
THE MINISTRY OF HIGHER AND SECONDARY SPECIAL 

EDUCATION OF THE REPUBLIC OF UZBEKISTAN 

 

SAMARKAND STATE UNIVERSITY NAMED AFTER ALISHER 

NAVOI 

 

THE FACULTY OF MECHANICS AND MATHEMATICS 

 

THE DEPARTMENT OF PROBABILITY THEORY AND 

MATHEMATICAL STATISTICS 

Based on the manuscript rights 

UDK 519.21 

DJALILOV ALISHER 

 

DUALITY RELATIONS FOR THE PRIORITY QUEUE 

SYSTEMS AND TRANSITIONAL POSITIONS 

 

GRADUATING MASTER DEGREE’S DISSERTATION 

SPECIALTY —5A130102 – PROBABILITY THEORY AND 

MATHEMATICAL STATISTICS 

 

 
 

Dean of the faculty: Ass.Prof. X.X Ruzimuradov 

The head of the chair:Prof.J.I.Abdullayev 

Research supervisor:Ass.Prof. H. Kurbanov 

 

 

SAMARQAND - 2016 

 



3 
 

Contents 

Introduction……………………………………………………………………3 

Chapter I. The review and some known results on the duality relations 

        §-1.1. The brief review of articles on some duality results in the theory 

of queues………………………..……………………………………………….6 

       §-1.2. The duality relation between distributions of the queue sizes of 

the dual systems 𝑴 𝑮 𝟏|𝑵 and 𝑮 𝑴 𝟏|𝑵 − 𝟏…………………………….....10 

       §-1.3. On inverse queuing processes…………………………………….13 

Chapter II.  The duality relations in the systems 𝑴 𝑮 𝟏|𝑵 and 𝑮 𝑴 𝟏|𝑵 − 𝟏  

       §-2.1. Relation between the stationary queue sizes of the service systems 

𝐌|𝐆|𝟏 and 𝐌 𝐆 𝟏|𝐍…………………………………………………………...26 

       §-2.2. Duality relations for the distributions of non-stationary queue 

sizes of the models queue systems 𝐌 𝐆 𝟏|𝐍 and 

𝐆𝐉 𝐌 𝟏|𝐍……………………………………………………………………….30 

Chapter III. The duality relations in the priority systems 

       §-3.1. The relationship between distributions of the queue sizes of 

ordinary customers in the priority queue systems 𝑴    𝟐 𝑮   𝟐 𝟏|𝑵𝟏, 𝑵𝟐 and 

𝑴    𝟐 𝑮   𝟐 𝟏|𝑵𝟏,∞……………………………………...………………………….35 

       §-3.2. Duality relations between distributions of the queue sizes non-

stationary pressing customers in the systems 𝑴𝟏𝑴𝟐 𝑮𝟏𝑮𝟐 𝟏|𝑵𝟏, 𝑵𝟐 and 

𝑮𝑱𝟏𝑴𝟐 𝑴𝟏, 𝑮𝟐 𝟏|𝑵𝟏 − 𝟏,𝑵𝟐 ………………………………....………...….....38 

       §-3.3. Duality relation of the means busy period for the service systems 

𝐌 𝐆 𝟏|𝐍 and 𝐆𝐉 𝐌 𝟏|𝐍 − 𝟏 ……………………………………….................43 

Conclusion……………………………………………………………………..48 

References………………………………………………………………….….51 

 

 

 

 

 



4 
 

 

Introduction 

1. Statement and urgency of the problem. Consider two single-server 

queuing systems 𝑀 𝐺 1 and 𝐺|𝑀|1 which are characterized as follows: in the 

system 𝑀 𝐺 1, let the customers arrive in a Poisson process with parameter 𝜆𝑡, 

in the system 𝐺|𝑀|1 this means that service – time distribution is negative 

exponential with mean 𝜆−1. Similarly, let the service times in the queue 𝑀 𝐺 1 

and the interarrival times in the system  𝐺|𝑀|1 be independent and identically 

distributed random variables with the distribution function 𝐵(𝑥). The systems 

obtained in this manner are called ―dual systems‖. 

―Duality‖ in queuing theory refers to interchanging the interarrival time 

and service time distributions of a queue. The new system obtained in this 

manner is considered the dual of the original system, and conversely. The value 

of the concept is that the distribution of certain random variables for one system 

can often be expressed in terms of distributions of variables in the dual; knowing 

the solution for one system leads to the solution for the other. 

The authors well-known scientific works have established and have used 

duality relationship for the systems 𝑀 𝐺 1 and 𝐺 𝑀 1 or for the systems 

𝑀 𝐺 1|𝑁 and 𝐺 𝑀 1|𝑁 where arrive customers the same type. Statement of a 

question consists in the establishing duality relationship between distributions of 

the characteristics of the dual priority queue systems where arrive customers of 

two types.  

Duality in the queuing theory has been discussed by Finch, Foster,Ghocal, 

Gordon, Newell, Makino, Daley, Bhat, Takacs, Shanbhag, Shahbazov, Azlarov, 

Tashmanov, Kurbanov([1] – [3], [5] – [9], [13] – [20]) and others for the 

characteristics of the queue systems 𝑀 𝐺 1 , 𝐺 𝑀 1 , 𝐺 𝐺 1 , 𝑀 𝐺 1|𝑁 , 

𝐺 𝑀 1|𝑁 − 1. 

In this dissertation work several duality relations obtained for the queue 

size distributions of the priority queue systems 𝑀𝑀         𝐺𝐺       1|𝑁1𝑁2 and 
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𝐺𝑀        𝑀𝐺        1|𝑁1𝑁2. Established some relations between distributions of the 

stationary queue sizes of the queue systems 𝑀 𝐺 1 and 𝑀 𝐺 1|𝑁, also, between 

distributions of the stationary queue sizes of the priority queue systems 

𝑀𝑀         𝐺𝐺       1|∞,∞ and 𝑀𝑀         𝐺𝐺       1|𝑁,∞. 

2. Object and subject of investigations. 

The object of investigation  - the priority queue systems 𝑀𝑀         𝐺𝐺       1|∞,∞ , 

𝑀𝑀         𝐺𝐺       1|𝑁1, 𝑁2 , 𝐺𝑀        𝑀𝐺        1|𝑁1, 𝑁2 . 

Subject of investigations  – the distribution of stationary queue sizes and 

non-stationary queue sizes. 

3. Purpose and tasks of the investigations. Purpose of this work is 

establishment the duality relations between queue size distributions for the 

priority systems which have been obtained between queue size distributions for 

the systems  𝑀 𝐺 1|𝑁 and 𝐺 𝑀 1|𝑁 − 1, also, determination the methods of 

using duality relationship for the investigation priority systems. With this 

purpose are defined the following tasks: study the works on the duality relations 

and methods of their using, application these methods for obtaining new results 

for the dual priority queue systems 

4. The basic problems and conjectures of investigations: 

a) the establishing a relationship between stationary queue size 

distributions in the system 𝑀|𝐺|1 and 𝑀 𝐺 1|𝑁; 

b) the establishing a relationship between stationary queue size 

distributions in the priority queue systems 𝑀𝑀         𝐺𝐺       1|∞,∞ and 𝑀𝑀         𝐺𝐺       1|𝑁,∞; 

c) the establishing a duality relation between stationary queue size 

distributions in the dual priority queue systems 𝑀𝑀         𝐺𝐺       1|𝑁1𝑁2 and 

𝐺𝑀        𝑀𝐺        1|𝑁1 − 1,𝑁2 

5. Research methods. In this work were used common research methods of 

the probability theory, methods of the renewal process, method of introducing 



6 
 

the concept of ―service cycle‖, method of introducing an additional variable, 

method of birth and death process. 

6. Theoretical and practical significance of this work. It is known that 

connection with the technical difficulties the priority queue systems of type 

𝐺𝐺       𝑀𝑀         1 are little studied. The relations established in this work give 

possibility transforming some results defined by 𝑀𝑀         𝐺𝐺       1 into the queue 

system 𝐺𝐺       𝑀𝑀         1 and conversely. Also, by applying these relations it is 

possible to obtain some results considerably easily. Knowing the solution for 

one system leads to the solution for the other. 

7. Scientific novelty. It is now known results on the duality relations 

between distributions of the characteristics of dual priority queue systems. In 

this dissertation work for the first time established duality relation between 

distributions of the stationary queue sizes of the priority queue systems 

𝑀𝑀         𝐺𝐺       1|𝑁1𝑁2 and 𝐺𝑀        𝑀𝐺        1|𝑁1 − 1,𝑁2 

8. Composition of the dissertation work. The dissertation work consists of 

the introduction, three chapters(the six paragraphs) and conclusion. Volume of 

this work the 50 pages. 

In chapter I is given a brief review of basic scientific works of the duality 

relations, also, is proved the result obtained by Kurbanov [_] for the dual queue 

system 𝑀 𝐺 1|𝑁 and 𝐺𝐽 𝑀 1|𝑁 − 1. In chapter II are considered the relations 

established between stationary queue sizes distributions of the systems 𝑀|𝐺|1 

and 𝑀 𝐺 1|𝑁, also, between stationary queue size distributions in the priority 

queue systems 𝑀𝑀         𝐺𝐺       1|∞,∞ and 𝑀𝑀         𝐺𝐺       1|𝑁,∞. In chapter III is 

established duality relation between stationary queue size distributions of the 

priority queue systems 𝑀𝑀         𝐺𝐺       1|𝑁1, 𝑁2 and 𝐺𝑀        𝑀𝐺        1|𝑁1, 𝑁2. 
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Chapter I. The review and some known results on the duality 

relations. 

§ – 1.1. The brief review of articles on some duality results in 

the theory of queues 
―Duality‖ in queuing theory refers to interchanging the interarrival time 

and service time distributions of a queue. The new system obtained in this 

manner is considered the dual of the original system, and conversely. The value 

of the concept is that the distribution of  certain random variables for one system 

can often be expressed in terms of distributions of variables in the dual; knowing 

the solution for one system leads to the solution for the other. 

Several authors have used duality relationships in this manner: 

1.Takacs L. [13] derived some duality relationships both for system 𝑀|𝐺|1 

and 𝐺|𝑀|1 variables at a specified time and at specified epochs of arrival and 

departure. 

Consider two independent families of random variables   𝜍𝑗 , 𝑗 = 1,2,…   

and {𝜏𝑗 , 𝑗 = 1,2,… }. The 𝜍𝑗  are independently and identically distributed with 

distribution function 𝐴(𝜍) and 𝜏𝑗  are independently and identically distributed 

with distribution 𝐵(𝜏). 

The queue discussed thus far can be denoted by 𝐺𝐴|𝐺𝐵|1. If the interarrival 

and service time distributions are interchanged, the resulting 𝐺𝐵|𝐺𝐴|1 queue has 

independently and identically distributed interarrival times  𝜍1
′ , 𝜍2

′ , …   with 

distribution function 𝐵(𝜍) and independently and identically distributed service 

time{𝜏1
′ , 𝜏2

′ , … } with distribution function 𝐴(𝜏). 

Let 

𝑘 𝑡 =  𝜏𝑖
𝑟 𝑡 
𝑖=1   , where 𝑟 𝑡 = max⁡{𝑖:  𝜍𝑗 < 𝑡𝑖

𝑗=1  

𝑘′ 𝑡 =  𝜏𝑖
′𝑟′(𝑡)

𝑖=1   where 𝑟′ 𝑡 = max⁡{𝑖:  𝜍𝑗
′ < 𝑡}𝑖

𝑗=1 . 



8 
 

Takacs has defined the dual of a queue in terms of the 𝑘 𝑡 𝑜𝑟 𝑘′(𝑡) 

process. In accordance with his definition the dual of the 𝑘′(𝑡) process is  

𝑘′′  𝑡 = sup
0<𝑦<∞

{𝑘′ 𝑦 < 𝑡} . 

The duality is a result of identity of the events 

 𝑘′′  𝑡 < 𝑥  ⟺  𝑘′ 𝑥 > 𝑡  . 

2. Shanbhag D.N.[14] applied duality techniques to 𝑀|𝐺|1 queues with 

batch service and finite waiting space and their duals – 𝐺|𝑀|1 queues with batch 

arrivals and finite waiting space. In this paper, an application is given in which 

the joint distribution at the number server in a busy period and the length of the 

period are related to those same variables in the dual system.   

3. Greenberg J. [15] Consider two dual systems 𝐺𝐴|𝐺𝐵|1 and 𝐺𝐵|𝐺𝐴|1 

obtained above. Let 𝜈(0) be a random variable independent of the 𝜍𝑗  and 𝜏𝑗  with 

𝑐 𝜈 = 𝑃(𝜈 0 < 𝜈). Define  

𝜌0 = min𝑗 {𝑗:  𝜍𝑖 > 𝜈 0 +
𝑗
𝑖=1  𝜏𝑖

𝑗−1
𝑖=1 }, if there exists such a 𝑗 = ∞,  

otherwise; 

𝜌0
′ = min𝑗 {𝑗:  𝜍𝑖

′ > 𝜈′ 0 +  𝜏𝑖
′𝑗−1

𝑖=1
𝑗
𝑖=1 } , if there exists such a𝑗 = ∞,  

otherwise; 

𝜃0 = inf⁡{𝑡: 𝑘 𝑡 + 𝜈 0 = 𝑡} , if there exists such a 𝑡 = ∞, otherwise; 

𝜃0
′ = inf𝑡>0{𝑡: 𝑘′ 𝑡 +𝜈′ 0 = 𝑡}, if there exists such a t𝑡 = ∞ , otherwise 

Obtained the following relations: 

 𝜃0 < 𝑡, 𝜃0 < ∞ ⟺  𝜃0
′ < 𝑡, 𝜃0

′ < ∞ , 

 𝜌0 < 𝑡, 𝜃0 < ∞ ⟺  𝜌0
′ < 𝑡, 𝜃0

′ < ∞ , 

4. Daley D.J. [16] Noted that in a single server queue with impatient 

customers who depart at time 𝑘 if their service has not been completed, the 

waiting time of the n-th customer is the dual of 𝑘 minus waiting time of the n-th 

customer in the dual system; the distribution of one is conveniently represented 

in terms of the distribution function of the other. 

