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CHIZIQLI INTEGRAL TENGLAMALAR SISTEMASI

1. Integral tenglamalar HAQIDA TUSHUNCHA
Integral tenglamalar nazariyasi shu qadar rivojlanib, tenglamalarning turlari shu qadar ko`payib ketdiki, ularga umumiy ta`rif berishning iloji bo`lmay qoldi. Shunday bo`lsa ham kitobxonda biror boshlang’ich taasurot qolishi uchun integral tenglamaning ilgarilari qabul qilingan ta`rifini eslatib o`tamiz. Ma`lumki, agar biror tenglamadagi no`malum funksiya differensiallash ishorasi ostida bo`lsa, bunday tenglama differentsial tenglama deb yuritiladi. Integral tenglama ta`rifi ham shunga o`xshaydi. 


Agar tenglamadagi no`malum funksiya shu funksiyaning argumenti bo`yicha olinadigan integral ishorasi ostida bo`lsa, bunday tenglama integral tenglama deb ataladi. Integral tenglamaning turlari ko`p ulardan ba`zilari quyidagilar.

FREDGOLM TENGLAMALARI.

Ushbu integral tenglama Fredgolmning birinchi tur tenglamasi deyiladi:
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 berilgan haqiqiy o`zgarmas sonlardir.


Fredgolmning ikkinchi tur tenglamasi deb quyidagi tenglamani aytamiz:
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Bu tenglamadagi no`malum funksiya 
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 tenglamaning parametri deb ataladi.
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Nihoyat, ushbu 
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tenglama uchinchi tur integral tenglama deb ataladi.
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   bo`lsa, undan (2) tenglam kelib chiqadi. Yuqorida biz tanishgan integral tenglamalarning barchasida noma`lum 
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 erkli o`zgaruvchining funksiyasidir. Misol uchun quyidagi integral tenglamani olaylik:
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demak, bu tenglama Fredgol’mning ikkinchi tur tenglamalaridan ekan.


Integral tenglamada ishtirok etadigan noma`lum funksiya ikki argumentli bo`lishi ham mumkin. U holda, masalan, ikkinchi tur tenglama quyidagicha yoziladi.
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Bu yerda 
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 sohada berilgan deb xisoblanadi; 
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 lar berilgan o`zgarmas xaqiqiy sonlardir. Ana Shunday tenglamalarga misol sifatida quyidagi tenglamani ko`rsatish mumkin:
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Umuman integral tenglamadagi noma`lum funksiya 
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 ko`p argumentli ham bo`lishi mumkin, u holda Fredgol’m tenglamasidagi integral 1
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 karrali bo`ladi.

Vol’terra tenglamalari.
Ushbu 
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Integral tenglama Vol’terraning birinchi tur tenglamasi deb ataladi; bu yerda 
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 sohada aniqlangan deb xisoblanadi.


Vol’terraning ikkinchi tur tenglamasi quyidagicha yoziladi:
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Agar 
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tenglama kelib chiqadi. Yuqoridagilardan ko`rinadiki, vol’terra tenglamalarida integralning chegaralaridan biri o`zgaruvchili bo`lib, Fredgol’m tenlamalarida ikkita chegarasi  ham o`zgarmas sonlar bo`ladi. Masalan quyidagi tenglamalar Vol’terra tenglamalaridir.
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Vol’terra tenglamalaridagi noma`lum funksiyalar ko`p argumentli, jumladan, ikki argumentli ham bo`lishi mumkin. U holda Vol’terraning ikkinchi tur tenglamasi quyidagicha yoziladi.
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 sohada aniqlangan deb hisoblanadi. Masalan, quyidagilar Shunday tenglamalardir:
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Oddiy differensial tenglama bilan integral tenglama orasidagi bog’lanish.


