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Kirish

Ushbu masalalar to’plami oliy texnika o’quv yurti o’qituvchi va talabalari oliy
matematika fanidan amaliy mashg ulot darslarida foydalanish uchun mo'ljallangan.
Unda keltirilgan mavzular amaldagi ishchi dasturiga mos bo’lib, 2-semestrda
foydalanish mumkin.

To’plam oliy matematikaning aniq integral, ko’p o’zgaruvchili funksiyalar,
karrali integrallar, differensial tenglamalar, matematik fizika va egri chizigli
integrallarni 0z ichiga gamrab olgan.

To’plamni yozishda hozirga gadar rus va o zbek tillarida chop etilgan
adabiyotlardan foydalanildi, hamda mualliflar to plagan tajribaga asoslanib oddiydan
murakkabga ketma-ketligini saglashga harakat gilindi. Kitob o quv dasturiga moslab
yozilgan bo'lib, har bir mavzuga kerakli formulalar Keltirilib, na'muna tarzida
masalalarning yechilishi keltirilgan. Mustaqil ishlash va uy vazifasi uchun masalalar
va ularning javoblari keltirilgan

Mualliflar to’plamni ilmiy va uslubiy jixatdan yaxshilash uchun
bildiriladigan takliflarni mamnuniyat bilan gabul giladilar.
Mualliflar.



Aniq integral.

Aniq integralning xossalari ~ Nyuton - Leybnis formulasi.

1
1-misol. Ixzdx; integralni ta'rif yordamida hisoblang.
0

Yechish:  f(x)=x?. a=0, b=1;[0;1] kesmani n ta bo'lakka bo'lamiz.

1 2 n-1 n
=(—-a)/n=1/n, =X Xg=0, y==; Xo=—; Xgq=—", Xya=—=1
(b—-a) Sk = % 0 1= X = 1= n T
2 2 2 2
1 2 n k 1
f =|=|;f == ..., f =|—|f “AX, =|—| -= uholda
(1) (nj (2) (nj (n) [nj (61 )- A% [nj -
2 ) 2 2 1+1 2+1
2 1°4+2°+34---+n - n(n+H(@2n+1) n n 1
J.x dx = lim = lim = lim ==
0 N—a0 n? N—a0 6n3 N—>o0 6 3

2

2-misol. I(2x+3)dx integralni hisoblang.

-3

Yechish:
2 2 2
2 2 2 2
j(2x+3)dx= jzxdx+j3dx=x 3+3x 3:(2 —(-3)%)+(3-2-3-(-3)) =-5+15=10
-3 -3 -3 B -
/4
3-misol. I —— integralni hisoblang
o6 COS™ X
4 og4dx o TH dx g T J3
Yechish: I =4 J. :4~tgx4 :4-{tg——tg—}=4- 1-—
”,6005 X ,Gcos X z 4 6 3
6
Darsda yechish uchun misollar.
Quyidagi integrallarni hisoblang.
3 4 14 2 63
98.jx3dx, j. 20 99.j\/}dx, j.— 1oo.j(x2+i4jdx, jo—
1 1 3 1 X 24
/4 1 3 0x av3 d T
101. |sin4xdx, j. — 102. | e3dx, j.3(e-1 103. -
l 13 { ) 3(e1) £a2+x2 M2
_ L, 2 T dx .8
104. [ 3x2dx, j .26 105. [ 220 dx, 6— 106. =
I . I\/— ) '[\/3x+4 : 3
| 5 4(2 +1
107. | dz = 108. Ix\/1+ xdx,, j. ( )
o (2z+1) 9 15
/4 1
109. [eig’xds, j. =~ 110.jcosfcos3—xdxj.o
18 2 8 o 2 2
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Mustaqgil uy vazifasi uchun misollar

3 2x-1 2 .3 2
111.j 3l-x+(lj X, j . 1066 112. dex,ﬂ
0 3 243In3 Lox2+l
c 2 C2 _l 2 R 1
113, [ e 114, [(5x+2)dx,j.—2=
J 2 g £ 2

1

3
ll5.I(2x2 +x+ D, j .23%

Aniq integralni o’ zgaruvchini almashtirib integrallash

1 2
1-misol. _[ x'd 5 integralni hisoblang.
o (X+1)
Yechish:
L2 | XThxsht=2 2 (t-1)2 _2t+1 dt dt
[ =lx=t-1,x=0t=1= =" dt j +dt jdt—zj ‘1—2Int
0 (X=D" gy = gt 1 1

:2—1—2In2—1+1:§+2In2
2 2

/2
2-misol. jcoszx-smxdx integralni hisoblang.
0

]2 t = cos x, dt = —sin xdx L1
Yechish: jcoszx-sin xdx=[x=0, t=1. ——jt dt==t3 ==
0 3 0 3
T
X=—; t=0
2
Darsda yechish uchun misollar.
Quyidagi integrallarni hisoblang.
8 2
xdx . dx 3
116. )-8 120. [———,j. 1—
!V3x—1 1(Bx-4)5 " 12
1 2
x*dx . T 3 8
117. o= xdx . 32
'([m 3 2 121. {m’J'
Ja 2
za
118. | x*a® —x*dx,j. — 1 1-x2
! 16 122. | 1—2‘”,} 1_%
£ X
72 81 2
119. I X2 9—x2dx,j. —7 1
0 8 j. =In3
- 2

Hr\J




1-misol. J.xln xdx integralni hisoblang.

ef

e

8
125. | xvV1+x2dx, j. 19
N 3

T
127. Isin[z - 2xjdx,
5 6

0.5

128. jes"‘ ™ cosaxdx,

0

Mustagil uy vazifasi uchun misollar

0 .2
126. [ -~ dx3,
“A-4x
129.
: 464+/2
Ix3 x> —1dx ,j. J_
1 15
'
2 X
131 [ dx,j. e—e
1 X
133j ax X
Jlext T g

1
X
135.jeX+e dx,j. e* —e

0

3
X . T
136{mdx,12‘\/§—2—€

0
130. | sin(% - 3xjdx i
T

12
196
dx
132. i 2In10
2"-5 X — 4/x .

25 dx
134. [—22— . 6+4In2
£I—1J

Aniq integralni bo’laklab integrallash

b
Bo laklab integrallash formulasi. judv =(u-v)

2

e

u=Inx,du==dx
X
xIn xdx = )
dv = xdx, v =X
2

a

2-misol j xe*dx integralni hisoblang.

0

Z—ivdu

N7



1 u = x,du = dx 1 1 1
Yechish: Ixexdx= = xe* —jexdx:e—ex —e—e+1=1
0 dv = e*dx,v = e* 0 3 0

a
: X : -
3-misol jxcos—dx integralni hisoblang.
a
—a

Yechish:
a u = x,du = dx a
X . x| a X 2 . .
Ixcos—dx= X . x|=x-a-sin— —aJ'S|n—dx=a sinl—(-a)asin(-1) —
a dv = cos—dx,v = asin— al—a a
—a a a —a
X\ a 2 2 2 2
—a-al cos— =a“sinl—a“sinl+a“cosl+a“cos(-1) =0
aj-a
wl2
4misol. | = Iexsinxdx integralni hisoblang.
0
Yechish:
w2 u =e*,dv = sin xdx < w2 u =e*,dv = cos xdx
| = Ie sinxdx = = —e" C0S X + I e” cos xdx = =
0 du = e*dx,v = —cos x 0 du = e*dx,v = sinx
/2 7l2
wl2 |xl2 7 . .
=—eXcosx| _ +e¥sinx| - j e¥sinxdx =1+e"/? - J'exsmxdx
0 0
| =1+e"/2 |
1
I=§(1+e”/2)

Darsda yechish uchun misollar.

Aniq integrallarni bo"laklab integrallash yordamida hisoblang.

t 1
137.Jarctgxdx - A Y
0 4 2

2e®+1

1
139.J.xe3xdx,j.
0

1
T
141. | xarctgxdx ,j. ——1
I 2

/2
143. | e* cosxdx , j. —=
J 2
e
145._[‘\‘/§In xdx
1

0
147. [(2x+3)e"dx, j. 3e -5
-1

¢ Inx .
138. | —=dx,j. 4(In4-1
J @i 4(In4-1)

1
140.j1n(x +1)dx, j. 2In2-1
0

’ o 2e°+1
142.jx2 In xdvx , j.

1

1
144.jxsin xdx, j. 7

0

e
146. I‘\‘/;In xdx, j.
1

T

2 T
148. [ (x—1)cosxdx, j. =2
9 2

4({‘/e_5 + 4)
25



1 J—
149. [ xarctgxdx, j =2
0 4

Mustaqil uy vazifasi uchun misollar

€ 1
z 151.jxln2xdx,j. —(ez—l)
¢ o e?-1 1 4
150._[005 In xdx , J. /9 ,
1 2 i 2X . T _8
/2 153. Ie cos xdx , j.
c 32
152. jxcosxdx,J. 1 0
0 2 0
¢ 155. |arccosxdx, j. 7 —1
154. [In” xdx, j. €~ 2 _jl .
1

Aniq integral yordamida yuzalarni hisoblash.
1-misol. y=4x-x?,y=0 chiziglar bilan chegaralangan soha yuzini toping.

Yechish: y=4x—x> va y=0tenglamalarni birgalikda yechib, parabolani 0X o'qi bilan kesishish
nuqtasini topamiz.
0O(0;0) va M(4;0) nugtalarda kesishadi.

4

4

S =_[(4x—x2)dx={2x2 —Exﬂ 32
0 3

= 3 (kv.bir)

0

Darsda yechish uchun misollar.
Quyidagi chiziglar bilan chegaralangan sohani yuzini toping.
156. y=—x*,x+y+2=0,j. 4,5
157.x=12cost + 5sint,y =5cost —12sin¢, j. 169- 7
158.y=16/x",y=17-x> (I - CHorak) ,j. 18

3ra’

159.x =acos’ t,y =asin’ ¢ (astroida) , j.
160. > =4x’,y=2x> ,]. 3
b ) 15

161. xy =20,x> + y*> =41(l - CHorak) , j. 4?1arcsin4%+ 20In(0,8)

162.y =sinx,y=cosx,x=0, j. J2-1
Mustagil uy vazifasi uchun misollar
Quyidagi chiziglar bilan chegaralangan sohani yuzini toping
163.y=0.25x",y=3x—-0.5x" ,]j. 8

164.xy =42,x* —6x+1* =0,y =0,x =4, ]. 977[—\/5+4\/§In2—garcsin(%j

2
165.y = X? x=1  x=3 parabola vato'gri chiziglar va OX o’qi bilan chegaralangan soha yuzini

13
hisoblang. , . —
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166.x=2-y— y2 egri chiziq va ordinatalar o"qi bilan chegaralangan figuraning yuzini hisoblang. , j.

9

2
Aniq integral yordamida jism hajmini hisoblang
1-masala y2 = (x—l)3 va x = 2 chiziglar bilan chegaralangan figurani OX o"qi atrofida
aylantirishdan hosil bo"lgan jismning hajmini hisoblang.
YEchish
u A
\\ .
2 2 1 2 1
V = z[ydx = z[(x~1Pdx = ~z(x —1)4‘ = =7 (kub bir.)
1 1 4 1 4
2-masala. y = Sinx sinusoidaning yarim to"lgini OX o°gining [On] kesmasi bilan chegaralangan

figuraning OY o°qi atrofida aylanishidan hosil bo"lgan jismning hajmini hisoblang.
YEchish
u=x, du = dx

T T
V=2 dx =277 | xSin xdx =
n_[xy ﬁj dv=Sinx,v=-Cosx

0 0
= 272’[—7Z'COS7Z' +Sin x|g) =272 (ky6 6up.)

T
=2 ( xCos x|6Z + _[Cos xdx} =
0

3-masala Y=x* va y°=8x parabolalar bilan chegaralangan figurani Ou 0°qi
atrofida aylantirishdan hosil bo lgan jism xajmini hisoblang.

Yechish: y=x*va y*=8x tenglamalarni birgalikda yechib kesishish nuqtalarini topamiz.
X=0 vax=2

2
b 2 2 3 5 4
V, = 27t'|‘x(y2 —y, )dx = 2njx<J8_x—x2)(jx: Zﬁj[@XZ - XS}dX = Zﬂ(\/géxz XT] =
0 0
0

a

=2n£2”8'32 szn[ﬁ—4j:27zE=24—ﬂ kub birlik
5 5 5 5
Darsda yechish uchun misollar.
Quyidagi chiziglar bilan chegaralangan figuralarni koordinata o qlari atrofida aylantirishidan hosil
bo’lgan jismlarning hajmini toping.
167. xy=9, y=3, y=9 0y o'qatrofida, x. 187



168. y=10-x°,  y=x’+2 Oy o'q atrofida, x. 0,167
169. y=4-x’, 2x+y-4=0  Ox o'qatrofida, x. 6,47

Mustaqil uy vazifasi uchun misollar

Quyidagi chiziglar bilan chegaralangan figuralarni koordinata o qglari atrofida aylantirishidan hosil
bolgan jismlarning hajmini toping.

