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Introduction. Let us consider partial differential equation
Lu = D (z,t) — D*™u (x,t) = 0 (1)

in a rectangular domain Q = {(z,t) : 0 <z < 1,0 <t < T}, where [ and T are given positive numbers,
n € N, and formulate the following problem.

Problem A. /n a domain Q, find a function u (z,t), satisfying the conditions

ue C* Q) NC(Q), (2)
Lu(x,t) =0, (z,t) €, (3)
DFw (0,t) = DFu(1,t) =0, 0 <t <T, (4)
DFu(2,0) = ¢ (z), 0<z <1, (5)
Dy (z,T) =y (z), 0<z <1, (6)
where k =0,....,n— 1, ¢ (x), Yy (x) are given sufficiently smooth functions.

With n =1 Eq. (1) is the well-known string equation. Equation (1), where edge conditions are
given for derivatives of even orders (the Dirichlet problem) was investigated in[1], where one shows that
the irrationality of relation 7'/1 is a necessary and sufficient condition of uniqueness of the solution to
the Dirichlet problem for Eq. (1) with any n € N. Estimates were found, which allow to establish the
existence of a solution to the Dirichlet problem. The Dirichlet problem for a more general equation of
order 2n, when [ =1, T' < 1, was investigated in [2], where one shows the resolvability of the problem
for almost all T. The spectral problem for an equation of even order with the potential ¢ (z,y) and
edge Dirichlet conditions was investigated in [3]. The singularity of the Dirichlet problem is the fact
that solving this problem by the Fourier method, the proper functions are composed of sines, and the
eigenvalues are explicitly calculated. It is not true for problem A.
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ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 11

Making certain transformations, in what follows we will investigate the equation
Lu = a®"D?"u (z,t) — D*u (x,t) = 0, (7)

where a = T'/l, in the square Q = {(z,t) : 0 < x < 1,0 < t < 1} with boundary conditions (4)—(6) with
T=[=1

1. Uniqueness of solution to problem A. The following theorem holds true.

Theorem 1. If problem A (for Eq. (7)) has a solution, then it is unique for almost all values of a.

Proof. Solving the problem by the Fourier method u (x,t) = X (x) Y (t), with respect to the function
X (x) we obtain the following one-dimensional spectral problem:

XO (2) = (=1)" XX (z), A > 0;

X®0)y=x®1)=0, k=0,n—1. ®
Preliminarily we prove the following lemma.
Lemma. For proper values of problem (8) we have
Ak = g+7rk+51k, k=1,2,3,..., ifnis even,
M =7k +eop, k=1,2,3,..., ifnisodd,

here kErJ?oo E1p = kEToo go, = 0.
Proof. Let us investigate the case, when n is even, i.e., n = 2m. We consider the problem

XU () = AMX (2), A > 0; ©)

X®0)=x® (1) =0, k=0,2m —1.

In order to understand the general case, we study the case when m = 2 (the case m = 1 was investigated
in[4]):

X®) (2) = A8X (z), A>0;
X®0)=x®1)=0, k=0,3.
The general solution to Eq. (10) has the form X (z) = X; () + X2 (), where

(10)

X (x) = 1™ 4 PN (co cos A1z + e3sin \B1x) + ¢4 cos Az,

Xy () = c5e™ ™ + 2% (g cos ABox + c7sin ABox) + cg sin Az,

ap =cosby >0, as =coslh <0, By =sinby, [ = sinbs, 91:%, 0y = —

¢; are arbitrary constants. For derivatives of order p = 0, 3 we have

X§p) (z) = AP {Cle)‘m + 1% ¢y cos (NG + pb) + e3sin (A\Grx + pby)] + ¢4 cos (A + %p)} ,

Xép) () =AP {(_1)10 cse” M4 (6 cos (ABrz+phy) +c7 sin (ABpz+pby)] 4+cg sin ()\a:—l—%p)} .

k

i

Satisfying boundary conditions, we obtain the system of equations for finding ¢
system has the form

; the determinant of

_|4aB

A :
C D
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12 IRGASHEV

where
11 0 cos(0-%) 11 0 sin(0-%)
A 1 cosf; sinf; cos (1 . %) B= —1 cosfy sinfy sin (1 . %) ’
1 cos26; sin26; cos (2 . %) 1 cos20y sin26, sin (2 . %)
1 cos36; sin36; cos (3- %) —1 cos 36y sin 36y sin (3 . %)
e M o 01,0 e 1 sin 01,0 COS ()\ +0- %)
O e e cog o1,1 e gin 01,1 COS ()\ +1- %)
ed e cog 01,2 e gin 01,2 COS ()\ +2- %) ’
e M o 013 e 1 sin 01,3 COS ()\ +3- %)
e er2cos 02,0 e 2 gin 02,0 sin ()\ +0- %)
D_ —e A M2 cos 02,1 e 2 gin 02,1 sin ()\ +1 %)
e M2 cog 02,2 e 2 gin 02,2 Sin ()\ +2- %) ’
—e~* M2 cog 023 e 2 gin 02,3 Sin ()\ +3- %)

Okp = A3k + pOk.

