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ON THE FINITENESS OF THE DISCRETE SPECTRUM OF A 3 x3
OPERATOR MATRIX

TULKIN H. RASULOV

ABSTRACT. An operator matrix H associated with a lattice system describing three
particles in interactions, without conservation of the number of particles, is consid-
ered. The structure of the essential spectrum of H is described by the spectra of
two families of the generalized Friedrichs models. A symmetric version of the Wein-
berg equation for eigenvectors of H is obtained. The conditions which guarantee
the finiteness of the number of discrete eigenvalues located below the bottom of the
three-particle branch of the essential spectrum of H is found.

1. INTRODUCTION

One of important problems in the spectral theory of Schrédinger operators and Hamil-
tonians (operator matrices) in a Fock space is to study the number of eigenvalues (bound
states) located outside the essential spectrum. The first mathematical result on the
finiteness of the discrete spectrum of Schrédinger operators for general interactions was
obtained by Uchiyama in [20]. Under natural assumptions on the potential, the essential
spectrum of the continuous Schrédinger operator H. of a system of three pair-wise inter-
acting particles coincides with the half-axis [«; 00), £ < 0. In independent investigations
of Yafaev [21] and Zhislin [24], it was shown that for x < 0 and a sufficiently rapid de-
crease of the interactions in the coordinate space representation the discrete spectrum of
H. is actually finite. In the case x = 0 the finiteness of the discrete spectrum of H. with
certain decreasing interactions was established by Yafaev [22]. Yafaev’s results are based
on the investigation of the Faddeev and Weinberg type system of integral equations for
the resolvent.

The problem of finiteness of the number of eigenvalues of the three-particle discrete
Schrodinger operators Hy was studied by many authors, see for example, [1, 7, 13]. The
authors of [1] used the Faddeev and Weinberg type equations and an expansion of the
Fredholm determinant to prove finiteness of the discrete spectrum of Hyq with pair contact
interactions when the corresponding two-particle discrete Schrédinger operators have no
virtual levels. The Birman-Schwinger principle was used in [7] to prove that the discrete
spectrum of the operator Hy describing systems of three particles (two bosons and a
third particle of a different nature) is finite. In [8], applying the methods developed in
[22] to the Hamiltonian Hy of a system of three arbitrary particles on a lattice, finiteness
of the discrete spectrum of Hy is proved if either only one or none of the two-particle
subsystems has a virtual level. In [13], the finiteness of the number of eigenvalues of
Hg with a specific class of potentials is proved where one of the particles has an infinite
mass.
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In all of the above mentioned papers devoted to the finiteness of the discrete spectrum,
it was considered systems with a fixed number of quasi-particles. It is worth to mention
that there are important problems in the theory of solid-state physics [12], quantum field
theory [6], statistical physics [10, 11], fluid mechanics [5], magnetohydrodynamics [9] and
quantum mechanics [19] where the number of quasi-particles is finite but not fixed. Recall
that the study of systems describing n particles in interaction without conservation of the
number of particles can be reduced to the investigation of the spectral properties of self-
adjoint operators acting in the n-particle cut subspace of the Fock space [6, 11, 12, 18]. In
[18], geometric and commutator techniques were developed in order to find the location
of the spectrum and to prove absence of singular continuous spectrum for Hamiltonians
without the conservation of particle number.

In the present paper we consider an operator matrix H associated with the lattice
system describing three particles in interactions without conservation of the number of
particles. This operator acts in a three-particle subspace H of the bosonic Fock space and
it is a lattice analogue of the spin-boson Hamiltonian [11]. We find sufficient conditions
for the finiteness of the discrete spectrum of H. Note that the operator matrix H has been
considered before in [14, 15, 16, 23] where only its essential spectrum was investigated.

The organization of the present paper is as follows. Section 1 is an introduction to
the whole work. In Section 2, the operator matrix H is described as a bounded self-
adjoint operator in H and the main results are formulated. In Section 3, we prove some
auxiliary lemmas. In Section 4, we obtain a symmetric version of the Weinberg equation
for eigenvectors of H. Section 5 is devoted to the proof of the main results.

2. THE OPERATOR MATRIX AND MAIN RESULTS

2.1. The operator matrix. Let C, R and Z be the set of all complex, real and integer
numbers, respectively. We denote by T? the three-dimensional torus (the first Brillouin
zome, i.e., the dual group of Z?), the cube (—m, 7]? with appropriately identified sides is
equipped with its Haar measure. The torus T? will always be considered as an Abelian
group with respect to the addition and multiplication by real numbers regarded as oper-
ations on the three-dimensional space R® modulo (27Z)3.

Let Lo(T?) be the Hilbert space of square integrable (complex) functions defined on T3
and L3((T?)?) be the Hilbert space of square integrable (complex) symmetric functions
defined on (T3)2. Denote by H the direct sum of spaces Hy = C, Hy = Lo(T?) and
Ha = L§((T?)?), that is, H = Ho & H1 & Ha.

