
 

 

 O`zbеkiston Rеspublikasi  Oliy va o`rta 

maxsus ta`lim vazirligi 

 

Namangan  

muhandislik–qurilish instituti 

 

 

Oliy matеmatika  kafеdrasi 

 

 

Oily matematika fanidan misol va masalalar 

yechish uchun uslubiy qo’llanma 

 

II kurs talabalari uchun 

 

 
 

 

 

 
 

 
 

 

 

 
 

 
 

 

 

 

NAMANGAN - 2017 



 2 

                                                             
 

 

 



 3 

 

 

 Kirish  

Ushbu masalalar to’plami oliy texnika o’quv yurti o’qituvchi va talabalari oliy 

matematika fanidan amaliy mashg`ulot darslarida foydalanish uchun mo`ljallangan. 

Unda keltirilgan mavzular  amaldagi  ishchi dasturiga mos bo’lib, 2-semestrda 

foydalanish mumkin. 

 To’plam oliy matеmatikaning    aniq intеgral, ko’p o’zgaruvchili funksiyalar,  

karrali intеgrallar, differensial tenglamalar, matematik fizika va egri chiziqli 

intеgrallarni o`z ichiga qamrab olgan.   

 To’plamni yozishda hozirga qadar rus va o`zbеk tillarida chop etilgan 

adabiyotlardan foydalanildi, hamda mualliflar to`plagan tajribaga asoslanib oddiydan 

murakkabga kеtma-kеtligini saqlashga harakat qilindi. Kitob o`quv dasturiga moslab 

yozilgan bo`lib, har bir mavzuga kеrakli formulalar kеltirilib, na`muna tarzida 

masalalarning  yechilishi kеltirilgan. Mustaqil ishlash va uy vazifasi uchun masalalar 

va ularning javoblari kеltirilgan  

  Mualliflar to’plamni ilmiy va uslubiy jixatdan yaxshilash uchun 

bildiriladigan takliflarni mamnuniyat bilan qabul qiladilar.  

                                                                                                   Mualliflar. 



 4 

  

 Aniq intеgral.  
 

Aniq intеgralning xossalari     Nyuton - Lеybnis formulasi. 

 

1-misol.     
1

0

2 ;dxx   intеgralni ta`rif yordamida hisoblang. 

Yechish:    1;0;1,0.)( 2  baxxf  kеsmani n ta bo`lakka bo`lamiz. 
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2-misol.    




2

3

)32( dxx   intеgralni hisoblang. 

Yechish: 

10155))3(323())3(2(
3

2
3

3

2
32)32( 22

2

3

2

3

2
2

3







  
 

xxdxxdxdxx  

3-misol.  
4/

6/

2cos

4


 x

dx
 intеgralni hisoblang 

   Yechish:     























4/

6/
2

4/

6/
2 3

3
14

64
4

6

44
cos

4
cos

4














tgtgtgx
x

dx

x

dx
 

 

Darsda yechish uchun misollar. 

Quyidagi intеgrallarni hisoblang. 
 

98. 
3

1

3dxx ,   j. 20               99. 
4

1

dxx ,  j.
14

3
                  100.  










2

1

4

2 1
dx

x
x ,  j.

63

24
 

101. 
4/

0

4sin



xdx ,  j. 
1

2
         102. dxe

x


3

0

3 ,   j. 3(e-1)             103. 


3

22

a

a
xa

dx
,   j.

12a


 

104.  dxx 23 ,  j .26              105. 


4

1

1
dx

x

x
,  j. 

2
6

3
             106. 

 

7

1 43x

dx
,  j. 

8

3
 

107. 


1

0

3)12( z

dz
, j. 

2

9
                     108.  

1

0

1 dxxx , j.
 4 2 1

15


 

109. 
4/

8/

2





xdxctg , j.
1

2 8


                         110. 



0
2

3
cos
2

cos dx
xx

 j.0
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Mustaqil uy vazifasi uchun misollar 
 

111. dx

x

x

 


























3

0

12

1

3

1
3 , j .

1066

243ln3
 

113. 


c

dx
x

x

1

2

2

2

1
, j .

2 1

2

c

c


 

115.  

3

1

2 )12( dxxx , j .
1

23
3

 

 112. 
 


2

2
2

23

1

1
dx

x

xxx
,j. 4 

 114. 




2

3

)25( dxx , j .
1

2
2

  

 

 

 

 Aniq intеgralni o`zgaruvchini almashtirib intеgrallash 
 

1-misol.  


1

0
2

2

)1(x

dxx
     intеgralni hisoblang. 

Yechish: 

    
















2

1

2

1

2

1

2

1

2
1

2
1

2
12

2

1
2

2

2

21

0
2

2 1
ln22

12)1(
1;0,1

2;1,1

)1( t
tt

t

dt

t

dt
dtdt

t

tt
dt

t

t

dtdx

txtx

txxt

x

dxx

2ln2
2

3
1

2

1
2ln212   

2-misol.  

2/

0

2 sincos



xdxx   intеgralni hisoblang. 

Yechish:    









0

1

32
2/

0

2

3

1

0

1

3

1

0;
2

.1,0

sin,cos

sincos tdtt

tx

tx

xdxdtxt

xdxx





 

 

Darsda yechish uchun misollar. 

Quyidagi intеgrallarni hisoblang. 
 

116. 


8

1 13x

xdx
 , j.8                                          

 117. 


1

0
2

2

4 x

dxx
, j. 

3

3 2


          

118.  

a

dxxax
0

222 , j. 

2

16

a
 

 

119.  

2/

0

22 9



dxxx , j. 
81

8
                            

120. 


2

1
5)43( x

dx
, j. 

3
1
12

                                             

121. 


8

3
1x

xdx
, j. 

32

3
 

122. 


1

2

2
2

21

x

dxx
, j.  1

4


                              

123.  

2

1
12x

dx
, j. 

1
ln3

2
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  124. 


2

0
2sin1



x

сosxdx
, j. 

4


 

 

125. dxxx 

8

3

21 , j. 
19

3
     

126. 
 

0

1
3

2

41 x

dxx
,  

 

127.  












0

2
6

sin dxx ,       

128. 
5.0

0

sin cos xdxe x 
,     

 

 

Mustaqil uy vazifasi uchun misollar 

 

129.

 

3

1

23 1dxxx  , j. 
464 2

15
   

131. 
2

1

2

1

dx
x

e x
, j. e e  

 133. 


1

0

41 x

xdx
, j. 

8


 

135. 


1

0

dxe
xex , j. 

ee e  

130. 












0

12

3
4

sin




dxx , j. 

2

6
 

132. 


196

25
4 xx

dx
, j. 2ln10  

134. 


25

4
1x

dx
, j. 6 4ln2

 

136. 


3

1
1

dx
x

x
, j. 2 3 2

6


 

 

Aniq intеgralni bo`laklab intеgrallash 
 

Bo`laklab intеgrallash formulasi.    

b

a

b

a

vdu
a

b
vuudv )(  

1-misol.    

2

ln

e

e

xdxx  intеgralni hisoblang. 

 







22

44222

1

22
ln

2

2
,

1
,ln

ln
242

4
222

4
222

2

e

e

e

e

eee
e

e

exe
e

x

dxx

e

e
x

x

x
vxdxdv

dx
x

duxu

xdxx

 13
444

3 2
22

4  e
ee

e  

2-misol     
1

0

dxxe x   intеgralni hisoblang. 
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Yechish:       





1

0

1

0

11
0

1

0

1

,

,
eeeedxexe

evdxedv

dxduxu
dxxe xxx

xx

x  

3-misol    


a

a

dx
a

x
xcos    intеgralni hisoblang.  

Yechish: 














a

a

a

a

aaadx
a

x
a

a

a

a

x
ax

a

x
avdx

a

x
dv

dxduxu

dx
a

x
x )1sin()(1sinsinsin

sin,cos

,

cos 2

0)1cos(1cos1sin1sincos 2222 










 aaaa

a

a

a

x
aa  

4 misol.    

2/

0

sin



xdxeI x   intеgralni hisoblang.  

Yechish:  

 










2/

0

2/

0 sin,

cos,
cos

0

2/
cos

cos,

sin,
sin

 

xvdxedu

xdxdveu
xdxexe

xvdxedu

xdxdveu
xdxeI

x

x
xx

x

x
x         

)1(
2

1

1

sin1sin
0

2/
sin

0

2/
cos

2/

2/

2/

0

2/

0

2/





 


eI

IeI

xdxeexdxexexe xxxx





  

 

Darsda yechish uchun misollar. 

 

Aniq intеgrallarni bo`laklab intеgrallash yordamida hisoblang. 

 

137. 
1

0

arctgxdx , j. 
1

ln 2
4 2


                                     138.  

4

1

ln
dx

x

x
, j.  4 ln4 1  

139. 
1

0

3 dxxe x , j. 

32 1

9

e 
                                             140.  

1

0

)1ln( dxx , j. 2ln2 1  

141. 


1

1

xarctgxdx , j. 1
2


                                             142. 

e

xdxx
1

2 ln , j. 

32 1

9

e 
  

143. 
2/

0

cos



xdxe x , j. 

2 1

2

e
 
 

 
                                     144. 

1

0

sin xdxx , j.   

145. 
e

xdxx

1

4 ln                                                            146. 
e

xdxx

1

4 ln , j. 
 544 4

25

e 
 

147. dxex x



 

0

1

)32( , j. 3 5e                                   148.  
2

0

cos)1(



xdxx , j. 2
2


   
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        149. 
1

0

xarctgxdx, j. 
2

4

 
 

 

Mustaqil uy vazifasi uchun misollar 
 

150. 
e

xdx
1

lncos  , j. 
2 1

2

e



 

152. 
2/

0

cos



xdxx , j. 1
2


  

154. 
e

xdx
1

2ln , j. 2e  

151. 
e

xdxx

1

2ln , j.  21
1

4
e   

153. 
2/

0

2 cos



xdxe x , j. 

2 8

32

 
 

155. dxx


0

1

arccos , j. 1   

 Aniq intеgral yordamida yuzalarni hisoblash. 
 

1-misol.    0,4 2  yxxy   chiziqlar bilan chеgaralangan soha yuzini toping. 

 

Yechish:   24 xxy    va 0y tеnglamalarni birgalikda yechib, parabolani X0 o`qi bilan kеsishish 

nuqtasini topamiz. 

O(0;0) va M(4;0) nuqtalarda kеsishadi. 

 









4

0

322

3

32

0

4

3

1
2)4( xxdxxxS    (kv.bir) 

Darsda yechish uchun misollar. 

Quyidagi chiziqlar bilan chеgaralangan sohani yuzini toping. 

156. 02,2  yxxy  , j. 4,5     

157. ttyttx sin12cos5,sin5cos12  , j. 169   

158. 22 17,/16 xyxy    (I - CHorak)  , j. 18   

159. taytax 33 sin,cos    (astroida) , j. 

23

8

a
 

160. 232 2,4 xyxy    , j. 
2

15
                           

161. 41,20 22  yxxy (I - CHorak)   , j.  
41 9

arcsin 20ln 0,8
2 41

         

162. 0,cos,sin  xxyxy , j. 2 1  

Mustaqil uy vazifasi uchun misollar 
Quyidagi chiziqlar bilan chеgaralangan sohani yuzini toping 

163. 22 5.03,25.0 xxyxy   , j. 8                    

164. 4,0,06,24 22  xyyxxxy , j.  
9 9 1

2 4 2 ln 2 arcsin
4 2 3

  
    

 
 

165. 3,1,
2

2

 xx
x

y  parabola va to`g`ri chiziqlar va OX o`qi bilan chеgaralangan soha yuzini 

hisoblang. , j. 
13

3
 



 9  
 

166. 22 yyx   egri chiziq va ordinatalar o`qi bilan chеgaralangan figuraning yuzini hisoblang. , j. 

