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Annotatsiya (Rezyume) 

Ushbu maqolada subgarmonik funksiyalar haqidagi Blyashke-Privalov 

hamda Privalov teoremalari keltirib o‘tilgan. Yangi singulyar to‘plamlar kiritilgan 

bo‘lib, ularning ba’zi xossalari ham isbotlangan. 

Аннотация (Резюме) 

В данной работе приведена теорема Бляшке-Привалова и теорема 

Привалова о субгармонических функций. Введены новые сингулярные 

множества,  доказаны некоторые их свойства. 

Subharmonic functions play an important role in the complex analysis and in the 

classical potential theory. One of the notable theorems in the theory of 

subharmonic functions is Privalov’s theorem. In the present paper we give a 

structure of a removable set to Privalov’s theorem. 

Definition 1. A function : [ , ),u D    given in domain nD  is called 

subharmonic (sh) if it satisfies following two conditions: 

1)  u x  is upper semi-continuous, i.e. 0x D  holds following inequality 
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2) for every point 0x D  there exists a  0 0r x   such that, for all  0r r x

holds inequality 
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where  0 ,S x r  is a sphere and nσ  is the area of  0,1 nS  . 



Note that, subharmonic function is summable, i.e.    1

locu x L D  and its 

Laplace operator Δ 0u   in the generalization sense [1]. 

Theorem 1. [2] (Blaschke-Privalov). If the function    ,u x u x   , is upper 

semi-continuous in the domain nD  holds following inequality 

  00 \u x x D u     

then  u x  is subharmonic in D . 

Here,     : : ,u x D u x u x       - generalized Laplace operator of a 

function u  at the point x . For more information about generalized Laplace 

operator and its properties see [2-4]. 

I.Privalov got more deeper result with exceptional set .E  

Theorem 2. [5] (Privalov). If the function    ,u x u x   , is upper semi-

continuous in the domain nD  and holds the following conditions 

  00 [ \ ] \ , 0;u x x D u E mesE      

  0u x x E     except a polar set P E , 

then the function  u x  is subharmonic in D . 

The conditions  u x    on , 0E mesE   and polarity of P  are 

necessary. 

Example 1. Let’s given a compact  : 0, 0.P D C P mesP    Then a harmonic 

measure [1]  * , ,w x P D  possesses following properties: 

1)  *1 , , 0;w x P D    

2)  * , ,w x P D  is harmonic in \D P  and subharmonic in D . 



In that case the function    * , ,u x w x P D   will be harmonic in \ , ,D E E P  

0mesE   but it is not subharmonic in D . On E  the condition  u x    is not 

fulfilled, excluding a polar set. 

Example 2. Let   31 , .E x D    Then the function  
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is not subharmonic in 3,  although  u x    in 3 . (Here 0mesE  ). 

In order to develop Privalov’s theorem we introduce the following, so called 

singular sets. 

Definition 2. E  is called S  (singular) – set, if there exists 

     : .n

E
ν x sh ν x     

E  is called S  (singular) – set, if there exists 

     : .n

E
ν x sh ν x     

Some properties of singular sets: 

1. S   set is a S   set, i.e. S   sets   S   sets, (clear). 

2. Countable union of singular S   sets is singular S   set. 

In fact, let 1 2, ,E E S i.e.      1 2, nν x ν x sh  ,    
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Put      1 2ν x ν x ν x  . Then    nν x sh  and 0

1 2x E E E    , we have 
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has zero measure, 0mesF  . Hence there is a point 0 nx   such that 
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number  j N K  terms of this series are negative. Consequently, the sum of the 

series is subharmonic in n . Furthermore,  0 1ν x   , i.e. ν    and 

     1 1

1

Δ Δ Δ ,j j

j

ν x ε ν x ε ν x




    i.e., .E S  

3. Finite union of S   sets is singular S   set. 

It is enough to prove for the union of two sets. Let 
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