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Annotatsiya

So‘nggi yillarda mamlakatimizda oliy ta’lim sifatini oshirishga qaratilgan
bir gancha chora-tadbirlar amalga oshirilmogda. Chunki, jahon talablari
darajasidagi raqobatbardosh kadrlar tayyorlash magsadida talabalarga dunyo
standartlariga javob beradigan bilim va ko‘nikmalar berish bugungi kunning eng
dolzarb masalalaridan biri bo‘lib golmoqda.

Mazkur o‘quv-uslubiy majmua “Matematik analiz” fani bo‘yicha
tayyorlangan bo‘lib, u “5130100-Matematika”  yo‘nalishi talabalari uchun
mo‘ljallangan va Termiz davlat universiteti “Matematik analiz” kafedrasi
o‘qituvchilari tomonidan tayyorlangan. Ushbu majmua mamlakatimizda
“Matematik analiz” fanini o‘qitish bo‘yicha uzoq yillardan beri to‘plangan boy
tajriba hamda rivojlangan xorijiy davlatlarning yetakchi Oliy ta’lim
muassasalarining tajribalaridan foydalangan holda, shuningdek, ularning o‘quv
dasturlaridagi asosiy adabiyotlardan foydalangan holda yaratildi.

Matematik analiz fani matematikaning fundamental bo‘limlaridan biri bo‘lib, u
matematikaning poydevori hisoblanadi. Matematik analiz kursi davomida
ko‘pgina tushuncha va tasdiqlar, shuningdek, ularning tatbiqlari keltiriladi.
Matematik analiz fanining asosiy vazifasi shu fanning tushuncha, tasdiglar va
boshga matematik ma’lumotlar majmuasi bilan tanishtirishgina bo‘lmasdan, balki
talabalarda mantiqiy fikrlash, matematik usullarni amaliy masalalarni yechishga
qo‘llash ko‘nikmalarini shakllantirishdan iborat.

Ushbu o‘quv-uslubiy majmuada dastlab sillabus hamda o‘qitishda
foydalaniladigan interfaol ta’lim metodlari berilgan bo‘lib, so‘ngra har bir mavzu
bo‘yicha materiallar batartib berilgan. Bunda har bir mavzu bo‘yicha ma’ruza
matnlari, nazorat savollari, mashqlar, glossariy, amaliy mashg‘ulot materiallari,
test savollari va keyslar banki keltirilgan.



1-maB3y. Xocuia TyuryH4dacu. (4-coar)

1-Mmabpy3a: PYHKUUSIHUHT XOCHIACH
PEXA:

1°.®dynkumst xocuaacHHUHT Tabpudu. MucoJsuiap.
2°. YHKUMSAHUHAT YHI Ba Yall X0CHJIAIAPH.

TASHY UBOPAJIAP: QpyHKIMAHHUHT X, HyKTaJard XOCUIACH, YHT Ba 4aIl

XOCHIIanapu
1°. ®ynkuus xocuwnacuHuHr tabpudu. Mucomnap. dapas Kumainuk,
f(x) dyskmua (a,b)cR ma Gepunram 6ymu6, x,<(a,b), x, +Axe(a,b)
Oy JICUH.
MabiayMku ymoy
Af(xg)= (% +Ax) = f(x,)
aitupma f(X) QyHKIUAHHHT X, HyKTajaru OpTTHPMACH JeHuIaIm.
1-rabpud. Arap ymoy
im f(Xy +AX) — f(X,)
AX—0 AX
JTMMHUT MaBxKyJ Ba 4ekimu 6y71ca, y f(X) QYHKUMSHHHT X, HyKTaAard XoCHJIacH

df (x,)

JeHuIaan Ba T éxn (Xy), exu (f (X)) Kabu Genrnnanamu. [lemax,
X

. F(xg +Ax) = f(Xg)
' = : 1
f'(%) AI>I<T0 Ax (1)
Arap X, + AX =X geiuica, yaga AX=X—X, Ba AX—0 ga X — X, 0y1u0,
(1) myHocabar Kyiugaru
. f(x)—f(x

X—>Xo X — XO

(2)

KYPUHHUILTA KEJIaIu.
1-mmucor. f(X): X, X, €R 6yacun. by pyHkuus yuyn

fO)—f(Xe) X=X
X — X _x—xo_

1

0ynuo,
X—>Xo X=Xy
oynanmu. Jlemak, f'(x)=(x)' =1.
2-mucon. f(x)=|x, XeR 6yacun.

1

Arap x>0 6ymnca, y xonga f(x)=x 6ym6, f'(x)=1 6ymamm.
Arap x <0 6yunca, y xomga f(x)=—x 6ym6, f'(x) =—1 6ymam.



f(x)-0 |x]
Xx—-0 X
JTUMUTH MaBxXyZ OynMmaiinu. Jlemak, OepwiraH (GyHKIMS Xo =0 HyKranma

Arap X, =0 0¥yica, y xonaa o0ynu6, X — 0 na Oy HUcOATIAPHUHT

Xocuiara sra OyaMaiam.
3-mucoa. f(x)=xx , xeR, X,eR 6yncun.
a) Xo>0,Xx>0, X#X, yuyH
FO) = (%) _ XIX|=Xo | X X* —Xg

= =X+ X,
0ynuo,

. F(x)—- f(x

jim ) (0):2x0=2|x0|

X—=>Xp X=Xy
oynau.

0) X, <0, x<0, X#X, yuyH
f(x)— f(X)) —x>+x%5

=—X — X,
0ynuo,
. f(x)-f
jim + ) (XO):—2x0:2|x0|
X—=>Xo X=Xy
oynanu.
B) X, =0, X# X, yuyH
f(x)—f(x,) Xx|x
0 — | |=|X|

Xx—0 X
0ynuo,
lim f0-10) =0
X—=Xp Xx—-0
oynanmu. Jlemak, VxeR nma f'(x)=(x|x])' =2|x].

4-mucos. AUTalIIHK,

X-Sin1 arap X=0 OVyica
f(x) = X' rep e,

0, arap x=0 6ynca
oymb, X, =0 6yncun. YHna

x-sinE—O
F)-flxg) "7t
X=X x-0 X

oymu6, yauar X — 0 marm nuMuaTd MaBxkyz sMac. Jlemak, 6epun-ran QyHKIusS
X, =0 HyKTajga xocuiara sra smac.

20, OyHkOMAHMHT YHT Ba 4Yan xocuwiajapu. dapas Kunailuk, f(X)
dyrkums X R tymuiamna 6epunran 6ymmo, (X, —0, X,) < X (0 >0) 6yncun.
2-tabpud. Arap ymoy



i 100= T 00)

x—>X0—0 X — XO

MAMAT MaBkya 6yica, 6y mumut f(X) yHKUMSHHMHI X, HYKTa-J1aru uan
xocuiiacu aerimnanu Ba f'(x, —0) xaOu Genrmnanagu:

Fi(xg—0) = lim )= T(%0)

X—)Xo—o X — XO

AMNTalnmK, f(X) byukmuss X c R tymimamaga  Oepuiran  6yiumoO,
(Xg, Xo+0) < X (6 >0) 6yncun.
3-tabpud. Arap ymoy

i 100=1(x)

X—>Xo+0 X — XO
JUMUT MaBxXyZ Oyica, Oy JHUMHUT f(x) (QYHKUMAHUHT X, HYKTa-Jard yHr
xocuiacu aeimianu Ba f'(X, +0) kabu 6enrunananu:

Fi(xg+0) = lim =100

X—>Xg+0 X — )(O

Macanan, f(x)=X| ¢ynkumsauHar X, =0 HyKTagarm YHrC XOCHIIACH
f'(+0) =1, yan xocunacu f'(-0) =-1 6ynanu.

IOkopuna xentupwiaran TabpuQuIapaH KyWHIard Xxyjoca-jap Keiuo
YMKAIH:

1. Arap f(x) bynxmms X, Hykraga f'(x,) xocunara sra 6ynca, y xonaa 6y
GyHKIMs xo HykTaga yHr f'(x,+0) xamzma gan f'(X, —0) xocumamapra sra Ba
f'X, —0)= f'(Xy) = f'(Xy, +0) Tenrmuknap ypurmm 6ynanu.

2. Arap f(X) bynkms X, Hykraga yur f'(X, +0) xamma wan f’(x, —0)
xocumanapra sra 6ym6, f'(x,—0)= f'(x, +0) 6¥nca, y xomna f(x) dysxmms
X, HyKTazaa f'(x,) xocmmara sra Ba f'(X,—0)=f'(x))=Tf'(X,+0)
TEHTJIMKJIAp YPUHIIU OYaau.

Glossariy
f(x) @yukyus X cR mynnamoa Gepunean 6ymub, (X, —0, Xo) < X
(0 >0) 6yacun.
im0~ F(x)

X—Xg—0 X—XO
JUMUM Masxcyo oyaca, Oy aumum f(x) QynKkyuanunz X, HyKma-oazu uan
xocunacu oeviunaou éa f'(X, —0) xabu bercunanadu:

Fi(xg—0)= fim = T(0),

X—Xg—0 X — )(0
Aumaiinux, f(X) Qyuxkyuss X R mynaamoa bepunean  6ynuo,
(Xg, Xo+0) < X (0>0) 6yncun.

X—>Xo+0 X — )(0

10



umum maexncyo 6ynca, 6y numum f(X) @yukuyuanunz X, nykma-oazu ynz
xocunacu oevunaou éa f'(X, +0) xabu bercunanaou:
Fi(xg+0)= fim 0= T(0),
X—Xg+0 X— X,
Macanan, f(X)=[ x| @yukyuanune x,=0 nygkmaoacu yne xocunacu
f'(+0) =1, uan yocuracu f'(-0) =-1 6yaaou.

IOxopuoa kenmupunean mavpughrapoan xKyuuoaeu xynoca-iap Keauo
YUKAOU:

1-AmaJinii MALIFyJIOT:

DYHKIUSHUHT XOCHJIACHTA JOMP MUCOJLJIAP €U
Tabpud épramuna f'(x,) Tonmuncun:

823.f(x)=x% X,=01 824.F(x)=2sin3x, X, =g
825.f(x)=1+In2x, x,=1 826.(x)= x+ctgx, X, =§
Tabpud épaamuaa f'(x) ronmacun:

827.f(x) = x° + 2x 828.f(x)= % 829.1(x)= /x
830.f(x) = x¥/x 831.f(x)= 1+1X2 832.f(x)= 2"
833.f(x)=Inx 834.F(x) = sin2x 835.f(x) = ctgx + 2
836.F(x)= arcsinx 837.f(x)=arccos 3x 838.(x)=7arctg(x + 1)

Xocuaajgap kKaaBaauaaH  ¢Qoigananud, Kyiduaaru —QYHKOUSUIAPHUHT

XOoCHJIaJIap TOIMMUJICHH.

_2X _1l4x-X%°
839.y—1_X2 840y—m
X (2—x2X2—x3)
841.y = 842.v =
Y= =P+ Xy Y= =Xy
p
843.y=M 844.y=M

(1+x)° 1+ X

11



1 1 1
845.y = x+/x +3/x 846.y =~ 4+ ——+-——
g RPN AT

2
847.y=%?—K 848.y = x\/1+ X2

849.y = (1+ xV2+x?33+ 3 850.y = "{(1—x)" (1+ )"

1-keiic
Keiicau 0a:xxapum 60CKU4/JI1apu Ba TONMIIMPUKJIAP:

[} keiicnaru MyaMMOHM XaJl KWUJTUII MyMKHUH OYiran acocuit opmyra, TylryH4ya
Ba TaCIUKJIAPHU KEATUPUHT (MHAUBUAYaAJ Ba KUUUK rypyXJjap/a);

[} Tymuianran MabiayMoTiaapaad Goiaananu0, KyHUIraH MacajlaHu €4rHT
(MHAMBUTYAN).
Kyiingarnu QyHKOUSUIADHUHT KYPCATHJITAH HYKTaJa XOCHJIAJAPUHUHT

MAaBIKYIHTHTA TeKIMPHICHH:
937.f(x)=[x, x,=0
938.f(x)=|(x—1x=2), x,=1, X,=2
939.f(x)=[x*|, x,=0

940.f(x)=x-[x|, x,=0
941.f(x)=[sinx, x,=m

942.f(x)=|x" -, X,=1
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2-Ma1>py3a: XOCHIAHUHT FeOMETPUK XaMJ1a MeXaHUK MabHOJIApH.

PE/KA:

1°, X0CHIaHMHT T€OMEeTPHK XaM/Ia MEXaHHK MabHOJIApH
2°. Xocuiaara 3ra 6yiran ¢pyHKUUSIHAHT Y30y KCH3JIUTH.

TASSHY UBOPAJIAP: | xecyBunm jnumur xonatu [ uumsukka M,
HYKTaJla YTKa3WJIraH YpMHMA, y3TyKCH3JIHK.

3%, XocHIaHHHI TeOMEeTPHMK XaMJIa MeXaHHK MabHosapu. ®Dapas
xwnaiimk, f(x) ¢ynxuus (a,b) nma Gepwiran 6ymu6, X, <(a,b) Hykrama
f'(x,) Xocumara sra GymcmH. By f(X) QyHKuus-HuAr rpaduru S-umsmana
TaCBUpJIAaHTaH [ 3rpu YM3WKHH HdoaaracuH:

le

0 xq Kot x
¥

5-yn3ma.

by [’ uusukna Mo( X0+ Yo ), M ( X, y) HYKTaJJapHU 0JIMO, yliap OopKajau
VyTyBumM | KecyBUMHH KapanMus.

Mo(%o, F(X,))el', M(x,f(x))el’, M —>M, na | xecyBum mumuT
xonatu [’ un3ukka M, HyKTaga yTKasWwIraH ypuHMa aeinnaim.

PaBmianku, ¢ Oypuak AX ra Oohnmuk: ¢ = (o(AX) f(x) (GYHKUHUSIHUHT
rpadurura M, HyKTazna yTKa3uiaraH ypuUHMaHUHT MaBxKyJ OYIHUIIN y4yH

fim ()=

HUHT MaBXyJ Oynumu jo3uM. byHna o —ypunmanuHr OX YKu-HMHT MycoOar
HYHaMUIIM OMJIaH TaIlIKWII 3TTaH Oypyax.

MOMP yq6ypan/:[aH:
MP f(x, + AX) — f (X
tg (fX) (0 ) (0)

M,P AX

0ynu0, yHaan
f(Xg +AX) — f(X,)
AX
oynumuy kenub ynkaau. OyHKIUS Y3JIyKCU3IUTUaaH (poiinananud TonaMus:
f(Xog +AX) = F(X,)
o =

@(AX) = arctg

lim @(Ax) = lim arctg
AX—0 AX—0

13



. F(xy +Ax)— f(x
:arctg{llm (%, )= T(%)
Ax—0 AX
Hemak, AX—0 ma (p(AX) HUHT JIIMUTH MaBXy/]l Ba
a = arctgf '(x,) -

} = arctgf '(x,).

Kelinaru TeHrnukaan
f'(xy) =tgx
oYUM Kenub YuKaIu.

Hemak, ¢(yHKuMSHUHr X, HyKragarn f'(X,) Xocuwiacu ypHH-MaHUHT
Oypuak kordunenTrnHN ndonanaiian. byHna ypuHMa-HUHT TEHTJIAMACH

y="f(X)+ ' (X)(X—Xp)
KYpUHHUIIIA OYmaau.

Avitaiiink, P Hykrta Tyhpm unsmk OVittab S=S(t) xKoHyH OwiIaH xapakat
KuicuH, Oynma {—Bakr, S—yTwiran iyn. Arap BaktHuer t, Ba t, (t; <t,)
KuiimaTnapunaru yrwirad uyn s(t;), s(t,) 6ymnca, yana ymoy Hucoar

s(ty) —s(t,)
t, —t,
[t,, t,] BakT opanuhuaaru ypraya Te3MMKHU UpOIATANIH.
Kyitnpgaru
lim s(t,) —s(ty)
o1 +0 t2 _tl
JUMUT XapakaTJard HyKTaHUHT t, BaKTAard OHWM TE€3JIUTUHU OWITUpaIn.

Iemak, xapakatmaru P wmykranunr U Bakrgaru omumit Tesmuru  V(t),

yruaran S(t) #yaHUHT XOcHIacuaan ubopar Oyiaau:
v(t) =s'(t).

4%, Xocmmara osra Oyaran (GyHKUMSHMHI y3aykcusauru. @apas
kunamuk, f(X) dyakmus (@, b) c R na Oepunran OyicuH.

Teopema. Arap f(X) ¢ynxkumsa X, e€(a, b) nykraga gexmm f'(X,)
xocuara sra 6ynca, y xonna f(X) dynkuus X, HykTaga y3mykcu3s Oymaam.

« Aviraiimuk, f(X) ynxums X, €(a, b) aykraga yeximm f'(X,) xocumara
sra OyncuH. Tabpudra OuHOaH

F(x;) = fim Af (X,) — Iim f(Xy +Ax)— f(Xp)

Ax—0  AX Ax—0 AX
SBHA

AX—0 na M_) f'(Xo)

AX
oynau.
DHIN
Af(Xo) o,
a=—> f'(%o)

neb Genruinanmus.
PaBmankwu,
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AX—>0 ga a —>0.
Ke#nHr1 TeHTIIMKIapaH TOTaMM3:
Af (Xo) = T'(Xp) - AX + aAX.
Opnatna, Oy TeHrIUK PYHKIMS OPTTUPMACUHUHT opMyJiacH Aeriaan. Y HIaH
lim A f(x,)=0

AXx—0
oymumm kemn6 ynkagu. by f(X) ¢yHkumsHMHr X, HyKTaza y3myKcu3 SKaHUHH
ownnupanu. P
Jcaarma. OyHKIUSHUHAT OUPOP HYKTaJa y3IyKcH3 OVIIMIIN-IaH YHUHT Iy
HYKTaJa YeKIM XOCHJara 3ra OYJMINM Xap IOMM XaM KeJIMO YUKaBepMaiiIu.
Macanan, f(X)= x| ¢ynkuus x =0 HyKTaga y3IyKCH3, aMMO y IIy HYKTajaa
XOCHJIara 3ra amac.

MamxkJjap

1. ®ynkuus xocwiacu Tabpuduaan doinananud, Kyiugaru
f(x)=xx, f(x)=3"sinx
GYHKIHUSUTAPHUHT XOCHITAJIApH TOITAJICHH.
2. Yuiby
£(x) {XZ, arap x — pampoHaJ COH Oyica,
—X?, arap x —MppalMOHan COH 6Yica

byHkuussHUHT X = 0 HyKTaJa XOCUJIacu MaBxyl OYJIUIIN UCOOTIAHCHUH.

Glossariy
Mo( X, F(X0))el”, M(x,f(x))el’, M —>M, oa | xecysuu numum
yonamu I wusukka M, HyKmaoa ymKa3un2an ypunma oetiuiaou.
Paswanxu, ¢ o6ypuax AX ea 6ohauk: @= (p(AX) f (X) DYHKYUAHUHS
epagueuca M, HyKmaoa ymkasuniean ypUHMaHuHe Magicyo Oyauuu yuyH
I, o) =

HUHZ maedxcyo oyauwu nosum. bynoa o —ypurnmanune OX  yKu-wumne mycoam
UyHAIUWY OUNaH MAWKUL dMeaH OYpUax.
M,MP yubypuaxoan:
MP (X, +Ax)— T(X,)
tgp(Ax) = =—= °

M,P AX

0y1uUb, YHOaH
f(Xo +AX)— f(Xg)
AX
oynuwiu keaub yuxaou. QyHKyusa Y3ayKcuziueuoan ouoaianud monamus:

o(AX) = arctg

15



2-aMaJIMi MalIFyJaoT

X 1+x3
851y = > s
o~ 852.y =31"

853.y =

1
ke ) 854,y =X+ X+ /X
855,y=13/1+13/1+§/§ 856.y = €c0s 2X — 2sinX

857.y=(2—x2)cosx+2xsinx 858.y=sin(coszx)-cos(sinzx)
859.y = sin” x cos nx 860.y = sin[sin(sinx)]
=2
sin® x COS X
86l.y = 862.y =
Y= Ginx? Y= osintx
1 inx —
863.y = — 864,y = SINX—XC0SX
cos" X COS X + XSinX
865.y = tg . — Ctg ~ 866.y = tgX — ~tg*x + ~tg
Y= 92 92 y=4 3 g 5 g
2-Keiic

Keiicau 0axxapum 00CKU4/Iapu Ba TOMILMPUKJIAP:
[) xeficmaru MyaMMOHHM XaJl KMJIUIII MyMKUH OYJiran acocuii popmyria, TylryH4a
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBHUIYaAT Ba KHUUK TypyXxJjiapa);

) Tymutanran MabIyMoTiaapaan Goigananu0, KYHUIran MacajlaHd eqrHT
(uHAMBUTYAN).

867.y = 43/ctg®x + 3/ctg®x 868.y =sec’ §+ cosec’ g

o 24y me3 927
869.y—S|n[cos (tg x)] 870.y = Inx v
871y =(v2) +(v5)™ 872.y = (x* — 7x + 8"
873.y = 2 In|x| 874.y =e*log, x

875.y =log, x-Inx-log, X 876.y =log, 2
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3-Mabpy3a: Xocwianu XHCOBIAIm KOMAAIAPH
PEXA:

1°. Mxkn pyHkuus iinFunucn, ailmpMacu, KynaiiTMacu Ba HUCOATHHUHT
XOCHJIACH.
2°. Mypakka® QyHKIHSSHHHT XOCHJIACH.

TASAHY HBOPAJIAP: allupmacH, KynaiTMacu Ba HUCOATUHUHT
XOCHJIACH.

1°. Mkxu ynxuus dAuFEHIMCH, adMpMacH, KynaWTrMacu Ba
nucGaTunuur xocunacu. Airaitmik, f(X) Ba g(X) ¢ymxmmsanapu (a,b)cR

na Oepunran OymauO, X, e(a,b) Hykraga f'(x,) Ba g'(X,) Xocumamapra sra
oyncun. Xocuna tabpudura kypa

jim 0T 0) gy, (1)
X—>Xo X—=Xp
lim g(X) - g(XO) — gl(xo) (2)

X—Xo X=X

oymasu.

1) f(x)+g(x) dpynxuus xo HyKTama Xocuiara sra 6yuo,

(F)£9(X)}, = ' (%) £9'(X)

oymasu.

< F(X): f () £ g(x) ne6 Tomammus:

FO)—F(X) _ ()= T(%) 900 ~9(%)
X — Xg X=X, X=X,

by Tenrmmkma X—X, Jda auMurra ytuo, roxkopuzarn (1) Ba (2)
MyHOca0aTjIapHu >bTHOOpPra oJicak, yHJia

. F(X)-F(x _ F(x)+ f(x

jim FXF00) e 10+ T06)

X—=Xo X— XO X—=Xo X—= XO
. X)—0(X

4 1im 309~ 9(xo)
X—=>Xp X—X0

=f'(Xy) £9'(Xo)

oymumm kenub yukanu. Jlemax,
F'(%) =(f(X)£9(x)), = F' (%) £9'(X).»
2) f(x)- g(x) (GyHKLUS X, HyKTaJa Xocujara sra 0yiuo,
(F(X)-9(x))%, = F'(%) - 9(X%) £ F(X)-9'(%)
oynau.
4 O(x)=f(X)-g(X) necd
D(x) = D(X,)
X — X,

HUCOATHU Kyluaarnya
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D)= D0) _ TOI=F00) (), 90— 5(%)
X — Xg X — Xg X — Xg

-T(¥)

€310 omamu3. CYHI X — X, Ja JUMHUTra yTHO TOnamus:
. D(x)-D(x o fO)-f(x : X)—g(x
lim (x) - ®(X,) - g(x,)- lim (x) - f( o)+ lim g(x)—9(X,)
X—Xg X=X, X—Xg X=X X=X X=Xp

= F'(X0) - 9(%o) + F(X0) - 9'(%o).

f(x)=

JleMak,
D'(%0) =(F(X)-9(X)) % = /(%) 9(X0) + T (X5)- 9'(%) >
3) % dynkmust (g(x,)#0) X, HykTaza xocunara sra 0yiuo,
(@] 1) 90%) — F () 5(%)
9(x) ) * 9° (%)
oynanu.