Let us consider the operator matrix (Hamiltonian) H acting in the Hilbert space H
as

Hyp Hor O
H=| Hj Hu Hp |,
0 HYy Ha

where the entries H;; : H; — H;, ¢ < 7, 1,5 = 0,1,2 are defined by

Hoo fo = wofo, Ho1f1= /TS vo(s)fi(s)ds, (Huiif1)(p) =wi(p)fi(p),

(Hi2f2)(p) = /TS v1(5) f2(p,s)ds, Hap=H3, =V, (H3yf2)(p,q) = wa(p,q)f2(p q),

(V£2)(p,q) = v(q) /

T3

v2(s) folp, 5) ds + v2(p) / vals) fa(s,q) ds.

T3
Here f; € H;, i = 0,1,2; wp is a fixed real number, w;(-) and v;(-), i = 0,1,2 are
real-valued continuous functions on T3, the function ws(-,-) is a real-valued continuous
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symmetric function on (T?)?. The operator H}; (i < j) denotes the adjoint to H;; and

(o)) =)o, (Hinfo)(p,q) = 1PN 0@NE)

It follows that under these assumptions H is bounded and self-adjoint.

We recall that the operators Hy; and Hio (resp. Hgy and Hf,) are called annihilation
(resp. creation) operators, respectively. In the present paper we consider the case where
the number of annihilations and creations of the particles of the system is equal to 1,
that is, H;; = 0 for all | — j| > 1.

It is known that the three-particle discrete Schrédinger operator H in the momen-
tum representation acts on the Hilbert space Lo((T?)3). Introducing the total quasi-

fieH;, i=0,1.

momentum K € T2 and choosing relative coordinate system, we decompose H into the
von Neumann direct integral (see for example [1, 7, 8, 13])

H= | H(K)dK,

T3
where the bounded self-adjoint operator H (K), K € T3, acts on the Hilbert space
Ly(Tk). Here T'c C (T3)? being some manifold.

Notice that the operator matrix H satisfies the main spectral properties of the three-
particle discrete Schrédinger operator H (0), where the role of two-particle discrete Schro-
dinger operators is played by the family of the generalized Friedrichs models [3, 4]. For
this reason the Hilbert space H is called the three-particle cut subspace of the bosonic
Fock space Fs(La(T?3)) over Lo(T?) and the operator matrix H is associated to a system
describing three particles in interaction without conservation of the number of particles.
The operator Hso is associated to a system of three quantum particles on a lattice.

To formulate the main results of the paper we introduce the operators H; and Hs
acting in the Hilbert spaces H and Hs, respectively, as

Ho Hor O
Hy = Hgl Hyi Hipo ,  Haz:= Hoag,
0 Hj, HY

and the family of bounded self-adjoint operators (generalized Friedrichs models) h(p),
p € T3, acting in Hy ® H; as

_ (R () ho1
hp) = ( %)31 hno(p) ) ’

hoo(p) fo = w1(p)fo, hoifi = % /TS v1(s)f1(s) ds,

where

hu(p) = 0y (p) —v, (M1 (p)f1)(@) = wa(p, ) f1(a),  (vf1)(q) = va(q) / va(s)f1(s) ds.

’]I‘S

We recall that the operator h(p) is also called molecular-resonance model and it is
associated with the Hamiltonian of the system consisting of at most two particles on
the three-dimensional lattice, interacting via both a nonlocal potential and creation and
annihilation operators.

In [16] it was shown that for any p € T the operator h(p) has at most three eigenvalues.

The spectrum, the essential spectrum, the discrete and point spectrum of a bounded
self-adjoint operator will be denoted by o(+), Tess(+), Taisc(-) and op(+) respectively.

Set

m:= min w , M := max ws(p,q).
i, ws(p, g) max ws(p.q)

The following theorem describes the location of the essential spectrum of the operator
H by the spectrum of the family h(p) of the generalized Friedrichs models [16].
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Theorem 2.1. For the essential spectrum of H the following equality holds:
(2.1) Oess(H) = 0o U[m; M], o:= U oaisc(h(p)).
p€eT3

Moreover, the set oess(H) is a union of at most four bounded closed intervals.

The subsets o and [m; M] are called two-particle and three-particle branches of the
essential spectrum of H, respectively.

2.2. Main assumptions. From now on we always assume that {a, 8} = {1,2} and
a # (3. Denote 7 := (m,m, 7).

Assumption 2.2. The function v, (-) is 27 periodic and vg(-) satisfies the condition

(2.2) / vg(s)g(s)ds =0
T3
for any 27 periodic function g € Lo(T?).