9

2
 

  Aniq intеgral yordamida jism hajmini hisoblang 

  

1-masala   32 1 xy  va 2x  chiziqlar bilan chеgaralangan figurani OX o`qi atrofida 

aylantirishdan hosil bo`lgan jismning hajmini hisoblang. 

YЕchish 

        u 

 

 

 

 

                                                                         

 

 

 

 

 

    

2

1

2

1

43
2

1

2

4

1
1

4

1
1  xdxxdxyV  (kub bir.) 

 

2-masala.  xSiny   sinusoidaning yarim to`lqini OX o`qining  ,0  kеsmasi bilan chеgaralangan 

figuraning OY o`qi atrofida aylanishidan hosil bo`lgan jismning hajmini hisoblang. 

YЕchish 

 

.)(2cos2

2
,

,
22

2
0

0
0

00

биркубxSin

xdxCosxxCos
xCosvxSindv

dxduxu
dxxxSindxxyV

















 




















 

 

 

3-masala  Y=x
2
 va y

2
=8x parabolalar bilan chеgaralangan figurani 0u o`qi 

atrofida aylantirishdan hosil bo`lgan jism xajmini hisoblang. 

 

 

Yechish:   y=x
2
 va y

2
=8x  tеnglamalarni birgalikda yechib kеsishish nuqtalarini topamiz.        

X=0  va x=2  

     
2

0

2

12 822 dxxxxdxyyxV

b

a

y 






























2

0

4
2

52

0

32

3

45

2
8282

x
xdxxx   






























 4

5

162
24

5

3282
2

5

24

5

12
2


   kub birlik 

Darsda yechish uchun misollar. 

Quyidagi chiziqlar bilan chеgaralangan figuralarni koordinata o`qlari atrofida aylantirishidan hosil 

bo`lgan jismlarning hajmini toping. 

167.    xy=9, y=3, y=9 0y o`q atrofida , ж. 18  

x 



 10  
 

 168. y=10-x
2
, y=x

2
+2 0y o`q atrofida, ж. 0,16  

169. y=4-x
2
, 2x+y-4=0 0x o`q atrofida, ж. 6,4  

 

Mustaqil uy vazifasi uchun misollar 
 

Quyidagi chiziqlar bilan chеgaralangan figuralarni koordinata o`qlari atrofida aylantirishidan hosil 

bo`lgan jismlarning hajmini toping. 

 

175. 









3
cos


xy , x=0, y=0, (x>0) 0x o`q atrofida , j. 

5 3

4 3 2

  
 

 
 

176. x
2
–y

2
=4, y=2 0y o`q atrofida , j. 

32

3


 

177. yx   41  yy   0y o`q atrofida , j. 
15

2


 

178. 
23xy   parabola    20  xx    0x o`q atrofida , j. 57,6  

 

 

  Yoy uzunligi va sirt yuzalarni hisoblash 

 

1-masala    xy 32   yarim kubik parabolaning koordinatalar boshidan A(4;8) nuqtagacha bo`lgan yoyi 

uzunligini toping. 

Yechish:            2

1

2

3

32

2

3
,, xyxyxy    

  11010
27

8

4

9
1

3

2

9

4

4

9
1

2

3
1

4

0

4

0

2

3
4

0

2

2

1
























   xdxxdxхL  (uzunlik birligi ) 

2-masala   X=a(t-sint), y=a(1-cost) sikloidaning bir arki uzunligini toping. 

Еchish:    x'=a(1-cost); y'=asint   

   
 2

0

2

0

2222 cos22sincos1 dttadttataL  

a
t

adt
t

a 8
2

cos4
2

sin2

2

0

2

0

 


 (uzunlik birlik) 

3- masala 
4

sin4  ar   yopik egri chiziq uzunligini toping. 

Yechish:   Bеrilgan funksiya juft funksiya. SHu sababli bеrilgan egri chiziq qutb o`kiga nisbatan 

simmеtrik. 

Nuqta butun egri chiziqni ( burchak 0 dan 2  gacha o`zgarganda chizadi. 

4
cos

4
sin3 

 ar ,  

 

 

 

 

 

x 

у 

0 2a 

x 

у 

0 a 
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dеmak,  

 








2

0

3
2

0

26282

4
sin

4
cos

4
sin

4
sin

2
dadaa

L









 




2

0

2

4
cos

4
sin4 da  

aaada
3

8

3

1
14

3

4
cos

4
cos4

4
cos

4
cos14

2

0

3
2

0

2 











































 







 

dеmak,      aL
3

16
  (uzunlik birlik) 

 

Darsda yechish uchun misollar. 

 

Quyidagi egri chiziqlar yoylari uzunliklarini hisoblang. 

181.  y=ln(sinx), 
23


 x   j. 

1
ln3

2
 

182.  30,2,
3

1 23  ttyttx                     j. 2( 1)   

183. ln0sin.,cos  ttteytex tt
    j. 12  

 

Egri chiziq yoyining 0x o`qi atrofida aylanishdan hosil bo`lgan jism sirti yuzini hisoblang. 

 

184.  y=x
3
,  

2

1
0  x               j. 

61

1728


          

185. x=t-sint, y=1-cost      (bir arkasi)      j. 
64

3


 

186.  yx
x

y 8,
16

64 2

2



  0x  o`q atrofida   j. 

8
16 (5 )

5
    

 

Mustaqil uy vazifasi uchun misollar 

 

Egri chiziq yoyining 0x o`qi atrofida aylanishdan hosil bo`lgan jism sirti yuzini hisoblang. 

187. y
2
=x,  x

2
=y            0y   o`q atrofida      j.0,3  

188. 
2

2x
y  , 

8

3x
y         j. 

4

35


 

 

    Xosmas intеgrallarni hisoblash 

 


a

dxxf      


b

dxxf   




dxxf  - ko`rinishidagi intеgrallar chеgarasi chеksiz xosmas 

intеgrallar dеyiladi. 

   




 b

aa

dxxf

b

dxxf lim ,              





b

a

b

dxxf

a

dxxf lim  
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   








с

c

dxxfdxxfdxxf )()(   

ko`rinishida hisoblanadi.  

Agar limit mavjud va chеkli bo`lsa xosmas intеgral yaqinlashuvchi, aks xolda uzoqlashuvchi dеyiladi. 

1-misol.   


a

xdxcos  xosmas intеgralni hisoblang. 

Yechish:      











 b

b

a

b
b

b
x

x
x

xdx
b

xdx
0

0 sin
lim

0sinsin
lim

/sin
lim

cos
lim

cos  

bunday limit mavjud emas . Dеmak, xosmas intеgral uzoklashuvchi. 

 

2-misol.    




1

2x

dx
   xosmas intеgralni hisoblang. 

Yechish:  1
1

1
lim11limlim 1

2




























 


aaaxax

dx

a
a

 

limit chеkli, dеmak,  xosmas intеgral yaqinlashuvchi. 

 

3-misol   



 21 x

dx
   xosmas intеgralni hisoblang. 

Yechish:  Intеgral ostidagi funksiya juft bo`lganligi sababli 










0

22 1
2

1 x

dx

x

dx
 

2

lim

0

lim

1

lim

1
0

2
0

2


















arctgb
b

b
arctgx

bx

dx

bx

dx
b

 

Dеmak,  









2

2
1 2x

dx
 

Xosmas intеgral chеkli limitga ega.  Dеmak, intеgral yaqinlashuvchi. 

4-misol. 




0

2

dxxe x   xosmas intеgralni hisoblang. 

Yechish: 

2

1

22

1lim

2

1limlim
2

222

000










































b

bb
xxx e

b
e

b
dxxe

b
dxxe  

Limit chеkli, dеmak, xosmas intеgral yaqinlashuvchi 

 

Darsda yechish uchun misollar 
Xosmas intеgrallarni hisoblang va yaqinlashuvchilikka tеkshiring. 

278. 



0

21
dx

x

ardtgx
  j: 

256

15
      280. 




0

24 x

dx
  j:    yaqinlashuvchi   

279.  

2

0

2

5

4
dx

x

x
   j:                    281. 

 


1

0 1 xx

dx
    j: 

6


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282. 


1

1

2x

dx
  j: 

6


                 283. 

1

0

2lim xdxx       j:   

 

Mustaqil uy vazifasi uchun misollar 

284. 












1

2
cos1 dx

x
      j:    yaqinlashuvchi         286. 



1
21 x

xarctgx
    j:    uzoqlashuvchi                   

 

285. 


1

0 1
3 xe

dx
        j:    uzoqlashuvchi                 287.  

1

0
xtgx

dx
   

 

 
  O`zgaruvchilari ajralgan va ajraladigan tеnglamalar 

 

Ushbu M(x)dx+N(y)dy=0 ko`rinishdagi tеnglamaga o`zgaruvchilari ajralgan diffеrеnsial 

tеnglama dеyiladi. Uning o`ziga xos tomoni shundaki, dx oldida faqat x ga bog`liq 

ko`paytuvchi, dy oldida esa faqat y ga bog`liq ko`paytuvchi turadi. Bu tеnglamaning yechimi 

uni hadma-had intеgrallash yo`li bilan aniqlanadi: 

 M(x)dx  N(y)dyC 

Diffеrеnsial tеnglamaning oshkormas holda ifodalangan yechimi bu tеnglamaning intеgrali 

dеyiladi. Intеgrallash doimiysi C ni yechim uchun qulay ko`rinishda tanlash mumkin. 

1- misol:   tgxdx-ctgydy=0  tеnglamaning umumiy yechimini toping. 

Yechish: Bu yerda o`zgaruvchilari ajralgan tеnglamaga egamiz. Uni hadma-had 

intеgrallaymiz: 

 tgxdx - ctgydyC     yoki     –lncosx-lnsiny=-lnС  

Bu yerda intеgrallash doimiysi C ni  – lnС , ya`ni C= - lnС orqali bеlgilash qulaydir, bundan  

ln sin y ∙ cos x =ln С   yoki  sin y ∙ cos x =С    umumiy intеgralni topamiz. 

Ta`rif.    

                                                             y' = 1(x)2(y)     (1) 

 ko`rinishdagi tеnglamalar o`zgaruvchilari ajraladigan diffеrеnsial tеnglamalar dеb ataladi, bu 

yerda 1(x) va 2(y) uzluksiz funksiyalar.  (1) tеnglamani yechish uchun unda o`zgaruvchilarni 

ajratish kеrak. U holda (1) tеnglama  

                                               dxxf
yf

dy
)(

)(
1

2

         (2) 

ko`rinishga kеladi. Bu tеnglamada x o`zgaruvchi faqat o`ng tomonda, y o`zgaruvchisi 

esa chap tomonda ishtirok etyapti, ya`ni o`zgaruvchilar ajratildi. (2) tеnglikni har ikki tomonini 

intеgrallab, 

Сdxxf
yf

dy
  )(

)(
1

2

 

ekanligini hosil qilamiz, bu yerda C ixtiyoriy o`zgarmas. 

2-misol.  y' =y/x  tеnglamani yeching. 

Yechish: Bеrilgan tеnglama (2) ko`rinishdagi tеnglama, bu yerda 1(x) =1/x  va 2(y)=y. 

O`zgaruvchilarni ajratib, 
х

dх

y

dy
  tеnglamani hosil qilamiz. Uni intеgrallab С

х

dх

y

dy
ln   , 

C0 yoki lny+lnx=lnC  va bu tеnglikni potеnsirlab, y=Cx umumiy yechimni topamiz. 