5. Bhat N. [17] Considered queues with a maximum of C waiting spaces 

and used duality principles to relate the time of the first ―overflow‖ for the 
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𝑀|𝐺|1 and 𝐺|𝑀|1 queue, the time measured in terms of the number of arriving 

or departing customers before overflow. 

6. Foster F.G. [18] considered queues with maximum of N waiting spaces 

and derived duality principles to relate the number of customers to the number 

of waiting spaces, since the number of customers to the number of waiting 

spaces decreased by one as the number of customers increased by one. In 

relationship between the number of customers and the number of waiting spaces, 

the arrival and service processes are simply reversed. This is the reason why the 

dual system in a single–server queuing system has commonly been defined by 

interchanging the arrival process and the service process in the primary system. 

On the other hand, duality in tandem queuing systems has been applied only to 

the following special cases.  

7. Yamazaki G and Sakasegawa H. [19] considered cyclic queuing systems 

where N customers advanced sequentially in clockwise. They studied the 

relationship between a customers and a waiting space as follows: when a 

customer completed his service at the 𝑖-th stage and advanced to the  𝑖 + 1 -th 

stage, waiting spaces at the (𝑖 + 1)-th stage were decreased by one and those at 

the 𝑖-th stage were increased by one just like one of waiting spaces at the(𝑖 +

1)-th stage completed her ―service‖, that is, waiting spaces advanced 

sequentially in counterclockwise. Therefore they defined the dual system as 

reversing the order of service in the primary system. 

8. Makino S. [20] analyzed the reversibility for some two and three stage 

tandem queuing system where he compared the ordinary system with the 

reversed order-of-service system. 

9. Shahbazov A. [9] Considered the dual systems 𝑀 𝐺 1|𝑁 and 

𝐺 𝑀 1|𝑁 − 1. Are denoted by 𝜉1(𝑡) and 𝜉2(𝑡) the queue size at time 𝑡 of the 

systems 𝑀 𝐺 1|𝑁 and 𝐺 𝑀 1|𝑁 − 1, respectively. 

Let 𝑡1 , 𝑡2, … 𝑡𝑛  are moments of the service termination of the customers in 

the system 𝑀 𝐺 1|𝑁 and 𝑡1
′ , 𝑡2

′ , … 𝑡𝑛
′ , … are moments of the arrival of the 

customers in the system 𝐺 𝑀 1|𝑁 − 1. 
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Denote 

𝜉𝑛 = 𝜉1 𝑡𝑛 + 0    , 𝜉𝑛
′ = 𝜉2 𝑡𝑛

′ − 0   . 

In the article proved the following relation: 

lim
𝑛→∞

𝑃 𝜉𝑛 = 𝑘 = lim
𝑛→∞

𝑃 𝜉𝑛
′ = 𝑁 − 𝑘 , 𝑘 ≥ 0 

10. Azlarov T.A. and Kurbanov H. [2] In their article is generalized the 

result of Shahbazov and obtained following equality: 

𝑃  
𝜉𝑛 = 𝑘

𝜉1(0) = 𝑗  = 𝑃 
𝜉𝑛
′ = 𝑁 − 𝑘

𝜉2 0 = 𝑁 − 𝑗 + 1  ,      𝑘 = 0,𝑁      . 
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§-1.2. The duality relation between distributions of the queue 

sizes of the dual systems 𝑴 𝑮 𝟏|𝑵 and 𝑮 𝑴 𝟏|𝑵 − 𝟏 

We shall consider two single-server queuing systems 𝐹1 = 𝑀 𝐺 1|𝑁 and 

𝐹2 = 𝐺 𝑀 1|𝑁 − 1 as duals of each other. 

In 𝐹1 , let customers arrive in a Poisson process with parameter 𝜆𝑡; in the 

dual queue 𝐹2 this means that service time distribution is exponential with mean 

𝜆−1. Similarly, let the service times in the queue 𝐹1 and interarrival times in the 

queue 𝐹2 be independent and identically distributed random variables with the 

distribution function 𝐵 𝑥 [𝐵 𝑥 + 0 = 0] and with mean 𝜆−1. Suppose that 

there is a waiting room of size 𝑁(𝑁 ≥ 1) in the system 𝐹1 (a waiting room size 

𝑁 − 1 in the system 𝐹2), that is, the number of customers in the system 𝐹1 (in 

the system 𝐹2)  is at most 𝑁 + 1(at most 𝑁). 

We shall denote by 𝜉1(𝑡) and 𝜉2(𝑡) the queue size at time 𝑡 in the systems 

𝐹1 and 𝐹2, respectively. 

Let 𝑡1 , 𝑡2, … , 𝑡𝑛 , … are service termination moments of the customers in the 

system 𝐹1 and 𝑡1
′ , 𝑡2

′ , … , 𝑡𝑛
′ , … are arrival moments (after the time 𝑡 = 0) in the 

system. We use the notations: 

𝜉𝑛 = 𝜉1 𝑡𝑛 + 0  , 𝜉𝑛
′ = 𝜉2 𝑡𝑛

′ − 0  

Π𝑛,𝑘
(𝑗 )

= 𝑃  
𝜉𝑛 = 𝑘

𝜉1(0) = 𝑗   , 𝑗 = 2,𝑁       , 𝑘 = 0,𝑁     , 𝑛 ≥ 1 , 

𝒬𝑛,𝑘
(𝑗 )

= 𝑃  
𝜉𝑛
′ = 𝑘

𝜉2(0) = 𝑗   , 𝑗 = 1,𝑁 − 1           , 𝑘 = 0,𝑁      , 𝑛 ≥ 1 .  

Theorem 1.2.1. For all 𝑗 = 2,𝑁      holds the following relation: 

Π𝑛,𝑘
(𝑗 )

= 𝒬𝑛,𝑁−𝑘
(𝑁−𝑗+1)

 , 𝑘 = 0,𝑁      , 𝑛 ≥ 1.                                   (1.2.1) 
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From this relation it follows that 

𝑀 
𝜉𝑛

𝜉1 0 = 𝑗  = 𝑁 −𝑀 
𝜉𝑛
′

𝜉2 0 = 𝑁 − 𝑗 + 1   , 𝑛 ≥ 1  .  

Now we shall suppose that  𝜉1 0  and 𝜉2 0  are random variables with 

distributions 

𝑟𝑗 = 𝑃 𝜉1 0 = 𝑗  , 𝑗 = 2,𝑁      ; 

𝑙𝑗 = 𝑃 𝜉2 0 = 𝑗  , 𝑗 = 1,𝑁 − 1           ; 

Theorem 1.2.2. If for all = 2,𝑁      𝑟𝑗 = 𝑙𝑁−𝑗+1, then holds the following 

equality 

𝑃 𝜉𝑛 = 𝑘 = 𝑃 𝜉𝑛
′ = 𝑁 − 𝑘 , 𝑘 = 1,𝑁     , 𝑛 ≥ 1 . 

Proof of the Theorem 1.2.2. The sequences of random variables 

𝜉1 , 𝜉2 , … , 𝜉𝑛 , … and 𝜉1
′ , 𝜉2

′ , … , 𝜉𝑛
′ , … are Markov‘s chain. We introduce the 

following notations: 

𝛾𝑟 = 𝑃 𝜈𝑟 = 𝑟 =
𝜆𝑟

𝑟!
 𝑡𝑟𝑒−𝜆𝑡𝑑𝐵(𝑡)

∞

0

 , 𝑟 ≥ 0, 𝑛 ≥ 1 

𝑞𝑘−𝑚 =  
0 , 𝑘 < 𝑚 ,

𝛾𝑘−𝑚  , 𝑚 ≤ 𝑘 ≤ 𝑁 ,
𝛾𝑁−𝑚 + 𝛾𝑁−𝑚+1 + ⋯    , 𝑘 = 𝑁    .

  

 

Since for all 𝑛 ≥ 2 

 

𝑃  
𝜉𝑛 = 𝑘

𝜉𝑛−1 = 𝑚 + 1  = 𝛾𝑘−𝑚  ,   𝑘 = 0,𝑁     ,   𝑚 ≤ 𝑘 

 

then by formula of total probabilities we obtain the following recurrence 

relations for Π𝑛,𝑘
(𝑗 )

: 
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 Π𝑛,𝑘

(𝑗 )
= 𝑞𝑘−𝑗+1, 𝑛 = 1

Π𝑛,𝑘
(𝑗 )

=  Π𝑛−1,𝑚+1
(𝑗 )

𝑘

𝑚=𝑗−𝑛

∙ 𝑞𝑘−𝑚 , 1 < 𝑛 ≤ 𝑗

Π𝑛,𝑘
(𝑗 )

= 𝑞𝑘Π𝑛−1,0
(𝑗 )

+  Π𝑛−1,𝑚+1
(𝑗 )

∙ 𝑞𝑘−𝑚

𝑘

𝑚=0

  , 𝑛 > 𝑗

                        (1.2.2) 

Let now  

D𝑛,𝑘
(𝑗 )

= 𝒬𝑛,𝑁−𝑘
(𝑁−𝑗+1)

 , 𝑘 = 0,𝑁      , 𝑗 = 1,𝑁 − 1           ; 𝑛 ≥ 1  . 

Since for  𝑚 ≥ 𝑘 , 𝑘 = 0,𝑁      

𝑃  
𝑁 − 𝜉𝑛

′ = 𝑘
𝑁 − 𝜉𝑛−1

′ = 𝑚 + 1  = 𝛾𝑘−𝑚   , 

then for D𝑛,𝑘
(𝑗 )

 we obtain  

 
 
 
 

 
 
 D𝑛,𝑘

(𝑗 )
= 𝑞𝑘−𝑗+1, 𝑛 = 1

D𝑛,𝑘
(𝑗 )

=  D𝑛−1,𝑚+1
(𝑗 )

𝑘

𝑚=𝑗−𝑛

∙ 𝑞𝑘−𝑚 , 1 < 𝑛 ≤ 𝑗

D𝑛,𝑘
(𝑗 )

= 𝑞𝑘D𝑛−1,0
(𝑗 )

+  D𝑛−1,𝑚+1
(𝑗 )

∙ 𝑞𝑘−𝑚

𝑘

𝑚=0

  , 𝑛 > 𝑗

                        (1.2.3) 

 

From the relations (1.2.2) and (1.2.3) it follows that for Π𝑛,𝑘
(𝑗 )

 and D𝑛,𝑘
(𝑗 )

 are 

obtained one and the same recurrence relations and 

Π1,𝑘
(𝑗 )

=  D1,𝑘
(𝑗 )

= 𝑞𝑘−𝑗+1   . 

From here it follows that for all 𝑘 = 0,𝑁      and 𝑛 ≥ 1 

Π𝑛,𝑘
(𝑗 )

=  D𝑛,𝑘
(𝑗 )

= 𝒬𝑛,𝑁−𝑘
(𝑁−𝑗+1)

   . 

 

The theorem 1.2.2. It follows from (1.2.1) by using the formula of total 

probabilities. 
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§-1.3. On inverse queuing processes 

Suppose that in the time interval (0,∞) customers arrive at a counter at 

times 𝜏1, 𝜏2, … , 𝜏𝑛 , … where 0 < 𝜏1 < 𝜏2 < ⋯ < 𝜏𝑛 < ⋯ are random variables. 

The customers are served by a single server who starts working time 𝑡 = 0. The 

successive service times, 𝜒1, 𝜒2, … , 𝜒𝑛 , … , are positive random variables. The 

order of serving is not specified. We suppose only that the server is busy if there 

is at least one customer in the system.  

We shall denote by 𝜂(𝑡) the waiting time at time 𝑡, that is, the time that a 

customer would have to wait if he arrived at time 𝑡 and if the customers are 

served in the order of their arrivals, 𝜂(0) is the initial waiting time, that is, the 

occupation time of the server at time 𝑡 = 0. 

Denote by 𝜚0 the number of customers served during the initial busy 

period, and by 𝜃0 the length of the initial busy period. If 𝜉 0 = 0, then 𝜚0 = 0, 

and if  𝜂(0), then 𝜃0 = 0. 

For 0 ≤ 𝑖 ≤ 𝑘 define  

𝑃 𝑘 𝑖 = 𝑃{ sup
0≤𝑡≤𝜃0

𝜉 𝑡 ≤ 𝑘 𝜉 0 = 𝑖                      (1.3.1) 

as the probability that the maximal queue size during the initial busy period is 

≤ 𝑘 given that the initial queue size is 𝑖. 

For 0 ≤ 𝑐 ≤ 𝑥 define  

𝐺 𝑥 𝑐 = 𝑃{ sup
0≤𝑡≤𝜃0

𝜂 𝑡 ≤ 𝑥 𝜂 0 = 𝑐                     (1.3.2) 

as the probability that the maximal waiting time during the initial busy period is 

≤ 𝑥 given that the initial waiting time is 𝑐. 

Now we shall define the inverse process of the queuing process defined 

before. Suppose that in the time interval [0,∞) customers arrive at a counter at 

times 𝜏0
∗, 𝜏1

∗, … , 𝜏𝑛
∗ , … where 𝜏0

∗ = 0 and 𝜏𝑛
∗ = 𝜒1 + ⋯+ 𝜒𝑛  (𝑛 = 1,2,… ). The 
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customers are served by a single server who starts working at time 𝑡 = 0. The 

successive service times are 𝜒1
∗, 𝜒2

∗, … , 𝜒𝑛
∗ , … where 𝜒𝑛

∗ = 𝜏𝑛 − 𝜏𝑛−1 (𝑛 =

1,2,… ; 𝜏0 = 0). We suppose that the server  is busy if there is at least one 

customer in the system. This queuing process is called the inverse process of a 

queuing process if we interchange the interarrival times and service times. 