<4 Monomuxku, g(X,) =0 sKaH, yHIa X, HyKTaHUHT Oupop aTpoduaaru X
naapaa g(X) =0 6ynaau. [llyau spTHOOpra 0110 TOMaMuU3:

FO) _ f(x)

9() 90%) _ F(0)-900) = f (%) 906)+ T (%) 9 (%)~ F (%) 9(X)
X=X 9(x)- (%) - (X—Xp)
_ 1 F)— (%) B 9(x)—9(x)
_g(x)~g(xo){ X=X 906) = 10) X=Xo }
By Tenrmukaa X — X, Aa aMMMTra yTuo, ymoy

(@) (%) 9(%) — F (%) 0 (%)
9()),, 9% (X)

TEHIJIMKKa Kejaamus. P>
1-matmka. Arap f(x) dyskmms x, mykraga f'(X,) Xocwmnara sra 6¥ica,

c- f(xX) gynxumus (c=const ) X, HykTama xocunara sra 6o,

!
(c- F(x) % =c- (X))
Oynaau, sSBHU Yy3rapMac COHHM XOCWJIA HILOPACHUJIAH TallKapura 4YUKApUII
MYMKHH.

2-natmka. Arap  f (x), f,(X),..., f,(X) ¢yHkuusnap X, HyKkra-na
xocuiianapra sra 0ynuo, ¢, ¢,, ...,c¢, y3rapmMac coniap 0yica, y xoniga

(C F 00+, F () +t €y F (X)) 5o =€y F(%0) +5 F, (Xg) +.. 4 €, T (%)
2°. Mypakka6 QyHkuusHuHr xocwiaacu. ®apas kunaimmk, Y= f (X)
dyukmuas X <R tymmamaa, g(y) dynxmus {f (x)|xe X} Tymmamna Gepuiran
o6ymb, X,€ X mnykraga f'(X,) xocuiara, Yo € {f (X)| xe X} HYKTaja
(yo=1(X)) 9'(y,) xocumara ora 6yncum. ¥V xomma g( f(x)) mypaxka6
(GyHKLUS X, HyKTajga xocuiara ara 0yiuo,
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(9(f ), =9'(F (%))~ F'(%)
oynanu.
< g(y) (GyHKUUSHUHT Y, HyKTana g'(Y,) Xocuiiara sra OyiaraHauruiaH
9(¥) = 9(¥o) =9'(¥o) - (Y = Yo) +@- (Y= ¥o)
Oymumm kenub yukaau, OyHmaa
y="1(x), yo=1(X,) Ba Yy >y, 1a a—0.
KelinHr1 TeHIVIMKHUHT Xap UKKM TOMOHMHU X — X, r'a Y110 Tonamus:

(0001 00) _ gy, T F00) 100~ F ).

X — Xq X=X, X — X,
bynnan X — X, n1a aumwurra yTuo,

(9(f (), =9'(F (%)) F(%)

TEHIJIMKKA KejlaMus3. P

Glossariy
Mo(Xo, F(X,))el’, M(x,f(x))el’, M —>M, da | xecysuu aumum
xyonamu I wusukka M, HyKkmaoa ymka3unzan ypunma oetiuiaou.
Paswanku, ¢ oOypuax AX ea 6Oohnuk: @= (p(AX) f (X) DYHKYUAHUHS
epagueuca M, HyKkmaoa ymkasuniean ypUHMaHuHe Magicyo Oyaumuu yuyH

Jim () =a

HUHZ maedxcyo oyauwu nosum. bynoa o —ypunmanune OX  yKu-wumne mycoam
UyHanuwu OUNaH MawKul meax Oypuax.
M,MP yubypuaxoan:
MP (X, +Ax)— f(x
tg(D(AX) — — ( 0 ) ( 0)

M,P AX

0y1uUb, YHOaH
f(Xg +AX) = f(X,)
AX
oynuwiu kenub yuxaou. QyHKyus y3ayKcuziueuoan ouoananud monamus:

o(AX) = arctg

3-amMaJIuii MAIIFYJI0T

X 1+x3
85l.y = —3
2 852.y 1/1_)(3

19




853.y =

1
o W 854.y = x-+ Vx + VX
855,y=§/1+13/1+§/§ 856.y = c0s 2X — 2sinX

857.y=(2—x2)cosx+2xsinx 858.y=sin(coszx)-cos(sinzx)
859.y = sin” xcos nx 860.y =sin[sin(sinx)]
sin® x COS X
86l.y = 862.y =
Y= §inx? Y= 2sin’ x
1 inx —
863.y = —— 864.y=SmX XCOS X
cos" X COS X + XSinX
3-Keiic

Keiicau 0axxapum 00CKU4/Iapu Ba TOMIMPUKJIAP:
[} keiicmaru MyaMMOHU XaJl KWUJTUIII MyMKHUH OYiran acocuit oopmyra, TylryH4ya
Ba TACJUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

[} Tynuianran MabiayMoTiaapaad Goiaananu0, KYHUIraH MacajlaHu €4rHT
(uHAMBUTYaN).

867.y = 43/ctg®x + 3/ctg®x 868.y =sec’ §+ cosec? g
869.y = sin[cosz(tg3x)] 870.y = Inx® - 9_ 2—72
X 2X
X X 1, 5 1 o
865.y =tg—-—ctg— 866.y =tgx— —tg"x+ -tg°X
y 92 92 y=14 39 59
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4-Ma1>py3a: Teckapn pyHKUMAHUHI XOCHJIACH.
PE/XKA:

1°. Teckapn pyHKIMSAHMHI X0CHJIACH.
2°. Xocuiiajap skaaBaJjin.

TASAHY HUBOPAJIAP: opmmupma, meckapu ¢yHKyus myuryH4acu,
leMeHmap QYHKYUAIAPHUHS X0CUIANAPU.

1° Teckapu (GpyHKUMSIHMHI XOCHJIAacH. AMNTaimk, Y= f(x) byHKUIMS
(a,b) na OepwiiraH, y3JyKCU3 Ba KaTbuil YCyBuM (KaTbHil KaMmaroB4YM) OYIuO,
x,€(a,b) mykrama f'(x,) (f'(x,)#0) Xocmmara sra 6ymcmn. Y Xxomma
x=f *(y) bysxmms y, (Y, = f(X,)) HykTama xocunara sra Ba

[t 2] =

1
f'(%o)
oynanu.
<«4PaBnianky,
F()— (X)) = F'(Xg)(X—X) + x(X—%,)
oymmb, X — X, 1a o — 0 6ynanu. by TeHrnuKnaH
Y—Yo = T ) 20— (o) |- alf 2 - 2 (vo)]=
=[ 2= £ 1) [ (%) + ]
udomara kenamu3. byHnan sca

F2 ) = (Y) 1

Y—Yo _f'(Xo)+a

OynuIy Kenub YuKaIu.
Kelinnru TeHrmkna y — Y, Ja IMMHUTra yTuO Tonamus:

[, =

N
F'(%o)

!/

4%, Mucosnap. 1-mucou. (X“) =ax®?! 6ymamu, R, x>0.

<« Ajitaiinuk, X >0 6yncun. Yaga f(x)=x* dynkuus yayn

1+g ) -1
(X +AX)* — x“ _ e X
AX AX
X

oymb, AX—0 na (Xa) = ax“ oynamu. »

!

2-MHUCOJI. (ax) =a”Ina 6ymamu, a>0, xeR.
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« f (X) = a” QpyHKIMS yayH
a.X+AX _ a.X < aAX _1

AX . AX

6ym6, AX —0 na (ax) =a”Ina 6ynamu. »

3-mmcou. (sin x)' =COSX, (cosx)' = —sinx 6ynamm, X €R.
<« f(x)=sinx ¢pynkima yayn

. AX
sin(x + Ax) —sin x 1 . AX AX Sm? AX
=2-—-SIN—CO0Y X+ — |= COoS§ X+ —
AX AX 2 2 AX 2

6ym6, AX—0 gma (sin x), =C0SX Oymamu. Xyaau TIIyHTa  YXImam
(cos X), = —sin X Oynuimy Tonunagy P

4-mucoa. (log, x)'= r:]a oynmamu, a>0, a=1, x>0.

<« f(x)=log, X dyHKuUA yuyH

X

log, (x+Ax)—log,(x) 1 ( ijzlloga(l+gyx

~ _Eloga 1+7
oymo, AX —0 na
1
xIna

(log, X)'=~log, e =
X

1
oymamau. Xycycan, (Inx)'=— o0ymamu. »
X

5-mucou. (arctgx)'= !
1+

5 oymau.
X

dTeckapy ¢yHKIUS XOCWJIACHMHHM XucoOmam (opmynacura acocaH

(y =arctgx, x=tgy)

' . 1 ’ 1 1
y'=(arctgx)'=——=cos" y = o= 5
(tay) 1+tg°y 1+Xx
oynaau.
XyIIy IIyHra yxumani,
(arcsinx)'= L (xe (-1, 1)),
V1—x?
(arccosx)'= — 1 (xe(-1 1)),
1—x?
(arcctgx)'= ———
X

oynamnu. »
6-Mucou. Papa3 KUITANITUK,
y=uel"™  e)>0)
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oymo, u'(x) Ba v'(X) map maBxyn OyicuH. Y Xoiaa

v(x) | _ V(X) |y M 1
[ueor®) =fue) {v (9 muC) + (x)}

oynanu.
<« YuiGy y = [u(x)]'™ uu norapupmiad,
Iny =v(x) Inu(x),
CYHT Mypakka0 (yHKITUSHUHT XOCHUJIACMHHU XHUCOOJIal Kouaacu-nan ¢oinaranuo
TOIaMU3:

1y':v'(x)-lnu(x)+v(x)-i-u'(x),
y u(x)
y'= y{v (X) - Inu(x) + v(x) - E ; u (x)}

=[u()]'™ -{v'(x) Inu(x) + v(x )u (x)}
u(x)

by,

(uv)' =u’-Inu-v+v-u'*.u. (3)
TCHIJIMKIAaH, Y =U" (QYHKIMS XOCHIACHHHM XMCOOIAIIHUHI KyWH-Iard KOHWIacu
Kenmub uukamu: Y = U'(QYHKIUSIHUHT XOCHJIACH WMKKM KYLIMJIyBUHAAH HOOpar

Oyau0, OMpMHYM KymIyBud U' HHM KypcaTkuwid (QYHKIMS 1e0 OJMHraH
xocuiacura (OyHma acoc U(X) y3rapmac ne0 Kapaiaau) MKKHHYU KYIIHIYyBYH 3Ca

u’ mu papaxanu QyHKMs 1e0 onMHraH xocuuacura (OyHIa Japaxa KypcaTKud
v(X) y3rapmac 1e0 Kapaiaau) TCHT OYIIaiu.

7/-mucoJ1. Yoy
f(x)=x*, g(x)=x*

GyHKUUSIITApHUHT XOCHIIANIapy TOMUJICHH.
<« (3) bopmynanan doiganaHud TonmamMus:

f'(x)—( X)' =x*-Inx+x-x*T=x*(Inx+1),

9'(x)= ( ) f(x) =x " nx- £+ F(x)-x" O =

=x* -Inx- (x (INx+2)+x* -x* 1=

=X (x¥ In x(In X +1) +1). »
2°. Xocumanap sxaasann. Kyiinna coqna QyHKUUSAIapHUHT XOCHIAIapHHH
udoaanoBun hopmynasapHu KEITHPAMU3:
1. (C)'=0, C=const.
2. (x*)=a-x*?, aeR, x>0.
(x")Y=nx"", neN, xeR
3. (@¥)'=a*Ilna, a>0, a=1 xeR
(e*)'=e*, xeR.
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4. (log, x) = L a0 azL x>0

xIna
(bmﬁxﬂzxéa, a>0 a=l x=0.
(MX):E, x> 0.

X

1
I =—, 0.
(nixy =2, xe

5. (sinx)'=cosx, XxeR
6. (cosx)'=—sinX, XxeR.

7. (tgx)'= i : x¢z+nm neZ.
COS” X 2
8. (ctgx)'=—— >, X#Nz, nel
sin“ x
L 1
9. (arcsinx)'= . Ix]<l
1—x2
, 1
10. (arccosx)'=— . |x|<1
1-x2
11. (arctgx)'= , XeR.
(arctgx) 1+ x? -
12. (arcctgr)'= — — -, XeR.
1+x

13. (shx)'=chx, xeR.
14. (chx)'=shx, xeR.

15. (thx)'= S X€ R.

16. (cthx)'=— L , X=0.
s

h2x

Glossariy
Aiimaiinuk, Y= f(x) gynxyus (a,b) 0a Gepunean, ysnyxcus ea xamwuii
yeysuu (kamwuii kamaiosuu) 636, X, €(@,b) nyxkmaoa f'(x,) (f'(x,)#0)
xocunaza s2a 6yncun. Y xonoa x=fH(y) gyuxyus y, (yo = f(XO)) HYKmaoa

xXocuiaca 32a 6a
1

[ty - 63

oynaou.
4-amaJiMid MAIIFYJI0T

Kyiiugaru QyHKOMSUIAPHMHT KYPCATWITaH HYKTAJapaa VHI Ba 4anl
XOCHJIAJAPUHMHT MABKY/IJIUTUTa TEKIIUPUJICHH.
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948.f(x) =

2X—2\, x=1

949.f(x)=/sinx?, x=0, x=A/=n

950.f(x)= arccos%, x=1, x=-1

951.(x) =

952.f(x)={

953.f(x) =

954.f(x)=1{ X

955.f(x) =1

.1
x*sin=, arap x#0
X

0, arap x=0,

X, arap X<0

Ux* Inx, arap x>0,

r

T, arap X#0

1+eX
0, arap Xx=0,

4 -
M, arap X#0

1, arap Xx=0,

1
X-SIn—;

o arap X#0

0, arap x=0,

956.f(x)=|x—1-e*, x=1

957.f(x) =+

958.f(x) =3

r

ex, arap X#0
(0, arap X=0,

(1—cosx

, arap X=#0

|0, arap Xx=0,

x=0

x=0, x=1

959.byTyH connap YKu1a aHUKJIaHTaH Ba MKKUTa HyKTajJa XOocujara sra OyiMarat

(QyHKIMATA

MUCOJI KCJITUPHUIICHUH.

960.f(X) Ba g(x) byukusutap X TyIiamaa aHuKJIaHraH O0yiuo, f(X) byHKIHUs

X, € X HyKTaja xocuiara ora, g(X) aca Oy HyKTaja xocwiara 3ra 6yaMacus.yY

Xo0J1a

f(x)xg(x).  6)f(x) 9(x)
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(GYHKUMSTIApHUHT X, HyKTaJarn XOCWIacH XakKuJa HuUMa JeHHuIl MYMKUH?
Mucosiap KeITHPUIICHH.

961.Arap 960-mucona f(x) (GyHKLIHA XaM X, HyKTaja Xocujara sra Oyimaca, y
xoJiaa f(X)i g(x) Ba f(x)- g(x) (YHKIMSTIApHUHT X, HYyKTagaru XOcCHJacu
XaKuJa HUMa JAevniin MyMKuH? Mucosmap KeITUPUIICHH.

962.byTyH conmap yKuJa aHUKJIAHTaH Ba ¢akaT N Ta HyKTaJa XOCWiara sra
OynraH QyHKIUSATa MUCOJ KEJITHPUIICHH.

963.Xocunara ara 6ynran )xyhT QYHKIUSHUHT XOCHJIACH TOK (PYHKIIMS dKaHHUHU
UCOOTIIAHCHUH.

964.Xocuara sra Oynrad TOK GyHKIIUSHUHT XOcHIacH Ky(PT QyHKIHS SKaHUHU
UCOOTIIAHCHUH.

965.Xocunmacu xypt QyHKIMA OYnaraH, ¥3W TOK OyiamaraH (pyHKIUSTa MECOJ
KEJITUPUIICHH.

966.Arap f(X) (GYHKITUSTHUHT XOCHIIach f'(X) TOK QyHKIMS Oyica, y Xomnaa f(X)
byHKIUS KyPT IKaHUHUA UCOOTIIAHCUHUH.

967.Arap xocunara sra OynraH f(X) byHKIMs naBpuii 0Ynub, yHUHT naBpu |
Oyinca, y xonaa f'(X) GyHKIMSA XaM JaBpuid OYnuO, YHUHT JaBpu | ra TEHT
OYIMIIMHA KCOOTIIAHCHH.

968.Arap f(X) (GyHKIMSA X, HyKTaja Xocwiara sra Oyica, f(X) GyHKIHA X,
HYKTaHUHT OMpOp atpoduaa xocwira sra 0ynagumu?

969.byTyH connap YKkuaa aHuKIaHran 0yau0, uxtuépuii X € R HykTama xocuiara
sra OYymmaraH, JekmH KBajgpath VX€R Hykragma xocumara sra Oyirax
(GYHKIIAATA MUACOJT KEITUPUIICHH.

970.Arap f(X) (GyHkuMs X, HyKTajga Xxocujara dra Oyinca, y Xosga

1
{n(f(xo + = |- f(XO) KETMa-KeTJIUK SIKUHJIAITYBYY S9KaHUHU HCOOTIAHCUH.
n

4-keiic
Keilicau 0axapuin 60CKU4WIapu Ba TONUPHUKJIAP:

] keiicnaru MyaMMOHM XaJl KUJIUII MYMKHUH OYnran acocuii hopmyna, TylryHua
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK TypyXJapaa);

] TynnaHras Mabaymotaapaas ¢oigananud, KYyHUIran MacalaHd €qHHT
(uHAMBUTYyaN).
26



970.Arap f(x) GyHKIMS X, HyKTaga Xocuiara osra Oyiaca, y Xoiga

1
{n(f(xo +— |- f(XO) KCTMA-KCTIINK AKUHJIAITYBYU YKAaHWHU UCOOTIAHCHH.
n

5-Ma1>py3a: DOyHKUUAHUHT 1uddepeHunaIun
PE/XA:
1°, dynkuus quddepennuaiu TymyHIaCH.
20, DOyHkuud (U@ PpepeHIHATUHUHT COAAa KOUIATAPH.

TASIHY HBOPAJIAP: f(x) @yukyus xe(a,b) wnyxmaoa
oughhepenyuan-nanysuu oyauwu yuyn ynune uty nykmaoa yexkau f'(X) xocunaea
9ea Oyuwy 3apyp 6a emapJiu.

1°. ®ynxuous guddepenmuann Tymyndacu. Dapas xwiaimmk, f(X)
ynxunus (a, b) ga 6epunran 6ymuo, X, € (a,b), X, +Ax e (a,b) Oynacun.

Masbnymku, A f(X,) = f (X, +Ax)— f(x,) aiiupma f(X) GyHKUNI-HUHT X,
HYKTaJlard OPTTUPMAaCH JICHUIIa TN,

1-tabpud. Arap A f(x,) HE ymOy

A T(Xy) = A- AX+ aAX
KypuHumaa wudomamam MymkuH Oynca, f(X) dynkoms X, Hykra-ma
muddepennnamianyBun aeinnanm, oynga A=const, AXx —0, na ¢ — 0.

Teopema. f(X) ¢dynkuua Xe(a, b) Hykrama auddepeHIHan-IaHyBYH
OYMINM y4yH YHHMHT Iy HyKTaga yeknmm f'(X) xocuiara sra Oyiuimm 3apyp Ba
eTapIIH.

4 3Bapypiuru. f(X) o¢yakuus Xe(a, b) Hykraga auddepen-
nuauianyBuu 6yncuH. Tavpudra 6unoas,

A T(X)=A-AX+ aAX
oynaau, Oyama A=const, AX >0, 1a o — 0.

by Tenrnukman Qoiinananud Tonamus:

ATC) _ptg
AX
im 270 _ im (A+a) = A
Ax—0  AX Ax—0

Hemak, f'(x) maBxkynBa f'(X)=A
Erapmmnuru. f(X) ¢yaknus X € (@, b) na geknmu f'(X) xocmma-ra sra
o6yncun. Tabpudra xypa

£/(x) = lim f(Xx+Ax)— f(X) _ im A T(x)
Ax—0 AX Ax—=0  AX
oynamu. Arap
A T(x)

AX
27
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Jienuica, yHaaH
A f(X) = f'(X)- AX + aAX

Oymumu kenu6® uyukaau, Oynaa AX —0 ma  a —>0. Jemak, f(X) dyukiws
auddepeHnramuianyBam. P

2-tappu¢d. Dynkuus oprrupmacumarn  f'(X,)-AX  udoma  f(X)
(YHKIOUSIHUHT X, HyKTagarun auddepeHunanu nevnmnaaun Ba  df (X,) kabu
OenruiIaHaIu:

df () = f'(Xg) - AX.

Avraiinuk, X e(a, b) Hykrama g depeHnapIanyBIH f (x)

(GYHKIUSHUHT Tpaduru 6-un3Majia TacBUpJIaHTaH ATPH YN3UKHU U(OJaTaCHH:

0 x x+Ax

6-un3ma.

Kentupuiiran yn3manas KypuHaJIuKH,

i
AC 9

o6ymm6, DC =tga - AC = f'(X)- AX Oynanm.

Hemak, f(x) QyHkmusHuHr X HyKragard guddepeHunanu  QyHKIus
rpapurura (X, (X)) Hykraga yrTkasuiaran ypuHma oprrupMacd DC  Hu
udoaanap KaH.

dapaz  KWIalIHK, f(x)=%x, xeR oyncun. by  yHKmus
auddepennuamianyBun  0yauo, df (X)=(X)'-AX=AX, spHHM OX=AX Oyiaaau.
Jlemax, (a, b) na  auddepeHnnaianyBuIn f(x) (GYHKIUSA-HAHT
muddepeHnuanuHm

df (x) = f'(x)-dx
KYpHHHIIIA HdOoaaIa MyMKHH.
OHau coana GyHKIUsIIApHUHT JudPepeHmaniapuHu KeITUPaMU3:
1 d(x*)=ax*dx, (x> 0);
. d@*)=a"-Ina-dx, (a>0, a=l);

: d(Iogax):llogaedx, (x>0, a>0, a=l);
X

2

3

4. d(sinx) =cosxdx;
5. d(cosx) = —sin xdx;
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6. d(tgx) == dx, (x#Z+kr, k=021 )
COS” X 2
7. d(ctgx) =————dx, (x=#kz, k=011 ..);
sin“ x
: 1
8. d(arcsinx) = dx, (-l<x<1);
V1-x?
1
9. d(arccosx) = — dx, (-1<x<1);
V1-x?
10. d(arctgx) = 1 5 dX;
1+X

1
11. d(arcctgx) = —
(arcctgx) T

dx:

12. d(shx) = chxdx;
13. d(chx) = shxdx;

dx:

14. d(thx) =
(thx) ch?x

1
sh?x

15. d(cthx)=-———dx (x=0)

2°. ®@yuxknusa auddepeHnHaIMHHHr coaga Koupadapu. Dapas

kunaimmk, f(X) Ba g(X) dbynkuusiapu (@, b) ma 6epunran 6yaud, X € (a, b)
HyKTaaa auddepennuamianyBun O0yiacun. Y xonga X € (a, b) ma

1) d(c- f(x))=cdf (x), c=const;

2) d(f (x)+g(x)) =df (x) +dg(x);

3) d(f(x)g9(x)) = g(x)df (x) + f(x)dg(x);

) d( f (x)} _ 9= F000 (00

9(x) 9°(x)

oynanu.
by Tacauknapnan OupuHu, Macanas 3)-CUHA UCOOTIIAWNMM3.
<4 MasbitymMKH,

d(f(x)g(x)) = (f(x)g(x))"dx.
Arap
(f()9(x)) = F'()g(x)+ f(x)g9'(x)
OYIMIIMHYU YbTHOOPTa OJICaK, YH/A KyHHIard TeHIVIMKKA KeJIaMu3:
d(f(x)g(x) =(f'(x)g(x)+ fF(x)g'(x))dx =
=g(x) f'(X)dx+ f(x)g'(x)dx = g(x)df (x) + f(x)dg(x).»
dapa3 kumaiauk, Y= f(X) byukuums X c R tymmamma, g(y) ¢yHkous
Y o{f(X): xe X} tynnamna 6epunran 6ymm6, f'(X) Ba g'(y) xocumanmapra sra
oyncud. Y xonaa
d(g9(f(x)))=g'(f(x))-df (x)

oynau.