Quyidagi 
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berilgan bo`lsin. Tenglamaning Shu shartlarni qanoatlantiruvchi yechimini topish talab qilinsin (Koshi masalasi). Mana Shu chegara shartlaridan foydalanib, berilgan differensial tenglamani unga mos bo`lgan integral tenglamaga aylantirish mumkin. Qisqaroq va soddaroq bayon qilish maqsadida 
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tenglama va 
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chegara shartlari berilgan bo`lsin. Bu masalaga mos integral tenlamani topish maqsadida 
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kelib chiqadi. Qulaylik uchun buni 
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ko`rinishida yozib olaylik. (11) ga asosan
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Bu tenglikning ikki tomonidan integral olamiz:
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mana shu takroriy integraldan oddiy integralga o`tish maqsadida Koshining ushbu 
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formulasidan foydalanamiz. Demak, 
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Endi 
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Demak boshlang’ich shartlar bilan berilgan (10) differensial tenglama o`rniga (13) integral tenglamani yechish kifoya. Ma`lumki differensial tenglamalarni, ayniqsa,  o`zgaruvchan koeffitsientli differensial tenglamalarni yechish ko`pincha juda mushkul ish bo`ladi. Ularni almashtiruvchi integral tenglamalarning qulayligi Shundaki, ular chegara shartlarini o`z ichiga olishi bilan birga, ba`zan, osongina echiladi. Integral tenglamalarni yechish metodlari uncha ko`p emas.  

1-misol.  Ushbu tenglama 
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boshlang’ich shartlari berilgan. Bularga mos integral tenglama tuzilsin.

Noma`lum funksiyaning ikkinchi hosilasini quyidagicha belgilaymiz.


[image: image86.wmf])

(

x

u

y

=

¢

¢
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Berilgan shartlarga ko`ra 
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U holda bu yerdan
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Koshi formulasiga asosan buni
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Mana shu 
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bu ifodadagi integrallarni birlashtirsak, ushbu
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integral tenglama hosil bo`ladi
2-misol.  Ushbu differensial tenglama
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boshlang’ich shartlari berilgan. Bularga mos integral tenglama tuzilsin. Odatdagicha 


[image: image104.wmf])

(

x

u

y

=

¢

¢


deb belgilaymiz. Bundan

[image: image105.wmf]ò

+

=

¢

x

c

dt

t

u

y

0

1

)

(


boshlang’ich shartlarga ko`ra 
[image: image106.wmf]0

=

x

 bo`lganda 
[image: image107.wmf]1

=

¢

y

 shu sababli 
[image: image108.wmf]1

1

=

c

 bo`ladi. Demak,


[image: image109.wmf]

 EMBED Equation.3  [image: image110.wmf]ò

+

=

¢

x

dt

t

u

y

0

.

)

(

1


bundan yana bir marta integral olinsa, 


[image: image111.wmf]

 EMBED Equation.3  [image: image112.wmf]ò

ò

ò

ò

+

+

=

+

+

=

x

x

x

x

c

dt

t

u

dt

x

c

dt

dt

t

u

y

0

2

0

0

2

0

)

(

)

)

(

1

(


boshlang’ich shartlarga ko`ra 
[image: image113.wmf],

0

=

x

 bo`lganda, 
[image: image114.wmf]0

=

y

 bo`lishi kerak shu sababli 
[image: image115.wmf]0

2

=

c

 bo`ladi. Koshining Yuqorida keltirilgan formulasiga muvofiq.


[image: image116.wmf]ò

-

+

=

x

dt

t

u

t

x

x

y

0

)

(

)

(


Endi berilgan differensial tenglamaga 
[image: image117.wmf]y

y

¢

¢

,

 lar uchun aniqlangan ifodalarni qo`yamiz, u holda 


[image: image118.wmf]ò

=

-

+

+

=

+

¢

¢

x

x

dt

t

u

t

x

x

x

u

y

y

0

cos

)

(

)

(

)

(


bundan esa ushbu

[image: image119.wmf]ò

-

+

+

-

=

x

dt

t

u

x

t

x

x

x

u

0

)

(

)

(

cos

)

(


Integral tenglama kelib chiqadi.

3-misol.  Ushbu 
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Boshlang’ich shartlar berilgan. Bularga mos integral tenglama tuzilsin. odatdagicha,
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hosil bo`ladi. Boshlang’ich shartga asosan 
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2. Bir argumantli funksiya uchun integral tenglamalar sistemasi.