175. y= cos(x —%) x=0, y=0, (x>0)  0x 0’q atrofida, j. Z(% - @J

176.  x—y*=4, y=2 0Oy o’qatrofida, j. BZT”

177. x:\/y y=1 y=4 0yo‘qatrofida,j.157ﬂ

178. y= 3x? parabola x=0 Xx=2 O0xo'qatrofida,j. 57,67

Yoy uzunligi va sirt yuzalarni hisoblash

1-masala y® =x> yarim kubik parabolaning koordinatalar boshidan A(4;8) nugtagacha bo'lgan yoyi
uzunligini toping.

Yechish: yc=x>, y=x2, y'=

(10\/_ ) (uzunlik birligi )

2-masala X=a(t-sint), y=a(1-cost) sikloidaning bir arki uzunligini toping.

Echish: x'=a(l-cost); y'=asint oA
2n 2n
L= I\/az(l—cost)2 +a’sin’t dt = aJ\/Z—Zcost dt =
0 0
A (|27 0 2ma X
=2a [ sin_dt=—4acos_| =8a (uzunlik birlik)
0 2 2lo

3- masala r = asin* yoplk egri chizig uzunligini toping.

Yechish: Berllgan funksiya juft funksiya. SHu sababli berilgan egri chizig qutb o kiga nisbatan
simmetrik.
Nugta butun egri chizigni ( burchak 0 dan 2 7 gacha o0 zgarganda chizadi.

r' a5|n3(p cos (p’
4 4

v

DN
QJa X

10



demak,

L 2z 2z 2z
—= I \/azsin8£+a25in6£-coszﬂdgo = aj sin3£dgp = —4aj sinzf-d(cosfj =
2 5 4 4 4 0 4 5 4 4

2z
27 cos® & 1\ 8
:—4aj(1—coszfjd(cosﬂj:—%\ cos? -4 ::—4a[1——j:—a
5 4 4 4 3 3) 3

0

demak, L:%a (uzunlik birlik)

Darsda yechish uchun misollar.

Quyidagi egri chiziglar yoylari uzunliklarini hisoblang.
7
2
182. x=%t3—t, y=t?+2, 0<t<3 j. N2(7-1)

1
181.  y=In(sinx), %SXS j.§|n3

183. x=e'cost, y=e'sint t=0 t=Ihz j 12

Egri chizig yoyining Ox o qgi atrofida aylanishdan hosil bo"lgan jism sirti yuzini hisoblang.

1
184. y=x%, 0< x<l j. blx
2 1728
64
185. x=t-sint, y=1-cost  (birarkasi) j. Tﬂ

186. vy

x* =8y Ox o'qatrofida j. 167z(57r+§)

Mustaqgil uy vazifasi uchun misollar

Egri chiziq yoyining 0x o°qi atrofida aylanishdan hosil bo"Igan jism sirti yuzini hisoblang.

187.  y*=x, Xx’=y Oy o'qatrofida j.0,37
x? x® 4r
188. y=_-, == ==
y > y 3 J 35
Xosmas integrallarni hisoblash
o b +00
j. f (x)dx I f (X)dx I f (X)dx - korinishidagi integrallar chegarasi cheksiz xosmas
a —00 —00
integrallar deyiladi.
+0 b b b
[f()dx="tfim [ f(x)x, [fOdx="1tim [ f(x)dx
é b— +w0? - a— -

11



+00

j f (X )olx = j f (x)dx + T f (x)dx

ko'rinishida hisoblanadi.
Agar limit mavjud va chekli bo'Isa xosmas integral yaginlashuvchi, aks xolda uzoglashuvchi deyiladi.

+o0
1-misol. Icos xdx xosmas integralni hisoblang.

o lim °® lim lim lim
Yechish: _[cos Xdx = cos xdx = sinx/p = (sinb—sin0)= sinb
—> o0y X — +00 X — +00 b— 4w
bunday limit mavjud emas . Demak, xosmas integral uzoklashuvchi.
-1
. dx . -
2-misol. _[—2 xosmas integralni hisoblang.
X
lim 7 lim -1 lim
Yechish: d_>2< = {— 1} = (1+ lj =1
a—>-wsx° a—>-wo xjja a->-o a
limit chekli, demak, xosmas integral yaginlashuvchi.
. ©odx . -
3-misol j > Xosmas integralni hisoblang.
2 1+x
Yechish: Integral ostidagi funksiya juft bo lganligi sababli
~+00 dX +00 dX
=2
_'[01+ X -([1+ X
T odx lim 5 dx lim b lim
I 5 = I 5 = arctgx| = arctgh = —
o 14x° b +0814x° b foo 0 b—+w
Demak,
I dx = 2 T -
*1-x 2
Xosmas integral chekli limitga ega. Demak, integral yaginlashuvchi.
+00
4-misol. J'xe_X dx xosmas integralni hisoblang.
0
Yechish:
b 2
A lim lim . lim b
Ixe‘x dx_ Ixe x: {—Ee‘x} = 1 ¢ 1
0 —>+oo b—+4w| 2 0 b—+oo|2 2 2

Limit chekli, demak, xosmas mtegral yaginlashuvchi

Darsda yechish uchun misollar
Xosmas integrallarni hisoblang va yaqinlashuvchilikka tekshiring.

ardtgx . 256 . . .
278. dx L — 280. . yaginlashuvchi
j S j a1 v
X . dx T
279. dx j: o0 28l. | —— |
-([4—x2 -([./xil—x) 6

12



1
282. j— j: % 283. jxlimzxdx i
0

Mustaqil uy vazifasi uchun misollar

iy 2 . : . ‘Cxarctgx . .
284. (1—cos—jdx j:  yaginlashuvchi 286. J: uzoglashuvchi
‘!‘ X 1 V1+ X2
1 1
285. | ;'X j:  uzoglashuvchi 287. | o
5 € =1 o Igx — X

O zgaruvchilari ajralgan va ajraladigan tenglamalar

Ushbu M(x)dx+N(y)dy=0 ko rinishdagi tenglamaga o zgaruvchilari ajralgan differensial
tenglama deyiladi. Uning o°ziga xos tomoni shundaki, dx oldida fagat x ga bogliqg
ko paytuvchi, dy oldida esa fagat y ga bog'lig ko paytuvchi turadi. Bu tenglamaning yechimi
uni hadma-had integrallash yo'li bilan aniglanadi:

[ M()dx + N(y)dy=C
Differensial tenglamaning oshkormas holda ifodalangan yechimi bu tenglamaning integrali
deyiladi. Integrallash doimiysi C ni yechim uchun qulay ko rinishda tanlash mumekin.

1- misol: tgxdx-ctgydy=0 tenglamaning umumiy yechimini toping.

Yechish: Bu yerda o zgaruvchilari ajralgan tenglamaga egamiz. Uni hadma-had
integrallaymiz:

[ tgxdx -J ctgydy=C  yoki  —In|cosx|-In[siny|=-InC
Bu yerda integrallash doimiysi C ni —InC, ya'ni C= - InC orqgali belgilash qulaydir, bundan
Insiny-cosx=In C yoki siny-cosx=C umumiy integralni topamiz.

Ta'rif.

y' = f1(x) f2(y) (1)
ko rinishdagi tenglamalar o zgaruvchilari ajraladigan differensial tenglamalar deb ataladi, bu
yerda f1(x) va f,(y) uzluksiz funksiyalar. (1) tenglamani yechish uchun unda o zgaruvchilarni
ajratish kerak. U holda (1) tenglama

dy = f,(x)dx 2
Ty @)
ko'rinishga keladi. Bu tenglamada x o'zgaruvchi fagat o'ng tomonda, y o zgaruvchisi
esa chap tomonda ishtirok etyapti, ya ni o zgaruvchilar ajratildi. (2) tenglikni har ikki tomonini
integrallab,

j%:jfl(x)dxw

ekanligini hosil gilamiz, bu yerda C ixtiyoriy o zgarmas.
2-misol. y' =y/x tenglamani yeching.
Yechish: Berilgan tenglama (2) ko rinishdagi tenglama, bu yerda f;(x) =1/x va f,(y)=y.

O zgaruvchilarni ajratib, dy _ g tenglamani hosil gilamiz. Uni integrallab J'ﬂzj%+ InC ,
X y b

C>0 yoki Iny+Inx=InC va bu tenglikni potensirlab, y=Cx umumiy yechimni topamiz.
Faraz gilaylik, y=Cx umumiy yechimdan x,=1, y,=2 boshlangich shartlarni ganoatlantiruvchi

13



xususiy yechim topish talab gilinyapti. Bu giymatlarni y=C-x ra x Ba y larni o'rniga qoyib,
2=C-1 yoki C= 2 ni topamiz. Demak, xususiy yechim y=2x ekan.
Quyidagi tenglamalarni yeching

1. x(y*-4)dx +ydy=0 J: y2 —4=Ce ™"
, 1 X 7
2. y’cos x =y/Iny, y(0)=1 J: Eln 2yIntg (E + Z)
3. y'=tgx-tgy. J: sinycosx=C
5 T arctgx
4, (1+x)dy+ydx=0, y(1)=1. J: y=e*
In cos y dx+x tgy dy=0. J. y=arccose™

6. Yievo0, yL)=0 I 2e7V(y+)=x>+1
X

7. yly'=lny, y2)=1 J: 2(x—2)=In?y
8. y +sin(x+y)=sin(x-y) J: 2sinx+Injtg g‘ =C
9. xy1+y2dx+yVl+x2dy=0 J: \/1+ X2 +\/+ y2 =C
3
10. y'=2"7, -3)=-5 32Xy _ 2
y y(-3) 2
11. y’=sh(x+y)+sh(x-y) J; y=Intg(chx +C)

12. x(y*+1)dx+y*(x*+1)dy, y(0)=1 J: arctgx’ + 2arctgy’ :%

Bir jinsli va bir jinsliga keltiriladigan differensial tenglamalar Birinchi tartibli bir jinsli
differensial tenglamalar

1-Ta'rif. f(x,y) funksiya x va y o zgaruvchilarga nisbatan n- o’Ichovli bir jinsli funksiya
deb ataladi, agarda ixtiyoriy A uchun
f(Ax, Ly)= L"(x,y)
ayniyat o'rinli bo’lsa.
2-Ta'rif. Agarda f(x, y) funsiya x va y ga nisbatan 0- o Ichovli bir jinsli funksiya bo'lsa

birinchi tartibli % —f(x,y) 3)
X

differensial tenglama x va y ga nisbatan bir jinsli differensial tenglama deb ataladi.
Bir jinsli differensial tenglamani yechish. Faraz qilaylik, (3) bir jinsli differensial tenglama

berilgan boIsin, u holda shartga ko'ra f(Ax, Ay)= A’f(x,y). Bu ayniyatda A _1 deb olsak, f(x,
X

y)=f(1, 1) ni hosil gilamiz. Bu holda (3) tenglama quyidagi ko rinishga keladi:
X

d
o=fadh (@)
X X
(4)da u =X, y=u'x almashtirish bajaramiz.
X
U holda %:u+3—u-x ni hosil gilamiz. Hosilaning bu ifodasini (4) ga qo'yib,
X X

14



du & tenglikni hosil gilamiz. Bu esa o'zgaruvchilari ajralgan

fQu)—u X
differensial tenglamadir. Integrallab quyidagini topamiZ'
du dx
[———=[=+IC, |

fu)—u X

u+d—u-x: f(Lu) yoki
dx

————=1In[CX.

f(, u) u

Integrallarni topgandan so'ng u o'rniga Y i go'yib, berilgan tenglamaning integralini
X

y = y(X,c) ko'rinishida topamiz.