29



4 Mypakka® QYHKUUSSHUHT XOCHJIACMHM XMCOOJaIl KOuJa-CUiaH
doiinananub Tonamus:

d(9(f () =[g(f ()] dx=g'(f (x))- F'()dx = g'(f (x))-dff (x).»>

1-mucosn. Tabpudpan doiinananu6d, ymoy f(X)=x-3x> (QyHKIUSHHHT
Xo = 2 HyKTajaaru augepeHnman TOnUICHH.

<« by QyHKUUSHUHT X, =2 HYKTaJard OpTTUPMACHUHU TOIAMU3:

Af(2)=FQR+A)—F(Q=2+Ax—-3(2+Ax)* -2+12=
= —11- AX—3Ax? = —11- AX + (—3AX) - AX.

Hemak, d f(2) =-11-dx. »

3%. ®dynkums auddepennuasn Ba TakpuoOmii Gopmynanap. OyHkuus
muddepennmanu Epaamuaa Takpuouil hopMyanap ro3ara Keiau.

Aiiraitnuk, f(X) ¢ynkous (a, b) na 6epunran 6ymmb6, X, € (a, b) Hykrama
geknmu f'(X,) xocumara (f'(x,) = 0) sra 6yncun. ¥ xonna AX — 0 ga

AT (Xy) = T'(Xy) - AX+0(AX)

oynanu.

Aiinn maiitna, f(X) ¢ynxums X, Hykrana nuddepenunan-nanyBan 6yino,
YHUHT nuddepernmanu

d f(x,)=f'(Xy)-Ax

oynanu.

PaBmankwu,

A T (%) — df (%)) = 0(AX)
oymo6, AX — 0 na
A f(Xg) —df (%) N

AX
oymamu. Hatmxkana
A (%) = df (%),
SBHU
f(Xg +AX) = T(Xy)+ F'(Xy) - AX (1)

TakpuOuii ¢opmyna xocun Oymamu. (1) dopmyna X, €(a,b) HykTa-nma
muppepennmamianyBun f (X) pyHKuusHUHT X, HyKTagara oprrupmacu A f(X,)
HU YHUHI 11y HykTtagard guddepennumamun df (X,) Ounan anmamrupuin
MYMKHHJIUTHHA ~ KypcaTajad. by  aJIMalITHPUIIHHUHT  MOXHUATH  (QYHKIUS
OPTTHPMAcH apryMeHT OpPTTUPMACHHUHT, YMyMaH aWTraHga Mypakkao
dbyaknuscu O6ynran xomnma, QyHkius auddepeHnuan 3ca apryMeHT OpPTTHUP-
MACHHUHT YA3UKIN QYHKIHUSICH OVITHIIAIATHD.

(1) bopmynama AX = X — X, Aeinica, yHIa

F(X) = F (%) + F'(X)(x=%) )

oynau.

2-MHCOoJ1. Y10y Sin 29° MUKIOP TaKpHOHil XMCOOJaHCHH.

<« Arap f(x)=sinx, X,=30° neiiunca, yana (2) popmynara Kypa
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sin 29° ~sin30° +c0s 30° - (29° -30°)- - =05---- -~ ~0,4848
360 2 360

oynamu. »

Masbnymkn, X, € (a, b) mykrama muddepennmamnanysun f(X) dynkums
rpapurura (X,, f(X,)) Hykraga yTkazwiraH ypUHMa-HUHI TEHIJIAMacH
KYWHMJIAard KypUHUILIA E3UTIa0U:

y=f(X)+ F'(X)(X—X%,)-
JHemak, (2) TakpuOwmii (opmyna reoMeTpuk Hykran HaszapaaH, f(X) QyHkmms
udopaanarad 3rpu YM3UKHU X, HYKTaHUHT €Tapiy KHYHK aTpoduia 1y GyHKIHUs
rpajurura (X,, f(X,)) Hykraga yTKaszwiraH ypuHMa OWJIaH aJMallTHPHIMILIHN
MYMKHUHJIUTHHHA OWJITAPAIH.
(2) popmymnana X, =0 nmeitmica, y ymoOy

f(x)= f(0)+ f'(0)x (3)
KYPUHHILTA KEITA/IN.

f(X) ¢yskumsa cudaruma (L+x)*, J1+x, €%, In(l+Xx), sinx, tgx
byHkuusiapau onu6, yinapra (3) dopmynaHu Kyijam HaTwkKacuia KyWujaru
Takpuouil hopmynanap Xocusi Oynaau:

@+x)* zl+ax,

V14X l+2x

e* =1+X,
In(1+ x) =~ X,
sin X = X,
tgX ~ X.

MamxkJjap

1. Auitaiinuk, U Ba Viap auddepeHunamianyBun ¢GyHKuusg-nap 0yiuo,
ynapHuHT nuddepernuamiapu du Ba dv O6ymcuH. YHaa ymoy

u
y =arctg— + Invu? + v?
v

byHKUUSHUHT JudPepeHnrand TOMUICHH.
2. Yoy

F(x) = Xarctgi, arap X#0 0O¥nca,

0, arap X=0 0Oynca

GyHkuusa X, =0 Hykraga qudpdepennuamianysun OynaauMu?
3. Yoy

J12, /102, /1,002

MUKIOPJAPHUHT TAaKpUOUM KUHMATH TOITHJICHUH.
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Glossariy

Qyuxkyus ouggepenyuaru eépoamuoa maxkpubui gopmyrarap r3aea
Kenaou.

Aumauinux, (X) ¢ynxyua (a, b) oa 6epuncan 6y1u6, X, € (a, b) Hyxmaoa
yexnu f'(Xy) yocunaza (f'(X,)#0) sea 6yncun. ¥ xonoa Ax — 0 oa
A T(Xy) = T'(Xy) - AX+0(AX)
oynaou.
MUKOOPIIApHUHS MAKpUOULl Kuimamu

S-aMaJIuii MAIIFYJI0T

1°. dyuxuns quddepenunann Tymquacn.f(X) byHKIMS (a,b) na Oepuiran
6ymub, X, € (a, b), X, +AX e (a, b) OycuH.
Arap ¢yskius oprrapMacu Af (Xo) = f(x0 + AX)— f(XO) HU yIoy

Af(X,)=A- Ax+a- AX 1)
KypuHuiia wudopanamr MyMKUH ~ Oyica, f(X) GyHKIHA X, HyKTaaa
auddepeHunaLIanyBuH aeiunany, Oynga A Mukgop AX ra O0oFaMK Oyiamarad
y3rapmac, a 3ca AX—> 0 1a Hojra MHTWIAAM.
f(x) ¢ynkyua X, Hykmaoa ouggepenyuannanyeuu Oyauwiu YuyH yHUHZ iy
HYKmaoa 4yeKkiu f’(XO) xXocunaza 32a 0yauwiu 3apyp 6a emapJiu.
(1) ubonanaru

A- AX
KYIIUITYBYU f(x) (YHKUMSHUHT X, HyKTagarn auddepenHumann aeiunanu.
YHu
f'(x,)-dx  (A=f(x,), Ax=dx)

KaOu XaM €31l MyMKHH.
Oyukums qupdepenmmanu df (XO) Kalu E3mmay.

Jlemak,
df(X0)=f'(XO)-dX (2)

2°. JAundPepeHumanyialiHuHT coaaa KOUIAJIapPH. AWTalUK,
u= u(x), V= V(X) nuddepennnannanyBun QyHkusiap 0yJicuH. Y xoja:

a) d(a- u+p- V)= o-du+B-dv, Oynna oo Ba B uxTHépHii y3rapmaciap;
6)d(u-v)=udv +vdu ;

o 4] YL (v 20)

oynanu;
r)Arap y= f(x), X= (p(t) muddepennmamianyBun  QyHKuusmap — Oyica,
y= f((P(t)) bynkusa xam gudpepeHnuanianyBdu 0yauo,
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df (x)=F"()ax ~ (ax =¢'(t)ot)
oynamu. (by auddepeHunan MAKIMHUHT HMHBAPUAHTJIUIM  XOCCACHHU
udoganann).

3°. Takpu6mii xucobaam ¢opmy.aacu. f(x) (GyHKIHA X, HyKTaza
muddepeHnranianyBuu OyJIcuH. YHa
AF(x,) = (X, + AX)—F(x,) = F'(X,)- AX + - Ax
O0ymm0, Ax eTapiauda KUYMK OynraHaa ymoy
f(X, + AX)—T(x, ) = F'(x,)- Ax
Takpuouii opmyna xocun 6ynaau. by hopmynanu Kyhngarnda
f(X)zf(X0)+f'(xo)-(X—Xo) 3

XaM €3UI1I MyMKHH.
l-mucoa. Yumoy
X .3
f(x)=cos = +sin=
3 X

dynkyuanunz oughpepenyuanu monuicun.
by ¢pyakuusauaT quddepernmanau (2) popmynanad oinaranud Tomamms:

df(x)=d(cos§+sin§)=(cos§+sin§) -dx=—(lsin§+%cos§)dx.>
3 X 3 X 3 3 X X

2-MHuCOJJd. Aeap U= u(x), V= V(X) ougepenyuannanysuu ynkyuanap
oynca,
u
y = arctg—
%
HUHZ oughpepenyuanu monuicuH.

«Jlupdepenman MAKIMHUHT WHBApUAHTIIMTU  XoccacujaH  (oigananud
TOTIAMU3;

dy = d(arctg E) =
Y

1 )Zd(u) 1 -vdu—udvzvdu—udv >

u 2 V2 U2+V2
1+ —
Vv

3—-mMmucoJa. Yuoy

a =417
MUKOOPHUHZ MAKPUOUIl KULMamu monucuH.
<4(3) bopmynana
f(x)= AUx, x=17, X, =16 neituica, yana AX=X—X, =1 6yauo0,
1 65
V17 =~ f(x,)+f(x,) - Ax=2+—:1=—=~2,031
(ko) () ax=2+ 5125

oynamu. Jlemak, a=2,031.»
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1059.y = (X - 1)3 byHKIMsA opTTUpMacu OuiaH nuddepeHIMATMHIHT alkpMacu

TOIMUJICHUH.

DOynkuusa JupPepeHua TONUICHH:

1061.y = iarctgg (a=0)

1063.y = In‘x + X+ a‘

1064.y = arcsing (a=0)

JAu¢pepeHunan TONUICHH:

1065.d(e™ + Inx) 1066. d{vx + 2% +vx )
1067. d(&/? (3Inx- 2)) 1068. d(arccose* )

1069.dIn(v1+2sinx + V2sinx—1) ~ 1070. d(Ssh (35)+75h (35))

1071.d| 2rSINX |y 1=X 1072.d In1+ sinx + 2arctg+/sinx
J1=x2 1+ X —~/sinx

1073.d(x*)

Kypcarwiaran nykraaapaaru gugppepeHuua TONUJICUHH:

1074.d( Inx—l), x=—1 1075.d(arctg|n—x), X, =%, x,=6
X X X e
2x —1)* 2+ 3x x? 2"
1076.] ¢ , x=0 1077.d X, =1, x,=2
( (5x +4)*3/1-x J ( X" ' ’

S-Keic
Keiicau 0a:xxapum 00CKU4/JIapu Ba TOMIIMPUKJIAP:

[] ke#icmarn MyaMMOHH XaJl KWJIUIIT MyMKHWH OYnTan acocuii hopmyna, TylryH4da
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK TypyXJapaa);
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) Tynnanran MabiiyMoTiIapaH Goigaanuo, KyHuiran MacajiaHu €4uHT
(uHAMBUTYAT).

Ywioy
X .3
f(x)= C0s 5 +sin~

dynkyuanunz oughpepenyuanu monuicun.

1069.d|n(\/1+ 2sinx + \/ZSinx—l) 1070. d(53h (35)+ 7sh (35))

1071.d arcsmx+|n1/1—_x 1072.d| In2FYSInX —— —=_= 4 2arctg+/sinx
J1=x2 1+ X —~/sinx

6-Ma1>py3a: DOYyHKUMAHUHT OKOPH TAPTHOIH XOCHIAJIAPH.
PEXA:

1°. DyHKUMSAHUAT IOKOPH TAPTHOIH XOCHIATIAPH.
20, Jleitonun dpopmyJiacu
TASIHY UBOPAJIAP: Ooamoa, f(X) ¢pyukyusnune "' (x), f'"(x), ...
xocunaniapu ynume wokopu mapmubau xocunanapu oeuunraou. Lllynu mavkuonau
nozumku, T (X) ¢pynuxyusnune X € (a, b) 0a N—mapmubnu xocunacu
1°. OyHkuuAHMHr WKOPH TapTHOIM Xocuiajaapu. dapa3s KUIaIMK,
f(X) dyukums (@, b) ma 6Gepuaran 6ymu6, VX e(a, b) ma f'(x) xocumara sra
oyncun. by f'(X) dbynkumsan g(X) opkanu OenruaaiMums:
g(x)=f'(x) (xe(a b)).
1-taspud. Arap X, € (a, b) mykrama g(X) ¢ynkmus g'(x,) xocmmara sra
oynca, Oy xocmwna f(X) QyHKUMSHHHT X, HyKTaga-TW MKKHHYH TapTUOIH
d*f (%)
dx?

xocunacu aeinnanu Ba  f(X,) €xu Kalu OenruaaHan.

Xy mynra yxmam, f(X) munr 3-tapru6mu f”(x), 4-raptu6m ' (x)
Ba X.K. TApTUOIM XOCHIaiapu Tabpudianaiu.

VYmyman, f(X) ¢ynkuusauar n—rtaptu6bmu xocumacu  f (M (x) HuHr
xocmiacu f(X) dyukuusauar (N + 1) —rapTrbnm Xocunacu aedniamu:

:
£ (x) = (£ ™ (x)).

Onatna, f(X) ¢pyuxkuusauar f''(x), f'”(x), ... Xocunanapu yHHHT FOKOPH

TapTHOIN xocunanapu aevinmnanu. Illyau Taskummam  jgo3uMkd, T (X)

¢yukuusauar X € (4, b) ma N—TapTHONIM XOCHIIACHHMHI MaBXYIJIUTH Oy
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GyHKUMSHUHT 11y HyKTta atpoduma 1-, 2—, ..., (N—1) —taptubom xocuianapu

MaBXyJUIMTUHU Tako3a »dTaau. AMMO Oy XOCHJIAJIAPHUHT MAaBXKYAJIUTHIAH

N —TapTUOIM XOCHIIa MaBXY/UINTH, YMyMaH alTran/a, Keiauo YuKaBepMaiiu.
Macanas,

Gyukiussauar  Xocwiacu T '(X)=|Xx| Oymub, Oy ¢ynkuus x=0 HyKTaga
Xocuiara sra 3mac, SbHU OepuiraH QyHKUMSHUHT x =0 1ga OupuHYM TapTHOIU
XOCHJIACH MaBXKYy/[l, UKKHHYM TapTHOIM XOCHIJIACH 3Ca MaBXKYy]l IMac.

1-mucon. f(x)=a* 6yncun, a>0, XeR. By dyHkuus yuyn
(@) =a"Ina,
(@*)"=(@"Ina) =a*(Ina)?,

yMyMaH
@)™ =a*(ina)" (1)
oynaau. (1) MmyHocaOGaTHUHT YPUHIIMA OYJIMUIN MaTeMaTUK UHAYKIUS YCYJIu OUilaH

UCcOOTIaHA Y.
2-mucoa. f(X)=sinx 6yncun. By dyHkuHs yuyH

(sinx)’ =cosx = sin(x+%),

(sinx)" = (cosx)' =—sinx = sin(x + 2%)

YMymMmaH,
(sinx)™ = sin(x + n%)

oymasu.
[Iynra yxmar,

(cosx)™ = cos(x + n%)

oynau.
3-mucoa. f(x)=x* oyncun, X>0, o€ R.Bby pyHkuus yayH
(x)' = ax*?,
(x*)" = (ax*) = a(a -Dx* 2,
yMYMaH,
x)" =a(a-D(@—2)...c. —n+Dx*"
oynau.

Xycycan, f(X)= 1, (x> 0) byHkums yuayH
X

N" ("
; - Xn+1
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o0ynu0, yH1aH

(In X)(n) — (_1)“—1(n _1)|

OVIIUIIUHKA TOIIAMU3.
dapas kunaimmk, f(X) Ba g(X) dyakmusuiap (a, b) ma Oepwran 6ymmo,

vxe(a, b) na f™(x) Ba g (x) xocunanapra sra 6yacun. Y xonna:
1) (c- fO))™ =c- f™M(x), c=const;
2) (f()+g())"” =fPx)+g™(x);

3) (F(X) g(x))™ = 3 CE 9 (x)- g™ (x) @)
k=0
(C,ﬁ _n(n —1)..I.<(!n —k +1)} £O (x) = (%)
oynasu.

<« by Tacaukiapaad 3)-CUHUHT UCOOTHHU KenTupamu3. PaBmianku, n=1
na (2) myHocabat ypunnu Oynamu. AWTtainuk, (2) myHocabar N—1 na YpuHiu
OYJICUH:

(F(0)-9(0)™ = SCK, 109 (x). g (x)
k=0

KeﬁI/IHFI/I TCHIJIMKHU XaMJda
k k-1 _ o~k
Cn—l + C'n—l - C'n

OYIUIIMHY 3bTHOOpra 0710, TONaMu3:
!

(F09-g0)™ =((£ (9 - g(x)™ ) = [nfcnk_lf “x)-g" (X)j =

k=0

n-1
=Y CEL (P (g™ () + £ 9 (x)g " (x)) = CL, F () g™ (x) +
k=0
n-1
+3(CL+CE TR +CEE M (x)g(x) =
k=0

=>.Cy 009" ) »
k=0

Opnatna, (2) Jleiionun dopmynacu aeiniamu.
4-mmcoJt. Yoy
y = X% C0S2X

GYHKIUSSHUAT N —TapTHOIN XOCWJIACH TOTWJICHH.

«leii6uun popmynacuna f(x) =cos2x, g(x) =x> ne6 onamus. Yuaa 6y
(opmynara kypa, aiiau naiitna g(x) =x> ¢ynkuus yuyn K > 2 6ynranna

g =Y =0, (k>2)

OYIUIIMHY 3bTHOOpra 0JU0 TOMaMuU3:
(x* c0s2x)™ = Cx*(cos2x)™ +C (x?)' - (cos2x) "™ + Cx (x?)"(cos2x) "2

PaBnianku,
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(cos2x)™ =2" co{Zx +n- %)
(cos2x)"Y =21 cos(Zx +(n-1) %) =2t sin(Zx + n%j ,

(cos2x)("?) = 2"2 co{Zx +(n-2) %) = 2"t cos(Zx +n g] .
JleMak,

(x*cos2x)™ = 2" (Xz —@jcos (2x+ n%)+2“nxsin (2x+ n%) >

Glossariy

f (X) @ynxyusanune N —mapmubnu xocunacu ™ (x) nune xocunacu f(X)
@yuxyusnune (N+1) —mapmubnu xocunacu Jeuunaou:

£ (x) = (£ ™ (x)).

Ooamoa, f(X) ¢pyuxkyusnune t''(x), f"'(X), ... yocuranapu ynune oxopu
mapmuou xocunanapu Oeuunaou. Illynu mavkuoraw nosumxu, T (X)
Qyuxyusnune X< (a,b) o0a N—mapmubru xocunacunune masdxcyonucu 6y
Gyukyusnune wy Hykma ampoguoa 1—, 2—, ..., (N=1) —mapmubau xocunanapu
MABHCYONIUSUHU MAKO03a IMAOU.

6-AMaJnii MalIFyJioT:

DYHKIUSTHUHT XOCHJIACHTA JOHP MUCOJLIAP €UHII
Tabpud épramuna f'(X,) Tonmuncun:

1°. FOkopu TapTHGIM XOCH/IA TYIIYHYACH. f(x) byHKITUS (a,b) na f’(x)
xocujiara 3ra OyJacuH. YHU g(x) JENIHK:

g()=F"(x)  (xe(ab))
g(x) (QYHKOUSHUHT X, e(a,b) HYKTaJlard  XOCHJIaCH g'(XO) ra f(X)
(GYHKIUSHUHT X, HYKTaJIard MKKHHYHM TaAPTHOJIM X0CHJIACH AeHNIaan Ba

d?f(x,)
f"(x km  ——
( 0) dXZ

kaOu Oenrvia”amgi.
XyIayd IIyHra yxuaui f(X) GyHKUUSIHUHT 3-TapTHOM, 4-TapTHOJIM Ba X.K.
TapTUOIN XOCUIanapy Tabpuduianaad. Y MymaH,

f0x)=(F"Ix)  (1=23..).

2°. Coana xommanap. AMTaiiiuk, f(X) Ba g(X) byHKIsIIapH (a,b) hit:) f(”)(X)
Ba g(”)(x) Xocuayiapra sra OyiacuH. Y xomja:
1) (c-F())" =c-FM(x), ¢=const;
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2 (FEIxg0)" =)+ gV ();

3)
(c; =n=thlostent) oy (o) ®

oynamu. (1) popmyna JleroHu1 popMyaacu IeinIa .

3°. Acocuii popmynanap:
1) (ax)(n) =a*In"a (a>0), (ex)(n) =e*,
2) (sinx)™ = sin(x+ n g)
3) (cosx)™ = cos(x +n g) ,

4) (xm )(n) =m(m-1)..(m-n+1)x™",
5) (inx)" = )™ i (n—1) _

6-Kkeilic
KeiicHu 0axxapuin 00CKMYWIapH Ba TONIHPHUKJIAP:

[) xeficmaru MyaMMOHHM XaJl KMJIUIII MyMKUH OYJiran acocuii popmyria, TylryH4a
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBHUIYaAT Ba KHUUK TypyxJjiapa);

[} Tymutanran MabiIyMoTiaapaan Goigananu0, KyWnUaraH MacalaHd €quHT
(vHIMBUIYAN).
. Ywoy

16)= "

DYHKUUAHUHZ UKKUHYU MAPMUOIU XOCUIACU MONUICUH.
4 Atitaitnuk, X =0 Oyncun, YHIA

3
xX*, arap x>0,
f(x)={ X
—X°, arap x<0
oymmo,

3x?, x>0,
f’(x)= arap
—3x?, arap x<0

oynau.
Aitraitiuk, X =0 OVncuH. by Xonna tTabpudra 6uHoaH

3
£(0)= tim fQ+A0)=10) _ ;. I _
Ax—0 AX Ax—>0  AX

oynau.

Hemak, Oepuirad pyHKIMS X HUHT Oapua KuiimMaTiiapuaa xocuiara sra 6yiuo,
f'(x) = 3x%signx

oynau.
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Xynau rokopuaaruaek, X # 0 oynranaa

f"(x): 6X, arap x>0,
— 6%, arap X<0, x=0

oynran

0

#7(0)= lim f'(0+Ax)-'(0) _ firmy SAX’SigNAX _
Ax—0 AX Ax—0 AX
o0ynu0, 6apua X nmapjaa
£"(x) =6/
oynanu. »

7-Ma1>py3a: FOxkopu TapTudamn nuddepenunasiap.
PEXA:

1°. ®ynkuusHUAT OKOPH TAPTHOIM JUPPepeHHaLIAPH.
2°. Tudepennuan XucoOHHHT MHBAPHAHTIUTH

TASIHY UBOPAJIAP: f(X) ¢pyuxyusnune oughgpepenyuanu
df (x) = f'(x)dx

Oynu6, 6ynoa dX = AX ¢yukyus apeymenmuune uxmuéputl Opmmupmaci.

