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Annotatsiya (Rezyume)

Ushbu magolada subgarmonik funksiyalar hagidagi Blyashke-Privalov
hamda Privalov teoremalari keltirib o‘tilgan. Yangi singulyar to‘plamlar kiritilgan
bo‘lib, ularning ba’zi xossalari ham isbotlangan.

AnHoranus (Pe3rome)

B nmanHoii pabore mnpuBeneHa teopema bisimke-lIlpuBamoBa um Teopema
[IpuBanoBa o cyOrapMoHudeckux (pyHKuil. BBeaeHbl HOBBIE CHHTYJISPHBIC
MHOKECTBA, JI0Ka3aHbl HEKOTOPBIE UX CBOMCTBA.

Subharmonic functions play an important role in the complex analysis and in the
classical potential theory. One of the notable theorems in the theory of
subharmonic functions is Privalov’s theorem. In the present paper we give a

structure of a removable set to Privalov’s theorem.

Definition 1. A function u:D —[—0, ), given in domain D < R" is called

subharmonic (sh) if it satisfies following two conditions:

1) u(x) is upper semi-continuous, i.e. ¥ x°e D holds following inequality

WU(X)SU(XO);

X—>X

2) for every point x°< D there exists a r(x°)>0 such that, for all r<r(x°)

holds inequality

where S(x°,r) isasphere and o, is the area of $(0,1)cR".



Note that, subharmonic function is summable, i.e. u(x)e L

loc

(D) and its

Laplace operator Au >0 in the generalization sense [1].

Theorem 1. [2] (Blaschke-Privalov). If the function u(x), u(x) = —oo, is upper

semi-continuous in the domain D € R" holds following inequality
Au(x)=0 vx°eD\u_,
then u(x) is subharmonicin D.

Here, u_, Z={X€DZU(X)=—OO}, Au(x) - generalized Laplace operator of a

function u at the point x. For more information about generalized Laplace

operator and its properties see [2-4].
|.Privalov got more deeper result with exceptional set E.

Theorem 2. [5] (Privalov). If the function u(x), u(x)=—c, is upper semi-

continuous in the domain D e R" and holds the following conditions

Au(x)=0 vx'e[D\u_,J\E, mesE =0;

Au(x)>—-oo Vx’eE exceptapolar set PeE,
then the function u(x) IS subharmonic in D.

The conditions Zu(x)>—oo on E,mesE=0 and polarity of P are

necessary.
Example 1. Let’s given a compact P eD:C(P)>0, mesP=0. Then a harmonic

measure [1] W*(x, P, D) possesses following properties:

1) -1<w'(x,P,D)<0;

2) W (x,P,D) is harmonic in D\ P and subharmonic in D.



In that case the function u(x)z—w*(x,P,D) will be harmonic in D\E,E =P,
mesE =0 but it is not subharmonic in D. On E the condition Zu(x)>—oo is not

fulfilled, excluding a polar set.

Example 2. Let E ={|x| <1}, D =R®. Then the function

i—1, if [X|>1;
u(x)= x|
0, if [x|<1

is not subharmonic in R®, although Au(x)>—co in R®. (Here mesE >0).

In order to develop Privalov’s theorem we introduce the following, so called

singular sets.
Definition 2. E is called S (singular) — set, if there exists
v(x)e Sh(R” ) : év(x)‘E =+ o0,
E iscalled S (singular) — set, if there exists
v(x)e Sh(R” ) : Zv(x)‘E = +00.
Some properties of singular sets:

1. S—setisa S— set,i.e. S—sets = S— sets, (clear).

2. Countable union of singular S — sets is singular S — set.

=400,
=

In fact, let E,,E, €S, i.e. Elvl(x),vz(x)esh(R”), évl(x)

E, =+0,Av,(x)

Put v(x)=wv(x)+v,(x). Then v(x)e sh(R”) and vx° e E =E, UE,, we have




= lim[ > + > 1>
r—+0 r r
. M, (Xo,r)—v (xo) M (xo,r)—vz(xo)
> |lim —2 . + lim —=2 . =+00
r—+0 r r—>+0 r

So E€S.

If E:[OJEJ-, E; €S =3y, (x)esh(R”),vj (x),z‘—OO,évj (x)‘E =400, The
=1

set F, ={xeR":v,(x)=—o0} > E; has zero measure. Consequently, F = jL:Jl F, also

has zero measure, mesF =0. Hence there is a point x°eR" such that

vj(xo);t—oo,jzl,Z,... Take the exhaustion R”:GDJ.,DJ. cc D, ccR",

=

x’eD, and we denote M, =supv(x). Put v(x)zisj(vj(x)—Mj), where
D.

i j=1
e, =%[M; —v;(x°)]>0. Then in any fixed compact K —c R" starting from some
number j> N (K) terms of this series are negative. Consequently, the sum of the

series is subharmonic in R". Furthermore, v(xo):—l, i.e. v=-oo and

év(x) > iejévj (x) > elévl(x) =+o0,l.e.,, E€S.
1

3. Finite union of S— sets is singular S— set.

It is enough to prove for the union of two sets. Let

= +o0. Put
E,

E,E,eS= v (x),v,(x)e sh(R”), Zvl(x)‘El = +00, A, (x)

v(x)=v(x)+v,(x). Then v(x)e sh(R”) and vx° e E=E, UE,, we have

Zv(x): — Mv(xo,r)—v(xo) _

r—+0 r 2




r—+0 r r

> lim . + lim : =+00
r—>+0 r r—+0 r
and
_ S Mv(xo,r)—v(xo)
Av(x):hm > =
r—>+0 r
— M, (Xo,r)—vl(xo) M, (xo,r)—vz(xo)
1 2
= lim[ . + : 1=
r—>+0 r r
. M, (Xo,r)—vl(xo) — M (x ,r)—vz(xo)
> lim— . + lim —2 . =+00
r—>+0 r r—>+0 r
So E eS.
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