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Introduction

1. Statement and urgency of the problem. Consider two single-server
queuing systems M|G|1 and G|M|1 which are characterized as follows: in the
system M|G|1, let the customers arrive in a Poisson process with parameter At,
in the system G|M|1 this means that service — time distribution is negative
exponential with mean A~1. Similarly, let the service times in the queue M|G|1
and the interarrival times in the system G|M|1 be independent and identically
distributed random variables with the distribution function B(x). The systems
obtained in this manner are called “dual systems”.

“Duality” in queuing theory refers to interchanging the interarrival time
and service time distributions of a queue. The new system obtained in this
manner is considered the dual of the original system, and conversely. The value
of the concept is that the distribution of certain random variables for one system
can often be expressed in terms of distributions of variables in the dual; knowing
the solution for one system leads to the solution for the other.

The authors well-known scientific works have established and have used
duality relationship for the systems M|G|1 and G|M|1 or for the systems
M|G|1|N and G|M|1|N where arrive customers the same type. Statement of a
question consists in the establishing duality relationship between distributions of
the characteristics of the dual priority queue systems where arrive customers of
two types.

Duality in the queuing theory has been discussed by Finch, Foster,Ghocal,
Gordon, Newell, Makino, Daley, Bhat, Takacs, Shanbhag, Shahbazov, Azlarov,
Tashmanov, Kurbanov([1] — [3], [5] — [9], [13] — [20]) and others for the
characteristics of the queue systems M|G|1 , G|M|1 , G|G|1 , M|G|1|N |,
G|M|1|N — 1.

In this dissertation work several duality relations obtained for the queue

size distributions of the priority queue systems MM|GG|1|N;N, and
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GM|MG|1|N;N,. Established some relations between distributions of the

stationary queue sizes of the queue systems M|G|1 and M|G|1]|N, also, between

distributions of the stationary queue sizes of the priority queue systems
MM|GG|1|c0, 00 and MM |GG|1|N, oo.

2. Object and subject of investigations.

The object of investigation - the priority queue systems W|G_G)|1|oo,oo :
MM|GG|1|Ny, N, , GM|MG|1|Ny, N, .

Subject of investigations — the distribution of stationary queue sizes and

non-stationary queue sizes.

3. Purpose and tasks of the investigations. Purpose of this work is
establishment the duality relations between queue size distributions for the
priority systems which have been obtained between queue size distributions for
the systems M|G|1|N and G|M|1|N — 1, also, determination the methods of
using duality relationship for the investigation priority systems. With this
purpose are defined the following tasks: study the works on the duality relations
and methods of their using, application these methods for obtaining new results
for the dual priority queue systems

4. The basic problems and conjectures of investigations:

a) the establishing a relationship between stationary queue size
distributions in the system M|G|1 and M|G|1]|N;
b) the establishing a relationship between stationary queue size
distributions in the priority queue systems MM |GG|1|o0, o and MM|GG|1|N, o;
C) the establishing a duality relation between stationary queue size
distributions in the dual priority queue systems MM|GG|1|N;N, and
GM|MG|1|N; — 1, N,
5. Research methods. In this work were used common research methods of

the probability theory, methods of the renewal process, method of introducing



the concept of “service cycle”, method of introducing an additional variable,
method of birth and death process.
6. Theoretical and practical significance of this work. It is known that

connection with the technical difficulties the priority queue systems of type
GG|MM|1 are little studied. The relations established in this work give
possibility transforming some results defined by W|G_G)|1 into the queue

system E_G>|W|1 and conversely. Also, by applying these relations it is
possible to obtain some results considerably easily. Knowing the solution for
one system leads to the solution for the other.

7. Scientific novelty. It is now known results on the duality relations
between distributions of the characteristics of dual priority queue systems. In
this dissertation work for the first time established duality relation between
distributions of the stationary queue sizes of the priority queue systems
MM|GG|1|N; N, and GM|MG|1|N; — 1, N,

8. Composition of the dissertation work. The dissertation work consists of
the introduction, three chapters(the six paragraphs) and conclusion. Volume of
this work the 50 pages.

In chapter | is given a brief review of basic scientific works of the duality
relations, also, is proved the result obtained by Kurbanov [ ] for the dual queue
system M|G|1|N and GJ|M|1|N — 1. In chapter Il are considered the relations
established between stationary queue sizes distributions of the systems M|G|1

and M|G|1|N, also, between stationary queue size distributions in the priority
queue systems MM|GG|1|o,00 and MM|GG|1|N,o. In chapter I is
established duality relation between stationary queue size distributions of the

priority queue systems MM |GG|1|Ny, N, and GM|MG|1|Ny, N,.



Chapter I. The review and some known results on the duality
relations.
§ — 1.1. The brief review of articles on some duality results in

the theory of queues
“Duality” in queuing theory refers to interchanging the interarrival time

and service time distributions of a queue. The new system obtained in this
manner is considered the dual of the original system, and conversely. The value
of the concept is that the distribution of certain random variables for one system
can often be expressed in terms of distributions of variables in the dual; knowing
the solution for one system leads to the solution for the other.

Several authors have used duality relationships in this manner:

1.Takacs L. [13] derived some duality relationships both for system M|G|1
and G|M|1 variables at a specified time and at specified epochs of arrival and
departure.

Consider two independent families of random variables {g;,j = 1,2, ...}

and {7;,j = 1,2,...}. The g; are independently and identically distributed with

distribution function A(o) and t; are independently and identically distributed

with distribution B(1).

The queue discussed thus far can be denoted by G,|Gg|1. If the interarrival
and service time distributions are interchanged, the resulting Gz |G4|1 queue has
independently and identically distributed interarrival times {oy,0,,..} with
distribution function B(o) and independently and identically distributed service
time{ry, 7,, ...} with distribution function A().

Let

k(t) =Yt where r(t) = maxifi: ¥, g <t

k') =3P, wherer'(t) = maxifi: Y, o < t}.



Takacs has defined the dual of a queue in terms of the k(t)or k'(t)

process. In accordance with his definition the dual of the k'(t) process is
k' (t) = sup {k'(y) <t}.

0<y<oo
The duality is a result of identity of the events
(k" (t) <x} & {k'(x)>t}.

2. Shanbhag D.N.[14] applied duality techniques to M|G|1 queues with
batch service and finite waiting space and their duals — G|M|1 queues with batch
arrivals and finite waiting space. In this paper, an application is given in which
the joint distribution at the number server in a busy period and the length of the
period are related to those same variables in the dual system.

3. Greenberg J. [15] Consider two dual systems G,|Gz|1 and Gg|G,4|1
obtained above. Let v(0) be a random variable independent of the g; and 7; with
c(v) = P(v(0) < v). Define

po = min, {j:Z{le a; > v(0) +Z{;11 7;}, if there exists such a j = oo,
otherwise;

po = min {j:XI_ a, >v'(0) + ¥/ 7;}, if there exists such aj = oo,
otherwise;

0, = infift: k(t) + v(0) = t}, if there exists such a t = oo, otherwise;

0, = inf,~o{t: k (t) +v (0) = t}, if there exists such att = oo , otherwise

Obtained the following relations:

{6y < t,0) <0} & {6, <t 0 <o},
{po < £,0p < 0} & {py < t,0, < o},

4. Daley D.J. [16] Noted that in a single server queue with impatient
customers who depart at time k if their service has not been completed, the
waiting time of the n-th customer is the dual of k minus waiting time of the n-th
customer in the dual system; the distribution of one is conveniently represented
in terms of the distribution function of the other.

