-1) if every y € im f is the image of a
unigue element r € dom f. Otherwise put, if y = f(z;) = flz;) lor some elements
Iy, xa in the domain of £, then necessarily z; = x2. This, in turn, is equivalent to

ngr = fln) ¢ fz)

for all xy,z; € dom [ (see Fig. 2.6). Again, the term injective may be used. If a
map [ is one-to-one, we can associate to each element y in the range the unique x
in the domain with f(z) = y. Such correspondence determines a function defined
on Y and with values in X, called inverse function of f and denoted by the
symbol f~1. Thus
z=f"y) o= y=[f(z)

{the notation mixes up deliberately the pre-image of y under [ with the unigue
clement this set contains). The inverse lunction S~ has the image of [ as its
domain, and the domain of f as range:

dom f~'=imf. S~ =dom/.
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A one-to-one map is therefore invertible; the two notions (injectivity and invert-
ibility) coincide.

What is the link between the graphs of f, defined in {2.1), and of the inverse
function f~'? One has

r(f'l)={(!hf )(BI))EYXX : y€dom '}
={{f{z),x) €Y x X : x€domf}.

Therefore, the graph of the inverse map may be obtained from the graph of f by
swapping the components in each pair. For real functions of one real variable, this
corresponds Lo a reflection in the Cartesian plane with respect to the bisectrix
y = z (see Fig. 2.7; a) is reflected into b)}. On the other hand, finding the explicit
expression © = f~'(y) of the inverse function could be hard, if possible at all.

Provided that the inverse map in the form x = f~'(y) can be determined, often
one prefers to denote the independent variable (of f71) by z, and the dependent
variable by . thus obtaining the expression y = f*(z). This is merely a change
of notation (see the remark at the end of Sect, 2.1). The procedure allows to draw
the graph of the inverse function in the same frame system of f (see Fig. 2.7, from
b} to ¢)).

) z o
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Nel4 TEMA

Bir o'zgeriwshili funktsiyanin® differentsial esabi. Tuwindi tu’sinigine alip keletug in
ma seleler. Tuwindi aniqlamasi. Onin® geometriyalq, mexanikaliq ma’nisi.

Bir o'zgeriwshili funktsiyanin differentsial esabi

Bir o'zgeriwshi funktsiyasinin® tuwindisi ha'm onin® geometriyalig, mexanikaliq
mag’inalari. Tuwindig'a iye bolg’an funktsiyalardin® qa’siyetleri: Tuwindag'a iye emes
funktsiyalar: Anig emes funktsiyani

differentsiallaw.

Meyli y:f(x) funktsiyasi (a;b) intervalinda aniglang’an bolsin.  Qa’legen
Xy X, + Ax € (a;5) nogatlarin alamiz. y = f(x) funktsiyasinin® f(x,) ha'm f(x, +Ax)

o'simlerin du'zemiz, Ay = f(x, + Ax)— f(x,). Ey gatnasi argument Ax ga o'zgergendegi
funktsiyanin® ortasha o"zgeriwi dep ataladi.

Aniglama. Funktsiya o’simi Ay tin" Ax ga gatnasinin® Ax nolge umtilg‘andag‘i shegi

y &

y = f(x) funktsiyanin® x, nogatdag'i tuwindisi dep ataladi ha'm y’, f" (xo) e

xxo

belgilerinin biri menen jaziladi.

f'(x,)= lim Y _ lim Sy +Ax)— f(x, ).
A0 Ax A0 Ax

Aniglama. Eger f'(xo) i]xm Ey—oo bolsa, onda y:f(x) funktsiyasi x, nogatda
sheksiz tuwindig a iye dep ataladi.
Ay

Aniglama. Eger f/,(x,)= lim shegi bar bolsa, onda y:f(x) funktsiyasi x,

Ax—>+0 Ax
nogatda on’ jaq tuwindig a iye dep ataladi.

Aniglama. Eger f_’o(xo)z lim &y shegi bar bolsa, onda y:f(x) funktsiyasi x,

Ax—>-0 Ax
nogatda shep jag tuwindig a iye dep ataladi.
Tuwindinin® geometriyaliq mag inasi: y:f(x) funktsiyasinin® x, nogatdag'i tuwindisi
iymek siziqga x, abstsissali nogatta ju'rgizilgen urinbanin® Ox ko'sherinin® on" bag iti menen
payda etken mu yeshinin® tangensine ten".
Tuwindinin® mexanikaliq mag'inasi. Materiallig nogattin® tezligi onin" qozg alis
nizaminan (joldan) aling an tuwindig'a ten".
Eger y:f(x) funktsiya x, nogatinda shekli tuwindig'a iye, yag niy

. A
f'(xo)z EXmOEy shekli san bolsa, onda bul funktsiya usi nogatta tuwindig a iye delinedi.
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Eger y = f(x) funktsiya (a,b) intervaldin® ha'r bir nogatinda tuwindig'a iye bolsa, onda
bul funktsiya usi intervalda tuwindig a iye delinedi.

Eger y = f(x) funktsiya [a,b] kesindinin ha'r bir ishki nogatinda differentsiallaniwshi
ha'm shekli bir ta'repleme f7,(a) ha'm £’ () tuwindilari bar bolsa, onda bul funktsiya usi
kesindide tuwindig a iye delinedi.

Tuwindig a iye bolg an funktsiyalardin® ga siyetleri:

1. Eger y = f|(x) funktsiya x, nogatinda differentsiallaniwshi bolsa, onda ol usi nogatta
u’zliksiz dep ataladi.

Keri uyg arim uliwma alg anda duris emes: bazi bir nogatta u zliksiz biragq sol nogatta
tuwindig'a iye bolmag an funktsiyalar bar.

Misali, |sinx| funktsiyasi x=kz, k€ Z nogatlarinda; |x| funktsiyasi x=0 nogatinda
uzliksiz, birag tuwindig a iye emes. Hagiyqgatinda da,

x, x>0
y=f(x)=ll=10. x=0
—x,x<0
funktsiyasi x=0 noqatinda uzliksiz, al x=0 nogatindag’i shep jag ha'm on" jag tuwindilari
ten” emes: f'(0)=1g135° =1, £/(0)=1g45° =1, £'(0)= f/(0), yag'niy bul funktsiya x=0
nogatinda tuwindig a iye emes.

2. Turaglinin® tuwindisi nolge ten™: ¢'=0.

3. Eger u=u(x) ha'm v=v(x) funktsiyalari x, nogatinda differentsiallaniwshi bolsa,

onda olardin” algebraliq qosindisi, ko’beymesi ha'm bo’lindisi (bo'limi nolge ten” bolmag an
jag dayda) usi nogatta differentsiallaniwshi boladi:

! ’
(”i")y =u'+V; (u-v)’ =u'v+u'; (uj 2.
v

3.1. (Saldari). Turagli ko beytiwshini tuwindi belgisinin™ aldina shig ariw mu mkin.

4. (Quramali funktsiya tuwindisi). Eger y = f(u) ha'm u = ¢(x) differentsiallaniwshi
funktsiyalar bolsin. Quramali y:f(u) funktsiyanin® g a'rezsiz o zgeriwshi x boyinsha

tuwindisi usi funktsiyanin® aralig argument boyinsha tuwindisinin” araliq argumenttin® g a'rezsiz
0°zgeriwshi x boyinsha tuwindisina ko"beymesine ten’, yag niy y’ =y’ (u)u’ (x).

5. (Keri funktsiya tuwindisi). Eger y = f(x) funktsiya x, nogattin’ bazi bir do’gereginde
monotonli, u'zliksiz, differentsiallaniwshi ha’m f(x,)=0 bolsa, onda og'an keri x=g(y)
funktsiya y, = 7(x,) noqatta differentsiallaniwshi, yag niy o r,)= 1 tuwindig a iye boladi.

f’(xo)
6. (Parametrlik ko'riniste berilgen funktsiya tuwindisi). Eger funktsiya {x=¢(t)
y=v()
parametrlik ko rinisinde berilgen bolsa, onda onin™ tuwindisi ¥ _ Yt formulasi menen tabiladi.
x!

t
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NelS TEMA:
Urmmbamin® ha’m normaldin’ ten’lemeleri. Quramal funktsiyanin® tuwindisi. Tiykarg'1
elementar funktsiyalardin® tuwindilari. Tuwindilar tablitsasi

Meyli y=f(u), bunda u=¢(x) quramali funktsiyasi y=Ff[ ¢(x)] berilgen bolsin.

Teorema. Egerde y=f(u) ha'm u=¢(x) differentsiallaniwshi funktsiyalar bolsa, onda
quramali funktsiyanin® tuwindis1 bar bolad1 ha'm ol sol funktsiyanin® araliq argument
boyinsha aling’an tuwindis1 menen, araliq argumentten g'a'rezsiz o' zgeriwshi boymsha

aling’an tuwindisinin® ko'beymesine ten’, yag niy
y'=f"(u)-u’ (6.7)
Misal: y = (\& +5)° funktsiyasinin’ tuwindisin tabmn'.

Sheshiliwi: U=+/X +5 dep alsag, y=u®; (6.7)-formula boyinsha

y’=3u2-u’=3(\/§+5)2-(\/§+5),=%\/%Z

Meyli y=f(x) differentsiallaniwsh1 ha'm bazibir X araliqta gatan" monoton funktsiya
bolsin. Eger o"zgeriwshi y ti argument dep, 0 zgeriwshi x t1 funktsiya dep esaplasaq X=¢(y)

funktsiyasina iye bolamiz. Bul funktsiya berilgen funktsiyag'a keri funktsiya boladi.

Teorema. Tuwindis1 nolge ten’ bolmag an differentsiallaniwshi funktsiyag'a keri

funktsiyanin® tuwindis1 berilgen funktsiyanin® tuwindisinin® keri shamasina ten’.

X, = 1 (6.8)

Da’lillew. Sha'rt boymsha y'(x)=f '(x)=O0.

Meyli Ay=0-g a'rezsiz 0" zgeriwshi y tin" 0'simi, Ax-0g an keri x=¢(y) funktsiyanin'

0'simi bolsm. Onda

Ax_ 1 (6.9)
Ay Ay
e
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Bunnan shekke o tsek

. Ax
lim —

bunnan x! = S kelip shig'adh.
Ay—0 Ay y !

lim 7y yx
Ax—0 AX

Elementar, keri ha’'m quramah funktsiyalardin® tuwindilarinin™ tablitsasi

_o 1 __ 1 _1.
1. (log, x) = (log, u) = (Inu) =~u’
2. (ax) =a’Ina; (ex)’:ex; (a“)’:a”lna-u'.
3. (x”) = (u”)':nu"’1 u’

ORI
X u u
5. (sinx) =cosx; (sinu) =u’-cosu.
6. (cosx) =—sinx;  (cosu) =-u'sinu.
i 1 ] ’ B 1 L
7 (tgx) = cos® X’ (tgu) = cosu
! 1 ! 1
. (ctgx) =- ; tgu) =— -u’
8. (ctgx) sin® x (ctgu) sin’u
N 1 Ly 1
9. (arcsin x) = ; arcsinu) = -u'.
( ) =7 ( )=
/ 1 / 1
10. (arcosx) = - ; (arccosu) = - u'
1-x° 1-u®
! 1 ' 1
. = ; tgu) = -u’.
11. (arctgx) T (arctgu) g
12 (arcctgx)' __ 1 (arcctgu)’ ___1
1+ x? 1+u®

13. u = o(x), y = f(u)= f[p(x)] bolsa, y, = f,-u. bolads.

!
2 2 2
Misal. y=e"" bolsa, y'=e""3(x? +3) =2x-e*

Joqanrt ta’rtipli tuwindilar. Us1 waqitqa shekem biz f(X) funktsiyasinan aling’an
f'(x) birinshi ta'rtipli tuwindilardi qarap o'ttik. Biraq f’(x) tuwindisi funktsiya bolip, ol da
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tuwindig'a iye boliwi mu'mkin. n-shi ta'rtipli tuwindi dep (n-1) shi tuwindidan aling'an
tuwindig'a aytamiz ha'm ol f (”)(X) dep belgilenedi.

