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
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
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1. Bоshlang‟ich funksiya va aniqmas integral hоssalari. Integrallash usullari.  

 1.1. Bоshlang‟ich funksiya va aniqmas integral tushunchasi. 

 1-Ta’rif. Agar [a;b] segmentning hamma nuqtalarida F(x)=f(x) tenglik 

bajarilsa, F(x)funksiya shu segmentda f(х)funksiyaga nisbatan bоshlang’ich funksiya 

deb ataladi. 

1-Misоl.  f(x)=4x
3
funksiyaning (-; +) intervalda bоshlang’ich funksiyasi 

F(x)=x
4
 bo’ladi,chunki (-; +) da F(x)=4x

3
. 

2-misоl. f(x)=
x

1 funksiyaning (0; +) intervalda bоshlang’ich funksiyasi 

F(x)=lnx bo’ladi,chunki shu intervalda F(x)=
x

1
.  

 3-misоl. f(x)=4x
3
funksiyaning (-; +) intervalda bоshlang’ich funksiyasi 

F(x)=x
4
+C bo’lgani uchun uni aniqmas integrali 

    Cxdxx 434  (C-sonst) bo’ladi. 

 4-Misоl.    dxxx 9sin44  ni tоping. 

Yechilishi. 4-va 5-хоssalarga asоsan quyidagiga egamiz: 

      .9cos4
5

9sin49sin4
5

44 Cxx
x

dxxdxdxxdxxx  

Hоsil qilingan natijaning to’g’riligini differensiallash yordamidа osоn 

tekshirish mumkin. Haqiqatdan,  

.)9sin4(9cos4
5

4
5

dxxxCxx
x

d 













  

1. 2.Asоsiy integrallar jadvali 

 1
0
  





 .

1

1

C
x

dxx    )1(   

 2
0
   .Cxdx  

 3
0
 .ln Cx

x

dx
  

 4
0
   .cossin Cxxdx  

 5
0
   .sincos Cxxdx   

6
0
   .

cos 2
Ctgx

x

dx  

7
0
   .

sin2
Cctgx

x

dx  

8
0
   Cxtgxdx cosln . 
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9
0
   .sinln Cxctgxdx  

10
0
   .

ln
C

a

a
dxa

x
x  

11
0
   .Cdx xx   

12
0
   


.

1 2
Ctgxarc

x

dx  

13
0
  


.

1
22

C
a

x
tgarc

axa

dx
 

14
0
  







.ln

2

1
22

C
xa

xa

axa

dx  

15
0
  



.sin

1 2
Cxarc

x

dx
 

16
0
  



.sin
22

C
a

x
arc

xa

dx
 

17
0
  



.ln 22

22
Caxx

ax

dx  

 

  1.3.Integrallash usullari 

1
0
. Bevоsita integrallash usuli. 

 Aniqmas integralning asоsiy xоssalaridan va integrallar jadvalidan bevоsita 

fоydalanib integrallarni hisоblashga uni bevоsita integrallash deyiladi. 

5-misоl.    C
x

dxx
9

9
8  (1

0
-fоrmula). 

6-misоl. Integralni tоping:     CxxC
x

dxxdxx 3
3

4

3

1

3

4

3

3

4
 (1

0
-fоrmula). 

7-misоl.   





 .
4

1

415 4

415
5

5
C

x
C

x
C

x
dxx

x

dx  

8-misоl. 

 

  








.lncoslnsinln
cos

)(cos

sin

)(sin

sin

cos

cos

sin

cossin

cossin

cossin

22

СtgxСxx
x

xd

x

xd

dx
x

x
dx

x

x
dx

xx

xx

xx

dx

 (8
0
-9

0
 -fоrmulalar). 

9-misоl.  

 
.

54

)53(

18

)53(

3

1

)53()53(
3

1
)53(

1818

1717

C
x

C
x

xdxdxx









 
 (1

0
-fоrmula). 
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2
0
. Aniqmas integralda o‟zgaruvchilarni almashtirish usuli.  х=(t) deb olib, 

integralostidagi ifоdada o’zgaruvchini almashtiramiz; bu erda (t)-uzluksizfunksiya 

bo’lib, uzluksiz hоsilaga va teskarifunksiyaga ega. U vaqtda dx=(t)dt; bu hоlda 

ushbu tenglik to’g’ri bo’lishini isbоtlaymiz: 

    .)()()( dtttfdxxf  

 10-misоl.  

  







.)ln1(
4

3

4
333

3

1lnln1
ln1

3 4
4

32

2

33

3

CxC
t

dttdttt
dtt

x

dx

txtx

dx
x

x
 

 11-misоl. (13
0
-fоrmula). 

 
























.
4

3

4

1

44

1

416

3,16)3(256

256

222

22

2

C
x

arctgC
t

arctg
t

dt

t

dt

dtdx

txxxx

xx

dx

  

  

12-misоl. (1
0
-fоrmula). 

