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INTRODUCTION

Substantiation and actuality of problems considered in the master
thesis. The main problem of the master thesis is investigation of the convolu-
tion operators. More precisely, we shall consider the L? — L”-boundedness of

Fourier multipliers of the type
(0.1) M, = F~1eOq(6)F,

where [ is the Fourier transform operator

p(&) € C*(R™\ 0) is a real analytic, homogeneous function of order 1,
ap(§) € C°(R") is homogeneous of order —k for large |£|

Note that solution to the Cauchy problem for the hyperbolic equation can be
written as a convolution operator. So, the example which we keep in mind is

the solution operator Fy(t) : g — u(t) of the Cauchy problem

P(Dy, Dy)u =0
Dfu|t:0 = g, Déunzo =0(=0,1,...m—1,1#k). (C.P.)

Here P(D;, D,) is a homogeneous constant coefficient partial differential opera-
tor of degree m in the time ¢ and the space x € R", which is strictly hyperbolic.
Ej (1) is a linear combination of operators of Fourier multipliers of the type (2.1))
(modulo a regularizing operator), and the phase function ¢(¢) of is one
of tyy(§),~, if factorize the symbol p(7, &) as p(7, &) = (7 — 1(§))...(T — om(&)).
The Cauchy problem for hyperbolic systems, such as elastic wave equations
and Maxwell equations, is also in our focus since the solution operator can be
expressed in a similar way. (The problem (C.P.) itself can be transformed to a
hyperbolic system.)
For the sake of simplicity, we assume (&) > 0 and set

(0.2) Yi={8e R"\0;p(¢) =1}

In the case ¥ = S™ !, which is related to the wave equation, the LP — LP-
boundedness of M, is obtained by Strichartz. This result has been extended
to the case when X has non-vanishing Gaussian curvature by Brenner, and the

case when X is convex by Sugimoto. (¥ with non-vanishing Gaussian curvature
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is always convex.) In this work, we shall consider the case when X is not
necessarily convex surface in R3.

The case when Y is a non-convex hyper-surface the estimate for the operator
is far from being complete. Hence, investigation of the operator for the case
when surface is non-convex is an actual problem of the modern analysis. In
this thesis, we consider the problem for the case when Y is non-convex surface
in R3.

Object of the research. The objects of the thesis are convolution operators
with oscillatory kernel. The convolution kernel is given by oscillatory integrals.
The oscillatory integral is the Fourier transform of measure supported on some
surface. The surface is given as level set of the root of the symbol of hyperbolic
equation.

Purpose and tasks of the research. The main purpose of the thesis is to
find a lower estimate for the order of classical symbol of the convolution operator
to be bounded on L? — L¥. The bound for the order depends on estimates
for the Fourier transform of measure supported on hyper-surface. Hence we
investigate behavior of the corresponding oscillatory integrals. We get estimate
depending on direction of the dual variables.

Scientific results of the thesis. In this thesis we obtain the following re-
sults:

1) We get estimate for the order of the amplitude function depending on so-
called height of the surface. It is an improvement of the results given by M.
Sugimoto [26], which obtain analogical result given by contact index of the
hyper-surface;

2) We obtain estimate for oscillatory integrals with A, type singularities. Then
we apply the estimates for get a lower bound for the order of amplitude func-
tion. It gives a solution to one of the problem posed by M. Sugimoto [26].

3) We get estimates for the oscillatory integrals in terms of Randol type maxi-
mal functions.

4) We obtain a solution of the M. Sugimoto problem on estimates for the con-
volution operator when a zero set of Gaussian curvature is a curve with the first

order of contact with tangent line.
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Main problems and assumptions of research. The main problem is the

following:
For which k(p) the convolution operator My is a bounded operator from L? to
L¥". The problem is related to the sharp estimates for the kernel function. It
can be written as the Fourier transform of measures supported on surface. The
behavior of the measures depends on geometric properties of the surface. The
geometric properties can be expressed by singularities of the phase function.
We investigate classification given by M.Sugimoto [26]. Moreover, we use more
precise information for the phase function given in the Monograph [12]. Then
the classification given by M. Sugimoto can be expressed in terms of powerful
methods of singularities Theory [1]. The methods of the singularities theory
allows us to give a solution of Problems posed by M. Sugimoto.

Analysis of references related to research thesis. In the case when
> = S" ! is the unite sphere centered at the origin, which is related to the clas-
sical wave equation, the L? — L” boundedness of Mj, is obtained by Stricharts
[23]. Further, this result has been extended to the case when S has everywhere
non-vanishing Gaussian curvature by Brenner [§]. Under these conditions S is a
strictly convex hyper-surface. Some estimates are obtained for such kind of con-
volution operators for the case when S is convex (not-necessarily strictly convex)
and also for some classes of non-convex hyper-surfaces in R* by M.Sugimoto
[27]-[26]. However, as remarked in [26] the problem still is remained open for
some classes of hyper- surfaces. In this thesis we have some estimates which
cover the open cases indicated by M.Sugimoto in [26].

Description of methodology used in research. In the thesis we use
mainly methods of analysis, theory of singularities, methods of Fourier analysis,
asymptotic analysis, methods of differential geometry.

Theoretical and practical importance of research results. The results
of the thesis have fundamental character. The main results improve estimates
by M. Sugimoto. By using powerful methods of singularities theory we give
a solution of some problems posed by M. Sugimoto. We get estimate for the
order of the amplitude function depending on so-called height of the surface.

It is an improvement of the results given by M. Sugimoto [26], which obtain
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analogical result given by contact index of the hyper-surface;
We obtain estimate for oscillatory integrals with A, type singularities. Then
we apply the estimates to get a lower bound for the order of amplitude function.
It gives a solution of one of the problem posed by M. Sugimoto [26].
We get estimates for the oscillatory integrals in terms of Randol type maximal
functions.
We obtain a solution of the M. Sugimpoto problem on estimates for the convo-
lution operator when a zero set of the Gaussian curvature is a curve with the
first order contact to tangent line.

Description of work structure. Throughout this work, we assume 1 <
p§2and%+l%:1.

In the case n = 1, the boundedness is trivial. Since F~1e*#¢) F is nothing but
a translation, M} is essentially a Bessel potential, the boundedness of which is
well known.

In the case n = 2, we can exactly determine the dependence of the bounded-
ness of My on 3. We define the index v(X) to be the maximal order of contact

of the curve X to its tangent line. Then we have

Theorem 0.1 (A). Suppose n = 2. Then M, is LP — LP -bounded if k >
— =)= — 3). is inequality can be replaced by an equality if p .
4 7(22) ]1? % This 1 li b laced b lity if p # 1

Furthermore, My, is not necessarily LP — LP -bounded if k < (4 — %)(% —3).

We can extend theorem 1 to the case n > 3 if we use the index
(0.3) 70(X) = sup inf (5 p, H).
p

For a point p € ¥ and for a plane H (of dimension2) which contains the normal
line of X at p, we have defined the index v(3; p, H) to be the order of contact of
the curve XN H to the line T'N H at p, where T" denotes the tangent hyperplane
of X at p.

By using localization principal we may pay attention in a sufficiently small
neighborhood of a particular point and ~,(3) = 2. This means that the surface

has at least one non-vanishing principal curvature at every point.
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The thesis consists of three chapters. In the chapter one we consider some
auxiliary results necessary in the next chapters. We need the inverse function
theorem, implicit function theorem. Some results from the classical differen-
tial geometry such as Gauss map and Gaussian curvature. In investigation of
behavior of oscillatory integrals it is useful notion of Newton polyhedron and
adapted coordinates system introduced by A.N. Varchenko [32]. We introduce
the necessary notions in the first chapter. In the next chapter two we discus
results obtained by M. Sugimoto [26]. In this chapter, it is considered applica-
tions of convolution operators to solution of the Cauchy problem for hyperbolic
equations.

The main part of the thesis is the chapter 3. In the first section of the chapter
3 we consider estimates for the oscillatory integrals. The main result of this
section is reduction of the behavior of the convolution operator near the image
of the gradient map. The main results of the section 2 is the following theorem

which based on average decaying of the Fourier transform:

Theorem 0.2. The operator My  f is bounded on LP — L¥ under condition
k> (6-—2/h)(1/p—1/2).

In the next section 3 we analyze some condition given in the paper by M.
Sugimoto [26]. It is interesting that conditions given by M. Sugimoto can be
given easily by using Newton polygon of some function given in the following

statement:

Proposition 0.1. The condition of M.Sugimoto given in the Theorem of the

paper [20] is equivalent to the condition

o* 0”¢(0,0)
oYy Oys

=0,

forpy=1,2,...060—1,v=0,1,....

In the next section 4 we investigate connection with classification given by
M. Sugimoto [26] and theory of singularities which is given in the classical

monograph [I]. More precisely we prove the following
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Proposition 0.2. The function h is of type I if and only if when h has singu-
larity of type As,—1 at the origin. The function h is of type II or III if and only
if h has A type singularity at the origin.

The central results of the thesis are the following

Theorem 0.3. Suppose that h(z) is of type I with 6, > 3 and satisfies
o+ ayh(bl(ﬂfg),xg)

0.4

(04) &’L‘g{ dxY

For pp = 1,2,3,....60 — 1 and v = 2,3,... then My is L? — L" bounded if

k> max{6(; —3) — 3.6 - 5)G -3}

}$2=0 =0

The theorem gives a solution ot the problems posed by M. Sugimoto.
The following result gives a quit new estimate for the order of the amplitude
function.

Theorem 0.4. Let S = {(z,h(x) + 1)} be the surface and h be a real analytic
function with h(0,0) = 0, VA(0,0) = 0. If K(0,0) = 0 and VK(0,0) # 0
(where K is the Gaussian curvature of the surface) then My, is LP — LP" bounded
/ 1 1, 1141 1

k> ma${6(]; - 5) ~ 3 3(5 - 5)}
provided the cone neighborhood ' is chosen sufficiently small.

The results of the thesis are published in the papers [].



1. AUXILIARY STATEMENTS.

1.1. The inverse function theorem. This theorem states, roughly speaking,
that a continuously differentiable mapping f is invertible in a neighborhood of

any point = at which the linear transformation f’(z) is invertible:

Theorem 1.1. Suppose f is a C'— mapping of an open set £ C R"™ into
R, f'(a) is invertible for some a € E, and b = f(a). Then
(a) there exist open sets U and V in R" such thata € U,b € V, f is one-to-one
on U, and f(U) =V,
(b) if g is the inverse of f [which exists, by (a)], defined in 'V by
g(f(x)) =z (z €lU)
then g € C'(V).

Writing the equation y = f(z) in component form, we arrive at the following

interpretation of the conclusion of the theorem: The system of n equations

yi = filz1, .., zp) (1 <i<n)
can be solved for xq, ..., z, in terms of vy, ..., y,, if we restrict x and y to small
enough neighborhoods of a and b; the solutions are unique and continuous
differentiable.
Proof: Put f’(a) = A and choose \ so that 4\||A7|| = 1. Since f € C'(E),

there is an open ball U, with center at a, such that

(1.1) If'(z) — A|| < 2X\(z € U)

Suppose x € U and z + h € U, and define
F(t)=f(r+th) —tAh (0 <t <1).

Since U is convex, x +th € U if 0 <t <1, and implies

[F'(t)] = | f'(z + th)h — Ah| < 2A[h| < 5|Ah].
The last inequality is true since

2M\|h| = 2A|A7LAR| < 2X||A7Y||AR| = %|Ah!
by our choice of \. Theorem differentiation of vector-valued functions now
implies that



F(1) = F(0)] < 1|Ah|
or
(1.2) £+ ) — f(x) — Ab] < 5| Ah]|.
It follows that
(13) F+B) = F(@)] = ] Ah| > 2]

We stress that and hold whenever x € U and x +h € U. In
particular, proves that f is one-to-one on U.

Fix g € U and let S be an open ball with center at zy and radius r > 0,
whose closure S lies in U. We shall prove that f(.S) contains the open ball with
center at f(xg) and radius Ar.

To do this, fix y so that |y — f(xg)| < Ar, and define

O(z) = |y — f(2)| (z € 9).
If |x — x| = 7, shows that
oA < | () — flao)| < ®(x) + Blay) < B(x) + M-
Thus
(1.4) D(z0) < M < B(2)(|z — 20 = 7).

Since ® is continuous and S is compact, there exist 2* € S such that ®(2*) <
®(x) for all z € S. By (L.4), X* € S.

Put w = y — f(z*). Since A is invertible, there exist A € R" such that
Ah = W. Choose t € (0,1), so small that 2* 4+ th € S. Then

(1.5) |f(2") —y + Ath[ = (1 — t)[w],
and shows that
(1.6) F(a" +th) — f(a") — Ath] < %|tw\.

Since ®(z* + th) is the norm of the sum of the vectors which appear on the

left sides of (1.5)) and ({1.6]), and since |w| = ®(z*), we conclude that

(1.7) B +th) < (1 — %)CI)(.%'*).
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If ®(2*) > 0, implies that ®(z* + th) < ®(z*), since t > 0. But this
contradicts the minimal property of x*.

Thus ®(z*) = 0, which says that f(x*) = y.

We have now proved that every point of f(U) has a neighborhood which lies
in f(U). Thus f(U) is an open subset of R". By setting V = f(U), part (a) of
the theorem is established.

To prove part (b), choose y € V, y+ k € V, and put =z = g(y),

h=g(y+k)—g(y).

By theorem of invertible linear operators, (|1.1)) and our choice of A show that
f'(x) has an inverse, say B. Applying B to the equation

k= f(x+h)— f(x) = f(z)h+rh),

where % — 0 as h — 0, we obtain Bk = h+ Br(h), or

(1.8) 9y + k) —g(y) = Bk — B(r(h)).

By (1.3), 2A|h| < |k|. Thus h — 0 if & — 0 (which shows, incidentally,that
g is continuous at y), and

[Br(k)| _ 1Bl [r(7)]
& = 23

(1.9) >0 as k—0.

Comparison of (1.9) and ((1.8) shows that ¢ is differentiable at y and that
¢'(y) = B. In other words,

(1.10) Jd) = fgy)" yeV).

Also g is a continuous mapping of V onto U, f’ is a continuous mapping of U
into the set Q of all invertible elements of L(R"), and inversion is a continuous
mapping of 2 onto 2, by theorem invertible linear operators. combining these

facts with ({1.10), we see that g € C'(V).
This completes the proof [19].
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1.2. The implicit function theorem. If * = (z1,...,2,) € R" and y =
(Y1, -y Ym) € R™, let us write (z,y) for the point (or vector)

(ajl) s Ty Y1y -eey ym) S Rn+m

In this section, the first entry in (x,y) or in a similar symbol will always be a
vector in R"; the second will be a vector in R".
Suppose A € L(R"™ R"), and suppose that

(1.11) A(h,0) =0 implies h=0
Then if A(hy, k) = A(he, k), the linearity of A shows that
A(hy — h2,0) =0,

hence h; = hy. Thus, for each £ € R™, the mapping h — A(h, k) is a linear
1-1 mapping of R" into R", hence is onto, by theorem 9.5.
We conclude that the equation

(1.12) A(z,y) =0

has, for each y € R™, one and only one solution 2 € R™ if A satisfies (L.11]).

The implicit function theorem asserts that a similar conclusion holds for cer-
tain continuously differentiable transformation which are not necessarily linear.
Before stating it, let us take another look at and observe that if [A] is
the n by n + m matrix of A, with respect to the standard bases, then (1.11)
says precisely that the first n column vectors of [A] are linearly independent.
This is a criterion for determining whether holds, but will play no role
in the proof which follows.

Theorem 1.2. Suppose [ is a C'-mapping of an open set E C R"™™ into R".
Suppose (a,b) € E, f(a,b) = 0,A = f'(a,b), and A satisfies [1.11. Then there
is a neighborhood W of b(W C R™) and a unique function g € C'(W), with
values in R", such that g(b) = a and

(1.13) fl9(y),y) =0,(y e W).
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The function g is defined implicitly by ({1.13); hence the name of the theorem.

It maybe stated in terms of a system of n equations in n 4+ m variables

fl(xh ceey Iy Y1, ;ym) =0

(1.14)

f(x1, oo Tpy Y1y ooy Ym) = 0.

Our assumption on A now means that the n by n matrix which has (%)(a, b) in

the 7th column has independent column vectors. If this holds, andifx = a,y = b

satisfies (1.14]), then (1.14) can be solved for z1, ..., x, in terms of yi, ..., y,, for

every y near b.
Proof: Let F' be the mapping of (x,y) € E to (z,w) € R"™™, defined by

(1.15) z= f(z,y),w =y.
Then F' € C'(F). Since f(a,b) =0, we have
fla+h,b+k)=A(h, k) +r(h, k)
where r is the remainder which appears in the definition of f’. Since
Fla+h,b+k)— F(a,b) = (f(a+h,b+ k), k),

it follows that F'(a,b) is the linear operator on R"™™™ which maps (h, k) to
(A(h, k), k). If this image vector is 0, then A(h,k) = 0 and k = 0, hence
A(h,0) = 0, and now implies h = 0. This says that F’(a,b) is one-to-
one, and hence it is invertible (Theorem 9.5).