Tuwindilardi to mendegishe belgileymiz:
f ”(X)-ekinshi ta'rtipli (yamasa ekinshi tuwindr),
f ”’(X) -u'shinshi ta'rtipli (yamasa u'shinshi tuwindi).

Bunnan joqari ta'rtipli tuwindilarda belgilewde qawsirmada arab tsifrlar1 qollaniladi
yamasa rim tsifrlar1.

Misaly: f@(x),..., fV(x) yamasa f" (x)ha'm t.b.
1-musal. y = x* funktsiyasmin' tuwimdisin tabm’.
Sheshiliwi: y’ = 3x? y" = 6X y"” =6.

Bul funktsiyanin® bunnan joqar1 tuwindilari nolge ten".

2-musal. y = 2" funktsiyasmin' jogari ta'rtipli tuwindilarin tabin’.

Sheshiliwi: y'=2*In2  y"=2*(In2) tap usinday y"™ = 2*(In 2)",
Ne16 TEMA:

Fuktsiyamin® differentsiyali, onin® geometriyaliq mag anasi. Differentsial formasinin’
invarianthg'1. Parametrlik ha'm keri funktsiyalardin® tuwindilari. Joqan ta'rtipli
tuwindilar ha’m diferentsiallar. Differentsial esabinin™ tiykarg'1 teoremalari. Lopital
ga desi.

Biz differentsial esabinin’ tiykarg'1 teoremalarin da’lillewsiz keltirip o'temiz. Tuwindinin’
en’ a hmiyetli qollaniwlarin garawdan burin bir neshe tiykarg'1 teoremalardi garap o temiz.

Ferma teoremast. Egerde y=f(x) funkciyasi X ko'pliginde differenciyallaniwshi bolip, us1
ko pliktin™ ishki X, nogatinda en' u'lken yamasa en’ kishi ma'nisine erisse, onda us1 nogatdag'1

funkciyanmn' tuwindisi nolge ten’, yag'niy f'(X,) =0
Roll teoremast. y=f(x) funkciyasi:
1.[a,b]-segmentinde u'zliksiz;
2.(a,b)-intervalinda differenciyallaniwshi;

3.Kesindinin® aqirlarindag’t ma'nisleri o'zara ten', yag'my f(a)=f(b) sha'rtlerdi
qanaatlandirsa, onda [a,b] segmentinde sonday bir & € (a,b) noqati tabilip '(£) =0 boladu.

Ferma teoremasinin’ geometriyaliq mag anasi ko rinip tur: X aralig'nin’ ishinde en’ u'lken
yamasa en’ kishi ma’nisine erisetug in noqatda, funkciya grafigine ju'rgizilgen urmba abstsissa
ko sherine parallel (1-su wret)
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1-su wret

Roll teoremasinin® geometriyaliq mag anast: kesindinin® ishinde en’ keminde bir noqgat
tabilip sol noqatdan funkciyanin® grafigine ju'rgizilgen urinba abstsissa ko'sherine paralel
boladi. 2-su wret

Bulnogatdafunkciyanin® tuwindisidanolgeten™ boladi. Grafikte &ha'm &noqatlar

F

2-su"wret
Lagranj teoremasi. y=f(x) funkciyasi:
1.[a,b]—segmentinde u’zliksiz;

2.(a,b)—intervalinda differenciyallaniwshi sha'rtlerdi qanaatlandirsa, [a,b]—segmentinde
sonday bir ¢ < (a,b) nogati tabilip

f(b)—f(a)

Q=2

, yamasa f (b) — f(a) = (b—a) f'(<{) ten'ligi ormli boladu.

Lagranj teoremasinin’ geometriyaliq talqilaniw1 3-su wrette ko rsetilgen. Eger AB

F
B
A
[
12! | 2
I |
= ¢ B
3-su wret

kesindisin o'zinin' da'slepki jaylasiwina parallel jilistirsaq, onin® f(X) tin' grafigine urmatug'in
en” keminde bir & e (a,b)nogat1 tabiladi ha’'m AB dugasimin® aqirlarman ju'rgizilgen AB xordasi,
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0g an parallel (sebebi: eki nogatdan o'tiwshi tuwrmmn' mu'yeshlik koeffitsientinin® formulasi

boymsha k,, = w , al urmba ushin k=f '(&)).

Saldar. Eger bazi bir X aralig'inda f(X) funkciyasinin® tuwindisi nolge ten" bolsa, onda
funkciya bul araligta birdeylik turaql.

Meyli X araligta [a,X] kesindisin alayiq. Lagranj teoremasi boyinsha f(x)-
f(a)=f(&(x-a), bunda a<é<x. Sha'rt boymsha f(£)=0, demek f(x)-f(a)=0, yagniy
f(x)=f(a)=Const.

Lopital qag'iydasi. Tuwindi ja'rdeminde funkciyalardin® gatnasmnin®  shegi

[8} yamasa % tu'rindegi aniq emeslik bolg'an jag'daydag'i shekler esaplanadi. Bul Lopital

o0
qag 1ydast dep atalad1.
Eger lim f(x)=0 (yamasa o) ha'm lim g(x)=0 (yamasa o) bolip x—a da

funkciyalarinin®  (shekli yamasa sheksiz) f(x) ha'm g1x) tuwimndilar1 bar bolsa, onda
im ) ji L)
x—a g(x) x-a (X)

ten'ligi orinl1 boladi.

x>0 @%

1-nusal. fjm X — [OO} — lim —— = lim 1 0

. et—e . (e"—=e) . e'+e”
2-musal. lim =lim ( , ) =lim =
x—0 2X X—0 (2)() X—0 2
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Kalaster
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b b

b
judv= uv|a —j vdu.
a a

gasiyetleri

Ozgeriwshilerin
almastiriw

Nyuton-Leybnis
formulasi

Da’slepki
funktsiva

Aniq emes
integral

b

I f(x)dx = f(c)b—a)

a

Funktsiya
tu’sinigi

Funktsiya
tuwindisinin
gollaniliw1
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Toparlarg’a boliniw ushun kartochkalar:

do'slar Biradarlar

Do’retiwshiler

pikirlesler sherikler

1-ilava

Venna diagrammasi

Bunda tariyxiy ha’m arxeologiyaliq dawirlestiriwdin’ parglari ha’mde

ugsas ta’replerin jazadi.

Funktsiya ga’siyetleri

Funktsiyanin’ beriliw usillari

PIKIRLEW XU JIMI TEXNIKASI.

Ne Sorawlar

Juwaplar (Studentler pikiri)

1 | Funksiya ha'm onin beriliw usillari

2 | tiykarg'1 elementar funksiyalar

3 | Funktsiyalardin'jup-taghg's,
grafigi.

eriodlilig’,

4 | Funktsiyamn® limitler

teoremalar.

limiti,

haqginda

5 | Funksiya tuwindisinin® aniglamasi

Toparlar kestesi:

ha’reket qilin’.

Shinig’iw dawaminda aling’an bilimleringizge tayang’an halda “ Funktsiyanin® tochkada, kesindide
u’zliksizligi, uzliksiz funktsiyalar u'stinde a'meller.” temasinda misallar islew,. Funktsiyanin' tochkada,
kesindide u zliksizligin da’lillep korsetin’? Berilgen funktsiyalardin’ uizilis nogatlarin ko’rsetip beriwge
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Nel7 TEMA:

Teylor formulasi. Funktsiyanin® o’ siwi, kemeywi, estrumlari.Funktsiyamin® arahqtag1 n’
u'lken ha'm en” kishi ma’nisleri. Funktsiyanin® grafiginin® oyiqhig’1 ha'm do’n’esligi,
bu giliw noqatlar, asimtotalari. Funktsiyam tohq tekseriw

Funkciyanin® o’siwi ha’m kemeyiwi

Biz o'tkende (5-bap. §2.2) y=f(x) funkciyas1 X aralig'inda ga'legen X1, Xo€X, X2>X; ushin
f(x2)>f(x1), (f(x2)<f(x1)) bolsa o siwshi (kemeyiwshi) bolatug' mlig'm ko rip ottik.

1-Teorema. (Funkciyanin® o'siwinin’ jeterli sha'rti). Egerde differenciyallanatug’in
funkciyanin' tuwindisi bazi bir X araliqtin’ ishinde on" bolsa, onda ol us1 araliqta o'sedi.

Da’lillew. X aralig'inda argumenttin' x; ha’m X, ma'nislerdi garaymiz. Meyli Xo>X; bolsa,
X1, XoeX. f(x2)>f(x1) bolatug inlig"mn da'lilleymiz.

[X1, x2] kesindisinde f(x) funkciyasi ushin Lagranj teoremasi sha'rtleri ormlanadi.
Sonligtan

f0x2)- f(xa)=F "(€) (x2-x1) (6.4)

bunda x;<€<Xo, yag'niy &, tuwindi on® bolatug'in araliqqa tiyisli, sonligtan f '(§)>0 ha'm (6.4)
ten'liktin® on" jag't on’, demek f(x2)-f(x;)>0 ha'm f(x2)>f(x;). Kelesi teoremada tap usinday
da’lillenedi.

2-Teorema. (Funkciyanin® kemeyiwinin® jeterli sha'rti). Egerde baz1 bir X araliqtin’
ishinde, differenciyallaniwsh1 funkciyanin® tuwindisi teris bolsa, onda funkciya usi aralhqta
kemeyiwshi boladi.

Funkciyanin® ekstremumlari

1.Amiglama.xy noqatmin’ bazi bir do'gereginde f(X)< f(x,), (Xx#X,) ten'sizligi

ormlansa onda Xo nogati f(x) funkciyasimm' maksimum noqati dep ataladi.

2.Amiglama.x; noqatinin’ bazi bir do'gereginde f(x)> f(x), (x=#x,) tensizligi

ormlansa, onda X; noqat1 f(X) funkciyasmin'® minimum noqati dep atalad1.

Funkciyanin® maksimum ha'm minimumu birgelikte funkciyanin® ekstremumi dep ataladi.

-
¥
Fig)
| [
j\ ' focd

| [ jx) |

| !
0 T X1 e X7

4-su wret

Funkciyanin® ekstremumin ko'binese lokal ekstremum dep ataydi, sebebi ekstremum
tu'sinigi Xo nogatinin® tek g'ana jeterli kishi dogeregi menen baylanisli. Bir araliqta funkciya bir
neshe ekstremumg-a iye boliwi mu'mkin ha'mde bir noqatdag't minimum basqa nogatdag'1
maksimumnan u'lken boliwida mu'mkin. Misal ushin 4-su’wrette . (X,) > f . (X)X
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aralig'min’ aymrim noqatlarinda funkciyanin® maksimumi (yamasa minimumi) bar boliwi,
uliwma aytqanda usi araliqgtin’ ust noqatinda f(X) funkciyasi en’ u'lken (en' kishi) global
maksimum (minimum) ma niske iye degendi an’latpaydi.

Ekstremumnin® kereklisha'rti. Egerdef(x) funkciyas: X, nogatindadifferenciyallaniwshi
ha mekstremumg aiyebolsa, ondausi nogatnin® bazi birdo geregindeFermateoremas: orinls,
demekbulnogatdag'1 funkciyanin® tuwindisi nolgeten’, yag'my f'(x,)=0.

Biragfunkciyadifferenciyallanbaytuginnogatdadaekstremumg aiyeboliwi mu mkKin.

Muisalz: yz?{/Ffunkciyaa x=0 nogatdaminimumg aiye, biragbulnogatdag atuindisi
sheksizlik. (5-su’wret).