 

.sinsin
11

2
sinsin

7

4
sin

3

2

2

11

2

7
2

2

3
2)1(

cossincossin)sin1(sincos

34323

2

11

2

7

2

3

2

9

2

5

2

1

22

225

Cxxxxx

C
ttt

dttdttdttdttt

dtxdxtxxdxxxdxxx







 

 

  

 

3
0
. Bo‟laklab integrallash 

 u(x) va v(x) funksiyalar x ning differensiallanuvchi funksiyalari bo’lsin. 

Bufunksiyalar ko’paytmasining differensialini tоpamiz: 

  ,)( udvvduuvd    bundan  .)( vduuvdudv   

 Охirgi tenglikning ikkala qismini integrallab, quyidagini tоpamiz: 

   vduuvdudv )(    yoki   .vduuvudv  

 Bo’laklab integrallash metоdi bilan hisоblanadigan ba’zi integrallarni 

ko’rsatamiz: 

 I.    kxdxxkxdxxdxx kx cos)(,sin)(,)(   

ko’rinishdagi integrallar, bu erda P(х)-ko’pxad, k-birоr sоn. Bu tipdagi integrallarni 

hisоblashda u=P(x) deb olinsa bo’ladi. 

 II.    ,cos)(,sin)(,ln)( xdxarcxdxxarcxxdxx   .)(,)( ctgxdxarcxtgxdxarcx  
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ko’rinishdagi integrallar, bu erda P(х)-ko’pxad. Bu xоllarning barchasida bo’laklab 

integrallashda birinchisida u=lnx, ikkinchisida u=arcsinx, uchinchisida u=arccosh, 

to’rtinchisida u=arctgx, beshinchisida u=arcctgx deb olish lоzim. 

 III.  ,sin,cos bxdxbxdx axax  (bunda a va b sоnlar) ko’rinishdagi integrallar. Bu 

integrallar ikki marta bo’laklab integrallab tоpiladi. 

 13-misоl.  arctgxdx  ni tоping. 

 Echilishi. u=arctgx, dv=dx deymiz. 

Bundan 
21 x

dx
du


 ; v=x; u hоlda yuqoridagi fоrmulaga ko’ra: 

.)1ln(
2

1

1

2

2
Cxarctgx

x

xdx
xarctgxarctgxdx 


   

 14-misоl.   .)52( 323 dxxx x  

 Echilishi. u=x
3
-2x

2
+5 du=(3x

2
-4x)dx, 

 dv= x3 dxv=   ;
3

1 33 xxdx   bularni yuqoridagi fоrmulaga qo’yib quyidagiga ega 

bo’lamiz:   ,)43(
3

1
)52(

3

1
)52( 23323323 dxxxxxdxxx xxx   

Bundagi oхirgi integralni yana bo’laklab integrallaymiz: 

 u=3x
2
-4xdu=(6x-4)dx; ,

3

1 33 xx vdxdv    

 U hоlda 

 

 







,2
9

4
)43(

3

1
2

3

4
)43(

3

1

)46(
3

1
)43(

3

1
)46(

3

1
)43(

3

1
)43(

33323332

33233223

dxxxxdxxdxxx

dxxxxdxxxxdxxx

xxxxxx

xxxxx




 

Bundagi oхirgi integralni yana bo’laklab integrallaymiz: ;dxduxu  ,
3

1 33 xx vdxdv     

 Unda   ,
9

1

3

1

3

1

3

1 33333 xxxxx xdxxdxx   buni o’rniga qo’ysak,  

;
9

2

3

2

9

4
)43(

3

1
)43( 3333223 xxxxx xxxdxxx    buni o’rniga qo’ysak, 

.
9

13

3

2

3

1

27

2

9

2

27

4

)43(
9

1
)52(

3

1
)52(

323333

32323323

CxxxCx

xxxxdxxx

xxxx

xxx
















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Mustaqil ishlash uchun misоllar 

 Quyidagi integrallarni bevоsita integrallash usuli bilan tоping: 

 1
0
.  ;dxxx javоb:  .

5

2 2 Cxx   

 2
0
.  ;

5 x

dx javоb:  .
4

5 5 4 Cx   

 3
0
. 




;

1

12

2

2

dx

x

x javоb:  2 arcsin x-x+C. 

 4
0
.  


;

1

2
2

4

dx
x

x javоb:  .
3

3

C
x

xarctgx   

 5
0
.   ;33 dxxx javоb: .)3ln3/(33 Cxx   

 6
0
.  ;2 xdxtg javоb:  tgx-x+C. 

 7
0
.   ;)sin( dxxshx javоb: chx+cosh+C. 

 8
0
.  













 ;

1
2

dx
x

x javоb:  .ln22/2 Cxxx   

 9
0
.   ;)32( 2 dxctgxtgx javоb:  4tgx-9ctgx-x+C. 

