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1. Aniq integralning asosiy xossalari
1-xossa. O’zgarmas ko’paytuvchini aniq integral belgisidan tashqariga

chigarish mumkin, ya‘ni A=const bo’lsa
b b
[ Af (x)dx = AJ f (x)dx

bo’ladi, bunda f(x) integrallanuvchi funksiya.
Isboti.

b n n b
! Af (x)dx :ﬂ%;’*f (2)AX, = Aém; f(z,)AX, = A:!: f (x)dx.

2-X0ssa. Bir nechta integrallashuvchi funksiyalarning algebraik
yig’indisining aniq integrali qo’shiluvchilar integrallarining yig’indisiga teng,

ya‘ni
i[f () % (x)Jox =z f (x)dx £ i':(p(x)dx ,
Isboti.
T[f () £ p(x)Jdx =gigg§[f (2.) % o(z,) A%, = é‘ﬂ&{g (2, )A%, ig o(2.) Axk} _

n n b b
=£5né f(2,)A%, £ (im éqp(zk)Axk = j f (x)dx + j o(X)dx.

3-x0ssa. Agar quyidagi uch integralning har biri mavjud bo’lsa, u holda har

ganday uchta a,b,c sonlar uchun
b c b
j f (x)dx = j f (x)dx + j f(x)dx (1)

tenglik o’rinli bo’ladi.

Isboti. Dastlab a<c<b deb faraz qilib f(x) funksiya uchun [a,b] kesmada
integral yig’indi o, ni tuzamiz. Integral yig’indining limiti [a,b] kesmani
bo’laklarga bo’lish usuliga bog’liq bo’lmagani uchun [a,b] kesmani mayda
kesmachalarga shunday bo’lamizki, ¢ nuqta bo’lish nuqtasi bo’Isin.

Agar, masalan, c= x,, bo’lsa, u holda o, integral yig’indini ikkita yig’indiga

ajratamiz:
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o, =2 F(2)A% =D F(2)Ax + D F(z)AX, .
= =

k=m+1

Ushbu tenglikda 2 — 0da limitga o’tsak isbotlanishi lozim bo’lgan (1) kelib
chigadi.

a<b<c bo’lsin. U holda isbotlanganga muvofiq
j f (x)dx = j. f (X)dx + _C[ f (x)dx bo’ladi.
a a b
Bundan
i f(x)dx = j f (x)dx —j f(x)dx = j f (x)dx +i f (x)dx,
a 2 b a c

ya‘ni (1) ga ega bo’ldik.

]

1-chizma.

141-chizmada f(x)>0 va a<c< b bo’lgan hol uchun 3-xo0ssaning geometrik tasviri
berilgan: a A B b egri chizigli trapetsiyaning yuzi a A C c va ¢ C B b egri chizigli
trapetsiyalar yuzlarini yig’indisiga teng.

4-xossa. Agar [a,b] kesmada f(x) funksiya integrallanuvchi va f(x)>0 bo’lsa,
u holda

Tf(x)dxzo

bo’ladi.

Isboti. Istalgan k uchun f(x,)>0, Ax >0 bo’lgani sababli 3" f(x)Ax, >0

k=1
bo’ladi. Bunda 2 — 0da limitga o’tsak isbotlanishi lozim bo’lgan tengsizlikni hosil

gilamiz.
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b
Shuningdek [a,b] kesmada f(x)<0 bo’lganda Jf(x)dxgobo’lishini

ko’rsatish qiyin emas.
5-xossa. Agar [a,b] (a<b) kesmada ikkita integrallanuvchi f (x) va ¢(x)

funksiya f (x) > ¢(x) shartni ganoatlantirsa,u holda
b b
j f (x)dx > j o(x)dx

tengsizlik o’rinli.

Isboti. [a,b] da f(x)-¢(x)>0 bo’lgani uchun 4-xossaga ko’ra

b
j[f (x)—@(x) x>0 bo’ladi. Bundan 2-xossasiga binoan

_b[ f (x)dx —i f(x)dx>0 yoki _T f (x)dx > T f (x)dx

kelib chigadi.
6- xossa. Agar f(x) va [f(x)] funksiya [a,b] da integrallanuvchi bo’lsa, u
holda

i f (x)dx

<[Jf(lax  (2)

tengsizlik o’rinli.