' 2 '
y:W ) yzﬁ! y(O)ZOO

5-suwret 6-su wret
Sonligtandaekstremumnin” kereklisha'rtito' mendegisheaytiliwi mu mkin.

y = f(x) funkciyasiXp noqatindaekstremumg aiyeboliwushinusi noqatdag't tuwindisi

nolgeten® boliw1 (f'(x,) = 0) yamasausi noqatdatuwindisi bolmaw1 kerek.

Ekstremumnin’ kereklisha 'rtiormlanatug’ mnoqatkritikaliq (yamasastatsionarliq)
depatalada.
Solayetipgandaydabirnoqatdaekstremumg aiyebolsa, olkritikalignoqatboladi.

Biragkritikalignoqgatnin® ekstremumnoqgatboliw1 sha'rtemes.

Misalr: Funkciyalardin® kritikalignogatintabin’, bulnoqatdaekstremumnin’
barlig’inyamasajoqlig ko rsetin’.

a) y=x%b) y=x°+1.

Sheshiliwi: y' = (x*)' =2x, x=0  nogatday’(0)=0  ha'mshinindadabulfunkciyax=0
nogatdaekstremumg aiye.

b) y = x* +1funkciyasibarhgsanko sherindeosiwshi, x=0 nogatday’ = 3x?,
y'(0) = 0biragx=0 nogatdaekstremumg aiyeemes. (6-su wret).

7-su”wret 8-su wret 9-su wret
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Ekstremummnin’ birinshijeterlisha rti.

Teorema. Differenciyallanatug'my = f (x) funktsisimnin’ tuwindisi Xo

noqatinanotkendeozinin' belgisinon nanteriskeo zgertse, ondaxgmaksimum,
alteristenon’g ao zgertsexominimumnogati bolad.

Da’lillew. Meylituwind1 o'zinin' belgisinon ' nanteriskeo 'zgertsinyag niybazi bir (a,Xo)
intervalindatuwindi on* (f’(x) > 0), albazibir (Xo,b) intervalinda (f'(X) < 0). Onda monotonliq
sha'rti boymsha y = f(x) funkciyas1 (a,xo) intervalinda o'sedi, al (Xo,b) intervalinda kemeyedi.
(9-suwret).

O'siwshi funkciyanin' aniqlamasi boymsha barliq x e (a,x,) ushin f(x) < f(x,), al
kemeyiwshi funkciyanin® amiqlamasi boymsha x e (X,,b) ushm f(x)< f(x,), yag niy barliq
x € (a;b) ushin f(x,)> f(x), demek Xo noqati barliq x € (a,b) ushin y = f(x) funkciyasmnn’

maksimum noqati.
Tuwind1 belgisin teristen on’'g a o'zgertken jag daydi usinday da’lillenedi.
Ekstremummnin’ ekinshi jeterli sha'rti.

Teorema. Eki ret differenciyallaniwshi funkciyaliq birinshi tuwindist f'(x) bazi bir Xg
noqatinda nol ge ten', al ust noqatdag'it ekinshi tuwmdist f"(X,) on bolsa, Xxo,

f’(x) funkciyasinin® minimum nogqati, al f "(x,) teris bolsa xo maksimum noqati boladu.

Da’lillew. Meyli f'(x,)=0, al f"(x,)>0 bolsin. Bul Xo din" baz1 bir do'gereginde
f"(X)=(f'(x))" >0 ekenligin ha'm f'(x), Xo d1 o'z ishine aliwsh1 baz1 bir (a,b) intervalinda
o'siwshi ekenligin ko'rsetedi. Birag f'(x) =0, demek (a,X) intervalinda f'(x) <0, al (xob)
intervalinda f’(x) >0, yag'niy Xo noqatinan o'tkende f'(x) 0'zinin" belgisin teristen on'g'a
0 zgertedi, demek Xo minimum nogqati.

Tap usinday etip f'(x;) =0 ha'm f"(x,) <0 bolg an jag dayda da’lillenedi.
Funkciyani izertlew ha’'m onin” grafigin quriw

Funkciyani izertlewde ha'm onmn’ grafigin quriwda to mendegi sxemani qollaniw usinis
etiledi:

1°. Funkciyanin' aniglaniw oblastin tabiw.
2°. Funkciyanin® juphg'1-taqlig'na izertlew.
3°. Vertikal asimptotikalarin tabiw.

4° Funkciyanin®  sheksizliktegi betalisma izertlew, gorizontal ha'm qiyalag'an
assimptotalarin tabiw.

5°. Funkciyanin® ekstremumlarm ha'm monotonliq intervallarmn tabiw.
6°. Funkciyanin' do'n’eslik intervalin ha'm iyiliw nogatin tabiw.

7°. Grafikti aniqlaw ushin, koordinatalar menen kesilisiw nogatlarin ha'm basqa qosimsha
noqatlard1 tabiw.
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2
Misal: y = 1+ XZ

funkciyasm izertlen' ha'm grafigin qurin’.

Sheshiliwi: 1° Aniglaniw oblasti (—oo;—1) U (—=11) U (L;+00) , yag'nty X = +1.

2° Funkciya jup, sebebi: f(-x)= f(x) ha'm onmn' grafigi ordinata ko'sherne qarata

simmetriyali.

3° Vertikal assimptotalar1 abtsissa ko'sherin X =+1 noqatinda kesip o'tiwi mu'mkin.
Sebebi: funkciyanin® shekleri X —1—0 (shepten) ha'm X —1+0 (on'nan) sheksiz, yag'niy

2

1+ x? . 1+X : :
= =0 demek vertikal assimptotalar1 X = +1 tuwrilar1.

lim ~=—c0, lim
x—1-0 1_ X Xx—1+0 1_ X

2

4°. Funkciyanin® sheksizliktegi betalist.

1+ x? 1+ x?

lim > =—1. Funkciyanin' juplig'man lim
x—>+0 ] — X x>0 ] — X

gorizantal assimptotasi bolad1.

=—1 boladi, yag'niy y=-1 tuwrisi

2

5°. Ekstremumlar1 ha'm monotonlq intervali. Tuwindisin tabamiz.

;O 2X(L—-x*) =@+ x*)(-2x) _ 4x
. =)’ Tax0)

~;x=0 bolg'anda y'=0; x=+1 bolg'anda y'-

bolmayd:.

Kritikaliq noqati X;=0 (sebebi X = £1 ma'nisi funkciyanin' aniqlaniw oblastina kirmeydi).
X <0 bolg'anda, f'(x) <0 al x>0 bolg'anda f’(x) >0 bolg'anligtan, X=0 minimum noqati
ham f_. = f(0)=1 funkciyanin’ minimumi. Funkciya (—o0;—=1) ha'm (-1;0) intervallarinda
kemeyedi, (0;1) ha'm (1; ) intervallarinda o'sedi.
4(1+3x?)
(1-x°)°
intervalinda y” > 0 ekenligi ha'm bul intervalda funkciya to 'menge do'n’es ekenligi ko rinip tur.
(—o0;-1), (L; oo) intervallarinda y”" <0 ha'm bul intervallarda funkciya joqari qarata do'n’es.

6°.Do'n'eslik intervali ha'm iyiliw noqat. y"= tuwindisin tabamiz. (-1;1)

1yiliw nogat1 joq.

7°. Ko'sherler menen kesilisiw noqati. f(0) =1, yag'niy ordinata ko sheri menen kesilisiw
noqatt (0;1). f(x) =0 ten'lemesi sheshimge iye emes, demek funkciyanin® grafigi abstsissa
ko sheri menen kesilispeydi.

......

Biz §2 de shig’arilg’an o'nim ko'lemi u(t) dep, waqit boymnsha aling’an tuwindi usi
momenttegi miynet o nimdarlig’in ko rsetetug inlig’n ko'rip ottik.

Tuwmdmmm® ekonomikaliq mag anasin ko rsetiwshi tag'1 bir misal qarap o’'temiz.

Meyli o' ndirislik shig'in y ti shig arilg’an o nimler san1 X tin" funkciyas: dep esaplayiq.
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Ay

Meyli Ax-o'nim saninm’ o'simi, Ay-shig'in mug'darmmm’ o'simi ha'm Ax bir birlik
X
. . . , o Ay . .
onim ushin shig'mnin® ortasha o'simi bolsin. Yy =!m‘]JA_ o'ndiristin* sheklik shig'min
X—> X

ko'rsetedi ha'm qosimsha bir birlik o'nim shig’artw ushin jumsalatug'in qosimsha shig'indi
juwiq xarakterleydi. Usig'an ugsas sheklik da'ramat, sheklik o'nim, sheklik paydaliliq, sheklik
o nimdarliq ha'm t.b. sheklik shamalardi aniqlawg’a boladi.

Ekonomikaliq ob’ektler ha'm protsesslerdi ust sheklik shamalardi aniqlaw tiykarinda
izertlewge differentsial esabin qollamiw sheklik analiz dep ataladi. Sheklik shamalar
ekonomikaliq ob’ekttin’® jag'dayin xarakterlemey (summaliq yamasa ortasha shama) onmn’
0°zgeriw protsessin xarakterleydi.

Solay etip tuwindi bazibir ekonomikaliq ob’ekttin® (protsesstin’) yamasa izertlenip
atirg'an faktorlardin® birewinin® basqasma garata waqit boyinsha o'zgeriw tezligi retinde iske
tu'sedi. Biraq ekonomika ha'mme uaqitta sheklik shamalardan paydalaniwg a mu mkinshilik
bermeydi. Sebebi, ko'pshilik ob’ektlerdin® ekonomikaliq esaplawlarda bo’linbeytug mlhg',
ekonomikaliq ko'rsetkishlerdin® waqit boymnsha u'zilisligi (diskretligi), (misal ushm jillqg,
kvartalliq, ayliq ha'm t.b.)

Misal retinde monopoliyalig ha'm ba’sekelik bazar sharayatinda ortasha ha'm sheklik
da'ramat arasindag’i qatnasti qaraylq. O'nimdi satiwdan almnatug'in summaliq da'ramatti
(tu’sim) r di birlik o’nim bahasi p nin’, o'nim sant q g'a ko'beymesi retinde tabiw mu'mkin,

yag'niy r=p-q.

Monopoliya sharayatinda bir yamasa bir neshshe firma bazi bir o’nimge usinist1 toliq
gadag'alawi mu'mkin, demek bahanida qadag'alaydi. Bul talap iymekligi tuwr1 sizigh
jag'dayinda o'tedi dep esaplayiq, yag niy p(q) tuwri siziqli kemeyiwshi funkciya p=ag-+b, bunda
a<0, b>0.

Onda o'nimdi satiwdan almatug'in da'ramat:

r=(ag+b)g=ag*+hq.

. C < r .
Bul jag dayda bir birlik 0'nimge ortasha da ramat fop =— =20+ b, al sheklik da‘ramat, yag niy
qosmmsha birlik 0'nimdi satiwdan alinatug'in qosimsha da'ramat I’é =2aqg+b (11-su’wret).

Demek monopoliyaliq bazar sharayatinda satilg’an o'nim saninin’® o'siwi menen sheklik
da'ramat kemeyedi, ol ortasha da'ramattin’ azayiwina (az tezlik penen) alip keledi.

Jetilisken ba'seke jag'daymnda, bazarg'a qatnasiwshilar ko'p ha'm ha'rbir firma bahani
qadag alay almaydi, bazardag'i en' ko'p taralg'an baha misali, p=b menen o'nimler satiladi. Bul

jag'dayda summaliq da‘ramat r=bq ha'm sa'ykes ortasha daramat , _T_p, al sheklik
q

da‘ramat rd =D Ekonomikaliq protsesslerdi izertlewde ha'm basqada a'meliy ma'seleler

sheshkende ko binese funkciyanin® elastikligi tu'sinigi qollanilada.

Anigqlama. Funkciyanin' elastikligi Ex(y) dep funkciyay tin® salistirmali o’siminin’
argument X tin’ salistirmali o’simine qatnasimin® AX—0 degi shegine aytamiz:
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E.(y) = Iim[Ay:Aijxlim Ay _X (6.10)
Ax—0 y X y Ax—0 AX y

Funkciyanin® elastikligi, g'a'rezsiz o'zgeriwshi x 1% ke o0°zgergende y=f(x) funkciyasi neshe

protsentke 0°zgeretug'inlig'n juwiq ko 'rsetedi.