Bunda eng sodda chiziqli inteshral tenglamalar sistemalari va ba’zi integro-diferentsial tenglamalar sistemalarini yechish bilan tanishamiz. Biz faqat ikkita noma’lum funksiya uchun yozilgan tenglamalar sistemalarini yechish usullaridan birini ko`rsatamiz. Bu usul noma’lumlarning soni ikkitadan ortiq bo`lganda ham yaroqlidir. Bunda ham barcha sistemalarni biz faqat ketma-ket yaqinlashish usuli bilan yechamiz, chunki bu eng umumiy usullardan biridir.

Noma’lum funksiyalari bir argumentli bo`lgan tenglamalarni sistemalarini yechish bilan shug’ullanamiz. Eng sodda hollardan birini olaylik.

Misol. Ushbu chiziqli integral tenglamalar   sistemasini yechamiz:
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Endi barcha sistemalarning yechimini quyidagi ikkita funksional qator ko`rinishida izlaymiz:
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Faraz qilaylik, (1) sistemaning yechimi (2) qatorlardan iborat bo`lsin.       U holda (2) ni (1) ga qo`yish natijasida quyidagi ayniyatlar hosil bo`ladi:
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Har bir tenglikni ikki tomonidagi bir xil darajali 
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shuningdek,
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Endi topilgan ifodalarni (2) qatorga qo`ysak izlanayotgan yechim kelib chiqadi:
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Faraz qilaylik,   
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2-Misol. Ushbu chiziqli integral tenglamalar sistemasini yechamiz:


[image: image158.wmf](

)

(

)

(

)

(

)

(

)

4

,

ï

ï

î

ï

ï

í

ì

+

=

+

=

ò

ò

®

®

x

x

ax

x

x

ax

dt

t

u

e

x

dt

t

e

x

u

s

s

l

n

n

l


bunda  
[image: image159.wmf]0

,

0

¹

>

a

s


Bu sistemaga xam (2) qatorlarni qo`yib, ayniyatlar hosil qilamiz. So`ngra   
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Bu ifodalarda
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bo`ladi. Bular 
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Endi mana shu topilgan ifodalarni (2) ga qo`ysak, izlayotgan yechim hosil bo`ladi:
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Agar 
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bo`lib, berilgan sistema ushbu 
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ko`rinishni oladi va uning yechimi quyidagicha bo`ladi:
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3-misol. Ushbu chiziqli integral tenglamalar sistemasi yechamiz:
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Sistemani ketma-ket yaqinlashish usuli bilan yechish maqsadida unga (2) qatorni qo`yamiz. Natijada ikkita ayniyat hosil bo`ladi. Koeffitsientlarni tenglash yo`li bilan birin-ketin 
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bo`ladi. Xuddi shuningdek,
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Tekshirishlar ko`rsatadiki, umuman quyidagicha yozish mumkin:
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Endi topilgan ifodalarni (2) qatorga qo`yib, ushbu yechimni hosil qilamiz:


[image: image200.wmf](

)

(

)

(

)

12

3

2

1

3

2

1

3

2

1

3

2

1

2

1

3

2

1

3

2

1

2

1

ï

î

ï

í

ì

+

+

+

+

=

+

+

+

+

=

K

K

m

m

m

m

m

m

x

A

A

aA

x

A

bA

x

aA

b

x

v

x

A

A

bA

x

A

aA

x

bA

a

x

u

l

l

l

l

l

l
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 deb faraz qilsak  (10) dan Vol’terra tenglamalarining sistemasi hosil bo`ladi, uning yechimini hosil qilish uchun (12) yechimda
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deb  olish kerak bo`ladi.

3.  Ikki argumentli funksiya uchun integral tenglamalar sistemasi.

Bunda noma’lum funksiyalari ikki argumentli bo`lgan chiziqli integral tenglamalar sistemalarini yechish bilan shug’ullanamiz.