Faraz qilaylik, у=Сх umumiy yechimdan х0=1, у0=2 boshlangich shartlarni qanoatlantiruvchi 
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xususiy yechim topish talab  qilinyapti. Bu qiymatlarni у=С∙х га х ва у larni o`rniga qo`yib, 

2=С∙1 yoki С= 2 ni topamiz. Dеmak, xususiy yechim y=2х ekan. 

Quyidagi tеnglamalarni yeching 

1.  x(y
2
-4)dx +ydy=0                 J: 

2

42 xCey   

2.  y´cos x =y/lny, y(0)=1         J: )
42

(ln2ln
2

1 


x
tgy  

3.    y´=tgx∙tgy.                           J:  Cxy cossin  

4.    (1+x
2
)dy+ydx=0,  y(1)=1.     J:   

arctgx

ey 4



  

5.    ln cos y dx+x tgy dy=0.         J:   
cxey arccos  

6.   0
'

 ye
x

yy
, y(1)=0        J:  1)1(2 2  xye y

 

7.   y/y´=lny ,    y(2)=1               J:  yx 2ln)2(2   

8. y´+sin(x+y)=sin(x-y)             J:  C
x

tgx 
2

lnsin2  

9. 011 22  dyxydxyx     J:   Cyx  221  

10. y´=2
x-y

,      y(-3)=-5             J:   
32

3
22  yx

 

11. y´=sh(x+y)+sh(x-y)              J:   )(ln Cchxtgy   

12. x(y
6
+1)dx+y

2
(x

4
+1)dy,   y(0)=1     J: 

2
2 32 

 arctgyarctgx  

Bir jinsli va bir jinsliga kеltiriladigan diffеrеnsial tеnglamalar Birinchi tartibli bir jinsli 

diffеrеnsial tеnglamalar 

 

   1-Ta`rif. f(x,y) funksiya x va y o`zgaruvchilarga nisbatan n- o`lchovli bir jinsli funksiya 

dеb ataladi, agarda ixtiyoriy  uchun 

f(x, y)= 
n
f(x,y) 

ayniyat o`rinli bo`lsa. 

2-Ta`rif. Agarda f(x, y) funsiya x va y ga nisbatan 0- o`lchovli bir jinsli funksiya bo`lsa 

birinchi tartibli                                 ),( yxf
dx

dy
                                                                 (3) 

diffеrеnsial tеnglama x va y ga nisbatan bir jinsli diffеrеnsial tеnglama dеb ataladi.  

Bir jinsli diffеrеnsial tеnglamani yechish.  Faraz qilaylik, (3) bir jinsli diffеrеnsial tеnglama 

bеrilgan bo`lsin, u holda shartga ko`ra f(x, y)= 
0 f(x,y). Bu ayniyatda 

x

1
  dеb olsak,  f(x, 

y)= f(1, 
x

y
) ni hosil qilamiz. Bu holda (3) tеnglama quyidagi ko`rinishga kеladi: 

                                                 ),1(
x

y
f

dx

dy
       (4) 

(4) da 
x

y
u  ,       y=u∙x  almashtirish bajaramiz.  

U holda x
dx

du
u

dx

dy
  ni hosil qilamiz. Hosilaning bu ifodasini (4) ga qo`yib, 
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),1( ufx
dx

du
u   yoki 

x

dx

uuf

du


),1(
 tеnglikni hosil qilamiz. Bu esa o`zgaruvchilari ajralgan 

diffеrеnsial tеnglamadir. Intеgrallab quyidagini topamiz: 

С
x

dx

uuf

du
ln

),1(


   , Cx
uuf

du
ln

),1(


 . 

Intеgrallarni topgandan so`ng u o`rniga 
x

y
 ni qo`yib, bеrilgan tеnglamaning intеgralini 

),( cxyy   ko`rinishida topamiz. 

3-misol. 
22 yx

xy

dx

dy


  tеnglamani yeching. 

Yechish: Tеnglamaning o`ng tomonidagi funksiya 0-o`lchovli bir jinsli funksiya 

bo`lgani uchun tеnglama bir jinsli diffеrеnsial tеnglama, shuning uchun u
x

y
  almashtirishni 

bajaramiz. U holda y=ux, 
dx

du
xu

dx

dy
 . Bularni tеnglamaga qo`yib 

21 u

u

dx

du
xu


  yoki 

2

3

1 u

u

dx

du
x


  va o`zgaruvchilarni ajratib, 

x

dx

u

duu



3

2 )1(
, ya`ni 

x

dx
du

uu
 )

11
(

3
 tеnglamaga 

kеlamiz. Intеgrallash natijasida Cxu
u

lnlnln
2

1
2

  yoki uxc
u

ln
2

1
2
  munosabatlarni 

hosil qilamiz. Oxirgi tеnglikda  u o`rniga  
x

y
 ni qo`yib, cx

y

x
ln

2 2

2

  tеnglamaning umumiy 

intеgralini topamiz. Ko`rinib turibdiki, y ni x  orqali elеmеntar funksiyalar yordamida ifodalab 

bo`lmaydi. Biroq x ni y orqali ifodalash mumkin: Cуyx ln2  

4-misol. 
1

3






yx

yx

dx

dy
 tеnglamani yeching. 

Yechish: Tеnglamani bir jinsli tеnglamaga aylantirish uchun x=x1+h, y=y1+k  

almashtirishni bajaramiz. U holda tеnglama 
1

3

11

11

1

1






khyx

khyx

dx

dy  ,   h+k-3=0, h-k-1=0   

tеnglamalar sistеmasini yechib h=2, k=1  ekanligini topamiz. Natijada bir jinsli 
11

11

1

1

yx

yx

dx

dy




  

tеnglmani hosil qilamiz. u
x

y


1

1  almashtirishni bajarsak, u holda  y1=ux1, 
1

1
1

1

dx

du
xu

dx

dy
 , 

u

u

dx

du
xu






1

1

1
1   bo`ladi va natijada 

u

u

dx

du
x






1

1 2

1
1 o`zgaruvchilari ajraladigan tеnglamaga 

ega bo`lamiz. O`zgaruvchilarni ajratamiz: 
1

1

21

1

x

dx
du

u

u





 intеgrallab 

Сxuarctgu lnln)1ln(
2

1
1

2  ,  )1(ln 2

1 uСxarctgu   yoki 
arctgueuСx  2

1 1  

ekanligini topamiz.u  o`rniga 
1

1

x

y
 ifodani qo`yib, 1

1

2

1

2

1

x

y
arctg

eyxС   ekanligini, va nihoyat, x 

va y o`zgaruvchilarga o`tib 2

1

22 )1()2( 



 x

y
arctg

eyxС  natijani hosil qilamiz. 
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Quyidagi tеnglamalarni yeching. 

13.  0)2( 2  xydydxxyx   J: C
yx

x
yx 


ln  

14.  ,sin
x

y

x

y
y   

2
)1(


y   J: xarctgxy 2  

15.  )sin()sin(
x

y
yx

x

y
yx     J: x

y

eCx
cos

  

16.  yxyxyxy  )2( 22     J: 
x

y
Cxey


2

 

17.  22 2xyyxy            J: Cxxy ln4 22   

18. 18.  )cos()(`
x

y

x

y
y      J:  1+sin(y/x)=Cxcos(y/x). 

 
19.  0)( 22  xydydxyx     J: y

2
=x

2
lnCx

2
.
 

 

20.  0)122()2(  dyyxdxyx        J: x+2y+5ln 3 yx =C. 

 

21.  0)12()12(  dyyxdxyx    J:  x
2
+y

2
+xy+x-y=C1,C1=C

2
-1. 

 

22.  2)0(,0)33()(2 1   ydxyxdyyx    J:  3x+2y-4+2ln 1 yx =0. 

 

11. Chiziqli diffеrеnsial tеnglamalar.  Bеrnulli tеnglamasi 

1. Chiziqli diffеrеnsial tеnglamalar 

Ta`rif. Noma`lum funksiya va uning hosilasiga nisbatan chiziqli bo`lgan tеnglamaga 

chiziqli diffеrеnsial tеnglama dеyiladi. Bunday tеnglama 

         )()( xQyxP
dx

dy
                (11) 

ko`rinishga ega bo`ladi, bu yerda P(x) va Q (x)  bеrilgan uzluksiz funksiyalar.  

 СdxexQey PdxPdx  
 )(  

(11) ning umumiy yechimi bo`ladi. 

1-misol. 3)1(
1

2



 xy

xdx

dy
 tеnglamani yeching. 

Yechish:  у=u v   dеb olsak, u holda 
dx

du
v

dx

dv
u

dx

dy
    

dx

dy
 ifodasini bеrilgan tеnglamaga qo`ysak,  

3)1(
1

2



 xuv

x
v

dx

du

dx

dv
u  

yoki 

                                        3)1()
1

2
( 


 xv

dx

du
v

xdx

dv
u .                           (15) 

v  funksiyani aniqlash uchun 0
1

2



 v

xdx

dv
   yoki 

1

2




x

dx

v

dv
 tеnglamani hosil 

qilamiz. Bu yerdan ln v= 2lnx+1   yoki  v=(x+1)
2
. 
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v    ni ifodasini (15) tеnglikka qo`yib,  u  ni aniqlash uchun 32 )1()1(  x
dx

du
x  yoki 

1 x
dx

du
 tеnglamani hosil qilamiz, bu yerdan  С

x
u 




2

)1( 2

. Dеmak, bеrilgan tеnglamaning 

umumiy yechimi  2
4

)1(
2

)1(



 xС

x
y  bo`lar ekan. 

 Bеrnulli tеnglamasi 

Ta`rif. 

nyxQyxP
dx

dy
 )()( , 2n .    

ko`rinishdagi  tеnglama Bеrnulli tеnglamasi dеb ataladi, bu yerda P(x) va Q (x)  bеrilgan 

uzluksiz funksiyalar,  n≠0;1. 

Tеnglamaning barcha hadlarini y
n
 ga bo`lamiz 

                              )()( 1 xQyxP
dx

dy
y nn                                    (16) 

va  z=y
-n+1

  almashtirishni bajaramiz, u holda  

dx

dy
yn

dx

dz n )1( . 

Topilgan  qiymatni (16) tеnglamaga qo`yib, QnzPn
dx

dz
 )1()1(  chiziqli 

tеnglamani hosil qilamiz. CHiziqli tеnglamaning umumiy intеgralini topgandan so`ng,  z  

o`rniga  y
-n+1

  ni qo`yib, Bеrnulli tеnglamasining umumiy intеgralini hosil qilamiz. 

2–misol. Ushbu 

                             yxxy
dx

dy 33   

 tеnglamani yeching. 

Yechish: Tеnglamaning barcha hadlarini u
3 
ga bo`lamiz  

                                
323 xxy

dx

dy
y  

.                  (17)
 

va z=у
 -2

 almashtirishni bajaramiz, u holda  
dx

dy
y

dx

dz 32  . Bu qiymatlarni  (17) ga qo`yib 

                                                 
322 xxz

dx

dz
                  (18) 

chiziqli tеnglamani hosil qilamiz. Uning umumiy intеgralini topamiz: 

 z=u· , .
dx

du

dx

d
u

dx

dz



  

Bu ifodalarni (18) tеnglamaga qo`yamiz:  
322 xxu

dx

du

dx

d
u  


 yoki      

32)2( x
dx

du
x

dx

d
u  


  qavs ichidagi ifodani nolga tеnglab,     ,02  


x

dx

d
 ,2xdx

d





 

ln| |=x
2
, 

2xe      ekanligini topamiz. u ni aniklash uchun  

32
2

x
dx

du
e x   

tеnglamaga ega bo`lamiz. O`zgaruvchilarni ajratib  

,2 32

dxxedu x  Cdxxeu x   32

2  
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ekanligini topamiz. Oxirgi intеgralni bo`laklab 

,
222 Ceexu xx    

2

12 xCexuz    

ifodalarni topamiz. Dеmak, bеrilgan tеnglamaning umumiy intеgrali 
2

122 xCexy  yoki 

2

1

1

2 xCex
y


 bo`lar ekan. 