Bul formula boymsha ga'legen o'ndirislik funkciyanin® elastikligin esaplaw mu mkin.
Funkciyanin® en’ u'lken ha’m en” kishi ma’nisleri

Bazi bir tuyiq ko plikte u'zliksiz birneshshe o'zgermeli funkciyanin® en’ u'lken ha'm
en” kishi ma'nislerin (yag'niy global maksimum ha'm minimum) tabiwda, bul ma'nislerdin’
ekstremum nogatlarda yamasa ko pliktin® shegarasinda bolatug inin esapqa aliw kerek.

1 1
_|_

1+x2 1+y°
bolg'an do'n"gelektegi en’ u'lken ha'm en" kishi ma nislerin tabin’.

Misal: 7 = funkciyasmin' orayr koordinata basinda, radiusi 1 ge ten

Sheshiliwi: 1. Funkciyanin® dara tuwindilarin tabamiz.

2 = 2X o 2y

(1+ x2)2 C (1+ y2)2
2. 1z, =0,z =0sistemasinsheshiwargah kritikahgnogatintabamiz. Bulfunkciya (0;0)
birkritikalignogatg aiye.
3. Funkciyanin®  x?+y? =1ten’lemesimenenberilgenoblasttin®  shegarasindag't
kritikalignogatintabamiz.

y? =1-x*t1z = z(x, y) funkciyast
ten lemesineqoysagbiro zgermelifunkciyag aiyebolamiz.

1 1 3

7= + = Jbundax e[-11
1+x?> 2-x* 2+x*—-x* [ 1

Tuwindisin tabamiz ha’'m nolge ten'eymiz.

o 2@ 1)

Sondabizoblastin” shegarasindag'1 kritikalignogatg aiyebolamiz: x - ¢ x,, = i%
' 2

4. z = f(x,y)funkciyamin®  amqlaniwoblastinin® ishindegikritikalignogatdag'1
2(0,0)= 2ha’monin shegarasindag 1 kritikalignogatlardag 1 ma nislerintabamaz.

(B3
V2 v2) 3
ha’mde [-1:1] kesindisinin' aqurlarindag’1 ma'nisleri z(-1) = z(1) = % ha’'m bulardin®

ishinen en" u'lken ha'm en" kishisin taqlap alamiz. Demek, Zen kishi=2(0;0)=2 ha'm
Zen'u'lken = Z(l ; 1} = z(l '—1j = z(_ 1. 1) _4
V2 2 J2© o2 J2'V2) 3
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«Baliq skleti» texnikasi.

Funktsiya

Funktsiya aniglamasi Funktsiyanin™ limiti

Funktsiyanin’ beriliw Funktsiyanin’
usillar w’zliksizligi

Funktsiyalardin® jup-

taqhig'1, periodhilig’1 Funktsiya tuwindisi

AN
A4

Funktsiya grafigi Da’slepki funktsiya

AN

Keri funktsiya Funktsiyanin” aniglaniw
ha’m ma’nislar oblisti
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Vizual material.

Funksiya ha'm onin" beriliw usillari, tiykarg'i elementar funksiyalar,
funktsiyalardin® jup-taqlig'1, periodlilig'1, grafigi.

A 4

Funktsiyanin® limiti, limitler haqginda teoremalar. Funktsiyanin'
tochkada, kesindide u zliksizligi, u zliksiz funktsiyalar u'stinde a'meller,

\ 4

Funksiya tuwindisinin® aniqlamasi, onin® geometriyaliq ha’m mexanikaliq
mag analar1. Funktsiya tuwindisinin® qollaniliwi. Daslepki funktsiya

«Insert» usuli

Blits-soraw soraw-juwap

Ne Ko‘rgizbeden paydalaniw \YJ + -
Funktsiyamin® qasiyetleri
1
2 | Uzliksiz funktsiyalardin® ga’siyetleri
Funktsiya limitin esaplaw
3
Funktsiya limitine baylanisli teoremalar
4
y =arctgvx?-1— In x
Vx? -1
5

funktsiyanin® tuwindisin tabim’.
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1 Funktsiya tuwindisinin™ aniglamalari

2 | Funktsiya tuwindisinin® geometriyaliq ha’mde
mexanikaliq manisleri

3 | Da’slepki funktsiya

4 | Kvadrat funktsiya grafigin jasaw

5 Keri funktsiyan m’ ma’nisler oblistin tabiw

6 | Funktsiyanin’ osiwi ha’m kemiwi

SA’WBET SORAWLARI:

1. Funktsiyanin® qasiyetleri.

2.Tiykarg'1 elementar funktsiyalar.

3.Funktsiya limitin esaplaw.

4.Funktsiya limitine baylanisli teoremalar.

5. Uzliksiz funktsiyalardin™ ga’siyetleri.

6. Funktsiya tuwindisinin™ aniglamalari.

7. Funktsiya tuwindisinin® geometriyalig hamde mexanikaliq ma’nisleri.
8. Da'slepki funktsiya.

Studentler tema a’hmiyetinen kelip shig’iw, do’retiwshilik ta’repinen jandasqan halda
“G’a’rezsizlik jillarinda Wo’zbekstan” temasinda shig’arma jazadi”

ilimlerdi iyelew basqishlari

bilimleridi gollaw

bekkemlew

an’lap jetiw

tu’siniw

151



Nel18 TEMA:

Aniq emes integral, onin’ qa’siyetleri. Integrallawdin™ tiykarg'1 usillari:
o zgeriwshilerdi almastiriw, bo leklep integrallaw.

Anig emes integral
Da’slepki funkciya ha’m aniq emes integral

Differentsial esab1 ha'r bir funkciya ushin onin’ tuwindisin tabiwg'a arnalg'an. Biz
ma’seleni kerisinshe qarayiq. Berilgen f(x) funkciyasi ushin tuwindisi f(x) bolatug'm F(x)

funkciyasin tabiw kerek. Bul F(x) funkciyasi f(x) funkciyasi ushin da'slepki funkciya boladi.
1-Aniglama Egerde bazi bir X aralig'min’ X noqatinda F'(x)= f(x) ten'ligi ormlansa,

onda F(x) funkciyast f(x) funkciyasinin® X aralig'indag 1 da'slepki funkciyasi dep ataladh.

3
Misali. F(X) = % funkciyasif(x)=x* funkciyasinin’ da’slepki funkciyasi boladu.

) x®
Sebebi: F'(x)= (?J = x>,

Teorema.Egerde F,(x) ha'm F,(x) funkciyalar1 f(x) funkciyasmm® da'slepki

funkciyalar1 bolsa, onda olar tek g'ana bazi bir C turaqlist menen ayriladi. Yag ny
F,(x)= F,(x)+C ten'ligi durs bolad.

Da’lillew. (F,(x)— Fl(x)), =F(x)-F(x)=f(x)- f(x)=0  bolg'anligtan  Logranj
teoremasinin’ saldar1 boymsha sonday bir C san1 tabilip F, (X - Fl(x) =C dep jaziwg'a bolad.
(C'=0). Demek F,(x)=F,(x)+C.

2-Amglama. X aralig'mdag’t f(x) funkciyasmm' barliq da'slepki funkciyalarmin®
jiynag't f(x) funkciyasinin' aniq emes integrali dep ataladi ha'm J. f(x)dx dep belgilenedi,

bunda J- - integral belgisi, f(x) - integral ast1 funkciyasi, f(x)dx- integral ast1 an’latpast. Solay
etip:

J.f(x)dx= F(x)+C (8.1)

bunda F(x), f (X) tin’ bazi bir da'slepki funkciyasi, C-qa'legen turaql san.
T, X3 . x? ) . . . .
Mtsalt.J.X dx = 3 +C, sebebi F(x)= 3 f (x) = x* funkciyasmm' da'slepki funkciyasi.

Aniq emes integraldin’ tiykarg'1 qa’siyetleri
1. Integraldan aling"an tuwindi, integralast1 funkciyag'a ten’, (j f(x)dx)’ = f(x).

2. Amq emes integraldin® differentsiali, integral asti an'latpasina ten’,

d([ f (x)dx)= f (x)dx
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3. Baz1 bir funkciyanm® differentsialinan aling’an aniq emes integral sol funkciyanin’
o'zine ten”, [dF(x)=F(x)+C.

4. Integral astindag’it turaqli sandi integral sirtna shig'artwg'a  boladi,
Iaf (x)dx = aI f(x)dx.
5. Summanim® aniq emes integrali sol funkciyalardin® integrallarinin® summasina ten’,

J {Z:‘ f (X)}dx - Z}[j £, (x)dx]

6. Eki funkciyanin® algebraliq qosindisinin® integrali, olardin® integrallarmin® algebraliq

qosindisma ten’, _[[f (x)£g(x)ldx = I f(x)dx ij. g(x)dx
Bul ga’siyetlerdi aniq emes integraldin® aniqlamasinan paydalanip da’lillewge boladi.
Misali: 1 qa'siyetti da’lilleyik. Egerde F(x) funkciyast f(x) tin® da'slepki funkciyast

bolsa I f (x)dx = F(x)+C. bolad1. Bunnan (J' f(x)dx)' =(F(x)+C) = F'(x)= f(x)

Elementar funkciyalardin® aniq emes integrallar tablitsasi

1. Ide:C.
Xn+l
2. J.x dx:n+1+C, n#-1.
dx
3. |—=I C.
Ix n|x| +
4. Iaxdx: a +C. a>0,a=0.
Ina
5. Iexdx=eX+C.
6. [sin xdx =—cosx+C.

7. J.cosxdx:sinx+C.
dx
8. =tgx+C
J‘coszx g
dx
9 =—ctgx+C
Isinzx J
10. J.L:arcsin§+C:—arccosz+C, —a<Xx<a, a>0.
a® —x? a a
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11.J' de 5 :larctg§+C=—1arcctgf+C, a=0.
a“+x a a a a

12. j = n*=2 ¢, a=o0.
X —a X+a

13.I%=i|na+x+c.
a“—x 2a |a—X

14-]\/ﬁ In‘x+\/ﬁ‘+c a=0.

A'meliy jumis ushin berilgen barliq misallar bazi bir o'zgertiwler na'tiyjesinde usi
tablitsaliq integrallardin® birewine alip kelinedi.

—4+1 -3
1-misal. J.d—fzjx“‘dx: X +C:X—+C——L+C
X -4+1 -3 3x®
2-musall. jZSX‘ldx j Jdx _j 8% dx = = j8d 18 ¢
2 In8

Integralawdin’ tiykarg'1 usillarn

O’zgeriwshini almastirnw (ornina qoyiw) usih

Integrallawdin® tiykarg'1 usillarinin® biri o'zgeriwshini almastiriw (ornina qoyiw) usili
bolip esaplanadi. Ol to'mendegi formula menen ko rsetiledi:

[ £()dx= [ f(e(t)'(t)dt (8.2)

Bunda x = (p(t) qaralip atirg’an araliqta differenciyallanatug’in funkciya. O’zgeriwshini

almastiriw arqgali berilgen integral a'piway1 integralg'a, bazi birde tablitsaliq integralg'a alip
keledi.

1-musal. Il dx integralin tabiw kerek.
—ZX

Sheshiliwi:t =1-2x dep belgileymiz, sonda x—i——t dx —d[l—it) —ldt. bul
2 2 2 2 2

ma’nisti berilgen integralg a goysaq:

I(—I/Z)dt 1jdt 1|n‘t‘+cz_1|n\l—2x\+C.
t 2 2

I1 2X 2

2-misal. jCOS(SX + 2)dx., t = 3x + 2dep belgileymiz, sonda dt =3dx, dx = %dt ha™m

Icos3x+2 :—J.costdt_%smHC_%sm(3x+2) +C.
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Bo’leklep integrallaw

Meyli u=u(x)ha'm 9=9(x)-differenciyallanatug'm funkciyalar bolsm. Onda
differentsialdin’ ga’siyeti boymsha d(u$)= 9du+ud9, bunnan ud9=d (u 8) —4du.