1-misol. Ushbu chiziqli integral tenglamalar sistemasi yechilsin:
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Bunda barcha tenglamalar sistemalarini quyidagi ikkita funksional qator yordami bilan yechamiz, ya’ni ketma-ket yaqinlashish usulidan foydalanamiz:
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Bu yerda  
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 lar noma’lum funksiyalar bo`lib, sistemani yechishda ularni aniqlash talab etiladi.


Faraz qilaylik, (14) qatorlar (13) sistemaning yechimi bo`lsin. U holda (14) ni (13) ga qo`shish natijasida quyidagi ikkita ayniyat hosil bo`ladi:
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Bularning ikki tomonidagi bir xil darajali 
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Demak,
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Umumiy qonuniyat ravshan bo`lib qolgani uchun quyidagicha yozish mumkin;
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Mana shularni (14) qatorlarga qo`yish natijasida izlanayotgan yechimni hosil qilamiz:
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 bo`ladi.

2-misol. Ushbu chiziqli integral tenglamalar sistemasi yechilsin:
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Bu sistemaga (14) ko`rinishida yozilgan yechimni qo`ysak, ikkita ayniyat hosil bo`ladi. Har birining ikki tomonidagi bir xil darajali 
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larni topamiz:
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bu ifodalarda 
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Bularning 
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 ko`paytuvchilardan iborat bo`lgani sababli quyidagicha yozish mumkin bo`ladi:
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Endi mana shu ifodalarning (14) ga qo`yish natijasida izlanayotgan yechim hosil bo`ladi:
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Agar 
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 parametrning tanlab olish bizning ixtiyorimizda bo`lsa, uni Shunday tanlab olamizki, natijada 
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 bo`lib qolsin. U holda (18) dan ushbu yechim hosil bo`ladi:
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bo`ladi. U holda berilgan sistemasidan
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tenglamalar sistemasi hosil bo`lib, bu hol uchun yozilgan (18) va (19) yechimlarda 
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3-misol Ushbu chiziqli integral tenglamalar sistemasini yechamiz:
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bu yerda 
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Yuqoridagi usul bilan (14) qatorlar yordamida quyidagilar topiladi:
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Bularning (14) ga qo`yish natijasida ushbu yechim hosil bo`ladi:
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4-misol. Ushbu chiziqli integral tenglamalar sistemasini yechamiz:
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Shu yo`lda davom etilaversa, umuman quyidagicha yozish mumkin:
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Endi 
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4.  Eng sodda integro-differensial tenglamalar sistemalari.

Bunda biz ikkita chiziqli integro-differensial tenglamalarning eng sodda sistemalrining yechish bilan chegaralanamiz. Dastlab, noma’lumlari bir argumentli bo`lgan tenglamalarni (2) qatorlar yordamida yechamiz. Yechish protsessini misollarda ko`rsatamiz.

1-misol. Ushbu chiziqli integro-differensial tenglamalar sistemasini yechamiz:
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Bu sistemaga (2) qatorlarni keltirib qo`yish natijasida quyidagi ikkita ayniyat hosil bo`ladi: 
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Bularning ikkala tomonidagi bir xil darajali 
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Bularning qisqacha
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Shu usulda quyidagilarni ham topish oson:
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Endi bu yerdagi 
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Bularning xar birida ikkala tomondagi bir xil darajali 
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Shuningdek,
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Bu ifodalarning juft nomerlariga aloxida, toq nomerlariga aloxida e’tibor qaratsak, muayyan qonuniyat borligi ko`rinadi. Juft nomerlar ixtiyoriy 
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  bo`lishi xam mumkin, ammo konkret masalaning birdan bir yechimini olish uchun bu sonlarning aniqlovchi boshlangich shartlar berilgan bo`lishi kerak.

2-misol Ushbu chiziqli integro-differensial tenglamalar sistemasini yechamiz:
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Mana shu sistemaga (2) qatorldarni qo`yamiz, so`ngra hosil bo`lgan ikkala aynityatdan birin-ketin 
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Bu ifodalarni qisqacha quyidagicha yozish mumkin:
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Xuddi mana shu yo`l bilan 
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va xokazo.