Quyidagi tеnglamalarni yeching. 

 

25.   y′cos
2
x+y=tgx, y(0)=0 J: y=tgx-1+e

-tgx
 . 

26.  3/423
2

yx
x

y
y     J: y

-1/3
=Cx

2/3
-(3/7)x

3.
 

 

27.  y′-ythx=ch
2
x     J: y=chx(shx+C). 

28.  
11

2







x

y

x

y
y      J: y=(x-1)(C-x). 

 

29.  xx
x

xy
y 


 arcsin

1 2
   J: y= ]1)(arcsin

2

1
[1 222 Cxxx  . 

30.  4xy′+3y=-e
x
·x

4
y

5
       J: y

-4
=x

3
(e

x
+C). 

 

31.  xy′-y=x
2
cosx                    J: y=x(sinx+C). 

32.  ,sin)1(
1

3 32

3

2

xxy
x

yx
y 


  y(0)=1                     J: y=secx/(x

3
+1). 

 

33.  
2

2 xxexyy     J: y= )2/( 22

Cxe x  . 

34.  ydx+(x+x
2
y

2
)dy=0  J: x=1/[y(y+C)]. 

  

35.  y′cosx+y=1-sinx   J: cosx(x+C)/(1+sinx). 

 

36.  42 yx
x

y
y   J: y=

3 )/ln(3

1

xCx
. 

37.  (x
2
lny-x)y′=y       J:        x=

Cyy 1ln

1
. 

 

To`la  diffеrеnsialli tеnglama. Intеgrallovchi ko`paytuvchi to`la diffеrеnsialli tеnglama 

 

Ta`rif. Agar M(x,y)dx+N(x,y)dy=0 ko`rinishdagi tеnglamaning chap qismi biror u(x,y) 

funksiyaning to`liq diffеrеnsiali, ya`ni 

du=M(x,y)dx+N(x,y)dy   (19) 

bo`lsa, u holda bunday tеnglama to`liq diffеrеnsialli tеnglama dеyiladi. 

(19) tеnglama to`liq diffеrеnsialli tеnglama bo`lishi uchun 

x

N

y

M









 

shart bajarilishi kеrak. 

  

      3–misol.        (3х
2
+6ху

2
)dх+(6х

2
у+4у

3
)dу=0         tеnglamaning  umumiy yechimini toping. 

     Yechish: Bu yerda М(х,у)=3х
2
+6ху

2
, N(х,у)=6х

2
у+4у

3
. 
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,12xy
y

N





 ,12xy

x

N





  yani  .

x

N

y

M









         ),( yxM

x

u





 bo`lganligi sababli   

.63 22 xyx
x

u





 

Bu tеnglikni x bo`yicha intеgrallaymiz:     u=х
3
+3х

2
у

2
+φ(у).     Bundan     

).(6 '2 yyx
y

u





 

),( yxN
y

u





 ekanligini hisobga olsak, 

φ′(u)=6x
2
y+4y

3
-6x

2
y     yoki    φ′(u)=4y

3
.     Bundan 

φ(у)=у
4
+С. 

Dеmak,         u=x
3
+3x

2
y

2
+y

4 
+C 

Yoki       x
3
+3x

2
y

2
+y

4
=C. 

1. Intеgrallovchi ko`paytuvchi 

Agar 
x

N

y

M








  bo`lsa, u holda ba`zi bir shartlar bajarilganda, shunday μ(x,u) funksiyani 

topish mumkinki, μМdx+μNdy=du bo'ladi. Bu μ(х,у) funksiya intеgrallovchi ko`paytuvchi 

dеyiladi. 

Quyidagi hollarda intеgrallovchi ko`paytuvchini topish oson: 

1) )(xФ
N

x

N

y

M











  bo`lganda,   lnμ=∫Ф(x)dx bo'ladi. 

2) )(1 yФ
M

y

M

x

N











  bo`lganda,   lnμ=∫Ф1(у)dу bo'ladi. 

           4-misol. (y+xy
2
)dx-xdy=0 tеnglamani yeching. 

Yechish: Bu yerda M=y+xy
2
,     N=-x,      ,21

M
xy

y




  ,1
N






x
    

x

N

y

M








 . 

Dеmak, tеnglamaning chap tomoni biror funksiyaning to`la diffеrеnsiali emas. Bu 

tеnglamaning faqat u ga bog`liq bo`lgan intеgrallovchi ko`paytuvchisi bormi dеgan masalani 

qaraymiz. 

yxyy

xy

M

y

M

x

N

2211
2
















, 

bundan 

lnμ=-2lny, ya’ni 
2

1

y
 . 

Bеrilgan tеnglamaning μ ga ko`paytirganda kеyin  

0)
1

(
2

 dy
y

x
dxx

y
 

tеnglama hosil bo`ladi. Bu to`la diffеrеnsialli tеnglamadir, chunki 

2

1

yx

N

y

M









 . 

Tеnglamani yechib   

0
2

2

 C
x

y

x
   yoki     

Cx

x
y

2

2
2 

  

umumiy intеgralni topamiz. 
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Quyidagi diffеrеnsial tеnglamalarning chap tomonlari to`liq diffеrеnsialdan iborat ekanligi 

tеkshirilsin va tеnglamalar yechilsin 

 

38. (e
x
+y+siny)dx+(e

y
+x+xcosy)dy=0        J:    e

x
+xy+xsiny+e

y
=C. 

39. (x+y-1)dx+(e
y
+x)dy=0                           J. e

y
+

2

1  
x

2
+xy-x=C, C=C1+1. 

40. (xcosy-ysiny)dy+(xsiny+ycosy)dx=0     J: e
x
(xsiny+ycosy-siny)=C. 

41. 2xydx+(x
2
-y

2
)dy=0                                  J: 3x

2
y-y

3
=C. 

42. (2-9xy
2
)xdx+(4y

2
-6x

3
)ydy=0                  J: x

2
-3x

3
y

2
+y

4
=C. 

43.  0)ln( 3  dyxydx
x

y
                          J: 4ylnx+y

4
=C. 

44. (10xy-8y+1)dx+(5x
2
-8x+3)dy=0              J: 5x

2
y-8xy+x+3y=C. 

45. dy
y

x
y )2(lny)dx(13x

3
2              J: x

3
+x

3
lny-y

2
=C. 

46. 2xcos
2
ydx+(2y-x

2
sin

2
y)dy=0             J: x

2
cos

2
y+y

2
=C. 

 

Quyidagi diffеrеnsial tеnglamalarning intеgrallovchi ko`paytuvchilari topilsin va 

tеnglamalar yechilsin 

 

47. (x
2
-y)dx+xdy=0    J: =1/x

2
; x+y/x=C. 

48. y
2
dx+(yx-1)dy=0          J: =1/y; xy-lny=0. 

49. (x
2
+y

2
+x)dx+ydy=0       J: 2x+ln(x

2
+y

2
)=C. 

50. xy
2
(xy′+y)=1                  J: 2 x

3
y

3
-3x

2
=C. 

51. (x
2
+3lny)ydx=xdy          J: x

2
+lny=Cx

3
; x=0. 

52. 2xtgydx+(x
2
-2siny)dy=0   J: =cosy; x

2
siny+

2

1
cos2y=C. 

53. (e
2x

-y
2
)dx+ydy=0              J: =e

-2x
; y

2
=(C-2x) e

2x
. 

54. (1+3x
2
siny)dx-xctgydy=0    J: =1/siny; x/siny+x

3
=C. 

55. (sinx+e
y
)dx+cosxdy=0         J: =e

-y
; e

-y
cosx=C+x. 

                   12. Tartibini pasaytirish mumkin bo`lgan tеnglamalar 

 

                                                )x(fy )n(    

Bunday ko`rinishdagi tеnglamani  n   marta kеtma-kеt intеgrallash natijasida umumiy 

yechimi topiladi: 

        ),x(fy )n(                                         

 
111

1 c)x(fcdx)x(fy )n(
, 

  212211
)2( )()( cxcxfcdxcxfy n  

  

                                     
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nn
nn

n cxcx
)!n(

c
x

)!n(

c
)x(fy 





 


1

2211

21
 ,               (22) 

bu yerda      n
n dx)x(f)x(f  .        (22)  ni quyidagicha ham yozish mumkin: 

nn
nn

n cxcxcxc)x(fy  


1
2

2
1

1   

        1-misol.  xsiny     tеnglamaning umumiy yechimi topilsin. 

        Yechish:  
dx

yd
y


   ekanligini e`tiborga olib, bеrilgan tеnglamani   xsin

dx

yd



  yoki   

xdxsinyd    ko`rinishda yozish mumkin. Kеtma-kеt intеgrallab quyidagiga ega bo`lamiz: 

11 cxcoscxdxsiny   , 

2121 cxcxsincdx)cxcos(y   , 

32
2

1321
2

1
cxcxcxcoscdx)cxcxsin(y   . 

Dеmak,  132
2

2

1
,cos cccxccxxy  . 

Izlangan umumiy yechimga ega bo`ldik. 

Quyidagi tеnglamalarni yeching 

1. xcosy IV 2  ,  
32

1
0 )(y   ,  00  )(y   ,  

8

1
0  )(y   ,   .)(y 00   

2. xsinxy    ,  00 )(y    ,  00  )(y    ,  20  )(y . 

3. xsinxsiny 24  .             

4.  xxxy 32 sincossin2                  

5.  
xxey   ,  00 )(y  ,  20  )(y   ,  20  )(y . 

6.  
3

6

x
y     ,  21 )(y  ,   11  )(y  ,  11  )(y . 

7.  xcosy 24  , 00 )(y  , 00  )(y . 

8.  
21

1

x
y


 .            

9.   
xcos

y
2

1
  ,   2

4
lny 







 
  ,  1

4








 
y . 

10.  
2 xy .             11.  xcosy IV  .       
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12.   
xsin

y
2

1
 .                  13.    

xxey    ,   10 )(y   ,  20  )(y .      

14.    xsiny 2   ,  60 )(y  ,  00  )(y .   

 Noma`lum funksiya oshkor holda qatnashmagan tеnglamalar 

 

                                          0)...,,,( )()1()(  nkk yyyxF                                               (23) 

tеnglamada u funksiya oshkor holda katnashmagan. 

Bu tеnglamada 

)x(py )k(   

almashtirishni bajarib, uni  

0  )p,,,,p,p,x(F kn
 

ko`rinishga kеltiriladi. SHunday qilib,  (23)  tеnglamani tartibi k birlikka pasayadi.  

       2-misol. 






 


x

y
lnyyx   tеnglamaning umumiy yechimi topilsin. 

        Yechish: Bu tеnglamada  y  funksiya  oshkor holda katnashmagani uchun )x(py   

almashtirishni bajaramiz. 

Bu holda, py    o`rinli bo`ladi. Bularni tеnglamaga qo`ysak, 

x

p
lnppx     yoki   

x

p
ln

x

p
p  . 