The inverse function theorem therefore holds for F: There are open sets U
and V' in R"™™_ containing (a, b) and (0, ), such that F is a 1-1 mapping of U
onto V; by (L.15]), the inverse of F is of the form

(116) L = ¢(27I)7 y=w ((sz) < V)7
where ¢ € ¢/(v). In other words,

(1.17) flo(z,w),w) =2, ((z,w)e€V).
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If we now let W be a neighborhood of b such that (0,w) € V' if w € W and
if we define g(y) = ¢(0,y) for y € W, then, setting z = 0 in (1.17), we obtain
(1.13)).

Since ¢(0,b) = a, we see that g(b) = a.

The uniqueness of g follows from the fact that F' is one-to-one: If (z,y €
U, (z*,y) € U) and f(z,y) = f(z*,y), then F(x,y) = F(2*,y); hence 2* = x
[19].

1.3. The definition of the Gauss map and its fundamental properties.
We shall begin by briefly reviewing the notion of orientation for surfaces.

As we have seen in the tangent plane; the differential of a map, given a
parametrization x : U C R?> — S of a regular surface S at a point p € S, we
can choose a unit normal vector at each point of z(U) by the rule
Nig) = 3, a € a(v).

Thus, we have a differentiable map N : 2(U) — R? that associates to each
q € z(U) a unit normal vector N(q).

More generally, if V' C S is an open set in S and N : V — R? is a differ-
entiable map which associates to each ¢ € V' a unit normal vector at ¢, we say
that N s a differentiable field of unit normal vectors on V.

It is a striking fact that not all surfaces admit a differentiable field of unit
normal vectors defined on the whole surface. For instance, on the Mobius strip
of Fig.1 one cannot define such a field. This can be seen intuitively by going
around once along the figure: After one turn, the vector field N would come
back as — N, a contradiction to the continuity of N. Intuitively, one cannot, on
the Mobius strip, make a consistent choice of a define ”side” ; moving around the
surface, we can go continuously to the other side without leaving the surface.

We shall say that a regular surface is orientable if it admits a differentiable
field of unit normal vectors defined on the whole surface; the choice of such a
field N is called an orientation of S.

For instance, the Mobius strip referred to above is not an orientable surface.
Of course, every surface covered by a single coordinate system (for instance,

surfaces represented by graphs of differentiable functions) is trivial orientable.
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Fi1GURE 1. The Mobius strip.

Thus, every surface is locally orientable, and orientation is definitely a global
property in the sense that it involves the whole surface.

An orientation N on S induces an orientation on each tangent space T,(5),
p € S, as follows. Define a basis {v,w} € T,(S) to be positive if <v A w, N>
is positive. It is easily seen that the set of all positive bases of T,(5) is an
orientation for 7,(.5).

Throughout this thesis, S will denote a regular orientable surface in which
an orientation (i.e., a differentiable field of unit normal vectors V) has been
chosen; this will be simply called a surface S with an orientation N.

DEFINITION 1.1. Let S C R? be a surface with an orientation N. The map
N : S — R3 takes its values in the unit sphere

S* ={(z,y,2) € R*};

The map N : S — S?, thus defined, is called the Gauss map of S (Fig.2).

It is straightforward to verify that the Gauss map is differentiable. The
differential dN, of N at p € S is a linear map from 7,,(S) to T, (S?). Since
T,(S) and Ty, (S?) are parallel planes, dN, can be looked upon as a linear
map on 7,(5).

The linear map dN,, : T,(S) — T,(S) operates as follows. For each parametrized
curve a(t) in S with «(0) = p, we consider the parametrized curve N o a(t) =
N(t) in the sphere S?; this amounts to restricting the normal vector N to the
curve a(t). The tangent vector N'(0) = dN,(a/(0)) is a vector in T),(.S). It mea-

sures the rate of change of the normal vector N, restricted to the curve a(t),
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N(p)

FI1GURE 2. The Gauss map

at t = 0. Thus, dN, measures how N pulls away from N(p) in a neighborhood
of p. In the case of curves, this measure is given by a number, the curvature.
In the case of surfaces, this measure is characterized by a linear map.
Example 1.1. For a plane P given by ax + by + cz + d = 0, the unit normal
vector N = (a,b,c)/va?+ b> + ¢? is constant, and therefore dN = 0.
Example 1.2. Consider the unit sphere

S? ={(x,y,2) € R*2* +y* + 2> = 1}.
If a(t) = (z(t),y(t), 2(t)) is a parametrized curve in S?, then
2xx’ + 2yy + 222 =0,

which shows that the vector (z,y, z) is normal to the sphere at the point (z,y, z).

Thus, N = (z,y,2) and N = (—x, —y, —2) are fields of unit normal vectors in
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FIGURE 3. Plane: dN, =0

S%. We fix an orientation in S? by choosing N = (—z, —y, —z) as a normal
field. Notice that N points toward the center of the sphere.

Restricted to the curve a(t), the normal vector

N(t) = (==(t), —y(t), —z(t))

is a vector function of ¢, and therefore

dN (2'(t), (1), (1)) = N'(t) = (=2'(t), —y/(1), =2 (1));

that is, dN,(v) = —v for all p € 5% and all v € T(S?). Notice that with the
choice of N as a normal field (that is, with the opposite orientation) we would
have obtained dN,(v) = v.

An important fact about dN,, is contained in the following proposition.

Proposition 1.1. The differential dN, : T,(S) — T,(S) of the Gauss map is

a self-adjoint linear map.

Proof. Since dN, is linear, it suffices to verify that < dN,(w;),ws >=<
wi, dNy(wq) > for a basis {wy, ws} of T,(S). Let x(u,v) be a parametrization
of S at p and {z,,z,} the associated basis of T),(S5). If a(t) = z(u(t),v(t)) is a
parametrized curve in S, with a(0) = p, we have

dN,(a/(0)) = dN,(z,u'(0) + z,0'(0) = %N(u(t), v(t))|i=0 = N,u'(0) + N,v'(0);
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2|

?

f//’ —

FIGURE 4. Unit sphere dN,(v) = v.

in particular, dN,(x,) = N, and dN,(z,) = N,. Therefore, to prove that dN,

is self-adjoint, it suffices to show that
< Ny, xy >=< x,, N, > .

To see this, take the derivatives of < N,x, >= 0 and < N, z, >= 0, relative

to v and u, respectively, and obtain

< Ny, xy >+ < N,xy >=0,

< Ny, xpy >+ < N,z >=0.
Thus,
(1.18) < Ny, xy >= — < N, 2y >=< N, x, >

The fact that dN, : T,(S) — T,(S5) is a self-adjoint linear map allows us to
associate to dN,, a quadratic form @ in 7,(S5), given by Q(v) =< dN,(v),v >,
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v € T,(5). To obtain a geometric interpretation of this quadratic form, we
need a few definitions. For reasons that will be clear shortly, we shall use the
quadratic form —@Q).

DEFINITION 1.2. The quadratic form I11,, defined in T,(S) by I11,(v) = — <
dN,(v),v > is called the second fundamental form of S at p.

DEFINITION 1.3. Let C be a regular curve in S passing through p € S, k the
curvature of C' at p, and cosd =< n, N >, where n is the normal vector to C
and N 1s the normal vector to S at p. The number k, = kcosf is then called
the normal curvature of C C S at p.

In other words, k, is the length of the projection of the vector kn over the
normal to the surface at p, with a sign given by the orientation N of S at p.

Remark. The normal curvature of C' does not depend on the orientation of

C but changes sign with a change of orientation for the surface.

AN

FIGURE 5.
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To give an interpretation of the second fundamental form I1,, consider a
regular curve C' C S parametrized by «(s), where s is the arc length of C, and
with «(0) = p. If we denote by N(s) the restriction of the normal vector N to
the curve a(s), we have < N(s),a'(s) >= 0. Hence,

< N(s),a”(s) >= — < N'(s),d/(s) > .
Therefore,

I1,(d/(0)) = — < dN,(c(0)),a”(0) >= — < N'(0), a(0) >=

< N(0),a”(0) >=< N, kn > (p) = kn(p).

In other words, the value of the second fundamental form /7, for a unit vector
v e T,(9) is equal to the normal curvature of a regular curve passing through

p and tangent to v. In particular we obtained the following result.

Proposition 1.2. (Meusnier). All curves lying on a surface S and having at a

given point p € S the tangent line have at this point the same normal curvatures.

The above proposition allows us to speak of the normal curvature along a
given direction at p. It is convenient to use the following terminology. Given
a unit vector v € T,(S), the intersection of S with the plane containing v and
N(p) is called the normal section of S at p along v. In a neighborhood of p, a
normal section of S at p is a regular plane curve on S whose normal vector n
at £N(p) or zero; its curvature is therefore equal to the absolute value of the
normal curvature along v at p. With this terminology, the above proposition
says that the absolute value of the normal curvature at p of a curve «(s) is
equal to the curvature of the normal section of S at p along o/(0).

Let us come back to the linear map d/NV,. For each p € S there exists an or-
thonormal basis {e1, ea} of T,(5) such that dN,(e1) = —kie1, dNy(e2) = —kaes.
Moreover, ki and ks(ky > ko) are the maximum and minimum of the second
fundamental form 71, restricted to the unit circle of 7,(5); that is, they are the

extreme values of the normal curvature at p.
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F1GURE 6. Meusnier Theorem: C' and (), have the same normal curvature at p
along v.

DEFINITION 1.4. The mazimum normal curvature ki and the minimum
normal curvature ko are called the principal curvatures at p; the correspond-
ing directions, that is, the direction given by the eigenvectors ei,es are called
principal directions at p.

For instance, in the plane all directions at all points are principal directions.
The same happens with a sphere. In both case, this comes from the fact that
the second fundamental form each point is constant; thus all directions are
externals for the normal curvature.

In the cylinder, the vector v and w give the principal directions at p, corre-
sponding to the principal curvatures 0 and 1, respectively.

DEFINITION 1.5. If a regular connected curve C' on S is such that for all
p € C the tangent line of C s a principal direction at p, then C s said to be a

line of curvatures of C.

Proposition 1.3. (Olinde Rodrigues). A nacessary and sufficient condition for

a connected reqular curve C' on S to be a line of curvature of S is that
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for any parametrization «(t) of C, where N(t) = N o a(t) and A(t) is a dif-
ferentiable function of t. In this case, -A(t) is the (principal) curvature along
o/ ().

Proof. It suffices to observe that if a’(¢) is contained in a direction, then /()

is an eigenvector of dN and
dN(d/(t)) = N'(t) = \t)d/(¢).

The converse is immediate.
The knowledge of the principal curvatures at p allows us to compute easily
the normal curvature along a given direction of 7,,(5). In fact, let v € T,(5)

with |v| = 1. Since e; and ey form orthonormal basis of T,,(.S), we have
v = ejcost + eysind,

where 6 is a angle from e; to v in the orientation of 7,,(.S). The normal curvature

k, along v is given by
kn = 11,(v) = — < dNy(v),v >= — < dN,(ejcosl+ezsinb), ejcosd+easind >=

< e1kycosl + exkasind, e1cosl + easind >= kycos*0 + kosin’6

The last expression is known classically as the Euler formula; actually, it is just
the expression of the second fundamental form in the basis {e1, es}.
Given a linear map A : v — V of a vector space of dimension 2 and given a

basis {v,v2} of V| we recall that
determinant of A = aj1as — aiaas1, trace of A= a1 + aso,

where (a;;) is the matrix of A in the basis {v;,v2}. It is known that these
numbers do not depend on the choice of the basis {v1,v9} and are, therefore,
attached to the linear map A.

In our case, the determinant of dN is the product (—ky)(—k2) = kiko of the
principal curvatures, and the trace of dN is the negative —(k; + k) of the
sum of principal curvatures. If we change the orientation of the surface, the
determinant does not change (the fact that the dimension is even is essential

here); the trace, however, changes sign.
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DEFINITION 1.6. Letp € S and let dN, : T,,(S) — T,(S) be the differential
of the Gauss map. The determinant of dN, is the Gaussian curvature K of S
at p. The negative of half of the trace of AN, is called the mean curvature H of
S at p.

In terms of the principal curvatures we can write

K = kiks. H:h;b.
DEFINITION 1.7. A point of a surface S is called
1. Elliptic if det(dN,) > 0.
2. Hyperbolic if det(dN,) < 0.
3. Parabolic if det(dN,) = 0, with dN, # 0.
4. Planar if dN, = 0.

It is clear that this classification does not depend on the choice of the orien-

tation.
DEFINITION 1.8. Ifatp € S, k1 = ko, then p is called an umbilical point of

S; in particular, the planar points (ki = ke = 0) are umbilical points.

Proposition 1.4. If all points of a connected surface S are umbilical points,

then S s either contained in a sphere or in a plane.

Proof. Let p € S and let x(u, v) be a parametrization of S at p such that the
coordinate neighborhood V' is connected.

Since each ¢ € V' is an umbilical point, we have, for any vector w = a,x,+asx,
in T4(S5),
AN (w) = AMq)w,
where A = A(q) is a real differentiable function in V.

We first show that A(¢) is constant in V. For that, we write the above equation
as

Nyai + Nyag = A(zya1 + xya9);

hence, since w is arbitrary,
N, = Az,

N, = \z,.
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Differentiating the first equation in v and the second one in v and subtracting

the resulting equations, we obtain
ATy — Ay = 0.
Since z, and z, are linearly independent, we conclude that
A=A =0

for all ¢ € V. Since V is connected, A is constant in V', as we claimed.
If\=0, N, = N, = 0 and therefore N = Ny =constant in V. Thus,
< z(u,v), Ny >,=< z(u,v), Ng >,= 0; hence,

< z(u,v), Ny >= const,

and all points x(u,v) of V' belong to a plane.
If A\ # 0, then the point z(u,v) — (1/A\)N(u,v) = y(u,v) is fixed, because
1 1
(x(u,v) — XN(U’ V) = (x(u,v) — X)N(u,v))v = 0.

Since

1
o) = o = 5

all points of V' are contained in a sphere of center y and radius 1/|\|.

This proves the proposition locally, that is, for a neighborhood of a point
p € S. To complete the proof we observe that, since S is connected, given any
other point r € S, there exists a continuous curve « : [0, 1] — S with «(0) = p,
a(l) = r. For each point a(t) € S of this curve there exists a neighborhood
Vi in S contained in a sphere or in a plane and such that a~1(V}) is an open
interval of [0, 1]. The union (JA™*(V}),t € [0, 1], covers [0, 1] and since [0, 1] is a
closed interval, it is covered by finitely many elements of the family {a~1(V})}.
Thus, ¢([0, 1]) is covered by a finite number of the neighborhood V;.

If the points of one of these neighborhoods are on a plane, all the others will
be on the same plane. Since r is arbitrary, all the points of S belong to this
plane.

If the points of one of these neighborhoods are on a sphere, the same argument
shows that all points on S belong to a sphere, and this completes the proof.
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DEFINITION 1.9. Let p be a point in S. An asymptotic direction of S at p
is a direction of T,(S) for which the normal curvature is zero. An asymptotic
curve of S is a reqular connected curve C C S such that for each p € C the
tangent line of C' at p is an asymptotic direction.

It follows at once from the definition that at an elliptic point there are no
asymptotic directions.

A useful geometric interpretation of the asymptotic directions is given by
means of the Dupin indicatrix, which we shall now describe.

Let p be a point in S. The Dupin indicatrix at p is the set of vectors w of
T,(S) such that I1,(w) = £1.

To write the equations of the Dupin indicatrix in a more convenient form, let
(€,m) be the Cartesian coordinates of T,,(.S) in the orthonormal basis {e1, s},
where e; and ey are eigenvectors of dN,,. Given w € T),(S), let p and 6 be polar
coordinates defined by w = pv, with |v| = 1 and v = ejcos8 + essind, if p # 0.

By Euler’s formula,
+1 = I1,(w) = p*I1,(v) = kip*cos®0 + kap®sin®0 = ki &% + kon?,

where w = £e; + ney. Thus, the coordinates (£,7) of a point of the Dupin
indicatrix satisfy the equation

(1.19) k1€ + kon? = £1;

hence, the Dupin indicatrix is a union of conics in 7,,(S). We notice that the
normal curvature along the direction determined by w is k,(v) = I[,(v) =
£(1/p2).

For an elliptic point, the Dupin indicatrix is an ellipse (k1 and ko have the
same sign); this ellipse degenerates into a circle if the points is an umbilical
nonplanar point (k; = kg # 0).

For a hyperbolic point, k1 and ks have opposite signs. The Dupin indicatrix
is therefore made up of two hyperbolas with a common pair of asymptotic lines.
Along the directions of the asymptotes, the normal curvature is zero; they are
therefore asymptotic directions. This justifies the terminology and shows that

a hyperbolic point has exactly two asymptotic directions.
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For a parabolic point, one of the principal curvatures is zero, and the Dupin
indicatrix degenerates into a pair of parallel lines. The common direction of

these lines is the onlv asvmntotic direction at the given noint.