3-misol. ﬂ:% tenglamani yeching.
dx x° -y
Yechish: Tenglamaning o'ng tomonidagi funksiya 0-o'lchovli bir jinsli funksiya
bo’lgani uchun tenglama bir jinsli differensial tenglama, shuning uchun Y _u almashtirishni
X
bajaramiz. U holda y=ux, ﬂ=u+x du . Bularni tenglamaga qo'yib u+x- i yoKki
dx dx dx 1-u’

3 2

du__u ~ Vva 0 zgaruvchilarni ajratib, d-ut)du dx ya ni (———)du_% tenglamaga
Tdx 1-u us X X

kelamiz. Integrallash natijasida —Ziz—ln|u|:ln|x|+ln|c| yoki —%:In|uxc| munosabatlarni
u u

2
hosil gilamiz. Oxirgi tenglikda u o'rniga Y ni qo'yib, - 2X :
X y

=In|cx| tenglamaning umumiy

integralini topamiz. Ko rinib turibdiki, y ni x orqali elementar funksiyalar yordamida ifodalab
bo’Imaydi. Birog x ni y orqali ifodalash mumkin: x = y,/—2In|Cy|

4-misol. dy _x+y-3 tenglamani yeching.
dx x-y-1
Yechish: Tenglamani bir jinsli tenglamaga aylantirish uchun x=x;+h, y=y;+k
almashtirishni bajaramiz. U holda tenglama %: :X1+y1+h+k 3 | h+k-3=0, h-k-1=0
dx, -y, +h-k-1
H - H —_ —_ 1NN H M H T H dyl X1+y1
tenglamalar sistemasini yechib h=2, k=1 ekanligini topamiz. Natijada bir jinsli % —v.
Xy X =Y
. A . _ dy; du
tenglmani hosil gilamiz. 2 =u almashtirishni bajarsak, u holda y;=ux;, —*=u+x -—
X dx, dx, '
2
u+x1-0|—u=1+—u bo'ladi va natijada x, - du_1+u 0 zgaruvchilari ajraladigan tenglamaga
d, 1-u d, 1-u
ega bo"lamiz. O zgaruvchilarni ajratamiz: —u2 du = LY integrallab
+u X,
arctgu —%In(1+ u?) = In|x,| +In|c], arctgu:ln‘cxl @+u?)| yoki CxV1+u? = e
tg)’1

ekanligini topamiz.u o rnlga ifodani qo’yib, CyxZ +y; _e % ekanligini, va nihoyat, x
Xl
arci L_l
va y 0 zgaruvchilarga o'tib C\/(x—Z)2 +(y-1°% =e 2 natijani hosil gilamiz.

15



Quyidagi tenglamalarni yeching.

X _c
X+Yy

13. (x* +2xy)dx + xydy =0 J: In\x+ y\+

14, y'=l+sinl, y(l):% J: 'y = 2xarctgx
X X

co SX

15. xy'sin(L) + x = ysin(Y) J Cx=e X
X X

16. xy+y2=(2x2+xy)-y" J: y?=Cxe—=
X

17. xyy' =y +2x° J: y? =4x?In Cx
18.18. y= (%) +cos(¥) J: 1+sin(y/x)=Cxcos(y/x).

B+ y)dx—xydy =0 J: y*=x°InCx>.

20. (x+y+2)dx+(2x+2y—-Ddy=0  J: x+2y+5In|x+y-3=C.

21. (2x+y+Ddx+(x+2y-1)dy=0 J: X2+y2+xy+x-y:C1,C1:C2-1.
22. 2(x+y)dy +(3x+3y dx=0,y(0) =2 J: 3x+2y-4+2In|x+y-1 =0.

11. Chiziqli differensial tenglamalar. Bernulli tenglamasi
1. Chiziqli differensial tenglamalar
Ta'rif. Noma'lum funksiya va uning hosilasiga nisbatan chizigli bo'lgan tenglamaga
chiziqli differensial tenglama deyiladi. Bunday tenglama

Y Py =0 (11)
korinishga ega bo’ladi, bu yerda P(x) va Q (x) berilgan uzluksiz funksiyalar.

y=e’ F>OIX[[Q(x)eJ PaXax + C]
(11) ning umumiy yechimi bo"ladi.

1-misol. @y_2 y = (x+1)3 tenglamani yeching.
dx x+1

Yechish: y=u v deb olsak, u holda dy = uﬂ vd—u
dx dx  dx
;i_y ifodasini berilgan tenglamaga qo"ysak,
X

uﬂ+d—uv—iuv= (x+1)°
dx dx x+1

yoki
dv. 2 du
— V) +—V=(x+1)°. 15
u(dx x+1v)+dxV (x+3) (15)
v funksiyani aniglash uchun y—iv:o yoKki dv_ 2dx tenglamani hosil
dx x+1 v  Xx+1

gilamiz. Bu yerdan In| v|= 2Injx+1]  yoki v=(x+1)>2.
16



v ni ifodasini (15) tenglikka go’yib, u ni aniglash uchun (x +1)23—§:(x +1)® yoki

(x+1)?
2

g_u = x +1 tenglamani hosil gilamiz, bu yerdan u = +C . Demak, berilgan tenglamaning
X

(x+1)

4
umumiy yechimi y = +C(x+1)? bolar ekan.

Bernulli tenglamasi
Ta'rif.
%+P(x)-y:Q(x)-y”, n>2.
ko rinishdagi tenglama Bernulli tenglamasi deb ataladi, bu yerda P(x) va Q(x) berilgan
uzluksiz funksiyalar, n#0;1.
Tenglamaning barcha hadlarini y" ga bo"lamiz

nd _
Y+ P00-y T = QM) (16)
va z=y™! almashtirishni bajaramiz, u holda
dz _n dy
= =(-n+1)-y "2,
dx D)y dx

Topilgan  giymatni (16) tenglamaga qo'yib, %+(—n+1)P-z=(—n+1)-Q chiziqli

tenglamani hosil gilamiz. CHizigli tenglamaning umumiy integralini topgandan so'ng, z
-n+l

orniga y ~ niqo'yib, Bernulli tenglamasining umumiy integralini hosil gilamiz.
2—misol. Ushbu
d
Yy =x3-y3
dx

tenglamani yeching.
Yechish: Tenglamaning barcha hadlarini u® ga bo'lamiz

2 Yy o, (17)
dx
va z=y  almashtirishni bajaramiz, u holda Sf=—2y‘3 gy Bu giymatlarni (17) ga qo'yib
X X
92 _oxz =253 (18)
dx

chizigli tenglamani hosil gilamiz. Uning umumiy integralini topamiz:
z=u 9, E:ud—19+l9d—u.
dx dx dx

: : N d d
Bu ifodalarni  (18) tenglamaga o yamiz: u—19+19—u—2xu19:—2x3

dx  dx yoki

dJ du
U(—-2x9)+9-—=-2x° qavs ichidagi ifodani nolga tenglab, OI—’9—2x19:0, d—’9:2xdx,
dx dx dx 9

In| 9|=x%, $=e*  ekanligini topamiz. u ni aniklash uchun
¥ -d—u:—sz
dx
tenglamaga ega bo'lamiz. O zgaruvchilarni ajratib
du=—-2e*x3dx, u=—2Je ™ x%dx+C

17



ekanligini topamiz. Oxirgi integralni bo"laklab
u=x%" +e* +C, z=u-9=x*+1+Ce"
ifodalarni topamiz. Demak, berilgan tenglamaning umumiy integrali y? =x*+1+Ce* yoki

y= __ bolar ekan.

Vx2+1+CeX

Quyidagi tenglamalarni yeching.

25, y'eos’x+y=tgx, y(0)=0 J: y=tgx-1+e™'%" .
26, y’+2xy:3x2y‘”3 J: y3=Cx?-(3/7)x*>

27.  y-ythx=ch® J: y=chx(shx+C).

2
28. y'_Lz y J: y=(x-1)(C-x).
x-1 x-1

2 y,+1xy2 =arcsinx+x y:\/1—xz[%(arcsin x)* —+1-x* +C].
—X

30.  4xy+3y=-e*x’y’ I y*=x3(e*+C).

31, xy’-y=x’cosX J: y=x(sinx+C).
2
2. y'+ 3;( y1=y2(X3+1)Sin x, y(0)=1 J:y=secx/(x*+1).
X+

3. y+2xy=xe " 3 y=e¥ (x*/2+C).
34 ydx+(x+xy?)dy=0 J:  x=1/[y(y+C)].

35.  y'cosx+ty=1-sinx J: cosx(x+C)/(1+sinx).
r Y 2.4 1. _ 1
36. + 72 =X J: S —
d X y Y x3/3In(C / x)
2 1
37. X Iny-x)y'= J: X=—
( XY=y Iny+1-Cy

To'la differensialli tenglama. Integrallovchi ko paytuvchi to'la differensialli tenglama

Ta'rif. Agar M(X,y)dx+N(x,y)dy=0 ko'rinishdagi tenglamaning chap gismi biror u(X,y)
funksiyaning to'liq differensiali, ya'ni
du=M(x,y)dx+N(x,y)dy (19)
bo'lsa, u holda bunday tenglama to’liq differensialli tenglama deyiladi.
(19) tenglama to'liq differensialli tenglama bo lishi uchun

oM ON
oy OX
shart bajarilishi kerak.
3—misol. (3x*+6xy?)dx+(6x°y+4y°)dy=0 tenglamaning umumiy yechimini toping.

Yechish: Bu yerda M(x,y)=3x2+6xy2, N(X,y)=6X2y+4y3-
18



OoN OoN . oM  ON ou < . . .
—=12xy, —— =12xy, ani —=—. —=M(x,y) bo’lganligi sababli
By Yy, =129,y & ox P> (xy) ganlig
a—u:3x2+6xy2.

OX

Bu tenglikni x bo'yicha integrallaymiz: u=x>+3x2y*+¢(y). Bundan
M _6x?y + @ (y)

o .

ou

v N(x,y) ekanligini hisobga olsak,

(p’(u):6z<2y+4y3-6x2y yoki ¢'(u)=4y*. Bundan
o(y)=y+C.
Demak, u=x>+3x%y*+y* +C
Yoki  x*+3x%y*+y*=C.
1. Integrallovchi ko paytuvchi
Agar oM _ N bo'lsa, u holda ba'zi bir shartlar bajarilganda, shunday p(x,u) funksiyani
oy OX
topish mumkinki, pMdx+uNdy=du bo'ladi. Bu p(x,y) funksiya integrallovchi ko paytuvchi
deyiladi.
Quyidagi hollarda integrallovchi ko paytuvchini topish oson:
oM _oN
1) M _ &(x) bo'lganda, Inp=[d(x)dx bo'ladi.
ON oM

2) X _ oy — o, (y) bo'lganda, 1nu=fd)1(y)dy bo'ladi.

4-misol. (y+xy?)dx-xdy=0 tenglamani yeching.
ish: = 2 = oM ON oM ON
Yechish: Bu yerda M=y+xy, N=-X, W_l+ 2xy, 87__1' & -
Demak, tenglamaning chap tomoni biror funksiyaning to'la differensiali emas. Bu
tenglamaning fagat u ga bog'lig bo'lgan integrallovchi ko paytuvchisi bormi degan masalani
garaymiz.
ON oM
ox oy  —1-1-2xy 2

M y + xy? y
bundan

Inp=-2Iny, ya’'ni 4, =

.
Berilgan tenglamaning p ga ko paytirganda keyin
& xix- 2 dy=0
y y

tenglama hosil bo’ladi. Bu to’la differensialli tenglamadir, chunki

oM _ OoN 1
oy ox 0 y?
Tenglamani yechib
2
X X ic=o0 yoki y=- 22X
y 2 X°+2C

umumiy integralni topamiz.
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38.

39.

40.
41.
42.

43.

44,

45,

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Quyidagi differensial tenglamalarning chap tomonlari to"liq differensialdan iborat ekanligi
tekshirilsin va tenglamalar yechilsin

(e"+y+siny)dx+(e”’+x+xcosy)dy=0  J: e*+xy+xsiny+e’=C.

(x+y-1)dx+(e’+x)dy=0 J. e+ % x2+xy-x=C, C=C,+1.
(xcosy-ysiny)dy+(xsiny+ycosy)dx=0 J: e*(xsiny+ycosy-siny)=C.
2xydx+(x3-y*)dy=0 J: 3x%y-y*=C.
(2-9xy?)xdx+(4y?-6x°)ydy=0 J: x2-3x°yP+y*=C.
%dx+(y3+ln X)dy =0 J: 4ylnx+y*=C.
(10xy-8y+1)dx+(5x>-8x+3)dy=0 J: 5x%y-8xy+x+3y=C.

3
3x%(1+ Iny)dx = (2y —Xv)dy 3 53+xCIny-y?=C.
2xcos?ydx+(2y-x%sin®y)dy=0 J: x%cos?y+y?=C.

Quyidagi differensial tenglamalarning integrallovchi ko paytuvchilari topilsin va
tenglamalar yechilsin

(x%-y)dx+xdy=0 J: p=1/x% x+y/x=C.

y2dx+(yx-1)dy=0 J: u=1ly; xy-Iny=0.
(C+y?+x)dx+ydy=0  J: 2x+In(x*+y?)=C.
Xy*(xy'+y)=1 J: 2 x3y3-3x%=C.
(x*+3lny)ydx=xdy J: x*+Iny=Cx?; x=0.
2xtgydx+(x?-2siny)dy=0 J: p=cosy; xzsiny+%0032y:C.

(e®-y?)dx+ydy=0 J: n=e'®; y*=(C-2x) e*.
(1+3x%siny)dx-xctgydy=0 J: p=1/siny; x/siny+x*=C.
(sinx+e”)dx+cosxdy=0 J: u=e”; e?cosx=C+x.