DYHKIUAHUHT WOKOopu Taptudoam auddepenumnasapu. Dapas
kunamuk, f(X) ¢yskums (@, b) ma Oepunran 6ynamb, Vxe(a, b) Hykrama
f"(X) xocunara sra 6yicun. Pasmanku, f(X) ¢yuakiuusauar auddeperimanu
df (x) = f'(x)dx (3)
o6ymu6, Oynna dxX = AX QyHKIMS apryMEHTHUHT UXTUEPUN OPTTUPMACH.
2-tabpud. f(X) dynkuusauar X e (a, b) Hykramarm aud-depeHmaTn
df (x) wuar muddepenunanu f(X) ¢yskuusauar X € (8, b) HykTamaru
MKKMHYM TapTuOnu gudepennmany aeitn-namu sa d? f (X) xabu Genrunanaim:
d?f(x) =d(df (x)).
Xynaau mydra yxmam, f(X) ¢ysaxmusaunar yuuaun d*f (x), TYpTHHYM
d* f (X) Ba X.k. Tapru6aaru auddepennuaniapy TabpupIaAHaIN.
Ymyman, f(X) ¢yskiusauar N—taptubmu auddepennmamm  d" f (x)
HuHr nuddepenimanu  f (X) dyskuusauar (N +1) —taptubmm nuddepenumanu
euniaau:
d™ f(x)=d(d" f(x)).
S-MHCOo. YOy
f(x)=xe™

GYHKIUSHUHT UKKUHYY TapTHOIU quddepeHinani TOnuICHH.
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4 bepuirad (QyHKUUSHUHT MKKHHYM TapTUOIM auddepeH-nuanuHu
Tabpu(uUra Kypa TOnamus:

d%f(x)=d(df (x))=d(d(xe ™)) =d(xde ™ + e *dx) == d (—xe *dx +e*dx) =
=—d(xe *)dx + (de ™)dx = —(xde * + e *dx)dx —e *(dx)? = xe *(dx)? —
= x-e*(dx)’ —e X (dx)? —e *(dx)? = (x—2)e *(dx)?. »
Huddepennnaniam kougacuaan (oigananud Tomamms:
d2f (x) = d(df (x)) = d(f'(x)dx) = dx-d (F'(x)) = dx- f"(x)dx = f"(x)(dx)?, 4)
d3f(x)=d(d?f(x)) = f"(x)(dx)?,

d"f(x) = f™(x)(dx)"

MacaiiaH, 10KOpH/Ia KeITHPUITaH MUCOJ YIYH
d2(xe™) = (xe*)"(dx)? = (e —xe ) (dx)? =
=™ —e ¥ —xe ) (dx)? = (x—2)e *(dx)?

oynasu.

Antaiimmk, f(X) Ba Q(X) dynxkumsmap (@, b) nma Oepunran OYnmoO,
VX € (a, b) mykraga n—rtaptrbam muddepeHnuamiapra sra OyicuH. Y xoija:

1) d"(c-f(x))=c-d"f(x), c=const;

2) d"(f(x)xg(x))=d"f(x)£d"g(x);

3) d"(f(x)-g(x))=d"f(x)-g(x)+Cyrd""f(x)-dg(x)+

o+ Cd"™ () -d g(X) +...+ F(X)-d"g(X)

oymasu.

by wMynocabarnapuunr 1), 2) — mgapHMHr uCOOTM paBwaH. 3) —

MyHocabaTHu ucootiamnaa (2) hopmynanan Goigaianuiagm.

3% Jluddepennnan mMaKJIMHUHT MHBAPpHAHTIUTH. Alitaiinuk, Y = f(X)
byukuus (@, b) ma muddepennmanmanyBun 0ynub, X y3rapyBum y3 HaBOaTHIA
oupop U ysrapysunnunr [, B] na nuddepennmamianysun GyHKIUACH OYIICHH:

x=o(t) (tela, Al, x=0p(t)<[a, b]).
Harwmxana
y = f(x) = f (1))
oynagu. by dyuaknusaunr nuddepeHuanm
dy = (f (o(1)))'dt = f'(¢(1)) - ' ()t = {(o(t)) - dp(t) = f'(x)dx

o0ymuo6, y (3) xypunuira sra 6ynamu. [lynnain kwmo, Y= f(X) dynkmusmga X
y3rapyBun SpKjiM Oyiran xojiga xam, y oupop U ysrapysumra Gohiamk Oyiaran
xonmga xam Y = f(X) dbyakust quddepeHMaTuHIUAT KYPUHHUIITNA OUp XK1 Oy Iau.
Opnatma Oy xycycust nuddepeHpa MmakIuHAHT UHBAPUAHTIMIH JeHNTIaIN.

y=f(p(t)) GyHKuuSHUHT HUKKUHYE ~ TapTUOMM  IudepeH-nuanm
Kyhiugaruda 0ymaau:

d?y =d(df) = d(f'(x)dx) = df "(x) -dx + f'(x)-d(dx) =
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= f"(x)-(dx)® + f'(x)d?x.
by myHocabatuu (4) myHocabatr OWiIaH COJTUIITHPUO WKKUH-YH TaApTUOIH
mudpdepennuamiapaa  auddepeHiman MAaKIMHUHT HWHBAPUAHTIMTH  XOCCACH

(V)

YPHHIIM OMACJIMTUHA TOIIaMM3.

Glossariy

oupop U yseapyeuuea Gohnux oOynean xonoa xam Y= f(X) ¢yuxyus
oughgepenyuanunune Kypunuwu oup xun oyraou. Ooamoa 0y Xycycusm
oughghepenyuan WaxKnuHuHe UHBAPUAHMIIUSH Oeliu1aouU.

/-AMaJnii MALIFYJIOT:

Kyiingaru pyHkuusiap y4yH y(”)(x) TONMWJICHH:

1163.y = x° + x+e* 1164.y =a X" +a,x" " + ... +a,
1165.y = -+ X 1166,y = X*P
1-X cx+d
1167.y = In(ax + b) 1168.y =sin’ x
1169.y =sinaxsinbx 1170.y =chax - chbx
1171.y =sin’ xsin2x 1172.y =sin* x4+ cos* x
1173.y = cos” x 1174.y = L
Y= RN
1+ x°
1175y = ———"—— 1176.y =
Y= Zax—12 Y=
3-2x°
1177.y =
Y o v ax—2
7-KkeHc

Keiicau 0axxapum 00CKU4/Iapu Ba TOMIMPUKJIAP:
] keficmaru MyaMMOHH XaJl KHUIMIII MYMKHH OYJIraH acocuii (popmyJia, TyIryH4da
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK TypyXJapaa);

] TynimaHral MablyMOT/IapiaH Goiaananuo, KyHuiaran MacajaHu €4uHT
(uHAMBUTYyaN).

1. Yy
)= x[?
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bynkuus X =0 HyKTajga yyuHYHM TapTUOJAru xocuiara sra 0ynaagumu?
2. Yuiby

f(X) = (x—1)? sin xsin(x —1)
GYHKIUSHUHT N —TapTHOIU Xocuaacu Tonwicua (N > 2).
3. Arap y= f(X) pyukuus Nn—TapTuOIM XOcuiara sra Oyica,
d"f(ax+b)=a"f ™ (ax +b)- (dx)"
oYUy NCOOTIaHCHH.

8-maB3y: luddepenunan XucoOHUHT acoCHil TeopeMajiapu
8-mabpy3a: ®epma, Posi Teopemanapu
PEXA:

1°.®depma Teopemacu
2°. Posut Teopemacu

TASHY UBOPAJIAP: QpyHKIMSAHHUHT X, HyKTaJard XOCUIACH, YHT Ba 4aIl

XOCUJIAJIapU
1°. Xocmaara sra Oyaran (QyHKOUsSJIAp XaKuaard Tteopemasap. by
Teopemiiap GYyHKUIUSTIAPHHU TEKIIMPHUIIAA MYyXUM POJl YHANIH.
1-teopema (®epma Teopemacu). f(X) dynkmus X R Tymmamna

Oepuras. Xg € X HYKTaHUHT aTpodu Y4YH
Us;(X) =Xy =3, Xg+0)cX  (6>0) o0yuo, KyHuaara mapTiap
OakapuJICHH:

1) VxeUs(xo) ma F(X)<f(x)  (f(x)=f(xp)),

2) T'(x,)MaBxyn Ba uekiu OYIcHH.
VY xonna f'(x,) =0 6ymamm.

4 Ajraitmuk, VxeUg(X,) nma f(x)<f(x,) 6yacun. PaBmanku, Oy
X0J/1a

f(x)—f(x,)<0

oynmaam.

[Mlaptra xypa f(X) ¢ynkmus X, mykraga wekim f'(X,) Xocmmara sra.
[ITyHuHT yuyH

oy — im0 T 100) 09 T(x)
X% X—X, x%+0 X —X, x>%-0  X—X,
Oynanu. AiiHM naiitna, X > X, Oyiurannga
(0= F00) g 0= F(x)

X - XO X_>X0 +0 X - XO

=f'(x,) <0,

X < X, Oyiranga
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(00-100) g o F0O=T00)_ ()i
X — Xg x>%-0 X —Xg
oymumunan  f'(X,) =0 sxanu xenu6 yuxagu. P

2-teopeMa (Poaib Teopemacn). @apas kumaiinuk, f(X) ¢yukuus [a, b]
na 6epriiran 0ynuo, Kyuaard maptiapHu OakapCuH:

1) f(x)eCla, b],

2) Vxe(a, b) na f'(x) maBxyx Ba 4eKH,

3) f(a)= f(b) 6yacun.

VY xonna myHaai X, € (a, b)Hykra rommnaguku, f'(X,) =0 Oynaan.

« Ilaptra xypa f(x)eC[a, b]. Yuaga BelepmrpacCHUHT WKKHHYN
teopemacura kypa f(X) ¢ynkuus [a, b] ma y3uHHMHT 3Hr KaTTa Ba SHT KHYHK
KuiMaTiapra spullaau, SbHU LIyHAad c¢;, C,  Hykrtamap (c,, C, €[a, b])
TOTIMJIAUKH,

f(c,) =max{f (x) | xe[a, b]},
f(c,)=min{f(x) | xe[a, b]}
oynaau.

Arap f(c,)="f(c,) O¥ymnca, yHna [a,b] ma f(X)=const 6ymuo,
VX, €(a, b) ma f'(x,)=0 6ynamu.

Arap f(c,)> f(c,) Oynca, ynna f(a)= f(b) O6ynranmuru cababmu f(X)
¢ynkmust  f(c;) xamma f(C,) kuiimarimapHuHT Kamupa OuTtacura [a, b]
CETMEHTHHMHI MYKH X, (@ <X, <b) Hykracuma spumagu. ®epma Teopemacura
ounoan f'(x,)=0 O6ynamu. »

MamxkJjap

1. Arap f(X) dyukuus (@, b) na gexnmu f'(X) xocunara sra Oyica, yHUHT
mry (a, b) na rexuc y3mykcus Oyiummm ncOOTIaHCHH.
2. Arap f(x) Ba Q(X) oyHkumsuzlap X=X, la 4YeKIM XOCHJIauap:
f'(x), g'(X) rasra 6ymmo0,
Fx)=9(%), X>% ma f'(0>g'(x)
Oynca, y xomga X > X, Aa f(x) > g(x) 6ymmmm ncbotaancus.
3. VXx>-1 yuyH

X @+ x)<x
1+ X

TEHICU3NUKIAPHUHT YPUHINA OYJIUILIN UCOOTIAHCHUH.

Glossariy

Hlapmea xypa T(x)eCla, b]. Vwoa Beiiepwmpaccnune ukxunuu

meopemacuea kypa f(X) ¢yukyus [a, b] 0a ys3unune sne kamma sa sne kuuux
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Kuumamaapea spumau, sAvHu wiyHoau c,, C,  uykmanap (C,, C, €[a, b])
MonuIaoU

8-AMaIMii MAIIFYJIOT:

Kyiiugarn KeaTHpWIagurad TeopeMaigap (QYHKIMSUIAPHH YpraHuiiga MyXdM
axaMusTra ora:
1°. Posib Teopemacu. f(x) Qynxuus [a, b] oa Oepunzan 0yauo6, Kyiuoacu
Wapmaapru 0ax3capcun:

1) f(x)eda,b],

2) Vxe (a, b) oa f'(X) MasIHCyo 8a ueKu,

3) f(a)="f(b).
Y xono0a wiynoaii c <(a,b) monunaouxu,

f'(c)=0

oynaou.
2°. Jlarpan:k Teopemacu. f(X) Gynuxuus [a, b] oa bepunzan 0yauo, Kyiuoazu
WapmMIapHu 0ax3capcun:

1) f(x)e C|a,b],

2) Vxe(a,b) oa f'(x) masocyo sa uexnu.
Y xonoa wynoaii ¢ (a, b) MonuIaouKu,

f(b)-f(a)=1(c)-(b-a)

3°. Kommu Teopemach. f(X) 6a g(x) ¢ynukyusnap [a, b] oa Oepunzaun 0ynuod,

oynaou.

Kyliuoazu wiapmaapuu 6axcapcumn:
1) f(x)eCla,b], g(x)e C[a,b],
2) Vxe (a, b) oa f'(x) éa g’(x) Xocunanap maeiicyo 6a YeKiu,
3) Vxe(a,b) oa g'(x)=0.
Y xonoa wynoaii ¢ (a, b) monunaouxu,
f(b)-f(a) _f'(c)
9(b)-g(a) ¢'(c)

oynaou.

l-mucoa. Yumoy

f(x)=2-3x
dyukyunca [— 1,1] opanukoa Ponne meopemacunu Kyanaw MymKunmu?
<«4Papmanku, Oepwiran (QyHKIUS (— oo,+oo) OopaluKaa, KyMJIaJaH [— 1,1] na
y3IyKCH3. [— 1,1] OPJIMKHUHT YeTJIapu/ia

f(-1)=1-3(-1f =1-1=0,

f(1)=1-312 =1-1=0

0ynuoO, f(— 1)= f(l) Oynamu. f(X) Gyuxusauar xocunacu X # 0 O6ynranaa
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2
f'(x)=-
&) 33x
o6ymu6, X =0 HykTama MaBxyn smac. bunob6apun, Poyute TeopemacuHUHT (— 1,1)

Ja YeKIM XOocWia MaBxyn Oymumu tmapta Oaxapunmaiinu. lllyHuHr yuyH
oepwirad GyHkunusra Posis Teopemacunn Kyiad 6ynmaiiau. »

2—-Mucoa. Ywuoy
fx=4x> —5x* +x -2
dyukyunzca [0,2] opanuxoa Jlazpanse meopemacunu maooux smuod, ynoazu ¢
HYKmMa monuicuH.
dbepunran  QYHKIUSHUHT [0,2] opanukna Jlarpawx  TeOpeMacHHUHT
mapTiapuHu Oaxxapuiy pasinaH. Jlarpamxk Teopemacura OMHOAH
f(2)-1(0)=1"(c)-(2-0)
oynaau. bepunran QyHKIuUs yayH
f(2)=12, f(0)=—2, f'(x)=12x*-10x+1,
f'(c)=12c* —10c +1
0ynuo,
12—-(-2)=f"(c)-2
oynamu. Hatmxkana
12¢* —10c—6=0
KBaJIpaT TEHTJIaMara kenaMus. by kBagpar TeHr1aMaHUHT eduMIIapu
5++/97 5-+/97
¢ = o G =
12 12
0ynu6, ynapaaH C, euum [0,2] ra Terunum Oymaau. p

1181.f(x)= X(X2 — 1) GyHKIUS  yIyH [— 1,1] Ba [0,1] opanmukiapaa Pomb
TEOPEMACHHHHT MapTIapu TCKITUPHUIICHH. .

1182.f(x)= (X2 — 1XX — 2) GYHKIMS  yIyH (— 1,1) Ba (1,2) HMHTEpBajUIapaa
HIyHAal HyKTajlap TOMWICHHKY, Oy HyKTanapaa GyHKIus rpadurura yTkazuiarad
ypuHMasap abciuccanap YKura napauien OyJICHH.

1183.Xakukuii kodpdurenTm kymxana dakar XaKuKuid WIgu3Iapra sra Oyica,
VHUHT Oapua xocwiajgapu XaMm ¢akar XakKuKUud WIIu3Iapra 23ra  JKaHu
UCOOTIAHCHH.

1184. X axkukuii KOd()PUIEHTIN KYTTXaTHUHT UKKUTA XaKUKUN WITA3JIapu Opacuia

YHUHTI XOCHJIACUHUHT WJIIU3U XdM 60p 9KaHW UCOOTIIaHCHH.
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1185.Arap f dysxmms [a, b] KecMmana N mapotaba nuddepeHnmaianyBIu Ba 0y

KecMaHuHT N+ 1 Ta HyKTacuaa Hojra aiiaHca, y xoJiia f(”)(é’;)z 0 OVnaguran

Ee (a, b) HYKTaHUHT MaBXXYIJIMTU UCOOTIAHCHH.

8-Keic
KeiicHu 0axapuin 00CKM4Y/1apH Ba TONMIUPHUKJIAP:

] keficmaru MyaMMOHHM XaJl KMJIMIII MYMKHH OYJraH acocuii ¢oopmyJia, TylryH4a
Ba TACAMKJIAPHU KEJITUPUHT (MHAUBHIYaAT Ba KHUUK TypyXJjiap/a);

] TynnaHran MabayMoTiapaaH ¢oiiaianu0, KyHHiIraH MacajlaHd €IiHT
(MHAMBUTYAN).

Arap f dysakoms [a, b] KecMaga N Maporaba auddepeHuamiaHyBun Ba Oy

KecMaHMHT N+ 1 Ta Hykracuja HoJIra aijaaHca, y XoJjaa f(”)(§)= 0 Oymamuran

Ee (a, b) HYKTQHUHT MaBXXyJTATH UCOOTIAaHCHH.

9-mabpy3a: Jlarpanxk Teopemacu
PEXA:

1°.Jlarpan:k Teopemacu
2°. Jlarpan:k TeopeMacHIaH KeJIM0 YHKAIUIAH HATHKAJIAP

TASIHY UBOPAJIAP: Powrv meopemacunune  bOapua  wapmiapuHu
Kanoamaaumupaou. Atinu naiimoa, yHuHe X0Cuniacu

F/(x) = f/(x) - )= (@)
b-a

1% 3-Teopema (Jarpanx Teopemacu). ®apas xunaitnuk, f(X) gynkuums [a, b]
na 6epunrad 0ynu0, KyHuaaru mapTiiapHu OakapCuH:

1) f(x)eC[a, b],

2) Vxe(a, b) ma f'(x) xocuna MaBxKy 1 Ba 4eKJIA OVIICHH.
VY xonma myHaai ¢ € (@, b) HykTa TOMUIAINKH,

f(b)—f(a)=f'(c)(b—a)

oynau.

<« Yoy

FO = f0- @ -0 P x—a) @)

byHkusHN Kapaimus. by dynkuus Pomibs TeopemMacHHUHT Oapua IIapTIapuHU
KaHOATJIaHTUpaad. AHU AT, YHUHT XOCHUJIACu
, f(b)-f(a
F'(x) = f’(x)_M
b-a
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oynanu.
Poyms Teopemacura Ounoan, mysgai € (c € (a, b)) HykTa TomMIIaTUKH,
F'(c)=0 (2)
oynanu.
(1) Ba (2) myHOCabaTapan
fro)- 10 =1@) _,
b-a

SBHU
f(b)—f(a)=f'(c)(b—a)
oynuiuy kenub yukagu. »

1-maTtmoka. Adrainuk, f(X) ¢yskmus (a, b) ma f'(X) xocmmara sra
oym6, Vxe(a, b) na f'(X)=0 Oyncun. ¥ xonma Vxe(a, b) ma f(x)=const
Oynanu.

4 X, X, €(a, b) Hn onmb, yekkamapu X Ba X, Oynaran cermentma f(X)
¢ynknusra Jlarpamx teopemacunu kymiad f(X)= f(X,)=const OynumuHM"
Tonamus. p

2-matmka. f(X) Ba Q(X) dyskumsmapu (a,b) ma f'(x), g'(x)
Xocunaigapra sra Oymub6, Vxe(a,b) ma f'(x)=g'(X) Oymcun. Y xomma
Vxe(a, b) na f(x)=g(x)+const 6ymamu.

<« by nHarmwkanunr ucoorn f(X) — g(X) pynkumsra HucOaran 1-HaTHKaHU
KYJIIam Owiad keauo unkaaud. »

1-mucon. VX', x'eR yuyn [SinX'—sinX"| <|x'—x"| TeHrcusamk
UCOOTJIAHCHUH.
« Aijiraimuk, X'< X" oyacun. f(X)=sinx ra [X', X"'] ma Jlarpamx
TECOpPEMAaCHHH Kytaiimu3. YHzaa mysaai € € (X', X'') HyKTa TONHIaIuKH,
|sin x'=sin X' | = |cosc|-(X"'—x")
oymagu. Arap VteR nga |cost | <1 skanuHu >bTHOOpPTra OJICaK, yHIA IOKOPHIATH
MyHocabaTaaH
|sin x'=sin x"" | < | x'=x"'| (X', x"'eR)
oynumuy kenub yukagu.
2-MHUCOJ1. YOy
e*>1+x
TEHTCU3JTUK UCOOTIIAHCHH.
« Adraiimuk, X >0 O6yncun. Vepa f(t)=e' ¢ymxkummsara [0, X] na
Jlarpamx TeopeMacHHH KyJu1ab TOmamMus3:
e*—e?=e°(x—0). ce(0,x)
Arap ¢>0 nga e°>1  OYimummHM 5bTHOOpra OJCaK, yHAA KEHHUHIH
MyHocabataan e* >1+ X OVIHIIM Kenub YuKaIu.
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Arap x<O0 Oynca, ynma  f(t)=e' ¢yukumsra [x, 0] ma Jlarpamk
TEOpEMacHHH KyJ11a0,
e* —e%=e°(0—x)
o1 Ba —X>0, €°<1 OYyaumman >pTuOOpra oaub, e€* >1+X DKAHIMIHMHH
TOIaMU3.

Pasuranky, X =0 ma e =1. Jlemak, VXeR ma e’ >1+x. »

Glossariy
f(X) @ynuxyus (a,b) oa f'(X) xocunaca seca 6ynu6, Vxe(a, b) oa
f'(X) =0 6yncun. ¥ xonoa Vxe(a, b) oa f(x)=const 6yraou.
4 X, X, €(a, b) Hu onub, uexxkanapu X ea X, Oynean ceemenmoa f(X)

Qynxyusea Jlacpanoe meopemacunu xyanab f(x)= f(x,)=const o6yruwunu
monamus. »

9-AManuii MAIIFYJIOT:

1186.Ymby

x(x = 1)(x — 2)(x — 3)(x— 4)
KYTIXaJHUHT XOCUJIACUHUHT WIU3JIapU XaKUKHil, TyO Ba (0;1), (1;2), (2;3), (3;4)
WHTEpBaJUIapAa ETUIH UCOOTIAHCHH.
1187.y =x> orpu umswFuja WIyHAaH HYKTa TOMMJICHHKH, Oy HyKTajga yHTa
YTKa3WwIraH ypuHma A(— 1;—1) Ba B(2;8) HyKTaJapHU TYTalITUPYBUM BaTapra

napasuies OyJCcuH.
1

1188.f(x)=— bynkrmscn yuayn [a,b] xkecmana (a-b<0) uexmn oprrapmanap
X

dbopmynacu (Jlarpamx dbopmynacu) YpuHIuMu?
1189.dapa3 kunainmk, f(X) byHKIHS (a,b) WHTEpBAIIA Y3IyKCHU3 f'(X)

XOCHJIara sra OYIJICHH. (a, b) na ETyBUM UXTUEPHIA § HYKTa y4yH

)y o <o
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MyHocabaT ypuniu Oynmaaura X;, X, HYKTaJapUHU KypcaTuil (TOIMIN)
MYMKHUHMU?
Yy MUCOJIHHA KapaHT: f(X) =x° (— 1<x< 1), E=0.
1190.JIarpamx TeopemacuaaH ¢hoigananuo, TECHICU3IUKIAp UCOOTIAHCHH:
a) |sinx—siny|<|x—y];
6) py" (x—y)< xP —yP <px"*(x—y), 6y epra O<y<1Bap>1;
B) |arctga—arctgb|<|a—b|;

a-b a a-b
ry —<In=<
a b

, arap O<b<a;

X .
1) m<ln(l+x)<x, x>0;

e) e°>1+X%, xeR;

xK) € >ex, x>1.

