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1-mavzu: Chiziqgli algebraik tenglamalar sistemasini
yechishning Gauss usuli

Nazariy va tadbigiy matematikaning ko‘pgina masalalari birinchi
darajali chizigli tenglamalar sistemasini yechishga olib kelinadi. Masalan,
funksiyaning n-ta nugtada berilgan giymatlari yordamida n-tartibli
ko‘phad bilan interpolyatsiyalash yoki funksiyani o‘rta kvadratlar usuli
yordamida yaqinlashtirish masalalari birinchi darajali chizigli tenglamalar
sistemasini yechishga keltiriladi.

Birinchi darajali chizigli tenglamalar sistemasini hosil gilishning
manbai uzluksiz funksional tenglamalarni chekli ayirmali tenglamalar
bilan yaginlashtirishdir.

Birinchi darajali chizigli tenglamalar sistemasini yechish asosan ikKi
usulga, ya’ni aniq va iteratsion usullarga bo‘linadi.

Aniq usul deganda chekli migdordagi arifmetik amallarni aniq bajarish
natijasida masalaning aniqg yechimini topish tushuniladi.

Iteratsion usullarda chizigli tenglamalar sistemasining yechimi ketma-
ket yaginlashishlarning limiti sifatida topiladi.

Chizigli tenglamalar sistemasini yechishning noma’lumlarni ketma-ket
yo“gotish orgali aniglash usuli, ya’ni Gauss usulini ko‘rib chigamiz.

Bu usul bir necha hisoblash yo‘llariga ega. Shulardan biri Gaussning
kompleks yo‘lidir.

Ushbu sistema berilgan bo‘Isin

Ay Xy + X, ot Xy =8y,

Ay Xy + ApXy + i+ A5 Xy =850,

................................................ | (1)

(g Xy + X, .t a X, =2

nin+l*

Faraz qilaylik, a;;#0 (etakchi element) bo‘lsin, aks holda
tenglamalarning o‘rinlarini almashtirib, X, oldidagi koeffisienti noldan
fargli bo‘lgan tenglamani birinchi o‘ringa ko*‘chiramiz.

Sistemadagi birinchi tenglamaning barcha koeffisientlarini a;; ga
bo‘lib,

x, +bPx, +...+bPx
ni hosil gilamiz, bu yerda

n b1(,1n)+1 (2)

a, o) A, L@ Qna @
:b12 Ty _bln ’ :bl,n+l

all a'1 1 all




yoki gisgacha b = % () =2)

1

(2) tenglamadan foydalanib, (1) sistemaning golgan tenglamalarida x; ni
yo‘gotish  mumkin. Buning uchun (2) tenglamani ketma-ket
a1, az1, ... larga ko‘paytirib, mos ravishda sistemaning ikkinchi, uchinchi
va h.k. tenglamalaridan ayiramiz. Natijada, quyidagi sistema hosil bo‘ladi.

1) € — @
Az Xy ...+ 80 X, = a5 4415

......................................... (3)

@ Wy — a®
arsX, +...+a )X, =a

nn n n,Nn+1"?

bu yerda a;" koeffisientlar

ai(jl) =a; — ailbl(}) '(i’ ]z 2)
formula yordamida hisoblanadi.

Endi (3) sistema wustida ham shunga o‘xshash almashtirishlar
bajaramiz. Buning uchun (3) sistemadagi birinchi tenglamaning barcha

koeffisientlarini yetakchi element a5; =0 ga bo‘lib,
X, +b{Px, +...+bPx_ =p
2 23" X3 --- on Xn 2 n-+1 (4)

ni hosil gilamiz, bu yerda
(2) aélj)
b = a® (1=3)
22

(4) tenglama yordamida (3) sistemaning keyingi tenglamalarida
yuqoridagidek x, ni yo*qotib,

(2) (2) N )
a33 X3 + - + asn Xn i a3'n+1,

sistemaga kelamiz, bu yerda
ai(jZ) = ai(jl) - ai(;)b§?)7 (i,j=2)
Noma’lumlarni yo‘qotish jarayoni davom ettirilib, bu jarayonni

m-gadamgacha bajarish mumkin deb faraz gilamiz va m — gadamda
quyidagi sistemaga ega bo‘lamiz.