F1GURE 7. The Dupin indicatrix.

Closely related with the concept of asymptotic direction is the concept of
conjugate directions, which we shall now define.

DEFINITION 1.10. Let p be a point on a surface S. Two nonzero vectors
wy, we € T,(S) are conjugate if < dN,y(w1),wy >=< wy,dNy(wz) >= 0. Two
directions r1, 19 at p are conjugate if a pair of nonzero vectors wy,ws parallel to
r1 and ro, respectively, are conjugate.

It is immediate to check that the definition of conjugate directions does not
depend on the choice of the vectors w; and wy on r1 and ro.

It follows from the definition that the principal directions are conjugate and
that an asymptotic direction is conjugate to itself. Furthermore, at a nonplanar
umbilic, every orthonormal pair of directions is a pair of conjugate directions,
and at a planar umbilic each direction is conjugate to any other direction.

Let us assume that p € S is not an umbilical point, and let {e,es} be the
orthonormal basis of 7),(S) determined by dN,(e1) = —kie1, dN,(e2) = —kaes.

We claim that r; and 79 are conjugate if and only if
(1.20) kicosfcosp = —kosinfsineg.
In fact, r; and r9 are conjugate if and only if the vectors
w1 = e1cosh + easinf,  wy = e1cosy + easing
are conjugate. Thus,

0 =< dNy(wy), ws >= —kjcosfcosp — kasinfsineg.
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Hence, condition follows.

When both k; and ko are nonzero (i.e., p is either an elliptic or a hyperbolic
point), condition leads to a geometric construction of conjugate directions
in term of the Dupin indicatrix at p. We shall describe the construction the con-
struction at an elliptic point, the situation at a hyperbolic point being similar.
Let r be a straight line through the origin of 7},(S) and consider the intersection
points q1, g2 of r with the Dupin indicatrix (fig). The tangent lines of the Dupin
indicatrix at ¢; and ¢o are parallel, and their common direction 7’ is conjugate
to r [10].

F1GURE 8. Newton polyhedron

1.4. Newton polyhedra associated to ¢. Normal forms of ¢ under
linear coordinate changes when h;,(¢) < 2. If ¢ is a smooth function,
consider the associated Taylor series

(0.¢]

¢($1,$2)N Z COélyanclllx?Q

Oél,agzo
of ¢ centered at the origin. The set

T() = {1, 02) € N? : oy = ——018526/(0,0) # 0}

041!042!
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will be called the Taylor support of ¢ at (0,0). We shall always assume that the
function ¢ is of finite type at every point, i.e., that the associated graph S of ¢
is of finite type. Since we are also assuming that ¢(0,0) = 0 and V¢(0,0) = 0,
the finite type assumption at the origin just means that

(o) # 0.

The Newton polyhedron N (¢) of ¢ at the origin is defined to be the convex
hull of the union of all the quadrants (ay, as) + R2 in R?, with (a1, a2) € T(¢).
The associated Newton diagram Ny(¢)N(4) in the sense of Varchenko [32] is
the union of all compact faces of the Newton polyhedron; here, by a face, we
shall mean an edge or a vertex.

We shall use coordinates (¢1, t5) for points in the plane containing the Newton
polyhedron, in order to distinguish this plane from the (x1,x2) - plane.

The Newton distance in the sense of Varchenko, or shorter distance, d = d(¢)
between the Newton polyhedron and the origin is given by the coordinate d of
the point (d,d) at which the bi-sectrix t; = ¢y intersects the boundary of the
Newton polyhedron.

The principal face w(¢) of the Newton polyhedron of ¢ is the face of minimal
dimension containing the point (d, d). Deviating from the notation in [V76], we

shall call the series

. E Q1 o
gbp?"(xl? 332) - Ca1,042x11x12
(a1,00)€m(9)

the principal part of ¢. In case that m(¢) is compact, ¢,, is a mixed homoge-
neous polynomial; otherwise, we shall consider ¢,, as a formal power series.

Note that the distance between the Newton polyhedron and the origin de-
pends on the chosen local coordinate system in which ¢ is expressed. By a local
coordinate system (at the origin) we shall mean a smooth coordinate system
defined near the origin which preserves 0. The height of the smooth function ¢
is defined by

h(¢) := sup{dy},
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where the supremum is taken over all local coordinate systems y = (y1,¥2) at
the origin, and where d, is the distance between the Newton polyhedron and

the origin in the coordinates y.

FIGURE 9. Newton polyhedron

A given coordinate system z is said to be adapted to ¢ if h(¢) = d,. In [14]
it is proved that one can always find an adapted local coordinate system in
two dimensions, thus generalizing the fundamental work by Varchenko [32] who
worked in the setting of real-analytic functions ¢.

Notice that if the principal face of the Newton polyhedron N(¢) is a compact
edge, then it lies on a unique principal line

L := {(tl,tg) € R?: Kit1 + Koty = 1},

with k1, k9 > 0. By permuting the coordinates x; and z, if necessary, we shall
always assume that k1 < k9. The weight k = (k1, ko) will be called the principal
weight associated to ¢. It induces dilations d,(x1, o) := (r"xy, r™2xs), > 0,
on R?, so that the principal part ¢, of ¢ is k-homogeneous of degree one with

respect to these dilations, i.e., ¢ (0,(z1,22)) = 1y (21, 22) for every r > 0,
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and we find that
1 1

f€1+/€2:m'

It can then easily be shown (cf. Proposition 2.2 in [I4]) that ¢, can be factor-
ized as

M
(1.21) Gpr(x1, T9) = cxPxs? | | (28 — Agz))™,

=1
with M > 1, distinct non-trivial roots A\; € C'\{0} of multiplicities ny € N\ {0},
and trivial roots of multiplicities vy, 5 € N at the coordinate axes. Here, p and
q are positive integers without common divisor, and k1/ks = p/q.

More generally, assume that k£ = (K1, ko) is any weight with 0 < k; < K9
such that the line L, := (t1,12) € R? : K1t + Koty = 1 is a supporting line to
the Newton polyhedron N (¢) of ¢ (recall that a supporting line to a convex set
K in the plane is a line such that K is contained in one of the two closed half-
planes into which the line divides the plane and such that this line intersects
the boundary of K). Then L, (N (¢) is a face of N(¢), i.e., either a compact

edge or a vertex, and the k-principal part of ¢

Or(x1, T9) 1= Z Cay.a, 0] T
(0q,00)€Ly

is a non-trivial polynomial which is k-homogeneous of degree 1 with respect to
the dilations associated to this weight as before, which can be factorized in a
similar way as in (1.21)). By definition, we then have ¢(x1,22) = ¢x(x1,22)+
terms of higher x-degree.

Adaptedness of a given coordinate system can be verified by means of the
following proposition (see [14]):

If P is any given polynomial which is k-homogeneous of degree one (such as
P = ¢,,), then we denote by

(1.22) n(P) := ords: P

the maximal order of vanishing of P along the unit circle S'. Observe that by
homogeneity, the Taylor support (P) of P is contained in the face L, (N (P)
of N(P). We therefore define the homogeneous distance of P by d(P) :=
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1/(k1 + Kk2) = 1/|k|. Notice that (d,(P),d,(P)) is just the point of intersection
of the line L, with the bi-sectrix ¢; = t5, and that d,(P) = d(P) if and only if
L. N (P) intersects the bi-sectrix. We remark that the height of P can then
easily be computed by means of the formula

(1.23) h(P) = max{n(P),d,(P)}

(see Corollary 3.4 in [I4]). Moreover, in [14] (Corollary 4.3 and Corollary 5.3),
we also proved the following characterization of adaptedness of a given coordi-

nate system:

Proposition 1.5. The coordinates x are adapted to ¢ if and only if one of the
following conditions is satisfied:

(a) The principal face w(¢) of the Newton polyhedron is a compact edge, and
B(Gr) < d(9).

(b) m(¢) is a vertex.

(c) m(¢) is an unbounded edge.

These conditions had already been introduced by Varchenko, who has shown
that they are sufficient for adaptedness when ¢ is analytic.

We also note that in case (a) we have h(¢) = h(¢p) = din(dpr). Moreover,
it can be shown that we are in case (a) whenever m(¢) is a compact edge and
ka/k1 ¢ N; in this case we even have n(¢,,) < d(¢) (cf. [14], Corollary 2.3).

Our discussion of the case where hy;,(¢) < 2 will be based on normal forms of
¢ under linear coordinate changes. In the analytic setting, such normal forms
are due to Siersma, but we shall need them also for smooth, finite type ¢. The
designation of the type of singularity that we list below corresponds to Arnolds
classification of singularities in the case of analytic functions (cf. [I]), i.e., in the
analytic case, non-linear analytic changes of coordinates would allow to further

reduce ¢ to Arnolds normal forms.

Proposition 1.6. Assume that hy,(¢) < 2, where ¢ satisfies Assumption
(NLA).
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Then, after applying a suitable linear change of coordinates, ¢ can be written

in the following form on a sufficiently small neighborhood of the origin:

(1.24) G(x1, w2) = by, 22) (220 (1)) + bo (1),
m—i—l))

where b,by and ¥ are smooth functions, and where (x1) = czi" + O(z]

with ¢ # 0 and m > 2. Moreover, we can distinguish two cases:
Case a. b(0,0) # 0. Then either

(i) by is flat, (singularity of type Ax)

or

(ii) bo(x1) = x}B(x1), where (0) # 0 and n > 2m + 1. (singularity of type
Apn1) In these cases we say that ¢ is of type A.

Case b. b(0,0) = 0. Then we may assume that

b(x1,x9) = 2101 (21, 22) + 35352(1‘2)7

where by and by are smooth functions, with b1(0,0) # 0.

Moreover, either

(i) by is flat, (singularity of type Dx)

or

(ii) bo(x1) = xV(x1), where B(0) # 0 and n > 2m + 2. (singularity of type
Dy11) In these cases we say that ¢ is of type D.

Remarks. (a) It is easy to see that the principal weight x and the Newton

distance d = d(¢) for these normal forms are given by

1 1 2
H:(%,§) and d:m—Tl, if ¢ is of type A,

1 m 2m + 1
— d d= ' ' t D
K (Zm 5 1) an e if ¢ is of type ,

and by Proposition 1.7 that hy,(¢) = d, i.e., that the coordinates x are linearly

adapted.

(b) Similarly, the coordinates y; := z1, Y2 := x2 — (1) are adapted to ¢, and
we can choose as the principal root jet. Comparing this with (1.9), we see that
here the leading coefficient by of the principal root jet is given by the constant

C.
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(¢) When ¢ has a singularity of type A or D, and satisfies Condition (R),
then necessarily by = 0.

Proof. If D?¢(0,0) had full rank 2, then the principal part ¢, of ¢ would be
a non-degenerate quadratic form, and by Proposition 1.2 one would easily see
that the coordinates x would already be adapted to ¢. This would contradict
our assumptions. Therefore rank D?¢(0,0) < 1. Let us denote by P, the
homogeneous part of degree n of the Taylor polynomial of ¢, i.e., P,(x1,x2) =
S G+ k= nepalal,

1. Case: rankD?¢(0,0) = 1.

In this case, by passing to a suitable linear coordinate system, we may assume

that Py(x1,22) = ax3, where a # 0. Consider the equation

82¢($1, 1‘2) = 0.

By the implicit function theorem, locally it has a unique, smooth solution
xo = Y(x1),i.e., Oed(x1,9 (1)) = 0. A Taylor series expansion of the function

¢(x1, x9) with respect to the variable x5 around ¢ (x1) then shows that

d(21, T3) = b(w1, 22) (w20 (21))? + bo(21),

where b and by are smooth functions and b(0,0) = %8§¢(0, 0) = a # 0, whereas
bo(x1) = O(a?), since ¢(0,0) = 0, Vé(0,0) = 0 (this is a special instance of
what would follow from a classical division theorem, see, e.g., [H90]).

Now, either by is flat, which leads to type A,, or otherwise we may write
bo(x1) = x}B(x1), where 3(0) # 0 and n > 2, which leads to type A,;.

Observe also that the function ¢ cannot be flat, for otherwise the Newton
polyhedron of ¢ would be the set (0,2)+R?2, in case that by is flat, or its principal
edge would be the compact line segment with vertices (0,2) and (n,0). In the
latter case, the principal part of ¢ is given by ¢, (21, x2) = az3+g(0)z?, so that
the maximal multiplicity n(¢,,) of any real root of ¢,, along the unit circle is at
most 1, whereas the Newton distance is given by d = 1/(5 +1) > 1. Therefore,
in both cases, the coordinates x would already be adapted to ¢, according to
Proposition 1.2. Notice also that the same argument shows that the coordinates
y introduced in (1.10) are adapted to ¢, so that in particular indeed h = 2 (in
case that b0 is flat) respectively h = 1/(5 + +) < 2 (if by(21) = 27 B(21)).
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In particular, since 1(0) = 0, we can write 1 (z1) = caf* + O(z]""!) for some

m € N*, where ¢ # 0. Note that indeed m > 2, since Py(x1,79) = az3.

Finally, when by(z1) = 276(21), a similar reasoning as before shows that the
coordinates x are already adapted if 2m > n, so that under Assumption 1.6 we
must have n > 2m + 1.

2. Case: D*¢(0,0) = 0.

Then P, = 0, and P; # 0, for otherwise we had hy;,, > d > 1/(1/4+1/4) = 2,
which would contradict our assumption that hj;,, < 2. Notice also that P; # 0
is homogeneous of odd degree 3, so that necessarily the multiplicity of roots (cf.
(1.7)) satisfies n(Ps) > 1.

Assume first that n(P3) = 1. Then, passing to a suitable linear coordinate
system, we may assume that Ps(x1,x9) = x1(xouy)(x9fx1), where either o #
are both real, or & = /3 are non-real. Then one checks easily that the Newton
diagram of P3 is a compact edge intersecting the bi-sectrix in its interior and
contained in the line given by %tl + %tz = 1. Consequently, it agrees with the
principal face 7(¢), so that P; = ¢,.. We thus find that the Newton distance
d in this linear coordinate system satisfies d = 3/2 > n(¢,.), so that these
coordinates would already be adapted, contradicting our assumptions.

Assume next that n(FP3;) = 3. Then, in a suitable linear coordinate system,
P3(x1,79) = x3. These coordinates are then adapted to Ps, so that h(P3) =
d(Ps) = 3 > 2. However, as has been shown in [15], under Assumption 1.6 this
implies that the Taylor support of ¢ is contained in the region where %tl + %tg >
1. This in return implies that hy, > d > 1/(3 + ) = 2, in contrast to what we
assumed.

We have thus seen that necessarily n(P3;) = 2. Then, after applying a suitable

linear change of coordinates, we may assume that P3(z1, z2) = x123, i.e.,
2
gb(xl, .CUQ) = T17T9 + R(!I?l, .CL’Q),

where R is a smooth function such that 9“R(0,0) = 0 for |«| < 3. Consider
here the equation

82¢($17 :UQ) =0
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with respect to 9. We claim that it has a smooth solution zy = 1 (z7), with
¥(0) = ¢'(0) = 0, near the origin. Indeed, we have Oy¢(z1,29) = 2129 +
Ri(x1,x9), where Ry is a smooth function such that 9 R1(0,0) = 0 for |o| < 2,
so that we have to solve the equation

(125) 2$1£CQ + Rl(ilil, SCQ) = 0.
To this end, let us write, for 1 # 0, xo = x12. Then is equivalent to
(1.26) 2222 + Ry(x1,212) = 0.

Clearly, by the properties of Ry, we may factorize Ry(x1,z12) = z}g(z1, 2), with
a smooth function g(z1, z) defined near the origin, and thus for z; # 0 equation

is equivalent to
22 + r19(x1,2) = 0.

Regard this as an equation near the origin in (x1,2). We can now apply the
implicit function theorem to conclude that locally near the origin this equation

has a unique, smooth solution z = ¥y (x1). In particular, we find that

201 (21) + Ry(z1, 2191 (1)) = 0

near the origin in zy. Setting ¢ (x1) := z191(z1), we then find that indeed
#(0) = ¢'(0) = 0 and

(1.27) Oap(x1,1(x1)) = 0.

By means of a Taylor expansion of the function ¢(z1,xs) with respect to the

variable z9 around xs = 1 (x1) this implies that

d(21, T3) = b(w1, w2) (w20 (1)) + ba(21) 2 + bo(21),

where b, by and by are smooth functions. Again, we have that ¥(z1) = ca]" +
O(z"*1), with m > 2. Observe that implies that by = 0, hence

w1, w2) = b1, w2) (wat)(21))* + bo(21).
Moreover, since 95¢(0,0) = 0, 105¢(0,0) # 0, d3¢(0,0) = 0, we have that

b(0,0) =0, 8;b(0,0)#0 and 8,b(0,0) = 0.