5. Bhat N. [17] Considered queues with a maximum of C waiting spaces

and used duality principles to relate the time of the first “overflow” for the
8



M|G|1 and G|M|1 queue, the time measured in terms of the number of arriving
or departing customers before overflow.

6. Foster F.G. [18] considered queues with maximum of N waiting spaces
and derived duality principles to relate the number of customers to the number
of waiting spaces, since the number of customers to the number of waiting
spaces decreased by one as the number of customers increased by one. In
relationship between the number of customers and the number of waiting spaces,
the arrival and service processes are simply reversed. This is the reason why the
dual system in a single—server queuing system has commonly been defined by
interchanging the arrival process and the service process in the primary system.
On the other hand, duality in tandem queuing systems has been applied only to
the following special cases.

7. Yamazaki G and Sakasegawa H. [19] considered cyclic queuing systems
where N customers advanced sequentially in clockwise. They studied the
relationship between a customers and a waiting space as follows: when a
customer completed his service at the i-th stage and advanced to the (i + 1)-th
stage, waiting spaces at the (i + 1)-th stage were decreased by one and those at
the i-th stage were increased by one just like one of waiting spaces at the(i +
1)-th stage completed her “service”, that is, waiting spaces advanced
sequentially in counterclockwise. Therefore they defined the dual system as
reversing the order of service in the primary system.

8. Makino S. [20] analyzed the reversibility for some two and three stage
tandem queuing system where he compared the ordinary system with the
reversed order-of-service system.

9. Shahbazov A. [9] Considered the dual systems M|G|1|N and
G|M|1|N — 1. Are denoted by & (t) and &,(t) the queue size at time t of the
systems M|G|1|N and G|M|1|N — 1, respectively.

Let ¢, ty, ... t, are moments of the service termination of the customers in
the system M|G|1|N and ti,t,,..t,,.. are moments of the arrival of the

customers in the system G|M|1|N — 1.
9



Denote

$n = &1(8, +0) & =&(t, —0) .
In the article proved the following relation:

lim P(§, =k)=1lim P, =N —k), k=0

10. Azlarov T.A. and Kurbanov H. [2] In their article is generalized the

result of Shahbazov and obtained following equality:

$n =k _ .f?;:N_k ~
P( /51(0)=j)_P< /52(0)=N—j+1>’ k=0,N.
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§-1.2. The duality relation between distributions of the queue
sizes of the dual systems M|G|1|N and G|M|1|N — 1

We shall consider two single-server queuing systems F; = M|G|1|N and
F, = G|M|1|N — 1 as duals of each other.

In F;, let customers arrive in a Poisson process with parameter At; in the
dual queue F, this means that service time distribution is exponential with mean
A7, Similarly, let the service times in the queue F; and interarrival times in the
queue F, be independent and identically distributed random variables with the
distribution function B(x)[B(x + 0) = 0] and with mean A~!. Suppose that
there is a waiting room of size N(N = 1) in the system F; (a waiting room size
N — 1 in the system F,), that is, the number of customers in the system F; (in

the system F,) is at most N + 1(at most N).

We shall denote by &; (t) and &, (t) the queue size at time t in the systems

F; and F,, respectively.

Let tq,t,, ..., t,, ... are service termination moments of the customers in the
system F; and t;,t,, ..., t,, ... are arrival moments (after the time ¢t = 0) in the

system. We use the notations:

fn = fl(tn + 0) 751,1 = fZ(trll - 0)

0) = = _
Hn’k_P<€n /51(0):].) ,j=2,N ,k=0,N, n=x1,

v
[

D _plén=k = TN =T k=
o)) —P<f" /fz(o)=j> JE LN L= 0Nn

Theorem 1.2.1. For all j = 2, N holds the following relation:

nY) = W7 k=0,N,n>1. (1.2.1)
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From this relation it follows that

fn — N Erll
M( /61(0)=j>_N M( /62(0)=1v-,-+1)'"21-

Now we shall suppose that &;(0) and &,(0) are random variables with

distributions

5 =P0)=/),j=2N;

L =P(0)=)),j=1LN-1;

Theorem 1.2.2. If for all =2,N r, =ly_;;4, then holds the following
equality

P, =k)=PE,=N—-k),k=1T,Nn>1.

Proof of the Theorem 1.2.2. The sequences of random variables
£,&, v, &y and &,&,...,&,, ... are Markov’s chain. We introduce the

following notations:

T
Y, =P(v, =71) =%f te ™ MdB(t) ,r=0,n>1
0
0,k<m,
Qk—m={ Yk-m M<Kk <N,
YN-m T VN-m+1 + k=N

Since foralln > 2

$n = _ _
P<n [e  —m+41)=Vem k=0N, m<k

then by formula of total probabilities we obtain the following recurrence

relations for Hfl’;,)(:
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( Hy(l],])czqk—j+1'n=1

k
Hr(zll)c = Z H?S.]—)l,m+1 “Qk-m, 1 <N

* S (1.2.2)
k
Hr(z]i)c = anr(z]—)l,o + Z HT(l]—)l,m+1 “Qr—m MN>]
\ m=0
Let now
j N—j+1 .
D) =N k=0N j=TN-1;n21.
Sincefor m>k ,k=0,N
N—-& =k 3
P( i /N_En—1=m+1)_]/k_m,
then for Dfl’,){ we obtain
( D} = Qejin =1
k
g) () :
D = z DY~ - ,1<7’l§]
< n,k n—1,m+1 m (1.2.3)

m=j—n

k
Dgl)c = QkDr(Ql,o + z Dr(ljzl,m+1 “Qi—m N> ]
\ m=0

From the relations (1.2.2) and (1.2.3) it follows that for HU,)( and DU,)( are

n, n,
obtained one and the same recurrence relations and
MYy = DY} = Gy -
From here it follows that forall k = 0,N and n > 1

G) _ nU) _ AWN—j+1)
l_[n,k - Dn,k - Qn,N—k .

The theorem 1.2.2. It follows from (1.2.1) by using the formula of total

probabilities.
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§-1.3. On inverse queuing processes

Suppose that in the time interval (0, c0) customers arrive at a counter at
times 74,75, ..., T,, .. Where 0 < 7, < 1, < - < 1, < -+ are random variables.
The customers are served by a single server who starts working time t = 0. The
successive service times, xi, X2, ---»Xn, -, are positive random variables. The
order of serving is not specified. We suppose only that the server is busy if there

Is at least one customer in the system.

We shall denote by n(t) the waiting time at time ¢, that is, the time that a
customer would have to wait if he arrived at time t and if the customers are
served in the order of their arrivals, n(0) is the initial waiting time, that is, the

occupation time of the server at time t = 0.

Denote by g, the number of customers served during the initial busy
period, and by 6, the length of the initial busy period. If £(0) = 0, then g, = 0,
and if n(0), then 8, = 0.

For 0 < i < k define

P(kl|i) = P{Osup E(t) < k|E(0) =i} (1.3.1)

<t<f,

as the probability that the maximal queue size during the initial busy period is

< k given that the initial queue size is i.

For 0 < ¢ < x define

G(x|c) = P{Oiil; n(t) < x|n(0) = c} (1.3.2)

as the probability that the maximal waiting time during the initial busy period is

< x given that the initial waiting time is c.

Now we shall define the inverse process of the queuing process defined
before. Suppose that in the time interval [0, c0) customers arrive at a counter at
times 73,77, ...,75,... Where zg=0and 7, = y; + -+, n=1,2,...). The

14



customers are served by a single server who starts working at time t = 0. The
successive service times are xi, X, ., Xn,-. Where y, =1, —7,.4 (n=
1,2,...; To = 0). We suppose that the server is busy if there is at least one
customer in the system. This queuing process is called the inverse process of a

queuing process if we interchange the interarrival times and service times.