O-keiic
Keiicau 0axxapum 00CKU4/Iapy Ba TOMIIMPUKJIAP:

] keficmaru MyaMMOHH XaJl KMJIMIII MYMKHH OYIraH acocuii ¢poopmyJia, TyIryH4ua
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBHUIYaAT Ba KHUUK TypyxJjiapa);

] TymmaHTaH MablyMOT/IapaaH Gpoigananu0, KyHuiIran MmacajaHid €4uHT
(uHAMBUTYaN).
Jlarpamx Teopemacuaan ¢oigananud, TEHICU3IMKIAp UCOOTIAHCHH:

a) [sinx—siny|<|x—y];

6) py" (x—y)<x" —y? <px"*(x—y), 6y epra O<y<1Bap>1;

B) |arctga—arctgb|<[a—b|;
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10-mabpy3a: Komm Teopemacu
PE/KA:

1°. Komm Teopemacu
2°. Y3uammra sra 0yaran GpyHKousiap

TASAHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba 4aIl

Xocujiiajlapu

1°. 4-Teopema (Kowmm Teopemacu). Aiiraiimuk, f(X) Ba g(X) pynkiusnap
KyWHJary mapTiapHu 0a)kapCcHH.
1) f(x)eCJa, b], g(x) eC[a, b],
2) Vxe(a, b) na f'(x) Ba g'(X) xocmianap MaBxy/]1 Ba YCKIIH;
3) Vxe(a, b) na g'(x) #0 6yncus.
VY xonaa myHaan ¢ € (@, b) HykTa TOMUIAINKH,
f(b)—-f(a) f'(c)
gb)-g(a) g'(c)

oymasu.

<« AsBanio g(b) # g(a) 6ymummnan tabkuanad yramus, uynku g(b) = g(a)
Oynamuran Oyica, yHma Poiib Teopemacura kypa myHmai ce<(a, b) Hykra
Toruiap 3auku, g'(c) =0 6ynap sau. By 3)-maprra 3u.

Kyinnaru

D)= F(x) - f(a)- D=1

a(b) —g(a) [9(x)-g(@)] (xela, b))

bynkuusiau Kapaiimui3. by ¢ynkius Poinbs TeopemacuHuHT Oapya mapTiapuHH
KaHoaTJaHTUpaau. YHaa Poste Teopemacura OuHoan myHmai c € (a, b) mykra

TOITHJIAINKH,
@'(c)=0 (3)
oynmanm.
PaBmanku,
: : f(b)-f(a)
D'(x)=f - 4
(x) = £'(x) a(b)—a(a) g9'(x) (4)
(3) Ba (4) myHOcabatnapaxn
’ f (b) — f (a) '
f'(c)——— =0
€ 90 -g@ *

SABHU
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f(o)—f(a) _ f'(c)
g(b)-g@ g'(c)

oynuiy kenub yukagu. »
1-mucon. VX', x"'eR yuyn |[sinX'—sinX"|<|x'—x"| TeHrcuzmmk
MCOOTIaHCHH.
« Aijiraiiik, X'<X' Oyacun. f(X)=sinx ra [X', X"'] ma Jlarpamx
TCOpEMaCHHH KyJutaiiMu3. YHaa myHaai € € (X', X'') HyKTa TONUIaIuKH,
|sin x'=sin x"' | =] cosc|-(x""—x")
Oynamu. Arap VteR nma |cost| <1 sxanuHu 3bTHOOpTa OJICAK, YHIA IOKOPUIArd
MyHOca0aTaaH
|sin x'=sin X" | < | X'=x"| (VX', X"'eR)
oymuimy kenubd yukagu. »
2-MucoJ1. Yoy
e’ >1+x
TEHICU3JIUK UCOOTIaHCHH.
« Avraiimuk, X >0 O6yacun. VYmma f(t)=e' ¢ynxumsara [0, Xx] nma
Jlarpanx TeopeMacuHu Kysuiad TOmaMmus:
e*—e’=e°(x-0). ce(0,x)
Arap ¢>0 ga e°>1 OyimummaM 5bTHOOpra OICaK, yHAA KEHUHIH
MyHocabaTaan €* >1+ X OYauIu Keand YuKaIv.
Arap x<O0 Oymnca, ynma  f(t)=e' ¢ynkumsara [x, 0] ma Jlarpamk
TEOPEMaCHHH KYJIIa0,
e* —e®=e°(0—x)
a1 Ba —X>0, e°<1 OYymummau >pTuOOpra oaub, e€* >1+X DKAHIMIHMHH
TOTIAMU3.
Papmankn, X =0 ma € =1. Jlemak, VxeR ma e* >1+x. P
3-mMucoJ. Yoy
a—-b
a

<In§<a—_b (O<b<a)
b b

TEHI'CU3JIUK UCOOTIIAHCHH.
« [b, a] cermentna f(x)=In(x) dbyskuusuau Kapaiimus. by GyHkums 1y

cermentaa y3aykcus Ba (b, @) ma f'(X)== xocwmmara sra. Yama Jlarpamk
X

Teopemacura kypa mynnaii ¢ (b <c<a) Hykra Tonunaaukw,

lna-Inb 1
S )
a-b c
oynau.
PaBmankwu,
b<c<a = 1<E<1. (6)
a c¢c b

(5) Ba (6) myHOcabaTapaH
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a-b a a-»b
<Ih=<
a b b

Oymumm kenub yukaau. P

20, dynknusa XOCHWJIACHMHHI y3MauMIH xakuaa. dapas xunaimuk, f(X)
¢ynkuus (a, b) HmHT X, HyKTracugaH Oomka Oapwa Hykramapunma f'(X)
Xocujiara ara 6yiu0, GyHKIUs X, HyKTaJaa y3JIyKcH3 OYJICHH.

Arap Ilim f'(x)=b mumur masxyn 6ynca, y xonma f(x) GyHKIHSA X,

X—=>Xg—0
HykTaza yan xocuna f’(x, —0) rasra 6ymu0, f'(x, —0)=b 6ynaan.
Arap lim f'(x) =d mumur maBxyn Oynca, y xonma f(X) dynkuoms X,

X—>Xg+0
HyKTaga YHr xocuna f’'(x, +0) rasra 6ymu6, f'(X, +0)=d 6ynamn.
<« Alitaitmuk, AX # 0 Ba X, +AX € (a, b) 6ynacun. Jlarpanx Teopemacuaan
¢doitnanannd Tonmamus:

T+ A= T00) _ ¢y 40.a%), (0<0<1).
AX
OHIHN
lim f'(x)=Db
X—>Xg—0
MaB:KyJl OYJICHH JeinuK. YHa
im f'(x)= Ilim f'(x)= lim f'(x,+Ax)=Db
X—>X%g—0 X—Xg— -0 AX— -0
oymuo,
AX—>—0 ma f'(x,+6-Ax) —>Db,
SIBHUA

f(Xo +AX)— f(Xg) b
AX
oymamun. Jemak, f'(X,—0)=b. Iynra yxmam, f'(X,+0)=d OYnumm
Kypcatunagu. »
Aviraitnuk, f(X) ¢yHkmus X, Hykraga xocwiara ora OyncuH. YHIa,

AX—>—0 na

paBIIaHKH,
f'(%—0) = f'(X +0) = £'(Xo)
Oynaau. AHU maiTa,

lim f'(x), Ilim f'(x)

X—>Xg—0 X—>Xg+0
JUMUTIAPHUAT MaBXKyJl Ba YEKJIM OYIMIIUAaH
H ! H ! !/
lim f'(x)= lim f'(x)=f'(x,)
0 X—)X0+0

X—>Xp—
oynumy kenub yukagu.

bynnman kyiumaru xynoca keiaub uukamu: arap f(x) ¢yuxuusa (a, b) na

f'(X) xocunara sra 0yica, y xonga 0y f'(X) xocuina OMpHHYN Typ y3HIIMIITa dra

Oy nonmanu.

Bomikaua aiitranga xap Ooup X, €(a, b) nmykrama f'(X) ¢bynkums Exu
y3JIyKCHU3 OY1aau, EKM UKKUHYH TYp Y3WIHILTa 3ra 0yinaau. P

4-mmcot. Yoy
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1

2 .
X“sin—, arap X =0 Oyica,
f(x)= X P Y

0, arap x=0 0O¥yica
GYHKIUSTHY KapaninK.
« x =0 6ynrannga

f'(x) = 2xsin 1 cos1
X

X
oynasu.
x =0 O0ynranma, xocwia Tabpudura Kypa
s . 1
X“sin=
f'(0) = lim X -0
x—0 X

oynanu.
Hemak, f'(X) ¢ynkums R na anumkimanran Ba X = 0 nga yznykcus Oynaau. f'(X)
xocwina X =0 HyKTaJla UKKUHYY TYp y3ujauiira ara 0yinaau, uyHku X — 0 na
f'(x) = 2xsin 1 —cos1
X X
(GyHKUIHMS TUMUTra 3ra 3mac. p

Glossariy

Aeap f(X) dyuryus (a,b) unmepeanda  oughgpepenyuaiianysuu  8a
yeeapanaumazan Oyaca, y Xoa0a YHuHe XOCUIAcu Xam dezapaiaumazaniueu Aeap

f(X) dyukyus X>0 umykmanapoa ougghepenyuannanyeuu 6yauo, lim f'(x)= 0

X—>+©

bynca, y xonoa o6ynaou

10-Amananii MalIFyJIoT:

1191 . Ky#unaru
f(x)=x* Ba g(X)=x°
byHKIUSIAp  yYyH [— 1;1] kecmaga Komm dopmymnacu YpuHaum smaciuru
TYUTYHTHPUJICHH.
1192.®dapa3  Kuailnuk, f(X) bynkmas  [x,,%,] (X, -x,>0) xecmana

muddepennmanianyBuu 6yiacun. Kyituaaru ucootiaHcuH:
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1
X, =X,

Xy X,
f (Xl ) f (Xz

1193.Arap f(x) bynkuus X >0 wykranapaa auddepeHnuamianyBuu 0yiauo,

sz(é)_gf'(a)’ Oy epna X; < E< X,

lim f'(x) = 0 6¥nca, y xonna

X—>+o0

Oy NCOOTIAaHCHUH.
1194.Arap f(X) dbynaknus X > 0 Hykranapaa muddepennuamianysan 0o,

lim @=0

x—>+0 X
Oyica, y Xoiaa |im F(x) = 0 PKaHHU HUCOOTIIAHCHH.
1195.Arap f(X) byHKIHS (a,b) uHTepBaAa auddepeHIuaiianyBIl  Ba
yerapajaHMaran OVyica, y XOjJa YHHHT XOCHJIACH XaM derapajaHMaratInry
UCOOTJIAHCHH.
1196.Arap f(X) ynkuus [a,b] kxecmama muddepeHnuannanysun 6ymmo,

f(a)= f(b) Oynca, y xonna € € (a, b) MaBXKyJ1 0yIr0,
f(a)-1(e)= 5 (E)

MyHOca0aT YpUHIUIUTUHA UCOOTIIAHCHH.

1197.UcboTnaHcuH:
. 2X .
a) 2arctgx+arcsin Loyl = Tsonx X=1;
X
3 1
0) 3arccosx— arccos(sx —4x )= T, <=
10-keiic

Keiicau 6axxapum 00CKU4/Iapu Ba TOMIIMPUKJIAP:
] keficmaru MyaMMOHH XaJl KHUIMIII MYMKHH OYJIraH acocuii (popmyJia, TyIryH4da
Ba TaCAMKJIAPHU KEJITUPUHT (MHIUBHIyaT Ba KHUUK TypyxJjiap/a);

) T¥ynnanran MabiayMoTiapaad ¢oigananud, KyHuiaran MacajiaHd e4rHT
(uHAMBUTYyaN).
Aeap f(X) @DyHKYUSL [a, b] Kecmaoa oughghepenyuannanysuu 6yauo, f(a)= f(b)

oynca, y xonoa 1§ e (a, b) Maearcyo 6yauo,

f(a)- 1) =5 'E)

MYHOCAOAam YPUHAUIUSUHU UCOOMIIAHCUH.
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XOCUJIAaHUHT TaTOUKJIapH
11-mabpy3a: DYHKUMSIHUHT MOHOTOHJIUTH.
DOYyHKIUAHUHT IKCTPEeMyMJIApH
PEXA:

1°. ®yHKUMAHUHAT MOHOTOHJIMIH.
2°. @yHKUMSAHMHAT JKCTPEMyMJIapH.

TASAHY UBOPAJIAP: f(X) ¢pyukyus (@, b) oa ycysuu oyacun. Ynoa
AX >0 6yneanoa
f(x+Ax)— f(x) >0
oynaou. Xocuna mavpuguoan otdarnud monamus:

00 = 1'(x+0)= lim_ f(“AAX)_ ™50,
X—>H X

1°. ®ynxkuusinuar monorowaurd. dapas xwmaimk, f(X) QyHxums
(a, b) ma (—o<a<b<+ow) depuiran OyiIcuH.

Masbnymku,

VX, X, €(8,0), yayr X <x, = f(x)<f(x,) (f(x)<f(x,)) Oymnca,
f(x) ¢ynkmms (@, b) ma YcyBum (kaTeumil ycyBum), VX, X, €(a,b) ydyH
X <X, = F(x)=f(x,) (f(x)>"f(x,)) 6ynca, f(x) pynkums (a, b) nma
KaMaroBuH (KaTbUM KaMarOBUM) JEHUIIA N,

1-teopema. Aiitaiinuk, f(X) ¢yuxkums (@, b) nma Oepuiran 6yauO,
Vx e (a, b) ma f'(x) xocumnara sra 6yicun.

f (X) dbyskmusiauar (@, D) na yeyBum Oynmumm yuyn VX € (a, b) na

f'(x)>0

OynuIy 3apyp Ba eTapiu.

<« 3apypaurn. f(X) ¢dynkuusa (@, b) ga ycyBum OyncuH. Yama AX >0
oynranaa

f(x+Ax)— f(x)>0
oynanu. Xocuna tabpuduaan GoitgaaHud TonaMms:
F(x) = f'(x+0)= lim JXFEA)=T0) 4
AX—>+0 AX

Erapimauru.  Anitaiimuk, Vxe(a,b) mga f'(X) wmamkyn 06yau0,
f'(x) >00yncun. [x;, X,] ma (X, X, e(@b), x,<x,) f(x) dynkumsra
Jlarpanx TeopeMacuHu Kyurad TomamMus:

f(x) = F(x)="1(c)-(x, —%)=0.

Hemak, X, <X, = f(x))<f(x,), f(X) ycyBuu.

Xyaau iyHra yxiari, Kyiuaara TeopeMa ucooTaaHau.
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2-teopema. Dapa3 xkwnaiimuk, f(X) dyskous (a, b) ma 6epuiran 6ynuo,
Vx e (a,b) ma f'(x) xocunara sra 6yncun. f(X) dynkmus (a, b) na kamaroBun
oymumm yayn VX € (a,b) na

f'(x)<0

OynuIy 3apyp Ba eTapiu.

HIyHuHTIEK Ky#HIard TeopeManapHi HCOOTIIAIT KMIMHUH 3Mac.

3-teopema. f(X) dynxumsa (a, b) ma Gepwiranm 6ymu6, VX e (a,b) na
f'(x) xocumara sra Oymcun. f(X) ¢yukumsaunr (a, b) ma xareuii ycyBum
oYUM yuyyH

1)vxe(a,b) na f'(x)>0.

2)Vxe(a,) nma f'(x)=0 rtenrmuk Oaxapwiaaurad («, f) < (a,b)
MHTCPBAIHUHT MaBXKyJ OYJIMaclIuK IapTIapUHUHT OaKapuWHIIU 3apyp Ba
eTapIIH.

4-teopema. f(X) ¢yukims (a, b) ma Oepunran 0yim6, VX e (a,b) na
f'(x) xocmmara sra 6yacun. f(X) ¢ymkumsauar (@, D) ma KaThuil KaMarOBYH
OyIuIIN yUyH

1) Vxe(a,b) na f'(x)<0,

2) Vxe(a,p) na f'(x)=0
TeHrIMK Oaxapwianuran («, f) < (a,b) uHTepBAJIHUHT MaBXy] OVJIMACIUTH
IIAPTIAPUHUHT OQXKAPUITHIIH 3apyp Ba €Tapiiu.

Hemak, (@, b) ma

f'(xX)>0 = f(x) ycyBun = f'(x) =0,

f'(xX) <0 = f(x) kamaroBun — f'(x) <0,

f'(x) >0 = f(Xx) xarpuii ycyBun = f'(x) >0,

f'(x) <0 = f(X) xkarpmii kamatoBun = f'(x) <0

oynmasu.
1-mucou. Yoy
x2
f(x)=—
2X
(GYHKIUSHUHT YCYBYH, KaMalOBYU OVIIMII OPAIMKJIAPH TOIMHIICHH.
<4 PaBmankwu,
f'(X)=x-277(2-xIn2)
oynmanm.

Yuoy f'(x)>0, x-27%(2-xIn2)>0 TeHrcu3mk Xe (O, %) na

ypuwnun  Oymaau. Jemak, f(X) dynkmms X E(O, %) Ia  YcyBuw,
n

(=0, O)U (% +00) J1a KaMaroBuM Oynaau. P
n

2°. ®ynxkuusHuHr 3kcrpemymiaapu. dapas kunaimuk, f(X) Qynxuous
X < R tynnamaa 6epunran 6ymuo6, X, € X Oyncus.
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1-tabpud. Arap IyHJau 0>0 COH TOITUJICAKH,

VXeU;(Xy) =(X, —0, X, +0) © X HyKTamapzaa

F<fo)  (F00=T(x))
TeHrcu3mmk Oaxapmica, f(X) ¢yHkmmsa X, Hykraga Makcumymra (MUHHEMYMTa)
SpHUIIagy AeHunany, X, Hykrara sca f(X) ¢yHKIUA-HUHT MakCUMyM (MUHUMYM)
HYKTacH JIeHIIaIu.

2-tabpu@. Arap wmyHgaii 6 >0 con tommicaku, VXeU ;(X,)\{Xy}

(U 5(x,) = X) nykramapna

FO<f(x)  (F()> (%))
TeHrcu3mmk Oaxapmica, f(X) ¢yHKmms X, HyKTaga KaTbuii MakcHMyMra
(kaThUil MUHUMYMTa) SpUIIAAN JCHUIAIN,

OYHKIUSHIHAT MaKCUMYM XamJla MUHUMYMH YMyMHH HOM OWJIaH YHHHT
IKCTPpEMyMJIApH, MaKCHMYM XamJla MUHUMYM HYKTaJIapH 3Ca YHUHT SKCTPEMyM
HyKTaJIapy JEUNIIAIN.

5-teopema. ®@apa3 kwnainuk, f(X) yakmus X < R Tymiamaa 6epuiran
6y1uob, X, € X HyKTaja 3KCTpEeMyMIa SPUIICHH.

Arap f(X) dynkuus X, Hykrama f'(X,) xocunara sra Gyica, y xonga

f'(x,) =0
oynanu.

< Aviraiimnk, f(X) ¢yHkmus X, HyKTaza MakCUMyMra SpUIIHO, Iy
HYyKTaJa xocuiara sra Oyicus. Y xonga

36>0: vxeUg(x))c X ma f(x)<f(X)
oynanu.

(xg —0, x5 +0) wunrepBanma f(X) o¢ynkuusra depma TeopemacuHH
KYJI1a0 Tomamus:

f'(x,)=0.»

3-tabpud. OyHKIMA XOCHUIACHMHUA HOJTA aWJaHTHPAAWTraH HYKTa YHUHT
CTaHIMOHAp (KPUTHUK) HYKTACU JEHUIaIH.

Acaarma. Arap f(X) ¢yHKIms Oupop HyKTaga dKCTpe-MyMra JpHIICca, Y
Iy HyKTaJia XOCHJIara ara OYJIMIIM [IapT dMac.

Macanan, f(X)= ‘X‘ GyHKIMsT X, =0 HyKTaga MUHMMYyMIa SpULIaIH,
OMpOK y [Ty HyKTaJa XOoCcHjara 3ra dMac.

Hemak, f(X) (QyHKUUSHUHT SKCTpEMyM HYyKTaJapy YHUHT CTalloOHap
XaMmJa X0CUJIacu MaBxKy 1 OyIMaraH HyKTaJlapy OYJIHIITN MyMKHUH.

4-tappud. Arap mysHgaii o >0 COH TONMMIICAKH,
VX e (X, =0, X,) ma g(x)>0 éxun
VX e (X, -0, X,) ma g(x)<0
oynca, g(X) ¢yHKIMSA X, HyKTAaHWHT Yall TOMOHH/A UIIOPA CaKJIalIu AeHrIa .
Arap myHnaii 6 >0 COH TONMMIICAKH,
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VX € (Xy, Xg+9) ma g(x)>0 &éku
VX e (Xg, Xg+9) ma g(x)<0
Oynca, g(X) ¢yHKUMSA X, HyKTAaHUHT YHT TOMOHHA UIIOpPA CaKIalaAn JeHunaau.
6-Tteopema. Afitaiiuk, f(X) dyukuus X < R Tymiamna 6epunran 6yauo,
KyHUJard mapTIapHu OaKapCuH:
1) 36 >0, ¥xeUyz(x,)c X ma  f'(X) xocuna maBxy;
2) £'(%)=0;
3) f'(x) xocuna X, HyKTaHUHT YHT Ba 4all TOMOHJIApU/a UIIOpa CaKIaCHH.
Arap f'(x) xocmnma X, HyKTaHH YTUIIAA WOIOpacuHu Yy3raptupca, f(X)
(QyHKIMS X, HyKTaaa S3KCTPEMyMIa dpUIIAJIH.
Arap f'(x) xocmia X, HyKTaH{ YTHIINA UIIOPACHHHU y3raptupmaca, f(X)
(yHKLHUS X, HyKTaJa 3KCTpEMyMra 3pulll-Maiu.
4 A#Tainuk,
VXe (X, — 0, %) ma f'(x)>0,
VX e (Xq, X +0) ma f'(x)<0
oymecma. Y xomma  VXe(Xy—9, X;), ['(X)>0 = f(X) ycyBun, spHU
FO)< (X)), YXe(Xy, Xg+0), F'(X)<0 = f(X)kamaroBum, SHHU
f(x) < f(X,) 6ymu0, VX e (X, —0, X, +0) nma f(x)<f(x,) 6ynanu. lemak, Oy
xonma f(X) dyHKIUS X, HyKTaza MaKCHMyMTa SpHIIaIH.
ANTalNuK,
VXe(Xo—0, X) ma f'(x)<0,
VX e (Xq, Xo+0) ma f'(x)>0
oyncun. Y xomma VXe(X, -9, X,), f'(X)<0 = f(X)kamaroBun, spHH
f(X)>f(Xy), xe(Xy, Xo+90), f'(X)>0 = f(xX) VcyBun, sbHK
f(x) > f(x,) 6ymu6, Vxe (X, —0, X,+9) na f(x)> f(x,) 6ynagu.
Hemak, 0y xonga f(x) GyHKIMS X, HyKTaJa MUHUMYMIa SPUILA]H.
Arap Vxe(X,—9, X,) ma f'(x)>0, Vxe(Xy, Xo+9) ma f'(x)>0
ek VX e (X —9, X) ma f'(x)<0, ¥xe(X,, X, +9) ma f'(x)<0 Gynca, ynna
f(X) dynxmms (X, —0,%, +0) ma ycyBum €ku (X, — 9, X, +0) la KamMaroB4d
oymu6 f(X) dbyHkus X, HyKTaga SKCTpeMyMra 3pui-maian. »
7-teopema. f(x) dynkmus X < R tymuiamaa 6epuiran 6ynu0, Kylnaaru
mapTiaapHu OaXapCHH:
1) £(x) e C(X);
2) 36 >0, VxeU; (X)) \{X,} ma f'(X) xocnia MaBxy] Ba 4eKIH;
3) f'(x) Xxocmwia X, HYKTaHMHI YHT Ba dYal TOMOHJIApUAA HIIOpa
CaKJIAHCHH.
Arap f'(x) xocmnma X, HyKTaHU yTUIIAA WOIOpacWHH Yy3raptupca, f(X)
(yHKLHS X, HyKTaJa 3KCTpeMyMIa pUILIaIu.
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Arap f’(x) xocuia X, HyKTaHd YTHIIJAa MIIOPACHMHH Yy3rap-TUpMaca,
f (X) dyHKIHA X, HyKTa/ma SKCTpEeMyMIa SpHIIMAIN.