For the inverse queuing process denote by 𝜉∗(𝑡) the queue size at time 𝑡. 

𝜉∗(0) is the initial queue size, that is, the queue size immediately before 𝑡 = 0. 

The customer arriving at the time 𝑡 = 0 is not counted in the initial queue size. 

Further denote by 𝜂∗ 𝑡  the waiting time at time 𝑡 in the inverse queuing 

process. 𝜂∗ 0  is the initial waiting time (immediately before 𝑡 = 0) is not 

included in the initial waiting time. 

Denote by 𝜚0
∗  the number if customers served in the initial busy period, and 

by 𝜃0
∗ the length of the initial busy period. 

For the inverse process, we use the same notation as for the original 

process, except that an asterisk is added. Thus, we use the notation 

𝑃∗ 𝑘 𝑖 = 𝑃{ sup
0≤𝑡≤𝜃0

𝜉∗ 𝑡 ≤ 𝑘 𝜉∗ 0 = 𝑖                 (1.3.3) 

(0 ≤ 𝑖 ≤ 𝑘) for the probability that the maximal queue size during the initial 

busy period is ≤ 𝑘 if the initial queue size is 𝑖, and  

𝐺∗ 𝑥 𝑐 = 𝑃{ sup
0≤𝑡≤𝜃0

𝜂∗ 𝑡 ≤ 𝑥 𝜂∗ 0 = 𝑐                (1.3.4) 

(0 ≤ 𝑐 ≤ 𝑥) for the probability  that the maximal waiting time during the initial 

busy period is ≤ 𝑥 if the initial waiting time is 𝑐. 

Dual theorems. We shall show that there are simple relations between the 

distributions (1.3.1) and (1.3.3) as well as between (1.3.2) and (1.3.4) We shall 

always suppose that    

𝑃{ sup
0≤𝑡≤𝜃0

 𝜒1 + ⋯+ 𝜒𝑛 − 𝜏𝑛  = ∞} = 1                       (1.3.5) 
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Theorem 1.3.1. If 0 < 𝑖 ≤ 𝑘, then  

𝑃∗ 𝑘 𝑘 − 𝑖 = 1 − 𝑃 𝑘 𝑖                          (1.3.6) 

Proof of the Theorem 1.3.1. Define a stochastic process {𝛿 𝑡 , 0 ≤ 𝑡 ≤

∞} in the following way: 𝛿 0 = 0 and 𝛿 𝑡  changes only in jumps. A jump of 

magnitude +1 occurs at times 𝑡 = 𝜏1, 𝜏2, … , 𝜏𝑛 , … and a jump of magnitude −1 

occurs at times 𝑡 = 𝜏1
∗, 𝜏2

∗, … , 𝜏𝑛
∗ , … Then evidently 𝑃(𝑘|𝑖) is the probability that 

𝛿 𝑡 , 0 < 𝑡 < ∞, reaches the line 𝑧 = −𝑖 first without touching the line 

𝑧 = 𝑘 + 1 − 𝑖 in the meantime. 𝑃(𝑘|𝑘— 𝑖) is the probability that 𝛿 𝑡 , 0 ≤ 𝑡 <

∞, reaches the line 𝑧 = 𝑘 + 1 − 𝑖 first without touching the line 𝑧 = −𝑖 in the 

meantime. If (5) is satisfied, then 𝛿 𝑡 , 0 ≤ 𝑡 < ∞, will sooner or later reach 

either 𝑧 = −𝑖 or 𝑧 = 𝑘 + 1 − 𝑖 with probability 1. Hence 𝑃 𝑘 𝑖 +

𝑃∗ 𝑘 𝑘 − 𝑖 = 1 which was to be proved. 

Theorem 1.3.2. If 0 < 𝑐 ≤ 𝑥, then we have  

𝐺∗ 𝑥 𝑥 − 𝑐 = 1 − 𝐺 𝑥 𝑐                                            (1.3.7) 

Proof of the Theorem 1.3.2. Define a stochastic process {𝜒 𝑡 , 0 ≤ 𝑡 <

∞}, in the following way: 𝜒 0 = 0 and 

𝜒 𝑡 =  𝜒𝑛
0<𝜏𝑛≤𝑡

                                                     (1.3.8) 

for , 0 ≤ 𝑡 < ∞. Then 𝐺(𝑥|𝑐) can be interpreted as the probability that 𝜒 𝑡 , 0 ≤

𝑡 < ∞,  intersects the line 𝑧 = 𝑡 − 𝑐 first without intersecting the line 𝑧 = 𝑡 +

𝑥 − 𝑐 in the meantime. 𝐺∗(𝑥|𝑥—𝑐) is the probability that 𝜒 𝑡 , 0 ≤ 𝑡 < ∞, 

intersects the line 𝑧 = 𝑡 + 𝑥 − 𝑐 first without intersecting the line 𝑧 =  𝑡 − 𝑐 in 

the meantime. If (1.3.5) is satisfied, then 𝜒 𝑡 , 0 ≤ 𝑡 < ∞), will sooner or later 

intersect either 𝑧 = 𝑡 − 𝑐 or 𝑧 = 𝑡 + 𝑥 − 𝑐 with probability 1. Hence 𝐺 𝑥 𝑐 +

𝐺∗ 𝑥 𝑥 − 𝑐 = 1 which was to be proved. 
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In the next two sections we shall give some examples for the applications 

of the above theorems. We shall suppose that 𝜏𝑛 − 𝜏𝑛−1 (𝑛 = 1,2, . . . ;  𝜏0 = 0) 

and 𝜒𝑛(𝑛 = 1,2, . . . ) are independent sequences of mutually independent and 

identically distributed positive random variables. 

If 

𝑃 𝜒𝑛 = 𝜏𝑛 − 𝜏𝑛−1 < 1,                                     (1.3.9) 

then (1.3.5) is satisfied and Theorem 1.3.1 and Theorem 1.3.2 are applicable. 

We shall use the following notation: 

𝑃 𝜏𝑛 − 𝜏𝑛−1 ≤ 𝑥 = 𝐹 𝑥  ,                             (1.3.10) 

𝑃 𝜒𝑛 ≤ 𝑥 = 𝐻 𝑥  ,                                         (1.3.11) 

𝜓 𝑠 =  𝑒−𝑠𝑥𝑑𝐻(𝑥)

∞

0

 ,                                  (1.3.12) 

𝑎 =  𝑥𝑑𝐻(𝑥)

∞

0

 .                                             (1.3.13) 

Queues with Poisson input. In this section we shall give direct proofs for 

some theorems which have been found by the author [10]. (See also [11] and 

[12]) 

Consider the single-server queuing process defined in the introduction, in 

the case when the inter arrival times 𝜏𝑛 − 𝜏𝑛−1 (𝑛 = 1,2, . . . ;  𝜏0 = 0) are 

mutually independent random variables having the common distribution 

function 

𝐹 𝑥 =  
1 − 𝑒−𝜆𝑥  if 𝑥 ≥ 0,
0                if 𝑥 < 0 ,

                            (1.3.14)  

and the service times 𝜒1, 𝜒2, … , 𝜒𝑛 , … are also mutually independent random 

variables having the common distribution function𝐻(𝑥). Further, the two 

sequences 𝜏𝑛 − 𝜏𝑛−1 are also independent. 
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In this process the arrivals form a Poisson process of density 𝜆, and the 

probability that exactly 𝑗 (𝑗 = 0,1,2, . . . ) customers arrive during a service time 

is given by 

𝜋𝑖 =  𝑒−𝜆𝑥
 𝜆𝑥 𝑗

𝑗!

∞

0

𝑑𝐻 𝑥 .                               (1.3.15) 

The generating function of 𝜋𝑖  (𝑗 = 0,1,2, … ) is given by 

𝜋 𝑧 =  𝜋𝑖

∞

𝑗=0

𝑧𝑗 =  𝑒−𝜆 1−𝑧 𝑥𝑑𝐻(𝑥)

∞

0

= 𝜓 𝜆 1 − 𝑧           (1.3.16) 

and (1.3.16) is necessarily convergent for  𝑧 ≤ 1. 

Theorem 1.3.3. For 0 ≤ 𝑖 ≤ 𝑘 we have  

𝑃 𝑘 𝑖 =
𝑄𝑘−𝑖
𝑄𝑘

                                          (1.3.17) 

where  

𝑄 𝑧 =  𝑄𝑘𝑧
𝑘

∞

𝑘=0

=
𝑄0𝜋(𝑧)

𝜋 𝑧 − 𝑧
                     (1.3.18) 

 

for  𝑧 < 𝛿 and 𝛿 is the smallest nonnegative real root of 

𝜋 𝑧 = 𝑧                                                 (1.3.19) 

If 𝜆𝑎 ≤ 1, then 𝛿 = 1 and if 𝜆𝑎 > 1, then 𝛿 < 1. 𝑄0 is an arbitrary nonnull 

constant. 

Proof of the Theorem 1.3.3. Define the process {𝛿 𝑡 , 0 ≤ 𝑡 < ∞} in the 

same way as in the proof of Theorem 1.3.1. If we measure time from a transition 

𝑖 + 1 → 𝑖, then independently of the past, the increments of the process 
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{𝛿 𝑡 , 0 ≤ 𝑡 < ∞} have the same stochastic behavior as the original process 

{𝛿 𝑡 , 0 ≤ 𝑡 < ∞}. This implies that 

𝑃 𝑘 𝑘 − 𝑖 = 𝑃 𝑗 𝑗 − 1 𝑃(𝑘|𝑘 − 𝑖) 

for 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑘. Since 0 < 𝑃(𝑘|𝑖) ≤ 1 if 0 ≤ 𝑖 ≤ 𝑘, it follows that  

𝑃 𝑘 𝑖 =
𝑄𝑘−𝑖
𝑄𝑘

                                        (1.3.21) 

for 0 ≤ 𝑖 ≤ 𝑘 where 𝑄0 ≠ 0 and 𝑄𝑘/𝑄0   (𝑘 = 0,1… ) is non-decreasing  

sequence.   

If we take into consideration that during the first service time in the initial 

busy period the number of arrivals may be 𝑗 = 0,1,2, … then we can write that  

𝑃 𝑘 + 𝑖 𝑖  =  𝜋𝑖𝑃 𝑘 + 𝑖 𝑖 + 𝑗 − 1  

𝑘

𝑗=0

              (1.3.22) 

for 𝑖 ≥ 0, 𝑘 ≥ 0. If we multiply (1.3.22) by 𝑄𝑘+𝑖  and use (1.3.21), then we get 

the following recurrence formula for the determination of 𝑄𝑘   𝑘 = 0,1,2,…  : 

𝑄𝑘 =  𝜋𝑖𝑄𝑘+1−𝑗

𝑘

𝑗=0

    𝑘 = 0,1,2, …                        (1.3.23) 

If we introduce generating functions, we get (1.3.18)  

We have explicitly 𝑄1 =
𝑄0

𝜋0
  and for 𝑘 = 1,2,… 

𝑄𝑘+1 = 𝑄0  
(−1)𝜈𝜈!

𝜋0
𝜈+1

𝑘

𝜈=1

 
(𝜋𝑖 − 1)𝑖1𝜋2

𝑖2 …𝜋𝑘
𝑖𝑘

𝑖1! … 𝑖𝑘 !
       (1.3.24)

𝑖1+𝑖2+⋯𝑖𝑛=𝜈
𝑖1+2𝑖2+⋯𝑘𝑖𝑘=𝑘

 

We remark that if 𝜆𝑎 < 1, then 

lim
𝑘→∞

𝑄𝑘 =
𝑄0

1 − 𝜆𝑎
 ,                                      (1.3.25) 
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that is, by choosing 𝑄0 = 1 − 𝜆𝑎 we have 

lim𝑘→∞ 𝑄𝑘 = 1. If 𝜆𝑎 ≥ 1, then  lim𝑘→∞
𝑄𝑘

𝑄0
 = ∞ 

If we consider any busy period other than initial one, then  

𝑃 𝑘/1 =
𝑄𝑘−1

𝑄𝑘
   𝑘 = 1,2,…                           (1.3.26) 

is the probability that the maximal queue size during the busy periods ≤ 𝑘. 

Example. If, in particular, 𝐻 𝑥 = 1 − 𝑒−𝜇𝑥  for 𝑥 ≥ 0, that is, the 

𝑄𝑘 =
𝑄0

1 −
𝜆
𝜇

 1 −  
𝜆

𝜇
 
𝑘+1

                            (3.1.27) 

for 𝜆 ≠ 𝜇 and 𝑄𝑘 = 𝑄0(𝑘 + 1) for  𝜆 = 𝜇. 

In this case  

𝑃 𝑘/1 =
1 −  

𝜆
𝜇 

𝑘

1 −  
𝜆
𝜇 

𝑘+1                                      (1.3.28) 

if 𝜆 ≠ 𝜇 and 𝑃(𝑘/1) = 𝑘/𝑘 + 1) if 𝜆 = 𝜇. 

Formula (1.3.28) has been found by S. Karlin and J.Me.Gregor. 

Note. First, we note that is 𝜆𝑎 < 1, then 

 lim𝑡→∞ 𝑃(𝜉 𝑡 ≤ 𝑘) = 𝑄𝑘          𝑘 = 0,1,2, … .            (1.3.29) 

where 𝑄0 = 1 − 𝜆𝑎. The limit (1.3.29) is independent of the initial state. 

If 𝜆𝑎 > 1 then lim𝑡→∞ 𝑃(𝜉 𝑡 ≤ 𝑘) = 0  for all 𝑘. 

