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1. Boshlang’ich funksiya va anigmas integral hossalari. Integrallash usullari.
1.1. Boshlang’ich funksiya va anigmas integral tushunchasi.
1-Ta’rif. Agar [a;b] segmentning hamma nugtalarida F1{(x)=f(x) tenglik
bajarilsa, F(x)funksiya shu segmentda f{x)funksiyaga nisbatan boshlang’ich funksiya
deb ataladi.

1-Misol. f(x)=4x*funksiyaning (-oo; +o0) intervalda boshlang’ich funksiyasi
F(x)=x" bo’ladi,chunki (-cc; +0o0) da F(x)=4x".

2-misol. f(x)=%funksiyaning (0; +o) intervalda boshlang’ich funksiyasi
F(x)=Inx bo’ladi,chunki shu intervalda F ’(x):%.

3-misol. f(x)=4x*funksiyaning (-cc; +o0) intervalda boshlang’ich funksiyasi
F(x)=x"+C bo’lgani uchun uni anigmas integrali
[axtax=xt+c (C-sonst) bo’ladi.
4-Misol. [(x*+asinx-9kx ni toping.
Yechilishi. 4-va 5-xossalarga asosan quyidagiga egamiz:

5
I(x"’ +4sin x—Q}jx:Ix4dx+4jsin xdx—gjdx:x?—4cos X —9x+C.

Hosil qgilingan natijaning to’g’riligini  differensiallash yordamida oson
tekshirish mumkin. Hagigatdan,

5
d[%_gfcos X_9X+C]= (x* +4sin x—9)dx.

1. 2.Asosiy integrallar jadvali

+1

+C. oz-1
1 ( )

10 Ix“dx = zo;

20 Idx:x+C.

30 %:In|x|+C.
X
0 .
4 Ismxdx=—cosx+C.

50 Icos xdx =sinx +C.

GOI d); =tgx+C.

COS™ X

0 dx
7 Isinz " = —ctgx +C.

g° Itgxdx =—Infcos x|+ C .



9° Idgxdx = Injsinx|+C.

10 J.a dx——+C

11 If"dx:éx +C.

12° Il dx2 =arctgx + C.
+X

130I o zlarctg§+c.

2

a?+x? a a
147 | i)
15° J‘L=arcsinx+c.
i-x?
16° J‘\/i—arcsm +C.
170 I%:In‘x+m +C.

1.3.Integrallash usullari
1°. Bevosita integrallash usuli.
Anigmas integralning asosiy xossalaridan va integrallar jadvalidan bevosita
foydalanib integrallarni hisoblashga uni bevosita integrallash deyiladi.

. 9
5-misol. Ixsdx:%+c (1°-formula).

4
6-misol. Integralni toping: jfdx Jxadx_% szxsxw (1°-formula).
3
. —5+1 —4
7-misol. j%:jx%dx: X e X et ¢
x° -5+1 4 4x*

J' dx :Isinz x+coszde:J-sinde+J~@d B

8-misol. ¢ sinxcos x sin x cos X €OS X sin x X= (80-90 -formulalar).
:I d(s_m X) _[dcosx) _ In|sin x| - In|cos X+ C = In|tgx| + C.
sin x €OS X
9-misol.

j(3x+5)17dx=%j(3x+5)”d(3x+5) -

1%-formula).
(3x+5)18 tCo (3x+5)18 (1-formula)

18 54

+C.

_L1
3



2°. Anigmas integralda o’zgaruvchilarni almashtirish usuli. x=@(t) deb olib,
integralostidagi ifodada o’zgaruvchini almashtiramiz; bu erda ¢(t)-uzluksizfunksiya
bo’lib, uzluksiz hosilaga va teskarifunksiyaga ega. U vaqtda dx=¢{t)dt; bu holda
ushbu tenglik to’g’ri bo’lishini isbotlaymiz:

[ 1090 = [ f o @t

10-misol.
— l+inx=t* = Ihx=t*-1=
. 4
I CULLL dx =It-3t2dt=3ft3dt=3-t—+C=§3\/(1+|nx)4+C-
X == =3t?dt 4 4
X

11-misol. (13°-formula).

X2 —B6Xx+25=(x—3)%2 +16, x —3=t
dx = dt

J- dx .
X2 —6X + 25

dt dt 1 t 1 X —3
= = =—arctg— + C =—arct + C.
-ft2+16 -ft2+42 4 92 4 972

12-misol. (1°-formula).