The proper values of problem (10) are zeros of this determinant. Preliminarily we make certain
transformations in the determinant. We present an example of a part of determinant composed of two
columns:

1 0 1 0 1 0
. 1 . . 1 . . . .
e cos By e*sin | = 7 e cos (B te* sin (| = 7 e cos (31 + ie™ sin B1 ie“! sin B;
€2 cos B €2 sin B9 €2 cos o 1?2 sin By €*2 cos Bo + ie“2 sin Fo 1€™2 sin (o
1 0 1 0
= aq i3 ap eP1—e~ 1| — v aq i3 a i3 —if3
= — |eiB1 g1 5 f——elelel(e 1_ e 1)
1 2
. iBy _o—ifo . . s
eQ2cif2 a2 % eQ2cif2 o2 (eiﬁ2 —e 152)
1 -1

= —5 eQ1eif1 a1 (e’ﬁl _ 6—251) — eQ1cif

eQ20if2 a2 (6152 _ 67152) — Q20102

1 —1 1 1
1 . . 21 . .
= —5 60416251 _eale—zﬁl E (—1) 5 e 6251 e 6—251 .
e2cif2  _pa2o—if2 eQ2cif2 a2 o—if2

Now we make the above-stated transformations in the determinant A combining the following columns:
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ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 13

the second and third ones, the fourth and eighth ones, the sixth and seventh ones. Then we have

A <3> 3 A* B* ’
where
1 1 1 1 1 1 1 1
1 ei91 e*iel Z -1 €i92 e*i92 _Z

1 62i91 €—2i91 2'2

1 63i91 €—3i91 2'3

e}\al eiol’o

Ao L1011
e e )
C* =

e)\al eio1,2

e)\al eio1,3

-

e 6)\042 €102,0

D _e—)\ 6)\042 eto2,1

-

e e}\ag eio’g’z

_ef)\ e}\ag eio’g’g

1 €2i92 6—2i92 (_1)2

-1 €3i92 6—3i92 (_1)3
e}\aleficrl’o

(
A1 p—ioo1 6z‘(,\+1.
At p—ions i

(

e)\al e~ i01,3

i A+

o
[SIE]

)
)

6)\012 e~ 1020 ¢

=i(
—i(A41
=i(
=i(

NI

6)\012 e~ 1021 ¢

SIE]

eAageficrg’g e i A2

)
)

SIE]

eAageficrg’g e (A3

In order to show the existence of zero of the determinant and obtain the asymptotics of the determinant
root, it suffices to calculate the expression, which contains the maximal positive degree of exponent,
because the rate of increasing or decreasing of determinant value depends on it with large A. This
expression with accuracy up to the sign is calculated as follows:

.\ 3
(%) (det C* det B* — det C det B}),

where
et eM1giTio Aol p—io10 672()”“0 5) 1 1 1 1
o A gioin prarg—ioor o—i(A+17) - 1 etz it
1= ) . . ) 1= . .
6)\ e)\OquO'LQ 6)\0616_20—1’2 6—7«()\"'2'%) 1 627'92 6_27'92 2'2
6)\ e)\aleiO'Lg 6)‘0616_261’3 6*2()\4»3-%) -1 63i92 €—3i92 2'3
Let us separately calculate each determinant:
1 1 1 1
|1 et emif g
det C* — 6)\(1+2a1)el)\ A A ,
1 62291 6—2291 ,L'2
1 €3i91 6—3i91 ,L'3
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14 IRGASHEV
further we use the method of calculation of the Vandermonde determinant

1 1 1 1

Tl T2 T3 T4 _H(x $)
- 7 L)