Second, consider the queuing process studied in this section with the 

modification that there is a waiting room of size 𝑚, that is, the number of 

customers in the system is at most 𝑚 + 1. 
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If an arriving customer findings 𝑚 + 1 customers in the system, then he 

departs without being served. In this modified process denote by 𝜁𝑛  the queue 

size immediately after the 𝑛-th departure. Then   𝜁𝑛   is an irreducible and a 

periodic Markov chain with state space 𝐽 = {0,1,…𝑚}. Consequently the 

limiting distribution 

lim
𝑛→∞

𝑃 𝜁𝑛 ≤ 𝑘 = 𝑃𝑘    (𝑘 = 0,1,… ,𝑚) 

exists, is independent of the initial state and can be obtained as the unique 

solution of the following system of linear equations  

𝑃𝑘 =  𝜋𝑗𝑃𝑘+1−𝑗

𝑘

𝑗=0

   𝑘 = 0,1,… ,𝑚 − 1                  (1.3.30) 

and 𝑃𝑚 = 1. A comparison of (1.3.23) and (1.3.30) shows that  

𝑃𝑘 =
𝑄𝑘
𝑄𝑚

              𝑘 = 0,1,…𝑚                          (1.3.31) 

Where 𝑄𝑘  (𝑘 = 0,1,… ) is defined in Theorem 1.3.3. 

If 𝜉(𝑡) denotes the queue sized at time for the modified process, then it can 

easily be proved that 

lim
𝑡→∞

𝑃( 𝜉(𝑡) ≤ 𝑘) = 𝑃𝑘
∗       (𝑘 = 0,1,… ,𝑚 + 1) 

exists, is independent of the initial state, and 

𝑃𝑘 =
𝑄𝑘

𝑄0 + 𝑎𝜆𝑄𝑚
                                       (1.3.32)    

for 𝑘 = 0,1,… ,𝑚. Obviously 𝑃𝑚+1
∗ . If we take into consideration that the 

number of transitions 𝑖 → 𝑖 + 1 and 𝑖 + 1 → 𝑖 (𝑖 = 0,1,… ,𝑚) in any interval 

(0,1) may differ by at most 1, then we obtain that 𝑃𝑘
∗ = 𝑃𝑘𝑃𝑚

∗  for 𝑘 = 0,1, , , , 𝑚 

and evidently  

𝑃0
∗ = 𝑃0/(𝜆𝑎 + 𝑃0) .  
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Thus we get (1.3.32) 

Theorem 1.3.4. For 0 ≤ 𝑐 ≤ 𝑥 we have  

𝐺(𝑥/𝑐) =
𝑊 𝑥 − 𝑐 

𝑊 𝑥 
                                     (1.3.33) 

where 

Ω 𝑠 =  𝑒−𝑠𝑥𝑑𝑊 𝑥 =
𝑊(0) ∙ 𝑠

𝑠 + 𝜆(1 − 𝜓 𝑠 )

∞

0

              (1.3.34) 

For 𝑅𝑒 𝑠 > 𝜔 and 𝜔 is the largest non-negative real root of 

𝜆 1 − 𝜓 𝑠  = 𝑠                                     (1.3.35) 

If 𝜆𝑎 ≤ 1, then 𝜔 = 0, where as if 𝜆𝑎 > 1, then 𝜔 > 0. 𝑊(0) is an 

arbitrary nonnull constant. 

Proof of the Theorem 1.3.4. In this case the process {𝜒 𝑡 , 0 ≤ 𝑡 < ∞} 

defined by (1.3.8) has non-negative stationary independent increments. This 

implies that for 0 ≤ 𝑐 ≤ 𝑦 ≤ 𝑥 we have  

𝐺 𝑥 𝑥 − 𝑐  = 𝐺  
𝑦
𝑦 − 𝑐  𝐺 𝑥 𝑥 − 𝑐  .                     (1.3.36)  

Since 0 < 𝐺(𝑥/𝑦) ≤ 1 if 0 ≤ 𝑦 ≤ 𝑥, it follows that 𝐺(𝑥/𝑦) can be 

represented in the following form 

𝐺 𝑥/𝑐 =
𝑊(𝑥 − 𝑐)

𝑊(𝑥)
                                       (1.3.37) 

or 0 ≤ 𝑐 ≤ 𝑥 where 𝑊(0) ≠ 0 and 𝑊(𝑥)/𝑊 0   (0 ≤ 𝑥 ≤ ∞) is a non-

decreasing function of 𝑥. 

If we take into consideration that in the time interval (0, 𝑛) one customer 

arrives with probability 𝜆𝑛 + 𝑜(𝑛), and more than one customer arrives with 

probability 𝑜(𝑛), then we can write that for 𝑥 ≥ 0 and 𝑦 ≥ 0 
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𝐺  
𝑥 + 𝑦

𝑦  =

=  1 − 𝜆𝑢 𝐺  
𝑥 + 𝑦

𝑦 − 𝑢  + 𝜆𝑢 𝐺  
𝑥 + 𝑦

𝑦 + 𝑧  

𝑥

0

𝑑𝐻 𝑧 

+ 𝑜 𝑢                                                                                                1.3.38  

If we multiply this equation by 𝑊(𝑥 + 𝑦),  then we obtain 

𝑊 𝑥 =  1 − 𝜆𝑢 𝑊 𝑥 + 𝑢 + 𝜆𝑢 𝑊 𝑥 − 𝑧 

𝑥

0

𝑑𝐻 𝑧 + 𝑜 𝑢             (1.3.39) 

for 𝑥 ≥ 0. Hence  

𝑊 ′ 𝑥 = 𝜆𝑊 𝑥 − 𝜆  𝑊 𝑥 − 𝑧 𝑑𝐻 𝑧 
𝑥

0
                        (1.3.40)   

for 𝒙 > 0. Forming the Laplace–Stieltjes transform of (1.3.40) we get 

𝑆 Ω 𝑠 −𝑊 0  = 𝜆Ω 𝑠 − 𝜆Ω 𝑠 𝜓 𝑠 ,                       (1.3.41) 

whence  

Ω 𝑠 =
𝑊 0 𝑠

𝑠 − 𝜆[1 − 𝜓 𝑠 ]
    for      𝑅𝑒 𝑠 > 𝜔.          (1.3.42) 

This proves Theorem 1.3.4. 

If we suppose that 𝑎 is finite positive number and introduce a distribution 

function 𝐻∗(𝑥) for which 

𝑑𝐻∗(𝑥)

𝑑𝑥
=

1 − 𝐻(𝑥)

𝑎
                                      (1.3.43) 

if 𝑥 > 0 and 𝐻∗ 𝑥 = 0 if 𝑥 ≤ 0, then by inverting (1.3.42) we obtain 

𝑊 𝑥 = 𝑊 0   𝜆𝑎 𝑛
∞

𝑛=0

𝐻𝑛
∗ 𝑥                   (1.3.44) 

where 𝐻𝑛
∗ 𝑥  is the 𝑛-th iterated convolution of 𝐻∗ 𝑥  with itself; 

https://en.wikipedia.org/wiki/Laplace%E2%80%93Stieltjes_transform
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𝐻0
∗ 𝑥 = 1 if 𝑥 ≥ 0 and 𝐻0

∗ 𝑥 = 0 if 𝑥 < 0. 

We remark that if 𝜆𝑎 < 1, then  

lim
𝑎→∞

𝑊 𝑥 =
𝑊(0)

1 − 𝜆𝑎
                                      (1.3.45) 

that is, by choosing 𝑊 0 = 1 − 𝜆𝑎 we have lim𝑥→∞ 𝑊 𝑥 = 1. If 𝜆𝑎 ≥ 1, 

then lim𝑥→∞
𝑊 𝑥 

𝑊(0) = ∞. 

If we consider any busy period of her than the initial one, then the 

probability that the maximal waiting during the busy period is ≤ 𝑥 is given by 

𝐺 𝑥 =
1

𝑊(𝑥)
 𝑊 𝑥 − 𝑧 𝑑𝐻 𝑧 = 1 −

𝑊′(𝑥)

𝜆𝑊(𝑥)

𝑥

0

              (1.3.46) 

for 𝑥 > 0 which follows from (1.3.40) 

Example. If, in particular, 𝐻 𝑥 = 1 − 𝑒−𝜇𝑥  for 𝑥 ≥ 0, then  

𝑊 𝑥 =
𝑊(0)

𝜇 − 𝜆
 𝜇 − 𝜆𝑒 𝜆−𝜇 𝑥                                 (1.3.47) 

for 𝜆 ≠ 𝜇 and 𝑊 𝑥 = 𝑊(0)(1 + 𝜇𝑥) for 𝜆 = 𝜇.  

In this case  

𝐺 𝑥 =
𝜇 − 𝜆𝑒 𝜆−𝜇 𝑥

𝜇 − 𝜇𝑒 𝜆−𝜇 𝑥
                                    (1.3.48) 

if 𝜆 ≠ 𝜇 and 𝐺 𝑥 = 𝜇𝑥/(1 + 𝜇𝑥) if 𝜆 = 𝜇. 

Note. First, we note that if 𝜆𝑎 < 1, then  

lim
𝑡→∞

𝑃 𝜂 𝑡 ≤ 𝑥 = 𝑊 𝑥      0 ≤ 𝑥 < ∞                       (1.3.49) 
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where 𝑊 0 = 1 − 𝜆𝑎. The limit (1.3.49) is independent of the initial state. If 

𝜆𝑎 > 1, then lim𝑡→∞ 𝑃 𝜂 𝑡 ≤ 𝑥 = 0 for all 𝑥. 

Second, consider the queuing process studied in this section with the 

modification that the total time spent in the system by a customer cannot 

increase above 𝒎 where 𝒎 is a positive number. That is, if a customer already 

spent time 𝒎 in the system, then he departs even if his serving has not yet 

been completed. (This model can be used also in the theory of dams where 

there is an overflow if the dam is full.) 

If 𝜼 𝒕  denotes the waiting time at time 𝒕 also for the modified process, 

then we have 

lim
𝑡→∞

𝑃 𝜂 𝑡 ≤ 𝑥 =
𝑊(𝑥)

𝑊(𝑚)
                                (1.3.50) 

for 0 ≤ 𝑥 ≤ 𝑚, where 𝑊(𝑥) is defined in Theorem 1.3.4. If 𝜂𝑛 = 𝜂(𝜏𝑛 − 0), 

that is, 𝜂𝑛  is the waiting time immediately before the arrival of the 𝑛-th 

customer, then we have also 

lim
𝑛→∞

𝑃 𝜂𝑛 ≤ 𝑥 =
𝑊(𝑥)

𝑊(𝑚)
                               (1.3.51) 

for 0 ≤ 𝑥 ≤ 𝑚.  

Queues with exponentially distributed service times. Now consider the 

inverse process of the queuing process discussed in the previous section. In this 

case the service times have the distribution function (1.3.14). 

Theorem 1.3.5. If 0 ≤ 𝑖 ≤ 𝑘, then we have  

𝑃∗ 𝑘 𝑖 = 1 −
𝑄𝑖
𝑄𝑘

                                          (1.3.52) 

where 𝑄𝑘  (𝑘 = 0,1,2,… ) is defined in Theorem 1.3.3.  

Proof of the Theorem 1.3.5. (1.3.52) follows immediately from 

Theorem 1.3.1 and Theorem 1.3.3. The probability that in any busy period 
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other than the initial one the maximal queue size is ≤ 𝑘 is given by 

𝑃∗ 𝑘 0 = 1 −
𝑄0

𝑄𝑘
                                                   (1.3.52) 

for 𝑘 = 0,1, 2, …  

Note. First, let us remark that if 𝜆𝑎 < 1, then 

𝑃{𝜚0
∗ < ∞| 𝝃∗(𝟎) = 𝑖} =  𝟏 − 𝑸𝒊                   (𝟏. 𝟑. 𝟓𝟑) 

for 𝑖 = 0,1,2, … where 𝑸𝟎 = 1—𝜆𝑎. 

Second, consider the queuing process investigated in this section with the 

modification that there is a waiting room of size 𝑚—1, that is, the number of 

customers in the system is at most m. If an arriving customer finds m customers 

in the system, then he departs without being served. In this modified process 

denote by 𝜉𝑛  the queue size immediately before the arrival of the 𝑛-th customer, 

and by 𝜉(𝑡) the queue size at time 𝑡. Then independently of the initial state we 

have 

lim
𝑛→∞

𝑃 𝑚 − 𝜉𝑛 ≤ 𝑘 =
𝑄𝑘
𝑄𝑚

                              (1.3.55) 

for 𝑘 =  0,1, … ,𝑚 and if 𝐻(𝑥) is not a lattice distribution function, then  

lim
𝑡→∞

𝑃 𝑚 − 𝜉 𝑡 ≤ 𝑘 =
𝑄𝑘+1 − 𝑄0

𝜆𝑎𝑄𝑚
               (1.3.56) 

for 𝒌 = 𝟎, 𝟏,… ,𝒎 − 𝟏. 
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Chapter II. The duality relations in the systems 𝑴 𝑮 𝟏|𝑵 

and 𝑮 𝑴 𝟏|𝑵 − 𝟏 

§-2.1. Relation between the stationary queue sizes of the service 

systems 𝐌|𝐆|𝟏 and 𝐌 𝐆 𝟏|𝐍 

Let us consider a single-server queue systems 𝐹 −𝑀 𝐺 1  and 𝐹𝑁 −

𝑀 𝐺 1|𝑁 which are characterized as follows: the customers arriving to the 

system constitute a Poisson flow with the rate λ, that is, interarrival times have  

the exponential distribution with a parameter λ, customers are served in the 

order of their arrivals,  the length of service times are mutually independent 

identically distributed  random variable with common distribution 𝐵(𝑥) and 

with the mean µ−1, the number of the positions in the system 𝐹𝑛  is bounded by 

𝑁 (𝑁 ≥ 1), that is, may be at most 𝑁 + 1 customers in the system (with the 

served customers). A server working starts at time 𝑡 = 0 with the arrival of the 

first customer to the system. 