J'cos5 x+/sin xdx = J'(l—sinz x)?~/sin x cos xdx =fsin x = t = cos xdx = dt| =
3

t2 t

2.
3 !
2 2

E.
t2
2

NI~

= [@—t*)*+tdt =jt%dt—2jtgdt +It%dt =

- %\/SiﬂTX—;SiHZ x+/sin® x +%_sin4 x~/sin® x +C.

3°. Bo’laklab integrallash

u(x) va v(x) funksiyalar x ning differensiallanuvchi funksiyalari bo’lsin.

Bufunksiyalar ko’paytmasining differensialini topamiz:
d(uv) =vdu +udv, bundan udv=d(uv)-vdu.
Oxirgi tenglikning ikkala qismini integrallab, quyidagini topamiz:
judv:jd(uv)—jvdu yOkiIudv:uv—jvdu.

Bo’laklab integrallash metodi bilan hisoblanadigan ba’zi integrallarni
ko’rsatamiz:

. J' P(x)*dx, J’ P(x) sinkxdx, J’ P(X) cos kxdx
ko’rinishdagi integrallar, bu erda P(x)-ko’pxad, k-biror son. Bu tipdagi integrallarni
hisoblashda u=P(x) deb olinsa bo’ladi.

||.I P(x) In xdx, IP(x)arcsin X dx, IP(x)arccos xax, IP(x)arctgxdx, IP(x)arcctgxdx.
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ko’rinishdagi integrallar, bu erda P(x)-ko’pxad. Bu xollarning barchasida bo’laklab
integrallashda birinchisida u=Inx, ikkinchisida u=arcsinx, uchinchisida u=arccosh,
to’rtinchisida u=arctgx, beshinchisida u=arcctgx deb olish lozim.

1. I éaxcosbxdx,j ¢™sinbxdx, (bunda a va b sonlar) ko’rinishdagi integrallar. Bu
integrallar ikki marta bo’laklab integrallab topiladi.
13-misol. Iarctgxdx ni toping.

Echilishi. u=arctgx, dv=dx deymiz.
dx
1+x?

Bundan du =

7 V=X; U holda yuqgoridagi  formulaga  ko’ra:

xdx

I arctgxdx = xarctgx —I >

:arctgx—lln(1+x2)+C.
1+x 2

14-misol. I(x3 —2x2 +5)%*dx.

Echilishi. u=x*-2x*+5=> du=(3x-4x)dx,
dv= £3XdX:,>V:J.£3de=%£3X; bularni yugoridagi formulaga qo’yib quyidagiga ega
bo’lamiz: J'(x3 —2x? +5)/%dx = % (¢ —2x% +5)1% —%jﬁx -(3x% — 4x)dx,
Bundagi oxirgi integralni yana bo’laklab integrallaymiz:

u=3x>-4x =du=(6x-4)dx; dv:€3xdx:v:%£3x,

U holda

1 1

jﬁx (3x% — 4x)dx = %(3x2 —4x) 0> —gjﬁx (6x — 4)dx :%(3x2 —4x) 0> —éjﬁx (6x — 4)dx =

1 4 1 4
= Z(BX% —AX)0¥ + = | ¥ dx — 2| x¢3dx == (3x? = 4xX) /> + =¥ — 2| x¢**dx,
S )+ [ 5 M+ [

Bundagi oxirgi integralni yana bo’laklab integrallaymiz: u=x=du=dx; dv=¢>dx=v= %ﬁx ,

Unda _[xﬁxdx =%x!23" —%I(sxdx =%x£3x —%ﬁ*, buni o’rniga qo’ysak,

J'£3X (3x? —4x)dx=%(3x2 — 4x)0 +gf3x —§x£3x +§£3X; buni o’rniga qo’ysak,

j(xg —2x% +5)¢¥dx = %(x?’ —2x% +5)¢¥ —é(sz —4x) 0% —
A 2 o2 e :[lx3 —x? +gx+Ej£3X +C.
27 9 27 3 3 9



Mustagqil ishlash uchun misollar
Quyidagi integrallarni bevosita integrallash usuli bilan toping:

1°, J.x\/;dx; javob: éxz x+C.

2°. j\/_ javob: %5x4+C.

3. jz‘ 1-x" 4. javob: 2 arcsin x-x+C.