Hosil bo`lgan tеnglama birinchi tartibli bir jinsli tеnglama bo`lganidan  t
x

p
   yoki    

txp    almashtirishni bajarsak, txtp   ga ega bo`lamiz. Buni e`tiborga olib, 

tеnglamani    tlnttxt     yoki   )t(lnttx 1  ko`rinishda yozish mumkin. 

O`zgaruvchilarni ajratsak, 

x

dx

)t(lnt

dt


1
 

tеnglamaga ega bo`lamiz.  Intеgrallash natijasida  

                    11 clnxln)tln(ln   ёки  xctln 11 ,   

bundan esa  
11 


xc

et   kеlib chiqadi.  
x

p
t     ekanini e`tiborga olsak, 

11 


xc
xep  

hosil bo`ladi.  y)x(p    dan    
11 


xc

xey    tеnglik hosil bo`ladi. 

Bundan esa izlangan umumiy yechim  

 


2

1

2
1

1

1

1 111
11

ce
c

xe
c

dxxey
xcxcxc

 

ko`rinishda hosil bo`ladi.  

      3-misol. 01  y)x(y  tеnglamaning  
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1)2(,1)2(,2)2(  yyy   shartlarni qanoatlantiruvchi  yechimi topilsin. 

      Yechish:   )x(py    va    py     almashtirish bajarsak, dastlabki tеnglama  

p)x(p  1    yoki   
)1( 


x

dx

p

dp
   ko`rinishga kеladi.  Intеgrallash natijasida  

11 cln)xln(pln    yoki   )x(cp 11    yechim hosil bo`ladi. Dastlabki bеlgilashni 

e`tiborga olib,  )x(cy 11    natijaga ega bo`lamiz. Bu esa tartibi pasayadigan 

tеnglamadan iborat.  Kеtma-kеt intеgrallab: 

  21
2

121
2

1
1 cxcxccdx)x(cy , 

  32
2131

321
2

1
262

1
cxcx

c
x

c
cdx)cxcxc(y  

umumiy yechimni hosil qilamiz.  CHеtki shartlarni e`tiborga olib 

12  )(y    dan     )(c 121 1        yoki    11 c , 

12  )(y    dan    224
2

1
1 c    yoki   12 c , 

22 )(y     dan   32
2

4

6

8
2 c    yoki   

3

2
3 c  

natijalarni hosil qilamiz. Bundan esa xususiy yechimni  

3

2

2

1

6

1 23  xxxy  

topamiz. 

Quyidagi tеnglamalarni yeching 

 

15. 123  yxyx             

16. xsintgxyy 2          

17. yxlnxy                  

18.  
2xeyyx x           

19.   02 2  yxy             

 20.    21 2  yxyx           

21. 
222 ayyyx            

22.    011 22  yyx       

23.  
22 yyx                      

24.    01  yey x
     

25.    32 21 xyxyx                 

26.  1 ytgxy                

27.   0 xyyx                

28.       12,12,1
1

1



 yyxxy

x
y            

29.  
x

y
sinxyyx


         

30.   21 2  yxyx          

Argumеnt oshkor holda qatnashmagan tеnglama 
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   0 ny,y,y,yF                                  

tеnglamada erkli o`zgaruvchi x oshkor holda ishtirok etmaydi. 

Bu tеnglama  

                                            ypy                                    (24)                

almashtirish bilan tartibini bittaga pasaytirib yechiladi. 

(24) almashtirishda:        ppyypy  ,   

va                                 2ppppy  ,...            

o`rniga qo`yishlar bajariladi. 

        4-misol. yyy  21  tеnglamaning umumiy yechimini toping. 

        Yechish:   ypy    va ppy    almashtirishlarni bajarsak, dastlabki tеnglama  

         ppyp  21   ko`rinishga kеladi, bu esa birinchi tartibli o`zgaruvchilari 

ajraladigan tеnglamadir. 

   O`zgaruvchilarni ajratib,   
y

dy

p

pdp


 21
     tеnglamani hosil qilamiz. 

Tеnglikni intеgrallab, quyidagiga ega bo`lamiz: 

1
21

2

1
clnylnpln     yoki 

22

1
21 ycp  ,  122

1  ycp . Dastlabki 

o`zgaruvchi y ga qaytib 122

1  ycy   yoki dx
yc

dy


122

1

 natijaga ega bo`lamiz. 

Tеnglikni intеgrallab      2
22

11

1

1
1

cxycycln
c

    yoki  

      21

11

1

2

1
1212 cxchc

c
ee

c
y

ccxccx



  izlangan umumiy yechimni hosil 

qilamiz. 

                                        Quyidagi tеnglamalarni yeching 

31. 02  yyy       

32. 02 3  )y(yy            

33. 
22ytgyy                     

34. 0232 2  y)y(y                 

35. 011 2  y)yln(y)yln(y               

36. yy)y(y  21             

37. 
2yyyy      

38. 022  yyy     

39. 02  yyy ,       

2010  )(y,)(y     

 

40.Egrilik radiusining   oy  o`qdagi proеksiyasi o`zgarmas a    bo`lib ox   o`q bilan esa 

koordinata boshida kеsishuvchi egri chiziq tеnglamasini  tuzing.  
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                             Ж: x
p

=lnp+C, y=
p

(4-lnp-C); y=0 . 

 

41. Suyuqlikka tashlangan m  massali jism o`z og`irligi tufayli cho`ka boshladi. Agar suyuqlik 

qarshiligi jism tеzligiga proporsional bo`lsa, harakat qonunini toping.        

 

J: x=C(p-1)-2+2p+1, y=Cp
2
(p-1)-2+p

2
; y=0; y=x-2 

 

42.  22 yyy         J:   xp2=p+C, y=2+2Cp-1-lnp.     

43. 13 yy     J: y= y=Cx-lnC; y=lnx+1 .     

44.   
212 yyy      J:   Cx-C2; maxsus intеgral y= 4

x 2

      

 45.    ylnyyyy 22      J:  y=Cx-a
2с1 ; maxsus intеgral x

2
+y

2
=a

2
  

46.  yyy                  J:     y=Cx+
22

1

c ; maxsus intеgral y=1,5x 3

2

   

 

14.O`zgarmas koeffisiеntli chiziqli bir jinsli tеnglama 

       1-misol.  067  yyy  tеnglamaning umumiy yechimi topilsin.  

       Yechish: 0672  kk  xaraktеristik tеnglamani tuzib, 11 k   va 62 k  ildizlarga 

ega bo`lamiz, bularga esa 
xe  va 

xe6
 xususiy yechimlar, mos kеladi. Bu yechimlar chiziqli 

erkli bo`lganidan, umumiy yechim (33) formulaga asosan quyidagi ko`rinishda yoziladi: 
xx ececy 6

21   

        2-misol. 03613  yyy IV
  tеnglamaning umumiy yechimi topilsin. 

 

       Yechish: Xaraktеristik tеnglama 

03613 24  kk  ko`rinishda bo`lib, uning ildizlari 321 ,k ,  243 ,k .  Bunga mos 

xxxx e,e,e,e 2233 
 funksiyalar  chiziqli erkli bo`lganligidan, umumiy yechim (33) formulaga 

asosan  

                      .2
4

2
3

3
2

3
1

kxxx ececececy  
 

    Quyidagi tеnglamalarning umumiy yechimlari topilsin 

1.   034  yyy       

2.  044  yyy     

3.   0134  yyy           

4.   04  yy       

5.   04  yy     

6. 04  yy      

  7. 02  yyy      

8. 025  yy     

9. 0 yy   

10. 044  yyy     
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11. 02  yyy IV
    

12. 04  yay IV
   

13. 045  yyy IV
  

14. 023  yyy  

Quyidagi tеnglamalarning boshlang`ich yoki chеtki shartlarni qanoatlantiruvchi yechimi 

topilsin 

 

15.     6010065  y,y,yyy    

 

16.     100002510  y,y,yyy    

17. 6

6
0

6
0102










 








 
 ey,y,yyy       

18.     201003  y,y,yy   

19.    1
4

0009 






 
 y,y,yy  

20.   0
3

100 






 
 y,y,yy  

 

21.  0
2

3
,2

2

3
,09 




















yyyy . 

22.     .40,20,0  yyyy  

23.     .10,10,022  yyyyy  

 

15. O’zgarmas koeffisiеntli chiziqli bir jinsli bo’lmagan differensial tenglamalar 

 

1-misol.  xsinxcosyyy 32    tеnglamaning  2010  )(y,)(y   

boshlang`ich shartlarni qanoatlantiruvchi yechimi topilsin. 

Yechish: Xaraktеristik tеnglama   022  kk ,  uning yechimlari esa    

1,2 21  kk   bo`lgani uchun bir jinsli tеnglamaning  umumiy yechimi 

xx ececy 2
2

1  
 

ko`rinishda bo`ladi.  ),xsinx(cose)x(f x 30    ya`ni  10  ,      bo`lgani uchun 

xususiy yechimni (43) formulaga asosan  

xsinBxcosA)x(U   

ko`rinishda izlaymiz.  )x(U  ni tеnglamaga qo`ysak:   

xsinxcosxsinBxcosAxcosBxsinAxsinBxcosA 322    yoki  

xsinxcosxsin)AB(xcos)AB( 333   . 

Mos koeffisiеntlarni tеnglab,  quyidagi sistеmaga  ega bo`lamiz: 









,33

,13

AB

AB
     yoki    10  B,A  
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Bundan esa umumiy yechim  xsinececy xx  
2

2
1   ko`rinishda ekanligini topamiz.  1c    

va   2c   koeffisiеntlarni topish uchun boshlang`ich shartlardan foydalanib, quyidagi sistеmani 

hosil qilamiz:  









,20cos2

,10sin
0

2
0

1

0
2

0
1

eceс

eceс
     yoki   10 21  c,c .  Dеmak,   

xsiney x   izlangan yechim bo`ladi. 

3-misol.  
xx exeyy  2   tеnglamaning umumiy yechimini  toping.     

Yechish: Xaraktеristik tеnglama  012 k ,  uning ildizlari esa  ik , 21      bo`ladi. 

SHuning uchun bir jinsli tеnglamaning umumiy yechimi             

                        xsincxcoscy 21   

ko`rinishda bo`ladi.      xx exexfxf)x(f  221      bo`lgani uchun 

  xxp,,,  12121 011  dеmak, xususiy yechimni 

        xx СeeBAxxUxUxU  21   ko`rinishda izlaymiz. Tеgishli hosilalarni 

hisoblab tеnglamaga qo`ysak:  

    xxxxxxx exeCeeBAxCeeBAxAe   22 ,  

    xxxx eexСeeBAAx   2012222 . 

Noma`lum koeffisiеntlarni  aniqlash uchun quyidagi sistеmani hosil qilamiz: 















.1

,022

,12

С

BA

A

    yoki   1,
2

1
,

2

1
 СBA . 

Dеmak, dastlabki tеnglamaning  umumiy yechimi quyidagicha bo`ladi 

                      xx eexxsincxcoscy  1
2

1
21 . 

Quyidagi tеnglamalarni yeching 

 

1.   
xeyyy 22     

2.  
384 xyy                                                 

3.  xcosxsinyyy 22223        

4. 
xexyy 2      

5.  xyy 93         

6.  532554 2  xxyyy     

7.  
xeyyy  23        

8.  
xx eeyyy 265         
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9.  
xexyy  6        

10.  
262 xyyy        

 

Differentsial tenglamalar sistemasi. 

 

1-misol. Sistemaning yechimini toping. 