Assumption 2.3. (i) The function wa(-,-) is 27 periodic on each variable p and q, that
is, wa(p + 27, q) = wa(p, q + 27) = wa(p, q) for all p,q € T3;

(ii) The function wy(-,) has a unique non-degenerate minimum at the point (po,po) €
(T*)2. All third order partial derivatives of the functions wi(-) and wa(-,-) are continuous
on T3 and (T®)?, respectively.

Under the Assumption 2.2 and the part (i) of Assumption 2.3 the discrete spectrum of
h(p) coincides (see Lemma 3.1 below) with the union of discrete spectra of the operators

b (p) = ( h(;fa(f’) h?lo(lp) ) and  ha(p) = hi (p).

Tt follows from the definition of the operator h,(p) that its structure is simpler than
that of h(p). Using the Weyl theorem one can easily show that

Uess(h(p)) = Uess(hl(p)) = Uess(h2(p)) = [m(p)v M(p)]a
where the numbers m(p) and M (p) are defined by

m(p) ;= min ws(p, q),  M(p) = maxws(p, q).

For any fixed p € T3, we define the analytic functions in C \ [m(p); M (p)] by
1 vi(s)ds v3(s)ds
Ai(p;z) i =w —z—= — 2 " As(p;z ::1—/ 2y -
pi2) =) - - g [ ST - [ SRS
which are Fredholm determinants associated with the operators hq(p) and ha(p), respec-
tively.
Since the function ws(-,-) has a unique non-degenerate minimum at (po,po) € (T?%)?
and the function v,(+) is a continuous on T2, for any p € T? the integral

/ v2(s)ds
s wa(p,s) —m
is positive and finite. Then the Lebesgue dominated convergence theorem yields
Aa(}?o vm) = lim Aoc(p;m)v
P—Po

and hence the function A, (-;m) is a continuous on T3.
Note that using the fact [2, 3]

Uess(Ha) =0, U [m,M], Oq ‘= U Udisc(hoc(p))

peT3
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together with Assumption 2.2 and part (i) of Assumption 2.3 the equality (2.1) can be
written as

(23) Uess(H) = Uess(Hl) U Uess(H2)~
It was shown in [2, 3] that if miTré Ay(p;m) < 0, then o, N (—oo0;m] # (. Assuming
J4S

miﬂg Ay (p;m) < 0, we introduce the following numbers:
pe
Er(rﬂ = min {0, N (—oo;m]}, EL) :=max{o, N (—oco;m]}.

The following theorem [2, 16] describes the structure of the part of the essential spec-
trum of H, located in (—oo; M].

Theorem 2.4. Let part (ii) of Assumption 2.3 be fulfilled. Then the following assertions
hold.
(i) If min Ay (p;m) > 0, then

peT3

(_OO;M] mo—ess(I——[oz) = [m,M]

(ii) If min A, (p;m) < 0 and max A, (p;m) > 0, then
peT3 peT3

(=003 M| M 0ess(Ha) = [Egihi M), E{), < m.

(iii) If max A, (p;m) < 0, then
p€eT3
(=00 M] N 0ss(Ha) = [Blls ESLI U mi M), B{g) < m.

We notice that if Assumption 2.2 and part (i) of Assumption 2.3 hold, then Theorem
2.4 together with the equality (2.3) describes the structure of the part of the essential
spectrum of H located in (—oo; M].

(@) pl)

If miT% Ay(p;m) <0, then from EL . Enax € 04 it follows that there exist positive
pe
integers nq, ko and points {pai}re;, {qaj}§;1 C T3 such that
TS'A ( E(a))zo —
{pe . al\l; min } {p(xla-"ap(xna}v

{(peT: Aulp: BL) =0} = {¢a1, - -, Gk, }-

Assumption 2.5. There exist positive numbers C, § and Bqi € (0;2],7i=1,...,n4 such
that

Aa(p; ESD > Clp = pail®, p € Us(pai), i=1,...,7,
and the inequality Ay (p; Er(ﬁl) > 0 holds for all p € T3\ {pa1,-- -, Pan, }-

Assumption 2.6. There exist positive numbers K, p and vq; € (0;2], j =1,...,kq such
that

120 (p; BSI = Klp = qoi ™, p € Upgay)s G =1, ka,
and the inequality Ay (p; Er(rf;)x) < 0 holds for all p € T3\ {qa1; - -, Qak, }-
2.3. Statement of the main results. Here we formulate main results of the paper.

Theorem 2.7. Let part (i) of Assumption 2.3 be fulfilled.

(i) If Assumption 2.2 holds with a« = 1 and in addition, the functions vo(:), wi(:) are 27
periodic, then oaisc(H1) C op(H).

(i) If Assumption 2.2 holds with o = 2, then ogisc(H2) C op(H).