Vi- x2
3

4° IZ dx; javob: arctgx+x— 2 +C.
1+x2 3

59, [ 3 ax javob: ¢ -3¥/@+Ing+cC.
6°. [tg?xdx; javob: tgx-x+C.

7° I(shx—sin x)dx; jaVObZ chx+cosh+C.

2
g°. J.[\/;—%] dx; Javob: x?/2-2x+Injx+cC.
9°, [ tox+30t997dx; javob: 4tgx-9ctgx-x+C.
10° [ javob: In]inx|+C.

xInx
11°, J.\/sinxcosxdx; javob: %sinx sinx +C
12°. [sina-+bodx; javob: -(1/b)cos(a+bx)+C.

13°, I—X javob: —arctg—3+C
X“ —6x+13 2

14°I Lax javob: —(x—4)%/§+c.

Quyidagi mtegrallarni o’zgaruvchilarni almashtirish usuli bilan hisoblang:

15, [r™ax javob: 45X+c
16°. IcosSxdx. javob: gsm5x+C
17°. j'”x javob: %In2x+C.
18°. Isindzx3x' javob: —%Ctg3X+C.
19°. Isinz X COS XdX. javob: %sin3x+C.
20°, Icoss xsin dx. javob: —%0054 x+C.
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210. xdx ;
I\/2x2 +3

220. XZdX :
ijs +1

230. J- cos xdx ;

sin? x

240. J~ sin xdx ;

cos® x
tgx
259, dx;
I cos? x
260. J‘ dx

cos? X Jtgx -1

270. J.de;

X+1

dx
280. COS X :
J‘\/25in X+1

290.1' sin2xdx

(L+cos2x)?

300. sin 2xdx ;
J.\/1+ sin? x

javob: %szz +3+C.

javob: % x*+1+C.

javob: -—+c.
sin X

javob: —1 __.c
2C0S“ X

R 2

javob: t92X+c.

javob: 2 /igx-1+cC.

2
In“(x+1) .C.

javob: ;

javob: Jasinx+1+cC.

1

javob: — 1 ¢
2(1+cos 2x)

javob: 2y1+sin?x+cC.

Quyidagi integrallarni bo’laklab integrallab toping:

31", [insax;
32", [xsinx;
33", [xtrax
347, [xinxdx;
35", [arcsin xa;
36" [ x?arctga;
37", [(x+nrrax
38" [ x? sinxax;

39°. IXS 0¥ dx:

40°, I(xz + 2x +3) cos xdx;

41°, sz cos xdx:

42°, Isin Jxdx;

javob: x(Inx-1)+C.

javob: -xcosh+sinx+C.

javob: *(x?2-2x+2)+cC.

javob: (x2/4)2inx-1)+cC.
javob: xarcsin x+v1-x2 +C.
- 2
JaVOb: Larctgx—1x2+£|n(x2+1)+c.
3 6 6
javob: x*+c.

javob: —x?cosx+2xsinx+2cosx+C.

javob: %EXZ(X4—ZXZ+Z)+C.

javob:  (x+1)?sinx+2(x+1)cosx + C.

javob: (¢ /5)sinx+2cosx) +C.

javob: —2xcos+/x +2sin+/x +C.



43°, .[In(x+ Vi+x?)dx;,  Javob: xin(x+1+x?)—+1+x% +C.

0 arcsmx _ ; . .
44" J.\/F X; jaVOb.2,11+x arcsin X+441-x+C.

2.Rasional kasrlar. To’g’ri rasional kasrni ajratish.
Kasr rasional funksiya yoki oddiy rasional funksiya deb ikkita ko’pxadning

bo’linmasiga teng bo’lgan funksiyaga aytiladi: R(x):Pm—(X;, bu erda p,(x)-m-darajali

ko’pxad, Q,(x)—n-darajali ko’pxad. Biz quyida ko’ramizki, xar ganday to’g’ri rasional
kasrni eng sodda rasional kasrlar deb ataluvchi quyidagi kasrlarning chekli yig’indisi
ko’rinishida tasvirlash mumkin:
A A =23y L MOEN Ly MOEN o)
X—a (x—a)" X+ pX+q (x“+ px+q)"

bu erda A, a, r, g, M va N-xaqigiy sonlar x*+rx+q kvadrat uchxad xaqiqiy ildizlarga

- 2 - - - - -
ega emas, ya’ni pT—q<o.Shun|ng uchun biz sodda kasrlarni integrallashni o’rgansak

va to’g’ri rasional kasrni soddalarining yig’indisiga ajrata olsak, rasional kasrlarni
integrallash masalasi xal gilingan bo’ladi.