2 .2 .2 .2 Ll
Ly Ty T3 Ty J>i

3 .3 .3 .3

hence we have

det C* = M1+2a1) GiA (l _ e—iel) (Z _ eiel) (i—1) (e—iﬂl _ eiel) <e—i91 _ 1) (61‘91 _ 1) :
det B* = (—i — e_w?) (—i — 6202) (—i+1) (e_wQ — 6202) (e_wQ + 1) (ei92 + 1) ,
1= 08 (L) (k) = =) (1) (),
det Bi" - (Z _ e—i92) (Z _ ei92) (Z + 1) <€—i92 _ €i92> <€—i92 + 1) (ei92 + 1) ,
further
det C*= — 8 N1H201) ¢ (1) cos 0 sin 0 (1— cos 0y), det B*=8 (1—i) cos O3 sin O (1+ cos ) ,
' 2
det C* det B* = 26eA14+201) A (1 _ )2 (1 — cos 0y) (1 + cos 0y) H (cos;sinb;),
j=1
det Cf = —8eM1H291) o= (j 4 1) cos 0 sin b (1 — cos ),
det Bf = —8(1 + i) cosfasin by (1 + cosbs)

2
det Cf det By = 26e21+200) =% (1 4 )% (1 — cos 0;) (1 4 cos 6y) H cos §;sinb;)
7=1

So,

.\ 3 -\ 3
<%> (det C* det B* — det C} det By) = —i <%> 27 A(1+201) (1 —cosbq) (1 + cosbs)

2 2
X H cos 0 sin 0; (eM _’>‘> —25eM1+200) (1 _ cos0;) (1 4 cos 6y) H cos 0 sin ;) cos A
j=1 j=1

= NpeM+201) o5 )
2
where Ny = —25 (1 — cos ) (1 + cos ) [] (cosf;sinf;) # 0. Then the general form of determinant
j=1
is
A = N M2 o5 X 4+ 0 (e’\(Hal)) or A = Nyer1+20) (cos A+ 0O (e_’\o‘l)) .

Now we consider the general case, i.e., problem (9). Roots of the characteristic equation have the form

k -
k= A(ag +i0;), ar = cosby, [ = sinby, Hk:;r—, k=0,4m — 1,
m
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ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 15

Ho =X, =1\, ap >0, k=0,m—-1; as <0, s=m+1,2m —1.
The general solution to Eq. (9)is X (z) = X1 (z) + X2 (z), where

m—1
X (z) = deM + Z AT (c’f cos A\Bpa + ¢k sin )\ﬁkx) + c3 cos Az,
k=1
2m—1
Xy (z) = e ™ + Z Ao (cif cos A\Bx + cf sin )\ﬁkw) + cg sin Az,
k=m+1

k are arbitrary constants. For derivatives of order p = 0, 2m — 1 we have the formula

G

X§p) () =N {c(l)e)‘x + Z e kT [c]f cos (A\Brz 4 pb) + & sin (A\Brz + pek)} }
k=0

+ APeg cos ()\a: + gp) )

2m—1
Xép) (z) = AP {(_1)19 e 4 Z AT [cﬁ cos (ABrz + phy) + ¢k sin (\Grz —|—p9k)] }
k=m+1

+ APcg sin ()\x + gp> )

Satisfying boundary conditions, we obtain the system of equations for finding c¥; the main determinant
of system has the form

A= A B ’
C D
where
1 1 1 0 1
1 cos 01 cos 6,1 sin 61 cos Om

(=)™ cos(2m — 1) 0mi1 . cos(2m —1) 021 sin(2m —1)0pmi1 . sin(2m —1)0m,

c=(c" ?).
er M cos o0 - eMm—1 cog Om—1,0
A Aap )\am—l
e e COS 011 . (& COSOm—1.1
1 b m b
C = s Okyp = A\Bk + POk,

ed e M cos 01,2m—1 - eMm—1 cog Om—1,2m—1
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16 IRGASHEV
e sing Adm—1 gj
1,0 . € S Om—1,0 COS Om,0
e sing Adm—1 gj
1,1 . € S Om—1,1 COS Om,1

e M gin O12m—1 - e Mm—1 gin Om—1,2m—1 COS O 2m—1

e A e mt1 cog Om+1,0 - e M2m—1 cog O2m—1,0
—e eMmt1 cog Om+1,1 - eM2m—1 cog O2m—1,1
Dl = I
-1
(—1)2m e~ ermtl cog Omt1,2m—1 - eM2m—1 cog O2m—1,2m—1
e Mm+1 gin Om+1,0 - e 2m—1 gip 02m—1,0 sin o, 0
D eMmt1 gin Om+11 - eM2m—1 gip O2m—1,1 Sin oy, 1
2 pr—