34

By Taylors formula, this implies that
b(fL‘l, $2) = xlbl(xl, xg) + l’;b2($2),

where by and by are smooth functions, with b;(0,0) # 0.

In a similar way as in Case 1, one can see that the coordinates from (1.10)
are adapted to ¢. Moreover, if by is flat, which leads to case D, then h = 2,
and if by(x1) = 2} 5(x1), which leads to case D,1, then h = nz—fl < 2. Finally,
one also checks easily that the coordinates x in (1.10) are already adapted to
¢, if 2m + 1 > n, so that under our assumption we must have n > 2m + 2.

This concludes the proof of Proposition 2.11. Q.E.D. Corollary 2.13. Assume
that ¢ satisfies Assumption (NLA). By passing to a suitable linear coordinate
system, let us also assume that the coordinates x are linearly adapted to ¢.
Then, if d = d(¢) < 2, the critical exponent in Theorem 1.14 is given by
p.=2d+2.

Proof. Proposition shows that the principal face m(¢) of the Newton
polyhedron of ¢ is a compact edge whose upper vertex v is one the following
points (0,2) or (1,2), which both lie below the line H := (t1,t2) : to = 3 within
the positive quadrant. On the other hand, m + 1 > 3. It is then clear from the
geometry of the lines H, the line L which contains 7(¢) and the line V(™ that
V(m) will intersect L above the vertex v. Since, by Varchenkos algorithm, the
point v will also be a vertex of the Newton polyhedron of ¢%, this easily implies
that h"(¢) = d. This proves the claim [12].
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2. ESTIMATES FOR HYPERBOLIC EQUATIONS OF SPACE DIMENSION 3.

Throughout this section, we assume 1 < p < 2 and %—I—l% = 1. We shall

consider the L? — L’ -boundedness of Fourier multipliers of the type
(2.1) My, = F~1eOq(6)F,

where

(&) € C¥(R™\ 0) is a real analytic homogeneous function of order 1
ap(§) € C*°(R") is homogeneous of order —k for large ||

The example which we keep in mind is the solution operator Ey(t) : gr — u(t)
of the Cauchy problem

P(Dy,D)u =0
Dfujy—g = gi, Djup—g =0 (1=0,1,....,m — 1,1 # k). (C.P.)

Here P(Dy, D,) is a homogeneous constant coefficient partial differential opera-
tor of degree m in the time t and the space x € R", which is strictly hyperbolic.
FE(t) is a linear combination of operators of Fourier multipliers of the type (2.1
(modulo a regularizing operator), and the phase function ¢(§) of is one
of tyy(§),2, if factorize the symbol p(7, ) as p(7, &) = (7 — ©1(§))...(T — om(&)).
The Cauchy problem for hyperbolic systems, such as elastic wave equations
and Maxwell equations, is also in our focus since the solution operator can be
expressed in a similar way. (The problem (C.P.) itself can be transformed to a
hyperbolic system.)
For the sake of simplicity, we assume ¢(§) > 0 and set

(2.2) L=ge RN\ 0ip(e) = 1,

In the case ¥ = S" !, which is related to the wave equation, the LP — L”-
boundedness of M, is obtained by Strichartz. This result has been extended
to the case when X has non-vanishing Gaussian curvature by Brenner, and the
case when ¥ is convex by Sugimoto. (¥ with non-vanishing Gaussian curvature
is always convex.) In this section, we shall consider the case when ¥ is not

necessarily convex.
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In the case n = 1, the boundedness is trivial. Since F~1e*#®) F is nothing but
a translation, M} is essentially a Bessel potential, the boundedness of which is
well known.

In the case n = 2, we can exactly determine the dependence of the bounded-
ness of M}, on ¥. We define the index (%) to be the maximal order of contact

of the curve X to its tangent line. Then we have [11]:

Theorem 2.1 (A). Suppose n = 2. Then My is LP — L” -bounded if k >

(4 — %)(% — %) This inequality can be replaced by an equality if p # 1.
Furthermore, My, is not necessarily LP — L -bounded if k < (4 — %)(% - 1.
We can extend theorem to the case n > 3 if we use the index
(2.3) (%) = supinfy(3; p, H).
p

For a point p € ¥ and for a plane H (of dimension2) which contains the normal
line of ¥ at p, we have defined the index ~(3J; p, H) to be the order of contact of
the curve XN H to the line T'N H at p, where T' denotes the tangent hyperplane
of ¥ at p. The index (X)) gives a uniform (with respect to directions) of the

Fourier transform of measures [28].

Theorem 2.2. Suppose n > 3. Then My is LP — LP -bounded if k > (2n —
#Z))(% — %) This inequality can be replaced by an equality if p # 1. Further-
more, My, is not necessarily LP — LP -bounded if k < (2n — ﬁ)(% — 1) and

2
p=1,2.

But in the case n > 3, there still remains the problem ” What about the
optimality of Theorem for 1 < p < 27” To our surprise, it is not optimal
in spite of the optimality for p = 1,2, and the boundedness is dependent the
following, we shall exhibit such a strange phenomenon in the simplest case
n =3, 7(X) = 2. We can improve Theorem in this special case. It should
be noted that () does not give the sharp bound for the Fourier transform of

surface carried measures.

2.1. Microlocalization. From now on, we shall microlocalize the problem.
That is, in (2.1]), we shall assume that ay (&) is supported in a sufficiently small
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conic neighborhood T" of a particular point v € S, and p(¢) € C¥(T"). We
may assume v = ¢" = (0,...,0,1) € S"! without loss of generality. Then in
the neighborhood, > in (2.2)) can be expressed as

(2.4) YNT={§elp§) =1} ={(y,My));y € U},

where h(y) € C*(U) is a positive real analytic function and U C R"! is an open
neighborhood of the origin. Conversely, for a neighborhood U C R"™! of the
origin and a positive function h(y) € C*(U), we can define a conic neighborhood
I" of the point v € S" ! and a homogeneous function ¢(£) € C¥(T") of order 1

by (2.4).

In the section, we shall show a relation between the function h(y) and the

boundedness of My, in other words, a relation between the oscillatory integral
(2.5) I\ 2) = /R 1 ePNEYThW) g (1) dy(N > 0,2 € R g € C(U))
defined by h(y) and the convolution kernel

(2.6) Ky(z) = F ' [e"a(¢)](2)

of Mj. In this problem, the change of variables

(2.7) ¢ = (Ay, A(y)), (A >0,y € U)

makes the relation clear. We remark that the Jacobian is

D(ligy) = X"'G(y), Gly) = hy) —y - Vh(y).

Proposition 2.1. [26]. Let ¢ > 2 and o > 0. Suppose, for all g € C*(U) and
A>0,

(2.9) (A 2)|[ ogro—1y < CgA™,
where C, is independent of \. Then Ky(z) € LY(R"); hence My, is LP — LV -

boundedforp:%, z'fk>n—oz—é.

(2.8)

Proof. We only have to pay attention to x near the point —V(e,) € R", by
using an integration by parts argument. We write z— (2, x,,), ' = (%1, ..., Tn_1).
We may assume that the variable x,, is negative and away from the origin since
Euler’s identity ¢(e,) = e, - V(e,) > 0 yields ¢ (e,) = p(e,) > 0.
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We can write

ar(§) = ar(§)¥(|zale(£))

with a positive function W(t) € C* which is supported in ¢;¢ > 0 and equals 1
for large t. We may assume that a;(§) is homogeneous. Then, by the change
of variables (2.7) and A — |z,| '\, we have

1

Ril#) = gy Fle @0 faulo(€)] ()

‘l‘n‘k n

(2.10) = / / Al gt b+ \n =1k () g (y ) dAdy

|xn|k—n

CEE
Here g(y) = ar(y, h(y))|G(y)| € C(U) by (2.8)). Hence, we obtain from the
estimate ([2.9)

FA[T(A; 2, 2 )N R ()] (|| 7).

[ Kk ()] La(jo4 Vo(en) <)
< CIEI O )N RO o, ey
< O DA FO ) e (ryy g
< CI[(X; Z)HLq(RQ*))‘n_l_k‘I’()\)HLq*(RA)
< CHAn_l_a_k‘I’(/\)HLq*(Rk)-

Here % + q—l* = 1, and we have used Hausdorff and Young’s inequality and
Minkowski’s inequality for integrals. If k > n—a—%, we have (n—1—a—k)gx <
—1, which implies K} € LY(R"). The boundedness of M}, is trivial if we notice
Young’s inequality:.

In particular, in the case ¢ = 0o, we have another version of Proposition 1.

Instead of ({2.6)), we set

Ky (x) = F e Yap(€)®;()](x).

Here @; (S)j.il is a Littlewood-Paley partition of unity which is used to define

the norm

Q=

= (O _(2"||F'®;(&) Fol )"
7=0
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of Besov space B . For more information about this spaces, see, for example,
Berght and Lostrom[7].

Proposition 2.2. Let o > 0. Suppose, for all g € C(U) and A > 0,
2.11) 1 gy < CoA

where Cy is independent of X. Then Ky, ()2, is bounded in L*(R") if k =
n —a. Hence My, is LP — L¥ -bounded if k > (2n — 204)(— — 3). This inequality
can be replaced by an equation if p # 1.

Proof. Since we can write j = 1,2, ...,

2,6 = 0,000 (5)

with a positive function ¥(t) € C§°(t > 0), we may replace ®;(£) in the defini-
tion of Kj ;(x) by \D(ﬁf)) Then we have similarly to (2.10

15w = s a1k (A
’ (2m)" 2y
for x near the point —V(e,) and large j. Hence we obtain from ({2.11))

> A

Kij(x)| <C | |[I(X\az,'2")¥ AR AN

e A C P

j(n—k) = —1 o A n—1—k

0 Ln

< CZj(n—a—k)’

which implies that Ky ;(x)Z, is bounded in L*(R") if k =n — o’

The boundedness of M;, is trivial if we use the argument of Besov spaces. In
fact, we can easily prove the Bj, — BS,Q—boundedness if k= (2n — 204)(% - 1)
by analytic interpolation of the cases p = 2 (Plancherel’s theorem) and p = 1
(Young’s inequality), which yields the L? — L”-boundedness for p # 1 because
of the continuous inclusions LP C 302 and LP D B0 As for p = 1, use the
inclusion L' C B3 5 and BS »e > 0 instead, whiich are easﬂy obtained from the

definition of Besov spaces.
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2.2. Classification. Hereafter we shall assume n = 3 and (%) = 2. A typical
example is X defined by

(2.12) P ={E@+8 -G +GH, €= (4,6.8)

As is explained in Section 1,2 can be expressed microlocally by a positive
function h(y) = h(y1,y2) which is real analytic at the origin.(see (2.4)) We
remark that

rankh”(0,0) # 0

which is derived from the assumption vy(X) = 2. In particular, det A”(0,0) # 0
if the Gaussian curvature of ¥ never vanishes.
In order to show how the boundedness of M is dependent on >, we shall

classify functions h(y). We assume that

otherwise replace h(y) by h(yT) —yT 57 h(0,0) with an appropriate orthogonal
matrix T'. We remark that this change does not affect the boundedness of Mj.
Then we define the function by(y2) and bi(y2), which are real analytic at the

origin, by the equations

(2.14) hy(01(y2), y2) = 0, b1(0) =0 bo(y2) = h(b1(y2), v2).

They are uniquely determined near the origin by the implicit function theorem.
The curve (by(t),t,bo(t)) is the ridge of the mountain > when we see it parallel
to the y;-axis.

Definition 1. Let h(y) = h(y1,y2) be a real analytic function at the origin
satisfying (2.13), and b;(y2) be defined by (-0,1). Then we define d; to
be the smallest integer m > 2 such that b§m)(0) # 0, and we say that h(y) is of
type L if g < oo, type 11 if 9y = 00, 61 < 0o, and type III if 6y = &, = oco.

Typical examples are the following:

Example 2.1. h(y) is of type I with dy = 2 if and only if deth”(0,0) # 0.

Proof. Differentiating Eqgs.(2.14]), we have

h1(01(y2), y2)01 (y2) + o (b1(y2), y2) = 0.

by (y2) = Ry (D1(y2), y2)b (12) + hao(b1(y2), 12)
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From them, we obtain b)(0) = %, which yields the required result.

Example 2.2. Let N = 2,3, ...

1] hi(y) =1 — (v} —yY) is of type I with dg = N (by = 1+ y&', by = 0).

[I1) hir(y) =1 — (y1 — yY)? is of type 11 with 6, = N (b = 1,b; = yd').

[I11) hrrr(y) = 1—yi is of type IIT (by = 1,b1 = 0). Actually, hyrr(y) = 1—?
can not be a solution if {p =1} ¢ € C¥(R3\ {0}).

Example 2.3. ¥ defined by (&) in (2.12) can be expressed microlocally
by a function of type II (or an appropriate replacement of it) at the points
(w1, ws, £1), where w} + w3 = 1, or type I at any other points.

The ridge of a mountain is dependent on the direction in which we see the
mountain. But the following proposition says that the direction does not affect
the classification.

Proposition 2.3. Suppose that h(y) = h(yT) satisfies I/;(0,0) # 0 with a 2% 2
invertible matriz T'. Then h defines the same 0y as h does in Definition 1, and

the same 61 if 69 = oo.

Proof. In the following, all functions, which are of one variable or two, are
real analytic at the origin. We define the indices d,(j = 0,1) by using h(y) as
in Definition 1, and the functions b;(y2)(j = 0,1) by

(2.15) Py(ba(ye)ye) =0, 0i(0) =0 bo(ye) = hlbi(ye). o).

Then all we have to show is

(2.16) b, (0)=0, 2<1<6—1

for j = 0, and for 5 = 1 if 6y = oco. We may assume dy, 6; < 3 or equivalently
b// — b// — 0

0= b1 :

Because of (2.13)) and (2.14), n(vy1,y2) = h(y1 + b1(y2), y2) satisfies n(0,ys) =

bo(y2),m(0,y2) = 0 and 7{,(0,0) = h?;(0,0) # 0. Hence we can write

(2.17) h(y1, y2) = bo(y2) + (y1 — bi(y2))*c(y1, 2)
with a function ¢(y1,y2) such that ¢(0,0) # 0. From (2.17)), we obtain

(2.18) 1h"(0,0) = 2¢(0,0) ( 1_b,1(0) _2% )
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Here we have used b(j(0) = b1(0) = 0. When we write

v B
a B

we obtain, from (2.18) and the relation 2”(0,0) = Th"(0,0)'T,

110, 0) = 2¢(0, 0)(er — 36} (0))*
Accordingly, the assumption k},(0,0) # 0 is equivalent to
(2.19) a — BY,(0) # 0

On the other hand, by (T8) and (ET9), C(y1,2) = k(g1 12) + Bh(y1, 1) (=
Ry (yT 1)) satisfies ¢(0,0) = 0 and (}(0,0) = 2¢(0,0)(a — BV,(0)) # 0. Hence
we can uniquely define the function b(y,) by

(2.20) C(b(y2),2) =0,  b(0)=0
which means
(2.21) Ry (g1(y2), 92(1a), (91(12), 92(y2)) = (b(y2), y2)T .

Furthermore we obtain,from({2.17)),
Gy, y2) = Bby(y2) + 2(y1 — bi(y2))e(yr, y2) (o — BY (y2))

+(y1 — bi(y2))*(ad) (y1, y2) + By (y1, v2))
= Bby(y2) + (y1 — bi(y2))d(y1, v2),

where d(y1, y2) = 2¢(y1, y2) (@ = 81 (y2)) + (91 = bi(y2)) (@t (Y1, y2) + Bea (w1, 2))-
Since we have d(0,0) = 2¢(0,0)(a — 5b1(0)) # 0 by (2.19)), Eq.(2.20) implies

(2.22) b(y2) = bi(y2) +r1(y2)
Here 71(y2) = —Bd(b(y2), y2) "'ty (y2) = O(|ya|™~") because of
(2.23) by (0) = 0

which is obtained from (2.13) and (2.14)).

Now, we claim that

(2.24) bi(y2) = g1 0 95" (312).
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It can be verified since we obtain g5(0) = (o — 86,(0))|T|™! # 0 from (2.21)),
(2.22) and (2.19). We have used here ¢y > 3. On the other hand, since we
obtain by(g2(y2)) = h(b(ye),y2) from (2.15)), (2.24), and (2.21)), we have, by

.17) and (222).
(2.25) bo(y2) = (bo+70) © g5 (12).

Here 7o(y2) = (r1(y2))2c(b(ya),v2) = O(|ya|> V). If we remark (2.23)), & <
2(8) — 1), and g5 1(0) = 0, we obtain for j = 0 from ([2.25)).

In particular, in the case dy = oo, we have b(ys) = b1(y2) by (2.22). Then we
obtain, from ([2.21)), g%l)(O) = gél)(O) = 0; hence (g5 1)V(0) = 0for2 <1< 6 —1.
By using these facts and ([2.24)), we have for j = 1.