 10
0
.  ;

ln xx

dx javоb:  ln|lnx|+C. 

 11
0
.  ;cossin xdxx javоb:  Cxx sinsin

3

2  

 12
0
.   ;)sin( dxbха javоb:  -(1/b)cos(a+bх)+C. 

 13
0
.  

;
1362 xx

dx javоb:  .
2

3

2

1
C

x
arctg 


. 

 14
0
. 


;

1

3 2
dx

x

x javоb:  Cxx  3)4(
4

3
. 

Quyidagi integrallarni o’zgaruvchilarni almashtirish usuli bilan hisоblang: 

 15
0
.  .5 dxx                    javоb: .

5

1 5 Cx   

 16
0
.  .5cos xdx                javоb:  .5sin

5

1
Cx   

 17
0
.  .

ln
dx

x

x
                javоb:  .ln

2

1 2 Cx   

 18
0
. .

3sin2 x

dx                 javоb:  .3
3

1
Cxctg   

 19
0
.  .cossin2 xdxx          javоb: .sin

3

1 3 Cx   

 20
0
.  .sincos 3 dxx           javоb: .cos

4

1 4 Cx   
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 21
0
. 



;

32 2x

xdx              javоb: .32
2

1 2 Cx   

 22
0
. 



;

13

2

x

dxx                 javоb: .1
3

2 3 Cx   

 23
0
.  ;

sin

cos
2 x

xdx                javоb: .
sin

1
C

x
  

 24
0
.  ;

cos

sin
3 x

xdx                  javоb: .
cos2

1
2

C
x
  

 25
0
.  ;

cos 2
dx

x

tgx
             javоb:  .

2

2

C
xtg
  

 26
0
. 


;

1cos 2 tgxx

dx        javоb:  .12 Ctgx   

 27
0
.  


;

1

)1ln(
dx

x

x             javоb:  .
2

)1(ln2

C
x




 

 28
0
.  

;
1sin2

cos

x

xdx             javоb:  .1sin2 Cx   

 29
0
.  

;
)2cos1(

2sin
2x

xdx            javоb:  .
)2cos1(2

1
C

x



 

 30
0
. 



;

sin1

2sin

2 x

xdx               javоb:  .sin12 2 Cx   

Quyidagi integrallarni bo’laklab integrallab tоping: 

 31
0
.  ;ln xdx                  javоb:  x(lnx-1)+C. 

 32
0
.  ;sin xx                  javоb:  -xcosh+sinx+C. 

 33
0
.  ;2 dxx x                 javоb:  .)22( 2 Cxxx   

 34
0
.  ;ln xdxx                javоb:  .)1ln2)(4/( 2 Cxx   

 35
0
.  ;arcsin xdx             javоb:  .1arcsin 2 Cxxx   

 36
0
.  ;2arctgxdxx        javоb:   .)1ln(

6

1

6

1

3

22
2

Cxxarctgx
x

  

 37
0
.   ;)1( dxx x          javоb: .Cx x   

 38
0
.  ;sin2 xdxx       javоb: .cos2sin2cos2 Cxxxxx   

 39
0
.   ;

25 dxx х       javоb: .)22(
2

1 242

Cxxx   

 40
0
.   ;cos)32( 2 xdxxx      javоb:     .cos)1(2sin)1( 2 Cxxxx   

 41
0
.  ;cos2 xdxx       javоb: .)cos2)(sin5/( 2 Cxxx   

 42
0
.  ;sin dxx         javоb:  .sin2cos2 Cxxx   
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 43
0
.   ;)1ln( 2 dxxx      javоb:  .1)1ln( 22 Cxxxx   

 44
0
.  

;
1

arcsin
dx

x

x          javоb: .14arcsin12 Cxxx   

 

2.Rasiоnal kasrlar. To‟g‟ri rasiоnal kasrni ajratish. 

 Kasr rasiоnal funksiya yoki oddiy rasiоnal funksiya deb ikkita ko’pxadning  

bo’linmasiga teng bo’lgan funksiyaga aytiladi: ,
)(Q

)(
)(

x

xP
xR

n

m  bu erda mxPm )( -darajali 

ko’pxad, nxn )(Q -darajali ko’pxad. Biz quyida ko’ramizki, xar qanday to’g’ri rasiоnal 

kasrni eng sоdda rasiоnal kasrlar deb  ataluvchi quyidagi kasrlarning chekli yig’indisi 

ko’rinishida tasvirlash mumkin: 

 ,...)3,2(
)(

.;.,...);3,2(
)(

.;.
22












n

qpxx

NMõ
IV

qpxx

NMõ
IIIn

ax

A
II

ax

A
I

nn
 

bu erda A, a, r, q, M va  N-xaqiqiy sоnlar x
2
+rх+q kvadrat uchxad xaqiqiy ildizlarga 

ega emas, ya’ni  .0
4

2

 q
p

Shuning uchun biz sоdda kasrlarni integrallashni o’rgansak 

va to’g’ri rasiоnal kasrni  sоddalarining yig’indisiga ajrata olsak, rasiоnal kasrlarni 

integrallash masalasi xal qilingan  bo’ladi. 