For the inverse queuing process denote by £*(t) the queue size at time t.
£*(0) is the initial queue size, that is, the queue size immediately before t = 0.
The customer arriving at the time t = 0 is not counted in the initial queue size.
Further denote by n*(t) the waiting time at time t in the inverse queuing
process. n*(0) is the initial waiting time (immediately before t = 0) is not

included in the initial waiting time.

Denote by g, the number if customers served in the initial busy period, and

by 6, the length of the initial busy period.

For the inverse process, we use the same notation as for the original

process, except that an asterisk is added. Thus, we use the notation
P*(kl|i) = P{ sup &*(t) <k|&*(0) =i} (1.3.3)
0<t<by

(0 < i < k) for the probability that the maximal queue size during the initial
busy period is < k if the initial queue size is i, and

G*(xlc) = P{Oig n"(t) < xIn*(0) = c} (1.3.4)

<bo

(0 < ¢ < x) for the probability that the maximal waiting time during the initial

busy period is < x if the initial waiting time is c.

Dual theorems. We shall show that there are simple relations between the
distributions (1.3.1) and (1.3.3) as well as between (1.3.2) and (1.3.4) We shall
always suppose that

P{sup |1+ +xn — x| =0} =1 (1.3.5)
0<t<0y

15



Theorem 1.3.1. If 0 < i < k, then

P*(klk — i) = 1 — P(k|i) (1.3.6)

Proof of the Theorem 1.3.1. Define a stochastic process {§(t),0 <t <
oo} in the following way: 6(0) = 0 and &6(t) changes only in jumps. A jump of
magnitude +1 occurs at times t = 74, Ty, ..., T, ... and a jump of magnitude —1
occurs at times t = 17,15, ..., T, ... 1hen evidently P(k|i) is the probability that
6(t),0 <t < oo, reaches the line z = —i first without touching the line
z =k + 1 —1iin the meantime. P(k|k— i) is the probability that §(¢t),0 <t <
oo, reaches the line z = k + 1 — i first without touching the line z = —i in the
meantime. If (5) is satisfied, then 6(t),0 <t < oo, will sooner or later reach
either z=—i or z=k+1—1i with probability 1. Hence P(k|i)+
P*(k|k — i) = 1 which was to be proved.

Theorem 1.3.2. If 0 < ¢ < x, then we have
G*'(x|lx —c)=1-G(x|c) (1.3.7)

Proof of the Theorem 1.3.2. Define a stochastic process {x(t),0 <t <
oo}, in the following way: y(0) = 0 and

x(@) = Z Xn (1.3.8)

0<t,t

for,0 <t < oo. Then G(x|c) can be interpreted as the probability that y(t),0 <
t < oo, intersects the line z = t — ¢ first without intersecting the line z =t +
x —c in the meantime. G*(x|x—c) is the probability that y(t),0 <t < oo,
intersects the line z = t + x — ¢ first without intersecting the line z = t —c in
the meantime. If (1.3.5) is satisfied, then y(t),0 <t < o), will sooner or later
intersect either z =t — c or z = t + x — ¢ with probability 1. Hence G(x|c) +

G*(x]x — c) = 1 which was to be proved.
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In the next two sections we shall give some examples for the applications
of the above theorems. We shall suppose that 7, — 7,4 (n = 1,2,...; 15 = 0)
and y,(n=1,2,...) are independent sequences of mutually independent and

identically distributed positive random variables.
If
P{y, =1, — 1,1} <1, (1.3.9)

then (1.3.5) is satisfied and Theorem 1.3.1 and Theorem 1.3.2 are applicable.

We shall use the following notation:

P{t, — 1,1 <x}=F(x), (1.3.10)

P{t, <x}=H(x), (1.3.11)

Y(s) = j e **dH(x) , (1.3.12)
0

a= j xdH (x) . (1.3.13)

0

Queues with Poisson input. In this section we shall give direct proofs for

some theorems which have been found by the author [10]. (See also [11] and
[12])

Consider the single-server queuing process defined in the introduction, in
the case when the inter arrival times 7, — 1,1 (n=1,2,...; 7o =0) are
mutually independent random variables having the common distribution
function

1—e*ifx >0,

Fx) = {o ifx <0,

(1.3.14)

and the service times x1, X2, ..., Xn, ... are also mutually independent random
variables having the common distribution functionH(x). Further, the two

sequences t,, — T,,_; are also independent.
17



In this process the arrivals form a Poisson process of density A, and the
probability that exactly j (j = 0,1,2,...) customers arrive during a service time
IS given by

[00]

f e € dH( ). (1.3.15)

0

The generating function of ; (j = 0,1,2, ...) is given by

n(z) = Z mz = j e rDxdh(x) =p(A(1—2))  (1.3.16)
j=0 0

and (1.3.16) is necessarily convergent for |z| < 1.

Theorem 1.3.3. For 0 < i < k we have

P(k|i) = i (1.3.17)
Qk
where
N Qo(2)
_ k _
Q(2) = Z Q2" == (1.3.18)
k=0
for |z| < 6 and § is the smallest nonnegative real root of
n(z) =z (1.3.19)

If Aa < 1,then§ =1 andif Aa > 1, then § < 1. Q, is an arbitrary nonnull

constant.

Proof of the Theorem 1.3.3. Define the process {6(t),0 < t < oo} in the
same way as in the proof of Theorem 1.3.1. If we measure time from a transition

i+ 1—1i, then independently of the past, the increments of the process

18



{6(t),0 <t < o} have the same stochastic behavior as the original process
{6(t),0 <t < oo}. This implies that

P(klk—1i) =P(j|j — 1)P(k|lk — i)
for0<i<j<k.Since0<P(k|i)<1if0<i <k, itfollows that

P(k|i) = Qi (1.3.21)

Qk

for 0<i<k where Qy#0 and Q,/Q, (k=0,1..) is non-decreasing

sequence.

If we take into consideration that during the first service time in the initial

busy period the number of arrivals may be j = 0,1,2, ... then we can write that

k

P(k+i/i) = Z TPk +ifi+j—1) (1.3.22)
=0

fori >0,k = 0. If we multiply (1.3.22) by Q,,; and use (1.3.21), then we get
the following recurrence formula for the determination of Q;, (k = 0,1,2, ...):

k

Qr = Zkaﬂ_j (k=012,..) (1.3.23)

j=0

If we introduce generating functions, we get (1.3.18)

We have explicitly Q; = QO/,T0 and for k = 1,2, ...

k o -
(—1)"v! (mr; — D} ..ok
Qi1 =00 ) ~—51 z l — iz, ko (1.3.24)
v=1 0 i1tip+-i,=V 1o M
i1+2ip+kip=k
We remark that if Aa < 1, then

. Qo

]}I_)IEIO Q, = T ia’ (1.3.25)
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that is, by choosing Qo = 1 — Aa we have
limg ., Q, = 1. If Aa = 1, then lim,_,, Qk/QO = o

If we consider any busy period other than initial one, then

P(k/1) = Qg‘l

k=12,..) (1.3.26)
k

is the probability that the maximal queue size during the busy periods < k.

Example. If, in particular, H(x) = 1 — e ™ for x = 0, that is, the

y) k+1
Qr = 1Q_0&<1 - (ﬁ) ) (3.1.27)
u

forA = pand Q, = Qy(k + 1) for 1 =p.