AL SN i1 2m1 - €21 SN 091 9m—1 SIN Oy 2m—1

Let us find the expression, which contains the maximal positive degree of exponent, used with calculation
of determinant A. For that at first we calculate the product of determinants |C|- |B|. We separately
calculate each determinant, making the same actions as with the determinant A in the case m = 2:

detC = eA (1+2’:g11 O‘?) ' <;_->m—1

1 e@m—1)01i  2m—1)0p1i o—(2m—1)01i ,—(2m—1)01i ,—(2m—1)0pm-1i

COS Om,2m—1

We introduce the denotation

1 e@m=2)01i  (2m=2)0pm-1i ,—(2m—2)01i  ,—(2m—2)0pm-1i

which is the Vandermonde determinant and can be directly calculated:
m1 o .\ m—1m—1
A ex <1+2 p; p) <%> ]1;[1 <€iej _ 1) (e_iej B 1) ]11 <eiej B eiet) (e—iej _ e—iet)

RUSSIAN MATHEMATICS Vol.61 No.9 2017



ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 17

m—1

% (e—iej _ ez‘@-) % H (e—z‘ej _ ei@,g) (e—iet _ eiej).
j J#t

J=1

Making certain transformations, we obtain

0. 0. —0 0;,+0
H sin 0; H sin2EJH4sin2 ]TtH(—4) sin? %, (11)

J=1 J=1 j>t j#t
Since in expression (11) each summand differs irom zero, we have A; # 0. Taking into account that

e(ABm +p9m)i + e ()\ﬁm‘l'Pem)'l

COS Oy p =

5 )
we obtain
det C = % (e” (i—1) '_11 (z — eiej) (z — e_i9j> +e T 11 ( i— ¢ ) (—i — e‘”ﬂ'))
j= j=
or
detC—% me 11_[0080 [ ymt M—i—ie*)‘l}.

Now we calculate the determinant of the matrix B. Using again the Euler formula, we have

-\ m—1
1
detB= (=

1 1 . 1 1 . 1 0
-1 eOm+1t . efam—11 e~ Om41t . e—f2m—11 Sin O,

(—1)2m—L @m=D)0miqi  2m—1)0am_1i =@m=1)0mi1i = o=m—1)02m—11 gin(2m — 1) Oy,

We denote
1 1 1 1 1
i m—1 1 efm+11 efam—1i e Om+1i e—f2m—1i
A2 = 5 )
(_1)27”«*2 €(2m—2)9m+1i . e(2m—2)92m71i e—(2m—2)9m+1i ) e—(2m—2)92m71i

eipen _efipen
21

m—1 m—
det B = % [(i 1) ]1:11 (2 _ €i9m+j> (l _ 6—i9m+j> (i—1)

J=1

taking into account the formula sin p#,, = , we obtain

1

(1+om) (im0,

after certain transformations we have
m—1
1 A
det B = % m=1 H 08 Ot (( ™ty z) ,
7=1

RUSSIAN MATHEMATICS Vol.61 No.9 2017



18 IRGASHEV

hence
2m—1
det C det B = (—1)" 4™ 1A Ay, (sin A+ (=1 cos )\) H cos ;.
j=Lj#m
Now we calculate the product of determinants, where
m—1
,\<1+2 » a,,) AN
detCy =e p=1 <—>
2
1 1 1 1 1 sin o, 0
1 e efm—11 et e~ Om-1i Sin oy, 1

1 e@m=1)01i  2m-1)0pn-1i ,—(2m-1)01i  ,—(2m—1)0pm-1i SIN G 21

(71)2m—1 e(2m—1)9m+1i . 6(2m71)92m,1i 67(2m71)9m+1i . 67(2m71)92m,1i cos(2m71)9m

using the formulas

) e()\ﬁm—}—pem)i _ e—()\ﬁm-l—pem)i 0 eipHm + e—ime
n == e —
S1 Om,p 2% , COSPUm 92 )
we obtain
A m—1 A ) m—1 .
det 01:2—1_1<6M (i-1) Hl (i—e“’j) (z’—e—w’j) — e (—im1) Hl (—z'—ewj) (—z'—e—wj)>,
J= J=

after transformations we have

Ay (i—1) = A A
det Cy = 1T (2i)m H cos 0; {(—1)7”_1 N — ie_)"] ,
j=1

further,

_& ; = K [ S 1 N mil . 1Ot i . — Ot
det B; = 5 (z+1)j1:[1<z e ﬂ)(z e +J) (i 1)j1:[l<2+€ +a)<l_|_€ +])
or