IIAdX J.d(x 3) =Aln|x—-a]|+C.

Adx -n A
. - —a) d(x-a)=— "
||I(X o AJ'(x a) d(x—a) (1—n)(x—a)“’l+c
|||J‘de_

X2+ px+q

Maxrajda to’la kvadrat ajratib, quyidagiga ega bo’lamiz:
2+2-§x+%2+(q—p72)=(x+§)2+(q—p72).
+px+q uchxad xaqiqiy ildizlarga ega

p2 2

bo’Imagani uchun q—7>0- 0|—'07=a2 belgilashni kiritamiz. Endi integralgat:x+g

X2+ pX+q =X

Shartga ko’ra x

deb 0’zgaruvchini almashtirishni qo’llaymiz. Bundan:

2
X = t—g, dx = dt, x2+px+q:(x+§)2+(q—p7)=t2+a2.

Demak,
p Mp
M(t——)+N N-—="
JMN g p T2 ] My [ My, T2 gl
X“ 4+ px+q t°+a
Mp
d M 2 t
— = Int?+a®)+ arctg — +C.
J.t2+a2 2 ( ) a ga
t vaaning giymatlarini o’z o’rniga qo’yib, nixoyat quyidagini hosil gilamiz:
me x+2
I 2Mx+N dx:MIn(x2+px+q)+ 2 arctg Z_.c.
X% + px+q 2 p? p?
\/‘*T \/“T

10



1-Misol. [—2*2 gy ni toping.
J.x2—3x+8 Ping
Echilishi.maxrajni to’la kvadratga ajratamiz: x? -3x+8= (x——) +§
x—gzt, dx=dt, 3x+2=3(t+ —)+2 3t+§

3t+
Demak J‘ 3X+2 X:J' dt 3." tdt 13J‘ dt _
X2 —3x+8 2. BY
t2+(]
2
3 23 3 1 t 3 13 2x—3
=ZIn(t* + —) = arctg +C==In(x* -3x+8) + arctg +C.
2 2 23 \23 2 \23 23

2

N

.I%dx (n>2) integralni garaymiz. t=x+® deb, avvalgidek
(X* + px+0Q) 2

yangi t o’zgaruvchini Kkiritamiz. Bu quyidagini beradi:

2
x:t—g, dx=dt, x*+px+q=t>+a® buerda aZ:q—pT.

Demak, [ M*N 4y _owt o Meyp dt
I(x +px+q)" J.(t2+a2)”+( 2)-|.(t2+a2)n g
(1) tenglikning o’ng tomonidagi integrallardan birinchisi oson hisoblanadi:
tdt 1 n 1
J.(tz +a?)" ZEI (F +af)Td(t +a®) = 20-n)(t? +a®)"?t e

Shunday qilib, anj‘(tzd% integralni hisoblash goladi. Bu integralni quyidagi

+a“)
ko’rinishda yozib olamiz:

_ dt 1 p@@+a®)-t* 1 dt 2t
o _‘[(t2+a2)n - az-[ (t?+a?)" d= Z[I(t2+a 2)n-1 I(t2+a2)” ]

dt c aminG T ailamio- t2dt
IW:JM deb quyidagini hosil gilamiz: J, :g{an_l-j } (2)

t? +a%)"

tdt 1 t*dt - TP
ustdu=dtav=crTon Ve eb ITaZ)" integralni  bo’laklab

integrallaymiz:
Jtzdt: t _1J»dt: 1 1
t*+a®)" 20-n)t?+a®)"t 20-n)? t2+a?)"t 2@-n)t>+a’>)"t 2@1-n) "
Hosil gilingan integralni (2) formulaga qo’yib, quyidagini hosil gilamiz:

1 t 1 1|3-2n t
== I J|mFZ o5 It 2 2\l |
a 2(l—n)(t° +a“) 2(1—n) a“|2-2n 2(n=1(t° +a“)

2n -3 t
Shunday qilib, J, {Zn ZJ”‘1+2(n—1)(t2 +a2)“‘1}
Hosil gilingan formula keltirish formulasi deyiladi.

3)

3.Anigmas koeffisientlar metodi.
To’g’ri rasional kasrni koeffisientlarini topishning eng soddametodlaridan biri
anigmas koeffisientlarmetodidir. Bumetodni qo’llanishinimisollarda tushuntiramiz.