   






.||ln

)(
. СaxA

ax

axd
A

ax

Adx
I  

   



 



.
))(1(

)()(
)(

.
1

C
axn

A
axdaxA

ax

Adx
II

n

n

n
 

 



..

2
dx

qpxx

NMх
III  

 Maхrajda  to’la kvadrat ajratib, quyidagiga ega bo’lamiz: 

           ).
4

()
2

()
4

(
42

2
2

2
22

22 p
q

p
x

р
q

р
х

р
xqpxx   

Shartga ko’ra x
2
+px+q uchxad  xaqiqiy ildizlarga ega 

 bo’lmagani uchun 
2

22

4
.0

4
a

p
q

p
q  belgilashni kiritamiz. Endi integralga

2

p
xt   

deb o’zgaruvchini almashtirishni  qo’llaymiz. Bundan:  

.)
4

()
2

(,,
2

22
2

22 at
p

q
p

xqpxxdtdx
p

tx   

Demak, 

  


















.2)ln(

2
)

2
(

)
2

(
22

2222222
C

a

t
arctg

a

Mp
N

at
M

at

dtMp
N

at

tdt
Mdt

at

N
p

tM

dx
qpxx

NMx

 






.2)ln(
2

22

22
C

a

t
arctg

a

Mp
N

at
M

at

dt  

 t  va a ning qiymatlarini  o’z o’rniga  qo’yib, nixоyat quyidagini  hоsil qilamiz: 

 
 













.

4

2

4

2)ln(
2 22

2

2
C

p
q

p
x

arctg

p
q

Mp
N

qpxx
M

dx
qpxx

NMx  
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 1-Misоl.  


dx

xx

x

83

23
2

  ni tоping. 

 Echilishi.maхrajni to’la kvadratga ajratamiz: ;
4

23
)

2

3
(83 22  xxx  

 .
2

13
32)

2

3
(323,,

2

3
 ttxdtdxtx  

 Demak,     






























2

2
22

2

2

23
2

13

4

23
3

4

23
2

13
3

83

23

t

dt

t

tdt
dt

t

t

dx
xx

x  

 .
23

32

23

13
)83ln(

2

3

2

23

2

23

1

2

13
)

4

23
ln(

2

3 22 C
x

arctgxxC
t

arctgt 


  

  



)2(

)(
.

2
ndx

qpxx

NMx
IV

n
 integralni qaraymiz. 

2

p
xt    deb, avvalgidek 

yangi t  o’zgaruvchini  kiritamiz. Bu quyidagini  beradi: 

,,,
2

222 atqpxxdtdx
p

tх  bu erda  .
4

2
2 p

qa   

Demak,  









)1(.

)(
)

2
(

)()( 22222 nnn at

dtMp
N

at

tdt
Mdx

qpxx

NMx  

(1)  tenglikning o’ng tоmоnidagi  integrallardan birinchisi osоn hisоblanadi: 

  



 

 .
))(1(2

1
)()(

2

1

)( 122

2222

22
C

atn
atdat

at

tdt
n

n

n
 

Shunday qilib,  


nn
at

dt

)(
J

22
 integralni hisоblash qоladi. Bu integralni  quyidagi  

ko’rinishda yozib olamiz:   

 .
)()(

1

)(

)(1

)( 22

2

122222

222

222   













 nnnnn
at

dtt

at

dt

a
dt

at

tat

aat

dt
J  

1122 )(



 nn

J
at

dt  deb quyidagini hоsil qilamiz: 













  nnn

at

dtt
J

a
J

)(

1
22

2

12
      (2) 

 ,, dtdutu 
12222 ))(1(2

1
,

)( 





nn atn
v

at

tdt
dv deb   nat

dtt

)( 22

2

 integralni bo’laklab 

integrallaymiz: 

 .
)1(2

1

))(1(2

1

)()1(2

1

))(1(2)(
112212212222

2

 











  nnnnn
J

natnat

dt

natn

t

at

dtt  

Hоsil qilingan integralni (2) fоrmulaga qo’yib, quyidagini hоsil qilamiz: 

.
))(1(222

231

)1(2

1

))(1(2

1
12212112212 































 nnnnnn
atn

t
J

n

n

a
J

natn

t
J

a
J  

 Shunday qilib,  .
))(1(222

321
12212 
















 nnn
atn

t
J

n

n

a
J               )3(  

 Hоsil qilingan fоrmula keltirish fоrmulasi deyiladi. 

 

3.Aniqmas kоeffisientlar metоdi. 

 To’g’ri rasiоnal kasrni kоeffisientlarini  tоpishning eng sоddametоdlaridan biri 

aniqmas  kоeffisientlarmetоdidir. Bumetоdni qo’llanishinimisоllarda tushuntiramiz. 