We shall state our main theorem. Suppose that n = 3 and M} in (2.1) is

microlocalized; that is, ax(§) is supported in a sufficiently small conic neigh-
borhood of v = (0,0,1), and associated with h(y) = h(yi1,y2) by (2.4) which

satisfies (2.13)). In the following, we define functions by(y2), b1(y2) by (2.14)) and
indices 9y, 01 by Definition 1.

Theorem 2.3. [26]. Suppose h(y) is of type * (x = I,11,1I1). Then My is
L? — LY “bounded if k > k«(p). This inequality can be replaced by an equality
ifp# 1 and x # I1. Here

G-3)G -3 if x=1,
ko(p) = § max{6(; —3) = 5.5 - 557)(; —3)} if x=1II,
5(; — 3) if w=III,

Remark 1. We easily see that Theorem is an improvement of Theorem
in the case n = 3 and 7y(X) = 2, which is equivalent to Theorem [2.3| with
x = [I1. In tact, since X defined by is a compact analytic hyper surface,
it cannot contain any lines. Hence X is expressed microlocally by a function of
type either I or I1, which implies better results than that if type III.

Remark. Theorem with « = I,§y = 2, that is, in the case deth”(0,0) #
0 (Example 1), corresponds to the result of Brenner[8] which treats ¥ with

nonvanishing Gaussian curvature.
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Proof. We define the oscillatory integral

(2.26) I(h ) = /U TR g () dy

to be the same one as (2.5)) with n = 3 and write y = (y1,42), 2 = (21, 22). We
remark that U C R? is a sufficiently small neighborhood of the origin. The
following lemma, which is called the scaling principle for oscillatory integrals,

is a fundamental tool here[21]:

Lemma 2.4. Let V(t) € C*(R) be real-valued and let x(t) € C°(R). Suppose
W (6)| > d on suppy for some v > 2 and d > 0. Then, for A > 0,

=1

[ O] < ol + 1107,
where the constant C,, 4 > 0 depends only on v and d.

For the proof of this lemma, consult Stein. From Lemma [2.4] and (2.13)), we

obtain

' / e g(y)dy, | < CyA™2
for all ¥ and z. Hence we have
(2.27) 1Z(X; 2) | (e < CyA72,

which implies, by Proposition 2, the boundedness of My, for k > ki;(p) (k =

kri(p) if p # 1)
In particular, in the case * = I, we can improve (2.27)) as

(2.28) 1T 2)| |2y < CyA~ T30,

which implies the desired boundedness by Proposition 2 again. In order to
prove ([2.28)), we shall define a real analytic function f(yo, 21) at the origin by

(229) z1 + h'l(f(yQ, 2’2), yg) =0 f(O, O) = 0.
It is uniquely determined (2.13)). We remark that we have

(2.30) bo(y2) = h(f(y2,0),92)  bi(y2) = f(y2,0)
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by (2.14). then we can rewrite (2.26]) as

I(\;z) = fexpMA(yz,ZuZ?) J(A; Y2, 21)dys;
TN y2, 21) = [ €W g(yy + f(yo, 21), yo)dun

by the change of variable y; — y1 + f(y2, 21), where

(2.31)

A(ya, 21, 22) = 22y2 + G (Y2, 21),

G(y2, 21) = 21f (Y2, 21) + h(f (Y2, 21)12),

B(y1, 2, 21) = 2191 + h(y1 + f(y2, 21), ¥2) — h(f (92, 21), ¥2)-

We remark that, we have

9(y2,0) = bo(y2), (0G/021)(y2,0) = bi(y2),

b(0,ys,21) = (0B/0y1)(0, 99, 21) = 0,
(0°B/9y1)(0,0,0) = 11(0,0) # 0
by (2-29), (2.30)), and since
(2.32) 0G0z (Y2, 21) = f(y2, 21).

Hence we can write

(2.33) A(ya, 21, 22) = 2092 + bo(y2) + b1(y2)z1 + b(ya, 21) 27

(2.34) B(y1, 42, 21) = c(y1, Y2, 2145

With real analytic functions at the origin

oo

(2.35) b(ys, 1) = (/)b (y2) 21 bu(y2) = (0"G/021) (2, 0),

v=2

and ¢(y1, 2, 21) such that ¢(0,0,0) # 0.
In order to estimate J(A; s, 21), we shall use the following Van der Corput

lemma.
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Lemma 2.5. Let ¥(t) € C*(R) be a real-valued function such that W(0) =
U'(0) = 0, and let x(t) € C*(R). Suppose |V'(t)| > d on [—c,c| for some
c,d > 0. Then, for A>0 andl=0,1,2,...,

+2

‘/ ei)\\IJ(t)th(t)dt‘ < CLd(Z HX(j)HLOO)/\—1/2—Z/2
c 0

where Cpq > 0 depends only on | and d.

For the proof of this lemma, consult, for example, Stein[21]. From (2.34]) and
Lemma [2.5, we obtain, for sufficiently small 21,

0J
(2.36) \ﬂxmamﬂ—4xmzﬁ

<O N2,
0y -7

Since (8% A/0y3)(0,0,0) = b (0) # 0 by (2.33), we obtain (2.28) from (2.31),
(2.36) and Lemma 2.4 Here we have used an integration by parts argument

and (2.13) for large 2.

In the case x = II, we can have another type of estimate; that is, we have

(2.37) IT(A; 2) | oo ey < G~ (/2100

for any small € > 0, which implies, by Proposition 1, the boundedness of M}
with p = 401 /(401—1) for k > 5/2—3/(261) = 6(1/p—1/2)—1/2 = (5—1/(261 —
1))(1/p—1/2). On the other hand, we have already had the boundedness with
p = 1,2 because k(1) = krr7(1), k17 (2) = krr7(2). The boundedness with every
other p is given by an interpolation.

We shall prove (2.37). By an integration by parts argument again, we only
have to pay attention to z near the origin. By the change of variable z9 +— 2129,

we obtain, from (2.31)) and (2.33)),

0o 1/q
23 0o < | [l ([ o) an)
21|kl —00

where

(2.39) I(X;z) = [eOodlmmm) J(X yo, 21)dys;
. A(y2, 21, 22) = 2oYs + b1(y2) + b(yg, 21)Z1-
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Here we have used the fact that by(ys) is a constant because of x = I and

(2.23]). We remark that z; might be large again while z; is still small.
For large 25, we have, by an integration by part argument and (2.36]),

1(x;2) < CAT2 (A mazl) 7

Here we have assumed b](0) = 0 (otherwise change variable zy to 2o — b1(0)).

When we interpolate it with a trivial estimate

(2.40) 1062) <Gy [ 10,20l < A
we have, for ¢ > 2

(2.41) [T(\; 2)] < C A V2 (N2 20]) "2 0H,

For small 25, we obtain from Lemma [2.4)

1T(X; 2)] < CAV2 (N2 )70

since (8%A4/0y31)(0,0,0) = b’ (0) # 0. By interpolation it with (2.40), we
have

(2.42) [I(X; 2)] < CpA 2 (A ]) /0,
Combining (2.41)) with ¢ = 2d; and (2.42)), we have

|]~()\7 z)‘ < Cg)\*(l/2+1/51)+e|zl|—1/51+e(1 + ‘22‘)—1/51+e’

which implies (2.37) by (2.38).

In the next section, the optimality of Theorem with x = I, 111 will be
shown (Theorem 3). Theorem [2.3| with * = I, however, can be improved in a

favorable case.

Theorem 2.4. Suppose that h(y) is of type II with §; > 3 and satisfies

8% {@(bl(yz),w)} =0

(2.43) k
ayl ly2=0

for p=1,2,...00 —1 and v = 2,3, .... Then My, is L? — L” -bounded if k >
krr(p) = max6(1/p — 1/2) — 1/2,(5 — 1/01)(1/p — 1/2).
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Remark. Theorem is optimal (Theorem 3). It is still an open problem
whether we can remove the assumptions d; > 3 and (2.43)) or not.
Proof. We shall prove

(2.44) 1Z(X; 2) || vt (rey < CyeA™H/2H 0D e

for any small € > 0, which implies, by Proposition 1, the boundedness of M}
with p = 2(61 +1)/(201 +1) for k >5/2-3/(61+1) =6(1/p—1/2) —1/2 =
(5 —1/61)(1/p — 1/2). The boundedness with every other p is given by an
interpolation.

The proof for is carried out by modifying that for (2.37). First we

remark that we have

32G/3Z%(y2az1) = 0f/0z1(y2, 21) = =1/, (f (y2, 21), ¥2)

0’G 02 (y2, 21) = O°RJOY; (f(y2, 21), 42)O°G /921 (1, 21)3
by (2.29) and (2.32)). Then we have inductively, by (2.30) and ({2.35)),

ba(y2) = —1/hY1(b1(y2), y2),

b(m) = S g—yﬁj(bl(yz),yz)gz,xyg (v>3)

Here ¢;,(y2) is a leaner combination of an_:g b (y2)*™ when osz;Q entry s +
as + ... + a,—1 < 1. Hence the condition (2.43)) implies

b, (y2) = b,(0) + O(y3").

Then we may rewrite A in (2.39) as

A(yg, 21, ZQ) = 2oYs + d(y% zl)ygl

with a real analytic function d(ys, 21) at the origin such that d(0,0) # 0. Here
we have used ([2.35)) and the change of variable zy — 2o — ;(0).
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For large zo, we have (2.41)). For small 2o, we change the variable y, to

Z;/(5171)y2. Then we obtain, from ([2.39)),
I 2) = 22/ VI 2);
(2.45) fe Aazpt ) A(yQ’Zl’ZQ)J(/\;z;/(él_l)ymm)dym
A(y% 21, m) = g+ d(z " Vi, 2yl
1/(61-1)

We remark that y, might be large again while z, Yo is still small. We split

I(\; 2) into two parts, that is, I (\; 2) for small 4 and Ir(); 2) for large y5. The
estimate for I1(); ) is given by an integration by parts argument. In fact, since
(0A/01)(0,0,0) = 1 # 0, we have

103 2)] < CATY2 (]2 /07)
by . If we interpolate it with a trivial estimate
1% 2)] < G2
we have

(2.40) (X 2)] < CA 2 (A | /00y 12

The estimate for I;(); z) is obtained from Lemma [2.4, In fact, since (924 /8y2)

is away from 0 for large vy, , we have

(2.47) L% 2)| < CA V(A 20/ 6012

by again. Combining (2.45)), (2.46), and (2.47), we have
[T 2)] < CAT2 (A2 2|72/ 071712

Interpolating it with (2.42)), we have

(2.48) [T(X; 2)| < CpA™ 2 (N zy )~ Ot Fe gy |71/ (r L) e

for any small € > 0, where we have used 9; > 3
Combining (2.41)) with ¢ = 6; + 1 and (2.48)), we have
|j()\’ Z)l S Cg>\_(1/2+2/(61+1))+6|21‘_2/(61+1>+6‘Z2|_1/(61+1)+6(1 + |22|)—1/(51+1)’

which implies (2.44) by ([2.38)).
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2.3. Optimality. We shall show the optimality of the results obtained in Sec-
tion 2. The following theorem says that Theorem with « = [, Il and
Theorem are optimal. Recall that, in [2.1)), ax(§) = ar(&, &2, &3) is sup-
ported in a small conic neighborhood of v = (0,0,1) and ¢(&) = v(&1, &, &3) is
associated with a function h(y) = h(y1,y2) microlocally by the relation ([2.4)).

Theorem 2.5. Suppose that a,(&) = |£|7F for large |€| in a conic neighborhood
of v = (0,0,1) and p(§) is associated with h,(y) (x = I, 11, I11I) defined in
Ezxample 2. Then My is not LP — LP -bounded if k < k.(p). Here

(5-%)(—3) ifs=1,
ko(p) = § maz{6(; —5) — 5. 5 — ) — 3} if+ =11,
5(5 — 3) if« =111,

Proof. We shall prove & > k,(p) when M; is LP — L”-bounded. In the
following, we use the change of variables (2.7)), that is, & = (Ay, Ah.(y)) without
any notation. The Jacobian is

Dﬁ?y) = NG(y); Gy) =h(y) —y- Vh.(y)

by (2.8). We also use positive functions f, g,V € C§°(R) such that f(0) =

g(0) = W(1) = 1. We choose their supports to be sufficiently small.
[I] We shall prove the theorem with x = I. We set

uj(z) = (220N Pty (273 (o),

where

0,(€) = F(27761/0()g(2N &/ p(€)) W (0(€))[€]*
! P(E)?1G(&1/p(E), &2/ 0 (E))] '
Since F~1v;(279/2¢,,27/NE,, 53)](33);)10 is bounded in L”, u;7 is also bounded

in LP. On the other hand, we have, for large numbers j,
(2.49) | Mg = 270722 A ()|

where

() — oik—(5/2-1/N) N E_>
Ajlw) =2 My, (2j/22j<1—1/N>’2j !

(x = (21,22, x3))
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9J(k+1/N=5/2) / 127721614270 N 2y 127 a5 —€5+0(€)) €| v;(£/27)de

. (2020, 6,429/N g x3€3—2/E3+27 _
2](1/2-i-1/N)/6 (27722161427 N wo€o4w383—2/E342 ap(f))’ﬂ kU](f)df
2j(1/2+1/N)//ei/\@j/%lfl+2j/N332§2+$3+(2j—933)(y%—yév))f(2j/2y1)g(2j/Ny2)\I;()\)d)\dy

//ei)\(x1§1+$2§2+$3+(12j933)(y%yév))f(yl)g(yQ)\If()\)d)\dy.

Furthermore we have

iminf [ A;(o) 5 = | | [ cos(\arn -+ ragn + 3+ 3t~ )

]
X f(y1)g9(y2) V(N dAdY || 1 41«1y 7# 0,

Which implies the desired result by (|2.49) since Mkuj;’io is bounded in L”".
[I11] The proof for x = I11 is the same as that for x = I when we set N = oo.
[11] We shall prove the theorem with *« = I]. If we replace N by 2N in the

proof for * = I, we have easily k > (5—1/N)(1/p—1/2). Hence we shall prove

k>6(1/p—1/2)—1/2. We set

uj(w) = (2m)° 2P (2778 (2),

where

o(€) = F(&1/0(§) — (&/9(8)M)g(&/ () ¥ ((€))€]*
PG (&1/p(E), &2/ (E))] |

Then we easily see that the set uj;?‘;o is bounded in the space L”. On the other

hand, we have, for large numbers j,
(2.50) 1My = 222722 By (@) |,

where

I 1'2 $3
5 250 % 1) (x = (21,22, x3))

— 2j(k—5/2)/ei(2jxf—ﬁsw(é))‘§|—kv(§/2j)d§
= 2j/2/ei(w£—2j§3+2j<ﬁ(£))|£|—kv(€)d§

= 27/ / / eyt )0 f (g — ) g (y2) U () dAdy

B](.I) = Qj(k+1/2_3/p)MkUj (
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— / OO\ 2)D(\, 2)W(\)dA:
Ci(A x) = / S (AL

We remark that we have used here the change of variable y; + 277/2y; + 3.

cj(A,x)%/ My, =[5 (j — )

lim inf || B;(2)| ;> H %D()\,az)gp()\)dk

]—>OO

Noticing

we have

L¥'(|z|<1)

H//COS(A(“W + oy +$3))9(y2)\@\11(x)dmy2

which implies the desired result by ([2.50]) since Mkuj;.’io is bounded in L”'.

£0

LY (| <1)

2.4. Hyperbolic equations. We shall explain how the L? — L”-boundedness
of Fourier multipliers treated here is related to the analysis of hyperbolic equa-
tions. In the following, we always assume 1 <p <2, 1 <r <2 1/p+1/p =
1/r+1/r" =1, and use the notation L"(L”) = L"(Ry; LP(R})). The argument
here is not restricted to the case n = 3. Let M), = F~'e™¥(©qy,(€)F be the Fourier
multiplier defined by (2.1). We assume here that M, is L? — L”-bounded with
k> k(p) (k> k(p) if p # 1). As we have shown in the previous sections, the
bounds k(p) are determined by the geometry of the phase function ¢(§).

We set M, = F~'e®©a,(6)F and M(t) = F'e®©q(6)F, where a), €
C>®(R" \ {0}) is homogeneous of order —k and coincides with aj(¢) for large
€|. We remark that M;, — Mj, is LP — L”-bounded with k < 2n(1/p —1/2). 1
fact, with k& < n, we have ax(¢) — ax(€) € L'; hence the convolution kernel is

in >, which implies the L' — L>*-boundedness. By Plancherel’s theorem, we
have the L?-boundedness with & = 0. The result is given by the interpolation.