3-Misol .—* =2*6 _ njsodda kasrlarga ajrating.
(x—2)%(x* +3x+4)

11



Echilishi: (4) yoyilmadanfoydalanib, yozamiz:
x2—2x+6 A LA Mer N (*)
(x-2)2(x?+3x+4) x-2 (x-2)> x%+3x+4
bu erda A;, A,m va N-lar xozircha noma’lum sonlar. (*) ayniyatning o’ng
tomonini umumiymaxrajga keltiramiz:
6’ —208+6 _ A(6-2)(8°+36+4)+A,(0° +30+4)+ (1 8+ N)(x—2)?
(6-2)%- (8> +36+4) (x—2)%(x? +3x +4)
Bu ayniyatda kasrlarning maxraji birxil. Demak, suratlari ham aynan teng:
X*-2x+B6=Apx*+3A"+AA x-2A1x*-6 A x- -
8A+AX +3Asx+4Ag+Mx*-4Mx*+4Mx+Nx*-4Nx+4N
Ikkita ko’pxadx ning birxil darajalarida koeffisientlar birxil bo’lganda vafagat
shunda aynan teng bo’ladi. Bu ko’pxadlarning koeffisientlarinix ning birxil
darajalarida tenglab, quyidagi tenglamalar sistemasini hosil gilamiz:
5%aa: A +M =0
x’8a:A+A —4M +N =1
X 8a:—2A +3A,+4M —4N =-2
icia  0aa—8A +4A,+4N =6

Bu sistemani echib, , :‘a Az:% M:%, NZE larni topamiz. (*)munosabatda A;, A;,m
vaN lar o’rniga topilgan giymatlarni qo’yib, uzil-kesil quyidagini hosil gilamiz:
x> -2x+6 1 3 x+13 #k)

(x-2)2(x%+3c+4) 14(x-2) ’ 7(x—2)? +14(x2 +3x+4)

4.Rasional kasrlarni integrallash.
4-Misol. J.de ni toping.

x? —6x+5

Echilishi: Integralostidagi noto’g’ri rasional kasrni ko’pxad bilan to’g’ri kasr
yig’indisi ko’rinishida ifodalaymiz:

< 42 X2 —6X+5
X+7
x3 —6x2 +5x
7x2 —5x
7x2 —42x+35
37x—35
Shunday qilib,

3 2 _ 2 _
.[;(;de j[x +7+ M}dx _f(x+7)dx I%dx:x—+7x+Ide
X®—6X+5 X —6X —6x+5 2 (x=5)(x-1

Oxirgi integralni hisoblaymiz:
87x=35 _ A L B . 3% 35-Ax—A+Bx-5B. {A+B:37 — 4B=2, B=-1 A-D
(x=5)(x-1) x-5 x-1 - A-5B=-35 2 2

37x—-35 75 1 -
- - U holda, | _87*-3 , _ 51— Lin(x- buni
(x-5)(x-1) 2(x-5) 2(x-1) [ o500 90" 21%s 2I Inlx Sl inix-tixe,

o’rniga qo’ysak, I %dx:%xz+7x+?|n|x—5|—5|n|x—1|+c.

12



Mastaqil ishlash uchun misellar
Quyidagi rasionalfunksiyalarning integrallari topilsin.
1° | . javob: —1/3x-1%+C.

(x-1)
20 J-(ZXT(S)3; javob: —1/[a@x+3)%1+C.
30 Iﬁ javob: %arctg(x—S)/3+C.
X+
2dx . 1 x3+1
40. X—; avob: — . wrae =4
J.x6+2x3+3 J 32 & J2
50.1%&; javob: %In(x2—4x+7)+C.
X" —4X+
GO.IZSX—+3dx; javob:
X +10x+29
(5/2) In(x* +10x +29) —11arctg(x+5) / 2+ C.
70-I52X—+211d"; javob: (1/10)In(x? +2x+1)+(2/5)arctg(5x+1) / 2+ C.
X" +2ZX+

0 X i . [ x+1]

5.Ba’zi irrasional funksiyalarni integrallash.
ax+b\"  (ax+h)"
I'JR[X’[cx+d) """ [cx+dj ]dx (1)

integralni garaymiz. Bunda ry, 1, ..., Is lar rasional sonlar,

b
a | 20, R-0’z

argumentlariga nisbatan rasionalfunksiya. ry, r», ..., rs Sonlarning umumiymaxraji m

bo’lsin: r :%, ri-butun sonlar, i=1,2,...,s.