Let denote the following notation: 

𝜉(𝑡) and 𝜉𝑁(𝑡)  —   the number of customers in the system  𝐹 and 𝐹𝑁  at the 

moment 𝑡   

𝜉 and 𝜉𝑁  — the number of customers in the system  𝐹 and 𝐹𝑁  at the 

arbitrary moment. 

𝜁𝑘 − busy period of the system 𝐹𝑘 −𝑀|𝐺|1|𝐾 (1 ≤ 𝑘 ≤ 𝑁), 𝜌 = 𝜆𝜇−1 

loading of the system. 

It is shown in [4] the existence of the followings limits on the condition 

𝜌 < 1.  

𝑃 𝑘 = lim𝑡→∞ 𝑃 𝜉(𝑡) = 𝑘  , 𝑘 ≥ 0 , 

𝑃𝑁 𝑘 = lim𝑡→∞ 𝑃(𝜉𝑁(𝑡) = 𝑘) ,   0 ≤ 𝑘 ≤ 𝑁 + 1. 

In the considered paper is established realitonship between 𝑃𝑁 𝑘  and 𝑀𝜁k , 

as well as 𝑃 𝑘  and 𝑃𝑁 𝑘 . 

Theorem 2.1.1. The following relations are hold: 
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𝑃𝑁 0 = (1 + 𝜆𝑀𝜁𝑁)−1 , 

𝑃𝑁 𝑘 =
𝜇(𝑀𝜁𝑘 −𝑀𝜁𝑘−1)

1 + 𝜆𝑀𝜁𝑁
 , 1 ≤ 𝑘 ≤ 𝑁 ,   𝑀𝜁0 = 0 ,           2.1.1   

𝑃𝑁 𝑁 + 1 =
1 − (𝜇 − 𝜆)𝑀𝜁𝑁

1 + 𝜆𝑀𝜁𝑁
 . 

Theorem 2.1.2. By 𝜌 < 1 are hold the following equalities: 

𝑃𝑁 𝑘 = 𝑃(𝑘)(1 − 𝜌𝑃 𝜉 > 𝑁 )−1 , 0 ≤ 𝑘 ≤ 𝑁  ,                   (2.1.2) 

𝑃𝑁 𝑁 + 1 =  1 − 𝜌 𝑃 𝜉 > 𝑁  1 − 𝜌𝑃 𝜉 > 𝑁  
−1

. 

Proof of the Theorem 2.2.1. In [1] are proved the following relations for 

the probabilities 𝑃𝑁 𝑘 : 

𝑃𝑁 0 = [1 + 𝜌(1 + 𝜆𝑓𝑁)]−1 , 

𝑃𝑁 1 = 𝜆𝑓1𝑃𝑁 0  ,                                                     (2.1.3) 

𝑃𝑁 𝑘 = 𝜆 𝑓𝑘 − 𝑓𝑘−1 𝑃𝑁 0 ,    𝑘 = 2,𝑁      

where 𝑓𝑘  is defined by the following equation: 

 𝜗𝑘𝑓𝑘 =
𝜗

𝜆 − 𝜆𝜗
∙

1 − 𝑏 (𝜆 − 𝜆𝜗)

𝑏  𝜆 − 𝜆𝜗 − 𝜗

∞

𝑘=0

  ,                             (2.1.4) 

𝑏  𝑠 =  𝑒−𝑆𝑥𝑑𝐵(𝑥)

∞

0

 , 𝑅𝑒𝑆 ≥ 0  . 

The equality for the function 𝑔 𝑁(𝑆) =  𝑒−𝑆𝑥𝑑𝑃(𝜁𝑁 < 𝑥)
∞

0
 was shown by 

Harris [12]: 

𝑔 𝑁 𝑠 =
Δ𝑁−1(𝑆)

Δ(S)
  ,                                                            (2.1.5) 
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 𝜗𝑘Δ𝑘(S) =
𝜗𝑏  𝑠 − 𝑏 (𝑆 + 𝜆 − 𝜆𝜗)

 1 − 𝜗 [𝜗 − 𝑏  𝑆 + 𝜆 − 𝜆𝜗 ]

∞

𝑘=0

 

Granting the equality 𝑔 𝑁
′  0 = −𝑀𝜁𝑁, from (2.1.5) we have  

 𝜗𝑘𝑀𝜁𝑘 =
𝜗𝜇−1

𝜗 − 𝑏 (𝜆 − 𝜆𝜗)

∞

𝑘=0

                                      (2.1.6) 

By (2.1.4) and (2.1.6) we have 

𝑓𝑘 =
1

𝜌
𝑀𝜁𝑁 −

1

𝜆
 .                                                         (2.1.7) 

According to (2.1.7) from equality (2.1.3) it follows (2.1.1). 

Proof of the Theorem 2.1.2. It is known ([11], 62 page) that for 𝜌 < 1  

lim𝑁→∞ 𝑀𝜁𝑁 =
1

𝜇(1−𝜌)
  and for 𝜌 > 1  lim𝑁→∞ 𝑀𝜁𝑁 = ∞                     (∗) 

If we take into account this relation from equality (2.1.1) for 𝜌 < 1 we 

have the following expression for the probabilities 𝑃 𝑘 : 

𝑃 0 = 1 − 𝜌 , 

𝑃 𝑘 = 𝜇 1 − 𝜌  𝑀𝜁𝑘 −𝑀𝜁𝑘−1   , 𝑘 ≥ 1                      (2.1.8) 

By (2.1.1) and (2.1.8) relations we have 

𝑃𝑁 𝑘 = 𝑃 𝑘  1 + 𝜆𝑀𝜁𝑁 
−1(1 − 𝜌)−1           1 ≤ 𝑘 ≤ 𝑁                (2.1.9) 

𝑓𝑁 = 𝑃 𝜉 > 𝑁 =  𝑃(𝑘)

∞

𝑘=𝑁+1

 

Since, on the basis of (2.1.8) hold the equalities 

 𝑃 𝑘 = 𝜇 1 − 𝜌 𝑀𝜁𝑁

𝑁

𝑘=1

  , 
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(2.1.9) takes the following form  

𝑀𝜁𝑁 =
1

𝜇 1 − 𝜌 
𝑃(𝜉 ≤ 𝑁) 

𝑃𝑁 𝑘 = 𝑃(𝑘)(1 − 𝜌𝑓𝑁) ,   1 ≤ 𝑘 ≤ 𝑁                        (2.1.10) 

Also, on the basis of (2.1.1) and (2.1.10) we have  

𝑃𝑁 𝑁 + 1 = 1 =  𝑃𝑁(𝑘)

𝑁

𝑘=1

=
(1 − 𝜌)𝑓𝑁
1 − 𝜌𝑓𝑁

                  (2.1.11) 

From the equalities (2.1.10) and (2.1.11) it follows the relation (2.1.2).  

Remark. In [8] are shown the following relations:  for 𝜌 > 1 

lim
𝑁→∞

𝑃𝑁 𝑁 + 1 = 1 − 𝜌−1                                            (2.1.12) 

lim𝑁→∞ 𝑃𝑁 𝑁 − 𝑘 = 𝜌−1𝜍𝑘(1 − 𝜍) ,     𝑘 ≥ 0, 

where is the unique solution of the equation 𝜗 = 𝑏 (𝜆 − 𝜆𝜗) lying at  0,1 . If we 

take into consideration of the equality (2.1.6), from (2.1.1) we can easily get 

these results. 

It is known that for 𝜌 > 1  lim𝑁→∞ 𝑀𝜁𝑁 = ∞ and the first equality of 

(2.1.12) it follows from the third equation of (2.1.1). In [7] proved the following 

relation: 

lim𝑁→∞
𝑀𝜁𝑁−𝑘

𝑀𝜁𝑁
=  

𝜍𝑘 , 𝜌 ≥ 1
1  , 𝜌 < 1

  . 

On the basis of this from the second equation of (2.1.12) it follows the 

second relation of (2.1.11). 
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§-2.2. Duality relations for the distributions of non-stationary queue 

sizes of the models queue systems 𝐌 𝐆 𝟏|𝐍 and 𝐆𝐉 𝐌 𝟏|𝐍 

Consider mathematical model of the single-server queue system which is 

characterized as follows: the customers arriving to the system constitute a Poisson 

flow with parameter 𝜆 that interarrival times have the common distribution 

𝐴 𝑥 = 1 − 𝑒−𝜆𝑥 , 𝑥 > 0, 𝜆 > 0 . 

Customers are served in the order or their arrivals, the lengths of the service 

time are independent and identically distributed random variables with the 

distribution function 𝐵(𝑥) [𝐵(+0) = 0] and with mean 𝜇−1, there is waiting 

room of size 𝑁, that is, the number of customers in the system may be  at most 

𝑁 + 1. This system is usually denoted as F1 − M|G|1|N.  

Interchanging the distributions 𝐴 𝑥  and 𝐵(𝑥) in the system F1 − M|G|1|N 

we obtain second service system the mathematical model which is denoted by 

F2 − GJ|M|1|N. Thus, is supposed that the interarrival times in the system F1 and 

the service times in the system F2 have the common distribution 𝐴(𝑥), also the 

service times in the system F1 and the interarrival times in the system F2 have the 

common distribution 𝐵(𝑥). The systems such defined are called dual of each 

other. 

We shall denote by 𝜉1(𝑡) and 𝜉2(𝑡) the queue sizes at time 𝑡, that is, the 

total number of customers at time 𝑡 in the system F1 and F2, respectively 

Theorem 2.2.1. For  𝑘 = 0,𝑁 + 1 and 𝑗 = 1,𝑁 hold the following 

relations: 

                               𝑃(𝜉1 𝑡 = 𝑘/𝜉1(0) = 𝑗) = 

= 𝑃(𝜉2 𝑡  = (𝑁 − 𝑘 + 1)/𝜉2(0) = 𝑁 − 𝑗 + 1))                      (2.2.1) 

𝑀 𝜉1 𝑡 /𝜉1 0 = 𝑗 = 𝑁 + 1 −𝑀 
𝜉2 𝑡 

𝜉2 0 
= 𝑁 − 𝑗 + 1      (2.2.2) 
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Theorem 2.2.2. For arbitrary 𝑘 = 0,𝑁 + 1 holds the following equality: 

lim
𝑡→∞

𝑃(𝜉1 𝑡 = 𝑘/𝜉1(0) =

= 𝑗) = lim
𝑡→∞

𝑃(𝜉2 𝑡 = 𝑁 − 𝑘 + 1/𝜉2(0)

= 𝑁 − 𝑗 + 1)                   (2.2.3) 

Remark. It is known that there is the relations 𝜌1 = 𝜌2
−1 between the loads 

𝜌1 = 𝜆𝜇−1 and 𝜌2 = 𝜇𝜆−1 of the systems  F1 va F2. For 𝜌1 > 1 and 𝜌2 > 1 

investigation in the both system the distributions of the characteristics, all the 

more their asymptotical states depended with the great technical difficulties. 

With the help of the relations (2.2.1) and (2.2.3) the results obtained for the 

systems  F1 and F2  when loads less than one can be transferred to the dual 

system when the loads greater than one.  

Relations similar to the equality (2.2.1) were established in [14] on  the 

conditions 1 ≤ 𝜉1 𝑡 ≤ 𝑁, 0 ≤ 𝜉1 𝑡 ≤ 𝑁 − 1 and in [7] in the general case for 

the  regeneration moments (for the values 𝑡 which constitute the Markov chain). 

Also, in [9] the relation (2.2.3) was proved for the case when limit is taken by 

regeneration moments. In this paper we show that the results obtained in [7] and 

[9] hold for arbitrary 𝑡. 

