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MATHEMATICAL MODEL OF OSCILLATIONS OF BEARING BODY
FRAME OF EMERGENCY AND REPAIR RAIL SERVICE CAR WITH
VARIABLE STIFFNESS AND MASS PARAMETERS

Abstract. This article covers the use of analytical technique of solutions for flexural
and longitudinal fluctuations of the bearing framework of a railcar body frame in the
form of an elastic core of variable section with a variable weight, flexural and
longitudinal rigidity. The calculation is performed for the modernization of the body
frame of emergency and repair rail service car, taking into account the variability of
section, mass, longitudinal and bending stiffness along the length to prolong the service
life of their useful operation in Joint-Stock Company "Uzbekistan Railways".

MATEMATHUYEKAS MOJIEJIb KOJIEBAHUI HECYHIEI'O KAPKACA PAMBI
KY30BA ABAPUMHO-BOCCTAHOBUTEJIbBHON ABTOMOTPUCHI C
I[NEPEMEHHBIMU )XECTKOCTHBIMU 1 MACCOBBIMU ITAPAMETPAMU

AnHoTanus. B maHHO# cTaThe MaHa aHATUTHYECKAsh METOAWKA PElIeHUI M3TUOHBIX U
MIPOJIONIHHBIX KOJEOAHMI HECYIEro Kapkaca paMbl Ky30Ba aBTOMOTPHICHI B BHIE
YOPYTOTO CTEpIKHSI IEPEeMEHHOTO CEYeHHsI C IEePeMEHHOW MAacCoi, W3THOHOW H
MIPOJIOTLHON KECTKOCTBIO.

1. INTRODUCTION

In modern foreign patent and scientific literature the problems of increasing the reliability and
strength of the frames, load-bearing body structure and components for rail vehicles during their
design, operation and modernization are extensively studied [1+2]. We offer an analytical-numerical
method based on the dynamic strength of the bearing body frame of emergency and repair rail service
car, assuming a beam-type pattern of its fluctuations with elastic fixing of the ends under harmonic
load as it moves along the track with periodic joint roughness.

This article provides a calculation algorithm for the simulation of stress-strain state of load-bearing
body frame of emergency and repair rail service car; it gives the results of numerical studies on stress-
strain state of bearing body frame structure of emergency and repair rail service car taking into
account the variability of section, mass, longitudinal and bending stiffness along its length; it outlines
the validity for the choice of diagnostic parameters for the evaluation of dynamic strength, reliability
and predictable service life of bearing body frame structure of emergency and repair rail service cars.
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Equivalent bearing body frame of emergency and repair rail service car was simulated by an elastic
rod with variable cross section, with variable mass, bending and longitudinal stiffness. The difference
between the proposed model and the existing ones [1 + 2] is an account of the variability of cross
section, mass, and the longitudinal and bending stiffness along the length of equivalent beam, which
corresponds to the actual conditions of operation. In existing methods of calculation a beam of
uniform strength is considered for the simplification, or an approximate calculation is carried out on
the model with lumped parameters, excluding elasticity. These approximate models in dynamics may
create an error up to 150 - 200% of the real strains and stresses. Therefore, in practice, pilot studies are
always performed and dynamic correction coefficients are introduced into the calculations of strength
and stability.

2. MATHEMATIC MODEL OF OSCILLATIONS
For the model proposed here, the parameters of the equivalent load-bearing body frame of the

locomotive are taken in the form of variable functions:
- The mass per unit length of the body frame of emergency and repair rail service car (kg/m)

mK(X)=mo*(a0+a1X+azX2), (D)
- the area of cross section
F (X)=Fo*(d,+d1 X +d2X?, (2

the length of the main bearing body frame of emergency and repair rail service car is 12.96 meters and
the X coordinate varies in the range 0 < X <12,96 m;

- the reduced moment of inertia of frame section on the axis Xc - Ix (cm?):
Ix (X)=1lo*(bo + b1 X+b2X?), @)

where the coefficients a,, ai, az, do, di, dz, bo, b1, b, obtained by approximation with use of spline-
functions [3] method on the basis of real data on the linear mass mx (X), the cross sectional area F (X),
given the inertia Ix (X).

- the reduced bending stiffness
Ky (X)=E*lx (X), 4)

where Ix ( X) is calculated by the formula (3).