ON THE FINITENESS OF THE DISCRETE SPECTRUM OF A 3 x 3 OPERATOR MATRIX 53

Theorem 2.8. Let Assumptions 2.2 and 2.3 be fulfilled. Assume
(a.1) min Aq(p;m) > 0;
peT

(a.2) mm Ay(p;m) <0, max Ay(p;m) > 0 and Assumption 2.5 holds;
pe pe

(a.3) m%)g Ay(p;m) <0 and Assumptions 2.5,2.6 hold.
J4s

If for some i, j € {1,2,3} the conditions (1.7) and (2.5) hold, then the operator matriz
H has a finite number of discrete eigenvalues lying on the left of m.

Remark 2.9. The class of functions wi(-), vi(:), i+ = 1,2 and wa(-,-) satisfying the
conditions in Theorem 2.8 is nonempty (see Lemma 5.1).

Remark 2.10. Note that comparing Theorems 2.7 and 2.8 we have that if the condition

(a.j) in Theorem 2.8 holds for some j € {1,2,3}, then the operator H, has a finite

number of discrete eigenvalues lying on the left of m. If m%r% Ay(p;m) =An(po;m) =0
pe

and vo(po) # 0, then min oess(Ha) = m and it was shown in [3] for a =1 and in [2] for
a = 2 that the operator H,, has infinitely many eigenvalues lying on the left of m. Hence,
in this case by Theorem 2.7 the operator H also has infinitely many eigenvalues lying on

the left of m.

3. SOME AUXILIARY STATEMENTS

The following lemma describes the relation between the eigenvalues of the operators
h(p) and ha(p).

Lemma 3.1. Let Assumption 2.2 and part (i) of Assumption 2.3 be fulfilled. For any
fized p € T3 the number z(p) € C\ [m(p); M(p)] is an eigenvalue for h(p) if and only if
z(p) is an eigenvalue for at least one of the operators hi(p) and ha(p).

Proof. Let p € T3 be fixed. Suppose (fo, f1) € Ho @ H; is an eigenvector of the operator
h(p) associated with the eigenvalue z(p) € C\ [m(p); M (p)]. Then fo and f; satisfy the
following system of equations:

(w1(p) — 0+—/ v1(s)f1(s)ds =0,

(3.1) ,

T50 @+ (ualpq) = )i 0) = v2(0) [ ea(s)i(5)ds =

Since for any ¢ € T? the relation wa(p, ¢) — z(p) # 0 holds, from the second equation
in the system (3.1) for f; we have

__Chw@ 1 wu(@dfe
3.2) D= .0) - 20) ~ VB walog) — =)’
where
(3:3) Cy, = /11‘3 va(s) f1(s) ds

Substituting the expression (3.2) for fi into the first equation of the system (3.1)
and the equality (3.3), we conclude that the system of equations (3.1) has a nontrivial
solution if and only if the system of equations

Mse+ L [ B,
( fo 3w2p, p) !

L p s N -
55 [ it ()fo+Az(p (1)Cs, =0
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has a nontrivial solution (fo,Cy,) € C?, i.e. if the condition

A1<p:z<p>>A2<p;z<p>>—§<A M) .

s w2(p, s) — 2(p)

is satisfied.
By part (i) of Assumption 2.3 for any fixed p € T? the function (w2(p,-) — 2(p))~* €
Lo(T3) is 27 periodic. Applying Assumption 2.2 we obtain

/ vi(s)va(s)ds
s w2(p, s) — z(p)

If we set v2(q) = 0 in the operator h(p), then h(p) = hi(p); in this case the number
z(p) € C\ [m(p); M (p)] is an eigenvalue of hy(p) if and only if A1(p;z(p)) = 0. Similarly
one can show that the number z(p) € C\ [m(p); M (p)] is an eigenvalue of ha(p) if and
only if As(p;z(p)) = 0. The lemma is proved. a

Lemma 3.2. Let m%r% Ay (p;m) > 0. Then there exists a positive number Cy such that
pe
the inequality Ay (p;z) > C1 holds for all p € T3 and z < m.

Proof. Since for any p € T? the function A, (p;-) is monotonically decreasing in (—oo; m],
we have

An(p;z) 2 Aa(p;m) > min Ay (p;m) >0
peT3

for all p € T? and z < m. Now setting Cy := miTré Ay (p;m) we complete the proof of
pe

lemma. |

For some 6 > 0 we set
Us(po) == {p € T? : |[p — po| < 6}.