Isboti. -[f(x)|<f(x)<|f(x)| ga 5- xossani qo’llasak
b b b
-j|f(x)|dx < J'f(x)dx sj|f(x)|dx

yoki

b

if(x)dx < [|f (x)[dx

tengsizlik hosil bo’ladi.
Natija. Agar [a,b] kesmada f(x) va [f(x)| funksiya integrallanuvchi bo’lib,

shu kesmada [f(x)] <k (k=const) bo’lsa, u holda

<kb-a)  (3)

T f (x)dx
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tengsizlik o’rinli.

Hagigatan, |f(x)] <k bo’lgani uchun 6-5 va 1-xossaga asosan

i f (x)dx

< i| f (x)[dx < kidx

bo’ladi. Bunda

b n
J.dx = éile.Axk =AX, + AX, +...+ AX, =b-a
" —0 =
ekanini hisobga olsak (39.3) tengsizlikka ega bo’lamiz.
7- xossa. (Aniq integralni baholash). Agar m va M sonlar [a,b] kesmada

integrallanuvchi f(x) funksiyaning eng kichik va eng katta giymati bo’lsa, u holda
b
m@-@sjﬂ@@st-m (4)

tengsizlik o’rinli.
Isboti. Shartga binoan [a,b] kesmada barcha x lar uchun m <f(x) <M.

Bunga 5- xossani go’llasak

b b b b
mfdx<[f(x)dx<M[dx yoki [dx=b-a ekanini hisobga olsak oxirgi

tengsizliklardan (4) ga ega bo’lamiz

8- xossa. Agar f(x) funksiya [a,b] kesmada integrallanuvchi bo’lib m va M
uning shu kesmadagi eng kichik va eng katta giymati bo’lsa, u holda shunday
0’zgarmas u

(m <u <M) son mavjudki
[f0)dx=p-(b-a)  (5)

tenglik o’rinli.

1
b-a

b
Isboti. (39.4) ni b-a ga bo’lsak m< _[f(x)dstbo’ladi.

1 b
— | f(X)dx =
b_ai (X)dx =

belgisini kiritamiz. U holda oxirgi tenglikni b-a ga ko’paytirib isbotlanishi lozim

bo’lgan (5) tenglikka ega bo’lamiz.
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Natija (o’rta qiymat haqidagi teorema). Agar f(x) [a,b] kesmada uzluksiz
funksiya bo’lsa, u holda kesmada shunday x=c nuqta topiladiki, bu nugtada

T f(x)dx=f(c)b-a) (B)

tenglik o’rinli.
Haqgigatan. f(x) funksiya [a,b] kesmada uzluksiz bo’lganligi tufayli u shu
kesmada o’zining eng kichik m va eng katta M giymatini gabul giladi. Uzluksiz

funksiya [m,M] kesmadagi barcha gqiymatlarni gabul qilganligi sababli u
b
y:ﬁjf(x)dx giymatni ham qabul giladi, ya‘ni [a,b] kesmada shunday x=c
nugta mavjud bo’lib f(c)= u bo’ladi. (5) tenglikka ux o’rniga f(c) ni qo’yib
isbotlanishi lozim bo’lgan (6) tenglikni hosil gilamiz.
b

f(c):b—lajf(x)dx giymat f(x) funksiyaning [a,b] kesmadagi o’rtacha
giymati deb ataladi

Bu natijaga quyidagicha geometrik izoh berish mumkin. [a,b] kesmada f
(x)>0  bo’lganda aniq integralning qiymati asosi b-a va balandligi f(c) bo’lgan
to’g’ri to’rtburchakning yuziga teng bo’lar ekan.

Agar f(x) va g(x) funksiyalar [a,b] kesmada integrallanuvchi bo’lsa, u holda

ularning ko’paytmasi f(x)-g(x) ham shu kesmada integrallashuvchi bo’lishini

ta‘kidlab o’tamiz.