1 . A m—1
et B, = TED22 (9071 T cos (-1~ )
7j=1

2m—1

det Cy det By = (—1)™ 4™ 1A 1A, H cos 0; (sin)\ — (=)™t cos )\) ,
=1
jm
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ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 19

hence the expression, which contains the maximal positive degree of exponent and belongs to the addend
with the calculation of determinant with accuracy up to the sign, has the form

_ 2m—1 - >\<1+2 milap)
det C det B — det C; det By = | —22™" 1A, A, H cos 2—j e p=1 cos A,
m

7j=1
J#Em
m—1
AM1+2 3 a
A (X)) = Nqe ( p=1 p> (cos)\ +0 (ef)‘amfl)) , (12)
. 2m—1
where Ny = —2?m=1A; Ay [] cos 5-J # 0. Since proper values of problem (9) are zeros of the
j=1
j#m
determinant A ()), taking into account (12), we have A\ = § + 7k +e, k=1,2,3,..., where
i 11111 e1x = 0. With odd n, making analogous calculations, we obtain
,\<1 25 >
+ [e%
AN =Nge \ =1 (sin)\ +0 (e_)‘o‘m*» , (13)
where Nj is a certain nonzero constant independent of A\x; a = cos 0y, 0 = Z(?:ni—:ll)ﬂ', hence
Ae=7k+4+eor, k=1,23,...,
where lim &9, = 0. O

k—+o00

From Eqgs. (12) and (13) we can define proper values, these equations have the countable number of
solutions (because of alternating-sign property of sine and cosine). Proper values of problem (8) can be
arranged in ascending order:

MU A< AT < AT < (14)

We denote proper functions by Xy (z), £ =1,2,3,..., and assume that they are orthonormal. Let
now u (x,y) be a solution to Eq. (7) with homogeneous conditions (4)—(6). We consider the Fourier

coefficients of this function by the system of proper functions {Xk}ﬁjfo of problem (8)
1
um(t)—/ u(z,t) X (x)de, 0<t<1, m=12,... (15)
0

We note that problem (8) is self-conjugate. It is known in the theory of differential operators ([4]; [5],
P. 91) that the system of proper functions X, (z) of a self-conjugate operator is complete in the space
L4 [0, 1]. Based on (15), we introduce auxiliary functions

1-¢
U (1) = / u(z,t) X () dz, (16)

where e > 0 is a sufficiently small number. Differentiating (16) 2n times with respect to ¢ € (0, 1), taking
into account (7), we obtain

1 l—¢

U e (1) D2 (z,t) X, (2) d.

a2n R

Integrating the latter expression 2n times by part and taking into account homogeneous boundary
conditions (4)—(6) as € — 0 we obtain the following boundary-value problem for an ordinary differential

RUSSIAN MATHEMATICS Vol.61 No.9 2017



20 IRGASHEV

equation:

(17)
u® 0)=u® (1) =0, k=0,n—1.

We again have problem (8). If )‘T’" is not a root of expression (12) or (13) for the cases of even or odd n,
respectively, then problem (17) has a trivial solution, only, i.e., the Fourier coefficients of the function

u (z,t) equal zero, hence due to the completeness of the system of functions {Xk}ijl’o in Ly [0, 1] the
function u (x,t) = 0 almost everywhere, but it is continuous, therefore u (x,t) = 0. Let now )‘T’” be a root
of expressions (12) or (13), then ()‘T’”)zn equals one of numbers of series (14), i.e., there exist numbers k
and m such that

)\m
N

but the set of such numbers is no more than countable. Theorem 1 has been proved.

a =

(18)

We note that if condition (18) is fulfilled, then the uniqueness of solution to problem is violated,
because we can take products of proper functions of problems (8) and (17) as a solution to the problem
with zero boundary conditions. Therefore, the following theorem is proved.

Theorem 2. /f there exists a solution to Problem A, then it is unique only if condition (18) is not
[ulfilled.

We note that the above reasoning is also true for more general edge conditions (if only edge conditions
were identical with respect to the variables x and t). For example, in the Dirichlet problem, which is
considered in paper[1], we have

A ™M m
a _ _

% Tk E

i.e., for the uniqueness of solution to the Dirichlet problem it is necessary and sufficient that the number
a (the ratio of lengths of rectangle sides) be not rational, that has been showed in the above mentioned

paper.