By TeopemMa rokopuaaru 6-reopema kabu HCOOTIaHAIH.

8-Treopema. dapa3 kunaimuk f(X) ¢yakuus X < R tymiamaa Gepuiran

Ba MeN, m=2, X,eX 06ynub, Kyiiugaru mapmiapHu OakapCuH:

1) 35>0, VxeU, (X)X ma ™ (x) xocuna masxyn;

2) f(m)(xo) XOCHUJIa MaBXY/I;

3) f'(%)=T"(Xp)=...= TP (x,)=0, M (x,)=0.

YV xomma m=2k, keN Oymranga f(x) ¢ynkous X, HykTaga
sketpemymra spumm6, (™ (x,) <0 O6yaranga X, HyKTaga MaKCH-MyMTra,
f ™M (x,) >0 na MUHAMyMIa SpHIIaIN.

Arap m=2k+1, ke N o6ynca, f(X) dpyHkuus X, HyKTaga 3KCTpeMyMra

PULIMAN/IN.
« f (X) pynkumsHHUHT X, HyKTagaru Teinop popmymnacu

()
093100

HU ojlaMu3. by popMyiia TeopemMaHuHr wapTuaa ymoy

(m)( Xo)

(x— xo) +o((x xo)) X — Xo

F(X) = f (%) + ———22 (x=X%o)™ +0((x=%,)™ ), X X,

KypUHHINTA Kenaau. bynaan oca x # x; na

f ™), ol(x=x)")

m! (X=X%y)"

f(X)—f(Xo)=(X—Xo)m{

}, X — X,
OymuIy Kenub YuKaau.
1
«O0»  HUHT  Tappudpura  Kypa — | £ (M (X)»>0  com  yuyn
m:
36 >0, ¥xeU;(x,) \{X,} nykramapna

o((x — xo)m)
(X=%)"
oynanu. [lemak, X €U 5(X,) \{X,} yuyn
) olx=x)") T (x)

<[ (x)

m! (Xx—%y)" m!
MUKROpiap 6up xwi umopanu 6ynaau. bynnan sca X eU ;(X,) \{X,} na
f (M) (X )
—— 5 (x = xp)"

auHr umopacu f (X)— f(X,) alimpmanuHr umopacu OwinaH Oup XU OYIUIIN
KeJINO YMKaIu.

Arap m=2k, ke N 6ym6, f™(x,)>0 6Ynca, yana f(x)— f(x,)>0,
spHU T (X) > f(X,) Oymamu. f(X) pyHKUMS X, HyKTaJa MUHEMYMTa SpHIIAIH.
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Arap m=2k, ke N 6ymb, f™(x,)<0 6¥1ca, yana f(x)— f(x,)<0,
apHU T (X) < f(X,) Oymamu. f(X) dyHKIMA X, HyKTaga MakCHMyMra SpHIIaIq.
Arap m=2k+1 keN  o6ynca, f(x)—f(x,) aiiupma wumopa
cakiamaiy. by Xonga GyHKIus X, HyKTaJa dKCTpeMyMra spuiimanu. »
XycycaH, arap X, HykTa f(X) dyHKOMAHUHT cTaroHap HyKTacu 0Ymmo0,
f(X) dynkuums x, mykrama wexkimm f''(X,) # 0 xocmnara sra Oyica, my HyKTaaa
f(x) dynkmus f''(x,) <0 Oynranga makcumymra, f''(X,) >0 MuHMMyMmra

sra Oynaau.
2-MHUCOJ1. YOy

f(x)=23/x5 —5¥x% +1
GYHKIHS SKCTPpEeMyMTa TeKITUPHIICHH.
4 by o¢yukums R =(—o0j+0) aHmKIaHran Oyiamb, y Iy TyImuiamaa
Y3ITyKCH3. Y HUHT XOCHUJIACUHHU TOTTAMM3:

5 2 2

1
fr=2.5 x5 5. 2.3 10x=1)
3 3

Ry 1)

PaBmanky, QyHKUMSHMHI XOocCwjiacu X, =1 HyKraga Hoira anaHalu:
f'(1)=0; X, =0 HyKraza sca QYHKIMSHUHT XOCHIACH MaBXy/] dMac.

Xocuna udogacu (1) nan kypHaauku, X =1 HyKTaHMHI 4Yall TOMOHHJAru
Hykranapgaa f'(x) <0 yHr tomonumaru Hykramapga f'(x) >0 Oymaau. Jlemak,
6epwiran GyHKIES X =1 HyKTaja MEHEMyMra spumand Ba min f(x)= f(1)=-2
Oynanu.

Sna xocuna wudonmacu (1) man kypuHaauku, X=0 HYKTaHUHT dYaIl
ToMoHugaru Hykraigapaa f’(x)>0, yur toMmonumaru Hykra-napaa f'(x) <0
Oynanu.

Hemak, f(x) ¢ynkmus x=0 HyKkraga MakcUMyMmra JpHIlagd Ba
max f(x)= f(0)=1 6ynanu. »

Glossariy

DYHKYUAHUHZ KAMAIOGUUIUZU UWIAPMU. f(X) Pyrryus (a, b) oa f'(X)
yocunaza s2a OyICuH f(X) (a, b) oa Kamarweuu Oyiuwu yuyH f'(X)S 0
(X S (a, b)) Oy 3apyp 6a emapiu.

Azap f'(X) <0 6ynca f(X) Pynryus (a, b) oa Kamvuil Kamaroeuu 6y1aou.

11-AmMananii MALIFyJIoT:
1°. OyHKUUSHAAT YCYBYWINTH IAPTH. f(X) GyHKIHS (a, b) na f'(X)
Xocuiara sra OYIICHH. f(X) (a, b) A2 YCyBuUM OVIUIIM yYyH f'(X)Z 0
(X € (a, b)) OYIMIIM 3apyp Ba eTapliu.
Arap f'(X) > 0 6yuca, f(X) byHKIHUS (a, b) Ja KaThHil YCyBYH OY1aau.
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2°. OYHKUMSIHUHT KAMAIOBYWIATY LIAPTH. f(X) GyHKIHSA (a, b) na
f'(X) Xocujiara sra OyJICHH f(X) (a, b) 12 KAMAKOBYM OYJIHIIM yIyH f'(X)S 0
(X € (a, b)) OYIIHMIIM 3apyp Ba €TapJIH.

Arap f'(X)< 0 o6¥ica f(X) byHKITHS (a, b) 12 KATbHil KaMalBYH
oynanu.

l-mucoa. Yumoy

T
f(x)= cos

dyukyuanune ycyeuu ea Kamaroeuu 0y1a0uzan opaiukiapu monuicuH.
dbepwiran QyHKIMS KyQT OYNTaHIUTH YYyH YHH (O,+oo)z[a Kaparl
etapiu O6ynaau. Papianku,

f (x)_ sm—

I . T
DHAU f'(X) >0, apEn —, - SIN— > 0 TeHrcu3MUKHYE eyamus.

X X

T T T
sin—=>0 =0<—<m Ba 2NM<—<m+2N% (neN).
X X X

KelnHru TeHrcu3immkiapaan

X>1Ba
2n+1 2n

oYUy Kenub YuKaau.

2nl+ - 2_];] ), (n € N) MHTEpBaIapAa QYHKIH

JleMak, (1,+oo) Ba (

KaThull YCyBuM OYnaau.

T . T
PaBmankm, f'(X) <0, spHU 5" SIN— < 0 TEHIrCU3IMKHUHT €YUMHU
X X

(n € N)
oynanu. Jlemax, f(X) byHKIHS

[i, L ) (heN)

2n 2n-1

WHTEpBaJIapAa KaTbUi KaMaroBUU OYIa/Iu.

f(X) Kyt QyHKUIMSA OYAraHu yUyH y (— oo,O) Jaru
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(_i_ L ] (heN)

2n’ 2n-1

MHTEpBasUIapJa KaTbui YCYBYH,

(- o0,—1) Ba ( 1 1] (neN)

“2n+1’ 2n

HNHTtepBamiapaa 3ca KaTbuii KaMaroBuu OYymaau. »

2—-mucoJa. Yuoy
2

f(x)=%—lnx

dyukyua ycyeuu, Kamaro6UUIUKKa meKuupuicuH.

by QyHKIUs (0,+oo) Jla aHUKJIAaHTaH OyIu0, YHUHT XOCUJIaCH

X 1
f'(X)==——-=
0)=5-

oymasu.
BHHHf’(X)ZO,SI’bHI/Ig—%ZO
éKI/If’(X)SO,ﬂ’bHI/IE—ESO
5 X

Oynuira Tekimupamus. PaBmankuy,

2

X_ 1.0 &X =259 <:>(X—\/EXX+\/§)ZO
5 X 5X

ByHaan oca, (JE ,+oo) na f'(X)Z 0, (O, \/g) na f'(X)S O OynuIIMHU TOIAMU3.
Hemak, Oepwiran GyHKIUS (O, J5 ) Ja KaMaroB4YH, (x/§,+oo) na  ycyBuu
oynanu. »

3-mucoua. Azap f(X) éa g(x) pynkyusnap [a, b] cezmenmoa:

1) f'(X), g'(X) xocunanapza ’2a,

2) f'(X) > g'(x) mMeH2CU3IUK YPUHIIU,

3) fla)=9(a)
oynca, VX € (a, b] oa f(X) > g(x) Oynumwu ucoomnancun.

< f(X)— g(x) = (p(X) neiuk. YHia (p'(X) = f'(X)— g'(x) >0 6ynamy.
Jlemak, (p(X) GyHKIHSA [a, b] na YCyBuH.
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DHu (p(a) = f(a)— g(a) =0 OymumuHu >bTHOOPra onmd (a, b] na (p(X) >0
S'TbHU f(X) > g(x) OYIMILMHYU TONIAMU3.

Xyeyean, £(x)=In(L+x), g(x)=x— X? (0< x < +o0) nefinnca, yap
YIVH yuuaa mapt Gaxapiiue, ymoy
In(1+x) > x—X—22 (0 < x < +w)
TEHT'CU3IUK KeJINO YuKaau. P>

Kyiingaru  QyHKUMSJIAPDHMHI  YCYBYH, KaMalB4d Oyiaagurad

OPATHKJIAPH TOIMUJICHH.

1247.f(x) = 3x - x° 1248.f(x) = 8x° — x*
1249.f(x) = x° = 3x + 5 1250.F(x) = x(1+ 2/x)
1251.f(x) = 1252.f(x) = x| x|
1253.f(x) = ; i))((z 1254.(x) =| x |°
1255.f(x) = % 1256.f(x) = cosx — x
1257.(x) = x +sinx 1258.f(x) = x* —=10In x
1259.f(x) = % 1260.f(x) = x%™
1262.f(x) = x+ | sin2x| 1263.f(x) = x* Inx
3
1264.(x)= A 1265.f(x) = x2 — Inx?
—X
1 2x -
1266.f(x) = SRawa 1267.f(x)=x"e™ (n>0, x>0)
1268.F(x) = /8x* —x* 1269.f(x) = (1+ i)

1270.F(x) = 3;3 1271.F(x) = (x + Vx> -1

1272.f(x) = arctgx — In x
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Kyiimparu  ¢pyHkumsiiap  yCyBUWIMKKA Ba  KAaMalOBUYMJINKKA

TCKINUPHUJICHH:

1273.f(x)=In| x| 1274.F(x) = x + arctgx
1275.(x) = x® + arcsinx 1276.f(x) = Ig® x + x*
1277.F(x)=x*Ig” x (x=1) 1278.(x) = Ig cosx (0 <x< g)
1279.f(x) = arcsin(3x — 1) 1280.f(x) = r['f)[‘o(x — L)arctgx"
1281.f(x)=| Inx | 1282.(x) = arctg(x? — 2x + 3)
1283, 1

1284.f(x) =

£(x) = (x? +4x +6)- In(x? + 4x + 6) 1+cos® X

X
1285.f(x) = N

1287.f(x) = log, (x? — 8x + 20)

2

1286.f(x) = 2. X

f(x) Ba g(x) ¢ynknusiap X < R tynnamaa Gepuiaran 6yauod, Oy
TyIiamjaa f(X) MycOaT Ba KaMalOB4H, g(X) 3ca maHduii Ba ycyBuu 0yJica,
KyHuaaru QyHKIUAJAPHUHT YCYBYH KA KAMAOBYHU OYJIUIIM AHUKJIAHCHH:
1289.y = f(x)- g(x) 1290.y = f(x)—4g(x)

1291.y = f*(x) 1292.y = g*(x)

f(X) Ba g(x) ¢ynknusiap X < R tynnamaa oepuiran 6yamo6, mry
Tymiamaa Oy QyHkousuiap MaHpuili Ba KaMawBuu Oyica, Kyluaaru

DYHKIHMSTAPHUHT YCyBYH EKH KAMAIOBYH GY.IHINN AHHKIAHCHH:
1293.y =f(x)-g(x) 1294.y =3(x)

1295.y = 4f(x)+ 8g(x) 1296.y = g°(x)

1297 Arap f(x) dymsxmms (a,b) wnrepsamma ycysum 6ym6, f'(X) mamxyn
6yuca, f'(X) munr (a,b) na yeysummirn xakua Huma xeiinm MyMKuaH?

1298. f(X) Ba g(x) (GyHKIMsUIap Kyuaard mapTiapHd OakapCHH:
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1) f(X) Ba g(x) dbyukusnap N mapta auddepeHIaiianyBuu;
2) F¥(x,)=9"(x,) (k=0,1,2,...n-1),
3) x>x, ma fO(x)>g"M(x).

V xonga X> X, JAa f(X) > g(x) oYUy BCOOTIAHCHH.

Kyiingaru TeHrcus3JauK/aap ucOOTJIAHCUH:

1299.x+§22 (x>0)
1300.2+/x > 3—% (x>1)
1301.(1+ x)* = 1+ ax (x=-1, a>1)

1302.e* >1+x

1303.e* > ex
X2
1304.6" 2 14X+ - (x=0)
1305. In(1+ x) < x (x=0)
X
1306.In(1 — 0
n( +x)>X+1 (x>0)
1307.6* > 1+ In(1+x) (x>0)
1308.1—2|nxsxi2 (x>0)
: 2 ( n]
1309.sINX = —X 0<x<—
T 2
X3
1310.5iNX > X =~ (x>0)
X2
1311 c0sx > 1= = (x>0)
1312.t X (0 <x< E]
gx> X+ = ;

1313.arctg < X (x>0)



1314.sinx + tgx > 2X (O<x<g)
\
sinx)’ ( T
1315.| —— | =cosX O<| x| =
X \ 2
1316.(a+b)* <a® +b* (0<ax<1)
1317.%/x —fy </x-y (x=y=0)
1318 1Y | <2 1Y (x=0,y=0,neN)
2 2
X — X X-y
1319.—=<In—<—= Xx>y>0
X y |y ( )
11-keiic

KeiicHu 0axxapuin 00CKMYWIapH Ba TONIIHPHUKJIAP:
] xkeficmaru MyaMMOHHU XaJl KMJIMIII MYMKUH OYJiran acocuii ¢goopmyna, TylryH4a
Ba TACJUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

] TymmaHraH MablyMOT/IapaaH Gpoigananu0, KyHuiaran MmacajaHid €4uHT
(vHIMBUIYAN).

X X+1
1320.(1+1) <e<(1+1] (x>0)

X X

1321.x* =1 > olx — 1) (x>1,a>2)
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12-mabpy3a: OYHKIMSHUHT KABAPUKJIUTH, 3TUJIHII
HYKTAJIap¥ Ba ACUMIITOTAJIAPHU
PEXA:

1°. ®yHKUMAHMHAT KABAPHKJIMIH Ba 0O THKJIUIH.
20, OYyHKIUMSAHUHAT TN HYyKTAJIapH.

TASAHY UBOPAJIAP: f(X) ¢pyuxyus (a,b) oa bepunean 6yau6, ynoa
f'(x) yocunaca sea 6yncun. f(X) @gyuxyusnune (a,b) oa 6omux (kamwvuil
oomuk) oynuwu yuyn f'(X)nune (a,b) da ycysuu (xamwvuii ycyeuu) oyiuwu
3apyp ea emapJu.

1°. ®ynkuuAHMHAT KAaBApUKJIUIH Ba GoTuraurn. ®apas kunaiinuk, f (X)
¢ynkuus (a, b) na 6epunran 6ymuo, X;, X, € (a, b) yayn x, < x, Oyncus.

f(X) ¢ynxkmus rpapurmausr (X, (X)), (X,, f(X,)) HyKTa-mapuman

yryBun TyFpu un3ukau Y =1(X) nmecak, y Kyiingarinya

1(x) = 22— X £ (x,) +
2 =X Xy —

X7 £(x,)
Xy

oynanu.

1-tabpud. Arap xap kaHmait opamuk (X, X,) = (@, b) ma sxoimamran
VX € (X, X,) yuyH

f(X)<I(x) (f(x)<Il(x))

oynca, f(X) dynkums (@, b) ma 6otuk (KaTbHii 00THK) QYHKIUS JCHHIIAIH.

2-tabpud. Arap xap kKanmal opamuk (X, X,) < (a, b) na xoinamran
Vx € (x;, x,) yuyH

f(x) >1(x) (f(x)>1(x))

oynca, f(X) pynkums (@, b) ma kaBapuk (KaTbuii KaBapuK) QYHKIUS ACHIIAIN.

boruk xampga kaBapuk ~(QYHKUMSJAPHUHT Trpaukiapu 7-ur3Maja
TaCBUPJIAHTAH:

Ja Va
Ix) J @)
&) ix)
0 " 0 ¥y
7-dau3ma.
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Anraitnuk, o, 20, o, 20, o+ =1 6ynub, Vx;, x, €(a, b) Oyucun.
OyHKIMAHUHT OOTHUKIMTH XaMJa KaBapUKIMTHHHA KyWuaarmda Tabpudiam xam
MYMKHH.

3-tabpud. Arap
fla X +ay%;) <oy fi () +a, T(X;)
(Fla Xy + %) <oy f (%) +a, (X))
oynca, f(X) pynkuus (a, b) ma 60THK (KaTbuit OOTHK) IEHUIAIH.
4-tabpud. Arap
fla X +ay%;) 2 (%) + o, F(X;)
(f (g X +o,%) > f(X)+a,f (Xz))
oynca, f(x) dynkmus (@, b) ga kaBapuk (KaTbuil KaBapuK) ICHUIIAIM.
1-mmucou. YOy
f(x)=x?
¢yakus R ma kareuii 60THK QyHKIMA OYiamu.
<« 3-tabpudaan QoiigasaHud TonaMus:
FlanX + %) = (X +a%,)° = (a%)* + 2000, % %, +(@%,)* <
<alxt + ooy (X +Xp)? +aixs = oy X (o + ) + o X5 (o + aty) =
= o Xf + o X5 =0y T (%) +a, T (x,) P
1-teopema. ®apa3 kunainuk, f(X) ¢ynkuus (a, b) ga Oepunran 6yauo,
yana f'(x) xocmnara sra 6yncun. f(X) dynkuusaunr (@, b) ma 6otuk (kaTbuii
0otuk) Oyaumu yayH f'(X)amuar (@, D) ma ycyBum (karbuii ycyBuM) OYiuIIm
3apyp Ba eTapIIH.
« Bapypaurn. f(X)pynxkuus (a,b) na OGoruk Oyacun. Y Xonma
VX, X, €(a, b), X <X,, VXe (X, X,) yayH
X, — X X—

f(x)+
Xy =X Xy —

f(x)<

X

= f(x,)
Xy
o0ynu0, yHaaH

F0—1(x) _ F(%)~F(X)
X=X Xy=X

oymmm  kemu6 wmkamm.  ((X, — %)= (X, —X)+ (X—X%,) meitmnam). Keituaru
TEHICU3IIUKAA X —> X; CYHT X — X, Ja JIUMUTTa yTHO,

f !(Xl) < f (XZ) — f (Xl) ’

Xo =%
f/(xz) > f(XZ)_ f(xl)
Xo =%

oymumuan Tonamms. YHman f'(x)) < f'(x,) Oymumm kenn6® umkamm. Jlemax,
f'(x) dynknus (a,b) na ycysum.
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f(x) pynkums (@, b) ma xarewmit 60THK OYicuH. Y X013

f00-104) _ FOp)= F()
X — X, X, — X

oynaau. Jlarpamxk Teopemacura MyBopUK

T =10a) f'(c), X <¢ <X;

X — X,
T0)=T) _ ey x<c, <x,
X, — X

oymuo6, ynpan f'(x) < f'(x,) 6ynmumu kenubd yuxamu.
Erapmmnuru. f'(x) ¢ynkmus (a,b) ma  yeyBum (xatpmii  ycyBum)
oyncun: VX, X, €(a, b), X, <X, na
PO F00)  (F1(x) < F00)).

Jlarpanx TeopeMacuiaH ¢oiinanaHnud TomaMus:

Te)=T) _ fc)), X <C <X
X — X,
)= 1) _ f'(c,), X<C,<X,.
X, — X
Papmankuy, X <C <X<C,<X, = C <C,. Jemak, f'(c))<Tf'(c,)

(f'(cy) < f'(c,)) 6ynub, roxopumaru MmyHocabaTIapIaH

PO - Fx) _ (%) - F(x) (Hm—fuo<fu»—umJ

X—X, X, — X X—X, X, — X

oymumm kenu6 uyukaau. by sca f(X) ¢ynkuusausar (a, b) ma 6otuk (karbuii
O0O0THK) PKaHUHU OMIIupanu. P

Xyaau 1myHra yxiam, Kyiuaara TeopemMa xaM ucOOoTiIaHaIu.

2-teopema. f(x) o¢yukums (a,b) na Oepunran O6yau6, yuma f'(x)
xXocuiiara 3ra OyJICuH.

f(X) dynknusausr (@, b) na kaBapuk (KaTbuil KaBapuK) OYJIMIIN YUyH
f'(x) muar (@, b) 1a kamaroBuYM (KATHUI KaMalOBUH) OYJIHIIYU 3apyp Ba €TapiIu.

Avnraiinuk, f(X) ¢yakuus (a, b) ma O6epunran 6ymu0, y 1y nHTepBaiia
f "(x) xocwiara sra O0yicuH. Bynnan tamkapu (a, b) WHTepBaHHMHT Xap KaHa
(a, ) ((a, B) = (a, b)) kucmuga f"(x) aitHaH HoJra TEHT OYJIMACHH.