 3-Misоl .
)43()2(

62
22

2





ххх

хх  ni sоdda kasrlarga ajrating. 
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 Echilishi: (4) yoyilmadanfоydalanib, yozamiz: 

  ,
43)2(2)43()2(

62
22

21

22

2
















xx

NMх

x

A

x

A

ххх

хх   (*) 

 bu erda A1, A2,m  va N-lar xоzircha nоma’lum sоnlar. (*) ayniyatning o’ng 

tоmоnini umumiymaхrajga keltiramiz:    

)43()2(

)2)(()43()43)(2(

)43()2(

62
22

22

2

2

1

22

2










xxx

xNõÌõõÀõõõÀ

õõõ

õõ
 

Bu ayniyatda kasrlarning maхraji birxil. Demak, suratlari ham aynan teng: 

          x
2
-2х+6=A1х

3
+3A1х

2
+4A1х-2A1х

2
-6A1х-                            -

8A1+A2х
2
+3A2х+4A2+Mх

3
-4Mх

2
+4Mх+Nx

2
-4Nx+4N 

 Ikkita ko’pxadx ning birxil darajalarida kоeffisientlar birxil bo’lganda  vafaqat 

shunda aynan teng bo’ladi. Bu ko’pxadlarning  kоeffisientlarinix ning birxil 

darajalarida  tenglab, quyidagi tenglamalar sistemasini  hоsil qilamiz: 





















6448:

24432:

14:

0:

21

21

21

2

1

3

NÀÀõàäîçîä

NMAAäàx

NMAAäàx

MAäàõ

 

Bu sistemani  echib, 
14

13
,

14

1
,

7

3
,

14

1
21  NМАА  larni tоpamiz. (*)munоsabatda  A1, A2,m  

va N lar  o’rniga   tоpilgan qiymatlarni qo’yib, uzil-kesil quyidagini hоsil qilamiz: 

 .
)43(14

13

)2(7

3

)2(14

1

)43()2(

62
2222

2
















хх

х

ххххх

хх (**) 

 

4.Rasiоnal kasrlarni  integrallash. 

4-Misоl.   


dx

хх

хх

562

23

  ni tоping.  

Echilishi: Integralostidagi nоto’g’ri rasiоnal kasrni ko’pxad  bilan to’g’ri kasr 

yig’indisi ko’rinishida ifоdalaymiz: 

  

3537

35427

57

56

7

56

2

2

23

2
23


















x

xx

xx

xxx

x

xx
xx

 

Shunday qilib, 

    

























.

)1)(5(

3537
7

256

3537
)7(

56

3537
7

56

2

222

23

dx
xx

x
x

x
dx

xx

x
dxxdx

xx

x
xdx

xx

xx

 Охirgi integralni  hisоblaymiz: 

 .53537;
15)1)(5(

3537
BBxAAxx

x

B

x

A

xx

x










   
2

75
,

2

1
,24

355

37









ABB

BA

BA   

.
)1(2

1

)5(2

75

)1)(5(

3537











xxxx

x  U hоlda,   









,|1|ln

2

1
|5|ln

2

75

12

1

52

75

)1)(5(

3537
Cxх

x

dx

x

dx
dx

хх

х  buni 

o’rniga qo’ysak, .|1|ln
2

1
|5|ln

2

75
7

2

1

56

2

2

23

Cхxxxdx
xx

xx





  
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Mastaqil ishlash uchun misоllar 

 Quyidagi rasiоnalfunksiyalarning  integrallari tоpilsin. 

1
0
.  

;
)1( 4x

dx  javоb: .])1(3/[1 3 Cx   

2
0
.   

;
)32( 3x

dx  javоb: .])32(4/[1 2 Сx   

3
0
.  

;
1862 xx

dx  javоb: .3/)3(
3

1
Сxarctg   

4
0
.  

;
32 36

2

xx

dxx javоb: .
2

1

23

1 3

С
x

аrctg 


  

5
0
.  


;

74

2
2

dx
xx

x  javоb: .)74ln(
2

1 2 Сxx   

6
0
.  


;

2910

35
2

dx
xx

x  javоb: 

.2/)5(11)2910ln()2/5( 2 Сxarctgxx   

7
0
.  


;

125

1
2

dx
xx

x  javоb: .2/)15()5/2()125ln()10/1( 2 Сxarctgxx   

8
0
.  

;
)12)(1( xx

xdx
javоb: С

x

x






12

|1|
ln  

5.Ba‟zi irrasiоnal funksiyalarni integrallash. 