In this case

P(k/1) = (1.3.28)

ifA#=puand P(k/1) =k/k+1)if1=p.
Formula (1.3.28) has been found by S. Karlin and J.Me.Gregor.
Note. First, we note that is Aa < 1, then
lim, PEX) <k)=0Q, (k=012,...) (1.3.29)
where Q, = 1 — Aa. The limit (1.3.29) is independent of the initial state.
If Aa > 1 then lim,_,,, P(¢(t) < k) =0 forall k.

Second, consider the queuing process studied in this section with the
modification that there is a waiting room of size m, that is, the number of

customers in the system is at most m + 1.
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If an arriving customer findings m + 1 customers in the system, then he
departs without being served. In this modified process denote by {, the queue
size immediately after the n-th departure. Then {¢,} is an irreducible and a
periodic Markov chain with state space J = {0,1,...m}. Consequently the

limiting distribution
lim P({, <k)=P, (k=0/1,..,m)
n—>00
exists, is independent of the initial state and can be obtained as the unique

solution of the following system of linear equations

k

P, = znjpk+1_j (k=01,.,m-1) (1.3.30)
j=0

and B,, = 1. A comparison of (1.3.23) and (1.3.30) shows that

_
Qi

Where Q, (k = 0,1, ...) is defined in Theorem 1.3.3.

P, (k=01,..m) (1.3.31)

If £(t) denotes the queue sized at time for the modified process, then it can

easily be proved that

mP(E()<k)=P; (k=01,..,m+1)

exists, is independent of the initial state, and

Qk

P =—
g Q0+a/1Qm

(1.3.32)

for k=0,1,...,m. Obviously P, ;. If we take into consideration that the
number of transitions i > i+ 1 and i+1-i(i=0,1,...,m) in any interval
(0,1) may differ by at most 1, then we obtain that P, = P, B, for k =0,1,,,,m

and evidently
Pg =P0/(/‘{(1+P0)
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Thus we get (1.3.32)

Theorem 1.3.4. For 0 < ¢ < x we have

W(x —c)
where
r B W()-s
Q(s) = | e S*dW(x) = — (1.3.34)
OJ s+ A1 —=y(s))
For Re(s) > w and w is the largest non-negative real root of
All—yY(s)] =s (1.3.35)

If Aa <1, then w =0, where as if Aa > 1, then w > 0. W(0) is an

arbitrary nonnull constant.

Proof of the Theorem 1.3.4. In this case the process {y(t),0 <t < oo}
defined by (1.3.8) has non-negative stationary independent increments. This

implies that for 0 < ¢ < y < x we have
G*/x—c)=G <y/y — C) G(*/x —¢)- (1.3.36)

Since 0<G(x/y)<1 if 0<y<ux, it follows that G(x/y) can be
represented in the following form

W(x —c)

G(x/c) = W

(1.3.37)

or 0<c<x where W(0) %0 and W(x)/W(0) (0 <x <o) is a non-

decreasing function of x.

If we take into consideration that in the time interval (0,n) one customer
arrives with probability An + o(n), and more than one customer arrives with

probability o(n), then we can write that forx > 0andy > 0
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G<x+3’/y> _

= (1—/1u)G<x+y/y_u>+/1ujG<x+y/y+z>dH(z)
0
+ O(U,) (1338)
If we multiply this equation by W (x + y), then we obtain

Wkx)=0A-AwWx+u) + Auj W(x —2z)dH(z) + o(u) (1.3.39)
0

for x > 0. Hence
W' (x) = AW (x) — A f; W(x — 2)dH(z) (1.3.40)

for x > 0. Forming the Laplace—Stieltjes transform of (1.3.40) we get

S(Q(s) = W(0)) = A(s) — ()Y (s), (1.3.41)

whence
Q(s) = W)s fi R 1.3.42
(S)_s—)t[l—z,b(s)] or e(s) > w. (1.3.42)

This proves Theorem 1.3.4.

If we suppose that a is finite positive number and introduce a distribution

function H* (x) for which

dH*(x) 1-H(x)

- - (1.3.43)
ifx >0and H*(x) = 0 if x < 0, then by inverting (1.3.42) we obtain
W(x) = W(0) Z(/’la)" H: (x) (1.3.44)
n=0

where H; (x) is the n-th iterated convolution of H*(x) with itself;
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Hy(x) =1ifx>0and Hy(x) =0ifx < 0.

We remark that if Aa < 1, then

. w(0)
lim W(x) = T~ 1a

(1.3.45)
that is, by choosing W(0) =1 — Aa we have lim,_, W(x) =1. If da > 1,

then lim, ., W(x)/W(O) = oo,

If we consider any busy period of her than the initial one, then the

probability that the maximal waiting during the busy period is < x is given by

1
W)

W'(x)

Gx) = W (x)

J W(x —z)dH(z) =1— (1.3.46)
0

for x > 0 which follows from (1.3.40)
Example. If, in particular, H(x) = 1 — e™* for x > 0, then

W(x) = Z/T(O; [ — 2e@1)%] (1.3.47)

forA+pand W(x) = W(0)(1 + ux) for A = p.

In this case

G(x) = (1.3.48)

ifA=puand G(x) = ux/(1 + ux) if A = u.
Note. First, we note that if Aa < 1, then

th_)rglo P{in(t) <x}=W(x) (0<x< ) (1.3.49)
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where W(0) = 1 — Aa. The limit (1.3.49) is independent of the initial state. If
Aa > 1, then lim,_, P{n(t) < x} = 0 forall x.

Second, consider the queuing process studied in this section with the
modification that the total time spent in the system by a customer cannot
increase above m where m is a positive number. That is, if a customer already
spent time m in the system, then he departs even if his serving has not yet
been completed. (This model can be used also in the theory of dams where
there is an overflow if the dam is full.)

If p(t) denotes the waiting time at time t also for the modified process,
then we have
W (x)
W(m)

th_)nolo P{n(t) <x} = (1.3.50)

for 0 < x < m, where W (x) is defined in Theorem 1.3.4. If n,, = n(z,, — 0),
that is, n,, is the waiting time immediately before the arrival of the n-th
customer, then we have also

W(x)
w(m)

lim P{n, <x}= (1.3.51)
n—oo

for0 < x <m.

Queues with exponentially distributed service times. Now consider the
inverse process of the queuing process discussed in the previous section. In this

case the service times have the distribution function (1.3.14).

Theorem 1.3.5. If 0 < i < k, then we have

Prkl) = 1— 2 (1.3.52)
Qk

where Q, (k = 0,1,2,...) is defined in Theorem 1.3.3.

Proof of the Theorem 1.3.5. (1.3.52) follows immediately from
Theorem 1.3.1 and Theorem 1.3.3. The probability that in any busy period
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other than the initial one the maximal queue size is < k is given by

P*(k|0) =1 — % (1.3.52)

Qk

fork =0,1,2, ...
Note. First, let us remark that if Aa < 1, then
P{op <[ §"(0) =i} = 1-Q; (1.3.53)
fori =0,1,2,... where Qo = 1— Aa.