12. Tartibini pasaytirish mumkin bo’lgan tenglamalar

Y™ = £(x)

Bunday ko'rinishdagi tenglamani N marta ketma-ket integrallash natijasida umumiy
yechimi topiladi:

y(™ = f(x),

y" P = f(x)dx+c¢, = f,(x)+c,,
y" 2 = [[f,00 + ¢ ]dx+c, = f,(X) +c,x+¢,
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c o c .
y:fn(x)+(n_11)lx l+ﬁx 2 4. 4Co X +Cp (22)

buyerda f (X)= H . j f(x)dx".  (22) niquyidagicha ham yozish mumkin:
y=f (X)+c, X" +c, X" +...+C,  X+C,

=SIiNn X tenglamaning umumiy yechimi topilsin.

" "
" dy

Yechish: Yy :d— ekanligini e’tiborga olib, berilgan tenglamani
X

1-misol. Y

=sin X yoki

dy” = sin xdX ko'rinishda yozish mumkin. Ketma-ket integrallab quyidagiga ega bo'lamiz:
y" = [sin xdx+c, =—cosx+c,
y'=[(—cosx+c, )dx+C, =—sinX+C;X+C,,

: 1 >
y =J(—sinx+c¢,x+¢, Jdx+c, =cosx+Eclx +C,X + Cy.

1
Demak, Y =CO0SX + CX* + C,X + Cg, =2

Izlangan umumiy yechimga ega bo ldik.
Quyidagi tenglamalarni yeching

l ' " 1 m
1. y" =cos®x, ¥(0)=_ . y(0)=0, y(0)=_ . y"(0)=0.

.y"=xsinx , y(0)=0 , y'(0)=0 , y"(0)=2.

N

n

sin® x = sin 2x.

w

-y
4. y"=2sin xcos® x —sin® x
5. y"=xe*, y(0)=0, y(0)=2, y"(0)=2.

" 6 ! 4
6. Y'=3 y(1)=2, y(1)=1, y"(1)=1

7. y"=4cos2x, y(0)=0, y'(0)=0.

8 y” _ 1
' 1+x%
9. y"= 1 y(Ej =In+/2 y’(Ej =1
' cos’x  “\ 4 \4) T
10. y" =x"2. 11. y" =cosx.
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12. y'= _12 . 13. y"=xe*, y(0)=1, y'(0)=2.
sin” x

14. y"=sin2x , y(0)=6, y'(0)=0.

Noma'lum funksiya oshkor holda gatnashmagan tenglamalar

F(x,y®, y&D y™My=0 (23)
tenglamada u funksiya oshkor holda katnashmagan.
Bu tenglamada

y*) = p(x)

F(x,p,p',.,,p"*)=0
ko rinishga keltiriladi. SHunday qilib, (23) tenglamani tartibi k birlikka pasayadi.

!
2-misol. Xy" = y’In(i) tenglamaning umumiy yechimi topilsin.
X

almashtirishni bajarib, uni

Yechish: Bu tenglamada y funksiya oshkor holda katnashmagani uchun y' = p( x)
almashtirishni bajaramiz.
Bu holda, Y" = p’ orinli boladi. Bularni tenglamaga qo’ysak,

X-p'= pInE yoKki p’:BInE.
X

X X
Hosil bo’lgan tenglama birinchi tartibli bir jinsli tenglama bo"lganidan th yoki
X

Pp=X-t almashtirishni bajarsak, p' =t+xt' ga ega bo’lamiz. Buni e'tiborga olib,
tenglamani t+xt'=tInt  yoki xt'=t(Int—1) ko'rinishda yozish mumkin.
O zgaruvchilarni ajratsak,

dt  dx
t(lnt-1) x
tenglamaga ega bo'lamiz. Integrallash natijasida
In(Int-1)=Inx+Inc, éxn Int—1=c,X,

bundan esa t = e kelib chigadi. t = P ekanini e'tiborga olsak,
X
p = Xe
hosil bo'ladi. P(X)=Yy’ dan Yy’ = xe®*"
Bundan esa izlangan umumiy yechim

cix+1

tenglik hosil bo"ladi.

1 1
y — Ixeclx+1dx — = Xeclx+1 _ _Zeclx+1 + C2
Cl Cl

ko rinishda hosil bo"ladi.
3-misol. y"(x-1)-y"=0 tenglamaning
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y(2)=2, y'(2)=1 y"(2)=1 shartlarni ganoatlantiruvchi yechimi topilsin.

Yechish:  y"=p(x) va y”"=p" almashtirish bajarsak, dastlabki tenglama
p(x-1)=p yoki P X
p (x-1)
Inp=In(x-1)+Inc, yoki p=c,(Xx—1) yechim hosil bo'ladi. Dastlabki belgilashni
e'tiborga olib, y”=C1(X—l) natijaga ega bo’lamiz. Bu esa tartibi pasayadigan
tenglamadan iborat. Ketma-ket integrallab:

ko'rinishga keladi. Integrallash natijasida

y'=[c,(x-1)dx+c, :%clx2 —CX+C,,

1 C C
y=[(Z¢ X2 =X+, )dX+Cy =2 X° =2 X° +C,X +Cq
2 6 2

umumiy yechimni hosil qilamiz. CHetki shartlarni e'tiborga olib

y'(2)=1 dan 1=c,(2-1) yoki ¢, =1,
y'(2)=1 dan 1=%~4—2+C2 yoki C, =1,
8 4 2
2)=2 dan 2=———+2+C ki C3=—
W(2)=2 dan 2= = +2+Cy yoki Cg=_
natijalarni hosil gilamiz. Bundan esa xususiy yechimni

y=lx3—ix2 +x+§

6
topamiz.
Quyidagi tenglamalarni yeching
15. X°y" +x°y' =1 24, y”(eX +1)+ y' =0
16. y" + y'tgx = sin 2x 25. (L+X2)y" +2xy =3
17. yxInx =y’ 26. y'tgx=y'+1
18. xy"—y =e*-x° 27. Xy"+y +x=0
19. y"+2xy'? =0 28. y"_xi_l y' =x(x-1),y(2)=1y'(2)=-1
20. (1— xz)y” —xy' =2 y

29. Xy" =y '+ xsin-=—
21. 2Xym . yn — yﬂZ _a2 X

2\, r_
22. (1+ xz)y”+1+ y'? =0 30. (1_)( )y Xy’ =2
23, X2y” — yr2
Argument oshkor holda gatnashmagan tenglama
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F(y,y’, y'... y(“))z 0
tenglamada erkli 0" zgaruvchi x oshkor holda ishtirok etmaydi.
Bu tenglama

y'=p(y) (24)
almashtirish bilan tartibini bittaga pasaytirib yechiladi.

(24) almashtirishda: ~ y" = p'(y)-y' =p-p’,
va y"=plp-p"+ p?]..
0 rniga go Yyishlar bajariladi.
4-misol. 1+ y'? = y-y" tenglamaning umumiy yechimini toping.
Yechish: y' = p(y) va y" = pp’ almashtirishlarni bajarsak, dastlabki tenglama
1+ p2 =Y-pP-p’ ko'rinishga keladi, bu esa birinchi tartibli 0"zgaruvchilari
ajraladigan tenglamadir.
pdp _dy
1+p*
Tenglikni integrallab, quyidagiga ega bo'lamiz:

%In‘1+ pz‘ =Iny+Inc, yoki 1+ p?=c,°y? p=+yc,°y?—1. Dastlabki

O zgaruvchilarni ajratib, tenglamani hosil gilamiz.

, d
0°zgaruvchi y ga qaytib Y = J_rwlclzy2 —1 vyoki % = +dX natijaga ega bo’lamiz.
1
Tenglikni integrallab — In(cly +4/¢°y? —l)z +(X+C,) yoki
C

1

1 1
y=— (ei(>(+c2 lou | gHxrea)en )= — ChCl(X + Cz) izlangan umumiy yechimni hosil

2¢, o

gilamiz.
Quyidagi tenglamalarni yeching

31. Y'Y”+y,2=0 36. ylr(1+y):y12+yr
32. y"+2y(y')’ =0 37. Yy +y=y"?
33. y"tgy = 2y’ 38. y'? +2yy" =0
34. y"(2y+3)-2y? =0 39. yy' —y'? =0,
35. y(1-Iny)y"+(1+Iny)y? =0 y(0)=1 y'(0)=2

40.Egrilik radiusining OY o°qdagi proeksiyasi 0'zgarmas @ bo'lib OX o°q bilan esa
koordinata boshida kesishuvchi egri chiziq tenglamasini tuzing.
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XK x\/B =lnp+C, y= \/B (4-Inp-C); y=0.

41. Suyuglikka tashlangan m massali jism o'z og irligi tufayli cho ka boshladi. Agar suyuqlik
garshiligi jism tezligiga proporsional bo’lsa, harakat qonunini toping.

J: x=C(p-1)-2+2p+1, y=Cp?*(p-1)-2+p?; y=0; y=x-2

42. 2y y" = (y’)2 J. xp2=p+C, y=2+2Cp-1-Inp.
43.y"y> =1 J:y= y=Cx-InC; y=Inx+1 .

x*
4

44. 2y y"=1+Yy'? J Cx-C2; maxsus integral y=

45. y-y"=y?+y°Iny J y=Cx-a¥i+<'; maxsus integral x*+y?=a’

1 2
46. y'=Y'/ ﬁ J. y=Cx+ 2¢? : maxsus integral y=1,5x °

14.0 zgarmas koeffisientli chizigli bir jinsli tenglama

1-misol. YY" —7Yy"+6Yy =0 tenglamaning umumiy yechimi topilsin.

Yechish: k% — 7k + 6 = 0 xarakteristik tenglamani tuzib, k, =1 va k, =6 ildizlarga
ega bo'lamiz, bularga esa e* va e™ xususiy yechimlar, mos keladi. Bu yechimlar chizigli
erkli bo’Iganidan, umumiy yechim (33) formulaga asosan quyidagi ko rinishda yoziladi:

y =ce* +c,e®™
2-misol. Y'Y —13y”" +36y =0 tenglamaning umumiy yechimi topilsin.

Yechish: Xarakteristik tenglama
k* —13k? +36 = 0 ko 'rinishda bo'lib, uning ildizlari Ky, =%3, Ky, =%2. Bunga mos

e ¥ @72 e® funksiyalar chizigli erkli bolganligidan, umumiy yechim (33) formulaga

asosan
y=ce > +c,e* +ce ™ +c,e%.
Quyidagi tenglamalarning umumiy yechimlari topilsin

1. y'—-4y'+3y=0 6. y'+4y' =0

2. V' =4y’ +4y =0 7. =y -2y=0
3. yV'—4y'+13y =0 8.y +25y=0

4. y"—4y=0 9. yV'—y'=0

5. y'+4y=0 10. y"+4y'+4y =0
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11 yV —2y"+y"=0 13.y" +5y"+4y=0
2. y"V +a*y =0 14.y" -3y"'+2y=0
Quyidagi tenglamalarning boshlang ich yoki chetki shartlarni ganoatlantiruvchi yechimi
topilsin
15. y" +5y'+6y =0, y(0)=1, y'(0)=-6
16. y"~10y'+25y=0, y(0)=0, y'(0)=1
17. y'— 2y’ +10y =0, y(gjzo, y' g = g6
18. y"+3y' =0, y(0)=1, y'(0)=2
19. y"+9y =0, y(0)=0, y % -1
20. y"+y =0, y(0)=1, y’(gj =0
37 3r

21. 9y"+y=0, — =2, 1—1=0.

vy (52 v

22. y"—y=0, y(0)=2, y'(0)=4.
23. y"+2y' +2y=0, y(0)=1 y'(0)=1.

15. O’zgarmas koeffisientli chizigli bir jinsli bo’lmagan differensial tenglamalar

1-misol. Y"+Yy —2y=c0sX—3sinX tenglamaning y(0)=1, y'(0)=2
boshlang ich shartlarni ganoatlantiruvchi yechimi topilsin.

Yechish: Xarakteristik tenglama k?+k—-2= 0, uning yechimlari esa
k, =—2, K, =1 bo’lgani uchun bir jinsli tenglamaning umumiy yechimi

y= cle 4t 02
ko'rinishda boladi. f(x)=e%(cosx—3sinx), yani aa=0, B=1 bo'lgani uchun
xususiy yechimni (43) formulaga asosan
U(x)= Acos x+ Bsin x

korinishda izlaymiz. U ( X ) ni tenglamaga qo'ysak:
— Acos x—Bsin x— Asin X+ Bcos x —2Acos X — 2B sin X =c0s X —3sin X yoki
(B—3A)cosx—(3B+ A)sinx=cosx—3sin X .

Mos koeffisientlarni tenglab, quyidagi sistemaga ega bo'lamiz:

{B‘?’Azl’ yoki A=0, B=1
3B+ A=3,
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Bundan esa umumiy yechim Y = C,e™>* 4 C,&” +sin X ko rinishda ekanligini topamiz. ¢,
va C, koeffisientlarni topish uchun boshlang ich shartlardan foydalanib, quyidagi sistemani
ce’ +c,e’ +sin0=1,

yoki =0, ¢, =1. Demak,
—2¢,° +c,e% +cos0 =2, “ ?

hosil gilamiz: {

y =e” +5sin X izlangan yechim bo'ladi.