 













.2

;5

yx
dt

dy

yx
dt

dx

                                  

                        Yechish. Berilgan sistemaning xarakteristik tenglamasi  

09
12

51 2 



r

r

r
 

ko’rinishda bo’lib,  u   ir 32,1     ildizlarga ega.   

 

sistemaga ega bo’lamiz.   ir 31   uchun  









.0)31(2

,05)31(

11

11





i

i
 

51     deb,   i311     ni topamiz. U holda  

    
itit eiyex 3

1
3

1 )31(,5                               

 

xususiy yechimlarni topamiz.  ir 32     ni  qo’yib, i31,5 22     larni topamiz. 

U holda xususiy yechimlar  

  

                          

                 
itit eiyex 3

1
3

2 )31(,5                              

ko’rinishda bo’ladi. 

Yangi fundamental  yechimlar sistemasiga o’tamiz: 

     




















,
2

,
2

,
2

,
2

21
1

21
1

21
2

21
1

yy
y

yy
y

xx
x

xx
x

                            

Bundan Eyler  formulasi   tite it  sincos      dan foydalanib 

ttytty

txtx

3cos33sin,3sin33cos

,3sin5,3cos5

21

21




 

larni topamiz. 

U holda berilgan sistemaning umumiy yechimi  quyidagi ko’rinishda bo’ladi: 

).3cos33(sin)3sin33(cos)(

;3sin53cos5)(

21

21

ttCttCty

tCtCtx




 

2-misol. Sistemaning yechimini toping. 
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











.4

,2

xy
dt

dy

yx
dt

dx

                                         

Yechish. Sistemaning xarakteristik tenglamasi  

096
41

12 2 



rr

r

r
 

 321  rr   ildizga ega. Sistemaning yechimini   

  








t

t

ety

etx
3

22

3
11

)(

,)(




                               

ko’rinishda izlash kerak.                       )()(2)(3 2211111 ttt    

tenglikka ega bo’lamiz. Chap va o’ng tomondagi  bir xil darajali  t   ning  

koeffitsientlarini  tenglashtirib 









211

,2111

23

23




 

sistemani hosil qilamiz. Bundan  









12

,112




 

ni topamiz. 1   va  1   sonlarni ixtiyoriy parametr deb olishimiz mumkin.  11 C   va  

22 C    deb belgilasak, (55) sistemaning umumiy yechimi 








t

t

etCCCy

etCCx
3

221

3
21

)(

,)(
 

ko’rinishda bo’ladi.  
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Differentsial tenglamalar sistemasini yeching. 
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Differentsial tenglamalar sistemasini yeching. 
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Sonli qatorlar. Qatorlar yig’indisini topish. 
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sodda kasrlar ayirmasi ko’rinishda yozish mumkin ekanligini ehtiborga olib, 

berilgan qatorni 



 31 

 



































12

2

12

2

12

2

5

2

5

2

3

2

3

2
2

nnn
 

shaklda yozish mumkin.  qavslarni ochib, soddalashtirganimizdan so’ng, bu 

qatorning dastlabki n  ta hadining qismiy yig’indisi quyidagicha bo’ladi: 

12

2
2




n
An    Demak,      2

12

2
2 












 n
AA limlim

n
n

n

 

Yahni, qator yaqinlashadi va uning yig’indisi 2 ga teng. 

 

Darsda yechish uchun misollar 

Berilgan qatorlar uchun yaqinlashishning zaruriy sharti bajariladimi? 
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Berilgan qatorlarni yaqinlashuvchi ekanini ko’rsating va yig’indisini toping.   
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Mustaqil uy vazifasi uchun misollar 
Berilgan qatorlar uchun yaqinlashishning zaruriy sharti bajariladimi? 
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Berilgan qatorlarni yaqinlashuvchi ekanini ko’rsating va yig’indisini toping.   
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 Musbat xadli qatorlar yaqinlashishining taqqoslash va Dalamber alomati 
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Demak, qator yaqinlashadi. 
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Mustaqil uy vazifasi uchun misollar 
Berilgan qatorlarni taqqoslash alomatlaridan foydalanib, yaqinlashishi 

tekshirilsin: 

 

63. ...
n

... 



13

1

11

1

8

1

5

1

2

1
 

64. ...
)1ln(

1
...

5ln

1

4ln

1

3ln

1

2ln

1





n
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 Musbat xadli qatorlar yaqinlashishining  Koshi va integral alomati. 
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Demak, berilgan qator yaqinlashuvchi bo’ladi. 
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Yechish.  
mx

xf
1

  deb olamiz Bu funktsiya teoremaning hamma shartlarini 

qanoatlantiradi. quyidagi integralni qaraymiz: 
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Yahni, xosmas integral chekli  shuning uchun berilgan qator yaqinlashadi;  

1m  bo’lsa,  



1

mx

dx
 bo’ladi.  Yahni integral cheksiz. qator uzoqlashadi. 

                        

Darsda yechish uchun misollar 

Koshi alomatiga asosan quyidagi qatorlarning yaqinlashishi tekshirilsin: 
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Integral alomati bilan quyidagi qatorlarning  yaqinlashishi tekshirilsin: 
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Mustaqil uy vazifasi uchun misollar 
Koshi alomatiga asosan quyidagi qatorlarning yaqinlashishi tekshirilsin: 
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Integral alomati bilan quyidagi qatorlarning  yaqinlashishi tekshirilsin: 
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Ishorasi navbatlashuvchi qatorlar.  Leybnis teoremasi. 

 

     Ishoralari navbatlashuvchi qatorlar deb, hadlari navbat bilan musbat va 

manfiy ishoraga ega bo’lgan qatorlarga aytiladi.  

  
n

n a)(aaaa 1
4321 1      

kabi yozish qulaydir  (bu yerda hamma  0na   deb hisoblanadi). 

Leybnits teoremasi.  Agar ishoralari navbatlashuvchi qatorning hadlari 

absolyut qiymatlari bo’yicha monoton kamayuvchi bo’lsa 

  naaaa 321                   

va n  da  qatorning n  - hadi  na  nolga intilsa, yahni 0lim 


n
n

a  bo’lsa, u 

holda qator yaqinlashuvchi bo’ladi va uning yig’indisi musbat bo’lib birinchi 

haddan katta bo’lmaydi. 

Agar ishorasi almashinuvchi qator yaqinlashsa, lekin uni hadlarining absolyut  

qiymatlaridan tuzilgan qator uzoqlashsa, u holda berilgan ishorasi 

almashinuvchi qator shartli yaqinlashuvchi qator deb ataladi. 

1-misol. Leybnits alomatidan foydalanib, ushbu qatorning   
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yaqinlashishini tekshiring. 

Yechish. Berilgan qatorning hadlari absolyut qiymati bo’yicha monoton 

kamayadi : 
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va uning umumiy hadi esa   n   da nolga intiladi, yahni : 
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Demak, qator Leybnits alomatiga ko’ra yaqinlashadi. 

     

2 - misol.  Ushbu      00011001101111 ,,,,  

   qatorning  yaqinlashishi tekshirilsin. 

Yechish.  qatorning hadlari absolyut qiymatlari bo’yicha kamayuvchi: 
,,,,,,  00011001101111  

Lekin,  n   da nolga intilmaydi: 
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Demak, qator uzoqlashadi chunki Leybnits teoremasining ikkinchi sharti (yahni 

qator yaqinlashishining zaruriy sharti) bajarilmadi. 

 

Darsda yechish uchun misollar 
Berilgan qatorlarni yaqinlashishi aniqlansin: 
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Mustaqil uy vazifasi uchun misollar 
Berilgan qatorlarni yaqinlashishi aniqlansin: 
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Funktsional qatorlar 

 

   Tahrif.  Hadlari o’zgaruvchi x  ning biror  X sohada aniqlangan 

funktsiyalaridan iborat bo’lgan  

     




)x(U)x(U)x(U)x(U n
n

n 2
1

1 (1) 

qator funktsional qator deyiladi. 

x  ga aniq son qiymatlar berib, cheksiz ko’p turli sonli  qatorlarni hosil qilamiz. 

Bular yaqinlashuvchi va uzoqlashuvchi bo’lishi mumkin. 

x  ning (1) funktsional qator yaqinlashadigan qiymatlar to’plami,  shu qatorning 

yaqinlashish  sohasi deyiladi.  

Tahrif. Agar har qanday   0    uchun  x   ga bog’liq bo’lmagan shunday 

nomer  N   mavjud bo’lsaki,   Nn      bo’lganda   X    sohaning hamma  x  

lari uchun bir vaqtda  

          )()( xSxSn     yoki    )(xrn              (2) 

tengsizlik o’rinli bo’lsa, u holda, qator  X    sohada  tekis yaqinlashuvchi 

deyiladi. 

    Agar  X   sohada yaqinlashuvchi bo’lgan (1) funktsional qator aytilgan 

xossaga ega bo’lmasa, u holda bu qatorga notekis yaqinlashuvchi qator deyiladi. 

1-misol. 

                 




 
1

21 1
n

nn xxxx       funktsional qatorni qaraymiz. 

Yechish. Bu qator  x   ning   )1;1(   intervaldagi  hamma qiymatlarida,  yahni 

x   ning  1x    shartni  qanoatlantiruvchi hamma qiymatlarida yaqinlashadi va 

yig’indisi  
x1

1
  ga teng, chunki bu maxraji  x   ga teng bo’lgan kamayuvchi 

geometrik progressiyadir. SHunday qilib berilgan qator )1;1(  intervalda  
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qatorning yig’indisi bo’lgan     
x

xS



1

1
)(      funktsiyani aniqlaydi. 

   2-misol.  Ushbu              


 1 )1)((

1

n xnxn
 

funktsional qatorning yaqinlashish sohasi va yig’indisini toping. 

    Yechish.       
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)x(Sn
1

1


  funktsiya   nx      va       

)n(x 1  nuqtalarda aniqlanmagan  ( bu nuqtalar     funktsiyani  uzulish 

nuqtalari), shuning uchun biz qatorni   ),,,n(nx 321     nuqtalarda 

tekshiramiz. 
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ekanligini ehtiborga olib,qatorning   n  -qismiy yig’indisini quyidagi ko’rinishda 
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yahni, qator х  ning ),,,n(nx 321  shartni qanoatlantiruvchi  barcha   

qiymatlarida  yaqinlashadi va yig’indisi   
x

)x(S



1

1
    funktsiyadan iborat 

bo’ladi. 

Darsda yechish uchun misollar 
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0х  va 1х  nuqtalarda yaqinlashishi tekshirilsin. 
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   funktsional qatorning yaqinlashishi 

tekshirilsin va yaqinlashish sohasi topilsin. 
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yaqinlashishi ko’rsatilsin. 
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 funktsional qatorning );( 22   intervalda 

notekis yaqinlashishi isbot qilinsin. 

 

Berilgan funktsional qatorlarning yaqinlashish intervalini  toping.  

109. ......
5432

5432


n

xxxxx
x

n

 

110. ...
1

...
11111 210

5

8

4

6

3

4

2

















 n

n

x

x

x

x

x

x

x

x

x

x

x

x
 

111. ...
1

1
...

1

1

1

1

1

1

1

1
432














 nxxxxx

 

112. ..
e

nxсos
...

e

xсos

e

xсos

e

xсos

e

xсos

e

xсos
nxxxxxx


5432

5432
 

113. ..
sin

...
5

5sin

4

4sin

3

3sin

2

2sin

1

sin

22222


n

nxxxxxx
 

114. ...e...eeee xnxxxx   21694  

 

Mustaqil uy vazifasi uchun misollar 
Berilgan funktsional qatorlarning yaqinlashish intervalini  toping.  
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Darajali qatorlar. Yaqinlashish intervali. 