tm = :;‘:b (2) almashtirishni bajaramiz. Bundan x =pt); (3)

pty rasionalfunksiyadan iborat, shuning uchun p't) ham rasionalfunksiya;
shundan so’ng (3)dan  dx=p'(t)dt, 4)

(ax+bjr‘ St™ P P12 s (5)

cx +d

(3), (4) va(b) larni (1) ga qo’yib, qo’yidagiga ega bo’lamiz:

IR{X[Z‘XX:ZJ[:XX:;’”dXZI (a ctm’tpl ..... jp(t)dt—jR (),

bunda R*(t) = R(dt tf,t"l ..... j (t) rasionalfunksiyani integraliga keladi
1-Misol. J.lJ”/_dx ni toping.
Echilishi  Bunda % va % kasrlarning umumiymaxraji m=6. Quyidagi

almashtirishni bajaramiz. t® =x, uholda dx=6t°dt va demak,
PR 1 t° -
t"—t"+1- 5 [dt =6] — ——+t—arctgt |[+N =
1+t 5 3
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=SW—2&+6W—6arctg§/§+C.

integralni garaymiz. Bunda ildizostida kvadrat uchxadni

] 4#
' vax? +bx+c

to’la kvadratga ajratib, x+ LI E—b—zz—ikz decax, a>0
2a a 4a
dt . dt . .
bo’lganda |—— Yyoki a<0 bo’lganda integral-larga keladi, bu esa
ganda [ o= Y ganda [ integral-larg
jadvalning 160— va 17° - gako’ra hisoblanadi.
2-Misol. ni toping.
[—— T = ping
1
_— d(x—=
Echilishi: + -1~ (37 -2 Uholda [ _% UV U vt
2 4 \/xz—x—l \/(X_l)z_5 2
2’ 4
Ushbu integral 3, = [——*B 4 quyidagi almashtirishlar yordami bilan hisoblanadi:
Gl 3, = | s duyidag y
Ab
[ B g ?(Zax+b)+(5 2a )d _ Id(ax +bx+C) (B_Ab)J- &
Jax? +bx+c Jax? +bx+c 2a” Jax?®+bx+c Jax? +bx+c
1
:AJ'(axz+bx+c)_5d(ax2+bx+c)+(B——) J, :—(2\/ax +bx+c)+(B——)J
30+2 . .
3-misol. dx ni toping.
J‘\/0 +0+2
3
—(2x+1)+(2 =)
Echilishi: [ 0*2 g [2 zdx_f SN
V6% +6+2 V6 +06+2 \/62+6+ 2° 6% +06+2
=§I(62+6+2)_2d(62+6+2)+%If_3\/x +X+24= In|x+ +Vx?+x+2]|+C.
(x+ ) +—

4
6.Trigonometr|k funksiyalarni integrallash.
l. j R (sinx, cosx)dx ko’rinishdagi integral

Bunda R-rasionalfunksiya. Bu integral tggzt almashtirish  bilan
rasionalfunksiyaning integraliga keltirilishimumkin.
25in5cos£ 25in5cosi 2t X
sinx = 2 _ 2 2 _ g 2t
. o X X x 1 2’
sin? = +cos? = 1+tg2 +
2 2
2 X . 2 X 2 X . 2 X
COSX_COS ——=SIn E_COS E—sm — 1- tg 2 1— '[
- 2 X 2 X 14t%
1 sm2§+coszf 1+tg2 2 47
X X 2dt

tg—=t = —=arctgt = x =2arctgt = dx = ;
2 2 +t2

14



U holda berilgan integral ushbu ko’rinishdagi rasionalfunksiyaning integraliga
2t 1-t?| 2dt
1+t2 "1+12 1+t

keladi, ya’ni jR(sin X, cosx)dx:J‘R{ IR @dt, bunda R*(t)funksiya t ning

rasionalfunksiyasi
4-Misol. j integralni hisoblang.

sinx

Echilishi Yuqgoridagi yozilganformulalarga asosan:
2dt

Idx 1:t® Idt In|t]+C = In|tg |+C.
sinx J 2t

1+t2
tggzt (-n<x<m)  almashtirishga wuniversal almashtirish deyiladi. Bu

almashtirish R(sinx,cosh) ko’rinishdagi xar gandayfunksiyani integrallash uchun

imkon beradi. Lekin praktikada bu almashtirish ko’pincha anchamurakkab

rasionalfunksiyagaolib keladi. Shuning uchun universal almashtirish bilan bir gatorda

ba’zi xollar uchunmagsadga tezolib keladigan boshga almashtirishlarni ham

bilishfoydalidir.