3-misol. Y+ Yy =Xxe" +2e* tenglamaning umumiy yechimini toping.

Yechish: Xarakteristik tenglama k*+1=0, uning ildizlari esa Ky, =%i  bo’ladi.
SHuning uchun bir jinsli tenglamaning umumiy yechimi

y =C, COS X +C, Sin X
ko'rinishda bo'ladi. f(X)= f,(X)+ f,(x)=xe*+2e™  bo'Igani uchun
oy =1, o, = -1, [31 = BZ =0, pl(X)Z X demak, xususiy yechimni
U(x)=U,(x)+U,(x)=(Ax+B)e* + Ce™ ko'rinishda izlaymiz. Tegishli hosilalarni
hisoblab tenglamaga qo ysak:
2Ae* +(Ax+B)e* +Ce ™ +(Ax+B)e* +Ce ™ =xe* +2¢7%,
(2AX+2A+2BR* +2Ce™ =(Ix+0)* +2e7%.

Noma'lum koeffisientlarni aniqlash uchun quyidagi sistemani hosil qilamiz:

2A=1, . .
2A+2B=0, yoki A=_, B=-_, C=1.
C=1.

Demak, dastlabki tenglamaning umumiy yechimi quyidagicha bo ladi
: 1 _
y =, COS X +C, Sin x+5(x—1)eX +e%,

Quyidagi tenglamalarni yeching

1y -2y +y=e*
2. y'—4y=8x°
3. Y'+3y'+2y=sin2x+ 2c0s 2X

4. y"+y=x+2e"

5. y"+3y' =9x

6. Y +4y'+5y=5x*-32x+5
7. y" =3y +2y=¢"

8. y'+5y +6y=e"+e
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"

9. y"+y"=6x+e"

10. Y +Yy —2y=6x°

Differentsial tenglamalar sistemasi.

1-misol. Sistemaning yechimini toping.

dx
— =X-D5Y;
G

y
—=2X-Y.
dt d

Yechish. Berilgan sistemaning xarakteristik tenglamasi
1-r -5

—r249=0

2 =1-r
ko’rinishda bo’lib, u r,,=+3i ildizlarga ega.

sistemaga ega bo’lamiz. r;=3i uchun
(L-3i)4, ~ 54 =0,
{221 —(1+3i), =0.
A4 =5 deb, 4z =1-3i nitopamiz. U holda
x, =5e¥,  y, =(@-3i)e*"

xususiy yechimlarni topamiz. r,=-3i ni qo’yib, 4, =5, u, =1+3i larni topamiz.
U holda xususiy yechimlar

x, =5,y =(+3i)e ™"
ko’rinishda bo’ladi.
Yangi fundamental yechimlar sistemasiga o’tamiz:

- X1+X2 - Xl—XZ
X = y Xy = Il
17 2 2
ooty vy
Y1 > Y1 5

Bundan Eyler formulasi e*®! = cosat +isinat dan foydalanib
X, =5c083t, X, =5sin3t,

y, =c0s3t +3sin3t, y, =sin3t —3cos3t
larni topamiz.
U holda berilgan sistemaning umumiy yechimi quyidagi ko’rinishda bo’ladi:
X(t) =5C, cos3t + 5C, sin 3t;
y(t) =C,(cos3t +3sin 3t) + C, (sin3t —3cos3t).
2-misol. Sistemaning yechimini toping.
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dx

— =2X+Y,
s
y
— =4y - x.
dt y
Yechish. Sistemaning xarakteristik tenglamasi
2-r 1 2
=r°-6r+9=0

-1 4-r

nL=r, =3 ildizga ega. Sistemaning yechimini

x= (4 + mt)e”,

y = (4, + uyt)e™
ko’rinishda izlash kerak. (A + 4t) + 4 = 2(A + 1at) + (A + wot)
tenglikka ega bo’lamiz. Chap va 0’ng tomondagi bir xil darajali t ning
koeffitsientlarini tenglashtirib

{311 +u =24 +4,
Bun =24 + 1y
sistemani hosil gilamiz. Bundan
{12 =M+
Hy =1
ni topamiz. 4; va g4 sonlarni ixtiyoriy parametr deb olishimiz mumkin. 4 =C; va
4, =C, deb belgilasak, (55) sistemaning umumiy yechimi
x = (C, + C,t)e™,
y=(C, +C, +C,t)e®

ko’rinishda bo’ladi.
Darsda yechish uchun misollar

Differentsial tenglamalar sistemasini yeching.

%=—9y %zyﬂ ?:x—4y %:—Sx—y
288. dt 289. dt 290. dt 201. dt
Y_x Yt Yoty Y_x_y
dt dt dt dt
g
d—:X+5y %:8 —
292, 4 Ut x(0) = -2, y(0) =1 293, | dt
dy dy _
P T
%=4x—3y %=2x+y
204, gt 205, | dt X(0) =0, y(0) =0
= 3x+ 4y F_x-3y
dt dt
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—=X+Yy
206. 3; X(0)=0 y(0)=—1
— =4y —2X
a )
Mustaqil uy vazifasi uchun misollar
Differentsial tenglamalar sistemasini yeching.
'=7y+3 =7 =5y -
297, [Y T YT 298, |7 TV 299, 1Y TV ¢
z2'=6y+4z 2'=-2y-5z 2'=y+3z
Sonli gatorlar. Qatorlar yig’indisini topish.
1-misol. Zi:1+l+i2+i3+ ...... +i+ ...... gatorni tekshiring va
n=02 2 2 2 2n

yig’indisini toping.
Yechish:Bu qator birinchi hadi a; =1 va maxraji q :% bo’lgan cheksiz

kamayuvchi geometrik progressiyadir. Geometrik progressiyani dastlabki N ta

hadining yig’indisi
1 n
a(l—q”) 1_(2j 1\
Anzl— formulaga ko’ra A, =—"-7—=2 1—(_)
l—q 1_} 2
2
Bundan
1 n
A=limA, =lim 2[1—@ }z
n—o0 n—oo
Demak, gator yaginlashuvchi bo’lib, uning yig’indisi 2 ga teng, yahni:
Zi=1+l+i2+ ......... +i2+ ...... =2
n-02" 2 2 2
2-misol. >, j e A A + f e
n14n- -1 3 15 35 4n? -1

gatorning A, gismiy yig’indisini va A yig’indisini toping.

Yechish. gatorning umumiy hadini

Q= 4 4 2 2
" an2-1 (2n-1)(2n+1) 2n-1 2n+1

sodda kasrlar ayirmasi ko’rinishda yozish mumkin ekanligini ehtiborga olib,

berilgan gatorni

vne N
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( 2) (2 2) 2 2 ( 2 2 j
2—— |+ ———= |+=—......... — + — T
3 3 5 5 2n-1 (2n-1 2n+1

shaklda yozish mumkin. gavslarni ochib, soddalashtirganimizdan so’ng, bu
gatorning dastlabki n ta hadining gismiy yig’indisi quyidagicha bo’ladi:
2
A, =2- Demak, A=j =lim|l2—-—— [=2
=2 o firm A !Tl( 2n+1j
Yahni, gator yaqginlashadi va uning yig’indisi 2 ga teng.

Darsda yechish uchun misollar
Berilgan gatorlar uchun yaginlashishning zaruriy sharti bajariladimi?

36. E+ﬂ+£+§+...;
3 9 27 81
37. 2+§+£+§+...+n—+1+...;
2 3 n
2
38. 2 E+£+E n +1+..,

+ ...+
1 8 27 64 n®

39. Z(n2 +9)-arcsin

n=1 n“+5
o . n
40. z(—” 1)
n=1\ N +1
Berilgan gatorlarni yaqinlashuvchi ekanini ko’rsating va yig’indisini toping.
1 1 1 1
41. + + +ot— ..
1.2 2-3 3-4 n-(n+1)
1 1 1 1
+ + + ...+
1.3 35 5-7 (2n-1)-(2n+1)
D Yl SV :
n=1 N (1+ n) n:ln(n+1)(n+2)

Mustaqil uy vazifasi uchun misollar
Berilgan gatorlar uchun yaginlashishning zaruriy sharti bajariladimi?

1+1+1+...; 46. > 1

1.3-5 3.5.7 5.7-9 m(2n+1)(2n+3)(2n+5)
X n

>

(2n-1)%-(2n +1)?

Berilgan qgatorlarni yaginlashuvchi ekanini ko’rsating va yig’indisini toping.
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1
ma(2n+1)(2n+3)(2n+5)
1
= @Bn+1)-(38n-2)

n
(2n-1)%-(2n +1)?

48. i

50.

IR MS [ MS

Musbat xadli gatorlar yaginlashishining tagqoslash va Dalamber alomati

o0
Agar da,=a; +a) +...... +a,+......
n=1

gatorning barcha hadlari manfiy bo’Imasa, yahni a, >0, neN bo’lsa, uni
musbat hadli gator deb ataymiz.

1-misol. Ushbu =+=+—+—+...... + 1 + gatorning
2 6 12 20 n(n+1)
yaginlashishi tekshirilsin.
Yechish. Har ganday n uchun berilgan gatorning hadlari

4 4 4 +.ins + 4 +.ennns gatorning mos hadlaridan

- +
1.3 3.5 5.7 (2n-1)(2n+1)

kichik, yahni ——~ < 4 vneN

n(n+1) (2n-1)(2n+1)’
Ammo, keyingi gator yaginlashadi Demak berilgan gator ham yaginlashadi.

: : a
Dalamber alomati. Agar musbat hadli gator uchun U, ="
an

nisbat N —>oo da | (chekli) limitga ega bo’lsa, yahni

An1 =1 bo’lsa, uholda: 1<1 bo’lganda, gator

limU, = 1lim
nN—»0 n—w dp

yaqginlashuvchi; 1>1 bo’lganda, gator uzoglashuvchi bo’ladi.

Agar | =1 bo’lsa, gatorning yaginlashishi yoki uzoglashishi hagidagi
savolga, boshga alomatlar yordamida javob topish mumkin.

2-misol. Ushbu

iZn -1 1 3 5 +2n—1
:1(\/§)n \/_ 5 2\/_ ...... (\/E)n

gatorning yaqinlashishi tekshirilsin.

Yechish. Bunda Q, :Zn_—l’ Qi = 2n+1
(\/E)n (\/E)ml

Qui _ 2n+1 2n-1  2n+1

Q2] (2] ~a(an-1)

. Ang . 2n+1 1. 2n+1 1

lim= =M o 2 Moo= 5~

shu sababli
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Demak, gator yaginlashadi.

3-misol. Ushbu
= 3"n! 32.21 3.3 3*.4 3"n!
> =3+—5 5t . + +...
- n" 2 3 4 n"
gatorning yagqinlashishi tekshirilsin.
_3".nl . 341y 8y, 3.0

n nn 1 n+l (n+1)n+l 1 an (n+1)n 1

Yechish.
3-n" ) 1 3
lim= = im =3lim———=->1 (e~2,71)

nowo dp n—>oo (n + 1)n n—o (1_ 1)” €
n

Demak, gator uzoqglashadi, uning umumiy hadi a, — o

: a . . :
Eslatma.  Dalamber alomati fagat |im ( ”*1] mavjud va birdan fargli

nN—o0 n

bo’lgan holda berilgan musbat hadli gator yaginlashadimi yoki yo’qmi degan
savolga javob beradi.

Darsda yechish uchun misollar
Berilgan gatorlarni tagqoslash alomatlaridan foydalanib, yaqinlashishi
tekshirilsin:

1 1 1 1
51. + s+ z ot T T
1-2 3.2 5.2 (2n—-1)2°"
52. 1 1 1 + ...+ L +
2- 5 3- 6 4.7 (n+1)(n+4)
2 3 4 5 n+1
53 —+—-+—+—...+ +
3 8 15 24 (n+2)n
54. 1 + 1 >+ 1 g ot +...
1+5 145 1+5 1+5"

. T . T . T . T
55. sin—+sin—+sin—+...+sin— +...
2 4 8 2"
Berilgan qatorlarni Dalamber alomatidan foydalanib yaqinlashishi tekshirilsin:

56. tg—+2tg +3tg—+ +n-tg

2n+1
- g+2 5+2 5. 8+m+2 5.8...(3n 1)+
1 1.5 1.5.9 1.5.9..(4n—3)

58. sinZ+4sinZ+9sinZ+..+n%-sin=+ ...
2 4 8 2"
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1 1.3 1.35 1-3-5...2n 1)
= + +

59. + + +... .
3 3-6 27-6 3" .nl
60 1+ 3 5 +2n_1+
B (B (BT (B
61. i3—
n=(2n+l) 2"
|
62, (2n +1)!

n=1(3n+4) - 3"

Mustaqil uy vazifasi uchun misollar
Berilgan gatorlarni taggoslash alomatlaridan foydalanib, yaginlashishi
tekshirilsin:

1 1 1 1 1
63. —+—+—+—+...+ +...
2 5 8 11 3n-1
1 1 1 1 1

+ + + et +
In2 In3 In4 In5 In(n+1)

Berilgan gatorlarni Dalamber alomatidan foydalanib yaqinlashishi tekshirilsin:

o 3” 66 0 1

65. , 67. =
r1Z=;Ln'2n £(5n—4)-(4n—1) 2_115“
o0 3n 00 _

68. 3 7 60. Z2n 1
n:3(2n _5)! n=1 2n

Musbat xadli gatorlar yaginlashishining Koshi va integral alomati.