2. Integralning yuqori chegarasi bo’yicha hosilasi

Agar aniq integralda integrallashning quyi chegarasi a ni aniq gilib
belgilansa va yuqori chegarasi X esa o’zgaruvchi bo’lsa, u holda integralning

giymati ham x o’zgaruvchining funksiyasi bo’ladi.
Quyi chegarsi a o’zgarmas bo’lib yuqori chegarasi X 0’zgaruvchi bo’lgan

If(t)dt (a<x<b) integralni garaymiz. Bu integral yuqgori chegara x ning funksiyasi

bo’lganligi sababli uni ¢ (X) orqali belgilaymiz, ya‘ni

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»



»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»

#(X) = j f (t)dt

va uni yuqori chegarsi o’zgaruvchi integral deb ataymiz.

1-teorema. Agar f(x) funksiya [a,b] kesmada uzluksiz bo’lsa, u holda

!

#'(X) = ( j f (t)dtJ = f(x)

tenglik o’rinli.
Isboti. [a,b] ga tegishli istalgan x ni olib unga shunday 4x#0 orttirma
beramizki x+4x ham [a,b] ga tegishli bo’lsin. U holda ¢ (x) funksiya

X+Ax

B(X + AX) = j f (t)dt

yangi giymatni gabul gilinadi. Aniq integralning 3-xossasiga ko’ra

X+AX X X+AX X+AX

B(X+ AX) = jf(t)dt :If(t)dt+ jf(t)dt =p(X) + jf(t)dt

bo’ladi. Demak, ¢ (x) funksiyaning orttirmasi

Ap(X) = p(x+A) —p(x) = [ f(t)dt
bo’ladi.
Oxirgi tenglikka o’rta giymat hagidagi teoremani go’llasak
A ¢ (X)=f(c)(x+ Ax-x)=f(c) 4x
hosil bo’ladi, bunda ¢ x bilan x+ 4x orasidagi son. Tenglikni har ikkala tomonini

Ag(x)

AX ga bo’lamiz:
AX

= f(c)

Agar 4x 0 gaintilsa ¢ x ga intiladi va f(x) funksiyaning [a,b] kesmada
uzluksizligidan f(c) ning f(x) ga intilishi kelib chigadi.
Shuning uchun oxirgi tenglikda Ax— 0 da limitga o’tib quyidagini hosil

gilamiz:

#(x) = fim %S() _ 4im P A =900 _ (im £ (c) = fim  (¢) = f (x)

AXx—0 AXx—0 AX

D R A A A N A N N N A A A A
»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»



»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»

Bu teoremaga binoan [a,b] kesmada uzluksiz f(x) funksiya boshlang’ich
funksiyaga ega ekanligi va ¢(x)=ff(t)dt shu funksiyaning boshlang’ich

funksiyalaridan biri bo’lishi kelib chiqadi.
Agar f(x) ning boshqa boshlang’ich funksiyalari uning ¢ (X) boshlang’ich
funksiyasidan fagatgina o’zgarmas C songa farg gilishini hisobga olsak, anigmas

va aniq integrallar orasida bog’lanish o’rnatuvchi
j f (x)dx :j f (t)dt+C

tenglikka ega bo’lamiz.

3. Aniq integralni hisoblash. Nyuton-Leybnis formulasi
Aniq integrallarni integral yig’indining limiti sifatida bevosita hisoblash
ko’p hollarda juda qiyin, uzoq hisoblashlarni talab qiladi va amalda juda kam
qo’llaniladi. Aniq integralni hisoblash uchun Nyuton-Leybnis formulasini kashf
etilishi aniq integralni go’llanish ko’lamini kengayishiga asosiy sabab bo’ldi.

2-teorema. Agar F(x) funksiya uzluksiz f(x) funksiyaning [a,b] kesmadagi
boshlang’ich funksiyasi bo’lsa, u holda If(x)dx aniq integral boshlang’ich
funksiyaning integrallash oraligidagi orttirmasiga teng, ya‘ni
[ 1t =Fo) - F(@) 7)

(7) tenglik aniqg integralni hisoblashning aosiy formulasi yoki Nyuton-Leybnis
formulasi deyiladi.