2. Existence of a solution. Let numbers %’“, k=1,2,3,...,benotroots of expressions (12) or (13).
We will formally seek the solution to the stated problem in the form

u(wt) = Y X (2) Vi (1), (19)
k=1
where X}, () are proper functions of problem (8), and Y}, (¢) is a solution to the problem
2n
v 0= (2) i,

Y (0) = g,
Y (1) = g, s =00 —1,

here

1 1
Dske = / s () X (x)dx, s=0,n—1, g = / Vs () X () dx, s=0,n— 1.
0 0
For the justification of convergence of series (19) and its differentiability till necessary orders, we need to
obtain necessary estimates for the functions Xy (z), Yy (¢). As distinct from paper|[1], we have no explicit

forms of these functions, therefore we deal as follows: We reduce problem (8) to an equivalent integral
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ON ONE BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF HIGHER EVEN ORDER 21

equation, constructing the Green function G (z,&), and then we obtain the necessary estimates. The
Green function satisfies the following conditions

1) with x # € it is a solution to the following problem

a2nG _

ox2n 7

0°G 0°G S
_— = 1 = = —_ 1'
(93:3 (07 é) a s ( ) é.) 07 S 07 n )

2) it is continuous till the derivative of the (2n — 2)nd order;
3) Gt (+6,0) - %1’“;;? (-6 =1

Theorem 3. The Green function of problem (8) has the form

G(a:,ﬁ):— 1 ' Gl(xa§)7 0<x <&
(2n_1) GZ(x7§)7 fS«TSL
where
n—1n—k—1 A
G (z,8) =(1— n$n Z C2n 1C 1+]$n—k—1£]+k’
k=0 j=0
n—1ln—k—1 n
— (1 — p)em 1 k ~k J n—k—1_7+k m o_ :
G2 ($a£) ( l’) g ];) JZO ( ) C2n 10 1+]£ T ’ Cn m) (TL B m)|

Proof. We will seek the functions
Gr(z,8) = (1=&)"a" (" 'Ry (&) + 2" 2P (&) + -+ + 2Py2 (§) + Pui1 ()

G2 ($,£) = (1 — l’)n gn (gn_lp(] ($) + E"_2P1 ($) + -+ an,Q (l’) + Pnfl ($)) s

n—k—1
where Py, (z) = > a£+jxk+
=0

The fulfillment of conditions 1) and 4) is evident, for the fulfillment of conditions 2) and 3) we choose
P; (z) so that the identity

G1(2,8) — G (2,8) = (x— &)™} (20)

holds true. In (20) we consider derivatives with respect to £ till order (n — 1) inclusively, at point £ = 0
we equate coefficients with identical degrees of x:

a;gf (JJ,O)ZO, p=0,n—-1,
P (x— &)t on —1)!
Pha L (%f)) (2,0) = (=1)" 7(251? : _)p)!w”“l‘p- (21)
Now we consider the function
Fy(o,€) =™ (1= " Po(€), Gt = o 12 (1-9" PR ) C,
_ n(')__ . n! _ n—i _ n(‘)__ : n!
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PP (0) = (p— j)al_

agp Z Hp— J)(

. pln! p o
L2n—1 0 2n—1 0
Z W s = 2 ;:o: (~1) Chay-;. (22)

Equating coefficients with the identical degrees of x in correlations (21) and (22), we obtain the
system of equations for finding coefficients a ,j=0,n—1:

aocg = 17
(-1 ajCl + (-1)°afC? =0,
(—1)*adC% + (-1)'afC + (-1)° adC2 = 0,

G aOCg’l +(=D)"PalCn 4+ (1) e, C) = 0.

Using the formula from [6] COC™  _, — CIC™o b o4+ (—1)m C%_,C™ = 0, we obtain the solu-

tion to system in the form a? = Cn+j71‘ So, Py (&) = Z i &

Analogously we can find other unknown polynomlals Pk (€).
Now problem (8) can be reduced to the following integral equation:

1
X (2) = (—1)" A2 /0 G (2.€) X (€) de,

o / G (,€) X (6) e,
where G (z,€) = (-1)" G (, €), further, following [7] (P. 212), we consider the expression

n 2
og/o (c:(“ B SR AGESAC A%“@> d£=/01 (612 (.0)) " e

k=1

N X X 1 n
_22 )\271 /G (§)d§+2%/0 XM &) xt" (¢) de,

s,k=1

where N is an arbitrary finite natural number.
We have

1
/0 ng) (af,f)X]gn) (€) de = ng—l) (z,) X(n) (©) ;(1) / G(n 1) (z 7§)X]£n+1) (&) d¢

/ G0 ()XY (¢ / G (2, )X (¢) de
_ / G (2,€) X, (€) d€ = Xy (x),
0
/xm & X" (€) d = /X X (€) dg = Ak/ X, (€) X1 (€)dg = {i v
k> = 9,
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hence