Lemma 3.3. If Assumption 2.5 resp. 2.6 holds, then for any § > 0 there exist the
positive numbers C1(0) and Co(0) such that
() Ba(p; ESG)) = C1(6) for any p € T\ U Us(pas);

i=1

1=

resp.

ko
(i) |Aa(p; Exide)| = C2(6) for any p € T\ U Us(da):
]:
Proof. Let Assumption 2.5 be fulfilled. Then the inequality Aa(p;Elg?i)n) > 0 holds
for any T2 \ {pa1,---,Pan, }- Since for any & > 0 the set T3 \ Lj Us(pai) is compact
i=1
and Ay (- B ) is the positive continuous function on this set, there exists the number

» ~min

C41(6) > 0 such that the assertion (i) of lemma holds. Proof of assertion (ii) is similar. O

Lemma 3.4. Let part (ii) of Assumption 2.3 be fulfilled. Then there exist positive num-
bers C1,Cs,C5 and § such that the following inequalities hold:

(i) Ci(lp = pol® + g = pol®) < w2(p,q) —m < Ca(lp — pol? + lg — pol?), p,q € Us(po);
(ii) wa(p,q) —m = Cs, (p,q) € Us(po) x Us(po).

Proof. By part (ii) of Assumption 2.3 the all third order partial derivatives of ws(-,-) are
continuous on (T?)? and it has a unique non-degenerate minimum at the point (po, po) €
(T3)2. Then by the Hadamard lemma [25] there exists a J-neighborhood of the point
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po € T? such that the following decomposition holds:
1
w2(p,q) = m+ 5 (Wi(p = po),p = po) + 2(W2(p — po), ¢ = po) + (W1(a = o), ¢ — o))

+ > Hsz(p,Q)H(p(i)—péi))si(q(i)—péi))“, p,q € Us(po),
Is| T 11]=3 =1

where

W 02w (po, o) \° W e 02w (po, o) \°
L ap@Dop® ), ., 2 apDag ), .

82(81,82783), l:(ll,ZQ,lg), ‘S‘ = 81 + 82 + 83, Si,li 6{0,1,2,3}, i:1,2,3,

and Hg/(-,-) with |s| 4+ |I|] = 3 are continuous functions in Us(po) % Us(po). Therefore,
there exist positive numbers C1, Cq, Cs such that (i) and (ii) hold true. O

4. THE WEINBERG TYPE SYSTEM OF INTEGRAL EQUATIONS

In this section we derive an analogue of the Weinberg type system of integral equations
for the eigenvectors, corresponding to the eigenvalues of H, lying on the left of m.
Let 7ess(H) be the lower bound of the essential spectrum of H. It is clear that
Any(p;z) > 0 for all p € T3 and 2z € (—00;Tess(H)); if rréz%Aa(p;m) < 0, then
P

Ay(p;z) <Oforallp € T? and z € (EIS?QX; m). So sign(Aq(p; z)) depends on the location
of 2 € (—oo;m) \ Tess(H) and does not depend on p € T3. For z € (—00;m) \ 0ess(H) we
set £4(2) = sign(A,(p; 2)).

Let for any z € (—00;m) \ 0ess(H) the operator W (z) act in the Hilbert space H as a
3 x 3 operator matrix with entries W;;(z) : H; — H,, 4,5 = 0,1, 2 defined by

B vo(s)g1(s) ds
/& (2)A1(s52)

~&(z)w(Pp)g
&(2)A1(p;z)

Woo(2)go = (1 + 2z —wo)go, Woi(2)g1 =

Woz2(2) =0,  (Wio(2)g0)(p) = —

51(2)111 (p) Ul(s)gl(s) ds
(W1(=)91)(p) 2V/&(2)A1(p; z) Jre A1 (53 2)(wa(p, s
_ 51 _ G=va(p) )92(8 t) ds dt
Wiale)an)) =~ / 3 / 3 A2 T

v1(p)(Wio(2)g0)(q )+U1( )(Wio(2)g 0)(]3)

2(w2(pa Q) - Z)

. 52( Jvi(p)v2(q) v2(s)g1(s) ds

(W21(Z)gl)(p7 q) - 2 ’U)2 p’ . Z \/52 A2 p Z - \/51 Al(S,Z (’U)Q(p, S) - Z)
_ 52( Jui(q)v2(p) v2(s)g1(s) ds

2(w2(p, q) — 2)v/&2(2)A2(q; 2) J1 /€1 (2) A1 (s 2)(wa(g, s) — 2)

vi(p )(Wn( )g1)(q) +v1(q)(Wi1(2)g1)(p)
2(’[1)2(]7,(]) _’Z) ’
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; _ ( (p)v2(q) (s,t) ds dt
Warl2)e2) 0, 0) = (w2(p,q) — = \/5 (2)Az(p; 2 /TS /TS £2 Az (s32)(wz(p, s
( 2(p)v2(g t)ga(s,t) ds dt
- (wa(p, q) — 2)\/&(2)A 261,2)/T3/T3 Azsz )(w2(q, s
v1(p)(Wi2(2)g2)(q) +v1(q)(Wi2(2)g )(p)
2(w2(p, q) — 2) ’

where g; € H;, 1 =0,1,2.
We have the following lemma.