1°. Agar R(sinx, cosh)funksiya sinx ga nisbatan toq bo’lsa, ya’ni R(-sinx, cosh) =
- R(sinx, cosh) bo’lsa, u holda cosh=t, - sinxdx=dt almashtirish bilan
rasionalfunksiyani integraliga keladi.

2°.Agar R(sinx, cosh) funksiya cos x ga nisbatan toq bo’lsa, ya’ni R(sinx, -cosh)=-
R(sinx, cosh) bo’lsa, u holda sinx=t almashtirish bilan rasionalfunksiyani
integraliga keltiriladi.

3°.Agar R(sinx, cosh) funksiya sinx va cosh ga nisba-tan juft bo’lsa, ya’ni R(-sinx,-
cosh)=R(sinx, cosh) bo’lsa, u holda tgx=t almashtirish bilan rasionallashtiriladi.

2 2
Bu holda sin? x= 9 ); _t =, cos? x = 12 :LZ, dx = dtz,
1+tg°x 1+t 1+tg°x 1+t 1+t

- 1 3 - . -
5-Misol. | *M_X_4x integral hisoblansin.
- J2+cosx

sin® x

Echilishi:  Rginx, cosx):2+cosxfunksiya sinx ga nishatan toqfunksiya. Bu

integralni j R(cos x)sinxdx ko’rinishga keltirishoson. Xagigatdan,

.3 -2 : 2
J‘ Sin™ X dX:J'SIﬂ XSInXdX:‘[l—COS X-sinxdx.
2+ Cos X 2+ Cos X 2+ Cos X
cosh=t almashtirishni bajaramiz.  Bu  holda  sinxdx=-dt. = Demak,
sin®x 3 t2 . 0% x .
j dx = j—dt j—dt j(t—2+—)dt:——2t+3ln|t+2|+N: —2cosx+3In|cos x +2| +N.
2+ COS X 2+t 2+ +2 2
6-Misol. j dx integral hisoblansin.
2-sin? x
Echilishi: tgx=t almashtirishni bajaramiz. Bu holda:
J- dx dt B dt 1 arcty - t o1 1 arctg ‘& tgx
2-sin?x t? ) 2+t2 2 J2 2 \/E
(2—1+t2)(1+t )

Il.jsinm x-cos” xdx ko’rinishdagi integral.
Bunda uchta xolni garashga to’g’ri keladi:
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a)Berilgan integralda m va n larning kamida bittasi tog son. Aniglik uchun n-
toq son bo’lsin. n=2p+1 debolib, integralni o’zgartiramiz:

_[sinm xcos*P* xdx = J’sinm X €0s P xcos xdx =.|.sinm X(1—sin? x)® cos xdx.

O’zgaruvchini almashtiramiz: sinx=t=cosxdx=dt. U holda

jsinm xcos”xdx:jtm(l—t )Pdt, bu esa t ning rasionalfunksiyasining integralidir.
- 5 - . -
7-Misol. .[(::'STXdX integral hisoblansin.
Inx

ay- . 5 4 2 2 .
Echilishi: %X g [ £ X 9%y (L=sin® )7 oS XX gjny —t deymiz, cosxdx =dt, U holda

sin x sin x sin x

jcos5 X

_12)2 2 44
: dx:judt:jﬂ—zjwujﬁdt:ln|t|—2-t—+t—+czln|sinx|—sin2x+isin4x+c.
sin X t t 2 4 4

t? ot . L, 1,
=In|t|-2-—+—+C=In|sinx|—sin” x+=sin” x+C.
2 4 4
b) Berilgan integralda m va n-manfiy bo’lmagan juft son. m=2p, n=2q
deymiz. Trigonometriyadanma’lum bo’lganformulalarni yozamiz:
Sin2X=%(l—COSZX), coszx:%(1+c052x). Bularni berilgan integralga qo’yamiz:

. 11 11
2p 2q _ p q
sin“” x-cos“" xdx = —=c0s 2X)" - (= +=cos 2x)" dx. 6
-[ I(z 2 ) (2 2 ) ( )

Darajaga ko’tarib hamda gavslarniochib, cos2x ning juft va toq darajalarini o’z
ichigaolgan xadlarni hosil gilamiz.