Bularning barchasini (2) qatorlarga qo`yib, so`ngra hosil bo`lgan yechimni quyidagicha ixcham holda yozish maqsadga muvofiqdir:
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Endi 
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 larni aniqlash maqsadida (30) ni (29) tenglamalar sistemasiga qo`yib, hosil bo`lgan ayniyatlardan, oldingi misolda ishlatilgan usul bilan quyidagi munosabatlarni topamiz:
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Demak, 
[image: image344.wmf]n

P

 va 
[image: image345.wmf]n

Q

 larning barchasi ixtiyoriy 
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 deb faraz qilsak , (29) sistemadagi integrallarning quyi chegaralari 
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bo`lib, (31) munosabatlar ancha soddalashadi. Yechim esa o`sha (30) qatorlardan iborat bo`lib qolaveradi.


Endi integro-differensial tenglamalar sistemasidagi noma’lum funksiyalar ikki argumentli bo`lgan xollar bilan tanishamiz. Bunday sistemalarning eng sodda misallarini olamiz va ularning yechimlarini (14) funksional qatorlar shaklida izlaymiz.

3-misol. Ushbu chiziqli integro-differensial tenglamalar sistemasini yechamiz:
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Bu sistemaning yechimini topish maqsadida noma’lum 
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 EMBED Equation.3  [image: image355.wmf]v
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 funksiyalarning o`rniga (14) qatorlarni qo`yib, ushbu ayniyatlarni hosil qilamiz:
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Tengliklarning ikki tomonidagi bir xil darajali 
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Shu yo`l bilan quyidagilarni xam topish mumkin:
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va xokazo. Topilgan barcha 
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 larning qiymatlarini (14) qatorlarga qo`yib, ularni quyidagi ko`rinishda yozamiz:
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Bu ifodalardagi noma’lum 
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 larning aniqlash maqsadida (33) ni (32) tenglamalar sistemasiga qo`yib, ayniyatlar hosil qilamiz va koeffitsentlarini tenglash yordami bilan quyidagi munosabatlarni olamiz:
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Bu ifodalarning tuzilishidagi qonuniyatni payqash uchun juft nomerlariga aloxida, toq nomerlariga aloxida e’tibor berish lozim. Juft nomerli 
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 larning qiymatlari ixtiyoriy 
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 funksiyalarga bogliq ekanligini ko`ramiz. Xususiy holda 
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 bo`lishi mumkin, lekin xar bir konkret holda ularning aniqlash uchun zarur shartlar berilgan bo`lishi kerak. 


Agar biz 
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 deb faraz qilsak, berilgan (32) sistema xam, (34) munosabatlar xam ancha soddalashadi.

4-misol  
Ushbu chiziqli integro-differensial tenglamalar sistemasini yechamiz:
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bunda 
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 o`zgarmas sonlar.


Bu  sistemaga xam (14) qatorlarni qo`ygandan so`ng, ikkita ayniyat hosil bo`ladi. Koeffitsentlarni  tenglash yo`li bilan 
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 larni topamiz:
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Shuningdek,
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bundan esa
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xuddi Shu usulda 
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 EMBED Equation.3  [image: image395.wmf](
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 xam topiladi. Ularni qisqaroq qilib yozamiz:
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Xuddi Shu yo`l bilan 
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 larni topiladi:
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Boshqalari xam Shu usulda topiladi. Ularni (14) ga qo`yib, yechimni quyidagi ko`rinishda yozamiz:
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Mana shu yechimdagi noma’lum 
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 koeffitsentlarning aniqlash uchun (36) ni berilgan (35) sistemaga qo`yib, ikkita ayniyat hosil  qilinadi. So`ngra mos koeffitsentlarning tenglash yo`li bilan ushbu munosabatlar topiladi:
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     (37)


[image: image411.wmf].

,

4

,

3

,

2

K

=

n



Bularning barchasi 
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 ixtiyoriy funksiyalarga bogliq ekanligi ravshan.