Lemma 4.1. Let Assumption 2.2 and part (1) of Assumption 2.3 be fulfilled. If f € H
is an eigenvector corresponding to the eigenvalue z € (—oo;m) \ oess(H) of H, then f
satisfies the Weinberg equation W (2)f = f.

Proof. Let z € (—oo;m) \ 0ess(H) be an eigenvalue of the operator H and
f=(fo,fi,f2) €H
be the corresponding eigenvector. Then fy, f1 and f; satisfy the system of equations
(Hoo — 2)fo + Ho1 f1 = 0,
(4.1) (H10fo)(p) + ((H11 — 2) f1)(p) + (H12f2)(p) = 0,
(Ha1.f1)(p: ) + (Hsy — 2) f2)(p,q) — (V f2)(p,q) = 0.

Since z < m, from the third equation of the system (4.1) for fo we have

_ va(@)fa(p) +v2(p)fala)  vi(@)fi(p) +v1(p)fi(q)
e A ) e 2Awslp)—2)

where
(13) Fal0) = [ oa(s) ol s) ds

Substituting the expression (4.2) for fs into the second equation in the system (4.1)
and the equality (4.3) and using Assumptions 2.2 and 2.3, we obtain

fo=04z—wo)fo —/ vo(s)f1(s)ds =0,

T3

(14 DipiDne) = —wlfo+ " [ OO [ e S

2 s wa(p,s) — z s wa(p,s) —z
r 0 [ @A | (s ds
Aa(p;2)f2(p) = 2 /Ts wa(p,s) — 2 +v2(p) /Ts wa(p,s) —z

It is clear that the inequality £, (2)Aqs(p;2) > 0 holds for all z € (—oo;m) \ gess(H ) and
p € T3. Therefore, the system of equations (4.4) has a nontrivial solution if and only if
the following system of equations:

fo=Woo(2)fo+ Woi(z)f1 =0,
f1(p) = (Wio(2) fo)(p) + (Wi (2) f1)(p)

_ &=vap) vi(8)fa(s) ds
Ve (2)A1(p;z) Jrs /& (2)As(s;2) (w2 (p, s
o) = §2(2)v1(p) v2(s) f1(s) ds
2/6(2)A0(p; 2) 1 VE(Z)AL(s; 2) (walp, 5) — 2)
_ &L(R)walp) va(s) fa(s) ds

+
§2(2)A2(p; 2) J1s /62(2)A2(s; 2)(wa(p,
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has a nontrivial solution. _
Substituting the last expressions for f; and f, into the formula (4.2) and using the
equality (4.3), we obtain the Weinberg equation W (z)f = f. |

Set

Y= [Tess(H) — 1;m] \ Oess (H).

Lemma 4.2. Let assumptions in Theorem 2.8 be fulfilled. Then the operator W(z) is
compact for z € ¥ and the operator-valued function W(z) is continuous in the uniform
operator topology for z € 3.

Proof. First for the convenience using Theorem 2.7 we describe the structure of the
set X :
(1) if min Ay (p;m) >0, then 3 = [m — 1;m];

peT3

(ii) if m%rr% Ay(p;m) < 0 and maXAa(p'm) > 0, then ¥ = [Eumin — 1; Emin], where
pe

BErin = mln{E(l) Emln} and Emln <m;

min’

1il lf min Aa pim < 0, maXAa pim >0 and min A pim > 0, then ¥ = E(a)
= ¥é3 =
peT3 peT3

min

1; B¢ )] with B(%) <

min min

(iv) if maXAa(p,m) < 0 and min Ag(p;m) > 0, then ¥ = [E(Of) — I;E(q)] U [Erg?gx;m}

with Er(fa)x <m;
if Aq(p; < 0, min Ag(p; < 0 and Ag(p; >0, th
(v) i max (p;m) iy s(p;m) <0 an max s(p;m) en

o [Emin — L Eminl, if B > BV
B, - LESUESRGED,  if Bk < B,

with Er(‘(;la)xv E¥ < m;

(vi) if max Ao (p3m) <0, then £ = [ress(H) = Lim] \ {(Ep: Eina) U (Eqihy: Eiide)} with
pPE
Ex(na)x < m.
We will prove the statement of the lemma for the case (vi) with Evn = Er(m)n = Eﬁ)n
and Fpax := Er(nla)ux = max. Other cases can be proven in a similar.
Let max Ay (p;m) < 0and Assumptions 2.5, 2.6 be fulfilled. For z € (—00; m)\ess(H)
peE

denote by W(p, ¢, s,t; z) the kernel of the operator Way(2).
We have the following inequalities:

w2(p,q) — 2> m — Epin >0 forall p,geT? 2< Eyn;

wa(p,q) — 2> (M — Enax)/2 >0 forall p,q € T3, 2 € [Emax; (M + Fmax)/2].