Bul ten'liktin® eki jag'nan integral aliw na’tiyjesinde:
[udg=ug-[9du (8.3)

ten'ligine iye bolamiz. Bul formula bo'leklep integrallaw formulasi dep ataladi. Bul formulani
gollantw ushin, berilgen integral astindag'1 an'latpani eki ko'beymege ajiratamiz (u ha'm d9)
ha'm (8.3) ten'liktin® on' jag'mna o'tiw ushin ko'beymenin' birinshisinen differentsial alamiz

(du = u'dx), ekinshisinen integral alamiz ( 9 = Id 9+C).
3-misal. J. xe #*dxintegralm tabiw kerek.

Sheshiliwi:u = x, d 3 =e**dx dep belgileymiz ha'm du=dxha'm

IdS = Ie‘zxdx, 9= —%e‘zx +C tabamiz.

Endi (8.3) formulani qollanamiz.

jxe‘zxdx = x(——e‘2x + Cj—f{—%e‘zx + Cde =—>xe* +Cx+ —(— —je‘zx —Cx+C,
= _lxe‘2X —le‘2X +C,.
2 4

4-musal. J. x% sin xdx integralintabin’.

Sheshiliwi.u = x?, sin xdx = d ¢ depbelgileymiz,
sondadu = 2xdx 3 = Isin XxdX = —COSX. Bunnan.[x2 sin xdx = —x? coSX + ijcosxdx ,

ekinshigosiliwshi ushinboleklepintegrallawformulasinpaydalanamiz:

U=x, cosxdx=d3 du=dx $=sinx.

Demek.[x2 sinxdu = —x? cosX + 2(xsinx—_[sin xdx)z —X2CosX + 2xsin X+ 2cosx + C
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Ne19 TEMA:

Aniq integral tu’sinigine keltiriletug’ 1n ma’seleler. Aniq integral amiqlamasi, qasiyetleri.
Integrallaniwsh1 funktsiyalar klassi. N yuton-Leybnits formulasi. Aniq integraldin’
0 zgeriwshisin almastiriw, boleklep integrallaw.

I-tip menshik integral.2-tip menshik integral. Amgq integraldin® qollamwlari.
Aniq integral

Aniq integral tu’sinigi

Meyli f(x) berilgen [a;b] kesindisinde u'zliksiz bolsmn, bunda a <b yamasa a>b ha'm
F(x)- onin® baz1 bir da’slepki funkciyasi bolsin, yag'ny F'(x)= f(x),x €[a;b]

Aniglama.Berilgen [a;b] kesindisinde u'zliksiz (x) funkciyasmm’ aniq integrali

f (x)dx (9.1)

0 ey T

dep, onin" da'slepki funkciyasinin® sa'ykes o'simin tu'sinemiz.
b
[ (x)x = F(b)-F(a) (9.2)

bul N yuton- Leybnits formulas1 dep ataladi. (9.1) an'latpadag't @ ha'm b sanlar1 integrallawdin’
sa'ykes to'mengi ha'm joqarg'i shekleri dep ataladi. (9.2) formulanmi to'mendegi qag'iyda
turinde  keltiriw mu'mkin: aniq integral, integral astindag'it funkciyanmn®' da'slepki
funkciyasmin’, integrallawdin’, jogarg'1 ha’'m to'mengi sheklerindegi ma’nislerinin® ayirmasina
ten’. Bul ayirmani

dep belgilesek, onda

i f(x)x = F(x)‘z (9.3)

) p 2 X3,
1- musal: Jl‘x dX=?‘1=

w| oo
Wik
w|~

Aniq integraldin® geometriyaliq ha’m ekonomikaliq mag anasi

Anigintegraltu sinigito mendegishekiritilgen, y = f(x)funkciyast
b
[a; b]kesindisindeterisemesbolg anda, j f (x)dxintegrahnin®  sanma’nisi [a;b]kesindisinde,

a

bundaa<b, y= f(x)iymekliginin® to'menindejatgan, OXkosheriha'mx=a, x=btuwrilari
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menenshegaralang anSmaydaninaten’, (Siymeksizigh trapetsiyanin® maydani). [a; b] kesindisinn
bo'lekke bo'lsek S=S;+Sy+ ... +Sn, Si=f(&)AXi, AXi=Xi—Xi_1, sonda

f(xdx=lim Zf (& A,

max Ax;—0 £

O ey T

bulamqgintegraldin® geometriyaligmag anasi bolad1 (1-su’wret).

F 3

|
5

X1 G X ¢ b=x %

1-su wret

Aniq integraldin’ ekonomikalig mag anast.

Meyli, y= f(x)funkciyast bazi bir o'ndiristin’, waqittin’® o'tiwi menen miynet
o nimdarlig'min® o'zgeriwin su'wretleytug ' bolsm. Bazi bir [O,T] waqit aralig’'indag’t o'nim
ko'lemi u ditabaygq.

[O, T ]kesindisinno qatlar arqali wagqit araliqlarina bo lemiz.
O=t, <t <t, <..<t, =T waq1tt1n‘ [t,,.t,] aralig’ indag’1 0’mim ko'lemi Au, = f (& )At, bunda
S e[ti—l’ti]' At =t -t i=12,..,

Bunnan:

=

U~ AU =2 f (6

I
AN
H

bulintegralsummadepataladi. DemekU = lim Z f(f )At

maxAt; —»0 <
Anigintegraldin®  amiglamas:  boyinshau = [ f (t)dt g aiyebolamiz,  yag miyeger f (t),

.
tmomenttegimiyneto nimdarlig' bolsa, jf dt O T]Waq1taral1g 1
0

ushinshig arilg ano " nimko lemibolad.

Bulma’seleniiymeksizigh trapetsiyanin® maydani ma’selesimenen (jogaridaaytilg an)
sahstirsaq, bazi  bir[0, T wagitaralig'indag't  shig“arilg’ano’nimko’lemiudin®  shamasinin®

sanma nisi, waqittin’ o'tiwimenen [0, T wagitaralg'indag'1 miyneto nimdarhg'inin’
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0 zgeriwinko rsetiwshi X = f(t)funkciyasmln‘ grafigiastindag't  maydangaten”  eken,

yamasau = ] f(t)dt.

Aniq integraldin® tiykarg'1 qa’siyetleri
1°, Integrallawshekleribirdeybolg ananiqintegralnolgeten’,

yag'nty I f(x)dx = 0.Bulqga'siyetaniqintegraldin® aniglamasmankelipshig'adi. Biraq bun1 Nyuton

— Leybnits formulasi ja'rdeminde de aliw mu mkin:

2°. Anigintegraldin® manisio“zgeriwshilerdigalaybelgilewgebaylanish emes, yag niy:

[ £ (e[ t ope (9.4

a

Bul F(XXZ = F(tj ® ekenliginen kelip shig'ad1.

3. Turaqgl ko beyiwshini aniq integraldin® sirtnina shig'ariwg'a boladi:

b b
[k (x)dx = k[ £ (x)dx (9.5)

Eger, f(x) tin’ F(X) da'slepki funkciyasi bolsa, onda kf (x) tin" da’slepki funkciyasi
kF(x) bolad.

(9.2) ha'm (9.3) formulalard1 qollasaq

b b
[Kf(x)dx = kF(x) > = k[F(b)— F(a)] = k[ f(x)dx
4°. Shekli sandag'i funkciyalardin' algebraliq qosmdismmn' aniq integrali bul
funkciyalardin® aniq integrallarinin® algebraliq qosindisina ten':

b b b

[Lf(x)+9() —(x)Jdx = [ f(x)dx +I g(x)dx— [ p(x)dx (9.6)

a a a

5°. Integrallaw kesindisin bazi bir bo'leklerge bo'lsek, uliwma kesindi boymsha aniq
integral, onin® bo’leklerindegi aniq integraldin® qosindisina ten':
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c

ff(x)dxj +Tf Jdx, ¢ € [a;b] (9.7)

6°. Integrallawsheklerinin® orinlarinalmastirsaganigintegraldin® belgisikerigeo"zgeredi:

b

T f (x)dx =~ f (x)x (9.8)

a

7°. (ortashatuwrah teorema).U zliksizfunkciyanin® amgintegrali integrallawkesindisinin®
uzinhg't menen, integralastindag't funkciyanin® usi kesindinin® bazi birishkinogatindag'1
ma nisinin® ko beymesineten:

b
[ f()dx=(b-a)f(£), a<&<b (9.9)
8°. Egerdeintegrallawsheklerinin® jogarg st to mendegidenu’lken (a<b)

boIsaha‘mintegralastmdag‘1 funkciyaterisemesbolsa ondaamgintegraldaterisemesyag niy,

eger f(x)>0, bolsaj x)dx > 0, eger f(x)>0, bolsaJ' x)dx > 0 bolad.

9°. Egerdeintegrallawsheklerinin’ jogarg'1s1 to 'mengisinenu’ lken (a<b)
ha'm f (x)ha'm g(x)u zliksizfunkciyalarbolp, f(x)> g(x)bolsa,

J ez [ (010

bolad1. Tap usinday f(x)< g(x) bolsa,

T f(x)dx < j)’ g(x ) (9.11)

boladi.
Aniq integral joqarg'1 sheginin® funkciyasi sipatinda

Eger y=f(x) funkciyas1i [a,b] kesindisinde integrallaniwshi bolsa, onda ol [a,b]
kesindisinde jatgan ga’legen [a,X], a<x<b kesindisindede integrallaniwsh1 bolad.

Meyli aniglama boymsha
®(x) = [ f(x)dx= f t)dt (9.12)

bolsin, bunda xe[a,b], al @(x) funkciyas1 jogarg'1 shegi o’ zgeriwshi bolg an integral dep atalad1.
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Eger [a,b] kesindisinde f(t)>0 bolsa, @(x) funkciyasinin® xnogatindag'it ma'nisi, y=Ff(x)

funkciyasinin® [a,X] kesindisinde sa'ykes grafigi astindag'1 S(X) maydanin ko 'rsetedi.

Bul joqarg'1 shegi o'zgermeli bolgan integraldin® geometriyaliq mag inas1 bolad1.

o

i S5(x)

0 a

|
I
_'% b X

2-su’wret

Aniq integrald1 esaplaw usillar

Bo’leklep integrallaw usili. Aniq emes integraldi bo'leklep integrallaw formulasin
shig’arg'anda udv=d(uv)—vdu ten'ligi aling’an edi. Bul ten'likti a dan b g'a shekem shekte

integrallasaq ha'm aniq integraldin® 4-ga’siyetin esapga alsaq

Tudv = .Td(uv)— j.vdu

a a

ten'ligine iye bolamiz. Bunnan

b b
judv: uv‘z —Ivdu

aniq integraldi bo leklep integrallaw formulasina iye bolamiz.

2z

1-musal. j xcosxdx, integraldi esaplaw kerek.
0

Sheshiliwi: u=x, dv=cosxdx=d(sinx) dep alamiz.

Sonda du=dx, v=sinx kelip shig'ad1. (9.12) formulani qollansaq.

27 2r
[ xcos xdx = xsin x|§’r — [sin xdx = 27zsin 277 —0-sin 0+ cos x
0 0

(9.13)

27 =cos2r—cos0=1-1=0.

b
O zgeriwshilerin almastiriw usitli. Meyli I f (x)dx aniq integrali berilgen bolsin, bunda

f(x), [a,b] kesindisinde u'zliksiz funkciya. Meyli integrallawd: a'piwaylastiriw ushin bizge X

penen
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x=glt), (a<t<f)

qatnas1 menen baylanisatug'in t jan'a o zgeriwshisin kirgiziw maqsetke muwapiq bolsin, bunda
o(t), [o,B] kesindisinde u'zliksiz differenciyallanatug'in funkciya bolsin.