( (m) (Mg (M
X, +b X4 +---+b VX =D

m,m+1 m,n+17

(m) (m) A (m)
J am+1,m+1xm+1 + ...+ am+1,nxn - am,n+1’
.............................................. , (5)
(m) (m) _ a(m)
\an,m+1xm+1 + .+ ann Xn - an,n+1'
bu yerda
am’  _m _ () (m-Dp(m)
(m) __ “mj _ -1) - ..
bmj - am ’aij _aij A, bmj (|,12m+1).
mm

Faraz gilaylik, m mumkin bo‘lgan oxirgi gadamning nomeri bo‘lsin.
Ikki hol bo‘lishi mumkin: m=n yoki m<n. Agar m=n uchburchak
matritsali va (1) sistemaga ekvivalent bo‘lgan quyidagi
(%, +b®x, +b®x, +...+bPx, =b® _,

(2) (2) N
X, + b5 X +...+ by X, = b2,n+1,

n

(6)

X, =b{"

n,n+1

-

sistemaga ega bo‘lamiz. Oxirgi sistemadan ketma-ketX,, X, 1., X, larni
topish mumkin

f N AN (s))
Xn - bn,n—l
_ h(n-1) (n-1)
J X1 = bn—l,n+1 _ bnfl,n X,
.......................................... (7)
_ h® @
kXl - bl’n+1X2 T e T bl,n Xn .

(6) uchburchak sistemasining koeffisientlarini topish Gauss usulining
to‘g‘ri yurishi, (7) sistemadan yechimini topish Gauss usulining teskari
yurishi deyiladi.

Chiziqgli tenglamalar sistemasini Gauss usuli yordamida yechish
algoritmi va dasturi

1-misol.
Gauss usuli bilan quyidagi sistema yechilsin.
2X, —3X, + 2%, —4x, =5, (8)
3%, + X, —2X, —2X, = 4, )
AX; 42X, —3X; + X, =2, (10)
X, + X, + X5 + X, =2, (11)

(8) tenglamadan x; ni topamiz



2X, —3,X+2%X; —4X, =9,
2X, =5+3X, — 2%, +4X,, (12)
5

X, :—+§x2—x3+2x4,
2 2

(12) tenglamani (9) tenglamadagi Xx; ni o‘rniga go‘yamiz va uni
ixchamlaymiz.

3X;, + X, —2X; —2X, =4,
5 3
3 E+EX2_X3+2X4 + X, —2X; — 2X, =4,

%+%x2 —3X; +6X., + X, —2X; —2X, =4,

15+ 9x, —6X, +12X, + 2X, —4X, —4X, =8,

11x, —10x, + 8%, =—7.
(12) tenglamani (10) tenglamadagi x; ni o‘rniga go‘yamiz va uni
ixchamlaymiz.

A%, +2X, —3X; + X, =2,

4(g+gx2 — X, +2x4j+2x2 —3X, + X, =2,

10+ 6X, —4X, +8X, +2X, —=3X; + X, =2,
8X, — X, +9X; =-8.
(12) tenglamani (11) tenglamadagi x; ni o‘rniga go‘yamiz va uni
ixchamlaymiz.
X, + X, + X3+ X, =2,
5 3
§+EX2 — X3 +2X, + X, + X3 + X, =2,

S+3X, —2X; +4X, +2X, +2X; +2X, =4,
oX, +6x, =-1.