Toq darajali xadlar a) holda ko’rsatilgandek integrallanadi. Darajaning juft
ko’rsatkichlarini (6)formulalarga ko’ra yana pasaytiramiz. Daraja ko’rsatkich-larni
pasaytirishnioson integrallanadigan [eoxxd ko’rinishdagi xadlar hosil bo’lguncha

shunday davom ettiramiz.
8-misol. [ cos*xdx integral hisoblansin.

2
Echilishi: ICOS“xdx:J'(“C;SZXJ dx=%j(1+20052x+cosz2x)dx=

=lfdx+ij'0052xdx+ijmdx=ix+lsin2x++lj(1+cos4x)dx=lx
4 2 4 2 4 4 8 4

:lx+lsin2x+1(x+lsin4x)+l§| =3+ Lsinax+ Lsinax+ i,
4 4 8 4 8 4

v) Agar ikkala daraja ko’rsatkich ham juft bo’lib, ulardan kamida bittasimanfiy
bo’lsa, yugorida bayon gilingan usulmagsadgaolib kelmaydi. Bunda tgx=t
(yoki ctgx=t) almashtirishni bajarishga to’g’ri keladi.

1. Isin mx cos nxdX, Icos mXx cos nxdX, Isin mxsinnxdx  ko’rinishdagi integrallar.

Bular quyidagi formulalar yordamida hisoblanadi:

sin mx cos nx:%[sin(m+n)x+sin(m—n)x], @)
€OS MX COS NX = %[cos(m +n)x+cos(m—n)x], (8)
sin mxsin nx:%[cos(m—n)x—cos(m+n)x]. 9)
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9-Misol. jcosgcosgdx integral hisoblansin.

Echilishi: (8)formulaga ko’ra: cos X -cos X = L) cos X+ X4 cosl XX} =L cos 2 x4 cos |
- 2 3 2 2 3 2 3 2 6 6
U holda
J.cosfcosfdx:l.[ cos§x+coslx dx:l-gsin§x+l-65inlx+c:§sin§x+35in1x+c.
2 3 2 6 6 25 6 2 6 5 6 6

Mastaqil ishlash uchun misollar
Quyidagi irrasional funksiyalarning integrallari topilsin:

0
1" I&+3x+2ﬁ/' javob: 2x -3¥/x —8¥x +

1 68/6 + 4896 + 3In(1+ 9x) + = In(\/_ Wx+2)-2 f 1‘267_1+C-
. . Vlix—1-x [1-x
J' Ty Java. Inm+2arctg m+C.

—J1-2x —231-2x —2In|¥1-2x —1| +C.

0 X . )
3 'IM—M’ Javob:

dx . .o X+1
4° —_— . javob: arcsin —+C.
J.\/—x2—2x+ 3
5. x+3 javob:  —5v-x? +4x+5 +13arcsin X=2 4 C.
Im ] x+x++arcsm3+
Quyidagi trlgonometrikfunksiyalarning integrallari topilsin:
.3
1°, J.Sln X dx; javob: e
cos* x 3cos® x  COS X
dx ;
20. _— avob: In|tgx|- +C
IcosxsinSX J [t0x] 2sin? x
3°, J‘ﬁ jaVOb: %(tgzx—ctgzx)+2In|tgx|+C.
40_ J‘ dx : jaVObZ (tg?x —1)(tg*x +10tg? x+1)
cos? xsin? x 3tg°x

0 H .
5% Jcose xdx;  javob: Ex+isin2x(cos"'x+§cos x+EJ+C.
16 12 4 8
0 5 1 - 1 4 1 2
6. .[tg xdx javob: J1-2tg x—In|cosx|+C .

1+tgx
1-tgx

4y ind i
7°.j—‘“ X+Sih X4 javob: %I

> — += S|nxcosx+C
cos” x—sin® x 2

8. [ % . javob:c- 2

(sin X +cos x) 1+tgx
90. J.L javai: ﬁlntg(£+5)+c.
Sin X+ Cos X 2 8 2
d X +arctg &
10°. I—X javob: 1 intg b |,c.
acos X +bsin x Ja? + b2 2
11° [ & . javob: — 1 ¢
5—4sin x+3cos X 2—tgi
2
0
12 j—dx : JaVOb arctg(3tgx)+C
4-3c0s? x +5sin? x
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