Second, consider the queuing process investigated in this section with the
modification that there is a waiting room of size m— 1, that is, the number of
customers in the system is at most m. If an arriving customer finds m customers
in the system, then he departs without being served. In this modified process
denote by ¢,, the queue size immediately before the arrival of the n-th customer,

and by &(t) the queue size at time t. Then independently of the initial state we

have

lim P{m — &, <k} = g—" (1.3.55)

fork = 0,1,...,mand if H(x) is not a lattice distribution function, then

Qr+1 — Qo

gLr?OP{m—f(t) <k}= 220

(1.3.56)

fork=0,1,..,m—-1.
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Chapter I1. The duality relations in the systems M|G|1|N
and GIM[1|N — 1

§-2.1. Relation between the stationary queue sizes of the service
systems M|G|1 and M|G|1|N

Let us consider a single-server queue systems F — M|G|1 and Fy —
M|G|1|N which are characterized as follows: the customers arriving to the
system constitute a Poisson flow with the rate A, that is, interarrival times have
the exponential distribution with a parameter A, customers are served in the
order of their arrivals, the length of service times are mutually independent
identically distributed random variable with common distribution B(x) and
with the mean pt, the number of the positions in the system E, is bounded by
N (N = 1), that is, may be at most N + 1 customers in the system (with the
served customers). A server working starts at time t = 0 with the arrival of the
first customer to the system.

Let denote the following notation:

&(t) and &y (t) — the number of customers in the system F and Fy at the
moment ¢

¢ and &y — the number of customers in the system F and F, at the
arbitrary moment.

{,, — busy period of the system F, — M|G|1|K (1<k <N), p=Au!
loading of the system.

It is shown in [4] the existence of the followings limits on the condition

p <1.
P(k) =lim,, P(&(t)=k), k=0,

Py(k) =lim, o, PEy(®) = k), 0<k <N+ 1.

In the considered paper is established realitonship between Py (k) and M{,
as well as P(k) and Py (k).

Theorem 2.1.1. The following relations are hold:
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Py(0) = (1 +AMGy)™",

UM, — MG_q)

= <k< = 1.
1—-(u—AM?
Py(N + 1) = YT .

Theorem 2.1.2. By p < 1 are hold the following equalities:
Py(k) =P(lk)(1—pP(E>N)1,0<k<N , (2.1.2)

Py(N +1) = (1—-p)P(§ > N)(1— pP(§ > N)) .

Proof of the Theorem 2.2.1. In [1] are proved the following relations for
the probabilities Py (k):

Py(0) = [1+p(1+ 2],

Py(1) = 1f,Py(0), (2.1.3)

PN(k) = A(fk _fk—l)PN(O)r k=2N

where f;, is defined by the following equation:

iﬁkf_ 9 1-b(A-29) 214
Lo T A= bA-29) -9 -

[0¢]

b(s) = f e*dB(x), ReS=>0.
0

The equality for the function gy (S) = f0°° e S*dP({y < x) was shown by

Harris [12]:

Ay_1(5)
AS)

gn(s) = (2.1.5)
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[0¢]

. _ 9b(s) = b(S+1—29)
Zﬁ A(S) = (1 =99 —b(S+1—219)]

k=0

Granting the equality gy (0) = —M{y, from (2.1.5) we have

oo ﬂ _1
9 —b(A—29)
k=0
By (2.1.4) and (2.1.6) we have

1 1

fr :;MZN_E-

According to (2.1.7) from equality (2.1.3) it follows (2.1.1).

(2.1.6)

(2.1.7)

Proof of the Theorem 2.1.2. It is known ([11], 62 page) that for p < 1

1
n(1-p)

limN_mo M(N =

and forp > 1 limy_, M{y = oo

()

If we take into account this relation from equality (2.1.1) for p < 1 we

have the following expression for the probabilities P (k):
P(0)=1-p,
P(k)=u(1—p)(M —MG—y) , k=1
By (2.1.1) and (2.1.8) relations we have

Py(k) =P(k)(1+ M) (1 —p)7t 1<k<N

[0¢]

fu=PE>N)= > P
k=N+1

Since, on the basis of (2.1.8) hold the equalities

N
> PO = 11— My
k=1
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(2.1.9) takes the following form

1
My =H(1—_p)P(5 <N)

Py(k) =P(k)(1—pfy), 1<k<N (2.1.10)

Also, on the basis of (2.1.1) and (2.1.10) we have

(1 —-p)fn

Y (2.1.11)

N
Py(N+1)=1= ) Py(k) =
N kzle

From the equalities (2.1.10) and (2.1.11) it follows the relation (2.1.2).

Remark. In [8] are shown the following relations: for p > 1
Jim PP(N+1)=1-p1 (2.1.12)

limy,e Pv(N —k) = p~lo¥(1-0), k=0,

where is the unique solution of the equation 9 = b(1 — A9) lying at (0,1). If we
take into consideration of the equality (2.1.6), from (2.1.1) we can easily get
these results.

It is known that for p > 1 limy_,,, M{y = oo and the first equality of
(2.1.12) it follows from the third equation of (2.1.1). In [7] proved the following

relation:

My i _ {ak, p=>1

limye =2, 1,p<1’

On the basis of this from the second equation of (2.1.12) it follows the
second relation of (2.1.11).
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§-2.2. Duality relations for the distributions of non-stationary queue
sizes of the models queue systems M|G|1|N and GJ|M|1|N

Consider mathematical model of the single-server queue system which is
characterized as follows: the customers arriving to the system constitute a Poisson

flow with parameter A that interarrival times have the common distribution
A)=1—e™ x>0, 1>0.

Customers are served in the order or their arrivals, the lengths of the service
time are independent and identically distributed random variables with the
distribution function B(x) [B(+0) = 0] and with mean p~!, there is waiting
room of size N, that is, the number of customers in the system may be at most
N + 1. This system is usually denoted as F; — M|G|1|N.

Interchanging the distributions A(x) and B(x) in the system F; — M|G|1|N
we obtain second service system the mathematical model which is denoted by
F, — GJ|M|1|N. Thus, is supposed that the interarrival times in the system F; and
the service times in the system F, have the common distribution A(x), also the
service times in the system F; and the interarrival times in the system F, have the
common distribution B(x). The systems such defined are called dual of each

other.

We shall denote by & (t) and &,(t) the queue sizes at time ¢, that is, the

total number of customers at time ¢t in the system F; and F,, respectively

Theorem 2.2.1. For k=0,N+1 and j=1,N hold the following

relations:
P& (t) =k/§(0) =) =
=P =(N—-k+1)/5,(0)=N—-j+1)) (2.2.1)

&2 (1) _
$2(0)

M(fl(t)/fl(0)=j)=N+1—M< N—j+1> (2.2.2)
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Theorem 2.2.2. For arbitrary k = 0, N + 1 holds the following equality:

tll_glo P(&(t) = k/&(0) =
=j)= tli_)rgloP(EZ(t) =N-—-k+1/§(0)

=N—j+1) (2.2.3)

Remark. It is known that there is the relations p; = p, ™! between the loads
py = Au~t and p, = uA~! of the systems F; va F,. For p; > 1 and p, > 1
investigation in the both system the distributions of the characteristics, all the
more their asymptotical states depended with the great technical difficulties.

With the help of the relations (2.2.1) and (2.2.3) the results obtained for the
systems F; and F, when loads less than one can be transferred to the dual
system when the loads greater than one.

Relations similar to the equality (2.2.1) were established in [14] on the
conditions 1 < &(t) < N, 0 <& (t) <N —1 and in [7] in the general case for
the regeneration moments (for the values t which constitute the Markov chain).
Also, in [9] the relation (2.2.3) was proved for the case when limit is taken by
regeneration moments. In this paper we show that the results obtained in [7] and
[9] hold for arbitrary t.