Then by Assumptions 2.5, 2.6 and Lemma 3.3 the function |W(:,-,-,;2)| can be
estimated by

<1+Z ‘X5 p— plz Z |X5 q— plz Z ‘X5 p— pQ'L Z |X5 q— p2z >

p = puil#1+/2 q — pu|?/? P = pail /2 q — pai|?2:/?
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for z < Eni, and by

Xp p— q13 q1j Xp Y2 CI2J ng
) +Z| ZIq—q j[713/2 Z\ Z\q qaj |2/

p — qu;]7/? D — qoj|729/2
for 2 € [Emax, (M + Fmax)/2], where x;(-) is the characteristic function of Us(0).
Since £4(2) = 1 for any z € (Emax; m) and max Aq(p;m) <0, for any z € (Eyax; m)
pE
we have m%§(fa(z)Aa(p ;m)) > 0. Therefore, Lemmas 3.2 and 3.4 imply that the function
pe
[W (.-, 2)| can be estimated by

o (1 Xs(p — po)xs(q — po)) ( Xo(p = po)xs(s —po) | Xs(q = Po)xs(s — Po))
5 (14 1+ +

lp = pol? + g — pol? lp—pol? +1[s —pol> g —pol*>+ |5 — pol?
for z € [(m + Emax)/2;m].

The latter three functions are square integrable on (T3)% and hence the operator
Waa(z) is Hilbert Schmidt for any z € (—o00; Enin] U [Emax; m]-

A similar argument shows that the operators Wi1(2), Wia(z) and Way(z) are also
Hilbert Schmidt for any z € X.

For any z € (—00;m)\0ess(H ) the kernel function of W;;(z), ¢,j = 1,2 is continuous on
its domain. Therefore the continuity of the operator-valued functions W;;(z), 4,7 = 1,21in
the uniform operator topology for z € ¥ follows from Lebesgue’s dominated convergence
theorem.

Since for all z € ¥ the operators Woo(2), Woi1(z), Wio(2) and Wag(z) are of rank 1
and continuous in the uniform operator topology for z € ¥, one concludes that W(z) is
compact for z € ¥ and the operator-valued function W (%) is continuous in the uniform
operator topology for z € 3. O

5. PROOF OF THE MAIN RESULTS

In this section we prove Theorems 2.7 and 2.8.

Proof of Theorem 2.7. Let a = 1. If 21 € C\ 0ess(H1) is an eigenvalue of the operator Hq
and f = (fo, f1, f2) € H is the corresponding eigenvector, then fo, f1 and fs are satisfy
the following system of equations:

(wo — 21) fo +/ vo(s)f1(s)ds =0,

’]I‘S
6.1) @) o+ (010 =20 f(0) + [ 0i(5) atos) ds = 0
S 010 2(@) + 01(@)i(p) + (wa(p,0) — 1) fo(pra) = 0.
Since z1 & [m; M|, from the third equation of the system (5.1) for fo we have
(5.2) fo(prq) = _u@hle +u(@filp)

2(wz2(p, q) — 21)
Substituting the expression (5.2) for fs into the second equation of the system (5.1),

we obtain
Ml i) = [ AR,

2 s wa(p,s) — 21
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Since 21 & 0ess(H1) the inequality Aq(p;z1) # 0 holds for all p € T3. From the last
equation we have

fl(P) ’1)1(])) /]r U1 (S)fl(S) ds _ 'UO(p)fO

T 201(p;21) Jus wa(p,s) — 21 Dilpia)

The functions vg(-), v1(+), wi(+) and wa(-,q), ¢ € T? are 27 periodic and hence the
function fi(-) is also 27 periodic. Therefore, for any fixed p € T3 the function fa(p, )
defined by (5.2), is 27 periodic. Hence this function satisfies the condition (2.2), that is,
V fo = 0. So the number z1 € o4isc(H1) is an eigenvalue of H with the same eigenvector
f = (fo, f1, f2) € H. Therefore, oqisc(H1) C op(H).

Let now 22 € oqisc(Hz2) and go € Ha be the eigenfunction corresponding to the discrete
eigenvalue z5. Then similar analysis shows that Hi2g2 = 0, which guarantee that the
number z3 € o4isc(H2) is an eigenvalue of H and corresponding eigenvector g has form
g=1(0,0,92) € H, that is, oqisc(H2) C op(H). Theorem 2.7 is proved. O