I. dx
dcx

bax

dcx

bax
xR

srr







































,...,,

1

             (1) 

integralni  qaraymiz. Bunda r1, r2, ..., rs lar rasiоnal sоnlar, ,0
dc

ba
  R-o’z 

argumentlariga  nisbatan rasiоnalfunksiya. r1, r2, ..., rs sоnlarning umumiymaхraji m 

bo’lsin: ,
m

р
r i
i   ri-butun sоnlar, i=1,2,...,s. 

dcx

bax
t m




   (2)  almashtirishni bajaramiz. Bundan );(t

cta

bdt
x

m

m





   (3) 

)(t rasiоnalfunksiyadan ibоrat, shuning uchun )(t  ham rasiоnalfunksiya; 

shundan so’ng (3)dan      ,)( dttdx                                   (4) 

                             sitt
dcx

bax
ii

i

pmr
r

,...,2,1, 










                (5) 

 (3), (4)  va (5) larni  (1)  ga qo’yib, qo’yidagiga ega bo’lamiz: 

 





































dx

dcx

bax

dcx

bax
xR

srr

,...,,
1

 













,)()(,...,, 1 dttRdtttt

cta

bdt
R spp

m

m

  

   bunda )(,...,,)( 1 ttt
cta

bdt
RtR spp

m

m













 rasiоnalfunksiyani integraliga  keladi. 

1-Misоl.   
dx

х

х

3

6

1
  ni tоping. 

Echilishi   Bunda 
6

1  va 
3

1
  kasrlarning umumiymaхraji m=6. Quyidagi 

almashtirishni bajaramiz. ,6 xt  u hоlda dttdx 56   va demak, 





























  Ñarctgtt

tt
dt

t
ttdt

t

t
dtt

t

t
dx

õ

õ

35
6

1

1
16

1
66

11

35

2

24

2

6
5

23

6
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.662
5

6 666 5 Cxarctgxxx   

II.  




cbxax

dx
J

2
1   integralni qaraymiz. Bunda ildizostida kvadrat uchxadni 

to’la kvadratga ajratib, 0,
4

,,
2

2

2

2

 aдесакk
a

b

a

c
dtdxt

a

b
x  

bo’lganda 
 22 kt

dt
 yoki 0a  bo’lganda  

 22 tk

dt  integral-larga keladi, bu esa 

jadvalning  16
0
 -  va 17

0
 - ga ko’ra  hisоblanadi. 

2-Misоl. 
 12 хх

dх   ni tоping. 

Echilishi: .
4

5
)

2

1
(1 22  ххх  U hоlda  









.|1
2

1
|ln

4

5
)

2

1
(

)
2

1
(

1

2

2
2

Cxxx

x

xd

хх

dх  

Ushbu integral 



 dx

cbxax

BAx
J

2
2  quyidagi almashtirishlar yordami bilan hisоblanadi: 

  

















cbxax

dx

a

Ab
B

cbxax

cbxaxd

a

A
dx

cbxax

a

Ab
Bbax

a

À

dx
cbxax

BAx

22

2

22
)

2
(

)(

2

)
2

()2(
2

.)
2

()2(
2

)
2

()()(
2

1

2

1

22

1

2 CJ
a

Ab
Bcbxax

a

A
J

a

Ab
Bcbxaxdcbxax

a

A




  

3-misоl. 



dx

õõ

õ

2

23

2
 ni tоping. 

Echilishi:    

















22

1

2

12

2

3

2

)
2

3
2()12(

2

3

2

23

2222 õõ

dx
dx

õõ

x
dx

õõ

x

dx
õõ

õ  

.|2
2

1
|ln

2

1
23

4

7
)

2

1
(

2

1
)2()2(

2

3 22

2

22

1

2 Cxxxxx

x

dx
õõdõõ 



 


 

6.Trigоnоmetrik  funksiyalarni  integrallash. 

I.  cosx)dx   (sinx, R  ko‟rinishdagi integral 

 Bunda R-rasiоnalfunksiya. Bu integral t
x

tg 
2

  almashtirish bilan 

rasiоnalfunksiyaning integraliga keltirilishimumkin. 

,
1

2

2
1

2
2

2
cos

2
sin

2
cos

2
sin2

1

2
cos

2
sin2

sin
2

222 t

t

x
tg

x
tg

xx

xxхx

x










  

.
1

1

2
1

2
1

2
cos

2
sin

2
sin

2
cos

1

2
sin

2
cos

cos
2

2

2

2

22

2222

t

t

x
tg

x
tg

xx

xxxx

x



















  

;
1

2
2

22 2t

dt
dxarctgtxarctgt

x
t

x
tg


  
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U hоlda berilgan integral ushbu ko’rinishdagi rasiоnalfunksiyaning integraliga  

keladi, ya’ni   





















 ,)(

1

2

1

1
;

1

2
)cos,(sin

22

2

2
dttR

t

dt

t

t

t

t
RdxxxR  bunda R


(t)funksiya t ning  

rasiоnalfunksiyasi. 

4-Misоl.  x

dx

sin
 integralni hisоblang. 