Koshi teoremasi. Agar musbat hadli gator uchun
U, =1%a, migdor n—o dal chekli limitgaega bo’lsa, yahni

||mUn = I|m \n/an =1

nN—o0 n—o0

bo’lsa, u holda:

1) 1 <1 bo’lgan holda gator yaginlashuvchi ;

2) 1>1 bo’lgan holda gator uzoglashuvchi bo’ladi.

Agar fa, <1 bo’lib, |im%/a, =1 bo’lsa, shubhali hol deyiladi, chunki bu

n—ao0

holda gator yo yaginlashuvchi, yo uzoglashuvchi bo’lib, masalani aniglash
uchun qo’shimcha tekshirish kerak bo’ladi.

n+1 4 5 n+1)"
1-misol. Ushbuz =2+1+—+=+...... + Foeenn
2n-1 S 7 2n-1

gatorning yaqinlashlshl tekshirilsin.
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Yechish. Koshi alomatidan foydalanamiz:

n+1\" n+1 1
imi/a. =limn ~li ——<1
lim3a, LLT\/KZn—l) lim, = =5

Demak, berilgan gator yaginlashuvchi bo’ladi.
n

2-misol. lim a—|=0 ekanligini isbotlang.

n—o0

Yechish. Bu yerda f(n)=(a"/nt) f(n+1)=[a™ /(n+1)].

o0 n
Za—l gatorni tuzamiz va Dalamber alomati yordamida yaqinlashishini
N
n+1 1
tekshiramiz: ”mf(n+1)_ I an |imi:0<1

n—oo f(n) _!ll_)rg(n+1)!a” B noo N+1
gator yaginlashuvchi. Demak,
lim (a” / n!):O.

nN—o0

Bundan |jm?%a, =0<1 , yahni Koshi alomatigako’ra > a, qator
n—oo n=1
2
: : n
yaginlashuvchi . Demak, |im =0

e [(Bn)]"

gator yaginlashishining integral alomati

e8]

Ushbu > a,=a, +a,+ag+...... +a, + gatorning hadlari musbat, lekin
n=1

o’suvchi bo’lmasin, yahni

a>a,>a;>...... >a, >...... >0 deb faraz galaylik.

Agar X >1 lar uchun aniglangan f(X) funktsiya uzluksiz, musbat va

monoton kamayuvchi bo’lib,
fl)=a;, f(2Q)=a,, ......... f(n)=a,,......
bo’lsa, gatorning yaqginlashishi uchun xosmas integralning

[ f(x)dx yaginlashuvchi bo’lishi zarur va yetarli.
1

3-misol. Ushbu S+ =+t 1, .

non™ 1™ 2™ 3™ n
gatorning yaqinlashishi tekshirilsin.

Yechish. f(x)= im deb olamiz Bu funktsiya teoremaning hamma shartlarini
X

ganoatlantiradi. quyidagi integralni gqaraymiz:
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N

1-m 1-m
N dx m=1 byneanoa X :—¢,
[—= 1-m 1-m
m 1
1 X N
m=1 byneanoa In x ‘1 =InN
N >0 da m>1bo’lsa jﬁzi
1Xm m—l

Yahni, xosmas integral chekli shuning uchun berilgan gator yaginlashadi;

m <1 bo’lsa, jd—ﬁ =oo bo’ladi. Yahni integral cheksiz. gator uzoglashadi.
1 X

Darsda yechish uchun misollar
Koshi alomatiga asosan quyidagi gatorlarning yaginlashishi tekshirilsin:

2 3 n
70. 1+ gj + Ej +...+( n +
3 5 7 2n+1
] .51 .31 . o1
71. arcsinl+ arcsin E+arc3|n §+...+arcsm — ...
n

1 1 1 1 1

12. t— e+
In2 In“3 In°4 In*5 In"(n+1)

73. arctgl+ arctg® %+ arctg > % +...+arctg" 1.
n

3 5 2n-1
74, 1+(3) +(§j +...+( n + ..
2 \5 8 3n-1

2

® n+2\"
75 23n+1 . (_j ’
n=1

n+3
Integral alomati bilan quyidagi gatorlarning yaginlashishi tekshirilsin:
© 2
26, 12 N 12 N 12 Lo 8. 3 1+n
2In“2 3In“3 4In“4 " 21402
eVl V2 VB a
77. + + +o g1 3 "
1 V2 3 r 1+n?
S 2n—3 w
78. > : 1
nn(n +1) 82. nZ:;% N4 _og
79. » .
n=2 yn? -1

Mustagqil uy vazifasi uchun misollar
Koshi alomatiga asosan quyidagi gatorlarning yaginlashishi tekshirilsin:
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83. arctgl+ arctg? %-i- arctg ® % +...+arctg" L
n

3 5 2n-1
84. 1+(gj +(§J +...+( n J -
2 \5 8 3n-1

© (-1 n2+4n+5 . n+1 n2 . an n
85. z(—j . 86. 23—“-[—j : 87. Zimj . (a>0)
n=

Integral alomati bilan quyidagi gatorlarning yaginlashishi tekshirilsin:

8. Y 9. Y L ;
n—n< —1 nm (n+1)-In(n+1)
o0 1 o0 1

89. —— 92. -
nzzlﬁ(ml) 22 n-In3(n)

90. 1

n§2§/(2n —3)? ,

Ishorasi navbatlashuvchi gatorlar. Leybnis teoremasi.

Ishoralari navbatlashuvchi gatorlar deb, hadlari navbat bilan musbat va
manfiy ishoraga ega bo’lgan gatorlarga aytiladi.

a,—a,+as—a, +.....—(-1)"ta, +......
kabi yozish qulaydir (bu yerda hamma a, >0 deb hisoblanadi).

Leybnits teoremasi. Agar ishoralari navbatlashuvchi gatorning hadlari
absolyut giymatlari bo’yicha monoton kamayuvchi bo’lsa
a;>a, >ag>...... >a, >......
va n—oo da gatorning n - hadi a, nolga intilsa, yahni |jm a, =0 bo’lsa, u
N—o0

holda gator yaginlashuvchi bo’ladi va uning yig’indisi musbat bo’lib birinchi
haddan katta bo’Imaydi.
Agar ishorasi almashinuvchi gator yaginlashsa, lekin uni hadlarining absolyut
giymatlaridan tuzilgan gator uzoglashsa, u holda berilgan ishorasi
almashinuvchi gator shartli yaginlashuvchi gator deb ataladi.
1-misol. Leybnits alomatidan foydalanib, ushbu gatorning

2 3 N 4 5 1 n+1

yaginlashishini tekshiring.
Yechish. Berilgan gatorning hadlari absolyut giymati bo’yicha monoton
kamayadi :
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2345

477712 19
va uning umumiy hadi esa N —o0 da nolga intiladi, yahni :

n+1
lima, =lim———;=0.

n—o0 n—»co n +3

Demak, gator Leybnits alomatiga ko’ra yaginlashadi.

2 -misol. Ushbu 11-101+1,001-10001+...
gatorning yaginlashishi tekshirilsin.
Yechish. gatorning hadlari absolyut giymatlari bo’yicha kamayuvchi:
11>101>1001>1,0001>...... '
Lekin, N — oo da nolga intilmaydi:
lim @, = lim [uin}lio
N—00 N—00 10
Demak, gator uzoglashadi chunki Leybnits teoremasining ikkinchi sharti (yahni
gator yaginlashishining zaruriy sharti) bajarilmadi.

Darsda yechish uchun misollar
Berilgan gatorlarni yaginlashishi aniglansin:

n+1
93. 1—i+i—i+i— +L

32 52 72 92 (2n-1?
n+1
94. —l+l—l+£— (1) g
3 5 7 9 2n-1
95. TSN S N B (-1)" + ]
2 5 10 17 n°+1
6. 1-243_ +(-1)"t N,
7 13 6n -5
J L 1, \/ ...+(—1)”_1‘/#+
101 V201 301 401 100n +1
9g.1-1 1 L. L (-1)" o
2 5 10 17 n® +1
1 1 1 1 1 1
09, 1——— 4+~ _— 4.~ ... B ML
26w aTETTY R

100. 1-1 1—£+1—...+(—1)”_1£+...;
2 3 4 5 n



Mustaqil uy vazifasi uchun misollar
Berilgan gatorlarni yaginlashishi aniglansin:

101, In2_|n3+In4_|n5_m+(_1)nln_n+m;
2 3 4 5 n
21 31 41 Bl n! .
102. 1—2—2+3—3—4—4+5—5—...+(—1)”n—n+...,
_1\n+l
103. 1—%+i2—i2+i2—...+—( 1) e
3 5° 77 9 (2n-1)
2 3 4 5 _n\n+l n
2 3 4 5 n

Funktsional gatorlar

Tahrif. Hadlari o’zgaruvchi X ning biror X sohada aniglangan
funktsiyalaridan iborat bo’lgan

DU (X)=U (X)) +U,(X)+...... +U
n=1
gator funktsional gator deyiladi.
X ga aniq son giymatlar berib, cheksiz ko’p turli sonli gatorlarni hosil gilamiz.
Bular yaginlashuvchi va uzoglashuvchi bo’lishi mumkin.
X ning (1) funktsional gator yaginlashadigan giymatlar to’plami, shu gatorning
yaginlashish sohasi deyiladi.
Tahrif. Agar har ganday &>0 wuchun X gabog’lig bo’lmagan shunday
nomer N mavjud bo’lsaki, n> N bo’lganda X sohaning hamma X
lari uchun bir vagtda

(X)Hes (1)

S, (X)—=S(X)| <& yoki |r,(X)|<e (2)
tengsizlik o’rinli bo’lsa, u holda, gator X sohada tekis yaginlashuvchi
deyiladi.

Agar X sohada yaginlashuvchi bo’lgan (1) funktsional gator aytilgan
X0ssaga ega bo’lmasa, u holda bu gatorga notekis yaginlashuvchi gator deyiladi.
1-misol.

X" =lhx+ X2+ +x"  funktsional gatorni qaraymiz.
n=1
Yechish. Bugator X ning (-1 1) intervaldagi hamma giymatlarida, yahni

X ning \x\<1 shartni ganoatlantiruvchi hamma giymatlarida yaginlashadi va

yig’indisi ga teng, chunki bu maxraji X ga teng bo’lgan kamayuvchi

geometrik progressiyadir. SHunday qilib berilgan gator (—1; 1) intervalda



1
1—:1+x+x2+x3+ ...... + X +......
—X

1
1-x
. > 1
2-misol. Ushbu >,

N+ x)(n+x+1)
funktsional gatorning yaginlashish sohasi va yig’indisini toping.
Yechish. S,(x)= L funktsiya X=-n va
(n+x)(n+x+1)
X =—(n+1) nugtalarda anigqlanmagan ( bu nugtalar  funktsiyani uzulish
nuqtalari), shuning uchun biz gatorni x=-n (n=1, 2, 3,...... ) nugtalarda

tekshiramiz.

qatorning yig’indisi bo’lgan  S(X) = funktsiyani aniqglaydi.

1 1
Sn(X) n+Xx n+x+1
ekanligini ehtiborga olib,qatorning n -gismiy yig’indisini quyidagi ko’rinishda
yozamiz:
1 1 1

S,(x)= + +...... =
A+x)(2+x) (2+x)(3+Xx) (n+x)(n+x+1)
( 1 1 j ( 1 1 j ( 1 1 j
= - + — + — + s +
1+X 2+X 2+ X 3+X 3+X 4+X

N 1 B 1 N 1 B 1 1 B 1
n-1+xX n+X n+x n+x+1) 1+x n+x+1
Demak, |im S,(x) mavjud va
N—00

1 1 1
S(X)=limS.(x)=1i — = :
(x) InLrD () LLT(LLX n+x+1j 1+ X

yahni, gator x ning x=-n (n=1, 2, 3,...) shartni ganoatlantiruvchi barcha
giymatlarida yaqginlashadi va yig’indisi S(x):lL funktsiyadan iborat
+ X

bo’ladi.
Darsda yechish uchun misollar

5 3
105. Ushbu —+—% 1[ 4_Xj +1( 4_Xj +...; funktsional gatorning

+_
IX+2 3\ 7x+2 S\ 7x+2
x =0 va x =1 nuqtalarda yaqginlashishi tekshirilsin.
106. Ushbu ! 5+ 1 7+ L s +..; funktsional gatorning yaginlashishi
1+x° 1+x" 14X

tekshirilsin va yaginlashish sohasi topilsin.