The Figure 1 shows the general overview of the elements of the railcar with details of the impact of
forces, dimensions and location of the units mentioned in
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Fig. 1. Design scheme for the equivalent load-bearing frame of the body frame of railcar

An assumption is made that the body frame of rail service car is represented in the form of an
elastic rod (beam) with constant modulus of material elasticity E = const and the density p = const; it
has some static initial radius of deflection R. The equations of bending and longitudinal oscillations
for this model are taken by analogy with [3+4].

To analyze the stress-strain state of equivalent frame of bearing structure of emergency and repair
rail service car, the differential equations of bending and longitudinal oscillations of straight rods of
variable section are used (considering torsional oscillations relatively small compared to other
components) by analogy with [3+4].

mK(x)azu(z(,t)_EaF(X)_8U(X,t)_EF(X)82U()§,t):
ot X X X : 5)
, ,
:Nﬂ(x,t)+E6IX(x) 1 o (x)lw
oX
mK(X)azw(iat) El (X)a“vv(x t) EGZIX(ZX)‘azw()Z(,t):
ot X X X ©)
=P, (X, t)+= { 1x(X) +21,(X)- M}
R| oX? oX?

After substituting the equations (1)+(4) and their derivatives in the system of differential equations
(5)+(6) we obtain the nonlinear equations of the form:
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2 \[8%U (X t) au(x,t)
)—at —E[FO-(1 2d x) .
2
—E[FO-(d0+d1X +d2x2)%=Nﬂ(x,t)+ ; @)

10%W(X,t
%3

+E-[l, -(b1+2b2x)]-Ri2+2E-[|o -(bo +byX +b2x2)]-E

N—"

[mo‘(ao+alx+a2 )]a [' ( +b1x+bzxz)]'—64w(§’t)+
+E'2b2"0% Pr(x.t)+ E‘{sz'o”‘['o‘(bo*blx+b2x2)]'_63;£>3(’t)]

Dividing term by tern each of the equations of the system (7)+(8) by mk (X), the entire frame of the
body is divided into 120 points (X coordinate varies in the range of 0 < X <12,96 m), for each of the
given K-section the coefficients in the equations of the system (7)+( 8) are constant and they could be
introduced by iteration method (piecewise linear approximation) into computer solution in the
procedure similar to the ones in [3+4].

After the introduction of notations, we obtain the equations of the form:

FUXY) _p ) D) g )a U(Xt) e (X) s nats
ot oX ; o
+ Dy (X) + By (X) e
%ﬁ’t) + Aca(X )aAW(X J BKZ(x).%:
3 ' (10)
:CKZ(X)'CoanOt+DKZ(X)+EK2(X).%

where the following notation are introduced:
- for longitudinal oscillations of the body frame of rail service car — an equation (9)

EF,(d, +2d,X 2
AL (X) = o(d; +2d,X) BKl(X):EFO(dO+d1X+d2x )

m, (X) m, (X)

N (X) _(2n-1)-7- X

X)=—"2 Ny (X)=Ny, sin—>—"—|
Kl( ) K(X) AK( ) A-n 2£0
Here the horizontal external dynamic load is taken in the form:
N (X 1) = NA,nsinM-sin not (12)

0
where n = 1,2,3...5 — is a number of harmonics, N;» — is taken according to experimental data
obtained, depending on different modes of loading:
DKl(X)zE-(lo-(bl+2b2x))_i2
my (X) R

E-(1,-(b, +b,X +b,X?)) 1
m, (X) R

; EK1(X) = 2
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- for bending (transverse) oscillations of the body frame of rail service car — an equation (10)

E-(Iy- (b, +b,X +b,X?)) 2E (1, -b,)
X)= b ’ ; By, (X)=——20 "2/
hal0) me (X) <7000
X) _ . 7-n-X
< PxX) P (X)=P,_sin
e T B
Here the vertical external dynamic load is taken in the form:

P, (X,t) =P, sin 12X

-cosnat (12)
0

where n = 1,2,3...5 — is a number of harmonics, P — — is taken according to experimental data

obtained, depending on different modes of loading.