Hence we have the LP — L’ -boundedness of Mk and the estimate

(2.51) IMi(t)gllp < CE=2 02 g]
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with k(p) < k < 2n(1/p —1/2) (k(p) < k < 2n(1/p —1/2) if p # 1) by the
scaling argument My (t)g(x) = t*My[g(t-)](t'x). We have also

(2.52) 1M(t)g

() < Cllgll 2

if k(p) < 2k =2n(1/p—1/2) —2(1 — 1/r). The equality k(p) = 2k is allowed
in the case p # 1. In fact, the estimate (2.52) is equivalent to

IM(t)  hll 2 < 1B

Lr(Lp),
and it suffices to show

|| M, (8) M (t) * R

L' (L") < Clh

Lr(LP)-

On the other hand, we have

Mk(t)Mk(t) x h = /Mk(t)Mk(—T)h(T)dT

/Mgkt—T )d

where My (t) = F~1e™(®)|a,(€)[?, and we obtain
| Mi(8) Mi(t)  hll g < CEE21 P2 s I (8) | 10

from with k replace by 2k. By the Hardy-Littlewood-Sobolev inequality,
which says that convolutions with |¢|720=%/") are L"(R) — L" (R)-bounded (see
Stein [10, p. 354]), we have the desired estimate.

From the estimates and , we can obtain various a priori estimates
for hyperbolic equations. In fact, as is noted in the Introduction, the solution
operator Ey(t) to the Cauchy problem (C.P.) is a linear combination of Fourier
multipliers of the type M} (modulo a regularizing operator), more precisely,
the type Mk(t) with phase functions defined by using the characteristic roots
of the operator P(D;y, D,) in the problem (C.P.). We assume that these phase
functions determine the same bounds k(p) for M; to be L? — L”-bounded.

For example, we shall consider the problem (C.P.) with k = m — 1. We set
E(t) = E,,-1(t). Then the following energy estimate

(2.53) IE()g]

s < Cllg|

Hs—(m=1)
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is well known. If we use the estimate (5.2), we have a space-time norm estimate,

which is useful in the non-linear analysis.

Theorem 2.6. Let k(p) < 2(m —1+a)=2n(1/p—1/2) —2(1 —1/r). Then

we have

(2.54) 1E(t)g

L) < ClIDIgl e

The inequality k(p) < 2(m — 1+ «) can be replaced by an equality if p # 1.
The solution v to the Cauchy problem

(2.55) P(Dy, D)o = fDiv_g=0 (j=0,1,...,m—1),

which is an inhomogeneous version of (C.P.), is expressed as

v(t) = /t E(t—r71)f(r)dr.
Since we obtain the time decay estoimate
|E@)glly < CEm 122 g,

from the estimate with £ = m — 1, we have

o)l < O™ 72 P2 5 | (1) -
By the Hardy-Littlewood-Sobolev inequality again, we have
Theorem 2.7. Let k(p) <m—1=2n(1/p—1/2) —2(1 —1/r). Then we have
(2.56) [0l ey < ClIS

The inequality k(p) < m — 1 can be replaced by an equality if p # 1.

Lr(Lv)-

In the case of the wave equation, we can take k(p) = (n+1)(1/p — 1/2) and
m = 2 (see Strichartz [23], Littman [17], Sugimoto [27]). Hence we obtain, from

the estimate (2.54)),
(2.57) IE@)gllLoz=) < CNIDIgl| 2
for ¢ = 2/(n — 2 — 2a) and max{"3, 23} < a < (n — 2)/2, and from the

estimate ([2.50)),

(2.58) 101 2 (o rny < CNF Nl zorixry)
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for p = 2(n+1)/(n+ 3) and n > 2, which was given by Strichartz [25]. We
remark that Strichartz[25] proved the estimate

| E®@)gllzar,xrmy < Cll|D|*g|| 2

forq=2(n+1)/(n—2—2a) and —1/2 < o < (n — 2)/2 (see also Stein [21]),
which is a special case of Theorem [2.6, Harmse [11] found the estimate

vl Loy < CN Nl Loroxrry

for 1/p—1/¢g=2/(n+1) and (”;;1) — (nil) <1l/qg < %, which includes the
estimate .

From these types of space-time norm estimates, we can obtain existence and
uniqueness theorems for semi-linear equations. For example, we shall consider
the equation (Oy— A)v = H(v) (with zero Cauchy data). We assume that
H(v) € L? with p = 2(n+1)/(n+3) for any v € L¥, say H(v) = v* and n = 3.
Then the iteration scheme (90— A)v, = H(v,_1) works in the space LP' (R, x R?)
and the solution can be constructed there since we have ||v, || < C||H (v,-1)]| 1
by (2-58).(See Strichartz [25]).

We can also have regularity theorems as well. For example, we shall consider
the equation (Oy— A)u = u? U= = 0, Qup—g = g in the case n = 3. By

applying a classical method to the iteration scheme

(2.59) u,(t) = E(t)g +/0 E(t — m)u,1(7)%dr;  ug(t) = E(t)g,

we can construct the solution in the space CY([0,T]; H*) (N C'([0,T]; H*~1) for
g € H*7 1 if s is sufficiently large (s > 3/2) and T is sufficiently small. In fact,

we obtain

HUV HCO([QT];Hs)

T
< (Hg\ —— / oty 1 (7

Hs—1 dT)

o1+ lw—al o ryz) - lw—1lleoqoas))

(2.60) <C(lgl
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from (2.53) with m = 2. Here we have used the inclusion H* C H*"! and the

s < Cllul|z~ - ||u||gs. On the other hand, we obtain

estimate ||u?|

(2.61) Huu—luLl([O,T];LOO) < CTHUV—1HC°([O,T];HS)

from Sobolev’s lemma, which means, together with the estimate , that
the scheme works in the space C°([0,T]; H*). Similarly it works in the
space C1([0,T]; H*1) as well.

But the same result can be proved for smaller s(1 < s < 3/2) if we the

estimate
||UVHL1([O,T];L°°)
T
STP”qOWWMWMmﬂ+/PHR@Wwﬂﬂwmwm¢>
0
(2.62) < T M (gl e + Nl o) - w1 llcoqorya)

instead of the estimate (2.61). Here we have used the estimate (2.57) with
a = s — 1. The estimates and mean that the scheme works
in the space C°([0,T]; H*) N L([0, T]; L>), hence in C°([0, T]; H*), similarly in
([0, 7 H*).

We shall end this section by showing some related problems from physics.
The linear elasticity for crystals in R? can be described in the form of a 3 x 3
system,

(D? — A(D,))U =0,

where
p,q=1

A(D,) = (Ay(Dy)); - Aij(Dy) = ) cijDa, D,
3
is a 3 x 3 matrix. The constants {c;j,,} are not all independent, because we

always assume the relations c¢;j,q = Cjipg = Cijgp = Cpgij- We assume that this
system is hyperbolic in the time direction as well. Solutions to the Cauchy
problems for this equation are expressed by using M;(t)(k = 0,1) as well. The
phase function ¢(&) is one of A1(§),_; 53, where )\1(5)212172’3 are eigenvalues of
the matrix A(¢), and the amplitude functions ax(§) consist of the projections

into the eigenspaces. Although they might be singular where the eigenvalues
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are multiple and the extra argument will be needed there, we can expect that
our observation can be applied (at least when Fourier transform of initial data
vanishes at the multiple points). The geometry of the surfaces ¥; = &; \(§) =1
is controlled by the constants {c;j,,}, and some examples are illustrated in
Stoth[22] and Racke [18], when the crystal under consideration exhibits some
symmetries. It is interesting to classify these surfaces following the argument in
section 2 and give the L? — LP-estimates. We remark that Stoth [22] examines
the L? — L”-estimates in the case of hexagonal symmetry. Information about
the multiple point is provided in Duff[9] and Liess [16]. A similar treatment of
the Maxwell equations is also expected which can be described in the form of
the 6 x 6 system
(D, — A(D,)U =0,

(23)

where

o
@ @

O
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3. ESTIMATES FOR THE CONVOLUTION OPERATORS

In this section we consider the problem on LP — L boundedness problem
for the convolution operator. The convolution kernel of the operator is given
by the following relation

(3.1) My, = F1e¥®q(6)F

where F' is the Fourier transform ¢ € C¥(R"\{0}) is a real analytic homoge-
neous function of order 1 a; € C*°(R") is homogeneous of order —k for large
|€]. We generalize the results proved in the paper [26](see chapter 2).

The estimates based on investigation of asymptotic behavior for the Fourier

transform on measures supported on the hyper-surface

2 ={p(f) =1}

It should be noted that behavior of the Fourier transform of measures depends
on geometric properties of hyper-surface ..

First, we use A.N.Varchenko [32] result on average decay of the Fourier trans-
form and get estimate for the convolution operator in the case of arbitrary
smooth hyper-surface >J. Then we obtain estimates depending on the height of
the hyper surface ¥ introduced by A.N. Varchenko [31]. This results improve
the estimates given by M.Sugimoto [26] for the case n = 3. Then we extend
the estimates given by M.Sugimoto for arbitrary phase function. This gives a
solution of the problem proposed by M.Sugimoto in the paper [26].

In Section 1 we reduce the problem to a sufficiently small neighborhood of
the set —V¢. Further, in Section 2 we use the average decaying of the Fourier
transform of the corresponding measure supported on hyper-surfaces and get
estimate for the convolution operator for arbitrary . Finally in Section 3 we
give a solution of the M.Sugimoto problem for arbitrary function with A type

singularity:.

3.1. Estimates for oscillatory integrals when the phase function has

no critical points. Consider the following oscillatory integral:

(3.2) I\ 2) = /Rng(x)e”\q)(x’z)da:,
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where & (7, 2) == ¢(z) + zow, with 2oz 1=} 7|

of vectors z and x, g is a smooth function with compact support.
We assume that ¢ is a real analytic function with ¢(0) = 0, and V¢(0) =

First, we estimate the oscillatory integral I(\, z) when |z| > 1 assuming that g

zjx; the usual inner product

is supported in a sufficiently small neighborhood of the origin.

Lemma 3.1. For any ¢ > 1, N > 1 and A > 1 the following estimate holds
true:

(3.3) / 11(\; 2)|%dz < Cy AN
|z|>1

provided g 1s concentrated in a sufficiently small neighborhood of the origin,

where Cy is a constant depending on N and C™ —norm of the function g.

Proof. We may assume that |y| < ¢ supposing supp(g) C {ly| < ¢} and
[Vh(y)| < 4 for any y with |y| < §. Then

V,P(y, 2) = (agg)+zl,...,%¢—$)+zn>,

so, for |z| > 1 we have

V,(.2)| 2 2] - [Vh() > 2L

Consider the following vector field

n 0P 9
_ Ay;
j=1 ¢

Then v(e®) = €*®. Therefore, by using integration by parts formula we get:

I(\z) = /R” e g(y)dy = /R (e g(y)dy = /R g (y)dy

where v* is the adjoint operator to the operator generated by the vector field v

0P
Jy,
9) R [Z y; (VCI)2>

given by




60

We can use the N-times integration by parts formula and have

I(x2) = /R o (200 g (y)dy = /R AP0 ()N g(y)dy.

Note that

Cllglle~
(b)) g(y)| < P
Hence,
Cllgllew
I()\; <
1052 < SR

for any NV > 1. Consequently,

Cllgllen dz \7 CCy
IO s Oy < v (i) = 3l

z|>1 ‘Z

where X{|./>1} is the indicator function of the set {|z|] > 1}. Lemma is
proved.

Further, we consider estimate for the function: x|, <i(2)1()\;2). The set
|z] <1 is a compact set. Let’s fixed a point z = 2 € {|z|] < 1} and con-
sider the function ®(y, 2°) = (2%, y) + ¢(y).

Lemma 3.2. If V®(y, 2") # 0, then for any y € supp(g), there exists a § > 0
such that the following inequality holds true

Cllgllex
AN

[1(A;2)] <
for any z with |z — 2°| < 6.

Proof. The set supp(g) is a compact set. Hence there exists a positive number
§ > 0 such that we have V®(y, z) # 0 for any z with |z — 2| < § and for any
y € supp(g). Therefore for |z — 2°] < § the vector field (3.4) is well-defined on

supp(g).-
Hence, we can use integration by parts formula and have

I(x2) = /R N () g(y)dy = /R 202 ()N g ().
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Thus as before obtain

. Cligllew

[v(9)l < —F—
Hence, we have a required bound for the integral I(}A; z). Lemma is proved.
Consider the set Cp := —Vo(supp(g)). It is clear that Cg is a compact set.

Consider an e-neighborhood of that set Cg : U.(Cg) := {2 : dist(z,Cp) < }. If

z ¢ U.(Cg) then for any y € supp(g) we have |z — Vo(y)| > €. Let K(\; z) :=

(1= Xu.(ce)(2))I(X; 2), where X7 (c,) is the indicator function of the set U.(Csg).
Corollary 1. The following estimate holds true

Cllglle~
HK()‘;t)HLq(B") < NV

Thus, we came to the conclusion that main contribution to the oscillatory

integral I()\; z) give points from the neighborhood U.(Cs).

3.2. On average decaying of the Fourier transform. Since z € U.(Cy)
and V¢(0) = 0 we will assume that suppg is concentrated in a sufficiently small
neighborhood of the origin and |z| < .

The following statement improves the Proposition 1 given in the paper [26].

Proposition 3.3. For all g € C(U) and A > 0, the following estimate holds

true
(3.5) 17 2)x0(2) o ety < CoA 7

where xo 15 a smooth cutoff function supported in a neighborhood of the origin

and Cy s a constant.

Proof. We will use results proved by A.N.Varchenko. Following [32] we com-
pute the L? norm of the function xq(2)I()\; z). Then have

I(\) = /Rnl Ix0(2)I(\; 2)|*dz = /Rnl Xo(2)I(\; 2) - I(\; 2)dz

_ 2 iz y+o(y)) —iX(zuto(u))—=
= X z/ e gydy/ € g(u)dudz
/B” 0() R ) R, )

—-Y

Y2(2)g(y)G(w) e+ ow) =0 gy d.
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Let’s consider the new phase function ®(z,y,u) = z(y —u) + ¢(y) — ¢(u). We
can investigate asymptotic behavior of the inner integral over ngl X f_{zfl.
Let’s compute the critical points, with respect to (z,y) variables:
0P 0P
9z dy;
Then we have detHess, ,®(2°(u), y(u),u) = 1 and ®(2°(u), y°(u), w) = 0 Thus,

we can use stationary phase method to the following inner integral [20] and

0,j=T,n—1, 0,j=1T,n—1

have the uniform asymptotic expansion (for large |\|):

_ C 1
Ln(Au) = ; ALY 2 dy = O~— ).
(A u) /Ezle_{zl Xo(2)g(y)e zay ! + G

Hence,

—(n=1)

(3.6) s 2| o gty = OUAT =) (as[A] = +00)

The last asymptotic relation proves the Proposition .

Corollary 2. If k > 2 and p = 3/4 then M is LP — L” bounded.

Proof. Actually, a proof of Corollary 2 it follows from Proposition 1 by using
methods of the paper [26].

Let ¢(¢) € C(R*\0) be a smooth homogeneous function of order 1. Consider
the hyper-surface X given by (2.2)). For any point £ € ¥ we can define a notion
of height hyx(£) as in the paper. It is [16] proved that hy(§) is an upper semi
continuous function. Thus, there exists a maximal value of the height over

surface .. We set

hz = I?eaZX hg(f)

We call hy a height of the hyper-surface . It is a rational number. The

following Theorem holds true.

Theorem 3.1. If ¥ is a smooth finite type surface, then My, is the LP — L”
bounded operator under the condition k > (6 — 2/hy)(1/p — 1/2).

Proof. Since ¥ is a compact set, then for any ¢ € C*(X) we can define the
measure supported on the X by du = ¥do. Consider the Fourier transform of
the measure denoting by @ By using partition of unity we may assume that
1 is concentrated in a sufficiently small neighborhood of a fixed point ¢° € .
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Then without loss of generality we may assume £ = (0,0,1) and X is given as
the graph of a smooth function (y, 49,1 + ¢(y1,%2)), in a neighborhood of £°.
Moreover, we suppose ¢(0,0) = 0 and V¢(0,0) = 0. Then the height of the
surface ¥ at the point £ is defined by the height of the function ¢. Hence by

the results of the paper [?], we can write:

T z z C v
[ ety < hon(2 4 )Y

where v = 0 or 1.
Then by the definition of the height of the hyper-surface we have h(¢) < hy.
Therefore for the oscillatory integral we have the estimate

C v
[I(X2)] < —-log (24 [A]),

APs

where v = 0, or 1. If v = 0, then from Proposition 1 proved by M. Sugimoto
in the paper [26] we have that M is L? ~ L” bounded for 1 < p < 2 and
k> (6—2/hy)(1/p—1/2). If v =1 then for any € > 0 we have

Cy

A%+5'

1 1 1
E>(6—2(— - — =
( <h i 5)) (p 2)
the operator M is bounded from L? to L But, ¢ > 0 is any fixed positive

number. Therefore when ¢ — +0 we have k > (6 —2/hy)(1/p—1/2). Theorem
1 is proved.