Proof of the Theorem 2.2.1. Let us consider system F;. We introduce the

following notations:

. K
PO (k,t) = P((fl(t) BAC =j>,j >1, k=0N+1
]

P (k,s) = f e~ PV (k,0))dt ,5 > 0,k =0,N +1
0

B(s) = j e dB(x)
0
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In [7] obtained the following result: for Res > 0andj = 1,N
=0 An-
2 =
©.8) = 5T D8, =28y
PP1,5) = (5 + VPV (0,9)f,,
—=() =~0)) .
P (k,s)=P (0,9)[S+Dfy —Afxk—1l,2<k <] (2.2.4)

PV (k) =P 09 + Dfi = Ao ~ firyr J<k<N

1— Sﬁ(’)(o, s)

—@) =0)
P (N+1,5)=P (0,9 + Doy — Aoy — on_; + 5 :

where

Oon =81 fi+ fi =fi(s) and A, = A, (s) are the coefficients of v* in
the expansion in the series by v accordingly functions
v 1—b(s+1— )

(v,5) = T= :
/ STA—A p(s+A1— ) —v

(2.2.4")

vb(s) — b(s + 1 — Av)

A(v,s) = —
A=-v)(v—=>b(s+A1—1v)

Suppose now that n(t) is the number of the free positions in the system F, at

the moment t. We introduce the following notations:

. k -
PD(k,t =P( t =—='> j=1, k=0N+1,
(k,t) n(t) 700) j j

[00]

ﬁ(’)(k,s)=fe—5fp<i>(k,t)dt, ReS>0,k=0N+1
0

Completely repeating proof given in [7] can be obtained the same relation as

(2.2.4) for the functions PU (k,s), k = 0,N + 1, that is, the distribution of the
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number of customers in the system F; at the moment t coincides with the

distribution of the number of free positions in the system F, at the moment ¢:

N9k, t) = PY(k,t) (2.2.5)

If we take into account the equality n(t) —&,(t) = N + 1, then from the
relation (2.2.5) we have the equality (2.2.1). (2.2.2) it follows immediately from
(2.2.1).

Proof of the Theorem 2.2.2. In [4] and [3] are given existence proof of the

limits
lim P(£,(6) = k/£,(0) = 1)

lim P(£,(6) = k/&(0) = 1).

in accordingly for the systems F; and F,.

Let {y — be the initial busy period of the system F; and

oo

X

7 (s) = f e~StdP(, < =j),j=LN, Res=0. (2.2.6)
) $1(0)
In [6] is shown the equality
. Av_
7 =7 2.2.7)
N

Where A, = A (s) is the function defined in (2.2.4"). By (2.2.6) the first
equality of the relation (2.2.4) take the following form:

77 (s)

nYv(o,s) = o5 -
s+A—21g "(s)

Multiplying the both sides of this equality and giving over to the limit when

s — 0, we obtain

34



1
1+ AM(y/6(0)=1)"

=0 _
gl_r)résﬂ (0,s) =

So, for any arbitrary finite N > 1forj = 1,N there exists a limit which of j
independent, that is, there exists the stationary regime. If we introduce the

notations

ﬁ(k):}girrésﬁ(j)(k,s) Jk=0,N+1, j=1,N
Then from (2.2.4) we have the following equalities:

1

1O = S mG/am =D

(1) = AM(0)f;
(k) = AMO)(f — fur) 1<k <N,

(N +1) = A0)fy —(0) +1 ,

where f,, the coefficient of v* in the expansion of the function f(v,0) in series

by v. Thus, for any arbitrary N >1 and j = 1,N there exists a limit is

independent of j:
. =) —_—
qulH(l)SH (k,s) , k=0N+1.
By the properties of the Laplace transformation

lim PG (6) = k/51(0) = ) = lim ST (k)

So, in the both sides of the equality (2.2.1) we can go over to the limit when

t > oo,
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Chapter I11. The duality relations in the priority systems.
§-3.1. The relationship between distributions of the queue
sizes of ordinary customers in the priority queue systems

M,|G,|1|N4, N, and M,|G,|1|N4,

Let consider a single-server priority queue system. F(Ni,N,) —
1\71)2|Géz|1|N1,N2 which is characterized as follows: to the system arrive the
customers of the two types (pressing and ordinary) which constitute the Poisson
flow by parameter A, and A,, respectively. The distributed random variable with
common distribution B;(x) (for pressing customers) and B,(x) (for ordinary
customers) and with means u;~! and u,~!. Suppose that there are waiting
rooms of size N;(for pressing customers) and N,(for the ordinary customers),
that is, the number of pressing and ordinary customers in the queue system are at
most N; + 1 and N, (if in the system are pressing customers) or N, + 1 (if in the
system are not pressing customers).

We introduce the following notations:

$ny v, — the stationary queue size of pressing customers in the queue
system F(Ny, N,);

{n,, — the busy period of the queue system F(Ny, k) (the server is busy if
there is at least one customer in the system), k = 1, N,

{n, — the busy period of the system F(N,, N,) by pressing customers;

pr =M, p2 = Ay 1, p=p2(L+A4My,)
Theorem 3.1.1. For p < 1 holds the following equalities:

P(En 0 = k)
1-p)?+pPEy, <N;)

P(ENLNZ = k) = ( k=0,N,

_ (A —=p)P(§n, 0 =N, +1) —p(1—p)
(1—=p)% +pP(én, < Ny) '

P(€N1,N2 =N, + 1)

The analogues relations were established in the work [5] for the queue
systems M|G|1|N and M|G|1|.
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Proof of the Theorem 3.1.1. To prove of this theorem we introduce the
concept of “service cycle”. Let C be the service cycle of ordinary customer, that
IS, the length of the time beginning of service of an ordinary customer until its

completion. Introduce the following notations:

o0

b,(s) =fe‘s"de(x) , Res>0,
0

o0

ﬁNl(s) = j e™*dP(éy, <x), Res=0,
0

e 0]

E(s)zje‘sde(c<x) , Res=>0.
0

In [10] obtained relation for the c(s) when N; = o« and N, = o, that is for

the system M, |G |1]e0, o0 .

Repeating the proof of this relation we can obtain the following equality:

E(S) = EZ (S + /11 — /’ll.g_Nl (S)) (311)

from here we have

¢(s) = B, O[1 - 4,7, '(0)] - (3.1.2)

It is known that
C@=-Mc, B =-m, Gy 0)=-Miy, .
By these equalities from (3.1.2) we obtain
Mc = (1 + MGy, ) = pAy !
Now we can consider the queue system F(N;, N,) as system where arrive
only ordinary customers the service times of which is the ¢ and the load is
p = AMc = p,(1+ A M{y,)

By relations established in [8] we have following equalities:
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Aap™ My, k — MMy, 1)
P(ENlNZ - k) - 1 +/12M€N1N2 )} k —_ 1; NZ (3.1.3)

1
1+ My,

P(”;NlNz = 0)

It is known ([11], page 62) that for p < 1

_ P

B 1,(1—p)
By this equality from (3.1.3) on N — oo we have

Nlim My, n, = MOy, 0
2—)00

P(leNz = k) - P(fzvl,oo = k) =Ap (1 - P)(M(Nl,k — M(Nl,k—l) , k=1,
(3.1.4)
P(EN1N2 = 0) - P(gNl,oo = O) =1-p
here M{y, , = 0

By (3.1.3) and (3.1.4) for kK = 0, N, we obtain
1

P =k)=P(éy,00o = k)" : 3.1.5
(€N1N2 ) (€N1 ) (1 —p)(l +AZM{N1N2) ( )
From (3.1.4) we have the following relation:
N;
P(Eyo < No) = D P8y = ) = Aap™ (1 = )MCy,,
k=0
By this the equality (3.1.5) takes the following form:
P(Eny 0 = k)
P(Sn,y, = k) = ( > k=0,N, (3.1.6)