Xususiy holda, agar 
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bo`ladi. Bu holda (35) tenglamalar sistemasidagi integrallarning quyi chegaralari 
[image: image415.wmf]¥

-

 bo`lib qoladi va (37) munosabatlar ancha soddalashadi.
5. XULOSA

Referatni asosiy maqsadi integral tenglama va ularning sistemalarini chuqurroq tahlil qilish va yechish usullarini o`rganishdan iborat edi. 
Integral tenglamalar nazaryasi hozirgi zamon matematikasining muhim va murakkab tarmoqlaridan biri hisoblanadi. Integral tenglamalar va ularning sistemalari vositasida bir qator nazariy va amaliy masalalar hal qilinadi.
Integral  tenglamalarning  bazi  misollari  19-asrning  birinchi  yarmida  ko’rinishni  boshlab, matematiklarninng   diqqatini  tortgan ekan.  Bunga  sabab  Laplas  tenglamasi  uchun  Dirixle  masalasini  2-tur  chiziqli  integral  tenglamalarga  keltirilishi  bo’lgan.  Integral  tenglamalarning  umumiy  nazariyasi  19-asr  oxirlarida  yaratilishni  boshlagan.   Uning  asoschilari  Vol’terra   (1896),  E.  Fredgol’m  (1903),  D. Gilbert  (1912),   E. Shmidtlardir(1907). 
Chiziqli  integral tenglamalar quyidagi ko’rinishida ifodalanib,
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              (1)

Bunda  A, K, А  lar  berilgan  funksiyalar, bunda A- koeffitsient,   K- yadro, 
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-funksiyani  ozod  had  deyiladi, 
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izlanayotgan  funksiya.


Agar  A,  K  lar  matritsalar  
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vektor  funksiyalar  bo’lsa,  (1)  ni  integral  tenglamalar  sistemasi  deyiladi.


A  koeffitsientga  qarab  integral  tenglamani  3  turga  ajratiladi.


Agar  A(x)=0    ixtiyoriy  
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  bo’lganda  1-tur  integral  tenglama  deyiladi.


Agar  
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     ixtiyoriy  
[image: image424.wmf]xD

Î

  bo’lsa,  2-tur  integral  tenglama  deyiladi.


Agar   A(x)  D ning  biror   qism  to’plamida  nolga  teng  bo’lsa, 3-tur  integral  tenglama  deyiladi.

Agar 
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  bo’lsa   1  va  2-tur tenglamalar  mos  ravishda  
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ko’rinishda  bo’ladi.

Matematik-fizik  tenglamalarni  o’rganishda  asosan  2-tur  integral  tenglama  o’rganiladi.

 (3)  tenglamaga   
[image: image430.wmf]l

  parametr  kiritish  g’oyasiga    A. Puankare  tebranayotgan  membrananing  tenglamasini  o’rganishga  kelgan.  O’shanda  A.  Puankare  tomonidan  (3)  integral  tenglamaning  yyechish  
[image: image431.wmf]l

  ning  parametr  funksiyasi  bo’ladi  degan  gipoteza  aytilgan.   Bu  gipotezani  E.  Fredgol’m  (1900-03)   da  isbotlagan.


(3)  dagi  integralni  E.  Fredgol’m  integral  yig’indisi  bilan  almashtirib  integral  tenglamani  chekli  algebraik  sistemalarining  limit  holati  sifatida  qarab  o’rganadi.  1904-yilda  D. Gilbert     Fredgol’m  teoremalaridagi  limitga  o’tish  jarayonini  qat’iy  asoslar bilan  isbotlash  mumkinligini  ko’rsatadi.

Ishdan hulosa qilib aytganda,  fizika-matematika yo`nalishlaridagi  ayrim  ixtisoslik   fanlarining  tasdiqlari integral tenglama va ularning sistemalari yordamida  oson  yechiladi, shu  jumladan  mexanik  masalalar ham shular jumlasidandir. Shu bilan birga mazkur ishdan kompleks o`zgaruvchili funksiyalar nazariyasi, matematik tahlil, teskari masalalarni yechishda, aero va  gidrodinamikada, maydonning  kvant nazariyasi muammolarida va shu kabi juda ko’p yonalishlarda foydalanish mumkin.
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