© (_1\n
107. Ushbu Z%; funktsional gatorning (—oo,o )oraligda tekis

n=1 X +Nn
yaginlashishi ko’rsatilsin.
2 3 4

108. Ushbu x + X? + " + % + ..., funktsional gatorning (—2;2) intervalda

notekis yaqinlashishi isbot gilinsin.

Berilgan funktsional gatorlarning yaqginlashish intervalini toping.
2 3 4 5 n

109. x+ X + X + X + X + +X—+
2 3 4 5 n
110. X + X i X s+ X g+ X o et X T
1+ X 1+ X 1+ X 1+x° 1+X 1+ x<"
111. 1 + 12+ 13+ l4+...+ 1 +...
1+X 1+x 1+ X 1+ X 1+ x"
cos X cos2X cos3X cosdXx cos5X cos NX
112. ex + er + eSx T e4x + e5x Tt enx
sinxXx sin2x sin 3Xx sin4x sin5x sin nx
113. + + + + +...+
1 22 32 42 52 n2
2
114. e X +e ™™ e P 4™ 4 4o 4.
Mustagqil uy vazifasi uchun misollar
Berilgan funktsional gatorlarning yaqginlashish intervalini toping.
3 5 7 2n-1
115. x—X—+X——X—+...+(—1)”+1X—+...,
3 5 7 (2n-1)!
2 3 4 n
116. (x+8)+(x+§) +(X+§) +(X+§) +...+@+..
2 3 4 n

117. Inx+2x+N3x+M*xX+..+IN"x+...

2
118. X+ x* +x2+ x4+ x" £

tg °x tg 3x tg *x tg°x tg "x
xr9gx Qg x 9 x9x .9

119. tg
22 32 42 5 2 n2

+ ...



Darajali gatorlar. Yaginlashish intervali.

ia X" =a, +a,X+a,x> +ax> +..+a,x" +... (1)
n=0
ko’rinishdagi funktsional gatorga darajali gator deyiladi. Bunda «; (i =0,00) lar
o’zgarmas sonlar bo’lib, darajali gatorning koeffitsientlari deyiladi.

x argumentga tayin bir qiymat berish natijasida (1) darajali gator sonli gatorga
aylanadi va bu sonli gator yaginlashuvchi yoki uzoglashuvchi bo’lishi mumkin.
(1) darajali gator yaginlashadigan barcha x = x nugtalardan tashkil topgan
X ={x} to’plamga darajali gatorning yaginlashish sohasi deyiladi.

1-teorema. (Abelg’ teoremasi) Agar (1) darajali gator O dan fargli x = x
giymat uchun yaginlashuvchi bo’lsa, u holda bu gator |x| < M tengsizlikni

ganoatlantiruvchi istalgan x uchun absolyut yaginlashuvchi bo’ladi; agar gator
x = x giymat uchun uzoglashuvchi bo’lsa, u holda bu gator |x| > M tengsizlikni

ganoatlantiruvchi istalgan x da uzoglashuvchi bo’ladi.

x =R desak, bu R songa darajali gatorning yaqinlashish radiusi deyiladi.
(- R; R) interval esa yaqginlashish intervali deyiladi.
Darajali gatorning yaginlashish radiusi R ni aniglash uchun Dalamber
belgisidan foydalanib, quyidagiga ega bo’lamiz :
R = I ‘an‘
= lim ——
n—o0 ‘an_ﬂ‘

Darajali gatorning yaginlashish radiusi R ni aniglash uchun shunga o’xshash
Koshi alomatidan ham foydalansak, u holda

R= L

lim Y/a,
n—o

1-misol. Ushbu

= 3"x" 3 3%x? 3B
>, =—+ o=+t =+.
12"Jn 2 222 233
darajali gatorning yaginlashish intervali topilsin.
Yechish. Dalamber belgisini tatbiq etamiz:

ay | . 32" dn+d| |2 [n+d
R=1lim = lim = lim|= . [—| =
n—w a1 Nn—o 3n+12n Jn ‘ n—oo| 3 n

Demak, R :g bo’ladi. Bundan (—%;g) interval berilgan gator uchun

yaginlashish intervali bo’ladi.



Endi intervalning chetki nuqtalarida (yahni x = —% va x = % da) berilgan

gatorning yaqinlashishini, tekshiramiz.
Buning uchun har bir chegarada yakka-yakka holda tekshiramiz.

(-3

- 3 1 1 1
— L =1l+—=—-——+
Zooh 2B
navbatlashuvchi sonli gator hosil bo’ladi. gator uchun Leybnits teoremasining
ikkala sharti ham bajariladi, yahni

— ... Ishoralari

a) x= —% bo’lganda

1 1 1
1) 1>\/_>\/§>\/Z>
2) JTOOTZO

va demak, berilgan gator x = —% nuqtada yaginlashuvchi. b) x =§ bo’lganda

© 1 1 1 1
D N RN RN

musbat hadli sonli gator hosil bo’ladi. (5.8) gator uzoglashuvchi.

(5.8)

Demak, berilgan darajali gator uchun yaginlashish intervali [—gg[ yoki

_E <X< Z bo’ladi.
3 3

x> x3 x4 X"

2-misol. X+—+—+—+..+— (5.9)
21 31 4 n!
gatorning yaginlashish intervali topilsin.
Yechish. Berilgan gatorga Dalamber belgisini tatbiq etsak,
n+1 | 1
x| lim——=0<1
n—on+1

lim

nN—o0

x"(n+1)!
limitning x ga bog’liq emasligi va birdan kichikligi tufayli gator x ning barcha
giymatlarida yaginlashadi, yahni gatorning yaqginlashish radiusi R = c bo’lib,
yaginlashish intervali ]-oo,+oc[dan ibrat.
Darsda yechish uchun misollar

Berilgan darajali gatorlarning yaqinlashish intervali aniglansin va intervalining
chegaralarida ham qgatorni yaqginlashishi tekshirilsin:
120, 14t x4t 2yt 3, b

3.2 32.3 3%.4 3" .(n+1)




121.

122.

123.
124.

125.

126.

127.

128.

129.

130.

+ + +
20 300 4000

(=D

n

=
n-10"*

14 2x2% +4x% 4. 42" 1x20D)

X+ 4x% +27x3 + 256x%...

n

ni;l(—l)”‘l (;n)! ;
é(_l n+1(n +1X)n-7”—1 ;
i;:(n+r]1)2“ ;
-l

i .

1(n+1)%e" a1

+(n-x)"

—+...



Mustaqil uy vazifasi uchun misollar
Berilgan darajali gatorlarning yaqinlashish intervali aniglansin va intervalining
chegaralarida ham gatorni yaginlashishi tekshirilsin:

3 5 7 2n-1
X X X X
131. x-— + —

ot +
3.3 5.5 7.7 (2n-1)-(2n-1)!

132, 1+ X+2x2+6x3 +24x" .. +nl-x" + ...

°°2n 2 3 4 5 n

133. Z X% 134, X+ 2 b2 A N

(Zn)| 22 32 42 52 n2

IkKi o’lchovli integral va uning yordamida yuza hisoblash.

Y2 (X)

_AI!(TOZZAXAy dexdy Idx _[dy

Ay—0 (S) a y1(x)

Agar, (S) soha h<y</, X (Y) £ x<x,(y) tengsizliklar bilan aniglangan bo'lsa u holda
X2 (Y)

S_J'_[dxdy Idy Idx
(S) h % (Y)
1-misol: jl 2J‘Xddex ni hisoblang.

-2

2

1 2-X
Yechish: '[ZL jdy

1

9

2

1 3 2
dx = J.(2—x2 —x)dx:{Zx—x——X—}
e 3 2

-2

2-misol: x =4y —y® va x+y =6 chiziglar bilan chegaralangan
figuraning yuzi hisoblansin.
Yechish: x =4y —y® va x+ Yy =6 chiziglarni kesishish nugtasini  topamiz.
2
{X =4y-y ni yechib A(4;2) va V(3;3) nugtalarni topamiz.
X+y=06
Natijada:

S = Idxdy :Edy”fy(;x :L 4y y*
D 6-y

3
dy = [ (~y* +5y - 6)dy = {——y +2y —GV}

CDII—‘

T

-js[fcosze—l]dezﬁ(g+Ec032¢9—1jd9
03 03 3

Darsda yechish uchun misollar



347. Hisoblang. fcoszxdxf ydy 348. Hisoblang. _dej (x —y)dy
349. ﬂ yInxdxdy D  soha  quyidagi  chiziglar  bilan  chegaralangan.
xy=1 y=+x x=2 152Ih2-1)/8

Quyida berilgan chiziglar bilan chegaralangan
figuralarning yuzini hisoblang

350. x=y* -2y X+y=0 J:% 352. y =2-X y>=4x+4 J:—

351. Y2 =4x-x* y’=2x J:27-16/3 353. 3x? = 25x 5x* =9y J:5

Mustaqil uy vazifasi uchun misollar
Ikki o’ Ichovli integralni hisoblang

354. [[ xydxdy (0<x<1 0<y<?2)
355. [[ e*”dxdy (0<x<1 0<y<]

Quyida berilgan chiziglar bilan chegaralangan
figuralarning yuzini hisoblang

2 —_ =
356 y*+2y-3x+1=0
3x—-3y-7=0 J:125/18
357. y=4x—-x* y=2x*-5x J:27/2
Egri chizigli integrallar

Aniq integral tushunchasini integrallash sohasi tekislikda yotuvchi gandaydir
egri chizigni bir gismi bo’lgan hol uchun umumlashtiramiz.

Bunday turdagi integrallar egri chizigli integrallar deb ataladi.

Egri chizigli integrallar ikki turda bo’ladi: birinchi va ikkinchi tur egri chizigli
integrallar. Tushunishga qulaylik tug’dirish magsadida tahrifni tekislikda yotgan egri
chizig uchun beramiz.

> F(MD)A
i=1
yig’indini tuzamiz, buyerda Al M. ;M. yoy uzunligi, M; M. ;M. yoyning

Ixtiyoriy nuqtasi.

Tahrif. Agar integral yig’indi Al; — 0 daJ limitga ega bo’lsa, u holda bu limit
AV egri chiziq bo’yicha f(x,y) funktsiyadan olingan I-tur egri chizigli integral deb
ataladi va quyidagicha belgilanadi.

J=[f(M)d
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J=juxwm

I-tur egri chizigli integralni aniq integralga keltirish mumkin. AV egri chizigda
parametr sifatida A nugtadan boshlanadigan yoy uzunligi | ni olsak, egri chiziqli
x=x(1),y = y(l) parametrik ko’rinishini hosil gilamiz.

U holda I-tur egri chizigli integral

I
J £ Oyl =[ £ (x(1), y())dl
AB 0

AV egri chiziq x=¢(t), y=w(t) parametrik tenglamalar bilan berilgan bo’lIsin.
U holda I-tur egri chizigli integral quyidagi formula bo’yicha hisoblanadi.

B
[ £ y)di = 0.0 ON@©) +( 0) dt (1)

Agar AV egri chiziq y = y(x), tenglama bilan berilgan bo’lsa (a<x<b), u holda
I-tur egri chizigli integral

[ 106 yydl =] £ yOWL+[y (0 dx (2)

ko’rinishni oladi.
Il - tur egri chizigli integral

[POGy)dx+ [Q(x y)dy

yig’indi ikkinchi tur egri chizigli integral deb ataladi va
[ P(x, y)dx +Q(x, y)dy
AB

ko’rinishda belgilanadi.

Faraz gilaylik, AV egri chizig x=¢@(t), y=¢(t), a<t<p parametrik tenglamalar

bilan berilgan bo’lsin, bu yerda ¢ft) sa y(t) uzluksiz ¢'(t)sa '(t) hosilalarga ega
bo’lgan funktsiyalar.

U holda quyidagi formulalar o’rinli.

[ Pl y)de= [Pl Ol
[QGe )= [QleOy ot

[ Pl y)d +QGr2)dy = [Pl Ol ®) Qo OOt @)
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1-misol. I(x +y*)dl  egri chizigli integralni x=a cost, y=asint o<t<2r

parametrlk formulalar bilan berilgan S aylana bo’yicha hisoblang.
Echish: Integralni (1) formula bo’yicha hisoblaymiz.
@'(t)=—asint, y'(t)=cost bo’lganligi uchun

2z
I(x2 +y2)dl = j (a®cos’t+a’sin’t) \/az sin?t+a’cos?t dt =

0

2r 2r
jaz(cos2t+ sin?t) y/a?(sin® t+ a’cos’t) dt= jaz -adt=27a°.
2-misol. j(x y)de egri chizigli integralni hisoblang, bu yerdas to’g’ri chizigning

A(0;0) nuqtadan V (4;3) nugtagacha bo’lgan gismi:
Echish: Avval A(0;0) va V(4;3) nugtalardan o’tuvchi to’g’ri chiziq tenglamasini
tuzib olamiz.