Proof of the Theorem 2.2.1. Let us consider system F1. We introduce the 

following notations: 

𝑃(𝑗 ) 𝑘, 𝑡 = 𝑃  (𝜉1 𝑡 =
𝐾

𝜉𝑗  𝑡 
= 𝑗 , 𝑗 ≥ 1 , 𝑘 = 0,𝑁 + 1 

𝑃
(𝑗 )
 𝑘, 𝑠 =  𝑒−𝑠𝑡(𝑃 𝑗   𝑘, 𝑡 )𝑑𝑡

∞

0

 , 𝑠 ≥ 0, 𝑘 = 0,𝑁 + 1 

𝐵 𝑠 =  𝑒−𝑠𝑥𝑑𝐵(𝑥)

∞

0
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In [7] obtained the following result: for 𝑅𝑒𝑠 ≥ 0 and 𝑗 = 1,𝑁   

𝑃
(𝑗 )
 0, 𝑠 =

∆𝑁−𝑗
 𝑆 + 𝜆 ∆𝑁 − 𝜆∆𝑁−1

 , 

 𝑃
(𝑗 )
 1, 𝑠 =  𝑆 + 𝜆 𝑃

 𝑗  
 0, 𝑠 𝑓1, 

𝑃
(𝑗 )
 𝑘, 𝑠 = 𝑃

(𝑗 )
 0, 𝑠   𝑆 + 𝜆 𝑓𝑘 − 𝜆𝑓𝑘−1  , 2 ≤ 𝑘 ≤ 𝑗                     (2.2.4)    

𝑃
(𝑗 )
 𝑘, 𝑠 = 𝑃

(𝑗 )
 0, 𝑠   𝑆 + 𝜆 𝑓𝑘 − 𝜆𝑓𝑘−1 − 𝑓𝑘−𝑗 ,   𝑗 < 𝑘 ≤ 𝑁 

𝑃
(𝑗 )
 𝑁 + 1, 𝑠 = 𝑃

(𝑗 )
 0, 𝑠   𝑆 + 𝜆 𝜑𝑁 − 𝜆𝜑𝑁−𝑗  − 𝜑𝑁−𝑗 +

1 − 𝑆𝑃
 𝑗  
 0, 𝑠 

𝑆
 , 

where 

𝜑𝑁 =  𝑓𝑘
𝑛
𝑘=1  ,  𝑓𝑘 = 𝑓𝑘(𝑠) and Δ𝑘 = Δ𝑘 𝑠   are the coefficients of 𝑣𝑘   in  

the  expansion  in the series by 𝑣 accordingly functions 

𝑓 𝑣, 𝑠 =
𝑣

𝑠 + 𝜆 − 𝜆𝑣
∙

1 − 𝑏 𝑠 + 𝜆 − 𝜆𝑣 

𝑏 𝑠 + 𝜆 − 𝜆𝑣 − 𝑣
  ,                                  (2.2.4′) 

Δ v, s =
𝑣𝑏 𝑠  − 𝑏(𝑠 + 𝜆 − 𝜆𝑣)

(1 − 𝑣)(𝑣 − 𝑏(𝑠 + 𝜆 − 𝜆𝑣)
 

Suppose now that 𝜂(𝑡) is the number of the free positions in the system F2 at 

the moment 𝑡. We introduce the following notations:   

𝑃 𝑗   𝑘, 𝑡 = 𝑃  𝜂 𝑡 =
𝑘

𝜂 0 
= 𝑗    ,   𝑗 ≥ 1  ,   𝑘 = 0,𝑁 + 1  , 

𝑃
 𝑗  
 𝑘, 𝑠 =  𝑒−𝑠𝑡

∞

0

𝑃 𝑗   𝑘, 𝑡 𝑑𝑡 , 𝑅𝑒𝑆 ≥ 0 , 𝑘 = 0,𝑁 + 1 

Completely repeating proof given in [7] can be obtained the same relation as 

(2.2.4) for the functions 𝑃
 𝑗  
 𝑘, 𝑠 ,   𝑘 = 0,𝑁 + 1 , that is, the distribution of the 
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number of customers in the system F1 at the moment 𝑡 coincides with the 

distribution of the number of free positions in the system F2 at the moment 𝑡:  

Π(𝑗 ) 𝑘, 𝑡 = 𝑃 𝑗   𝑘, 𝑡                                                    (2.2.5) 

If we take into account the equality 𝜂 𝑡 − 𝜉2 𝑡 = 𝑁 + 1, then from the 

relation (2.2.5) we have  the equality (2.2.1). (2.2.2)  it follows immediately from 

(2.2.1). 

Proof of the Theorem 2.2.2. In [4] and [3] are given existence proof of the 

limits  

lim
𝑡→∞

𝑃(𝜉1 𝑡 = 𝑘/𝜉1 0 = 1)  

lim
𝑡→∞

𝑃(𝜉2 𝑡 = 𝑘/𝜉2 0 = 1) . 

in accordingly for the systems 𝐹1 and 𝐹2. 

Let 𝜁𝑁  – be the initial busy period of  the system F1  and  

𝑔
 𝑗  
 𝑠 =  𝑒−𝑠𝑡𝑑𝑃(𝜁𝑛 <

𝑥

𝜉1 0 
= 𝑗)

∞

0

 , 𝑗 = 1,𝑁 , 𝑅𝑒𝑠 ≥ 0  .          (2.2.6)  

    In [6] is shown the equality  

𝑔
 𝑗  
 𝑠 =

Δ𝑁−𝑗
Δ𝑁

     .                                                             (2.2.7) 

Where  Δ𝑘 = Δ𝑘(𝑠) is the function defined in (2.2.4′). By (2.2.6) the first 

equality of the relation (2.2.4) take the following form: 

Π 𝑗   0, 𝑠 =
𝑔
 𝑗  
 𝑠 

𝑠 + 𝜆 − 𝜆𝑔
 1 
 𝑠 

  . 

Multiplying the both sides of this equality and giving over to the limit when 

𝑠 → 0, we obtain 
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lim
𝑆→0

𝑠Π
 𝑗  
 0, 𝑠 =

1

1 + 𝜆𝑀(𝜁𝑁/𝜉1(0) = 1)
 . 

So, for any arbitrary finite  𝑁 ≥ 1 for 𝑗 = 1,𝑁  there exists a limit which of 𝑗 

independent, that is, there exists the stationary regime. If we introduce the 

notations 

Π  𝑘 = lim
𝑆→0

𝑠Π
 𝑗  
 𝑘, 𝑠   , 𝑘 = 0,𝑁 + 1 , 𝑗 = 1,𝑁 

Then from (2.2.4) we have the following equalities: 

Π  0 =
1

1 + 𝜆𝑀(𝜁𝑁/𝜉1(0) = 1)
 

Π  1 = 𝜆Π 0 𝑓1 

Π  𝑘 = 𝜆Π 0  𝑓𝑘 − 𝑓𝑘−1  , 1 < 𝑘 ≤ 𝑁 ,  

Π  𝑁 + 1 = 𝜆Π 0 𝑓𝑁 − Π 0 + 1   , 

where 𝑓𝑘   the coefficient of 𝑣𝑘   in the expansion of the function 𝑓(𝑣, 0) in series 

by 𝑣. Thus, for any arbitrary 𝑁 ≥ 1 and 𝑗 = 1,𝑁 there exists a limit is 

independent of 𝑗:  

lim
𝑆→0

𝑠Π
 𝑗  
 𝑘, 𝑠    , 𝑘 = 0,𝑁 + 1  . 

By the properties of the Laplace transformation 

lim
𝑡→∞

𝑃 𝜉1 𝑡 = 𝑘/𝜉1 0 = 𝑗 = lim
𝑠→0

𝑆Π
 𝑗  
 𝑘, 𝑠    . 

So, in the both sides of the equality (2.2.1) we can go over to the limit when 

𝑡 → ∞. 
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Chapter III. The duality relations in the priority systems. 

§-3.1. The relationship between distributions of the queue 

sizes of ordinary customers in the priority queue systems 

𝑴    𝟐 𝑮   𝟐 𝟏|𝑵𝟏, 𝑵𝟐 and 𝑴    𝟐 𝑮   𝟐 𝟏|𝑵𝟏,∞ 

Let consider a single-server priority queue system. 𝐹 𝑁1, 𝑁2 −

𝑀   2 𝐺 2 1|𝑁1, 𝑁2 which is characterized as follows: to the system arrive the 

customers of the two types (pressing and ordinary) which constitute the Poisson 

flow by parameter 𝜆1 and 𝜆2, respectively. The distributed random variable with 

common distribution 𝐵1(𝑥) (for pressing customers) and  𝐵2(𝑥) (for ordinary 

customers) and with means 𝜇1
−1 and 𝜇2

−1. Suppose that there are waiting 

rooms of size 𝑁1(for pressing customers) and 𝑁2(for the ordinary customers), 

that is, the number of pressing and ordinary customers in the queue system are at 

most 𝑁1 + 1 and 𝑁2 (if in the system are pressing customers) or 𝑁2 + 1 (if in the 

system are not pressing customers). 

We introduce the following notations: 

𝜉𝑁1 ,𝑁2
− the stationary queue size of pressing customers in the queue 

system 𝐹(𝑁1, 𝑁2); 

𝜁𝑁1,𝑘
− the busy period of the queue system 𝐹(𝑁1, 𝑘) (the server is busy if 

there is at least one customer in the system), 𝑘 = 1,𝑁2
       

𝜁𝑁1
− the busy period of the system 𝐹(𝑁1, 𝑁2) by pressing customers; 

𝜌1 = 𝜆1𝜇1
−1 , 𝜌2 = 𝜆2𝜇2

−1, 𝜌 = 𝜌2(1 + 𝜆1𝑀𝜁𝑁1
) 

Theorem 3.1.1. For 𝜌 < 1 holds the following equalities: 

𝑃 𝜉𝑁1 ,𝑁2
= 𝑘 =

𝑃(𝜉𝑁1 ,∞ = 𝑘)

(1 − 𝜌)2 + 𝜌𝑃(𝜉𝑁1
≤ 𝑁2)

   , 𝑘 = 0,𝑁2 

𝑃 𝜉𝑁1 ,𝑁2
= 𝑁2 + 1 =

 1 − 𝜌 𝑃 𝜉𝑁1 ,∞ = 𝑁2 + 1 − 𝜌(1 − 𝜌)

(1 − 𝜌)2 + 𝜌𝑃(𝜉𝑁1 ,∞ ≤ 𝑁2)
   . 

The analogues relations were established in the work [5] for the queue 

systems 𝑀 𝐺 1|𝑁 and 𝑀 𝐺 1|∞. 
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Proof of the Theorem 3.1.1. To prove of this theorem we introduce the 

concept  of ―service cycle‖. Let C be the service cycle of ordinary customer, that 

is, the length of the time beginning of service of an ordinary customer until its 

completion. Introduce the following notations: 

𝑏2 𝑠 =  𝑒−𝑠𝑥𝑑𝐵2 𝑥 

∞

0

    ,   𝑅𝑒 𝑠 ≥ 0  , 

𝑔
𝑁1
 𝑠 =  𝑒−𝑠𝑥

∞

0

𝑑𝑃 𝜉𝑁1
< 𝑥   ,   𝑅𝑒 𝑠 ≥ 0  ,  

𝑐 𝑠 =  𝑒−𝑠𝑥𝑑𝑃(𝑐 < 𝑥)

∞

0

  ,   𝑅𝑒 𝑠 ≥ 0  . 

In [10] obtained relation for the 𝑐(𝑠) when 𝑁1 = ∞ and 𝑁2 = ∞, that is for 

the system 𝑀   2 𝐺 2 1|∞,∞ . 

Repeating the proof of this relation we can obtain the following equality: 

𝑐 𝑠 = 𝑏 2  𝑠 + 𝜆1 − 𝜆1𝑔 𝑁1
 𝑠                                 (3.1.1) 

from here we have 

𝑐 𝑠 = 𝑏2

′
 0 [1 − 𝜆1𝑔𝑁1

′ 0 ]   .                               (3.1.2) 

It is known that  

𝑐
′
 0 = −𝑀𝑐 , 𝑏2

′
 0 = −𝜇2

−1   ,   𝑔
𝑁1

′
 0 = −𝑀𝜁𝑁1

   . 

By these equalities from (3.1.2) we obtain  

𝑀𝑐 = 𝜇2
−1 1 + 𝜆1𝑀𝜁𝑁1

 = 𝜌𝜆2
−1

 

Now we can consider the queue system 𝐹(𝑁1, 𝑁2) as system where arrive 

only ordinary customers the service times of which is the 𝑐 and the load is 

𝜌 = 𝜆2𝑀𝑐 = 𝜌2(1 + 𝜆1𝑀𝜁𝑁1
) 

By relations established in [8] we have following equalities: 
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𝑃 𝜉𝑁1𝑁2
= 𝑘 =

𝜆2𝜌
−1(𝑀𝜁𝑁1 ,𝑘 −𝑀𝑀𝜁𝑁1 ,𝑘−1)

1 + 𝜆2𝑀𝜁𝑁1𝑁2

  , 𝑘 = 1,𝑁2           (3.1.3) 

𝑃 𝜉𝑁1𝑁2
= 0 =

1

1 + 𝜆2𝑀𝜁𝑁1𝑁2

   . 

It is known ([11], page 62) that for 𝜌 < 1 

lim
𝑁2→∞

𝑀𝜁𝑁1𝑁2
= 𝑀𝜁𝑁1 ,∞ =

𝜌

𝜆2(1 − 𝜌)
      . 

By this equality from (3.1.3) on 𝑁 → ∞ we have  

𝑃 𝜉𝑁1𝑁2
= 𝑘 → 𝑃 𝜉𝑁1 ,∞ = 𝑘 = 𝜆2𝜌

−1 1 − 𝜌  𝑀𝜁𝑁1 ,𝑘 −𝑀𝜁𝑁1 ,𝑘−1  ,   𝑘 ≥ 1 ,

(3.1.4) 

𝑃 𝜉𝑁1𝑁2
= 0 → 𝑃 𝜉𝑁1 ,∞ = 0 = 1 − 𝜌 

here 𝑀𝜁𝑁1,0
= 0 

By (3.1.3) and (3.1.4) for 𝑘 = 0,𝑁2
        we obtain  

𝑃 𝜉𝑁1𝑁2
= 𝑘 = 𝑃 𝜉𝑁1∞ = 𝑘 ∙

1

 1 − 𝜌  1 + 𝜆2𝑀𝜁𝑁1𝑁2
 

  .          (3.1.5) 

From (3.1.4) we have the following relation: 

𝑃 𝜉𝑁1 ,∞ ≤ 𝑁2 =  𝑃 𝜉𝑁1 ,∞ = 𝑘 = 𝜆2𝜌
−1 1 − 𝜌 𝑀𝜁𝑁1𝑁2

𝑁2

𝑘=0

 . 

By this the equality (3.1.5) takes the following form: 

𝑃 𝜉𝑁1𝑁2
= 𝑘 =

𝑃(𝜉𝑁1 ,∞ = 𝑘)

(1 − 𝜌)2 + 𝜌𝑃(𝜉𝑁1 ,∞ ≤ 𝑁2)
      ,       𝑘 = 0,𝑁2             (3.1.6) 

If we take into consideration that  

𝑃 𝜉𝑁1𝑁2
= 𝑁2 + 1 = 1 − 𝑃(𝜉𝑁1𝑁2

= 𝑘)

𝑁2

𝑘=0

 

than from (3.1.6) it follows the second equality of the theorem. 
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§-3.2 Duality relations between distributions of the queue sizes non-

stationary pressing customers in the systems 𝑴𝟏𝑴𝟐 𝑮𝟏𝑮𝟐 𝟏|𝑵𝟏, 𝑵𝟐 and 

𝑮𝑱𝟏𝑴𝟐 𝑴𝟏, 𝑮𝟐 𝟏|𝑵𝟏 − 𝟏,𝑵𝟐 

We consider the following priority queue system: suppose that pressing 

(class 1) and ordinary (class 2) customers arrive at a single-server queue system. 