Yugoridagilardan quyidagi yangi tenglamalar sistemasini hosil gilamiz

2X, —3X, +2X; —4X, =5,

11x, —10x, +8x, =7, (13)
8X, — 7%, + 9%, =-8, (14)
5X, +6x, =-1. (15)

(13) tenglamadan x, ni topamiz
11x, —10x, +8x, = -7,

11x, = —7 +10x, —8X,, (16)
7 10 8
X, =

—— X3 ——X,,
11 11°° 117"



(16) tenglamani (14) tenglamadagi X, ni o‘rniga go‘yamiz va uni
ixchamlaymiz
8X, —7X; +9x, =8,
7 10 8
8 ——+—X; ——X, |— X3 +9X, =8,
( 11 117° 11 4) s N

56 80 64
——+—X; —— X, — X, +9X, =8, 15
11 11°° 11°* 3 N (15)

— 56 +80x, — 64X, — 77X, + 99x, =88,
3X,; +35x, =-32,

(16) tenglamani (15) tenglamadagi X, ni o‘rniga go‘yamiz va uni

ixchamlaymiz

5x, + 6x, = —1,
5 —l+£x3—ix4 + 6Xx, =—1,
11 11 11

35 650 40
—— 4+ — X3 ——— X, + 6%, = —1,
11 11 11
— 35+ 50x%x; —40x, +66x%x, = —11,
50x, + 26%x, = 24,

25x; +13x, =12.

Yuqoridagilardan go‘yidagi yangi tenglamalar sistemasini hosil gilamiz
2%, —3X, +2X; —4X, =D,

11x, —10x, +8x, =7,

3X, + 35X, =—-32, a7
25X, +13x, =12. (18)

(17) tenglamadan x, ni topamiz
3X, + 35X, =—-32,

3X, =—-32-35X,, (19)
32 35
3 :_?_? 4

(19) tenglamani (18) tenglamadagi X;ni o0‘rniga qo‘yamiz va uni
ixchamlaymiz
25x, +13x, =12,
25(—£—§x4j+13x4 =12,
3 3

800 875 (20)

—T—TX4 +13X4 212,

—800 — 875X, +13x, = 36,
—836Xx, = 836,

[x, = —1].



(20) tenglamaning qiymatini (19) tenglamadagi X, ni o‘rniga qo‘yib X; ni
topamiz.

32 35 32 35
3:————)(4:—— —:1’

K 3 3 (21)
[x, =1].

(21) va (20) giymatlarini (18) tenglamadagi X;va X, ni o‘rniga

go‘yib x, ni topamiz.
7 10 8 7 10 8 11
b Xy m— X, =t —+—=—=],
TR TR T I E TR TR TR (22)
[x, =1]
(20), (21) va(22) larni giymatlarini (12) tenglamadagi x,, X3 va x4 lar ni
o‘rniga qo‘yib x; ni topamiz.
x1:§+§x2—x3+2x4:§+§-1—1—2:2,5+1,5—3:4—3:1,
2 2 2 2

[x, =1]

Demak, topilgan ildizlar [x, =1],[x,=1], [x,=1], [x,=-1] berilgan
tenglamalar sistemasini to‘liq ganoatlantiradi.

Tenglamalar sistemasi go‘lda yechilganda hisoblashlarni 1-jadvalda
ko‘rsatilgan Gaussning kompakt sxemasi bo‘yicha olib borish ma’quldir.

Soddalik uchun jadvalda to‘rtta no’malumli to‘rtta tenglamalar sistemasini
yechish sxemasi keltirilgan.