A(x,y,) ea B(x,y,) nuqtalardan o’tuvchi to’g’ri chiziq tenglamasini topish

_ _ . x—0 _
0 YN formulasiga asosan 4
Xo=Xy Vo= N 4-0 3-0
bo’lgani uchun (2) formulaga asosan

j(x y)dl = j(x——x) /1+de_— xdx_—x

3-misol. j2xydx—x2dy egri chizigli integral hisoblang, bu yerda L 0O(0,0) va A(2,1)

!

3 3
buyerdan y=— =—
y Yy 4x y 4

4

0 2 .

L
nuqtalarni birlashtiruvchi to’g’ri chiziq kesmasi.
Echish.

¥

0 2 X

OA kesmani ko’ramiz. Integrallash yo’li tenglamasini tuzamiz. Buning uchun
X=% _ Y=Y gako’ra OA to’g’ri

ikki nugtadan o’tuvchi to’g’ri chizig tenglamasiga
X=X Yo=Y

chizig tenglamasini tuzamiz.
OA- x-0_ y-0
'2-0 1-0

= y:%x, 0<x<2 formulaga asosan

1 x 4
2xydx — x2d 2x xdx — x? (= x)'dx = [(x ——x dx_— xX2dx==.-2-|2=_,
IW y= I ( )'dx=[(x* == x?) I > g l=3

Mustagil yechish uchun misollar

48



quyidagi egri chizigli integrallar hisoblansin:

26 [(x* + y*)dx+ ydy egri chizigli integralni hisoblang. Bu
L

yerda L y =e” egri chizigning A(0;1) nugtalardan V(1;e)
bo’lgan yoyini hisoblang.
27, Iyzdx + 2Xy dy unmespan x =acost, y=asin t aylana bo’yicha.

28. _[ydx — xdy wumnmespan x =cost, y=asint ellips yoyi bo’yicha.

2

29. j( dx - —2— dy] integral markazi koordinatalar
x? +y x“+y

boshida bo’lgan aylana bo’yicha.
30. jydx”dy integral y =x to’g’ri chizigning x=1 dan x=2

gacha kesmasi bo’yicha.
31. jyzdx+ xzdy+xydz integral t 0 dan 27 gacha o’zgarganida

x=acost y=asint, z=rt chizig’ining yoyi bo’yicha.
32. _[xdy — ydx unmezpan x =a cos’ t, y = a sin’t astroidaning yoyi
bo’yicha. .
3at

= 3at Dekart yaprog’ining
127 T 148 £

33. J.xdy—yxd uHmez2pan x=
sirtmog’i  bo’yicha.
34. dey — ydx unmeepan x=a(t —sin t), y=a(l—cost) (0<t <2x) egri
chiziq bo’yicha.

35. [(x*—y*)dx+xydy buyerda AV A(1;1) V(3;4)

nuqtalardan  o’tuvchi to’g’ri chizig.

Ikki o"lchovli integral va uning yordamida yuza
hisoblash.

Y2 (X)

S =lim > > AxAy = dexdy Idx jdy

AX—0
Ay—0 () a y1(x)

Agar, (S) soha h<y </, X, (Y) £ X< X,(y) tengsizliklar bilan aniglangan bo’lsa u holda
X2 (Y)

S = jjdxdy j'dy fdx

(s) h % (Y)
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2-x2
1-misol: jl[ J'ddex ni hisoblang.

-2

3 2 !

) . 2-x2 1 , X X
Yechish: I_z Idy dx:J.(Z—x —X)dx = 2X—?—?
X -2

9
2

-2

2-misol: x =4y —y* va x+ Yy = 6 chiziglar bilan chegaralangan figuraning yuzi hisoblansin.

Yechish: x =4y —y® va x+ Yy =6 chiziglarni kesishish nugtasini  topamiz.
{x =4y-y?

6 ni yechib A(4;2) va V(3;3) nugtalarni topamiz. Natijada:
X+Yy=

3 4y—y2
S :jdxdy:Ldy Idx =
D 6-y

3
X

|

4y - y? 3. ) [ 1, 5, }3 1
dy=| (-y° +5y-6)dy=|—-=-y  +—-Vy“ -6 -
6y y L(y y —6)dy PR AR Al P

Darsda yechish uchun misollar
27 a
1. Hisoblang. [ cos®xdx| ydy
0 0

2. Hisoblang. IdXJX' (x—y)dy
3. J.J. y In xdxdy D soha quyidagi chiziglar bilan
xy=1 y=+x x=2 3:52Ih2-1)/8

Quyida berilgan chiziglar bilan chegaralangan
figuralarning yuzini hisoblang

1
6
5.y=2-Xx y’=4x+4 \]:6—34
6. y2 =4x— x> y2=2x J:27-16/3

7.3x?>=25x 5x>=9y J:5

4. x=y2 =2y X+y=0 J

Mustagqil uy vazifasi uchun misollar
Ikki o"lchovli integralni hisoblang
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1. |[ xydxdy (0<x<1l, 0<y<?2)
2. [[edxdy (0<x<1, 0<y<)

Quyida berilgan chiziglar bilan chegaralangan
figuralarning yuzini hisoblang

5 y2 +2y—-3x+1=0
3x-3y-7=0 J:125/18
4.y =4x — x? y=2x% —5x J:2712

5. Egri chizigli integrallarni hisoblash.
I-tur egri chizigli integral quyidagi formula bo’yicha hisoblanadi.

B
[ oy = [ flo®wON@ O+ O) d O

Agar AB egri chizig y =y(x), tenglama bilan berilgan bo’lsa (a<x<b), u holda I-tur egri
chizigli integral

[ 100 yydl = [ 106 yOWL+[y (0 dx )

I - TUR EGRI CHIZIQLI INTEGRAL.

[ PO yyax+ [Q(x, y)dy
[ Plo)de=TploOulol)  [Qte= [Qlo®wtpl)
[ Pl + Q) = [ {Plol)y (O 0) Qo) 0l et

1-misol. J'(xz +y*)dl  egri chizigli integralni Xx=a cost, y=asint o<t<2r

parametrik formulalar bilan berilgan S aylana bo yicha hisoblang.
Yechish: Integralni (1) formula bo’yicha hisoblaymiz . ¢'(t) =—asint y/(t) =cost
bo"lganligi uchun

2z
j(xz +y2)dl = _[ (a’cos’t+a’sin?t) \/az sin?t+a’cos®t dt =
c 0]

2z Y
[a®(cos’t+sin’t) Ja2(sin®t+ a’cos’t) dt= [a®-adt=27a"°
0 (6]
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2-misol. I(x—y)de egri chizigli integralni hisoblang, bu yerda s to'g'ri chizigning A(0;0)

nugtadan B (4;3) nugtagacha bolgan gismi:
Yechish: Avval A(0;0) va V(4;3) nugtalardan o tuvchi to g ri chizig tenglamasini tuzib olamiz.

A(x,y,) ea B(x,y,) nugtalardan o'tuvchi to'g ri chiziq tenglamasini topish
- - -0 -0 3 3
70 PN formulasiga asosan A 4 bundan y=—x y==.
Xo=X Vo= 4-0 3-0 4 4
(2) formulaga asosan

4 4
3 9 5 5
—))dl = [(x==x) 1+ —dx=— [ xdx = —x°
!(x ) l( PRAEET 16-([ 32

3-misol. J'nydx—xzdy egri chizigli integralni hisoblang, bu yerda L O(0,0) va A(2,1) nuqgtalarni
L

5 . ,
=— ni topamiz.
2

birlashtiruvchi to'g ri chiziq kesmasi
Yechish:

o 2 X

OA kesmani ko ramiz. Integrallash yo'li tenglamasini tuzamiz. Buning uchun ikki nugtadan
—X% — Y-V
X=X Yo=Y

ga ko'ra OA to'g'ri chizig tenglamasini

otuvchi to'g'ri chiziq tenglamasi

tuzamiz.
OA: x—0:y—0 = yzlx, 0<x<2 formulaga asosan
2-0 1-0 2
2 q 1 1 12 1 x* 4

2xydx — x%dy = [2x=xdx — x* (= X)'dx = [ (x* == x?)dx = = [ x?dx == - |2 ==
{xy y£2 9 I(z)zg > 3l =3
4-misol. I(x+ y)dx+ (x—y)dy egri chizigli integralni hisoblang, bu yerda L-aylananing t

L

0'sib borish yo'nalishida olingan X = Rcost, y=Rsint, 0<t S% yoVi.

Yechish: Aylananing yoyini ko ramiz

- x=0
t=0 da {X R '[:z da
y=0 2 y=R
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o
O —"

<
I

dx = (Rcost)'dt = —Rsin tdt,
dy = (R sint)'dt =R costdt.

formulaga asosan
V4

2
j(x+y)dx+(x—y)dy = I(R cost + Rsint)(—Rsint)dt + (Rcost — Rsint)R costdt =
L

0

T

RZ

2
(-sintcost —sin®t +cos®t —sint - cost)dt = R” [ (cos2t —sin 2t)dt =
0

o NN

i
2 2

= Rz(lsin 7T+ %cos;r - %sin 0- %cosO) =-R

= Rz(lsin 2t + lcosZt)
2 2 .

5-misol.
'[2xydy—3ydx egri chizigli integralni hisoblang, bu yerda L A(1;2) B(3;1), C(3;2) uchlarga
L

ega bo'lgan uchburchak konturi. Konturni aylanib o'tish yo'nalishi, soat ko rsatkichi yo nalishiga
garama-garshi bo’lgan yo nalish.

v
A C
| :
l
I
e et B
I
I
I
o { 30X

Yechish: ABC uchburchakni qurib olamiz. Uchburchak konturi uch gismdan iborat bo"lgani uchun
integral uchta integral yig indisiga teng bo ladi.

ijydy—Sydx = j 2xdy —3ydx + I 2xdy —3ydx + _[2xdy—3ydx
L AB BC CA

Konturning har bir qismi tenglamasini ikki berilgan nuqtalardan o'tuvchi to'g'ri chiziq
tenglamasidan foydalanib tuzib olamiz.

cx-1_y-2 __x.5 _ 1
AB.3_1_1_2:>y_ 2+2 (dy = 2dx,1£x£3)
Bc: X=3_ Y=l 3 (dx=0, 1<y<3)

-3 2-1
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X-3 y-
CA: Z—=>-2"° =2 (dy=0, 1<x<3
13 2_2:>y (dy )

N

Endi har bir integralni alohida hisoblab chigamiz.

3 1 X 5 3 3 15

2xdy —3ydx = | 2X(—=X)dX = 3(——= + D)dx = | (X + =X ——)dx =

AIByy {(2) (22) {( 5 2)
X

3 2 3
=J.(1X—E)dX==(——EX) =-13;
120 2 4 27,

2

2
[ 2xdy —3ydx = [6dy —3y0 = 6y|,=12-6 =6
BC 1

1 1
[ 2xdy —3ydx = [ 2x0—3- 2dx = —6X|3=12.

CA 3
Demak, j 2xdy —3ydx =—13+6+12=5
L
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Darsda yechish uchun misollar

Quyidagi egri chizigli integrallar hisoblansin:

-

: J.(XZ + y?)dx + ydy egri chizigli integralni hisoblang. Bu
L

yerdaL Y =@" egri chizigning A(0;1) nugtadan V(1;e) nuqtagacha bo'lgan yoyini hisoblang.

J: e? —g
3

2. Iyzdx+ 2Xy dy unmeepan x =acost; y =asin t aylana bo'yicha.
J.O

3. Iydx — Xdy ummespan x=cost, y=asint ellips yoyi bo'yicha.

J.-2rab

e

I( T dx-—2 dyJ integral markazi koordinatalar

x% +y? x% +y?
boshida bo’lgan aylana boyicha. J.0
5. J‘ydxz—Jri_(dy integral Y = X to'g'ri chizigning X =1 dan X =2
Xy

gacha kesmasi bo’yicha.J.In 2.
: j yzdx + Xzdy+Xydz integral t= 0 dan 277 gacha o°zgarganida

x=acost y=asint, z=rt chizig'ining yoyi bo'yicha. J.0.

(2]

Mustaqil uy vazifasi uchun misollar

[

: dey —ydx integral x=a cos® t y=a sint astroidaning yoyi

bo'yicha. o %ﬁaz (astroidaning ikkilangan yuzi).

2

dey—yxd integral x= 3at3 Ly = 3
1+t 1+t

sirtmog’i boyicha. J. 3a® (ko'rsatilgan sirtmoq
bilan chegaralangan sohaning ikkilangan yuzi).

.[xdy — ydx integral x=a(t—sint), y=a@—cost) (0 <t <2rx) egri

no

Dekart yaprog'ining

w

chiziq boyicha. J.—6za® (sikloidaning bitta arki va
Ox o0'q bilan chegaralangan sohaning ikkilangan
yuzi).
- [(x* —y?*)dx+xydy buyerda AB A(L;1) B(3;4)
AB

o~

nugtalardan o'tuvchi to g ri chizig. 3. 87
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