[1(A;2)| <

Thus for any

From now on, following M. Sugimoto [26] we shall assume that a;(§) is sup-
ported in a sufficiently small conic neighborhood I' of a particular point v € S?
and ¢(§) € C¥(T"). We may assume v = (0, 0, 1) € S? without loss of generality.
Then, in the neighborhood, > can be expressed as

NNTi={gel: o) =1} ={(z, 1 + o(2))},

where ¢ is a real analytic function at the origin. And also it satisfies the
conditions ¢(0) = 0, V¢(0) = 0. The following Theorem gives a solution of the
problem posed by M. Sugimoto in the paper [26].
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Theorem 3.2. Suppose that ¢(x) has A type singularly at the origin and
the equation %;l’“) = 0 has the solution v1 = x5 w(xs) with a real analytic
function w satisfying the conditions w(0) # 0 and n > 2. Then M, is LP — L”

bounded if
k> max{6(1/p—1/2) —1/2, (5 —1/6,)(1/p—1/2)},
where 61 =n + 1.

Proof. Note that ¢(0,0) =0 and V¢(0,0) = 0. Also, by assumptions of the
Theorem 2 we may suppose that 2200 0 0 7é 0and & ¢(0 9 — 0 and also % = 0.

Hence by implicit function theorem the equation

0p(x1, 2)

=0
8331

has a smooth solution x; = WU(x9). Therefore by the division theorem ¢(x1, z5)
can be written in the form: ¢(xq,x2) = b(x1, 22)(x1 — ¥(22))? and also by the
assumptions of the Theorem 2 we have W(xy) = 25 w(xy). Now, we consider

the oscillatory integral given by the following

I(\;2) :/ e o (1),
R2

where
O (x,2) = b(x1, 29) (21 — :(:ZH (x 2))2 + 2171 + 29T9.

If |z| > € then the phase function has no critical points provided g is supported
in a sufficiently small neighborhood of the origin. Hence as before we consider
behavior of the oscillatory integral when z € U, where U is a sufficiently small
neighborhood of the origin. We prove the following inequality which was proved
in the paper [26] in a particular case:

(3.7) 1T 2) ey < Cyped (/2421004242

for any € > 0. From the estimate (3.7)) it follows a proof of the Theorem 2.
The rest of our paper is devoted to prove of the inequality (3.7)).
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First, we use change variables x; — x§+1w(x2) — Y1 To — Y in the integral

I(), z) and obtain:
I, 2) = /ez‘/\(b(y1+y§+1W(y2)7yz)y§+z1y1+Z1y3+1w(y2)+22y2)g(yl + 5 w(iyn), y2)dy.

Consider the following interior integral

Lin(\, 21, yo) = /6M@1(y1’y2’zl)g(yl + ya w(ya), y2)dy,

where ®1(y1, y2, 21) = b(y1 +yo w(ys), y2)y? + 211 is the new phase function.

Now, the variables y-, 21 can be considered as parameters. The phase function
®1(y1, y2, 21) has a unique non-degenerate critical point with respect to y.
It is a real analytic function of the parameters. The critical point can be
written in the form: y{ = 21 B(y9, 21), where B is a real analytic function with

B(0,0) = —26(})70). Thus by using stationary phase method in the variable 1

we get:

I, =C

e MBI g (Y (o, 21) + Yy W (ya), 32) 1
1 + O 3 Y
A2 |A|2
where C' is a constant. Moreover, asymptotic relation in the remainder term
holds uniformly with respect to parameters. Therefore it is enough to investi-
gate contribution of the principal part of the interior integral. So, we consider

the following integral:

C . n+1
]1()\’ Z) — _1/61/\(21(yz+ W(y2)+2131(y2721))+z2y2)g(yf + y?“cu(yg),yz)dyg.

2

Note that
I(A, 2) — (A, 2)] < —.
A2
By using classical van der Corpute Lemma [21] we have the estimate:
C
(3.8) [Ii(A, 2)| < T, 1, L
AZ n+1 |Z]. ’ n+1

Suppose |z1| < M|z| (where M is a fixed positive real number) then the

phase function of the integral I;(\, z) has no critical point. Then we can use
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integration by parts arguments and obtain:

C
[k

Interpolating the inequalities (3.8) and (3.9)) with the interpolation parameter

(3.9) [1i(A, 2)| <

nf—n—-2  2(n+1)

1 0 :=
(3.10) n24+n—2 n—1

)

where ¢ is a sufficiently small positive real number, we get:

LN 2)| < ¢

R R P P

6
n+1

It is easy to show that

VARRS z z n
X{|1 |<M| 2\}( a) c L +2(U),
|Z2|§(1_9)|Z1‘n7+1

where U is any bounded neighborhood of the origin.

Now, we assume |z| < 6|21|, where § = 1 is a fixed positive real number.
Then from the results of the paper [2] there exists a function €2(z1, 1) satisfying
the conditions:

1) for any number 1 < p < % and for any z; the inequality

/ (Q(Zl7 U))pdn < Cv
n|<d

holds, with constant C' not depending on zi;
2) the following estimate holds true:

Q (Zl, z—i)

(1 = Xqz <Mz ()L (A, 2)] < T
|Al|21]2

Finally, interpolating the last inequality with (3.8) by using interpolating
1-0
Z2
(2(=3))

(1 = Xz <)z ()L (A, 2)] < —5

A2 752

parameter (3.10) we get:
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It is easy to show that the following inclusion holds

1-0
) <Q <Zl’ Z_1)> e L2 (U).

|2y |7

(1 = X{jz1|<M =y (2

The last inclusion completes a proof of the Theorem 2.

Actually, we prove the following more better result.

Corollary 3. Assume the function ¢ satisfies conditions of the Theorem 2.
Then for any positive real number € there exists a function Q € L"2(R?) such
that the following inequality

2
|A|m2 e

[I(A, 2)] <

holds.

3.3. On classification of M.Sugimoto. In the paper Sugimoto given defini-
tion 1, let h(y) = h(y1,y2) be a real analytic function at the origin satisfying
Vh(0,0) =0, hAY;(0,0)# 0, where by(y2) is solution to the equation
0
a—ylh(bl(yz)yyz) =0 u(0)=0

is type II if

bo(y2) = h(bi(y2),42) =0
m)(O) # 0 and §; < oo.

—~

and ¢; is the smallest integer m > 2 such that b;

Proposition 3.4. If h(y) is a real analytic function of type II. Then there
exists a real analytic function w(ys) such that w(0) # 0 and bi(y2) = y3'w(y2).

Moreover, the function h(y) can be written
Ry, y2) = g(y1,92) (1 — v w (1))
where g(0,0) # 0.

Proof. Indeed

2
h(0,0) =0 VA(0,0) =0 %;;0) 20,
1
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By Weierstrass preparation Theorem h can be written as
h(yr,92) = (v, 92) (U5 + g1(y2)yn + g2(y2)°),

where ¢ is a real analytic function g(0,0) # 0. By the condition h(b;(y2), y2) = 0.

So we have

h(b1(y2), 12) = g(b1(y2), y2) (B (2) + g1(y2)b1(y2) + g2(32)) = 0.
Hence
b1 (y2) + g1(y2)b1(y2) + go2(y2) = 0.

By we know that by(y2) + le(yg) = —gi1(y2). So the equation 3 + g1(y2)y1 +
g2(y2)? = 0 has two analytic solutions. From this we can write

i + 91(y2)y1 + g2(32)” = (y1 — bi(y2)) (1 — bi(y2)) = 0.

Now we produce by (i2) = by(y2). For this we write

h(y1, y2) = 9(y1, 2) (1 — b1(y2)) (1 — b1(y2))

Oh(yy,y2) _ 99(y1, 42)
8191 8y1
There y; = b1(y2) and so

8h(b1§y2),y2) = g(b1(y2), y2) (b1 (1) — br(y2)).
Y1

(y1—01(y2)) (y1=b1(y2))+9(y1, y2) (1 —b1 (1)) +9(y1, y2) (y1—b1 (y2))

On the other words by (y2) = by (y2). Therefore,

hyr,y2) = g(y1, 92) (11 — ba(y2))”.
Proposition [3.4] is proved.

Proposition 3.5. The condition of M.Sugimoto given in the Theorem[2.42 is

equivalent to the condition

o' 94(0,0)
oYy Oys

foruy=1,2,...60—1,vr=0,1,2,....

=0,
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Proof. Suppose that

h(y1, v2) = 9y, 92) (1 — v w(ya))?

and ¢(0,0) # 0, w(0) # 0. There we prove that

o+ 0
—{—h o= 0.
ayg{ayT (y17 y2)}|y2—0 0

Furthermore,
oh  9g(y1,y ) )
o %;1 2) (1 — y5'w(y2))® + g(y1, v2) (Y1 — v w(ip)),
d%h 329(917 y2) 5 ag(yla yz) 5
ay% - ay% (yl - y? W(yz))2 + 4 ayl (yl - y2 W(ZUQ)) + 2g(y17 y2)7
P Pglyr, ye) 5 s . 0%g(y1,y2) 5 d9(y1,v2)
53" T o (11 — yo'w(ye))” +6 oy (11 — yo'w(ya)) + 68—%,
Oh  8g(y1,y0) 5 o o OVVg(yr, yo) 5 02 g(y1,y2)
— — 0w +2u — Yo' W +r(r—1
7 oy (Y1—v2'w(y2)) PR (Y1=y2'w(y2))+v(v=1) PR

There we have y; = yglw(yg) and we put it in the equation. From this we obtain

A" O gy w() )y
dy/; ayzl/—Q |y2_
Thus,
(), 12) o = o (0,0)
dyg Yo Y2)5Y2) 5 |ya=0 = ayg )

There ®(y5'w (ys), ¥2) = ¥5'w(12)g (1) + (0, y2).
Corollary 4. If the function h has type II then after stationary phase method
the phase function ®(y$(ys2, $1), s2) can be written in the form:

(I)(yf(y% 51): Y2, S1, 32) = G(Sl) + S1y§1A(yz, 81) + S212,

where A(0,0) # 0.
Proof. We have

5
D(y,s) = g(y1,v2) (1 — Yo' w(¥2))* + 191 + S2yo.

First, we use change of variables y; — yglw(yg) — o1 Yo — T9 and we obtain

D(x,s) = glzy + 25 w(xs), m2)z? + s121 + s125'w(xs) + 599,
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Let’s consider equation for the critical point with respect to x;.

0P 0
(3.11)  — =2z1g(z1 + 25 w(zs), z2) + xl—g(xl + 23w (xy), 2) + 51 = 0.
0x1 0x1

We prove the following Lemma.

Lemma 3.6. Solution to the equation with respect to x1 can be written in
the form:

(3.12) 2$(s1, x2) = s1(v(s1) + 23 B(xa, 51).
Proof. We can be written as

9(y1,12) = g(y1,0) + ¥5 g1 (1, va),

where g, is a real analytic function.

Let
G(y1,y2) = 9(y1,¥2) — 9(y1,0)
G(yl, 0) = O,
nd Gy, 0) 0
Y1, g
= ,0) =0.
i D0 (y1,0)
And so on
351 1G(y1,0) .
Oy~

By using integration by parts

2 0G 7 Y2 9@ , ,
G(y1,y2) =/ MdZZ/ M(z—yz) dz =
0 0

0z 0z
0G(y1, 2 V292G (y1, 2
T (o gty - [T e i
"2 PGy, 2) (2 — ), s [ O"Gyr,2) (2 — o)™ !
_/O N E I g = = () /0 S e =
/y2 "Gy, 2) (z — y2)51_1dz
0 6261 (51 — 1)'

we use change of variables z = y2&, dz =1yodf 2=0,=02—1y9, =1

01 /1 aalG(yhy%g) (1 B 5)61_1
2 20 (6 —1)!

d¢.
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We see

1 94 _ 01—1
gl(ylayQ):/O 0"Glynyn ) (1 Z¢) dg.

020 ((51 — 1)'

It is a real analytic function

g1, y2) = g(y1,0) + ¥5 g1 (1, 1),

similarly,
99 _ 99w1.0) | 599:1(y1,50)
Oy oY1 ? oY1

Similarly,
g(x1 + 2dw(ws), 72) = glz1,0) + 45" Gi (21, 21),

0 0
g( (562),332) — g(xl,O) _|_ 51891(1'1,372)

T+ zd ,
8331 ! 2 3&71 ¥ 8x1

0
201(9(21,0) +@15—g(21,0) + 29 Gy (21, 19)) = —s1.
X1

Since ¢(0,0) # 0 the equation has a unique analytic solution of the form:

1 = $1H(s1,22) F(x1,29,81) =0, x1 = z1(x2, $1).

0
a asz(x170731)
_8x2x1(0 ,81) = — gf

H(s1,w2) = (¥(s1) + 23 Hi (51, 72))

3.4. On classification of singularities of phase function and related
oscillatory integrals. Let ¢ € C*(R" \ 0) be a real analytic on R" \ 0 and
homogeneous of order 1.

ap(§) € C*(R") is homogeneous of order —k for large [¢].

Consider the convolution operator given by the kernel.

(3.13) Ki(z) = FH (e ay(€).

Following [26] we can localize the ay (&) in a sufficiently small conic neighborhood
of a fixed point v € S? where S? is a unite sphere centered at the origin of R3.

Without loss of generality we may assume that v = (0,0, 1) and

0 0

851 ©(0,0) = 852 ©(0,0) =0
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2(0.0.1) =0 -2p(0,0,1) #0.

d&1
Otherwise, we may use linear change of variables & = 0y, & = 1m2, &3 = 13 —
—a@g)gf ’1)772 - %5’10’1)771. Then for the function
9¢(0,0,1) d¢(0,0,1)
P11, 12, 13) = P10, 7,13 — ——m M — ).
852 851

We have ¢(0,0,1) =1

3@1(0,0, 1) B 6901(0,0, 1) _ 0 8@(0,0, 1) _q
Om onp on3 '

We remind classification for the function given by M.Sugimoto [26]. We as-

sume
h(()) O) 7é 07 53 =1+ h(gla 52)7 Vh(()) O) = 0.
Then we define the function by(y2) and b1(y2), which are real analytic at the

origin, by the equations

(3.14) hy(b1(y2), y2) = 0, b1(0) =0 bo(y2) = h(b1(y2),v2).

They are uniquely determined near the origin by the implicit function theorem.
The curve (by(t),t,by(t)) is the ridge of the mountain ¥ when we see it parallel
to the y;-axis.

Definition 3.1. Let h(y) = h(y1,y2) be a real analytic function at the origin
satisfying (2.13), and b;(y2) be defined by (j-0,1). Then we define 4; to
be the smallest integer m > 2 such that bg-m)(()) # 0, and we say that h(y) is of
type I 'if 09 < o0, type 11 if g = 00, 61 < oo, and type III if 6y = 6 = oo.

The following result holds true.

Proposition 3.7. The function h is of type I if and only if when h has singu-
larity of type As,—1 at the origin. The function h is of type II or I1I if and only
if h has A type singularity at the origin.

Proof. By the proposition the phase function h(y,y2) after possible linear
change of variables can be written as

h(x1, 29) = bz, 22)(z1 — by(22))? + 25 (2),
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where b; is a real analytic function satisfying the condition
b1(0) =07(0) =0 n>3.

Then we have
bo(y2) = h(b1(y2), y2) = xho(x2).

If by(y2) has a root of multiplicity at the origin, then we may assume that

n =9y and «(0) # 0. So we can use the diffeomorphic change of variables
(3.15) r1=y1 — bi(z2), T2 =10
The function h is the x coordinates can be written as

h(x1, 22) = bz + by (22), T2)2? + 2P (xs).

Then the Newton polygon of the function h® consists of

N(ha):Rim{t—l+t—zz 1}.
2 d
By the Arnol’d theorem on normal forms. A is diffeomorphic equivalent to
+a? £ xg". Thus function h has Aj,_; type singularity at the origin. Similarly
if b1(y2) has root of multiplicity d; at the origin and ¢y = oo then by using
change of variables the function h* = b(z; + bi(x2), z2)2?. Since b(0,0) # 0 h
can be reduced to the form £z?. It is the A, type singularities.

Proposition is proved.

Furthermore, we show that the total phase function ®(y1, y2, s1, s2) can have
different type of singularities.

Now, we consider the oscillatory integral with A5 _; type singularities. Then
it is well-known the estimate:
Cy

1 1
A2TH

11X, 2)] <

O(xz,5) = by, 22) (21 — 2w (x2))? + 25 B(22) — 5101 — San.
Let m < 5 + 1, denote

2(m —1)
m — 2

}.

Gm = min{4,

The following results holds true.
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Theorem 3.3. Assume the phase function h has singularity A,_1 and

50:=m<g+1.