N
o< [ (6 o) e -2y Tl oy 3 Xl T e

In
Ak

or

due to the arbitrariness of N and in view of the fact that the function ng) (x,&) is continuous on the

compact [0, 1] x [0, 1] and, hence, it is uniformly bounded:

& 2 1
ST < [ (6 wo) de< a <o (23)

2n
k=1 Ak

where A is a certain positive number. Now we go to the investigation of solution to problem (19). It is
not difficult to obtain the estimates

n—1
AR Z(]{stkl + skl }

‘Yk(m)(t)‘gNg 1 o k=123, (24)
‘cosa)\k—i-O(e atk%n 1)‘
with even n,
o] < S gl + il o
g B sinékk-i-O(e*%)‘ka"*l) ’ R
with odd n. Here Ng and N7 are some positive constants independent of A, m =0,1,...,2n.

Indeed, in the case of even n (n = 2m), the solution to problem (20) is

Yk(t):Ylk(t)+Yék(t)? k=1,2,3,...,

where
m—1 ] ]
Yig (t) = Jetrt 4 Z eHrast (c{ cos ugB;t + ¢ sin ,ukﬂjt) + 3 cos puit,
j=1
2m—1 ] ]
Yo (t) = e+t 4 Z eHrast <c;71 cos ugB;t + ¢k sin ,ukﬂjt) + cg sin pgt,
j=m+1

_ A
ap = cos Oy, [r = sin by, Gk:;—, k=0,4m — 1, ,uk:—k, k=1,2,....
m a

For definition of unknowns cZ we obtain a heterogeneous system of algebraic equations, whose left-hand
side is identical to the system, which was studied in problem (9), and the right-hand side is composed of
the Fourier coefficients ¢4k, 15, We estimate

n—1

tn—l 2uE Y. ap
o S Lol + wil}O(e )

n—1
758 (1+2 > ap>
p=1

1
|c(1)e“kt{ - ‘A_

A

et <

| N2 (cos pg; + O (emHren—1))| e
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n

n—1 —1
et! ;0{|¢sk| + [l } 1O (1)] :0{|<Psk| + |kl }

_ <N,
[Ny (cos i, + O (e—#ran—1))[ebr ~ O [(cos i, + O (e Hran—1))|’

here A! is the determinant obtained from A by the replacement of the first column with the right-hand

side of system. In the above transformations we decomposed the determinant A! by the first column,
and calculated algebraic complements by the methodic of calculation of determinant A in problem (9).
Analogous estimates are true for other addends and derivatives of the function Yy, (¢).

Now it is necessary to find conditions, with which the denominator of expression (26) is separated
from zero. We have (for even n)

A 1 1
COS—k:COS%COS—(E—{—Wk‘) —singﬁsin—<z+ﬂ'k),
a a a \2 a a \2

taking into account (12), we obtain cos (5 4+ mk + e15) = O (e~"~1**), hence
siney, = O(efo‘"*”l€7r X e~ =181k

or for large numbers k we obtain the asymptotics 1, = O (e‘o‘n*’”), i.e., e} tends to zero more rapidly
than any power function. Hence, it necessary to show separability of the expression cos 5 (1 + 2k) from
zero. Further we deal as in paper[1]. From the theory of numbers it is known [7] that there exist irrational
numbers %, such that for any € > 0 there exists a sequence }igf}’; , where 1 + 2s;, and 1 + 2qy, are coprime
natural numbers, such that

1 14 2s;
a 14 2q

g
(1 + 2qk)2'

For such numbers we have

T . T T . T 1 14 2s;
—12‘:‘ (-12-—12)‘: T (1+2q1) ——
COS2a( +2q;)| = |sin 2@( +2q;;) 2( +2sy) sin 2( +2q1) e 100
™ 1 1+ 2s; s € mE
<\ Z1+2g) (= - < T4 - .
_|2( ) <a 1+2Qk>| 2( a) (1+2qx)°  2(1+2q)

Hence it follows that for é one can make the denominator of expression (24) arbitrarily small, i.e., series
(19) can diverge.

Let now % be an algebraic number of degree n > 2, then from the corollary to the Roth theorem ([8],
P. 268) it follows that for an arbitrary positive number 0 < € < 1 there exists a positive number 6 > 0
such that with any integer s, k, where k& > 0,
1 142
a 142k

0
(14 2k)FE
Now for any k& € N we choose s € N so that the inequality takes place
1 1+42s < 1
a 1+2k| (14 2k)
in the capacity of 1 + 2s we can choose [2 (1 + 2k)] (the integer part of number), if [ (14 2k)] is odd,
and [ (1+2k)] +1,if [1 (1 + 2k)] is even.