3-teopema. f(x) dbyukums (a, b) uutepBanma 6otuk (KaBapuk) OViIUIIH
yayH (a, b) na

f"(x)>0 (f"(x)<0)

oYy 3apyp Ba eTapiu.

By TeopeManuHr ucOOTH POKOpUAark Xamaa (QYHKIUSHHHT MOHOTOHJIUTH
XaKUJary TeopeManapaH Keauo YuKaam.

2-MuCoJ1. Y10y
f(x)=Inx (x>0)

byHKIUS KaBapuk OViaau.
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by dbyHKIUsa yuyH
f'(x) = —iz <0
X

6ymamm. 2-Teopemara kypa Gepunran f(X) =In X ¢bynximms (0,+0) na KaTbuii
KaBapukK Oymaam. P

20, @ynkuusaHMAT rumm nyKragapu. @apas kunaiimuk, f(X) Qysxuus
X c R rtymnamma OGepminran Oymub, X, € X, (X, —0, X, +9)c X, >0
Oy JICHH.

S5-tabpu¢. Arap f(X) dysxkuma (X, -9, X,) ma Ootuk (KaBapuK),
(Xo,» Xo +0) na xaBapuk (0otuk) 0ynca, X, HykTa f(X) QyHKIMSHUHT SrH/IHLI
HYKTACH ACHUTIAIN.

Aviraitmuk, f(X) dymxkmms (X, -0, X,+90) ma f"(x) xocumnara sra
oyncuH. Arap Vxe(x, -9, xp) na f"(x)>0 (f"(x)<0),

Vxe(xy, xo+0,) ma f"(x)<0 (f"(x)=0),
oynca, f'(x) QyHKIHMS X, HyKTaJga 3KCTpeMyMra 3pumany Ba aemak, f”"(x,) =0
oymamu. Jlemak, f(X) ynkius srunumn Hykracu-na  f”(x) =0 O6yiamu.

3-mucona. Yoy

f(x)=x3
byHKImMsA X, =0 HyKTaza srugagu.
by byHKIIUS YUyH
f"(x)=6x
0ynuo,
Vxe(-0,0) na f"(x) <0
Vxe(0,0,) na f"(x)>0 (0>0)

oynamu. »

3%. @ynkuus rpadpuruauar acumnroragapu. dapas xunaimuk, f(X)
¢yaxkmns X < R tynmnampa Gepunran 6ymu0, X, HykTa X TYIUIAMHUHT JIUMHT
HYKTacu OYJICUH.

6-rabpud. Arap ymoy

lim f(x), Ilim f(x)
X—>X,—0

X—>Xo+0
JTAMHUTIApAaH Oupu €KM MKKaJacH XaM 4eKch3 Oyica, X =X, Tyrpu um3uk f(X)
(GyHKUMS TpPAQUTHHUHT BEPTUKAIT aCUMIT-TOTACH JIEHUTIAIHN.

1

Macanan, f(X)== oyukiuus rpadurun yuyn X =0 TYFpu YH3UK BEpTHKAI
X

acumnrToTa Oynaau.

Aijiraitnuk, f(X) gyakuus (X,, +o0) na aHUKJIaHTaH OYJICHH.

7-tappud. Arap myHaai K Ba b connapu Tonumicakw,
f(X) =kx+b+a(x) (X >+ ma a(x) —0)

oynca, Yy =Kkx+b tyrpu umsuk f(X) QyHKIMS rpadUrHHUHT OFMa aCUMITOTACH
NEUNITIaIN.
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4-teopema. f(X) dynkmus rpapurm y=kx+b orma acumnrorara sra
OynuIIN yuyH
lim M: k, lim (f(x)—kx)=b
X—>+00 X X—>+0

OynuIy 3apyp Ba €Tapiu.
« 3apypiuru. Y =Kkx+b tyrpu unsuk f(X) GyHkIus rpaduruHuHT oFMa
acuMnToTacu OYJIcuH. YHJa

f (X) =kx+b+ a(x)
oymb, X—>+ow ma a(xX) >0 Oynamu. By TeHrnmkHM 3bTHOOpPra  0JIKO

TOITIaMH3:
im f(x) _ lim kx+b + ax _k:
x—>+o0 X X—>+00 X
lim (f(x)—kx)= lim (b+a(x))=Dh.

Erapiuiauru. Yoy

im Xk gim (F(x)—kx) =b

X—>+wo X X—>+00

MyHoca0atnap ypuniu 0yicuH. by myHocabatnapaan
(F(X)-kx)—b=a(x) >0 = f(X)=kx+b+a(X)

oynuiuy kenub yukaau. P
3

4-mucoa. f(x)=

( ) 5 (byHKI_[I/ISIHI/IHF OorMa aCuMIIToTacu TOITNJIICHUH.
x-1

« by QyHKIIUS yUIyH
f(x) x?

k= lim —== Ilim - =1
X+ X X—>+00 (X—l)

b= lim (f(x)—kx)zlimL X szz

X—>+00 X—>+0 (X—1)2 B

oynagu. llemak, Yy =X+2 TYFpu 4u3uK OepuiraH (QPyHKIUsS TpaQUTHHUHT OFMa
acuMIroracu 0yiaau. »

MamxkJap

1. Ymby

| x=1]
f(x)=
K="

GYHKIUSTHUHT OOTHK Xam/ia KaBapyuK OYJaguraH OpaJiiKIapy TOTHIICHH.

2. Ymoy
2 J—
F(x) = 2X° 4+ X-2
x-1
(GYHKIUS TpaUTHHAHT OFMa aCUMIITOTACH TOITHJICHH.
3. Ymby
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a) f(x)=x%¥e,
0) f(X)=x+ 2arccte,
B) f(X)=

TEKIIUPUIICUH, TpapuKIapy YU3UICHH.

e” —1‘ byHKIUsAIApHU  Xocwiaiap — €pAamMuia  TYIUK

Glossariy

Yy =kx+b myspu uusux f(X) dynxyus epagpueunune oema acumnmomacu
oyacun. Ynoa
f (X) =kx+b+a(x)
oyaub, X—>+oo na a(X) >0 6yraou. By menenuknu dvmubdbopea  oaud

monamu3s.

im f(x): im kx+b+ax:k;

X—>+0o X X—>+00 X

lim (f (x)—kx) = lim (b+a(x)) =b.

X—>+00

12-AManuii MalIFyJoT:
OYHKUUSIHUHT KABAPUKJIUTH, 0OTHKJIUTH,

ITWJINII HYKTAJIAapu Ba aCHMIITOTAJIapHu

1°. dynkuns KaBAPUKINTH Ba GOTHK/INIH TyUIyHYACH. f(X) byHKIUSA
(a, b) na Gepunran 0ynno, X, < X, TEHICU3JIMKHU KaHOATIIAHTUPYBYA HXTHEPHUN
X,,X, €(a,b) map Gepumran 6ymemn. Masmymxn, (x,,f(x,)), (x,.f(x,))
HyKTajap OpKajy YTyBUU TYFPU YM3UK TEHIVIAaMACU KyWUAaru

I(X)= ;2__: 'f(X1)+ )z(__)i(l 'f(xz)
2~ 2~ M

KYPWHHILTA 3Ta.
Arap uxtuépuit X;,X, € (a, b) na VX e (Xl : X2) y4yH
f(x)=1(x) (F(x)>1(x))
oyca, f(X) GyHKIHS (a, b) Ia KaBapuK (KaTbHil KaBapHK) JICHUIAIN.
Arap uxtuépuit X;,X, € (a,b) na Vx e (x,,x,) yuyn
F(x) < 1(x) (F(x)<1(x))
oyca, f(X) GyHKIHS (a, b) 7a 60THK (KaThbHii 00THK) JeHnIaIM.
2°. OyHKUMS KABAPHK/JINIH Ba GOTHK/JIMIHHMHI €Tap/id LIAPTIAPH.
f(X) GyHKIHS (a, b) 114 UKKUHYHM TapTHOIINU f"(X) xocunara sra 6yiacuH. Arap
(a, b) na
(>0 ("(x)<0)
Oyiica, y xouaa f(X) GyHKIHS (a, b) na 60THK (KaBapuk) Oyiaau.
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3°. ®ynkuus rpagUIHHMHT SrIIMII HYKTACH. DCHIMII  HYKTA
OYJIMIIMHUHT eTapJ/iu IAPTH. f(X) GyHKIHSA (a, b) na Oepwiran 6§60, 6 >0
Ba X, € (a, b) yUyH

(x,—8, x,+8)c(a,b)

OyicuH. Arap f(X) byHKIUSA

(X0 -9, Xo) na O0THK (KaBapHK)

(XO, Xy + 8) na KaBapuk (0OTHK)
Oyica, X, HyKTa f(X) GbyHKIUSHUAT (QYHKIIUS TpaQUIUHUHT) 3THJIHII HYKTACH
eUnIaan.

Arap

1) f(X) GyHKIHS (XO -0, X,+ 8) 714 UKKAHYH TapTHOIIH f"(X) Xocujara
ara,

2) £"(x)=0,

3) (x,=8, %x,) ma f"(xX)>0, (x,, X,+8) ma f"(x)<0 &xu
(%, =8, %,)maf"(x)<0, (X,, X,+8)maf"(x)>0
Oyica, X, HyKTa f(X) GYHKIUSTHUHT 3TUJIMII HYKTacu OYiaau.
OYHKIUSHUHT UKKUHYU TapTUOIU XOCUJIACH MaBxKyJ OVIMalIural HyKTacu Xam
VHUHT 3THJINIT HYKTacH OY AN MyMKHH.

4°, DOyHKUUA TPAaQUIrHHMHT ACMMITOTAJAPH. f(X) dyakmus X< R
Tymamaa Oepuinran OynuO, @ Hykrta X TYIUIAMHUHT JUMHT HYKTacu
(a eRuU {- oo,+oo}) OyJIcuH.

Arap

lim [f(x)- (kx+b)] =0 &xu lim [f(x) (kx+b)]=0

X—>+00
oynca, Y=KX+b tyrpu unsux, f(X) (byHKI_II/ISIHI/IHF 0FMa ACHMIITOTACH
neviunanu. bynna

f(x) .
k= lim b= lim|f(x)-kx
X—=+0o X x—>+oo[ ( ) ]
oynmanm.
Arap ymoy lim f(X) +00 €KHM -0,

Xx—a+0

lim f(X) +oo €Kkm -

x—a—0
MyHOcabarnapaaH xed Oynmaranjna OuTracu YpuHiu Oynca, X =a (a € R)
TYFPU YU3HK f(X) (GYHKIIUSTHUHT BEPTHKAJ AaCUMITOTACH JICHIIAIN.
8—mucoa. Yuoy
f(x)=3x" —5x* + 4
QynKyuanunz Kaeapukiucu, OOMUKIUSUHU AHUKNAO I2UIUWL  HYKMACU

MONUICUH.
dbepunrad QyHKIUSTHUHT XOCHITAIAPUHU XUCOOTaiMHU3:

f(x)=15x* - 20°,
f"(x) = 60x° - 60x° = 60x°(x -1)
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PaBuranku, X, =0 ma f"(O) =0, X, =1 na f"(l) =0 6ynanu. By Hykramap
arpodua f"(X) HUHT UIIOPACUHHU aHUKJIAHMHU3;

(-8,0) ma f"(x)<0, (0,8) na f"(x)< 0, (6> 0)

(1-8,1) na f"(x)<0, (1, 1+8) na f"(x)> 0.
Jlemax, (— 00,1) na f"(X)< 0 6yim6, nry opanukna QpyHKIMS KaBapHK OYIIaiu;
(1,+oo) na f"(X) > 0 6ynu0, ury opanukna GpyHkuus 60THK Oynagu. X =1 Hykra
STHJIAII HyKTacu Oynaau. (6-auzma). P>

207
15—

101

-10 -5 0 s 10

-1’5 1

6-un3Mma.

O—-—mucoa. Yuoy f(X)= IX® pynkuun zpagueununz reunuwm
HYKmMacu monujicuH.

by QyHKIUSHUHT xocymanapHHH XUCOOIaiMu3:
1
10 - 10
f(x)—— x3 f(x)=""-x3=—=
9 9-3/x
PaBmanku X =0 HykTana (yHKUMSHUHI MKKMHYU TApTUOIM XOCUIACH MABXKYy/]
sMac. By nykra arpoduna f"(X) HHMHT UIIOPACHHU aHUKJIANMuU3:

X< 0 Oynranmga f"(X) <0, x>0 6ymranma f"(X)>0 Gymrann caGaGuu
Oepunrad GyHKIUS (— 00,0) 71a KaBapuK, (O,+oo) na 6otuk 6Yiu6 X =0 srumwm
HyKTacu Oynazu. P

100-mucoa. Yuoy

x* — 6x +3
f)="——
¢yukyua zpaguzununz acmnmomanapu monuICUH.
<«Pasmanku, X —>3 1a f(X) —> . Jlemak X=3 Tyfpu Yn3uK QYHKIHS

rpa@UruHUHT BEPTUKAJ aCUMIITOTacH OYiaau. DHIIM KyHuaaru
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= lim fx) ) b= lim [f(x)-kx]

X+ X X—>+00

JIMMUTIIaPHHA XHCO6HaﬁMH3.

2
k= lim X =%*3_ i
X—>+00 X(X—3) X—>+00

1- 6+32
X X -1

—x
1-">

X

2_ —

b= lim| X =*3 |- jim 372 3
X—>+ X—3 x>+ X —3

Hemak, Y=X—3 Tyfpu 4YM3UK OepwiraH QyHKIOUsS TpapUrdHUHT OFMa

acummnroTtacu 6yiamau. (7-uuzma).
107

X=3 y=x-3

_15 - .

7-yu3ma.

Kyiingaru GQyHKUMSUIADHUHT KABAPpUK Ba 00THK OVJIHII OPAJIUKJIAPH

TOIINJICUH.
3 1
1389.y = x° -4X 1390.y = —
X
1391.y = 3x" - 8x° - 6x° + 12 1392y =——— (a>0)
a’ +Xx
1
1393.y = = -3Ix°
y (x+1)° 1394.y = x+2-3X
.1
1395.y = arcsin= 1396.y = x
X 1+X
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1397.y = 1+ X° 1398.y =™

1399.y = X +sinx 1400.y = In(1+x°)
-1
1401.y = x-1 1402.y = 4-/(x—1)° + 20\/(x—-1)°
X - v/X
1403.y =1-|x* - 2 1404.y = (1+ x2 "

3
1405.Ymby Y = x* +ax® + > X +1 byHknuss & HHUHT KaHAall KuiiMaTuaa

(— oo,+oo) na O0THK OYIaju.
1406. Yoy y =Xx" ¢yukuus n>1 6ynranma (O,+oo) OopaJiuKJa KaBapuK,
0<n<1 6yaranga (O,+oo) 7a O0TUK OVIIMIIN KYPCATUIICHH.

1407.Arap [a, b] CEerMeHT/a f"(X)Z 0 6¥ynca, uxtuépuii X, X, € [a, b] nap yuyn
f(xl + xz) < ) +(x,)

2 2

oYUy NCOOTIaHCHUH.

f(X) GyHKIHUS (a, b) na Gepwiran 6ymu6, V X,,X, € (@,b) Ba o, 20,a, 20,
o, +ta, =1 yuyn
flaX;, +a,x,) <ayf(x,) +a,f(x,)
oVica, f(X) byHKIHS (a, b) na 00THK,
flax, +a,X,) 2 ayf(x,) +a,f(x,)
oyca, f(X) GyHKIHS (a, b) Jla KaBapHK JeHUIaIn.
1408.Ymby

x+y X y
e ? Se _;e (X,ye(—oo,+oo))

TEHT'CU3JIMK UCOOTJIAHCHH.

Kyiingaru ¢pynkuus rpa¢uruiHUHT 3TMJIMII HYKTAJAPU TONMWJICHH.

1409.y = 3x° -5x* + 4 1410.y = COSX
, X :
1411,y =1+X —? 1412.y = e*

1413.y=1-In(x2-4) 1414.y=arctg~
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1415,y = 4 + 1 1416.y = k-1

2

X X
In x

1417.y = — 1418.y = 2X° + Inx

y N y

x* A

1419.y = 1420.y =v1-x°

ARCIRnE y

Kyiinaaru GyHKIuAIAPHU KaBapUKJIUKKA, 00THKJIMKKA

TEKINUPUIICHH, ITWINIIT HYKTAJApHU TOIMMWJICHH.

1421y = x* - 3x* - 9x+9 1422,y = —
X =4
1423.y = (X+1)* +¢&* 1424.y = arctgx - X
1425.y = 3/4x® —12x 1426.y = 2-|x° -1
> __ ASinx g’ Y’
1427.y=x+x3 1428.y =e (—ESXSE)

Kyiingaru pyHKUMAJAPHUHT 3T WIKII HYKTAJapy TOIMJICHH.

1429.y = x° -10x* + 3 1430.y ="
1 In x
1431.y = 4x* + = 1432.y = ——
’ X Y= %

1433.2 Ba b xampmait kmiimarmapuma y = ax® + bx? GYHKIUSHUHT  ATUIHII

HykTtacu X =1 Oymaau?
. T
1434.Ymby Yy = x® +x*sin = GyHkumsHuHT Srusmin Hykracu X = 0 6¥umm
X

WCOOTJIAHCHH.

1435.Vuiby Y = XSINX(PYHKUUSHUHT STHIMIIT HYKTaCH KyHHIaru
yZ(4+ x*) = 4x°
TEHTJIMKHU KaHOATJIAHTUPUIIN KYPCATHIICHH.

1436.h mmuar kanpai kuiiMataapuaa X = £0 HyKra
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Y= (1>0)

GYHKUMUSIHUHT STHIMII HYKTacu 0yiaau?

Kyjiingarn pyHKuusIapHUHT 3THJIAIT HYKTAJIAPUH TONMWICHH.

1437.y = sin*x + cos’x 1438.y = |* - 1

Kyitngaru ¢pyakuus rpaguKJIapUHUHT ACUMITOTAJIAPH TONMUJICHH.

2X* +X—2
1439y = ——— 1440y = ———
Y x—1 Y= Zax+3
5 2
X V1+ X
1441.y = 1442.y =
RV y X
1443,y = 2x = 2% 1445,y = 4x + arctg 2
X
XZ
1446.y = /X +1—~/x—1 1447.y =
X +1
1448.y = X - arctgx 1449.y =~/x* —=1-X
x e
1450.y =1+ x - &2 1451y =[e* -1
In x 1Y
1452,y = X+ — 1453.y=(1+—)
X X
1 )
1454.y = XSIn— 1455.y = x“Inx
X
12-keiic

Keilicau 0axapuin 60CKUWIapu Ba TONIUPHUKIIAP:
[] kelicmaru MyaMMOHH XaJl KWJIMII MyMKHH OyIrad acocuil popmyra, TyluryHua
Ba TaCAUKJIAPHU KEATHUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJjapaa);

] TynnaHran MabayMoTiapaaH ¢oiifananud, KyHniaran MacajJaHd eqruHT
(uHAMBUTYAT).
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1456.y = In(1 +e*) 1457.y = —
SINX+ COSX

1458.y = Inshx 1459.y = Inx - arctgx

13-14-mabpy3a: OyHKUMSJIAPHA TYJIUK TEKIIWPUIIL.
PEXA:

1. OyHKHUsJIApHU WAPTJIAP épaaMuIa TYJIUK TeKIIUPHUIIL.

2. T'pajuxaapHu Yu3UII

OyHKIUSHA TYJIWK TEKIIUPUIN JeraHia (QyHKuus xakuaarua Oapua
MabJIyMOTJIapJlaH, KyMmiiaJlad PyHKIUSI XOCUIaCu TYFPUCUIATH MabIyMOTIapAaH
doitnanann® QyHKIMs XyCyCUSITHHU YPraHUII Ba 11y acOC/Ia YHHHT rpa(uruHu
YM3UII TYIIYHUJIA]IH.

y= f(X) (GyHKUMS TYJIUK TEKIIMPWIUIIA Ba YHUHI TpadUrd 4A3WIMILA

Kepak OyicuH. TeKImMpuHu Kyiiuaaru cxema 0yinya oaud OOpHIll MyMKHH:

1) OYHKIUSHUHT aHUKJIAHWIT TYTUTAMUHH (COXACHHH) TOIHIIL;

2) OyHKOUSHYA KYPT, TOKIUTHHA XaMIa JaBPUAIUTHHA aHUKJIAI;

3) OyHKUUSHUHT Y3IYKCU3JIMTHMHU ~aHUKJIANI, Y3WIUII HYKTAJIapUHU
TONUII.

4) OyHKIUSHU YCYBUYM Ba KaMAlOBYWIMTMHU aHUKJAIL, YCyBUM Ba
KaMaroBYM OYJauraH OpaJIuKJIapUHU TOTIHILL;

5) OyHKIUSHUHT 3KCTPEMYM KHHMATIapUHH TOIIUII;

6) OyHKIUSHUHT KaBapUKJIUTH Ba OOTUKJIMTHHU aHUKJIAII, KaBapUK Xam/ia
00TUK OYnanuran opalvKIapHU, ITYHUHTAEK STHIINIL HyKTalapyuHUA TOMUIL,

7) ®ynkius rpadgura aCHMNTOTAIAPUHN TOITHIIL,

8) dyukius apryMeHTH X HHUHT 0ab3u KuiMariaapuaa (QyHKIUS
KUWMaTIapuHu, >KyMiaJaH KOoOpJAuHATajlap YKJIApUHM KEeCUIl HYKTaJlapuHU
TONUII.

9) Kentupuiaran wmabiaymoTiaapuaan ¢oiganannd (GyHKus rpaduruHu
YU3HIL.

11-mucoua. Yuoy

f(x)= % + 4x>

GPyHKyua myaux meKuwiupuicun 6a cpagpueu YuuICcuH.
< f(X) dyrkmms X =R\ {0} TYIUIaM/Ia aHWKJIaHTad. by QyHKIws yayH
f(-x)=f(x)  f(-x)=—F(x)
Oynranu y4yH y KypT XaMm 3Mmac, TOK XaM sMac. OyHKIus (— oo,O)u(O,+oo) na
y3nykcu3 6ymu6, X = 0 Hykraga 2—ryp y3uinira sra. PaBmanku,
ro)=2 "1 tr()=s4 2
7

X x3
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8x> -1

X2

1
oynuo, X = > (GYHKUMSHUHT CTallMOHAp HyKTacu Oyiaau. (4yHKU =0=>

1
=2)

Arap X< % oyaca, f'(X)<0; x> } oynca, f'(X)>0 6ynamu. Jemaxk,

[HEN

E oo) na ycysum OYamO, f"(%)>0

Oynaranu cababmu QyHKUIUA X = HyKTaJla MHHUMyMIa DJpHUIIagd Ba

byHKIIHS (—oo,%] Jla KaMaroB4YH, (
1
2

minf (X) (2) 3 Oymamu. DHau f"(X) 8 +£_o TEHIJIAMaHH €49Ho,

x°
32 32 y
TOoamu3; X=— 7 Arap —0<X< 7 Ba 0O<X<+o 6¥ica,

3
f"(X) >0; — g < X< 0 6ynca f"(X) <0 6ynanm.

3 3
JleMak, GyHKIUSA (—oo,— g) Ba (O.+oo) na OOTHK, (—%,0} 1a KaBapHuK

oynmuo6, X = Y HYKTa OSTWINII HYKTacw Oymagu. X = Y na OX ykunu
KecaJlu.
X = 0 Tyrpu unsmk Gepriarad GyHKIMSHAHT BEPTUKAI aCHMITTOTACH OY1aan
Kentupunran wmabiaymoTnapaan ¢oigananu® ¢GyHkuus rpaduruHu

ynzamu3 (8-umsma). P
YA

AL
|5
L]
2| —
S
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8-un3zma.