Then there exists a neighborhood U x V' of the origin and a function ¢ €&
L=V such that for any a € C®(U x V') the following estimate holds true:

¥(s)
10,9 < 5

Proof. Without loss of generality we may assume that the phase function of

the oscillatory integral has the form:
O(x1,22) = b1, x2) 22 — 5121 + 25 B(12) — 5125w () — 529,

where b, 5, w are smooth functions satisfying the conditions b(0,0) # 0, w(0) #

0, 5(0) # 0. First, we consider the following one-dimensional oscillatory integral
(316) J(A) s1, x2) = /ei)‘(b(xl’x2)$%_81m)a(l', S)dﬂfl

We may assume that (z9, s1) belongs to a sufficiently small neighborhood of the
origin. Consider the following equation with respect to the critical point.
ob
(317) F(ﬂfl, X9, 81) = 87(.%1, ZCQ).%% + 2561[)(561, 5(32) — 81 = 0.
1

We claim that the non-degenerate critical point can be written in the form:
x{ = s1B(x9, $1),

where B(z9,s1) is a smooth function with
1
B(0,0) = 0.
Indeed,b(0,0) # 0. By the implicit function Theorem the equation has a

real analytic solution

x] = G(x9, 51).
In s; = 0 then for any small xs we have x{(x2,0) = G(x2,0) = 0. Hence the

function G(z, s1) can be written as
G (22, 51) = s18(x2, 51),

where B is a real analytic function at the origin.
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By differentiation of the implicit function we have
0F(0,0,0)
8x§(0,0) _ 831 _ —1 o 1
ds;  OF(0,0,0)  2b(0,0)  2b(0,0)
5’351

£ 0.

On the other hand,
0x§
881

= B(0,0).

Thus,
1 £0.
26(0,0)

Now, we use stationary phase method to the integral and have

B(0,0) =

i)\sl (z9,51) (

A
where R(), s1,x9) is a remainder term satisfying the condition

€

(372, 51), xa, 81)
1
2

J()\, S1, 332) = C + R(A7 SlaxQ)a

‘R()\ S1, 5132)| < —

iTwQ

B(.I'Q, 81) = b(SlB(:UQ) 81)7 x2)B2(a:,2’ 81) - B('CC% 81)7
Note that B(zs, s1) is a smooth function satisfying the condition

b(0,0) 1 1
402(0,0)  2b(0,0)  4b(0,0) 70

Hence our two-dimension oscillatory integral can be written in the form:

J(A, s) = il/eimlm Say (29, 8)dry + O(—5 )

B(0,0) =

3
2 2

where
D (19, 5) = 2B B(x2) — 5125 — S99 + 2B (22, 51),
ai(za, s) := a(x{(xs, s1), T2, S).

Consequently 4 it is enough to consider the following one-dimensional oscil-

latory integral
Ji(A, s) = /eiml(x?’s)al(xg,s)dasg.

The following statement holds true.
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Lemma 3.8. If ® is the phase function satisfying the condition of Theorem
then there exists a neighborhood U x V' of the origin and a function ¢ €
Lin=9%(V). such that the following estimate holds true:

¥(s)llal )l
A5 < HEE

where ||a(-, s)||c2 is the norm of the function a(-,s) with respect to a natural

)

norm of the space C2.
Proof. The function B(zs,s1) can be written as
B(w2,51) = B(0,81) + 228, (0, s1) + 3B (2, 51),
where Bs is a smooth function. Inserting B to ®; we have
Q1 (29, 81, 82) = x5 B(xs) — s1785" — (89 — s%BUfCQ(O, 51))y 4 s2w2Bo(x, 51).

We use change of variables s, — s7B), (0, s1) — s2 and have

D1 (w9, 51, 82) = 25 B(w2) — 5125" — 5272 + 5%351(332, s1).

Now, for the parameters (si, s3) consider two cases.

1-case. {(s1,s2) + —2k o < e} where € > 0 is a fixed sufficiently small positive

|so| =T

real number. Then we use change of variables x5 = |52|n 119 the new variable

12 again denoting by xo. We get:

. _1
T\ ) = |so] 71 /al(\SQ\nllxz,8)6“'52'"_1‘1’2(“"2’3)d3:2,

2
where ®o(x9, 5) = 23 B(|so|m120)— ; |n L) —Szgn(SQ)ajg—FHWxQB(\Sg\n 2X9, S1).
52 52

Note that if A|sy|71 < 1 then we can use Van der Compute Lemma and have

CllaaCs)llv . CllaCss)llv_ Cllaa(, s)llv

N S =t PV EI P =

n

‘Jl(A7$)| S

where [|ai (-, s)||, = |a1(0, )| + V]a]. If |s1| < €|ss| "1 then we have

dSldSQ 1 dSQ
< .
— (n=2)p n—m
|sl\<€\52|n T |32|2 ‘32‘2n ) n-1l
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The last integral converses whenever ;?;3)1}; — =t < 1. Or equivalently (n —

2)p < 2(2n—m—1). Thus for p < M Thus for the case when |\|[sq|7 1 <

=2
1 we have a required bound. Further assume that |A|[ss|=T > 1. Note that

‘SZ' - < €2 under condition that m < 2 5 + 1. Note that (2" m-l) > _m

|82|” 1 —2 — m—1"

It is easy to see that there exists a posmve real number M such that for any

|zo| > M the phase function ®5 has no critical points. We use partition of unity
{h1, ha} corresponding to the covering (—M — 1, M + 1)|J(R \ [-M, M]) (so
supp(hy) C (=M — 1, M + 1) and supp(hy) C R\ [—M, M]).

Let

T\ s) = |52|n11/al(\SQ\nllxg,s)e”‘S2|H®2($2’S)h,j(az2)d:€2, v=1.2

Thus Ji(\, s) = JE(A, s) + J2(), s). Since the phase function of the oscillatory
integral JZ(), s) has no critical points by parts arguments we get:

Clsao["llal, s)llv _ Clso[*las(9)]l _ CHCH( SH )

|JE(N, 8)| < — < ey
' = || 597512

nl)

The last estimate is enough to get a required bound. Now we consider behavior
of the integral Ji (), s). By the condition the phase function can be considered
as perturbation of the function

x5 3(0) — sign(sa)zs.

The last function has only non-degenerate critical points (at most two critical

points). Therefore, we can use Morse Lemma with parameters and have
Cllay(- s)llv

1 n—2_°
NIFES

Thus, we are done for the first case. From now on we consider the case.

|82\

[J1 (A 8)] <

2-case: {(s1,59) : < N}, where N is a sufficiently large fixed positive

|81‘77 m
real number.
. . 1 .
In this case we use change of variables x5 = |s1|*=m 15 and the new variable y,

will be denoted by z5. Thus, we get

J1(>\,S) = |Sl|n71m /al(‘gl‘nlm,S)ei)\|51|n—m<I>3(x2,$)d27
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where

nt+2-2m S92

Oy(xa, 5) = w3 B(|s1| 77 w2) —sign(s))ay+|s1| m sign(s))a2B(|s1| 7w x2)+

;1'1.2'
|Sl|n7m

If \|s;|mm < 1, then we use Van der Corpate type estimate and have
CllaiC9)llv o Cllals o)y Cllaal, s)llv

\)\ﬁ - p\|%p\|sl|ﬁ 3 ‘A‘%‘Sl‘—g(z;gn).

[ [
P (n )p
‘82|<N|81‘n m |Sl|2(n m) ‘81‘2(" m)

The last integral converges if and only if (( m) — = 7711 < 1. Consequently,(n —
2)p < 2n — 2+ 2n —2m. Or equivalent p < (—21)

bound. There exists a positive real number M such that for any |z9| > M the

’J1<)‘73)‘ <

Note that

Thus, we have a required

phase function has no critical point. As before we consider a partition of unity
{h1, he} corresponding to the covering (—M — 1, M +1)U(R\ ([-M, M])). For
the integral JZ(),s) we have a required bound. We consider estimate for the

integral

1

T, ) = |saf / 01 (|57 1, )¢ 7T 0atea) gy

> 1.
The phase function ®3(x2,s) can be considered as small perfurbaruies of the

Further, we suppose that |\|[s;

function
25 B8(0) — sgn(s)xy + Ews

where £} € [-N, N] is a fixed number. If £} # 0 then the phase function at
worst has A, type singularity. Let’s consider the case when &) = 0. Then the
phase function can be considered as perturbation of a,,_; type singularities.
Thus, the exists a function ) € L%*O(V) such that for the oscillatory integral
J1(A, s) the following estimate holds true

(—2)lal-, 9,
|J1(A, 8)| < |sy|mn

T Pl
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It is easy to see that

w( 372171 ,
m—n m
LY Fe )
‘S]_ ‘ 2(n—m)

theorem [3.3] is proved.
The following result improves Theorem proved by M. sugimoto.

Theorem 3.4. Suppose h has As,—1 type singularity and 6; > 3 then M s
L? — L bounded if

3.5. On estimates for convolution operators. In this section, we assume
1 <p<2and 1l/p+1/p =1, eg. p,p are conjugate exponents. We shall
consider the problem on L? — L” (where and further L9 : LI(R?)) boundedness

of Fourier multiplier operators of the following type:
Mk = F_lew(f)ak(é)F,

where F' is the Fourier transform operator, ¢ € C¥(R"\ {0}) is a non-vanishing
real analytic, homogenous function of order 1, a;, € C*°(R") is a classical symbol
of a pseudo-differential operator of order k. For simplicity we assume that a; is a
smooth homogeneous function of order k for large |¢|. Following, M. Sugimoto
we assume (&) > 0 for any & # 0 and set:

(3.18) S:=6€R"\0:¢(&) =1

Surely, the case, when p(£) < 0 for any £ # 0, can be treated by using quite
similar arguments. By the classical FEuler homogeneity relation S is a compact,
closed analytic hyper-surface without singularities. The main problem is the
following: for which k& > k(p) the operator M, is bounded as a bounded operator
from LP to L¥'?

We consider estimates for the convolution operators in the case when n = 3.
Since S is a compact set, we can localize the operator. Thus, we can write
the convolution operator as a sum of finite number of operators for which the
associated symbol is concentrated in a sufficiently small conic neighborhood of
points of the unite sphere. So, following [26], we shall assume that ay(§) is
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supported in a sufficiently small conic neighborhood I' of a particular point v €
S? (where S? is the unite sphere centered at the origin of R?), and p(¢) € C(T).
Without loss of generality, we may assume v = (0,0,1) € S? and ©(0,0,1) =
1, Vp(0,01) = (0,0,1). Then, in the neighborhood I' the surface S can be

expressed as

Sul'={¢el: 9 =1}={(y, 1+ h(y)),y €U},

where h € C¥(U) (here U C R? is an open neighborhood of the origin) is
a real analytic function. After possible linear change of variables we may
and shall assume that h is a real analytic function satisfying the conditions:
h(0,0) = 0, VR(0,0) = (0,0). Lets reduce the classification of the function
h given by M. Sugimoto[26]. For the sake of being definite we assume that
det{%?k(gi) }r =1 = 0. Otherwise, the result can be derived from the main The-
orem by Brenner[§]. Then after possible rotation of coordinate axes we may

suppose that the function h satisfies the following conditions:

9%h(0,0) 92h(0,0) 9%h(0,0)
3.19 — > #0, —X2+=0, —2%=0.
(3.19) dx? 70, 011019 ’ 3
Due to the classical implicit function Theorem it is easy to see that the
o . Oh(z1,x2) : S -
quation —5== =0 has a unique solution:
(3.20) z1 = bi(z2)

with a real analytic function b; satisfying the conditions: b;(0) = b7(0) = 0.
Lets define the new function of one variable given by the function h :

(321) bo(:l?g) . h(bl(ﬂfg),ﬂfg).

The following definition was given in the paper [26]. It gives a classification of
singularities of the function h.

Definition 1. Let h be a real analytic function at the origin satisfying
and by, by be the real analytic functions defined by [3.20] [3.21f Then we define
d; to be the smallest integer m > 2 such that bg-m)(O) # 0, and we say that h is
of type I if 9y < oo, type II if 9y = oo, and d; < oo, type III if &g = 61 = oc.

First, we give a simple statement, which follows from the classical division

Theorem.
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Proposition 3.9. Assume that h is a smooth function satisfying the assump-
tions[3.19. Then, the function h can be written in the following form on a suf-
ficiently small neighborhood of the origin: h(x1,z2) = u(xy, x9) (21 — bi(x2))? +
bo(xs), where u, by, by are smooth functions satisfying the conditions: u(0,0) #
0, and where by(xs) = cxl + OxX ™) (¢ # 0) unless it is a flat function,
bo(2) = cadt + O(z5 ) (¢ # 0) unless it is a flat function.

The following statement characterize the classification given by M. Sugimoto[206].

Proposition 3.10. Let h be a real analytic function at the origin satisfying
and by, by be the real analytic functions defined by[3.20,[3.21. Then h is of
type I if and only if h has As,—1 type singularities at the origin; h is of type I1
or III if and only if h has A type singularities at the origin. Moreover, if h
has As type singularities at the origin, then it is the type II if and only if the
projection of the zero set of the Gaussian curvature to the plane R? is a smooth

curve, which has no tangent lines with infinite order of contact.

See [1] for the definition of an A type singularities. In this section we mainly
dealt with the A, type singularities. If by is a flat function (we have by(x2) = 0
whenever h is a real analytic function) then it has the A, type singularities. It
is easy to see that in the latter case, the curve in the plane R? is given by the
equation x1 = by(x9) and it coincides with the projection of the zero set of the
Gaussian curvature. Hence, the number 0; coincides with order of contact with
the curve and tangent line at the origin. Note that singularities of the so-called

phase function defined by
¢(x1, 2, 81, 52) = h(x1,2) + 5171 + S22,

depend on classification of the function h(x). In the monograph [1] were given
characterizations of singularities of that function and also for the phase function
in the case when both in a generic position up to some number of variables and
up to some Milnor number. It should be noted that behavior of the convolution
operator depends on the Fourier transform of measures supported on the surface
S . We introduce a more general signed measures supported on family of hyper-
surfaces. Let (S,), S, € Rln+1) be a family of smooth hyper-surfaces smoothly
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depending on a parameter a € R™, and let ¢ € C5°(R" x R™) be a smooth
function with compact support. The Fourier transform of the signed measure
ditg := (x,a)dS, is determined by the integral

(3.22) d/pL\a(e) :/S e dty ().

Theorem 3.5. Let S = {(z,h(x) + 1)} be the surface and h be a real analytic
function with h(0,0) = 0, VA(0,0) = 0. If K(0,0) = 0 and VK(0,0) # 0
(where K is the Gaussian curvature of the surface) then My, is LP — LP" bounded
if
1 1, 1141 1
k> max{fi(}‘) —3) "5 3(2—9 —
provided the cone neitghborhood T" is chosen sufficiently small.

Remark. Actually a solution of the problem posed by M. Sugimoto [26] follows
from the more general Theorem [3.5. If §; = 2 then the surface satisfies the
conditions of Theorem [3.5 A proof of Theorem follows from the following
results of the paper [13].

Theorem 3.6. [13] Let (S,), S, C R"™, be a family of analytic hyper-surfaces
depending on a parameter a € % (where ¥ C R™ is a compact set). If for
some fized a = ay and for any x € Sy, N Supp(du,) the relation |K(ag,x)| +
VK (ag, z)| # 0, holds, then the maximal function

M, (w) : supr=or™?|dpiq, (rw)|

belongs to L*70(S™) := My<s LP(S™). Moreover, there exists a neighborhood V of
ag such that for any fized p < 4 the integral
MPdw
gn
1s bounded on V N X. The result is sharp in the sense that if the hyper-surface
S satisfies the conditions: K(xy) = 0 and VK(x9) # 0 at some point xg, 1
is a smooth function supported in a sufficiently small nez’ghboﬂ(ﬂi of xo and

W(xg) # 0, then the maximal function M corresponding to du(r,w) does not
belong to L*(S™).
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Now, we show that if the function h is of type II and 6; = 2 then the cor-
responding surface satisfies the condition of the Theorem [3.5] Actually, the
following result holds true.

Proposition 3.11. Let S C R? be a smooth surface containing the origin of
R? given as the graph of the function h. If the surface S satisfies the conditions
K(0,0) =0 and VK(0,0) # 0, then either the phase function ®(x1,xs, s1,$2)
i1s the R, -universal deformation of As type singularities, either the function h
is of type II with 61 = 2. Conversely, if ®(x1, 9, s1,59) is the Ry -universal
deformation of Ay type singularities or the function h is of type II with 61 = 2
then for the graph of the function h s the surface satisfying the conditions
K(0,0) =0 and VK(0,0) # 0.
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CONCLUSION.

The master thesis is devoted to solve problem, which k > k(p) the following
operator M; := F_leiw(g)ak(ﬁ)F is a bounded operator from L? to L”'.

The following results are obtained:
1. The lower bound for k& depends on the surface ¥ := {£ : p(§) = 1}.
2. It is proved that behavior of the operator M} is defined by a small neighbor-
hood of the Gauss map.
3. It is found relation between M. Sugimoto classification of the phase function
and singularities Theorem.
4. It is obtained estimate for k£ in terms of the sharp uniform bound of the
measures supported on hyper surfaces 3.
5. It is given a solution of the M. Sugimoto problem related to A, type singu-
larities.
6. It is given a solution of the M.Sugimoto problem on estimate for M}, for the
case when 0, = 2.
7. It is obtained result which improves theorem provedby M. Sugimoto for the
case when phase function has A5,_; type singularities.
8. The results can be applied to investigation of solutions to the Cauchy prob-

lem for the hyperbolic equations.
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