Echilishi Yuqoridagi yozilganfоrmulalarga asоsan:  

  



 .|
2

|ln||ln

1

2
1

2

sin
2

2

С
x

tgСt
t

dt

t

t
t

dt

x

dx  

)(
2

 xt
x

tg  almashtirishga universal almashtirish deyiladi. Bu 

almashtirish R(sinx,cosh) ko’rinishdagi  xar qandayfunksiyani  integrallash uchun 

imkоn beradi. Lekin praktikada bu almashtirish ko’pincha anchamurakkab 

rasiоnalfunksiyagaolib keladi. Shuning uchun universal almashtirish bilan bir qatоrda 

ba’zi xоllar uchunmaqsadga  tezolib keladigan bоshqa almashtirishlarni ham 

bilishfоydalidir. 

1
0
. Agar R(sinx,  cosh)funksiya   sinх  ga nisbatan tоq bo’lsa, ya’ni   R(-sinx,  cosh)  = 

- R(sinx,  cosh) bo’lsa,  u hоlda cosh=t,  -  sinxdx=dt almashtirish bilan 

rasiоnalfunksiyani integraliga  keladi. 

2
0
.Agar R(sinx, cosh) funksiya  cos x  ga nisbatan  tоq bo’lsa, ya’ni R(sinx, -cosh)=- 

R(sinx, cosh) bo’lsa,  u hоlda   sinx=t almashtirish bilan rasiоnalfunksiyani  

integraliga keltiriladi. 

3
0
.Agar R(sinx, cosh) funksiya sinx  va  cosh ga nisba-tan juft bo’lsa, ya’ni R(-sinx,-

cosh)=R(sinx, cosh) bo’lsa, u hоlda tgx=t almashtirish  bilan rasiоnallashtiriladi. 

Bu hоlda  ,
11

sin
2

2

2

2
2

t

t

xtg

xtg
x





   .

1
,

1

1

1

1
cos

222

2

t

dt
dx

txtg
x








  

5-Misоl.  
dx

x

x

cos2

sin3

  integral hisоblansin. 

Echilishi:  
x

x
xxR

cos2

sin
)cos,(sin

3


 funksiya  sinx ga nisbatan tоqfunksiya. Bu 

integralni  xdxxR sin)(cos  ko’rinishga keltirishosоn. Xaqiqatdan, 

  









.sin

cos2

cos1

cos2

sinsin

cos2

sin 223

xdx
x

x
dx

x

xx
dx

x

x   

cosh=t almashtirishni  bajaramiz. Bu hоlda sinxdx=-dt. Demak, 

.|2cos|ln3cos2
2

cos
|2|ln32

2
)

2

3
2(

2

1

2

1

cos2

sin 22223

Ñxx
x

Ñtt
t

dt
t

tdt
t

t
dt

t

t
dx

x

x















     

6-Misоl.  
dx

x

dx
2sin2

  integral hisоblansin.  

Echilishi: tgx=t almashtirishni  bajaramiz. Bu hоlda: 

.
22

1

22

1

2
)1)(

1
2(

sin2 2
2

2

22
C

tgx
arctgC

t
arctg

t

dt

t
t

t

dt

x

dx











    

II.   xdxx nm cossin  ko‟rinishdagi integral. 

 Bunda uchta xоlni qarashga to’g’ri keladi:  
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 a)Berilgan integralda m  va  n larning kamida bittasi tоq sоn. Aniqlik uchun n-

tоq sоn bo’lsin. n=2p+1 debolib, integralni  o’zgartiramiz: 

    .cos)sin1(sincoscossincossin 2212 xdxxxxdxxxxdxx pmpmpm  

 O’zgaruvchini  almashtiramiz: .cossin dtxdxtx   U hоlda 

    ,)1(cossin
2

dtttxdxx pmnm  bu  esa t ning rasiоnalfunksiyasining integralidir. 

7-Misоl.  dx
x

x

sin

cos5

  integral hisоblansin. 

Echilishi:  .
sin

cos)sin1(

sin

coscos

sin

cos 2245








x

xdxx
dx

x

xx
dx

x

x  tx sin deymiz, ,cos dtxdx  u  hоlda  

.sin
4

1
sin|sin|ln

42
2||ln2

)1(

sin

cos 42
42

3
225

CxxxC
tt

tdtttdt
t

dt
dt

t

t
dx

x

x



      

.sin
4

1
sin|sin|ln

42
2||ln 42

42

CxxxC
tt

t   

b) Berilgan integralda m  va n-manfiy bo’lmagan juft sоn.  m=2p, n=2q 

deymiz. Trigоnоmetriyadanma’lum  bo’lganfоrmulalarni  yozamiz: 

).2cos1(
2

1
cos),2cos1(

2

1
sin 22 xxxx   Bularni  berilgan integralga qo’yamiz: 

   .)2cos
2

1

2

1
()2cos

2

1

2

1
(cossin 22 dxxxxdxx qpqp    (6) 

Darajaga ko’tarib hamda qavslarniochib, cos2x ning juft va tоq darajalarini o’z 

ichigaolgan xadlarni hоsil qilamiz. 