X . X « 0zZOD 5 SXEMA
1 2 3 *  |HADLAR QISMLARI
g i dis dig dis die
dyg do) dps dos dos dog
dsg dsp dss dzy dss dzg A
da1 As aa3 Adas das Adae
. . - - -
S PP P ' I PE N B T
1 1 1 1 1
azzili a238 a248 a258 a258
332(1) 332(1) a34(1) 335(1) 335(1) A
ag a43 Agq dys dys




2 i 2 2
1 b23( ) b24( ) b25( ) b25( )
2 2 2 2
a33; a348 a35; 336;
a3 Aag as A6 A
2
. . e
1 b34( ) b35( ) b36( )
3 3 3
a44( ) 8.45( ) 3-46( )
A;
1 b45(4) b46(4)
1 X4 X4
1 X3 X3 B
1 X2 X2
1 X1 X1
1-jadval

1-jadvalda keltirilgan Gaussning kompakt sxemasi yordamida quyidagi
tenglamalar sistemasi yechilsin:
2-misol.
(2%, +4,2%X, +1,6X, —3X, = 3,2,
—0,4%x;, +3X, —2,4%X; = —1,6,
) 1,6x, —0,8X, + X; — X, = —1,

[ X, —2X, — X3 +1,5%, = 0.

Sistemani yechish jarayoni 2-jadvalda keltirilgan.

2 - jadval
OZOD SXEMA
X, X, X3 x, |HADL > | QISMLA
AR RI
2 4,2 1,6 -3 3,2 8
04 | 3 2,4 0 -1,6 1,4
16 | -08 1 -1 -1 -0,2 A
1 -2 -1 1,5 0 -0,5
1 2,1 0,8 1,5 16 4
3,84 | -208 | -060 | -0,96 0,2 )
416 | 028 | -1,40 | 3,56 6,6 !




41 | 18 3 16 45
1 i i 025 | 0,05208
05416 | 0,15625
6
29333 | 075 | 46
1 6.38331
235037 | -
i > om0 | 428644 |
40208 | ' 2
1 1029606 | 1.81581 | 2°1198
1
116897 | 467603 | 584500 4
1 400013 | 500013
1 3.00009 | 4.00009 .
1 200005 | 3.00005
1 1.00002 | 2.00002

Shunday qilib, quyidagi x,=1,00002 , x,=2,00005 , x;=3,00009 ,
x,=4,00013 tagribiy yechimga ega bo‘ldik. Sistemaning aniq yechimi
x, =1, x,=2, x;=3, x,=4 ekanligiga bevosita ishonch hosil gilish mumkin.

Misol. Quyidagi ko‘rinishdagi chiziqli algebraik tenglamalar sistemasini
Gauss usuli yordamida yechish algoritmi va dasturini tuzing.

(a11X1 +a,X, +...+q,, X, =4,

A, X, + a,,X, + ...+ a,, X
<

2n“'n - a2n+l

(A, X, +a,X, +...+a,, X, =a

nn “*n nNn+1



Algoritmi:







Dasturi:
a'11)(:I__I_a'12)(2_|_"'_|_a'1r1)(n
a21)<1 —I—a22X2 —|—...—|—a2an

Program Gaussl,
label 1,2,3,4,5;
var a:array[1..10, 1..10] of real;
b,x:array[1..10] of real,
c,s:real; i,j,k,n:integer;
begin
readin(n);
fori:=1tondo
begin
forj:=1tondo
read(a[i,j]);
readIn(b[i]);
end;
k:=1;
3:ii=k+1;
2: c:=a[iK]/a[kk];
a[i,k]:=0;
Ji=k+1;
1: a[i,j]:=a[i,j]-c*a[k,jI;
if j<n then begin j:=j+1; goto 1 end;
b[i]:=b[i]-c*b[K];
if i<n then begin i:=i+1; goto 2 end;
if k<n-1 then begin k:=k+1; goto 3 end;
X[n]:=b[n])/a[n,n];
i:=n-1;
5: J:=i+1;
s:=0;
4: s:=s+a[i,j]1*x[j];
if j<n then begin j:=j+1; goto 4 end,
X[i]:=(b[i]-s)/a[i,i];
if i>1 then begin i:=i-1; goto 5 end;
fori:=1tondo
writeln(x[i]:4:2);
end.