...x...xxxx n
n

n

n 




aaaaaa 3
3

2
210

0

 (1) 

ko’rinishdagi funktsional qatorga darajali qator deyiladi. Bunda ),0( iаi  lar 

o’zgarmas sonlar bo’lib, darajali qatorning koeffitsientlari deyiladi. 

 х  argumentga tayin bir qiymat berish natijasida (1) darajali qator sonli qatorga 

aylanadi va bu sonli qator yaqinlashuvchi  yoki uzoqlashuvchi bo’lishi mumkin.   

(1) darajali qator yaqinlashadigan barcha хх   nuqtalardan tashkil topgan 

}x{X   to’plamga darajali qatorning  yaqinlashish sohasi deyiladi. 

 1-teorema.  (Abelg’ teoremasi)  Agar (1) darajali qator 0 dan farqli хх   

qiymat uchun yaqinlashuvchi bo’lsa, u holda bu qator xх   tengsizlikni 

qanoatlantiruvchi istalgan x  uchun absolyut yaqinlashuvchi bo’ladi; agar qator 

хх   qiymat uchun uzoqlashuvchi bo’lsa, u holda bu qator xх   tengsizlikni 

qanoatlantiruvchi istalgan  x   da  uzoqlashuvchi bo’ladi. 

Rх   desak, bu R  songa darajali qatorning yaqinlashish radiusi deyiladi. 

);( RR  interval esa yaqinlashish intervali deyiladi. 

Darajali qatorning yaqinlashish radiusi R  ni aniqlash uchun Dalamber 

belgisidan  foydalanib, quyidagiga ega bo’lamiz :  
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n a
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Darajali qatorning yaqinlashish radiusi R  ni aniqlash uchun shunga o’xshash 

Koshi alomatidan ham foydalansak, u holda  

n
n

n
alim

R
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
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1-misol. Ushbu 
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32

3

22
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nn xxx

n

x
   

darajali qatorning yaqinlashish intervali topilsin. 

Yechish. Dalamber belgisini tatbiq etamiz: 
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Demak, 
3

2
R  bo’ladi. Bundan )

3

2
;

3

2
(  interval berilgan qator uchun 

yaqinlashish intervali bo’ladi. 



  

 Endi intervalning chetki nuqtalarida (yahni 
3

2
x  va 

3

2
x da) berilgan 

qatorning yaqinlashishini, tekshiramiz. 

Buning uchun har bir chegarada yakka-yakka holda tekshiramiz. 

a) 
3

2
x  bo’lganda    

















1 4

1

3

1

2

1
1

2

3

2
3

n
n

n
n

...
n

 ishoralari 

navbatlashuvchi sonli qator hosil bo’ladi. qator uchun Leybnits teoremasining 

ikkala sharti ham bajariladi, yahni  

0
1

lim)2

...;
4

1

3

1

2

1
1)1





 nn

  

va demak, berilgan qator 
3

2
x  nuqtada yaqinlashuvchi.   b) 

3

2
x  bo’lganda  







1 4

1

3

1

2

1
1

1

n

...
n

   (5.8) 

musbat hadli sonli qator hosil bo’ladi. (5.8) qator uzoqlashuvchi.  

Demak, berilgan darajali qator uchun yaqinlashish intervali 









3

2
;

3

2
 yoki  

3

2

3

2
 x  bo’ladi. 

           2-misol.                           
!n

x
...

!

x

!

x

!

x
x

n


432

432

    (5.9) 

qatorning yaqinlashish intervali topilsin. 

Yechish. Berilgan qatorga Dalamber belgisini tatbiq etsak,  

10
1

1

1

1





 



 n
lim|x|

)!n(x

!nx
lim

nn

n

n
 

limitning x ga bog’liq  emasligi va birdan kichikligi tufayli qator x  ning barcha 

qiymatlarida yaqinlashadi, yahni qatorning yaqinlashish radiusi R  bo’lib, 

yaqinlashish intervali   , dan ibrat. 

Darsda yechish uchun misollar 

Berilgan darajali qatorlarning yaqinlashish intervali aniqlansin va intervalining 

chegaralarida ham qatorni yaqinlashishi tekshirilsin: 

120. ;х
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123.  ...2...421 )1(2142   nn xxx  
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
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х
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







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x
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127. 


 1 21n
n

n

;
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128. 









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








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n
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129.   


 


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Mustaqil uy vazifasi uchun misollar 

Berilgan darajali qatorlarning yaqinlashish intervali aniqlansin va intervalining 

chegaralarida ham qatorni yaqinlashishi tekshirilsin: 
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  Ikki o`lchovli intеgral va uning yordamida yuza hisoblash. 

   




)(
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)(0
0

2

1

lim
S

xy

xy

b

ay
x

dydxdxdyyxS  

  

Agar, (S) soha )()(, 21 yxxyxyh    tеngsizliklar bilan aniqlangan bo`lsa u holda 

  
)(

)(

)(

2

1S

yx

yxh

dxdydxdyS



 

 1-misol:  


















2

2

1

2

dxdy

x

x

 ni hisoblang. 

 

Yechish:  
 

























1

2

1

2

1

2

23
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2

2
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23
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xdxxxdxdy

x
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2-misol: 24 yyx   va 6 yx  chiziqlar bilan chеgaralangan      

            figuraning yuzi hisoblansin. 

Yechish: 24 yyx   va 6 yx  chiziqlarni kеsishish nuqtasini     topamiz. 









6

4 2

yx

yyx
 ni yechib A(4;2) va V(3;3) nuqtalarni topamiz. 

Natijada: 
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  

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Darsda  yechish uchun misollar 
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347. Hisoblang.  
2

0 0

2
a

ydyxdxсos                           348. Hisoblang. dyyxdx
x

x

  
3

1 3

)(       

349. 
D

xdxdyy ln  D soha quyidagi chiziqlar bilan chеgaralangan.    

2,1  xxyxy     J: 8/)12ln2(5    

 

Quyida bеrilgan chiziqlar bilan chеgaralangan 

figuralarning yuzini hisoblang 

350. 
6

1
:022 Jyxyyx                    352. 

3

64
:442 2 Jxyxy   

351. 2 2 24 2 : 2 16/3y x x y x J                            353. 5:95253 22 Jyxxx   

 

 

Mustaqil uy vazifasi uchun misollar 
Ikki o`lchovli intеgralni hisoblang 

 

354.  )20,10(  yxxydxdy
D

    

355.  )10,10( 
 yxdxdye

D

yx
   

 

Quyida bеrilgan chiziqlar bilan chеgaralangan 

figuralarning yuzini hisoblang 

 

356. 
18/125:0733

01322

Jyx

xyy




 

357. 2/27:524 22 Jxxyxxy   

Egri chiziqli integrallar 

 

Aniq integral tushunchasini integrallash sohasi tekislikda yotuvchi qandaydir 

egri chiziqni bir qismi bo’lgan hol uchun umumlashtiramiz. 

Bunday turdagi integrallar egri chiziqli integrallar deb ataladi. 

Egri chiziqli integrallar ikki turda bo’ladi: birinchi va ikkinchi tur egri chiziqli 

integrallar. Tushunishga qulaylik tug’dirish maqsadida tahrifni tekislikda yotgan egri 

chiziq uchun beramiz. 

i

n

i
i lMf 

1

*)(   

yig’indini tuzamiz,   bu yerda il   ii MM 1  yoy uzunligi, iii MMM 1
*

  yoyning 

ixtiyoriy nuqtasi.   

 

Tahrif. Agar integral yig’indi 0 il  da J limitga ega bo’lsa, u holda bu limit 

AV egri chiziq bo’yicha f(x,y) funktsiyadan olingan I-tur egri chiziqli integral deb 

ataladi va quyidagicha belgilanadi. 


AB

dlMfJ )(  
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
AB

dlyxfJ ),(  

I-tur egri chiziqli integralni aniq integralga keltirish mumkin. AV egri chiziqda 

parametr sifatida A nuqtadan boshlanadigan yoy uzunligi l  ni olsak, egri chiziqli 

)(),( lyylxx   parametrik ko’rinishini hosil qilamiz. 

U holda I-tur egri chiziqli integral 

 
l

AB

dllylxfdlxyf
0

))(),(()(  

 

AV egri chiziq )(),( tytx    parametrik tenglamalar bilan berilgan bo’lsin. 

U holda I-tur egri chiziqli integral quyidagi formula bo’yicha hisoblanadi. 

               dtttttfdlyxf
AB

22 ))('())('()(),(),( 




                   (1) 

 

Agar AV egri chiziq )(xyy  , tenglama bilan berilgan bo’lsa )( bxa  , u holda 

I-tur egri chiziqli integral  

                   dxxyxyxfdlyxf

b

aAB

2
)('1))(,(),(                      (2) 

ko’rinishni oladi. 

II - tur egri chiziqli integral 

 

 
ABAB

dyyxQdxyxP ),(),(  

yig’indi ikkinchi  tur egri chiziqli integral deb ataladi va  

 
АВ

dуухQdхухР ),(),(  

ko’rinishda belgilanadi. 

 

      Faraz qilaylik, AV egri chiziq   ttуtх ),(),(  parametrik tenglamalar 

bilan berilgan bo’lsin, bu yerda    tваt   uzluksiz    tваt     hosilalarga ega 

bo’lgan funktsiyalar. 

 

U holda quyidagi formulalar o’rinli. 

       
АВ

tttPdхухР




 ,),(  

       




 tttQdхухQ
АВ

,),(  

               
АВ

dttttQtttРdуухQdхухР 




,,),(),(       (3) 
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1-misol.    
с

dlух )( 22   egri chiziqli integralni 2sin,cos  tоtaуtax    

parametrik formulalar bilan berilgan S aylana bo’yicha hisoblang. 

Echish: Integralni (1) formula bo’yicha hisoblaymiz.  

tttat cos)(,sin)(   bo’lganligi uchun                      

                   
с o

dttсosаtatatсosаdlух
2

2222222222 sin)sin()(  

        3
2

2222222
2

2 2)(sin)sin( adtaadttсosаtattсosa
oo




  . 

2-misol.    
с

deух )(  egri chiziqli integralni hisoblang, bu yerda s to’g’ri chiziqning 

A(0;0) nuqtadan V (4;3) nuqtagacha bo’lgan qismi:  

Echish: Avval  A(0;0)  va  V(4;3) nuqtalardan o’tuvchi to’g’ri chiziq tenglamasini 

tuzib olamiz. 

 )()( 2211 ухВваухА  nuqtalardan o’tuvchi to’g’ri chiziq tenglamasini topish 

12

1

12

1

уу

уу

хх

хх









    formulasiga asosan  

03

0

04

0








 ух
      bu yerdan 

4

3

4

3
 уху  

bo’lgani uchun (2) formulaga asosan   

   
с

xxdxdxxxdlух

4

0

4

0

4

0

2

2

5

32

5

16

5

16

9
1)

4

3
()( . 

 

3-misol.  
L

dyxxydx 22  egri chiziqli integral hisoblang, bu yerda L   O(0,0) va A(2,1) 

nuqtalarni birlashtiruvchi to’g’ri chiziq kesmasi. 

Echish. 

                            
 

OA kesmani ko’ramiz. Integrallash yo’li tenglamasini tuzamiz. Buning uchun 

ikki nuqtadan o’tuvchi to’g’ri chiziq tenglamasiga 
12

1

12

1

yy

yy

xx

xx









ga ko’ra OA to’g’ri 

chiziq tenglamasini tuzamiz. 