Take 𝑡0𝑖 = 0, and let 0 < 𝑡1𝑖 < 𝑡2𝑖 < ⋯ be the arrival times of customers of the 

𝑖-th class (𝑖 = 1; 2). We assume that the interarrival times 𝑢𝑛𝑖 = 𝑡𝑛𝑖 − 𝑡 𝑛−1 𝑖 , 

and the service times 𝜈𝑛𝑖  of successive class 𝑖 customers form for independent 

renewal processes determined by the distribution functions 

𝐴𝑖 𝑥 =  
0 , 𝑥 ≤ 0

1 − 𝑒−𝜆𝑖𝑥  , 𝑥 ≥ 0 , 𝜆𝑖 > 0
   ,  

(for interarrival times) and 𝐵𝑖(𝑥) (for service times). We assume only that 𝐵𝑖(𝑥) 

has finite mean 𝜇−1 (𝑖 = 1; 2). The number of the positions in the system is 

bounded by 𝑁𝑖   𝑁𝑖 ≥ 1 , that is, may be at most 𝑁𝑖 + 1 customers of the class 𝑖 

in the system (with the served customer). The order of service is ―absolute 

priority‖, that is, an ordinary customer (class 2) will be served in the case only if 

there are no pressing customers (class 1) in the system. This system is denoted 

by 𝐹1 −𝑀1𝑀2|𝐺1𝐺2|1|𝑁1, 𝑁2.  

By interchanging in this system the distributions 𝐴1 𝑥  and 𝐵1 𝑥  and 

assuming that may be at most 𝑁1 customers of the class 1 in the system we 

obtain the dual priority queue system which is denoted by 

𝐹2 − 𝐺𝐽1𝑀2|𝑀1𝐺2|1|𝑁1 − 1,𝑁2. 

We suppose that the customers are served by a single-server who starts 

working at time 𝑡 = 𝑡0𝑖 = 0 in the presence 𝑗1 customers of the class 1 and 𝑗2 

customers of the class 2 (𝑗1 ≥ 1, 𝑗2 ≥ 1). 

Let 𝑡𝑛  be the completion moment of service of the 𝑛-th pressing customer 

in the system 𝐹1 and 𝑇𝑛  be the arrival moment of the 𝑛-th customer (after the 

time 𝑡 = 0) in the system 𝐹2. 
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We introduce the following notations: 

𝜉𝑖
 𝑗 𝑖  𝑡 − the number of pressing customer at time 𝑡 in the system 𝐹𝑖  (𝑖 =

1; 2) 

𝜂𝑖
 𝑗 𝑖  𝑡 − the number of ordinary customer at time 𝑡 in the system 𝐹𝑖  (𝑖 =

1; 2)  

Here and in what follows upper index in the bracket denotes the number of 

customers at time 𝑡 in the considered system. 

Denote 

𝜉1,𝑛
 𝑗1 = 𝜉1

 𝑗1  𝑡𝑛 + 0   ,   

𝜂1,𝑛
 𝑗2 = 𝜂1

 𝑗2  𝑡𝑛 + 0  , 

𝜉2,𝑛
 𝑗1 = 𝜉2

 𝑗1  𝑇𝑛 − 0   ,   

𝜂2,𝑛
 𝑗2 = 𝜂2

 𝑗2  𝑇𝑛 − 0  , 

Π𝑛
(𝑗1 ,𝑗2) 𝑘,𝑚 = 𝑃 𝜉1𝑛

 𝑗1 = 𝑘, 𝜂1𝑛
 𝑗2 = 𝑚  ,    𝑘 = 0,𝑁1,   𝑚 = 0,𝑁2 + 1 , 

Q𝑛
(𝑗1 ,𝑗2) 𝑘,𝑚 = 𝑃 𝜉2𝑛

 𝑗1 = 𝑘, 𝜂2𝑛
 𝑗2 = 𝑚    ,   𝑘 = 0,𝑁1  ,

𝑚 = 0,𝑁2 + 1 . 

Theorem 3.2.1.  For arbitrary 𝑗1 = 2,𝑁1
       , 𝑗2 = 0,𝑁2

       and 𝑛 ≥ 1 holds the 

following equality: 

Π𝑛
(𝑗1 ,𝑗2) 𝑘,𝑚 = Q𝑛

(𝑁1−𝑗1+1,𝑗2) 𝑁1 − 𝑘,𝑚 , 𝑘 = 0,𝑁1,

𝑚 = 0,𝑁2 + 1 , 𝑛 ≥ 1                                             (3.2.1) 

The similar relation has been obtained in [2] and in [9] on 𝑛 → ∞ for the 

system 𝑀 𝐺 1|𝑁 and 𝐺𝐽 𝑀 1|𝑁 − 1 

Proof of the Theorem 3.2.1. It is known that {𝑡𝑛 ; 𝑛 ≥ 1} and 𝑇𝑛 ; 𝑛 ≥ 1 are 

regeneration moment of the random processes 𝜉1
 𝑗  (𝑡) and 𝜉2

 𝑗  (𝑡)  
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respectively, that is,    𝜉1𝑛
 𝑗  ; 𝑛 ≥ 1  and {𝜉2𝑛

 𝑗  ; 𝑛 ≥ 1} constitute the 

homogenous Markov chain with possible states (0,1,…𝑁). 

First we consider the system 𝐹1. Let   𝜈𝑛  and 𝜃𝑛  be the number of pressing 

and ordinary customers who arrive during the service time of the 𝑛-th pressing 

customer. Then 𝜈1, 𝜈2, … and  𝜃1, 𝜃2, … are independent random variables with 

distributions 

𝛼𝑟 = 𝑃 𝜈𝑟 = 𝑟 =
𝜆1

𝑟

𝑟!
 𝑡𝑟𝑒−𝜆1𝑡𝑑𝐵1 𝑡 

∞

0

  , 𝑟 ≥ 0, 𝑛 ≥ 1,       (3.2.2) 

𝛽𝑟 = 𝑃 𝜃𝑟 = 𝑟 =
𝜆2

𝑟

𝑟!
 𝑡𝑟𝑒−𝜆2𝑡𝑑𝐵1 𝑡 

∞

0

  , 𝑟 ≥ 0, 𝑛 ≥ 1,       (3.3.3) 

Then is hold the following recurrence relations: 

𝜉1,𝑛+1
 𝑗1 = min⁡{ 𝜉1𝑛

 𝑗1 − 1 
+

+ 𝑣𝑛+1, 𝑁1} 

𝜂1,𝑛+1
 𝑗2 = min 𝜂1𝑛

 𝑗2 + 𝜃𝑛+1, 𝑁2       , 

here 𝑥+ = max⁡(0; 𝑥). Introduce the following notations: 

𝛾𝑟1 ,𝑟2
= 𝑃 𝜈𝑛 = 𝑟1, 𝜃𝑛 = 𝑟2 = 𝛼𝑟1

∙ 𝛽𝑟2
 ,                         (3.2.4) 

𝑞𝑘−𝑚,𝑟 =  

0 , 𝑘 < 𝑚
𝛾𝑘−𝑚,𝑟  , 𝑚 ≤ 𝑘 ≤ 𝑁1

𝛾𝑁1−𝑚,𝑟 + 𝛾𝑁1−𝑚+1,𝑟 + ⋯ , 𝑘 = 𝑁1

                (3.2.5) 

If we take into consideration that for 𝑛 ≥ 2  

𝑃 𝜉1,𝑛
 𝑗1 = 𝑘, 𝜂1,𝑛

 𝑗2 = 𝑖/𝜉1,𝑛−1
 𝑗1 = 𝑚 + 1 , 𝜂1,𝑛−1

 𝑗2 = 𝑟 =

𝛾𝑘−𝑚,𝑖−𝑟 ,   

where ≤ 𝑘, 𝑘 = 0,𝑁 , we have the following recurrence relations: 
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 Π1

 𝑗1 ,𝑗2  𝑘,𝑚 = 𝑞𝑘−𝑗1+1,𝑚−𝑗2
  , 𝑗1 − 1 ≤ 𝑘 < 𝑁1  , 𝑗2 ≤ 𝑚 ≤ 𝑁2 ,

Π𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 =   Π𝑛−1

 𝑗1 ,𝑗2  𝑖 + 1, 𝑟  𝑞𝑘−𝑖,𝑚−𝑟             

𝑚

𝑟=𝑗2

𝑘

𝑖=𝑗1−𝑛

1 ≤ 𝑛 ≤ 𝑗1, 𝑗1 − 𝑛 ≤ 𝑘 < 𝑁1, 𝑗2 ≤ 𝑚 ≤ 𝑁2 ,

Π
 𝑗1 ,𝑗2  𝑘,𝑚 =  Π𝑛−1

 𝑗1 ,𝑗2 

𝑚

𝑟=0

 0,𝑚 − 𝑟 𝑞𝑘,𝑟 +   Π𝑛−1
 𝑗1 ,𝑗2  𝑖 + 1,𝑚 − 𝑟 𝑞𝑘−𝑖,𝑚−𝑟  

𝑘

𝑚

𝑚

𝑟=0

𝑛 > 𝑗1, 𝑗2 ≤ 𝑚 ≤ 𝑁2, 0 ≤ 𝑘 ≤ 𝑁1

(3.2.6)  

We consider now the random variables  𝜉2,𝑛
 𝑗1  and 𝜂2,𝑛

 𝑗2 . Set  𝑦𝑛  and 

𝑧𝑛be the number of customers who abandon the system during (𝑇𝑛−1, 𝑇𝑛). The 

random variables 𝑦𝑛  and 𝑧𝑛  have the same distribution as (3.2.4) and (3.2.5). 

For 𝜉2,𝑛
 𝑗1  and 𝜂2,𝑛

 𝑗2  we obtain the following recurrence relations: 

𝜉2,𝑛
 𝑗1 =  min 𝜉2,𝑛−1

 𝑗1 + 1,𝑁 − 𝑦𝑛 
+

 , 𝑛 ≥ 1, 

𝜂2,𝑛
 𝑗2 = min 𝜂1,𝑛

 𝑗2 + 𝑧𝑛 , 𝑁2  

We introduce the following notations: 

𝜉𝑛
(𝑗1) = 𝑁1 − 𝜉2,𝑛

(𝑗 )
 

𝐷𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 = 𝑃 𝜉𝑛

 𝑁1−𝑗1+1 = 𝑘, 𝜂2,𝑛
 𝑗2 = 𝑚 = 𝑄𝑛

 𝑁1−𝑗1+1,𝑗2  𝑁 − 𝑘,𝑚 ,  

𝑘 = 0,𝑁;   𝑗1 = 1,𝑁 − 1 , 𝑛 ≥ 1 . 

It is clear that, 

𝑃  𝜉𝑛
 𝑁1−𝑗1+1 = 𝑘, 𝜂2,𝑛

 𝑗2 = 𝑖/𝜉𝑛
 𝑁1−𝑗1+1 = 𝑚 + 1, 𝜂2,𝑛−1

 𝑗2 = 𝑟 =  𝛾𝑘−𝑚,𝑖−𝑟 ,

𝑚 ≥ 𝑘;  𝑘 = 0,𝑁1 . 

If we take into consideration this equality then by formula of total 

probability obtain the following system of recurrence equations: 
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 𝐷1

 𝑗1 ,𝑗2  𝑘,𝑚 = 𝑞𝑘−𝑗1+1,𝑚−𝑗2
, 𝑗1 − 1 ≤ 𝑘 < 𝑁1, 𝑗2 ≤ 𝑚 ≤ 𝑁2 

𝐷1
 𝑗1 ,𝑗2  𝑘,𝑚 =   𝐷𝑛−1

 𝑗1 ,𝑗2  𝑖 + 1, 𝑟 𝑞𝑘−𝑖,𝑚−𝑟

𝑚

𝑟=𝑗2

𝑘

𝑖=𝑗1−𝑛

,

1 ≤ 𝑛 ≤ 𝑗1, 𝑗1 − 𝑛 ≤ 𝑘 < 𝑁1, 𝑗2 ≤ 𝑚 ≤ 𝑁2

𝐷𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 =  𝐷𝑛−1

 𝑗1 ,𝑗2  0,𝑚 − 𝑟 𝑞𝑘,𝑟 +   𝐷𝑛−1
 𝑗1 ,𝑗2  𝑖 + 1,𝑚 − 𝑟 𝑞𝑘−𝑖,𝑚−𝑟 ,

𝑘

𝑖=0

𝑚

𝑟=0

𝑚

𝑟=0

𝑛 > 𝑗1, 𝑗2 ≤ 𝑚 ≤ 𝑁2, 0 ≤ 𝑘 ≤ 𝑁1

    3.2.7   

here 𝑞𝑘,𝑟  is defined by equality (3.2.5). As is obvious from (3.2.6) and (3.2.7) 

for the functions, Π𝑛
 𝑗1 ,𝑗2 (𝑘,𝑚) and D𝑛

 𝑗1 ,𝑗2 (𝑘,𝑚) are obtained the same 

recurrence equations and  

Π𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 = D1

 𝑗1 ,𝑗2  𝑘,𝑚  . 