00-£ ( bB) . £ (x)= 26 (1 (b +BX +b,X*)) 1
Ore m () m, (X) R

The solution of the system (7) +(8) is performed with the linearization by Simpson’s method, then
Fourier method is applied to the differential equations with constant coefficients with further
application of operational Laplace transform in time; numerical studies are carried out by the methods
of piecewise linear approximation and boundary elements method, similar to the procedures given in
[3+4] in Mathcad 14 programming environment. Initial conditions are taken as zero ones, and the
boundary conditions - in the form of elastic fixing of the ends.

Thus, it is possible to find a general solution of differential equations of bending and longitudinal
oscillations of the body frame of emergency and repair rail service car (9) and (10) in the form:

coshwt —Ccos A, t
W X t W X * K2 2n
(0= T OG5

+W, -cos i, t+

D 1 ; (13)
+[W(K)2) +Vy ]*%n -sin A, t}
ki No-sin A t—A4, sinnot .
U(t)_U(X) na)-ﬂm-(zn—( )2) +U,-cosA, t+
DKl *_— 1 H O(X) K2 *
+[U(X)+V] i Smﬂl”HU(X) {VV(X) W, (t) +
W cosA,t—cosA,t Dy, ,SinA,t—sin Alnt+ ’ (14)
’ ﬂlzn_/ﬁn W(X) ﬂlzn_ﬂ“gn
+ Vi .Sin /’th__:;n ﬂ'lnt}
where
W, (t) = COS A, t B cosnat B
' (ﬂ’lzn _(nw)z)' (ﬂén _ﬂ‘fn) (ﬂlzn _(na))z)' (ﬂ’gn - (na))z) 15
COS A, t (15)

(2, (o)) (2, - 2)

Thus, as a result of using the method of iterations and piecewise linear approximation we have
managed to obtain an analytical and numerical solution for the analysis of joint bending and
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longitudinal oscillations of the bearing body frame of emergency and repair rail service car in the form
of a model of an elastic rod of variable cross section, mass, bending and longitudinal stiffness as it
moves along the track with periodic joint roughness.

In order to better understand and make thorough analysis and conclusions, simulation of the
mathematical model was carried out using testing railcars with simulation workplace. The idea behind
the experiment was to install in the frame control unit so called damping subfloor element. The results
of the simulation experiment are summarized in Table 1.

Tab.1
Results of simulation experimental data

Checkpoint The low- The maximum The Bending stress (in
measurements frequency amplitude of longitudinal the center),
of vibrations component vibration tension (in the
and stresses of the acceleration, center of the MPa
acceleration, m/s? frame),
Hz MPa
5 5 5 5
£ |2 | £ > |£E | |E >
S 3 S 3 S 3 < 3
d |F |8 |E |d |£ |& |F
Frame body
control
(including 2,59 | 2,64 | 14,06 - 3,2 3.1 28 29.1
damping
subfloor)
Frame body
control
(standard 2,07 | 2.17 15.2 - 3.3 3.2 31 30,7
design)

As can be observed from Table 1, experimental data received from simulation is to the greatest
extent in accordance with calculated mathematical model and very small deviation. Accordingly, the
total stress-strain state with the introduction of the damping subfloor in the frame body structure of
railcars decreased by about 11 + 15%, depending on the loading conditions that will facilitate the
operation of the extension of the useful life. The total dynamic voltage does not exceed the tensile
strength in the experiment ranged from 15.3 MPa to 41.23 MPa.

Hence, the results of both mathematical model based on experiment (simulation) is in line with
proposed improvements for the railcars.

3. CONCLUSION

On the basis of numerical studies and comparative analysis with experimental data we have stated
the following quality patterns:

1. Bending stresses appearing in the center of the length of the body frame of emergency and repair
rail service car at speeds up to 50 km/h, as it moves along the track with periodic roughness, do not
exceed the ultimate strength of the material, and in average range from 15 to 40 MPa depending on
loading modes (the rate of motion).

2. Longitudinal stresses appearing in the center of the length of the body frame of emergency and
repair rail service car at speeds up to 50 km/h, as it moves along the track with periodic roughness, are
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about 20 + 25% of the bending stresses (from 3 to 10.4 MPa ). They reach their maximum values at
breakaway and braking modes.

Accordingly, the use of mathematical modelling in modernization and extension of useful life of
railcars is highly applicable given the importance of low cost maintenance and use of railway
resources effectively. The results of the simulation and mathematical modelling will be implemented
in real life conditions and will be compared with data on mathematical calculations and simulation.
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