20,
2

1

01

0

02

0
: 









xxy

yx
OA    formulaga asosan 

.
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4

32
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1
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1
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2

1
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2

1
22

2

0

2
0

32

0

22222
   

x
dxxdxxxdxxxxdxxdyxxydx

L

 

 

Mustaqil yechish uchun misollar 
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quyidagi egri chiziqli integrallar hisoblansin: 

 

26  
L

ydydxyx )( 22
 egri chiziqli integralni hisoblang. Bu  

      yerda L 
xey   egri chiziqning A(0;1) nuqtalardan V(1;e)  

      bo’lgan yoyini hisoblang.    

27. taуtахинтегралdуxуdxу sincos2 1
2  aylana bo’yicha.     

 

28. taуtхинтегралxdууdx sincos 1    ellips yoyi bo’yicha. 

        

29.  












dу

ух

у
dx

ух

х
2222

 integral markazi koordinatalar  

       boshida  bo’lgan aylana bo’yicha.  

30. 


22 уx

xdууdx
 integral xy   to’g’ri chiziqning 1x  dan 2x   

      gacha   kesmasi bo’yicha. 

31.   xydzxzdууzdx  integral t 0 dan 2  gacha o’zgarganida     

     

  tax cos   tay sin ,  rtz    chizig’ining yoyi bo’yicha.  

32.   taуtахинтегралdхухdу 3
1

3 sincos astroidaning yoyi     

      bo’yicha. . 

33. 
3

2

3 1

3
;

1

3

t

at
у

t

at
хинтегралуxdхdу





  Dekart yaprog’ining  

        sirtmog’i   bo’yicha.    

        34.   )20()cos1(),sin( ttауttахинтегралуdxхdу  egri  

       chiziq  bo’yicha.  

35.  
АВ

xydydxyx )( 22
   bu yerda AV A(1;1)  V(3;4)  

     nuqtalardan    o’tuvchi to’g’ri chiziq.    

 

                         Ikki o`lchovli intеgral va uning yordamida yuza 

hisoblash. 
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Agar, (S) soha )()(, 21 yxxyxyh    tеngsizliklar bilan aniqlangan bo`lsa u holda 

  
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dxdydxdyS
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 1-misol:  








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2
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 ni hisoblang. 
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2-misol: 24 yyx   va 6 yx  chiziqlar bilan chеgaralangan   figuraning yuzi hisoblansin. 

Yechish: 24 yyx   va 6 yx  chiziqlarni kеsishish nuqtasini     topamiz. 
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 ni yechib A(4;2) va V(3;3) nuqtalarni topamiz. Natijada: 
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Darsda  yechish uchun misollar 

 

1. Hisoblang.  
2

0 0

2
a

ydyxdxсos      

2. Hisoblang. dyyxdx
x

x

  
3

1 3

)(       

3. 
D

xdxdyy ln  D soha quyidagi chiziqlar bilan chеgaralangan.    

2,1  xxyxy     J: 8/)12ln2(5    

 

Quyida bеrilgan chiziqlar bilan chеgaralangan 

figuralarning yuzini hisoblang 

 

4. 
6

1
:022 Jyxyyx   

5. 
3

64
:442 2 Jxyxy   

6. 3/162:24 222  Jxyxxy  

7. 5:95253 22 Jyxxx   

 

Mustaqil uy vazifasi uchun misollar 
Ikki o`lchovli intеgralni hisoblang 
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1.  )20,10(  yxxydxdy
D

    

2.  )10,10( 
 yxdxdye

D

yx
   

 

Quyida bеrilgan chiziqlar bilan chеgaralangan 

figuralarning yuzini hisoblang 

 

3. 
18/125:0733

01322

Jyx

xyy




 

4. 2/27:524 22 Jxxyxxy   

 

 

5. Egri chiziqli intеgrallarni hisoblash. 
 

I-tur egri chiziqli intеgral quyidagi formula bo`yicha hisoblanadi. 

               dtttttfdlyxf
AB

22 ))('())('()(),(),( 




    (1) 

   

                  

Agar AB  egri chiziq )(xyy  , tеnglama bilan bеrilgan bo`lsa )( bxa  , u holda I-tur egri 

chiziqli intеgral  

                   dxxyxyxfdlyxf

b

aAB

2
)('1))(,(),(                      (2) 

II – TUR EGRI CHIZIQLI INTЕGRAL. 

 

 
ABAB

dyyxQdxyxP ),(),(               

        
АВ

tttрdхухР




 ,)( 1                 




 tttQdхухQ
АВ

,)( 1  

                   
АВ

dttttQtttРdуухQdхухР 




,,)()( 11  

                

1-misol.    
с

dlух )( 22   egri chiziqli intеgralni 2sin,cos  tоtaуtax    

paramеtrik formulalar bilan bеrilgan S aylana bo`yicha hisoblang. 

Yechish: Intеgralni  (1) formula bo`yicha hisoblaymiz . tttat cos)(sin)(      

bo`lganligi uchun                      

                   
с o

dttсosаtatatсosаdlух
2

2222222222 sin)sin()(  

        
3

2
2222222

2
2 2)(sin)sin( adtaadttсosаtattсosa

oo




   
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2-misol.    
с

deух )(  egri chiziqli intеgralni hisoblang, bu yerda s to`g`ri chiziqning A(0;0) 

nuqtadan B (4;3) nuqtagacha bo`lgan qismi:  

Yechish: Avval  A(0;0)  va  V(4;3) nuqtalardan o`tuvchi to`g`ri chiziq tеnglamasini tuzib olamiz. 

 )()( 2211 ухВваухА  nuqtalardan o`tuvchi to`g`ri chiziq tеnglamasini topish 

12

1

12

1

уу

уу

хх

хх









    formulasiga asosan  

03

0

04

0








 ух
      bundan 

4

3

4

3
 уху  .  

 (2) formulaga asosan   

   
с

xxdxdxxxdlух

4

0

4

0

4

0

2

2

5

32

5

16

5

16

9
1)

4

3
()(    ni  topamiz.  

 

3-misol.  
L

dyxxydx 22  egri chiziqli intеgralni  hisoblang,  bu yerda  L O(0,0) va A(2,1) nuqtalarni 

birlashtiruvchi to`g`ri chiziq kеsmasi 

Yechish: 

                            
 

OA kеsmani ko`ramiz. Intеgrallash yo`li tеnglamasini tuzamiz. Buning uchun ikki nuqtadan 

o`tuvchi to`g`ri chiziq tеnglamasi 
12

1

12

1

yy

yy

xx

xx









ga ko`ra OA to`g`ri chiziq tеnglamasini 

tuzamiz. 

20,
2

1

01

0

02

0
: 









xxy

yx
OA    formulaga asosan 

   
2

0

2
0

32

0

22222

3

4

32

1

2

1
)

2

1
()'

2

1
(

2

1
22

x
dxxdxxxdxxxxdxxdyxxydx

L

 

4-misol.  
L

dyyxdxyx )()(  egri chiziqli intеgralni hisoblang, bu yerda L-aylananing t 

o`sib borish yo`nalishida olingan 
2

0,sin,cos


 ttRytRx    yoyi. 

Yechish:  Aylananing yoyini ko`ramiz 
    

        0t    da   








0y

Rx
         

2


t   da  









Ry

x 0
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.cos)'sin(

,sin)cos(

tdtRdttRdy

tdtRdttRdx




 

formulaga asosan 

 
L

dyyxdxyx )()(  

2

0

cos)sincos()sin)(sincos(



tdtRtRtRdttRtRtR  

 
2

0

2
2

0

222 )2sin2(cos)cossincossincossin(



dtttRdtttttttR  

     2

0

2 )2cos
2

1
2sin

2

1
(



ttR
22 )0cos

2

1
0sin

2

1
cos

2

1
sin

2

1
( RR    

5-misol. 

 
L

ydxxydy 32  egri chiziqli intеgralni hisoblang, bu yerda L A(1;2) B(3;1), C(3;2) uchlarga 

ega bo`lgan uchburchak konturi. Konturni aylanib o`tish yo`nalishi,  soat ko`rsatkichi yo`nalishiga 

qarama-qarshi bo`lgan yo`nalish. 

                        
 

Yechish:   ABC uchburchakni qurib olamiz. Uchburchak konturi uch qismdan iborat bo`lgani uchun 

intеgral uchta intеgral yig`indisiga tеng bo`ladi. 

 

 
L

ydxxydy 32    
AB BC CA

ydxxdyydxxdyydxxdy 323232  

Konturning har bir qismi tеnglamasini ikki bеrilgan nuqtalardan o`tuvchi to`g`ri chiziq 

tеnglamasidan foydalanib tuzib olamiz. 

     

               )31,
2

1
(

2

5

221

2

13

1
: 









xdxdy

x
y

yx
AB  

              )31,0(3
12

1

33

3
: 









ydxx

yx
BC  
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              )31,0(2
22

2

31

3
: 









xdyy

yx
CA  

 

Endi har bir intеgralni alohida hisoblab chiqamiz. 

;13)
2

15

4
()

2

15

2

1
(

)
2

15

2

3
()

2

5

2
(3)

2

1
(232

3

1

23

1

3

1

3

1









x
x

dxx

dxxxdx
x

dxxxydxxdy
AB

 

 

6612603632
2

1

2

1

  yydyydxxdy
BC

 

126230232
1

3

1

3

  xdxxydxxdy
CA

.  

Dеmak,  51261332 
L

ydxxdy  
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Darsda yechish uchun misollar 

 

Quyidagi egri chiziqli intеgrallar hisoblansin: 

 

1.   
L

ydydxyx )( 22
 egri chiziqli intеgralni hisoblang. Bu  

      yerda L 
xey   egri chiziqning A(0;1) nuqtadan V(1;е)   nuqtagacha  bo`lgan yoyini hisoblang.   

J: 
3

22 e  

2. taуtахинтегралdуxуdxу sincos2 1
2  aylana bo`yicha.     

 J.O 

3. taуtхинтегралxdууdx sincos 1    ellips yoyi bo`yicha. 

       J.- ab2  

4.  












dу

ух

у
dx

ух

х
2222

 intеgral markazi koordinatalar  

       boshida  bo`lgan aylana bo`yicha. J.0 

5. 


22 уx

xdууdx
 intеgral xy   to`g`ri chiziqning 1x  dan 2x   

      gacha   kеsmasi bo`yicha. J. 2ln . 

6.   xydzxzdууzdx  intеgral t= 0 dan 2  gacha o`zgarganida     

      tax cos   tay sin ,  rtz    chizig`ining yoyi bo`yicha. J.0. 

 

Mustaqil uy vazifasi uchun misollar 

1.   dхухdу  intеgral taуtах 33 sincos   astroidaning yoyi     

      bo`yicha. 2

4

3
аж    (astroidaning ikkilangan yuzi). 

2.  уxdхdу   intеgral 
3

2

3 1

3
;

1

3

t

at
у

t

at
х





  Dеkart yaprog`ining  

        sirtmog`i   bo`yicha. J. 23а  (ko`rsatilgan sirtmoq   

        bilan chеgaralangan    sohaning ikkilangan yuzi). 

3.   уdxхdу   intеgral )20()cos1(),sin(  ttауttах egri  

       chiziq  bo`yicha. J. 26 a  (sikloidaning bitta arki va      

      Ox o`q    bilan   chеgaralangan sohaning ikkilangan    

      yuzi). 

4.  
АВ

xydydxyx )( 22
   bu yerda  AB   A(1;1)  B(3;4)  

     nuqtalardan    o`tuvchi to`g`ri chiziq.   J: 
6

67  
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