1-p)2+pP(En,0 <N)
If we take into consideration that

N;
P(€N1N2 =N, + 1) =1- ZP(leNZ = k)
k=0

than from (3.1.6) it follows the second equality of the theorem.
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§-3.2 Duality relations between distributions of the queue sizes non-
stationary pressing customers in the systems M;M,|G,G,|1|N4, N, and
GJ1Mz|M4,G2|1|N1 — 1, N,

We consider the following priority queue system: suppose that pressing
(class 1) and ordinary (class 2) customers arrive at a single-server queue system.
Take ty; = 0,and let 0 < ty; < ty; < --- be the arrival times of customers of the
i-th class (i = 1;2). We assume that the interarrival times w,; = t,; — t;,—1;,
and the service times v,,; of successive class i customers form for independent

renewal processes determined by the distribution functions

Ai(x)={ 0, x=0 ,

1—e™* ,x>0,4>0

(for interarrival times) and B; (x) (for service times). We assume only that B; (x)
has finite mean u~! (i = 1;2). The number of the positions in the system is
bounded by N; (N; = 1), that is, may be at most N; + 1 customers of the class i
in the system (with the served customer). The order of service is “absolute
priority”, that is, an ordinary customer (class 2) will be served in the case only if
there are no pressing customers (class 1) in the system. This system is denoted
by Fy — My M, |G, G2|1|Ny, N;.

By interchanging in this system the distributions A;(x) and B;(x) and
assuming that may be at most N; customers of the class 1 in the system we
obtain the dual priority queue system which is denoted by
F, = GJ1My|M; G| 1INy — 1,N;.

We suppose that the customers are served by a single-server who starts
working at time t = ty; = 0 in the presence j; customers of the class 1 and j,

customers of theclass 2 (j; = 1,j, = 1).

Let ¢, be the completion moment of service of the n-th pressing customer
in the system F; and T,, be the arrival moment of the n-th customer (after the

time t = 0) in the system F,.
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We introduce the following notations:

fi(“)(t) — the number of pressing customer at time t in the system F; (i =
1;2)

ni("i)(t) — the number of ordinary customer at time t in the system F; (i =
1;2)

Here and in what follows upper index in the bracket denotes the number of

customers at time t in the considered system.

Denote
.97 =89, +0),
N, Y2 =09, +0),
fz,n(jl) =&U(T, -0),

N2,U? =n,U2(T, —0),

Hn(jl’jZ)(k,m) — P(€1n01) — k;nanZ) — m) , k=0,N, m=0,N, +1,

QU (k,m) = P(&," = kympn 02 = m) , k=0Ny

mZO,N2+1

Theorem 3.2.1. For arbitrary j; = 2,N; , j, = 0,N, and n > 1 holds the

following equality:

Hn(il’jZ)(k, m) = Qn(N1—]'1+1J'2)(N1 —k,m), k=0,N,
m=0,N,+1, nx=>1 (3.2.1)
The similar relation has been obtained in [2] and in [9] on n — oo for the
system M|G|1|N and GJ|M|1|N — 1

Proof of the Theorem 3.2.1. It is known that {t,;n > 1}and T,,;n > 1 are

regeneration moment of the random processes El(f)(t) and 520)(t)
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respectively, that is, {&;,,Y%;n = 1} and {£,,9;n = 1} constitute the

homogenous Markov chain with possible states (0,1, ... N).

First we consider the system F;. Let v, and 6,, be the number of pressing
and ordinary customers who arrive during the service time of the n-th pressing
customer. Then v¢,v,, ... and 64, 8, ... are independent random variables with

distributions

a, = P(v, = L'j eMtdB (), r=0, n=1(3.2.2)
0

PR
B, =P6, =71)= %j t'e%tdB,(t) , r=0 n>1 (3.3.3)
"0

Then is hold the following recurrence relations:

. . . +
El,n+1(]1) = mlnifﬁ(fln(]l) - 1) + vn+1»N1}

771,n+102) = min{nanZ) + 9n+1'N2} )

here x* = max{0; x). Introduce the following notations:

Vrir, = P(Vn =1,0, = TZ) =Qp - ﬁrz ) (3.2.4)
0,k<m
Qie—mr = Yi—mr M <k < N; (3.2.5)

YNi=mr t VNj—ms1r T k= Np

If we take into consideration that forn > 2

P(& n(ll)_kTh U2) = i/&,_ 1(]1)_"’1"‘1 M- 102):7”):

yk—m,i—r ’

where < k,k = 0, N , we have the following recurrence relations:

41



\

Hl(jl'jZ)(klm) = Qk—j1+1,m—j2 'jl - 1 < k < N1 ’jZ =m= Nz ’

k m
Hn(jl'jZ)(k, m) = Z Z Hn_l(h.jz)(i +1,7) Q—imr
i=j1—nr=j;
1Sn$j1,j1—nSk<N1,j2SmSNZ,

m m k
119172) (k,m) = Z MM,_, Y172 (0,m — r)qy . + Z Z 0, Y720 + 1L, m — 1) gy
r=0 r=0 m

n>j,j, <m<N,0<k <N,

We consider now the random variables &,,Y" and 7,,92). Set 1y, and
z, be the number of customers who abandon the system during (T,,_1,T;,). The

random variables y, and z, have the same distribution as (3.2.4) and (3.2.5).
For Ez,n("l) and nz,n(fz) we obtain the following recurrence relations:
, ) , +
fz,n(]l) = {mln(fz'n_l(“) + 1,N) — yn} ,n=1,

nZ,nUZ) = min{nl,nUZ) + Zn'NZ}

We introduce the following notations:
En(il) = Nl - EZ,nU)
DY (k,m) = P(&, MY = ko, U2 = m) = @7 DN — k,m),

k=O,N; jy=L,N—1,n>1.

It is clear that,

Ni—j1+1 j , Ni—j1+1 i
(6% = k2 = /6,0 =t 1,082 =) = i

If we take into consideration this equality then by formula of total

probability obtain the following system of recurrence equations:
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\

DIV (em) = qyjisimojpis — 1S k<N,  j<m<N,

k m
DIYD (k,m) = Z Z DYIYD (i + 1,7) q—i maer
i=j1—nr=jz
1<n<j,jj—-n<k<N,j; <m<N, (3.2.7)

m m

k
DU (e, m) = Z DY (0,m — 1) gy, + 2 Z DIV (i 4+ 1,m — PG imer

r=0 r=0 i=0
n>j,jo <m<N,;, 0 k <N

here g, , is defined by equality (3.2.5). As is obvious from (3.2.6) and (3.2.7)

for the functions, I1,Y172)(k,m) and D,Y1/2)(k,m) are obtained the same

recurrence equations and

Hn(jl'jZ)(k, m) = Dl(jl’jZ)(k, m).

From here

Hn(jl’jZ)(k, m) = DnUI'jZ)(k, m),

or

Hn(jl’jZ)(k, m) = Qn(N1—j1+1Jz)(N —k,m).
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§-3.3 Duality relation of the means busy period for the service systems
M|G|1|N and GJ|[M|1|N — 1

Let consider following queue systems F;y —M|G|1|Nand F,y —
GJIM|1|N — 1:

Service time of the queue systems F;y —M|G|1|N and F,y —
GJ|M|1|N — 1 have the same distribution function

0, x<0
—e ¥, x>0, A>0

AW ={

The service times in the queue F;y and interarrival times in the queue F,y
be independent and identically distributed random variables with the distribution

function B(x)[B(x + 0) = 0] and with mean p1.