Egerde: 1) t o zgeriwshisi a dan B g'a shekem o'zgergende x, a dan b g'a shekem
o'zgerse yag'ny ¢(a)=a, o(8)=b bolsa, ham 2) f [p(t)] quramali funkciya [o,p]
kesindisinde uzliksiz bolsa, to'mendegi formula duris bolad.

D ey T

£ ()= [ £[pl0E)ct (0.14)

Bul aniq integraldin® o'zgeriwshilerin almastirip esaplaw formulasi bolad.

5

2-nusal: | = IX\/ x? —16dx integralin esaplaw kerek bolsn.
4

Sheshiliwi:t = x* —16 dep belgileymiz, bunnan dt = 2xdx, xdx = %dt, x =4 bolg anda
t=16-16=0, x=5 bolg'anda t =25-16 =9, bunnan integral

SHET EL MATERYALLARI

DEFINITION AND EXISTENCE OF THE INTEGRAL

6.1 Definition Let [a, b] be a given interval. By a partition P of [a, b] we
mean a finite set of points x4, x,, ..., x,, where

A=XgS<X < """ SXe-y <X, =b.

We write
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Now suppose f 15 a bounded real function defined on [a, #). Corresponding to
each partition P of [a, b] we put

M =supflx) (x.,=x=x)
wty = inf f(x) (X 5 x = X)),

U(P,f) = ;_::L M, Ax,,

LEP.I'J=JEI m, Ax;,

and finally
(1) [ rax=inf U(P. 1),
(2} £fdx-!ﬂpﬂP4fL

where the inf and the sup are taken over all partitions P of [a, b]. The left
members of (1) and (2) are called the upper and lower Riemann integrals of |
over [a, b, respectively. _

If the upper and lower integrals are equal, we say that [ is Riemann-
integrable on [a, b], we write fe @ (that is, # denotes the set of Riemann-
integrable functions), and we denote the common value of (1) and (2) by

@ [ ras,
or by
(4) [ fea.

This is the Riemann integral of f over [a, b]. Since f i3 bounded, there
exist two numbers, m and M, such that
m=fixi=M (a=x=h).
Hence, for every P,
mill = a) = LiP, N = U(P, )= Mk —a),

s0 that the numbers L(P, /) and U{P, /) form a bounded set. This shows that
the upper and lower integrals are defined for every bounded function /2 The
question of their equality, and hence the question of the integrability of f, is a
more delicate one. Instead of investigating it separately for the Riemann integral,
we shall immediately consider a more general situation,

162



6.2 Definition Let = be a monotonically increasing function on [a, b] (since
a(a) and z(b) are finite, it follows that  is bounded on [a, #]). Corresponding to
each partition P of [a, B, we write
-I'!I-!r = I{Ji-'ﬂ = :lf.rj,.ﬂ.
It is clear that Az, > 0. For any real function / which is bounded on [a, b]
we put
UP,fia) = ¥ M, Ax,

L{P!JE !.}ﬂi-il m, er

where M, m, have the same meaning as in Definition 6.1, and we define

[
5) ] = inf ULP, 1, a),
(6) [ fdx =sup LP. £, ),

the inf and sup again being taken over all partitions.
If the left members of (5) and (6) are equal, we denote their common

value by

(7 ff dx
or sometimes by

®) [ 70 dat).

This is the Riemann-Stieltfes integral (or simply the Stielifes integral) of
f with respect to a, over [a, b].

If (7) exists, i.e., il (5) and (6) are equal, we say that fis integrable with
respect to a, in the Riemann sense, and write e S{x).

By taking ax) = x, the Riemann integral is seen to be a special case of
the Riemann-Stieltjes integral. Let us mention explicitly, however, that in the
general case o need not éven be continuous.

A few words should be said about the notation, We prefer (7) to (8), since
the letter x which appears in (8) adds nothing to the content of (7). It is im-
material which letter we use to represent the so-called “variable of integration.”
For instance, (&) 13 the same as
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The integral depends on f, o, 2 and b, but not on the variable of integration,
which may as well be omitted.

The role played by the variable of integration is quite analogous to that
of the index of summation: The two symbols

i"i- ¥ €

i=] k=1

mean the same thing, since each means ¢; + ¢y + *** 4+ ¢,.

Of course, no harm is done by inserting the variable of integration, and
in many cases it i$ actually convenient to do so.

We shall now investigate the existence of the integral (7). Without saying
50 every time, /will be assumed real and bounded, and & monotonically increas-

ing on [a, b]; and, when there can be no misunderstanding, we shall write fin
place of J-a

6.3 Definithon We say that the partition P* is a refinemient of P if P* = P
(that is, if every point of P is a point of P*). Given two partitions, Py and P, ,
we gay that P* is their common refinement if P* =P, v P;.

td Theorem [ P* ir a refinement of F, then

15:“‘.:# L(P, f, «) < L(P*, f, =)
(10 U(P*, f, o) < U(P, f, o).

Proof To prove (%), suppose first that P* contains just one point more
than P. Let this extra point be x*, and suppose x,_, < x* < x,, where
X;.; and x; are two consecutive points of P, Put

wy =inff(x)  (x,.; = x<x%),
wy = inf f(x) (x* = x < x)).
Clearly w, = m; and wy = m;, where, as before,
my=inff{x) (x.;=<x<x)
Hence
L{P*, [, a) = L(P, f, a}
= wy[2(x*) — alx,_ )] + wala(z,) — a(x*)] — m[olx) — alx, )]
= (wy — m)[a(x®) = a{x;_ ;)] + (wy = m)[a(x)) = a{x*)] = 0

If P* contains k& points more than P, we repeat this reasoning k
times, and arrive at (9). The proof of (10) is analogous,
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65 Theorem | :fd: < r £ .

Proof Let P* be the common refinement of two partitions P, and P, .
By Theorem 6.4,

L(P,,f, 8) < L(P*, f.%) < U(P*, £, %) < U(Py. , %).
Hence

(1) L(P,,f, a) = U(P;, f, a).
If P, is fixed and the sup is taken over all Py, (11) gives

(12) J'fdus U(Py, f, @),

The theorem follows by taking the inf over all P, in (12).

6.6 Theorem e #(x) on [a,b] if and only if for every &> 0 rthere exisis a
partition P such that

(13) UiP, f, &) — L(P, f, 2) < &,
Proof For every P we have
P, s [fdus [fdxs UP.Sa).
Thus (13) implies
0= Ij‘d‘u — J-fd'u < &,
Hence, if (13) can be satisfied for every & = 0, we have
[rda= [1da,
that is, /& #{x).

Conversely, suppose e #(z), and let £ > 0 be given. Then there
exist partitions P, and P such that

(14) U(Ps, /o) — [ fdn <5,
(15) [fda - Lip,,f, 1:.{;,
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We chooge P to be the common refinement of P, and P, . Then Theorem
6,4, her with (14) and (15), shows that

U(P, f,}) < U(P;, . ) -:Ifdi::+%n:L{Ph_;".-:}+e£L{.F.f,-:¢}+¢.

so that (13) holds for this partition P.

Theorem|6.6 furnishes a convenient criterion for integrability. Before we
apply it, we stite some closely related facts,

6.7 Theorem
(@) If(13) holds for some P and some &, then (13) holds (with the zmme g)

Sor every refinement of P.
(B IF(13) holds for P ={xy...., X} and i 5;, 1, are arbitrary points in
[%i-10 x]. then

3 Ifts) ~f(1)] Ao <.
() If fe ®x) and the hyporheses of (b) hold, then
Y (1) by~ [ f di

=1

Proof Theorem 6.4 implies (g). Under the assumptions made in (&),
both f(5,) and f{1,) lie in [m,, M,], sothat | fis) — f(8;)| = M;—m,. Thus

‘i: s = fr)| Awy < TUP, f, @) = L(P, 1, a),

< E.

which proves (b). The obvious inequalities

L(P.fia)= ¥ f(1;) Ax; < U(P, fi3)
and
L(P,f,a) = [ feda = U(P, f, )
prove (c).

6.8 Theorem [f fis continuous on [a, b) then e R(x) on [a, b).
Proof Lete > 0 be given. Choose i > 0 50 that
[w(b) — w{a)]n <e.

Since [ is uniformly continuous on [a, &) (Theorem 4.19), there exists a
& = 0 such that

(16) |flx) = fe)| <n
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Remove the segments (u;, v;) from [a, b]. The remaining set K is
compact. Hence f is uniformly continuous on K, and there exists § = 0
such that |f(s) = fir)| <cifse K, te kK, |s—1]| <4

MNow form a partition P = {x,, %, ..., x,} of [a, b], as follows:
Each 4, occurs in P. Each v, occurs in P. Mo point of any segment (44, 1)
occurs in P, If x,_, is not one of the v, then Ax; < 4.

Mote that M; — m, = 2M for every i, and that M, — m, < ¢ unless
Xy 15 one of the w;,. Hence, as in the proof of Theorem 6.8,

UCP,f, o) — LP, f, 2) < [(B) — ala)]e + 2Me.

Since £ is arbitrary, Theorem 6.6 shows that e #(x).
Nore: 1f fand z have a common point of discontinuity, then f need not

be in #(x). Exercise 3 shows this.

611

Theorem Suppose (e @x) on [a,b), m=/< M, & ir continuous on

[err, M), and W(x) = ${f(x)) on [a, b]. Then h e B(x) on [a, B).

(1%)

(1%)

Proof Choose £ > 0. 5ince ¢ is uniformly continuous on [m, M), there
exists & >0 such that d <& and |$(s)— 1) <¢ if |s=1| <& and
5 1€ [m, M)

Since e #(x), there is a partition P = {x;, x,, ..., x,} of [a, b] such
that

U(P, f, ) = L{P, f, w) = &

Let M, m, have the same meaning as in Definition 6.1, and let M, m!
be the analogous numbers for . Divide the numbers 1,..., n into twa
classes: ie Aif M, —m, <8, ieBif M, —m, = 4.

For | € A, our choice of 5 shows that M — m < &.

For e B, M® = m} < 2K, where K=sup|é{r)|, m< 1< M. By
(18), we have

E-hzbmi < EH{H. — m;) Ax, < 62

so that 3, 5 Aa, < &, It follows that
UEPJLM-L(P.-"LE]=;{HF—NT}MJ+ ¥ (M? = mf) An,
LF |

e

< e[xB) — m{@)] + 2K5 < efwlb) — 2la) + 2K).

Since ¢ was arbitrary, Theorem 6.6 implies that i e #{x).
Remark: This theorem suggests the question: Just what functions are

Riemann-integrable? The answer is given by Theorem 11.33(b).
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PROPERTIES OF THE INTEGRAL

6.12 Theorem

(@)

()

(€)

()

()

I £ & 3(a) and 1, & H(x) on [a, b), then
Sy + fr e ),
¢f & R(a) for every constant ¢, and

[t g+ [ 1,

[erdu=c] saa.
If fi(x) = f2(x) on [a, B], then

J:ﬁdmﬁff;d:.

ff fe #(x) on [a,b) and if @< ¢ < b, then f'e F(x) on [a, c] and on
[c, b), and

[fda+ j;hfd:ur - j':_rﬂh.
If fe R(x) on [a, b) and if |f(x)| < M on [a, b], then
[[ 1 < Miae) — st
If e #(x)) and e Fay), then fe Fa, + a,) and
[ +a)=[ oo + [ fy

if fe R(x) and ¢ is a positive constant, then & Rcx) and

&
[ rdesy=c| fan

Proof If /=4, +/; and P is any partition of [a, &}, we have

(20)

L(P, fy, %) + L(P, [, , &) = L(P, f, )
< U(P, f. o) < U(P, fy, @) + U(P.f2, %)-

If /, & #(x) and f; & #(a), let £ > 0 be given. There are partitions F,
(j=1, 2) such that

UQP; fsa) — LIPy, fio2) < &
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(21}

6.13

These inequalities persist if Py, and P, are replaced by their common
refinement P. Then (20) implies

U(P, f, =) — L{P, f, 2) < 25,

which proves that /e #{x).
With this same P we have

UPf o)< [fidate (j=1,2)
hence (20) implies
[fax < U(P, f, &) < [ fy dx + [ f; de + 2e.
Bince ¢ was arbitrary, we conclude that
[fda < [ fy da+ [ f;du

If we replace f, and /5 in (21) by =f, and -/, the inequality is
reversed, and the equality is proved.

