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MATHEMATICAL MODEL OF OSCILLATIONS OF BEARING BODY 

FRAME OF EMERGENCY AND REPAIR RAIL SERVICE CAR WITH 

VARIABLE STIFFNESS AND MASS PARAMETERS 
 

Abstract. This article covers the use of analytical technique of solutions for flexural 

and longitudinal fluctuations of the bearing framework of a railcar body frame in the 

form of an elastic core of variable section with a variable weight, flexural and 

longitudinal rigidity. The calculation is performed for the modernization of the body 

frame of emergency and repair rail service car, taking into account the variability of 

section, mass, longitudinal and bending stiffness along the length to prolong the service 

life of their useful operation in Joint-Stock Company "Uzbekistan Railways". 

 

 

 

МАТЕМАТИЧЕКАЯ МОДЕЛЬ КОЛЕБАНИЙ НЕСУЩЕГО КАРКАСА РАМЫ 

КУЗОВА АВАРИЙНО-ВОССТАНОВИТЕЛЬНОЙ АВТОМОТРИСЫ С 

ПЕРЕМЕННЫМИ ЖЕСТКОСТНЫМИ И МАССОВЫМИ ПАРАМЕТРАМИ 
 

Аннотация. В данной статье дана аналитическая методика решений изгибных и 

продольных колебаний несущего каркаса рамы кузова автомотрисы в виде 

упругого стержня переменного сечения с переменной массой, изгибной и 

продольной жесткостью. 

 

 

1. INTRODUCTION 
 

In modern foreign patent and scientific literature the problems of increasing the reliability and 

strength of the frames, load-bearing body structure and components for rail vehicles during their 

design, operation and modernization are extensively studied [12]. We offer an analytical-numerical 

method based on the dynamic strength of the bearing body frame of emergency and repair rail service 

car, assuming a beam-type pattern of its fluctuations with elastic fixing of the ends under harmonic 

load as it moves along the track with periodic joint roughness.  

 

This article provides a calculation algorithm for the simulation of stress-strain state of load-bearing 

body frame of emergency and repair rail service car; it gives the results of numerical studies on stress-

strain state of bearing body frame structure of emergency and repair rail service car taking into 

account the variability of section, mass, longitudinal and bending stiffness along its length; it outlines 

the validity for the choice of diagnostic parameters for the evaluation of dynamic strength, reliability 

and predictable service life of bearing body frame structure of emergency and repair rail service cars. 
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Equivalent bearing body frame of emergency and repair rail service car was simulated by an elastic 

rod with variable cross section, with variable mass, bending and longitudinal stiffness. The difference 

between the proposed model and the existing ones [1 ÷ 2] is an account of the variability of cross 

section, mass, and the longitudinal and bending stiffness along the length of equivalent beam, which 

corresponds to the actual conditions of operation. In existing methods of calculation a beam of 

uniform strength is considered for the simplification, or an approximate calculation is carried out on 

the model with lumped parameters, excluding elasticity. These approximate models in dynamics may 

create an error up to 150 - 200% of the real strains and stresses. Therefore, in practice, pilot studies are 

always performed and dynamic correction coefficients are introduced into the calculations of strength 

and stability. 

 

 

2. MATHEMATIC MODEL OF OSCILLATIONS  
 

For the model proposed here, the parameters of the equivalent load-bearing body frame of the 

locomotive are taken in the form of variable functions: 
- The mass per unit length of the body frame of emergency and repair rail service car (kg/m) 

m K  ( X ) = m O * (ао + a 1 X + a 2 X
2),                                                        (1) 

- the area of cross section 

F  ( X ) =F O *(dо +d 1 X + d 2 X
2),                                                             (2) 

the length of the main bearing body frame of emergency and repair rail service car is 12.96 meters and 

the X coordinate varies in the range 96,120  Х  m;  

 - the reduced moment of inertia of frame section on the axis ХС   -  IX   (cm4):  

   IX  ( X ) = IО * (bO   +  b 1 X + b 2 X
2 ),                                                         (3) 

 

where the coefficients ao, a1, a2, d0, d1, d2, b0, b1, b2 obtained by approximation with use of spline-

functions [3] method on the basis of real data on the linear mass mK (X), the cross sectional area F (X), 

given the inertia IX (X). 

 

 - the reduced bending stiffness 

Ж И  ( X ) = Е *IX  ( X ) ,                                                                            (4) 

 

where IX  ( X )  is calculated by the formula (3).   

 

The Figure 1 shows the general overview of the elements of the railcar with details of the impact of 

forces, dimensions and location of the units mentioned in 
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Fig. 1. Design scheme for the equivalent load-bearing frame of the body frame of railcar 

 

An assumption is made that the body frame of rail service car is represented in the form of an 

elastic rod (beam) with constant modulus of material elasticity E = const and the density ρ = const; it 

has some static initial radius of deflection R. The equations of bending and longitudinal oscillations 

for this model are taken by analogy with [3÷4]. 