Isboti. Shartga ko’ra F(x) funksiya f(x) ning biror boshlang’ich funksiyasi

bo’lsin. ¢(x) = _[ f (t)dt funksiya ham f(x) ning boshlang’ich funksiyasi bo’lganligi

uchun ¢ (X)=F(x)+C yoki If(t)dt:F(x)+C. x=a desak Jx.f(t)dt:F(a)+C,

0=F(a)+C, C=-F(a).
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Demak, if(t)dt = F(x)-F(a).
Endi x=Db desak, Nyuton-Leybnis formulasini hosil gilamiz:

j' f (t)dt = F(b) - F(a).
F(b)-F(a) = F(x)T belgilash Kiritilsa Nyuton-Leybnis formulasi

[ f09dx = F(x)z (8)

a

ko’rinishga ega bo’ladi.

T

2
1-misol. Integralni hisoblang: J.sinxdx.
0

Yechish. (-cosx) '=sinx bo’lgani uchun

o—mm

% T
_[ X = —COS X ——(cosE—cosO):—(O—l) =1.
0

. b a+l b ba+l aOH—l
2-misol. jx“dx_ =
a+la a+l

(a#-1)

dx

sin? x

3-misol.

= —Ctgx

m\k)—h\ﬁ

(ctg——ctg ]:—(1 J3)=+/3-1

O N [y

Shunday qilib [a,b] kesmada uzluksiz f(x) funksiya uchun j f(x)dx = F(x)+C
b

bo’lganda | f(x)dx=F(x)+C = F(x)T bo’lar ekan.

a

4. Aniq integralda o’zgaruvchini almashtiris

b
jf(x)dxintegralni hisoblash talab etilsin, bunda f(x) funksiya [a,b] kesmada

uzluksiz. x=¢(t) almashtirish olamiz, bunda ¢(t) [o,f] kesmada uzluksiz va

uzluksiz ¢ '(t) hosilaga ega hamda ¢(a)=a, ¢(8)=b bo’lsin. U holda

b B
[ £00dx=[ f (p(t)e/ ()t

D R A A A N A N N N A A A A
vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv



»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»

formula o’rinli bo’ladi.
Hagigatan ham, agar F(x) funksiya f(x) ning boshlang’ich funksiyasi
bo’lsa, u holda F (¢(t)) funksiya f(¢(t)) ¢ '(t) funksiya uchun boshlang’ich funksiya

bo’lishi isbotlangan edi. Nyuton-Leybnis formulasiga ko’ra

[ (= F ()| = F(b) -~ F(a)
B
[ 1 () Ot = Flo®)| = F(8) - F(o(@)) = Fb) - F (2)

1
4-misol. J\/l— x2dx hisoblansin.
0

Yechish. x=sint deb almashtirsak, dx=costdt, 1-x*> =cos’t bo’ladi.

x=0da sint=0, t=0, x=1 da sint=1, t=%.

NN

1+ 1+cos2t 2t

% :
j (L+ cos 2t)dt = [ S'”th|
24 2 0

on_,mq

J'\/l X dx—jcos tdt =

1|z sinxz sin0 T
=—|—4+——|0+——||=—
2{2 2 ( 2 ﬂ 4

5. Aniq integralni bo’laklab integrallash
Faraz qilaylik, u(x) va v(x) funksiyalar [a,b] kesmada differensiallanuvchi
funksiyalar bo’Isin. U holda
(uv)'=u’'v+uv’

bo’ladi, buni a dan b gacha integrallasak

b b b b b b b b b
(uv)'dx =|u'vdx+|uv'dx Yyoki |d(uv)=|vdu+ |udv,(uv)|=|vdu+|udyv,
(O O Y L P A o,

b p b
bundan  [udv = (uv) |- [vdu..
Bu formula aniq integralni bo’laklab integrallash formulasi deyiladi.
5-misol. [Inxdx hisoblansin.

Yechish.
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