The proofs of the other assertions of Theorem 6.12 are 50 similar
that we omit the details. In part (¢) the point is that (by passing to refine-
ments) we may restrict ourselves to partitions which contain the point ¢,
in approximating | db.

Theorem [f fe #(a) and g e F(x) on [a, b], then

() fag & (=), :.
[[raa< [ 111 da.

(by 1f| & () and
Proof 1fwetake ¢(r) = r?, Theorem 6.11 shows that /2 e @(x) if fe ().
The identity

dfg =/ +g¥ - (f — gV

completes the proof of (a).
If we take it} = [¢|, Theorem 6.11 shows similarly that [f] & #(x).
Choose ¢ = +1, so that

clfdez0.
Then
| [fdu| =c[fdn=[efdns:]|f| du,
sinee ¢f < |f].
6.14 Definition The wnit srep function I is defined by
0 (x=0)
M=l @0
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6.15 Theorem If a <s<b, [ is bounded on [a, b), f is contimwous ar 5, and
wlx) = lx — 5), then

[ rda=s0)

Proof Consider partitions P = {1, x,, x,, x,}, where x;=ua, and
X =5<x;<x3=>0 Then

U(P, fa) = M, L(P, fa)=m,.

Since f is continuous at 5, we see that M; and m,; converge to f(3) as
.:llz - 5,

6.16 Theorem Supposec,=0jforl, 2,3, ..., I, converges, {5} i5s a sequence
of distinet points in (a, B), and

(22) alx) = i e I(x = 5.).

Am ]l

Lev [ be continuous on [a, b]. Then

@) [ rdx=3 s

Bm ]

Proof The comparson test shows that the series (22) converges for
every x. Its sum a(x) is evidently monotonic, and x(a) =0, x(b) = L.
(This is the type of function that occurred in Remark 4.31.)

Let & = 0 be given, and choose N so that

-]

J'IZE" < &
+1

Put
N £ ]
aix) =3 cfix—5), ax)=} ¢ l{x -5,
=] N+l
By Theorems 6,12 and 6.15,
5l
24) [ ran = ¥ eufs).

since ay(h) — ay{a) < &,

170



INTEGRATION AND DIFFERENTIATION

We still confine ourselves to real functions in this section. We shall show that
integration and differentiation are, in a certain sense, inverse operations.

6.20 Theorem Letfe X onla,b). Fora <x <b, put
F(x) = fa f(0) ar.

Then F is continuous on [a, b),; furthermore, if f is continuous at a point x, of
[a, b), then F is differentiable at x,, and
F'(x0) = f(x0).
Proof Since fe &, f is bounded. Suppose |f(t)| <M for a<t<b.
Ifa<x<y<hb, then
y
|F(») — F(x)| = fxf(t) dtl < M(y — x),

by Theorem 6.12(c) and (d). Given ¢ > 0, we see that
IF(y) —F(x)l <E§,

9.1 Indefinite Integral

865. [f(x)dx=F(x)+C if Flx)=f(x).
866. t:!.ffxﬂx]'ltﬂ:x:'

867. [kf(x)dx =k f(x)x

86

3.4

: I[I'I,x:l i g[x}]-LLt tff[xk.lx i Ig{x b

86

w

. I[f[x:l—g[x:l]d_t tff[x:hlt—!.gl:xk.lx

870. IF{axHx-lF[a_t] +C
a
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871. [flax+ I::ld.t-:l]:{u +b)+C

872. If{x]f'{x]dx -%fl{xh C
(x)
flx)

874. Method of Substitution

If[r}d.t - Iﬂu{t}h'[t}dt if x=ult).

873. [——dx=Mnff(x]+C

873. Integration by Parts
.I.u-l:l'r - uv—Ivdu .

where ulx), v(x) are differentiable functions.

9.2 Integrals of Rational Functions

876. J’adx- ax +C

X

877. deJ:-IT+E

4
878. J'x*d;-“—+c
3

+1
IF

p+l

879. [xfdx==—+C, p#-l.
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880. [(ax+b)"dx= lax b 1.

881. [—=nfx|+C

882. [~ = linfax +bj+C

883. J’“"'hdx-ix+"""dm}n+d|+c

aa4.

a885.

4
886. [— o -#[%[a+hxf—lu{u+hx}+alln|u+I:rx|]+l‘.:

HH?.I dx -l a+h1+ﬂ
xla+bx) a X
dx 1 b Iu+h1|
888. - C
.[Iz[n+hr]'- Ex+azlu| X |+

wdx 1 a
889. J'{“hxr -ht[lu.|u+bx|+ﬂ+hx}+l:
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a90.

a91.

a892.

g893.

894,

8935.

g96.

aa7.

a948.

899.

3 3
_[ xdx - ! [u+hx—1&ln|a +|:rx|— - ]+E
{ﬂ+|ﬂr b a+bx

d« 1 1, |a+bx|
'[I[a+hr}l a[a+b1:|+azlnl X I.H:

[ =lm==l.c
x =1 2 |x+l

==|n

l=%x* 2 [1=x

+C

Id_t 1, [1+x

+

_[ dx 1 A+ X

at=x 2a |la=x

dx 1 -
[= = —Inf—— + C
X =g 2a |x+a

a’+x’ a a
wdx 1
_[Iz e -EIJ:L[:{z + uzJI|+ C

I dII- ! nrﬂm{xﬁ+ﬂ,ah:-ﬂ.
a+bx :-Iiﬂh a
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200.

[ |
a+bx® 2b

dx 1 | x |
. .[I[a+bxl}-lﬂlnlﬂ+hrj|+c

a02. In

a*-ba*'zab la—bx|

903 _[ dx |I£|_1+|:r—1.1|:r -dac +C
" Jdax+bx+c J b'=4ac [2ax+b++Jb*=4ac 1

+C

_[ dx |a+hr|

b =4ac=0.
dx 2 2ax+b
904, =
'[HI'=+|:|'1+E Jﬂhc—bz ;451:—1:
b* =4ac<0.

9.3 Integrals of Irrational Functions
905. J':I.‘h—h-id'um +C
ax + d

906. _[-u"ax+b-|:|.t-3i[u+h]}{ +C
d

907. J'Jﬂ H“:Ib}ﬁi +b+C
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908. [xax+bdx= ij":'fb}[um]% +C

.[ dx 1 |ax+b=sboac|
{1+c:|~.|ru+|:r Jbh=ac “|-'|.|||HI'|'|J +"Jh‘-ﬂl|:|
b=ac=0.

209.

C,

ax + b

* + 1,
ac=h

dx 1
910. = arctan
'[{1+c|-_d'u+|:r n-.luc—h

b=ac<0.

211.

_[ ax + b
cx +d
20D tnlyfalex +d) + flax +B)|+ €, a > 0.

i

iCaj |

912. | E:: dx-%.ﬁu+hlcr+d:|_

ad = b a[c:t+d

arctan

c+jac clax +b)

dx -l.,f{u +h)cx+d)=

+C, (a<0, c=>0).

913. _[xw'u + bx dx-I[hz'lhb”ﬁhixl}n.llia+hx}’ +C

105hk"

x'dx  2{8a’ —4abx +3b"x")
914. jm- Ja+bx +C

156"
dx 1 |a+bx=fa]
915. jrm-ﬂlul a+h1+4i|+c'”ﬂ'
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216.

a17.

918.

919.

920.

921.

922,

923.

924.

I g - 2 mmn}ﬂ‘ﬂz.n{ﬂ.
IEE'P'JI :I"—_u -

x+b
a+b

+C

I ::: d.t-.,ﬂa—x]:h+x}+[a+b]urﬁin

| :: dx==,f{a+xfb=x]=(a+b)arcsin '::: +C

l+x .
I =)l =x® 4 arcsin x +C

X3

_[ g =2arcsin +C
:,;'{:—:;Ib—a} bh=—a

ix=hb
4¢

+ bl-mun:sin 2ex—b +C
;:j ;I:r1+4a-|:

I"Jra+br—1::z dx = "qIIE +bx—cx” +

dx

'["JII-HIz-I'bI-I'E
ax=0.

: ln‘i'.-a:.+|:r+1q||n{u!+bx +cj+ﬂ.
a

I B - ! nrﬁinzu+hﬁf b =4ac+C,a<(.
J ‘ebx+c T
I+4.||11+E|1\+E

3
I"JIII +itd1-%‘\||11 +a° 'I'BElII.
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925,

926.

927,

928.

929,

930.

931.

932.

933.

934.

_[Iﬂ.lxi+ul .%{Iz +at}% +C

III xl+azd1-§[hi+ull'.llri+al—
. 1+411+az\+ﬂ
_['I L3 dx--' +In|:.+-.lx +a \+E

-
dx
I -|n|I+'n.||xi+aj\+E
Jx® +a’

2. 1
-JII +a X
I dy =m+fx® +a* +aln - +C
r 4
X a+4x +a

I njx myxi+a’ +C

2 :
X +a

3 :
dx
I - -E 1 +a’ —H—lnx+‘u|rz+ai\+{:
Jr*+a* 2 2

1 | x

dx
—_——]
'[I*-J11+E|1 -H “|u ++xt +a’
3
Iﬂ'rz—al -% 11—32—%In

+

1.+-..|||:n:1—il1 +C

'[I-Jx!—azd;-%{ri—ul}-’{ +IC
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935.

936.

a37.

938.

939.

240.

941.

942,

943.

944,

I x - dx=+x’ =a +aa.rc5m£+l:

X

I-I'-.j|I - \+C
I dx -|n|1+-..||xl—ui\+ﬂ
Jxt=at

I i mayyxi=a®+C

2  §
X =8

Ji

dx = -

J-ﬁ

3
x dx x a

I = ==y =g® 4+ —In
X =g’ 2

I-I"'JII!—HI\'I'I:

IL = ——E|1'c5i1:1i +
xyx'=a’ a X

I =

{_1.|.HHI a’ a x+a

2 1
X =3

+

dx

[T
ol adea
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9435.

946.

947.

948.

949,

950.

a951.

5.

953.

954.

I{Iz—ai}zdx-—irgxt—SulHII—El-I-

+3.?l|.u|r+ﬂ.l11—uz|+ﬂ

*
I‘l.lluz—xldx _%1',31_1: +%an:sin£+l:
a
II ai-xzd_t--jl[al-rz}};+ﬂ
Irzﬁﬂnl-rzdx-%(zxi—az M'Ell-rj +%EIEEi.I‘I£+(
a

(32
I a-x dx=+la’=x" +aln x +C
X a+afa’ =x'

Iu": J_ x

dx == - AT CSIN =4
a

dx
I marcsinx + C
1—11

_[ dx

al =

::d.x = -—ﬂ.‘ul-rz +C
-

¢
- =sin— +C

3 2
I Izdx == af =yt +H—EIEill£+E
:I-Ia - 2 2 a
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295,

956.

ao7.

960.

261.

l ja=x
.__

'[{1+u}q||7 a+Xx

+C

a+Xx

+C

. hr+a

'[ 1+bga - nﬂrﬂm

+C,b>a.

x+b

+C,
; -.-Jla -x' +a® +hx

'[ 1+bma -t mlﬂ

b<a.

_Ha - F;dl-i[Sﬂt—EI ha*=x +3%an:51ni+l:

I dx = X +C
(2 -xff atdai-x®

9.4 Integrals of Trigonometric Functions

962.