Now, applying the inequality sin x > 2?"”, 0 <z < 3, we obtain

sin <g(1+2k) <2 - ii;i))‘ > (1+ 2k)
24):

We consider the denominator of expression (

1 1+42s

a 1+2k

> o
(14 2k)HE

7'('
o (1+2k)| =
Cos2a( + 2k)
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1
cos — A\ + O (e*%’\’“a"*1>
a

1 1
— |cos =1, cos — (1 + 2k) — sin —e1y sin s (142k)+0 (e*%)‘ko‘"fl)
a 2a a 2a
! (14 2k)1 cos — T (1+2k)
= — COS —E1}), COS —
(1 + 2k)'*e a " 2a

1 us 1
_ 1+e s . _E>\kan71
(1+ 2k) <s1na61k sin o (14+2k)+ 0O (e )>‘

We investigate each addend in this module. Starting from some number k = k; we have 0 < 6; <
coSs %qk < 1, hence, ‘(1 + 2k)1+5 cos %Elk cos 5 (1 + 2k)‘ > Cydy. Further, taking into account the
asymptotics of £1, we obtain
1 s 1
lim (((1+28)"° (sineppsin o= (14 2k) + 0 (e7™n1) ) | =0,
Jim. <( + 2k) <sm ~C1ksin 2@( +2k)+0 (e

Taking into account the above reasoning, we obtain the lower estimate for the denominator of expression
(24):

1 N;
cos — A, + O (ei)‘ka"1>‘ > 5 e
a (14 2k) "

where Ng is a real positive number, independent of number k. Hence for numbers, starting from some
k = k1, the inequality is fulfilled

n—1

Y (0)] < NoAT ke Z {lsnl + sk} < NioATT= Y {losn] + sk},
s=0

where Ng, Ny, and Ny are some positive constants. We obtain the same estimate for the case of odd n.

We note that even if the first k; — 1 addends become too large finite numbers (they cannot equal
infinity, because numbers 2& are not roots of expression (12) or (13)), there is a finite number of them,
therefore they have no mﬂuence to series (19).

We considered the case of irrational number % only, because in the case of rational one, for example,

é = %, n,s € N, one can make the arbitrarily small denominator.

Now we obtain conditions, with which series (19) is a regular solution to the stated problem. At once
we consider the componentwise differentiating of series (19) with respect to the variable ¢ of order 2n (the
uniform convergence of the series itself, series composed of derivatives of smaller order and derivatives
with respect to the variable x can be proved analogously):

k1—1

o =D Kl Y 0+ 3 X (@) (),

k=k1

further we deal with the second series, only:

2n 0
< G) 371Xk (@)] [\ ()] < M Z <|X |A2”+”€Z{|<psk| +|¢sk|}> (25)
k=k1

k=k1 s=0

0%y,
ot2n

where M is some positive constant. Let us show the convergence of each addend in series (25):

[e'e) [ee) 2 [e'e]
> (X @) AT foorl) < Z(X’;—% > ow)”, (26)

k=k1 k=Fk1 k k=k1
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> 2 = 2
Z (A p0)” < Z (A pok) ",
e s

1 1
Mo = [0 @) X @) do = (15 [0 (0) X (0) do
0 0
let o (0) = o (1) = 0, s = 0,n — 1, then
1 1
A por = (1) A2 /0 o™ () Xy (2) da = /0 o™ (@) X (x) de,

let ‘P(()s) (0) = ‘P(()s) (1) =0,s =2n,3n — 1, then

1
A ok —/0 <P(()4n) () X}, (x) dz,

we apply the Bessel inequality

o0 ) 1
Z A @Ok Z KO0k ) _/ (@éﬁm) (az))2da¢.
k=k k=1 0

If now <p(()4n) (x) € Ly (0,1), then, taking into account (23) we obtain the absolute and uniform conver-

gence of series (26). Analogously one can prove the convergence of other addends in series (29). Hence,
the following theorem is proved.

Theorem 4 (of existence ). If ¢; (x),; (x) € C*"1[0:1], ¢ (4”) (2) »7111(4”) € Lo (0,1), (S)( 0) =

1) =y ()= (1) =0, fori=0,n—1,s=0,n—1, s =2n,3n — 1, then series (18) is a
regular solution to Problem A.
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