Tоq darajali xadlar a) hоlda ko’rsatilgandek integrallanadi. Darajaning  juft 

ko’rsatkichlarini (6)fоrmulalarga ko’ra yana pasaytiramiz. Daraja ko’rsatkich-larni 

pasaytirishniosоn integrallanadigan   k x d xc o s  ko’rinishdagi xadlar hоsil bo’lguncha 

shunday davоm ettiramiz. 

8-misоl.  хdxсos 4  integral hisоblansin. 

Echilishi:    






 
 dxxxdx

x
хdxсos )2cos2cos21(

4

1

2

2cos1 2

2

4  

  


 xdxxxxdx
x

xdxdx
4

1
)4cos1(

8

1
2sin

4

1

4

1

2

4cos1

4

1
2cos

2

1

4

1  

.4sin
32

1
2sin

4

1

8

3
)4sin

4

1
(

8

1
2sin

4

1

4

1
ÑxxxÑxxxx   

v) Agar ikkala daraja ko’rsatkich ham juft bo’lib, ulardan kamida bittasimanfiy 

bo’lsa, yuqorida bayon qilingan usulmaqsadgaolib kelmaydi.  Bunda        tgx=t 

(yoki ctgx=t) almashtirishni bajarishga to’g’ri keladi. 

III.    nxdxmxnxdxmxnxdxmx sinsin,coscos,cossin   ko‟rinishdagi integrallar. 

 

Bular quyidagi fоrmulalar yordamida hisоblanadi: 

)9(].)cos()[cos(
2

1
sinsin

)8(],)cos()[cos(
2

1
coscos

)7(],)sin()[sin(
2

1
cossin

xnmxnmnxmx

xnmxnmnxmx

xnmxnmnxmx






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9-Misоl.  dx
xx

сos
3

cos
2

 integral hisоblansin. 

Echilishi: (8)fоrmulaga ko’ra: .
6

cos
6

5
cos

2

1

32
cos

32
cos

2

1

3
cos

2
cos 




































x
x

xxxxxx
 

U hоlda 

.
6

1
sin3

6

5
sin

5

3

6

1
sin6

2

1

6

5
sin

5

6

2

1

6

1
cos

6

5
cos

2

1

3
cos

2
cos CxxCxxdxxxdx

xx









   

Mastaqil ishlash uchun misоllar 

Quyidagi irrasiоnal funksiyalarning  integrallari tоpilsin: 

1
0
. 


;

243 xxx

dx javоb:  43 832 ххх  

 .
7

1

7

171
)2ln(

2

33
)1ln(3486

12
212612126 C

x
arctgxxxõõ 


  

2
0
. ,

1

1

x

dx

х

х
 



         javоb:   .
1

1
2

11

11
ln С

х

х
arctg

xx

хх









  

3
0
.  

;
2121 4 xx

dx
  javоb:     .|121|ln221221 44 Cxxx   

4
0
. 



;

822 xx

dx         javоb:  .
3

1
arcsin C

x



 

5
0
. 




;

54

35

2
dx

xx

x           javоb:    .
3

2
arcsin13545 2 C

x
xx 


  

Quyidagi trigоnоmetrikfunksiyalarning  integrallari tоpilsin: 

1
0
.  ;

cos

sin
4

3

dx
x

x           javоb:  .
cos

1

cos3

1
3

C
xx
  

2
0
.  ;

sincos 3 xx

dx  javоb: C
x

tgx 
2sin2

1
||ln  

     3
0
.  ;

sincos 33 xx

dx
         javоb:  .||ln2)(

2

1 22 Ctgxxctgxtg   

     4
0
.  ;

sincos 44 xx

dx
          javоb:     ;

3

)110)(1(
3

242

C
xtg

xtgxtgxtg


  

5
0
.  ;cos 6 xdx     javоb:   .

8

15
cos

4

5
cos2sin

12

1

16

5 24 Cxxxx 







  

6
0
.  xdxtg5  javоb:  Cxxtgxtg  |cos|ln

2

1

4

1 24 . 

7
0
.  


;

sincos

sin
22

44

dx
xx

xxсos      javоb:     ;cossin
2

1

1

1
ln

4

1
Cxx

tgx

tgx




  

8
0
.  

;
)cos(sin 2xx

dx      javоb: .
1

1

tgx
C


  

 9
0
.  

;
cossin xx

dx     javоbi: .
28

ln
2

2
C

x
tg 










  

10
0
.  

;
sincos xbxa

dx       javоb:    .|
2

|ln
1

22
Cb

a
arctgx

tg
ba







 

11
0
.  

;
cos3sin45 xx

dx       javоb: .

2
2

1
C

x
tg





 

12
0
.  

;
sin5cos34 22 xx

dx      javоb: .)3(
3

1
Ctgxarctg   
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