963.

Jsi.n xdx==cosx +C

Icnsxd.t-.r.inr-l-ﬂ
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964.

065.

966.

a967.

9638.

o69.

aro.

ar.

arad.

9ra.

ard.

1
Iﬁini Id:.-%—-sinlr+ﬂ

4
3 x 1,
Icurs xdxm—+—sin2x+C
2 4
- L 3 I- 1 1 3
IEIII. x dx = —cos 1—cn5I+E-Ecu53I—Em51+E

Icui"' xd_tniinx—iiin"'xﬂﬂniii]ﬂx 'I'iii.l'II'I'C

3 12 4

I -Iﬁcxdxnlnmnﬂ+ﬂ
sinx

[ jmdx..m.[g,,ﬂ“:
S X

I gx -IEE xdx==cotx+C

sinx
dx
I -Imc Xxdx =tanx +C
cos’ x
dx 1
_[ - -ItEE’-IdI-— 4:115:. +—lnt.nn£{+l:
sin” x 25in“x 2 2

I dJ_: --[5::"'1111- siay n[ +
CO5 X Teos” x

IEiII. Xeosx dx = —%cnslx +C
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a7a.

a7e.

arr.

ars.

ara.

280.

981.

982.

983.

984.

985.

986.

1
Isinixcnix d_tnisin*.tﬂ':

. 3 1
Islnxcus Id_t-—EEEl!i- x+C

. x 1 .
IEID.!IEDE]'IE'I-———EI.I'I*!-I.-FC

Itnn.tdx-—lnlm51|+ﬂ

sIn X 1
I —dx = +Cmsecx+C
COS™ X COSX

tun[i+E]—5in1+C
2 4

Imnl.tdx-tunx—1+ﬂ

Isinildx-ln

OS2

J'cm;d;-ln|sjm|+c

+ Cm=csex +C

Icuij dx =— 1

SN x SIM X

2

[=—dx=In

s5In X

tm%{+cﬂ51 +C

Icmlxdx-—cntx—xﬂ'.:

IL- |.1:|It.nn I.|+'E

COS X SIN X
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987.

988.

989.

990.

991.

992.

993.

994.

995.

996.

— = =—1|n
SIN° X COSX sinx

_[ dx 1

tuu[i+E]+E
2 4
mni{ﬂl

2

dx
I — —=tanx=cotx +(
SIN~ XCOS™ X

= + In

- :
S5INXCOs X COsX

_[ dx 1

sin{m + n:I:L 5in[m -nx

2{m+n) ' m=n) +C,

Isin mxsinnx dx ==
2 3
m #®#n .

cos(m +n Jx _cui[m—n:h:

2{m+n) m=n)

Isinnucuﬁn_tdx-— + i,
m® =n’.

sin{m + n x . sin{m =n .
{m +n) m=n] c

k

IEDS]III.EEIE-II.I dx =
2 z
m #=n.

Istcxtanxdx-m1+ﬂ

Ic.u: xcot xdx m=cs5cx + C

m=l

kS X

+

Isinxcm"xdx--
n+l

T |
51 X
+C

Isin" xcosx dx =
n-+1
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997. .arciinxdx-.tarﬁin1+*.|l-.ti +

998. .an:cusx dx=xarccosx =+ 1=x" +C

999. Iurﬂanxd;nxurﬂanx—%ln{xl +1)+C

1
1000. Iurccntxdx-.turccut.t+iln[.tz +l}+C

9.5 Integrals of Hyperbolic Functions

1001. [ sinh xdx = coshx + C

1002. [cosh xdx =sinhx + C
1003. [tanhx dx =Incoshx +C
1004. ..cuthxd_tnlnliinh1|+E
1005. _'mh*m-mhx +C

1006. [ csch®xdx m—cothx +C

1007. [ sechx tanh xdx m—sechx +C
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1008. _[mlumm vy m =cachx +C

9.6 Integrals of Exponential and Logarithmic
Functions

1009. J':‘d;-f +C

1010. J'rdx-“—-n:

Ina

1011. J'c" dxm=—sC

bz |
tn

1012. J'y_-" dx=—(ax=1)+C
d

1013. Ilnxdx-.tlnx—.tﬂ:

dx

xlnx

1u14.j

- lnlln 1|+l:

Inx

1015. J'x‘lnxdx-x“' -— |+
n+l (n+1f

asinbx =bcosbx

1016. [e” sinbx dx= ¢ +C
a +
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1017. Ic" cosbx dx = ROOABE + Daain ot e™ +C
a” +hb*

9.7 Reduction Formulas

1018. I.t"t"’dx -lx"c" —i'[.t"":"’dx

1019, [—dxmmr———r s — j:de,n:l.

1 - ]
1020. J'sa'nh“ xdx m— sinh™" = cosh ¥ —— J'sinh““’ xdy

n n
1021. | b . coshx -"'3_[ Y
sinh"x  (n=1)sinh"™" x n=17sinh™ x

m 1r n=1 ﬂ—] =1
1ﬂ22.fcn5h xdx = —sinhxcosh™ xcoshx + jcush xdx
n n
1u23.]’ I +“'1j S
cosh®*x  [n=1)cosh®'x n=17 cosh™*x

sinh™" xcosh™ x
n+m

js'mh- x cosh™?* xdx

1024. J'sinh" x cosh™ xdx =

m=1

n-+m

' hn—l Icﬂﬁhm“ X

1025. J'sinlf x coch™ wdy m—

-+ m
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n=1

Iiinh"'j x cosh™ xdx

n+m

1
10286. J'tmh“ xdx = ———tanh™ ujmh“" xdx, n#1,

n=1

1
1027. Itﬂﬂ'lu :nn:hn:-——-|:||:|ntl'|"_L.t.+j-|:u|:|ntl'1"_i xdx, n=1,

n=1

sech"“xtanhx o -2

1028. IE:ch"xdx = -[5::11"111:11 ,nel.

1l | =1

1029. I5in" Idl-—lii]:l.-_l XCOSX + n_l-l.ﬂ'n"'l.tdx
n n
1030. | dx L omX +"'1j dfz  nel.
sin"x  (n=1)sin""x n=17sin""x
1031. Icns" .td.x-lsin xcos™ ¥+ "-lfcns"'z xdx
n n
dx sin X n=2 dx
1032. - » aml,
Icns"x-[n—l}cns""x n—l'[cns"'ix B

m*~"' xcos™ x

1033. Isin"xcurs' wly
n+4+m

m=1

_[Ein" xcos™ " xdx

n + m

sin™ xcos™ x

1034. J's,m"xmsﬂ xdx = =

n+m
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m=1

+ Iiin"'j xcos™ xdx

n -+ m

1

n=1

1035. Itﬂ.‘l:l.u:tdl- tan™" x—-l.t.nn"_z xdx, n=1.

1036. Icnt" xdx == tﬂ-tn_l'l—j-l:ﬂ‘lu_z xdx, n=1.

m=1

" xtanx . n=2

1037. IEEE- wdx = = -I.El:c"'1 xdx , n=1

_3
csc" T Xxcotx . m=2

1038. IEE'III:[T.!— jm:"-*uh. n#

n=1 =]

[T | m
1039. _[x‘ln" cdxmaX 0 X _ m _[.t‘ln“’"xd.t
n+l n+1
= m m-1
1{14{1.]"’1 X rmm e X WM X nel,
x" (n=1p"" n=1 x"

1041. [In® xdx = xIn® 1—n.[|.11"" wlx

1042. [ x" sinh xdx = x" cnshx—n-[x"" cosh xdx

1043. ..t"cushxd.t-x" .rpinl'un:—njx"'L sinh xdx

1044, ..1'." 5in1d1-—1"cn5.t+nj.t"" cos xdx
1045. I.t" cosxdx =x" 5in1—nj x™ sin xdx
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|:|+I 1
1046. II s1n xdx- sin” % - I - dx
n+l n+17 4] =x?

|:|+I n
1047. II curs"xd.x- cos™ X + ! !- * dx

n+l n+ 17 af]=y?

==l n=I

tan™ x = jr —dx
n+l"1+x

1048. Ir'tnn'lrd.t- - l
n+

x b dx

a a"ax"+b

1u49.j X dr

dx =2ax=h
HJ[ +|:rx+4:r {n—lIb —‘I-E-EIHI +|::|t+1:;r|_l
- 220 - 3}! -I. n=l
(n=1){b* = 4ac) {ax1+hx wcf™

1050. j

1051. j dx

x +az}n An=- lhj[x +a rl " l:h 'I.{I +a r '

nel.

dx

:-t —ui:r i."{n Ih [1 :r

In=3

| {Il_alr-' .

1052. j

n=l.
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9.8 Definite Integral

b b
Definite integral of a function: If(x)dx > J‘g(x)l.x i

Riemann sum: gf(t‘.ji JAx

Small changes: Ax,
Antiderivatives: F(x), G(x)
Limits of integrations: a, b, ¢, d

1053. j f(x)dx= lim Zf(s,
-:Ax.-oﬁ'..
whcrc Ax, =x,=-x, ,, X, ,<E <x,.

¥

Figure 179.
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1054. :[l.dI =b=2a

1055. TH{x}d;-ki'f[x}:lx

1056, fl(c) s = i
1057. Ji(c)-g(c = ekix - [k
1058. _:[fl[x}d;- 0

1059. Tf{x}dx--If{x]Hx

1060. If{x}d;-:[f{x}d;+:rf{x}dx ko a-ccch,
1061. _Tf{x}dxz 0 if f(x)=0 on [a,b].

1062. _Tf{x}dxﬂ 0 if f(x)<0 on [a,b].
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1063. Fundamental Theorem of Calculus
If[r}d.t - P{Ilh =F(b)=Fla) if Flx)=f(x).
1064. Method of Substitution
If x= E{t ), then
[ £ ) = [ £(gft)Jg'( et

where

c=g™(a), d=g(b).
1065. Integration by Parts

b b

!.udv -{m'H: —Iﬂ:lu

1066. Trapezoidal Rule

=2t oot

2n
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y = fix)

0 X=@ Xy X, X4 X; X=b

Figure 180.

1067. Simpson’s Rule

if(x)dx - b;na [Fx, )+ 4f(x, )+ 2f(x,)+ 4f(x, )+

+2f(x.)+---+4f(x...)"f(x-)]’

where

X, ma+ i,i=0,1,2,...,n.
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y = f{x)

0 X=a8 X, X, X4 X; X&=b

Figure 181.

1068. Areca Under a Curve
§= [ f{x)dx = F(b)-F(a),

whc.rc Flx)=f(x).
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y = fix)

f\

Figure 182.

1069. Arca Between Two Curves
5 = [ [f(x)- glx )J4x = F(b)- G(b)~ F(a) + G{a),
whc.rc F(x)=f(x), G'(x)=g(x).
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\—//////~—~\l:ﬁﬂ

y =g(x)

Figure 183.

9.9 Improper Integral

b
1070. The definite integral I f(x)dx is called an improper integral
if
e aorbisinfinite,
o fl(x) has one or more points of discontinuity

in the interval [a.b].

1071. If f(x) is a continuous function on [a,=), then

jf(x)dx-.l'iﬂ'jf(x)ix.
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y=Rx)

Figure 184.
1072. If f(x) is a continuous function on (==,b], then

if(x)lx = lim jf(x)dx.

nos—r

Figure 185.
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Note : The improper integrals in 1071, 1072 are convergent
if the limits exist and are finite; otherwise the integrals are
divergent.

1073. ]Zf(x)dx = jf(x)d.x + If(x)l.x

y

y = f{x)

Figure 186.
If for some real number ¢, both of the integrals in the right
side are convergent, then the integral If(xhx is also
convergent; otherwise it is divergent. -

1074. Comparison Theorems
Let f(x)and g(x) be continuous functions on the closed

interval [a.ao). Suppose that 0<g(x)<f(x) for all x in
[a,).
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