A X + X, +...+q X, =,
a21x1 —+ a22x2 —+ ... + aZan = a2n+l

nn n nN—+1

program Gauss;
var a:array[1..10, 1..10] of real;
x:array[1..10] of real,
c,s,d:real; i,j,k,n,l,p:integer;
begin
readin(n);
fori:=1tondo
for j:==1ton+1do
readIn(a[i,j]);
fork:=1tondo
begin
I:=k;
while a[k,k]=0 do
begin
if a[l+1,k]=0 then else
begin
for p:=k to n+1 do7
begin
d:=a[k,p];
alk,p]:=a[l+1,p];
a[l+1,p]:=d;
end,;
break;
end,;
I:=1+1;
end,;
for i:=k to n-1 do
begin
c:=afi+1k];
for j:=k to n+1 do
a[i+1,j]:=(a[k.jl/alkk])*c-a[i+1,];
end;
end;
x[n]:=a[n,n+1]/a[n,n];
for k:=n-1 downto 1 do
begin
s:=0;
for i:=k+1 to ndo
s:=s+a[k,i]*X[i];
X[K]:=(a[k,n+1]-s)/a[k,K]
end;
fori:=1tondo
writeln(x[i]:4:2);
end.



2-masala. Quyidagi chiziqgli tenglamalar sistemasini yeching:
(3%, — X, +5%X, + X, =7

2X, +5X, —3%x; =-1

—2X% —4X; +3X, =6

(6%, +4X, —3X%; —2X%, =3

Bajarish. 1-masaladagidek, tenglamalar sistemasini AX = B ko'rinishda
yozib olamiz. Bu yerda A — noma’lumlar koeffisentlardan tashkil topgan
matritsa, B— o0zod hadlardan tashkil topgan ustun (vektor), X— noma lumlar
ustuni (vektori).

3 -1 51

2 5-30 7 X,
A= , B= , X =
2 0 -4 3 -1 X,
6 4 -3 -2
Demak, X = A™'B.
A matritsani, ya ni noma lumlar koeffisentlarini A1:D4 maydonga, B
vektorni, ya'ni ozod hadlarni F1:F4 maydonga kiritamiz. X vektor uchun
H1:H4 maydonni belgilab =MYMHOXK(MOBP(A1:D4);F1:F4) formulani

kiritamiz va Ctrl+Shift+Enter tugmalarini birgalikda bosamiz. Natijada
H1:H4 maydonda izlanayotgan noma’lumlar hosil boladi:

Microsoft Excel - flvct Microsoft Excel.xls

@_] tarn  Mpaeka Bua BcTaeka  ®opuat  Cepeuc  faHHel:  OkKHO  Cnpaeka -3 X
i Arial v12 2| K &K U |E = E |08 o g0 G0 EE| L Oy -
HANEA" NERENNE RN EERERSS A RESRA L RS 1N RN
H1 - B =WYMHOHIMOBR (A1 04),F1:F 43

A | B | ¢ | 0D | E | F | & H | =
1 3 -1 5 1 7 19568
2 2 ) -3 0 -1 -1,313
3 -2 0 -4 3 3] -0,551
4 4] 4 -3 2 3 25702
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Mathcad Professional - [sys]

p@ Y| ¢

Anial

R;=M1xV MATPHUAH TeHTIAMA SpIaMHTA
TeHT TAMAAD CHCTeMACHHEH &3HII
1 BOmMAAETHY TEHTAGMAMD CHOTEMACIH.
1.2%x142 B*x2+0 5*x3=3
32%x1-16%x2.03%x3=22
-0.1%x149 0%+ 5*x3=10 8

2. TeHT AMMAMD CUCTEMACH KOIQMIMEHTAADIHE MATPHIA
K¥PHHMITIAR, 030)  XAAMDHM  3CAa  BEKTOpRAAp
K¥PHHMITIAA TACEIDAATI.

12 28 05 3
M=|32 -16 =03 V=] 22
=01 90 03 10.8

3. Tenrmananap cHCTEMACH eCHNL.

0.99
- R=| 1466
-4.585

VTR
)
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