There is single-channel queue system and customers are served in the
order of their arrivals. There are waiting room of size N(N = 1) in the system
Fiy and N — 1 in the system F,. We call this kinds of service systems duality

queue systems.
Let denote the following notation:
{1, —busy period of the system F;;, ,k = 1,2, ...;
{,n — busy period of the system F,;

p; = Au~tand p, = ua~! are respectively loadings of the systems;

b(s) = f e “*dB(x) , Res =0 ,
0

(00

gn(s) = J e *dP({1y < x), Res>0
0

[0¢]

fu(s) = j e S*dP({oy < x) , Res >0

0
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In the considered work are established duality relationship between M,y
and M{,y. Here we use equalities are given in [12] and [2] determines the

function gy (s) and fy (s).

Theorem 3.3.1. By N > 1 the following equality holds:

My —p!
M = . 3.3.1
N = TGy — M) (31
Theorem 3.3.2. The following equality holds:
tim M =7 P2 < 332)
0,p; 21

here v = b(A — Av) is the unique valid the least root of the equation is different

from one.

The equality (3.3.2) are given in [6]. In the considered work it is shown as

result of the equality (3.3.1).

Proof of the Theorem 3.3.1. In [4] are given the following equality for

gn(s):
_ _Ay_1(s)
gn(s) = A (3.3.3)
here A, (s) is defined by following equality:
S _ vb(s) = b(s + A — W)
z vRA () = A-[v-b(s+A-)] ’ (334

k=0

If we take into account A, (0) = 1 by (3.3.4), then directly determine by
(3.3.3)

1-gn(s) _ 1 Ay(s) = Ay_1(s)
S Ay (s) S

45



multiplying the both sides of this equality and giving over to the limit when
s — 0, we obtain
Ay(s) — Ay-1(s)

My = !Slf(} S (3.3.5)

By (3.3.4) holds the following equality:

(1-v) Z veAL(s) = v = b(s)) +1
k=0

b(s+1—Av) —v

or

[00]

D ) — A () =

k=0

1 —b(s)
b(s+A—W)—v

(3.3.6)

Dividing both sides of the equality by s and giving over to the limit when

s — 0 by (3.3.5) we obtain the following equality:

[0¢]

v
kz:oka(lk = T (3.3.7)

In [2] proved following equality:

; 1 sPy_1(s)
fuls) =1 Qn-1(s) = Qn-2(s) N=2 (3.3.8)

here P, (s) and Q, (s) are defined by following equalities:

(]

z k() 1 1—b(s+1—1v)
v S) == : ,
& ‘ b(s+A—v)—v s+A—v
ika (s) = & (339)
— T b+ 1—-w) —v o
By (3.3.8)
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1- fN(S) _ Py_q
S Qn-1—Qn—2

(3.3.10)

here P, = P, (0) and Q;, = Q,(0) defines by (3.3.9) with derivative functions

i p 1 1—b(A—Av) (33.11
1% == . , 3.
L T hA-aw) -y A(L-v)
i vkQ, = ! (3.3.12)
T —Av) —v s
k=0
By this equalities
Aivk(P —P,_) = 1-v
ke T ) —v
k=1
i Qe Qo) =
v — 1) ==
S T T
k=1
Hence
(Qn-—1 — Qn—2) = A(Py_1 — Py_2)
or based on (3.3.10) we obtain the following equality:
Py_q
M = . 3.3.13
N = A — Pro) (5:319)

By (3.3.11) we obtain the following equality:

ep — 1 1 _1( 1 1 )
KTABA-w)—v] A -v) p\ubA-w)—v] w(l-v))

Since by (3.3.7) and |v| < 1 if we take into consideration that following

expansion takes place

47



we obtain the following equality:

Py_y =M@y —pu!

Herein by equality (3.3.13) follows equality (3.3.1).

Proof of the Theorem 3.3.2. In [6] proved the following equality

M(lN—k _ {T;pl 2 11

lim =
N—-oo M{lN 1;p1<1

And in [11] are given the following equality

1

lm M&y = u(1—p1)
o, p=1

(3.3.14)

(3.3.15)

If we take into consideration that by p, < 1 follows p; = p,~! > 1, proof

of the theorem follows based on (3.3.14) and (3.3.15)
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Conclusion

In this dissertation work considered the dual single—server queue systems
with one classes of customers, also, the single—server priority systems with two
priority classes (pressing and ordinary) of customers.

“Duality” in queuing there means to interchanging the interarrival time
and service time distributions of a queue. The new system obtained in this
manner is considered the dual of the original system, and conversely. When the
interarrival and service time distributions of a queue are interchanged a new
queue is obtained which can be considered as the dual of the original. Another
dual system can also be associated with the original queue. Events defined for
the original system can be transformed into events defined the duals and
conversely, and hence, probabilities obtained for one system can be extended to
the others.

Several authors have used duality relationships in this manner (Daley,
Bhat, Takacs, Shanbhag). Our objective in this work is to study the duality
relations between queue size distribution in some ordinary queue systems, also,
in some priority queue systems. This problem has been solved for the systems
M|G|1 and G|M|1|N by Shahbazov for the case when limit is given by the
regeneration points. By author of this dissertation work established the duality
relation between stationary queue size distributions for these systems when limit
IS given by the continuous time t.

Further, in this work considered the following priority system: suppose
that low(class 0) and high priority(class 1) customers arrive at a single—server
queue system. Take ty,; = 0, and let 0 < ty; < ty; < --- be the arrival times of
customers of the i-th class (i = 0,1). We assume that the interarrival times
Up; =ty — tm—1);, and the service times v,,; of successive class i customers

form for independent renewal processes determined by the distribution functions

y _ 0, x<0
i(x)_{1—e-ﬂfx,xzo,/1i >0’
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(for interarrival times) and B; (x) (for service times). We assume only that B;(x)
has finite mean A~! (i = 0,1). The number of the positions in the system are
bounded by N; (N; = 1), that is, may be at most N; + 1 customers of the class i
in the system (with the served customers). This system is denoted by
MM|GG|1|Ny, N. By interchanging in this system the distributions 4,(x) and
B, (x) we obtain the dual priority system which is defined as GM|GM|1|No, N; .

In this work obtained the duality relationship between stationary queue
size distributions for the dual queue system W|ﬁ|1|N0,N1 and
GM|GM|1|Ny, N;.

It is not known us duality relations for the priority queue systems.
Evidently, such relations obtained for the first time.

The results of the §-2.1, §-2.2, §-3.1, §-3.2 and §-3.3 belongs immediately
to the author of this work. Some of them are results of joint operation author and
his scientific supervisor.

Investigations on the subjects of this work can be continual as follows:

1. Establishment a duality relation between non-stationary queue size
distributions in the queue systems M|G|1|N and GJ|M|1]|N.

2. Establishment a relationship between distributions of the stationary queu
sizes of the systems G|G|1 and G|G|1|N.

3. Development the methods of using duality relations.

4. Determination a duality relation between stationary queue sizes
distributions for the priority queue systems W|G_G)|1|N1,N2 and
MM|MM|1|Ny, N,.

5. Investigation of the asymptotic behavior of the queue size distributions by
using duality relations.

6. Establishment a duality relations for the systems with relative priority

7. Establishment a duality relation between service time distribution for the

dual queue systems.

50



8. Establishment a duality relation between busy period distributions for the

dual queue systems.
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