 

To analyze the stress-strain state of equivalent frame of bearing structure of emergency and repair 

rail service car, the differential equations of bending and longitudinal oscillations of straight rods of 

variable section are used (considering torsional oscillations relatively small compared to other 

components) by analogy with [3÷4]. 
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After substituting the equations (1)÷(4) and their derivatives in the system of differential equations 

(5)÷(6) we obtain the nonlinear equations of the form: 
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Dividing term by tern each of the equations of the system (7)÷(8) by mK (X), the entire frame of the 

body is divided into 120 points (Х coordinate varies in the range of 96,120  Х m), for each of the 

given К-section the coefficients in the equations of the system (7)÷( 8) are constant and they could be 

introduced by iteration method (piecewise linear approximation) into computer solution in the 

procedure  similar to the ones in [3÷4]. 

 

After the introduction of notations, we obtain the equations of the form: 
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where the following notation are introduced: 

- for longitudinal oscillations of the body frame of rail service car – an equation (9) 
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Here the horizontal external dynamic load is taken in the form: 
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where  n = 1,2,3…5 – is a number of harmonics, NДn – is taken according to experimental data 

obtained, depending on different modes of loading: 
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- for bending (transverse) oscillations of the body frame of rail service car – an equation (10) 
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where  n = 1,2,3…5 – is a number of harmonics,  PДn – – is taken according to experimental data 

obtained, depending on different modes of loading. 
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The solution of the system (7)(8) is performed with the linearization by Simpson’s method, then 

Fourier method is applied to the differential equations with constant coefficients with further 

application of operational Laplace transform in time; numerical studies are carried out by the methods 

of piecewise linear approximation and boundary elements method, similar to the procedures given in 

[3÷4] in Mathcad 14 programming environment. Initial conditions are taken as zero ones, and the 

boundary conditions - in the form of elastic fixing of the ends. 
 

Thus, it is possible to find a general solution of differential equations of bending and longitudinal 

oscillations of the body frame of emergency and repair rail service car (9) and (10) in the form: 
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Thus, as a result of using the method of iterations and piecewise linear approximation we have 

managed to obtain an analytical and numerical solution for the analysis of joint bending and 
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longitudinal oscillations of the bearing body frame of emergency and repair rail service car in the form 

of a model of an elastic rod of variable cross section, mass, bending and longitudinal stiffness as it 

moves along the track with periodic joint roughness. 

 

In order to better understand and make thorough analysis and conclusions, simulation of the 

mathematical model was carried out using testing railcars with simulation workplace. The idea behind 

the experiment was to install in the frame control unit so called damping subfloor element. The results 

of the simulation experiment are summarized in Table 1.  

 

Tab.1 

 Results of simulation experimental data 
Checkpoint 

measurements 

of vibrations 
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The low-
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acceleration, 

Hz 
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Frame body 

control 
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2,07 

 

 

2.17 

 

 

15.2 

 

 

- 

 

 

3.3 

 

 

3.2 

 

 

31 

 

 

 

30,7 

 

As can be observed from Table 1, experimental data received from simulation is to the greatest 

extent in accordance with calculated mathematical model and very small deviation. Accordingly, the 

total stress-strain state with the introduction of the damping subfloor in the frame body structure of 

railcars decreased by about 11 ÷ 15%, depending on the loading conditions that will facilitate the 

operation of the extension of the useful life. The total dynamic voltage does not exceed the tensile 

strength in the experiment ranged from 15.3 MPa to 41.23 MPa. 

 

Hence, the results of both mathematical model based on experiment (simulation) is in line with 

proposed improvements for the railcars. 

 

 

3. CONCLUSION 

 
On the basis of numerical studies and comparative analysis with experimental data we have stated 

the following quality patterns: 

1. Bending stresses appearing in the center of the length of the body frame of emergency and repair 

rail service car at speeds up to 50 km/h, as it moves along the track with periodic roughness, do not 

exceed the ultimate strength of the material, and in average range from 15 to 40 MPa depending on 

loading modes (the rate of motion). 

2. Longitudinal stresses appearing in the center of the length of the body frame of emergency and 

repair rail service car at speeds up to 50 km/h, as it moves along the track with periodic roughness, are 



Mathematical model of oscillations of …  225. 
 

  

about 20 ÷ 25% of the bending stresses (from 3 to 10.4 MPa ). They reach their maximum values at 

breakaway and braking modes. 
Accordingly, the use of mathematical modelling in modernization and extension of useful life of 

railcars is highly applicable given the importance of low cost maintenance and use of railway 

resources effectively. The results of the simulation and mathematical modelling will be implemented 

in real life conditions and will be compared with data on mathematical calculations and simulation. 
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