Proof of Theorem 2.8. We prove the finiteness of the number of discrete eigenvalues lo-
cated on the left of m for the case when max Ay (p;m) < 0. Other cases can be proven
peE

similarly. Suppose that the operator H has an infinite number of discrete eigenvalues
(Ek)pen C (Bmax; m). Then three cases are possible
(i) limk—m)o Ek =1m;
(11) limg oo B = Emax;
(iii) there exist (E},), o> (By) ey C (Bk) ey such that limy o E}, = m and
lim E} = Emax-
k—oo
Let us consider the case (iii). For each k € N we denote by ¢r € H and vy € H
the orthonormal eigenvectors corresponding to the eigenvalues Ej and E}, respectively.
Then it follows from Lemma 4.1 that ¢ = W(E})pr and ¢, = W(E} )y for any
k € N. By virtue of Lemma 4.2 the operators W (Ewax), W(m) are compact and ||W(z) —

W(Emax)|| — 0 and [|[W(z) — W (m)|| — 0 as z — Emax + 0 and z — m — 0, respectively.
Therefore,

L=kl = W(ER)¢rl < |(W(EL) = W (Ewmax)) @kl + W (Emasx) ekl — 0,
L= [l = W(E) el < [(W(EY) = W (m)) gl + [W (m)vl| — 0

as k — oo. This contradiction implies that the points z = Ey,.x and z = m can not be
limit points of the set of discrete eigenvalues of H belonging to the interval (Epax;m).
Similar arguments show that other edges of ¥ are also cannot be accumulation point for
the set of discrete eigenvalues of H smaller than m. O

The following example shows that the class of functions wi(+), v;(-), ¢ = 1,2 and
wa(+, +) satisfying the conditions of Theorem 2.8 is nonempty.

Lemma 5.1. Let
v1(p) := Zci cosp,  Ta(p) := Zdi cos(p /2),
i=1 i=1
Ua(p) =V 227&/101 6oc(p)v a = 17 27

wi(p) =1, walp,q) =e(p)+elq), elp)= Z(l — cosp'¥),

where o, > 0; ¢;,d;, 1 = 1,2,3 are arbitrary real numbers.
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2(s)ds\ 02(s)ds \
,u(o) — / v, (s)ds M(l) o / 05 (s)ds
o« T3 6(8) ’ o T3 6+€(S)
Then the functions wi(+), va (), a = 1,2 and wa(+,-) are satisfy Assumptions 2.2, 2.3,

2.5, 2.6. Moreover,
(i) i 0 < i < g1

Set

), then min A, (p;m) > 0;
peT3

(ii) of u&o) < po < u&l), then min A, (p;m) <0 and max A, (p;m) > 0;
peT3 peT3

(iil) of pa > ug), then max A, (p;m) < 0.
peT3
Proof. Let g € Ly(T3) be as in Assumption 2.2. Then we have

/ va(s)g(s) ds = / va(s +2m)g(s +27) ds = —/ va(s)g(s) ds,

T3 T3 T3

which yields the equality (2.2), that is, Assumption 2.2 holds with o = 1 and § = 2.
From the definition of ws(-,+) it follows that this function has a unique zero non-

degenerate minimum at (0,0) € (T?)? and it satisfies all conditions of Assumption 2.3.

The assertions (i)—(iii) directly follow from the definition of the numbers u&o) and ug}).

Let u,(lo) < po < u&l). We prove that the function Aa(-'E(a)) has a unique non-

degenerate minimum at 0 € T3. Simple calculations show that A, (p; Er(rfgl) > A, (0;
E)) for all p £ 0.

min
Since E(szl € (—00,0), it is clear that the function Aa(-; E(%)) is twice continuously

mi ’ ~min

differentiable in T?. Moreover, from the equalities

9*Aa(p; ELS)) @ 2 (s) ds
apopt)  Ha P (@) 2
pop 2y (6(0) +e(s) = Epin)
. 22(s) d
- 2:U’oc(Sin p(l))Q/ UQ(S) i (a)~\3’ 1=1,2,3,
1 (e(p) +€(s) — Eyin)?
62Aa . E(O{) . . ~2 d
W = —2y10sin p sin pm/ Pa(o) ds o (#4145 =123
Op'*)dp 8 (e(p) +&(s) — Epin)?
we get

9?84 (0 E) P*0a(0; L)) o
S > Tawae s =% i#4 6i=123

Using these facts, one may verify that the matrix of the second order partial deriva-

>0,

tives of the function A, (- E(O‘)) at the point p = 0 is positive definite. Thus the func-

tion Ay (% Eﬁﬁi) has a non-degenerate minimum at the point p = 0. Then the equality
A, (0; Eﬁﬁi) = 0 implies that there exist the numbers 6 > 0 and C' > 0 such that
Dalp:i EG = ClP p e Us(0),
that is, Assumption 2.5 holds with no = 1, pa1 = 0 and Ba1 = 2.
In the case pq > ug) one can similarly show that there exist p > 0 and K > 0 such
that

|Aa(p; B > Klp =7, peUy(7),

max

that is, Assumption 2.6 holds with k, = 1, go1 = T and 41 = 2. O
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