From here  

Π𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 = D𝑛

 𝑗1 ,𝑗2  𝑘,𝑚  , 

or 

Π𝑛
 𝑗1 ,𝑗2  𝑘,𝑚 = 𝑄𝑛

 𝑁1−𝑗1+1,𝑗2  𝑁 − 𝑘,𝑚  . 
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§–3.3 Duality relation of the means busy period for the service systems 

𝐌 𝐆 𝟏|𝐍 and 𝐆𝐉 𝐌 𝟏|𝐍 − 𝟏   

Let consider following queue systems 𝐹1𝑁 − M G 1|N and 𝐹2𝑁 −

GJ M 1|N − 1:  

Service time of the queue systems 𝐹1𝑁 − M G 1|N  and 𝐹2𝑁 −

GJ M 1|N − 1 have the same distribution function  

𝐴 𝑥 =  
0, 𝑥 ≤ 0

1 − 𝑒−𝑥 , 𝑥 > 0, 𝜆 > 0
  

The service times in the queue 𝐹1𝑁  and interarrival times in the queue 𝐹2𝑁  

be independent and identically distributed random variables with the distribution 

function 𝐵 𝑥 [𝐵 𝑥 + 0 = 0] and with mean 𝜇−1.  

There is single-channel queue system and customers are served in the 

order of their arrivals. There are waiting room of size 𝑁(𝑁 ≥ 1) in the system 

𝐹1𝑁  and 𝑁 − 1 in the system 𝐹2. We call this kinds of service systems duality 

queue systems. 

Let denote the following notation:   

𝜁1𝑘 −busy period of the system 𝐹1𝑘  , 𝑘 = 1,2,…; 

𝜁2𝑁 − busy period of the system 𝐹2𝑁 ; 

𝜌1 = 𝜆𝜇−1 and 𝜌2 = 𝜇𝜆−1 are respectively loadings of the systems; 

𝑏  𝑠 =  𝑒−𝑠𝑥𝑑𝐵 𝑥   , 𝑅𝑒 𝑠 ≥ 0

∞

0

   , 

𝑔 𝑁 𝑠 =  𝑒−𝑠𝑥𝑑𝑃 𝜁1𝑁 < 𝑥   , 𝑅𝑒 𝑠 ≥ 0

∞

0

 

𝑓 𝑁 𝑠 =  𝑒−𝑠𝑥𝑑𝑃 𝜁2𝑁 < 𝑥   , 𝑅𝑒 𝑠 ≥ 0

∞

0
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In the considered work are established duality relationship between 𝑀𝜁1𝑁 

and 𝑀𝜁2𝑁 . Here we use equalities are given in [12] and [2] determines the 

function 𝑔 𝑁 𝑠  and 𝑓 𝑁 𝑠 . 

Theorem 3.3.1. By 𝑁 ≥ 1 the following equality holds: 

𝑀𝜁2𝑁 =
𝑀𝜁1𝑁 − 𝜇−1

𝜆(𝑀𝜁1𝑁 −𝑀𝜁1𝑁−1)
  .                                         (3.3.1) 

Theorem 3.3.2. The following equality holds: 

lim
𝑁→∞

𝑀𝜁2𝑁 =  

1

𝜆(1 − 𝑟)
 , 𝜌2 < 1 ,

∞ , 𝜌2 ≥ 1

                                     (3.3.2) 

here  𝜈 = 𝑏 (𝜆 − 𝜆𝑣) is the unique valid the least root of the equation is different 

from  one. 

The equality (3.3.2) are given in [6]. In the considered work it is shown as 

result of the equality (3.3.1). 

Proof of the Theorem 3.3.1. In [4] are given the following equality for 

𝑔 𝑁 𝑠 :  

𝑔 𝑁 𝑠 =
Δ𝑁−1(𝑠)

Δ𝑁(𝑠)
 ,                                                   (3.3.3) 

here Δ𝑘(𝑠) is defined by following equality: 

 𝑣𝑘Δ𝑘(𝑠)

∞

𝑘=0

=
𝑣𝑏  𝑠 − 𝑏  𝑠 + 𝜆 − 𝜆𝑣 

 1 − 𝑣 [𝑣 − 𝑏  𝑠 + 𝜆 − 𝜆𝑣 ]
   ,                         (3.3.4) 

If we take into account Δ𝑘 0 = 1 by (3.3.4), then directly determine by 

(3.3.3)  

1 − 𝑔 𝑁 𝑠 

𝑠
=

1

Δ𝑁(𝑠)
∙
Δ𝑁 𝑠 − Δ𝑁−1(𝑠)

𝑠
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multiplying the both sides of this equality and giving over to the limit when 

𝑠 → 0, we obtain 

𝑀𝜁1𝑁 = lim
𝑠→0

Δ𝑁 𝑠 − Δ𝑁−1(𝑠)

𝑠
                                        (3.3.5) 

 By (3.3.4) holds the following equality:  

 1 − 𝑣  𝑣𝑘Δ𝑘(𝑠)

∞

𝑘=0

=
𝑣(1 − 𝑏  𝑠 )

𝑏  𝑠 + 𝜆 − 𝜆𝑣 − 𝑣
+ 1 

or  

 𝑣𝑘(Δ𝑘 𝑠 − Δ𝑘−1(𝑠)) =
1 − 𝑏  𝑠 

𝑏  𝑠 + 𝜆 − 𝜆𝑣 − 𝑣

∞

𝑘=0

   .                     (3.3.6) 

Dividing both sides of the equality by 𝑠 and giving over to the limit when 

𝑠 → 0 by (3.3.5) we obtain the following equality: 

 𝑣𝑘𝑀𝜁1𝑘 =
𝑣

𝜇[𝑏 𝜆 − 𝜆𝑣 − 𝑣]
   .                                (3.3.7)

∞

𝑘=0

 

In [2] proved following equality: 

𝑓 𝑁 𝑠 = 1 −
𝑠𝑃𝑁−1 𝑠 

𝑄𝑁−1 𝑠 − 𝑄𝑁−2 𝑠 
   , 𝑁 ≥ 2 .                       (3.3.8) 

here 𝑃𝑘 𝑠  and 𝑄𝑘 𝑠   are defined by following equalities: 

 𝑣𝑘𝑃𝑘 𝑠 =
1

𝑏  𝑠 + 𝜆 − 𝜆𝑣 − 𝑣
∙

1 − 𝑏  𝑠 + 𝜆 − 𝜆𝑣 

𝑠 + 𝜆 − 𝜆𝑣

∞

𝑘=0

    , 

 𝑣𝑘𝑄𝑘 𝑠 =
1

𝑏  𝑠 + 𝜆 − 𝜆𝑣 − 𝑣

∞

𝑘=0

   .                                    (3.3.9) 

By (3.3.8)  
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1 − 𝑓 𝑁 𝑠 

𝑠
=

𝑃𝑁−1

𝑄𝑁−1 − 𝑄𝑁−2
    ,                                   (3.3.10) 

here 𝑃𝑘 = 𝑃𝑘(0) and 𝑄𝑘 = 𝑄𝑘(0)  defines by (3.3.9) with derivative functions 

 𝑣𝑘𝑃𝑘

∞

𝑘=0

=
1

𝑏  𝜆 − 𝜆𝑣 − 𝑣
∙

1 − 𝑏  𝜆 − 𝜆𝑣 

𝜆 1 − 𝑣 
  ,                  (3.3.11) 

 𝑣𝑘𝑄𝑘 =
1

𝑏  𝜆 − 𝜆𝑣 − 𝑣

∞

𝑘=0

                                                  (3.3.12) 

By this equalities 

𝜆 𝑣𝑘
∞

𝑘=1

 𝑃𝑘 − 𝑃𝑘−1 =
1 − 𝑣

𝑏  𝜆 − 𝜆𝑣 − 𝑣
   , 

 𝑣𝑘
∞

𝑘=1

 𝑄𝑘 − 𝑄𝑘−1 =
1 − 𝑣

𝑏  𝜆 − 𝜆𝑣 − 𝑣
    . 

Hence 

 𝑄𝑁−1 − 𝑄𝑁−2 = 𝜆 𝑃𝑁−1 − 𝑃𝑁−2  

or  based on (3.3.10) we obtain the following equality: 

𝑀𝜁2𝑁 =
𝑃𝑁−1

𝜆(𝑃𝑁−1 − 𝑃𝑁−2)
  .                                            (3.3.13) 

 By (3.3.11) we obtain the following equality: 

𝑣𝑘𝑃𝑘 =
1

𝜆[𝑏  𝜆 − 𝜆𝑣 − 𝑣]
−

1

𝜆 1 − 𝑣 
=

1

𝜌
 

1

𝜇[𝑏  𝜆 − 𝜆𝑣 − 𝑣]
−

1

𝜇(1 − 𝑣)
  . 

Since by (3.3.7) and  𝑣 < 1 if we take into consideration that following 

expansion takes place 
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1

1 − 𝑣
=  𝑣𝑘

∞

𝑘=0

 

we obtain the following equality: 

𝑃𝑁−1 = 𝑀𝜁1𝑁 − 𝜇−1    . 

Herein by equality (3.3.13) follows equality (3.3.1). 

Proof of the Theorem 3.3.2.  In [6] proved the following equality 

lim
𝑁→∞

𝑀𝜁1𝑁−𝑘

𝑀𝜁1𝑁
=  

𝑟 , 𝜌1 ≥ 1 ,
1 , 𝜌1 < 1

    .                                   (3.3.14) 

And in [11] are given the following equality  

lim
𝑁→∞

𝑀𝜁1𝑁 =  

1

𝜇(1 − 𝜌1)
 , 𝜌1 < 1

∞ , 𝜌1 ≥ 1

    .                            (3.3.15) 

If we take into consideration that by 𝜌2 < 1 follows 𝜌1 = 𝜌2
−1 > 1, proof 

of the theorem follows based on (3.3.14) and (3.3.15) 
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Conclusion 

In this dissertation work considered the dual single–server queue systems 

with one classes of customers, also, the single–server priority systems with two 

priority classes (pressing and ordinary) of customers. 

―Duality‖ in queuing  there means to interchanging the interarrival time 

and service time distributions of a queue. The new system obtained in this 

manner is considered the dual of the original system, and conversely. When the 

interarrival and service time distributions of a queue are interchanged a new 

queue is obtained which can be considered as the dual of the original. Another 

dual system can also be associated with the original queue. Events defined for 

the original system can be transformed into events defined the duals and 

conversely, and hence, probabilities obtained for one system can be extended to 

the others. 

Several authors have used duality relationships in this manner (Daley, 

Bhat, Takacs, Shanbhag). Our objective in this work is to study the duality 

relations between queue size distribution in some ordinary queue systems, also, 

in some priority queue systems. This problem has been solved for the systems 

𝑀|𝐺|1 and 𝐺 𝑀 1|𝑁 by Shahbazov for the case when limit is given by the 

regeneration points. By author of this dissertation work established the duality 

relation between stationary queue size distributions for these systems when limit 

is given by the continuous time 𝑡. 

Further, in this work considered the following priority system: suppose 

that low(class 0) and high priority(class 1) customers arrive at a single–server 

queue system. Take 𝑡0𝑖 = 0, and let 0 < 𝑡1𝑖 < 𝑡2𝑖 < ⋯ be the arrival times of 

customers of the 𝑖-th class (𝑖 = 0,1). We assume that the interarrival times 

𝑢𝑛𝑖 = 𝑡𝑛𝑖 − 𝑡(𝑛−1)𝑖 , and the service times 𝑣𝑛𝑖  of successive class 𝑖 customers 

form for independent renewal processes determined by the distribution functions 

𝐴𝑖 𝑥 =  
0 , 𝑥 ≤ 0

1 − 𝑒−𝜆𝑖𝑥  , 𝑥 ≥ 0 , 𝜆𝑖 > 0
   ,  



50 
 

(for interarrival times) and 𝐵𝑖(𝑥) (for service times). We assume only that 𝐵𝑖(𝑥) 

has finite mean 𝜆−1 (𝑖 = 0,1). The number of the positions in the system are 

bounded by 𝑁𝑖  (𝑁𝑖 ≥ 1), that is, may be at most 𝑁𝑖 + 1 customers of the class 𝑖 

in the system (with the served customers). This system is denoted by 

𝑀𝑀         𝐺𝐺       1|𝑁0, 𝑁1. By interchanging in this system the distributions 𝐴0 𝑥  and 

𝐵0 𝑥  we obtain the dual priority system which is defined as 𝐺𝑀        𝐺𝑀        1|𝑁0, 𝑁1. 

In this work obtained the duality relationship between stationary queue 

size distributions for the dual queue system 𝑀𝑀         𝐺𝐺       1|𝑁0, 𝑁1 and 

𝐺𝑀        𝐺𝑀        1|𝑁0, 𝑁1. 

It is not known us duality relations for the priority queue systems. 

Evidently, such relations obtained for the first time. 

The results of the §-2.1, §-2.2, §-3.1, §-3.2 and §-3.3 belongs immediately 

to the author of this work. Some of them are results of joint operation author and 

his scientific supervisor.  

Investigations on the subjects of this work can be continual as follows: 

1. Establishment a duality relation between non-stationary queue size 

distributions in the queue systems 𝑀 𝐺 1|𝑁 and 𝐺𝐽 𝑀 1|𝑁. 

2. Establishment a relationship between distributions of the stationary queu 

sizes of the systems  𝐺 𝐺 1 and 𝐺 𝐺 1|𝑁.  

3. Development the methods of using duality relations. 

4. Determination a duality relation between stationary queue sizes 

distributions for the priority queue systems 𝑀𝑀         𝐺𝐺       1|𝑁1, 𝑁2 and 

𝑀𝑀         𝑀𝑀         1|𝑁1, 𝑁2. 

5. Investigation of the asymptotic behavior of the queue size distributions by 

using duality relations.  

6.  Establishment a duality relations for the systems with relative priority 

7. Establishment a duality relation between service time distribution for the 

dual queue systems. 
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8. Establishment a duality relation between busy period distributions for the 

dual queue systems. 
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