12-mucoa. Yuoy
f(x)=3/(x+1)° —3/(x~1)?

dyHKyua myauxK meKuupuicuHt 6a 2pagucu YU3UICUH.

by GyHKUUSHUHT aHUKJTAHHIIT COXACH (— oo,+oo) Oynanu. PaBiiaHkw, f(X)
GYyHKIIUS YIyH
f(—x)=—f(x)

oynamu. Jlemak, f(X) TOK (QyHKUMs OYVIMO, YHUHT Tpaurud KOOpJWHATAIap
Oomura HucOaTaH CUMMETPHUK OYiaau.
bepunran GyHKIws (— o0 +oo) 71a y3JIyKCHU3. YHHUHT XOCHIIaJapu

F(x )_g Yx-1-3/x+1 #(x )_g 3(x+1)" =3(x-1)*
Ux?-1 3(x? - 1"
oynagu. Uxtuépuit X € (— oo,+oo) na f'(X) #0 0ymu6, X==x1 nykramapaa
XOCHIIa MaBKy/I dMac.
X € (—1—5,—1) na f'(X) <0, xe (— 1,-1+ 5) na f'(X)> 0 Ba
xe(1-81) maf'(x)>0, xe(l, 1+8) maf'(x)<0
Oynranm  yayn X=-1 ga  ¢yHKOMA  MmHEMyMra dra  Oyimo0,
min f(X) = f(— 1) =-3/4, Xx=1 na ¢yHKOMS MakcEMyMra ora  GyiuO,
max f(X) = f(l) =3/4 Oynaau.
PaBmianku, f"(X) =0 Ba X =*1 Hykra f"(X) MaBXyJl dMac. X € (— 00,0)\ {— l}
na f"(X) <0, xe (0,+oo)\ {1} na f"(X) > 0 6ynanm.
Jlemaxk (— oo,O) na QYHKIUSA KaBapuK, (O,+oo) na 6oruk 0y, X =0 srummim

HYKTAa.
bepunran ¢pyHkius rpaduru BepTukall aCHMIITOTara sra sMac Ba

e 1im FOO _ o YO D —Y(x=0)°

X—+wo X X—>+00 X

= lim [f(x)—kx]= Ilm(\/(1+x) —3/(x— 1))

X—>+00

oynranu yuyn Y = 0 orma (Oy Xosaa ropu3oHTan) acuMnToTa 0ynaan. OyHKIus
OY 3ykunu X =0 nHykrama kecu0 yramu: f(O) =0.
by masnymoTnapaan doitnananu6 GpyHkuus rpaduruHu unzamus. (9-unzma). P
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9-yu3zma.

Kyiimparu  QyHKuMsuiap TYJAMK  TeKIIHPUJICHH, TrpaguKIapu
YM3UJICHH.

1460.y = X|X 1461.y = % - (4x° —x*)
2
1462.y = (x- 1) - (x + 2) 1463.y = &F 12)
X —_—
2
L4gay=y = X —2X+2 1465.y = 16x(x - 1)°

X—-1
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15-mabpy3a: Jlonuraa Kougajaapu
PEXA:

10 0 Bl — k¥
. YPHHHIIHMIATH X0JLIap.

20. 0.0, 0—o00, 17, 0° KYypHMHHIIMAATH X0JLIAP.

TAAHY UBOPAJIAP: Mavaym wapmaapoa ¢yHkyus iumumutu Xucooiau
Kouoanapu ypeaununean 30u. Kyn xonnapoa dynoaii wapmaap daxcapuimazanoa,

ABHU

5
HUHT JAMWUTH | — |,

)
9(x)

X— X, ma f(X)— +oo, g(Xx) — +oo: ) HUHT JIUMUT U (Ej,
9(x) o

X=X, ma f(x)—>0, g(x) »>0: 0

X —> X, ma f(X)—+oo, g(X) = +o0: f(X)—g(X) Hunr mumuTa (00 —0),

X%, 1a £0—0, g()—0: (£())®™ wmr mnrn [ooj,

X =% 1 F00—>L g0) -+ (F ()3 e mnvrn (100)

X=X, 0a f(X)—>ow,g(x)>0: f(X)g(X) nu mumumu ©®nu monuwoa
DYHKYUAHUHS XOCUNANapuea acocianean Kouoaza Kypa xucoonaw Kynaiu 6yaaou.
bynoati ycyn ounan @ynxkyus aumumunu monuw Jlonumans Kouoanapu
oeuunaou.

o 0 oo o
1°. — Ba — KYpUHMIINAATH X0JLIaP.
(0.0]
1-teopema. ®Papa3 kumaimuk, f(x) Ba g(X) ¢yuknusmap (@, b) nma
Oepwiirad 0ynub, Kyuaaru maptiapHu OakapCHH:
1) IirglO f(x)=0, Iirpog(x) =0;
X—>h— X—>b—

2) Vxe(a,b)ma f'(x)Ba g'(X) Xocuiamnap MaBKy/I;

3) vxe(a,b) ma g'(x) =0;
4) Yoy lim F') =¢, (/eR) maBxyn. VY xomma lim ) =/
Xx—b-0 g'(x) , . x—b-0 g(X)

oynau.
4 f(b)=0, g(b)=0 ne6 onamu3. Yuma f(X) Ba g(X) dyukuusiap

(b—0, b] na (6 >0) yznykcu3s 6ynub Komaau. TeopeMaHuHT 4-1apTrra Kypa:
f'(x)
9'(x)

Ve>0, 36 >0, Vxe(b-0o, b): —€‘<g

oynanu.
Oumu (b—J, b] na Komm reopemacuaan doinaaanud Tomamums:
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10| 1010 1o,
g9(x) g(b)—9(x) g'(c)
(ce(x,b)c[b-0, b]).
Jlemak,
lim M:E.
x—b-0 g(x)

[llynu ncbotnam Tanad KAJIWHTaH 4. P>

1-mucoa. Yoy
B
(In )% — (Xj
e a—-pf

lim =
X—e X—e e

MyHOCa0aT UCOOTIIAHCHH.

< f(x) = (Inx)* —G)ﬂ, 9(X) = x—e dysxmmsapn yaya (L ) na 1-
TEOpEeMaHUHT Oapya mapTtiapu Oa>kapuiiaiu:

1) lim £ () =lim [ ((Inx)” —(gjﬂ =0,

lim g(x) =lim (x—e) =0;

A1
2) f'(x) =a(nx)** 'l—g(g) , 9'(¥) =%
3) g'(x)=1=0;
wa 1 B (X p
, a(inx)**.= - (]
4) lim f,(x)znm x el\e) _a-p
x—»e g'(X) xoe 1 e
Jemak,
B
f (In x)“ —(X)
jim %) _ jim e) _2=F
x—>e g(x) X—>e X —e e

2-Tteopema. Ajraiunk, f(X) Ba g(X) ¢yukuumsmap (a, +o0) ga 6epuiran

0ynu0, Kylnaaru mapTiapHu 0a)KapCUH:
D lim f(x)=0, Ilim g(x)=0;

2) Vxe(a, +o) ga f'(x), g'(x) xocunanap MaBxy;
3) Vxe(a, +o) ma g'(x) #0;
4) Ymily

jim — 0 _

= g'(4)

makyn (feR). Y xomaa
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oynasu.

1 1
da>0 nge6, t=— geiimus. Yuma t € (0, =) 6yaud, X —>+00 ga t —+0.
X a

Oumu F(t) Ba G(t) dyHkuusuiapau Kyiunarnda
FO=1), GMU=9@

aHUKJIauMH3. YHIa
t—>+0 ma F(t)—>0, G(t)—>0;

F'®)=1'Q)- (—tiz), G't)=9'®- (—tiz);

Q) = r'e -/, (t—>+0)
G't) g
oymuo, 1-teopemara kypa, t —>+0 na
HONN
G(t)
oynanu. Keitmuru myHocabataas sca
lim 09 =/
x4 g(X)
Oymumuy kenubd yukaau P
2-MucoJ1. YOy
1
e’ -1
lim

x>+ 2arctgx® — 7
JIMMUTHU XUCOOJIAHT.

1
dArap f(xX)=e* -1 g(x)=2arctgx’ —z geiimnca, ymap ydayH 2-

TEOpPEMaHUHT Oapya mapTiapu Oaxxapuiiaau, KymiaaaaH
1

2 2 4x
f'(X)=——eXx, "(X) =
(X) W 9'(x) .

oymuo,
1
f! 23eX2 4
fim ) i X XL
X—>+00 g’(x) X—>+00 4x X—>+00 2X4 2
1+ x*
Oynaau. 2-Teopemara Kypa
1
x2 _
jim 0 _ iy )y €7 21
X—>+o0 (X) X—>+00 g(x) X—>-+00 Zarctgx - 2

oynamu. »
Kyinparn teopemanap xam HOKOpUJa KEATUPWITaH TeopeManapra yxmaml
ucOoTIaHaIN.
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3-Tteopema. Papa3 kwiaiimk, f(X) Ba ¢g(X) dyskmusiap (a, b) ma
Oepwiran 6ynu0, Kylunaru mapTiapHd OakapCHH:
1) lim f(x)=o, Ilim g(x)=o0;
X—b-0 x—b—-0

2) Vxe(a, b) na f'(x), g'(x) xocunamap MaBxy;,
3) Vxe(a,b) na g'(x)=0;

4) Yoy lim R =/, ({eR) maBxya. Y xonaa
x—b-0 g'()()
jim 1) _,
x—b-0 g(x)
oynasu.

4-teopema. dapa3 kumaiuk, f(x) Ba g(X) dyskmusmap (a, +o0) ma
Oepunran 0ynu0, KyHuaaru mapTiiapHu OakapCuH:
1) lim f(x)=c, lim g(x)=c0;
X—>+00

X—>+00
2) Vxe(a,+o) ma f'(x), g'(x) xocunamap MaBXy;
3) Vxe(a, +») ga g'(x)=0;

4) Ymoy lim f(x):f, (VeR) wmaBxyn. VY xomma lim M:E
X—>+0 g'(x) X—>+00 g(x)
Oynau.
20, 0-o0, 0—o0, 17, 0° kypuHMmMAAarum xouiap. By KypunuII-Iaru
AHUKMAaCITUKIIap %, i XoJiIapra KeaTUpwinO, CYHT HOKOpUIArd TeopemMaliap
o0
KYJUIAaHWIAIH.
1) X—>X, na f(xX) >0, g(xX) > Oyaranma f(x)-g(x)
(GYHKIUSHUHT TUMATHHA TOITUIN YIyH YHH
f(x) _ 9(x)
f(x)-g(x) = =
(-9 =77 =93
g(x)  f(x)

ne0, cyur 1- €k 2-Teopemaliap KyJUTaHUIaIH.
2) x—>X%X, ma f(X)—>+o, g(X) >+ Oymranga f(x)—g(x)
(GYHKIUSHAHT TUMUTHHA TOITHIN YIyH YHU

1 1

f(0-gy =301

f(x) 9(x)
ne0, cyHT 1-TeopeMa KyJIaHWIa Iu.
3) X = X na f(x) >0, g(x) >0 Xamia X = X, na

f(x) >1 g(x) >+oo 6ymranma (f(x))°™ DyHKIMAHHHT TUMUTHHE TOMHII

YUyH aBBaJIO
y = (f(x))?%
(yHKIMA T0oraprMIaHaaU, CYHT FOKOPUIArH TeopeMaiap KyJIaHuIaIq.
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3-mucoa. Yoy

JIMMUT XUCOOJIAHCHH.

. (sinXx\x?
< AsBano Yy =Iim (—j ne6 onamu3. PaBmrankm, X — 0 ga
x—0 X

F0="% 51 g =1 >+
X X

Coana xucobnanuiap EpaaMuaa TONaMus3:

i sin x
In sin X In
X

lim In y = lim —X— =lim ~—",% =
x—0 x=0 X x—0 2
()
X XCOSX—sin X
_|im Sin X X2 B
x—0 2X
!
1, xcosx—sinx 1. (xcosx-—sinx)
=—lim =—lim g =
2 x—0 X3 2 x—0 (X3)
1 | xsinx 1
2 x—0 3)(2 3]
! 1
. (sinx\«® @ —
Hemaxk, lim|——|" =e & »
x—0 X
MamkJjaap

1. Uxtuépuit o € Rna ymoy
4
(—arctgx)” -1

. 2a
lim % ==
x—1 In x 7
TEHTJIMKHUHT YPUHIIN OYIUIIN UCOOTIaHCHH.
2. Yoy
. /4
lim x(= —arctgx)
X—40 2

JIUMUAT XUCOOJIAaHCHH.
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Glossariy

X—>X, da f(X)—>0, g(X) >0 oyreanoa f(X)-9(X) @yuxyusanune
JUMUMUHY MONULL VYVH YHU

£ g0 =10 = I
0 (9

0eb, cyne 1- éxku 2-meopemanap Kyiianuiaou.
2) X—>X, 0da f(X)>+4m, g(X) >+ 6yreanoa  f(x)—g(X)
DYHKYUAHUHS TUMUMUHU MONUWL YYYH YHU

11
(0 -gx) = 91X
HOR)

0eb, cyne 1-meopema KyI1aHULAOU.

15-AMananii MAlIFyJIoT:
AHMKMaCJUKJIApHU oyuil. JlonmuTans Kouaaaapu

0

1°, 0 KYPUHMIIMIATH AHUKMACJIUKIAP Y4yH JlomuTtanb Kougacu.

f(X) Ba g(x) ¢yHkuusnap d HyKTaHUHT OMpop YHWMITaH aTpouaa aHUKJIAHTaH
O0ynu0, Kyiiniaru maptiap OaxapusCuH.

1) f'(x) sa 9'(x) xocunanap masxyx sa g'(x)# 0.

2) limf(x)=0, lim g(x)=0.

X—a

3) Yoy lim f ,EX; JIAMUT MaBXKy (4eKin EKu 9ekcus). Y xoia
X—a g X
fim 1)y £
x—a g()() x—a ()()
oynmanm.

00

0 o

2", KYPUHMINUAATY AaHUKMacJUKJIap y4yyH Jlomuranb Kouaacu.
00

f(X) Ba g(x) dyHkuusiap d HyKTaHUHT OMpop YHWMITaH aTpoduaa aHUKJIAHTaH
O0ynu0, Kyluaary mapTiapHu 0a)KapuJICHH:

1) f'(X) Ba g'(x) XOCHJIaIap MaBxKy/]l Ba g'(x);e 0.

2) limf(x)=oo, lim g(x)= oo

X—a
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. f'(x) )
3) Yoy lim JUMUT MaBXy (4eKJIH €KU YyeKcu3). Y XoJiaa

=2 g'(X)
lim 1) _ i £ )
>ag(x)  xoag(x)

oynasnu.

3°. Bomka KypuHumaara anukMacaukiaap. Kyiumgarn 0-00, 0co—o0,

o 0 .
1%, 0%, 00" KYypUHHUIIHAATH AHUKMACIIUKIIAp AIreOpanK alMaIlTUPUIILIAp XaM/a

0 o0

norapudmiam Epaamuaa 6 €kM — KypHMHMIIMAArW aHUKMAacCJIuKIIapra
o0
KEJITUPUIIAIH.

4°, Demarma. A=00, spHH X—>00 1a xam IOKOpHUIa KEATUPWITaH
Koujanap YpuHiu Oyiaaam.

13-mucoa. Yuoy
X — arctgx
3

lim
X—0 X
Jaumum xucoﬁfzancuu.

0

4by xonna 6 KYPUHUIIMJArM aHUKMAaclMKKa dra Oynamus. Jlonuranb

Koujaanapaas dorganaHnu0 Tonamus.

1

’ l_
. X—arctgx ,. (x—arctgx ) 2 ) 1 1
||m—39=||m( n ) = lim—1+X _jim—— ==
X—0 X x—0 (X3) x—0 3X x—=0 3(1+X ) 3

1l4-mucoa. Yuoy

. Inx

lim——

x—0 Ctg)(

Jaumum xucoﬁnancuu.

00
4by xonma — KYpUHMIIMAArd aHUKMaciukka odra Oynran Jlonuranb
00

KouJlacuian Goitaianud TormamMmmus;

r
. Inx .. (Inx . « . sin?x
I|m—=I|m(—),:I|mL:—I|m =

x—0 Cth x—0 (Cth) x—0 _ 12 x=>0 X
sin® X

0.»

15-mucoua. Yuoy

Jaumum xucoﬂﬂancuH.
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4by xonma 00—o00 KYpUHUIIMJATM aHUKMACIWMK fo3ara Kemaaw. Arap

X 1 XInx—-x+1 _ o
- = ACUNIICA, — KYPHUHHUIIWIAI'd aHUKMACJIHUK XOCHII
Xx—=1 Inx (x=1)-Inx 0

6ymu6 numutHU JlomuTans Kougacura Kypa Tomamms:

, 1
o x 1 xinx=x+1 . (xInx=x+1) x-;—lnx—l
Lt o i e it e U s P
=i\ x=1 Inx) =1 (x=1)lnx x> (x-1)Inx) * Inx+ ~(x-1)
X
, 1
=imi=|im (—Inx) - =lim—X =—1-’
x—>1I 1 1 X—=1 1 x—>11 1
nX—;“L (Inx—x+1) ;+F
16 —-mucoa. Yuoy
lim(tgx) 9>
x=7

Jaumum xucoﬁﬂaucun.

Tc 2 [e.0] (V3 7
4X > 2 na (th)tg * udoma 1° KYpUHALIIATH AaHUKMACIHK GYJ1ai. ABBaO

y — (tgx)tQZX
HU Jjorapugmiald Tonamus:
Intgx
Iny = In(tgx)®”* = ——==.

0

T
by X— 2 na 6 KYpUHUIIIard aHUKMaciuk Oymanu. YHpna Jlonuranb

KouJiacu1an ¢oigaranuo

1 1
_Intgx .. (ntgx) .. tgx cos’ .
Ilm—g_1 = Ilmﬁ = Ilmw =—limsin2x=-1
o3 (0297 o gt ot 2209207 o
cos® 2x
. : 1
oymummau  tomamus. Jemak, lim |n(tgx)tgzx =-1 6ymmo, |Im(th)tgzx =—
X—)E x_)E e
4 4
oynanu. »
Kyiingaru JuMut/iap Xuco0JIaHCUH:
5 3 2
: xX° =1 . X =2X"=X+2
1500.lim——~— 1501 lim =— *
x->1 2% =X -1 x>l X°—=7X+6
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1502, lim =~ 908X
x—0 tg)(

XCOSX —SINnX

1504.lim 5

x—0 X

) X—X
1506.I|mtg—_
x>0 X —SinX

. SINX—X-CO0SX
1508. lim —
x—0 sin® X

1510, lim 11X

o 3

X—»0

1512. lim x”sing (n>0)

X a
1503, lim &= ¢
Xx—a X—a
2X
1505, lim & — 1
x>0 SiNX
X —-X
1507, lim ———%
x=0 In(1+ X)
. C0S3x
1509. lim
«sF COSX
2
] e1Ox
1511.1im 555
1
.oe—(14+Xx)x
1513.I|mM
x—0 X

15-keiic

KeiicHu 0axxapuin 00CKMYWIapH Ba TONIIHPHUKJIAP:
] xkeficmaru MyaMMOHHU XaJl KWJIMIII MyYMKUH OYJiran acocuii popmyia, TylryH4ya
Ba TaCAUKJIAPHU KEITHUPUHT (MHAUBUAYaA Ba KUYUK TypyXJapaa);

] TymmaHTaH MablyMOT/IapaaH Gpoigananu0, KyHuiIran MmacajaHid €4uHT

(uHAMBUTYaN).

2
1514. lim In(L+x°)
x>0 COS3X — e~

. X+2Inx
1516.lim ———

X—»00 X

2
1515, lim 2 ~1
X—>—00 X
1517 lim arcsin(2 — x)

x=2 \[x? —3x+2
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AHHKMAC MHTErpaJJIap Ba YHU TONUIIHUHT COAAA
KoMJAaJIapu
16-mabpy3a: bounanfuy QyHKIUMS Ba aHUKMAac HHTErpal
TylIyHYajgapu
PEXA:
1°. Bomutanruy GyHKUMS TyNIyHYACH.

2°. OyHKUMSIHMHAT AHHKMAC HHTErpajn. UHTerpaJHuHr X0ccalapH.
TASAHY UBOPAJIAP: QpyHKIMAHHUHT X, HyKTaJard XOCHUIACH, YHT Ba YaIl

XOCHIIanapu

1°. bomutan¥uu  ¢ynkuma Ttymyndacu. @Papas xwnaimk, f(X)Ba F(X)
¢ynkuusnapu (@,0) c R wnTepBanma (0y uHTErpanm yeknm EKu 4YeKcU3 OYiuIm
MyMKHH)  Oepwiaran  O0ymu06, F(X) dyskmus my (a,b)cR  na
muddepeHnramIanyBun OYICHH.

1-tabpud. Arap (@,b) marepsanma F'(X) = f(x) (xe(a,b)) 6ynca, (a,b) ma
F(X) dynkius f(X) HuHr OonwianFud GyHKIMICH ACHUIA M.

1
Macanan, f(X)== o¢yukuusauar (0,+0) ga OonutaHrud — (QYHKIUACH
X

F(x) =In x 6ymagu, uynku (0,400) na F'(x) =(Inx)" = % = f(x).

Avnraiinuk, f(x) Ba F(X) dynkuusmapu [a,b] cermentna 6epunran 6ymu6, F(X)
¢yukuus mry [a,b] na nuddepennman-nanysun 0yicuH.

2-Tappud. Arap (a,b) unrepranmga F'(x)= f(x) (xe(a,b)) 6ynmmu6, a Ba b
HyKTajapja 3ca

F'(a+0)= f(a), F'(b—0)= f(b)

TeHrMKIap Ypuriau Oyaca, [a,b] cermentna F(X) o¢yakums f(X) HuHC
OouutanFuy QyHKUUACH JEeHUIIaaN.

1-teopema. Arap (a,b) unrepBanma F(x) Ba @(X) dyHKIUA-TAapHUHT Xap OUpU
f(X) dyskuusauar Oonntanrud QyHKmsacu Oyiaca, y xomma F(X) Ba ®D(X)
dbyukusnap (a,b) na Oup-Oupunan y3rapmac conra Gapk Kujaau:

d(x) — F(x)=C. (C =const)

« Illaptra xypa (a,b) na ®'(x) = f(x), F'(x) = f(x) .

Hemak, (a,b) ma D'(X)=F'(X). ¥ xomma 21- mabpy3aga KeJITHPHIUTaH 2-
HaTWXKara Kypa

d(x) = F(x)+C. (C =const)

oynamu. »

By Teopemanan Kyiuaara HaTuxa Keauod 4YuKau.

Harmxkxa. Arap (a,b) ma F(X) odyskmus f(X) HHMHr Oupop OoIUTaHFUY

dyukiusicu 6yica, y xomaa f(x) byukuusaunr (a,b) maru uxtuépuit GonnIaHFy
byukiusicu O(X) yuyH
d(x)=F(x)+C. (C=const)
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oynanu.
1-Ocmarma. (a,b) ma Oepwiran xap Kaumad QyHKIUS XaM  OOIIIaHFUY
dbyHKIMsATa Sra OyIaBepmaiiu.
1-mucoa. (—1,1) untepBanma yoy
—1 arap -1<x<0 6¥ynca,
f(xX)=< 0,arap x=0 0¥yica,
1, arap 0 < x<1 6ynca

(GYHKIUSTHY KapaninK.
by ¢ynkmusauar (—1,1) wuHTepBamma OonuianFud (GYHKIUSATa 3ra OYIMaIUTU

UCOOTIIAHCHH.
dTeckapucunu ¢dapa3 Kuaaimk, sean oepuaran Gyakuus (—1,1) ga Oorutanruy
byukus F(X) rasra 6yncun: F'(X) = f(x) (x e (-11)).
PaBmanku,
F'(0)=f(0)=0 1)
oynanu.
by F(X) dynkmusra [0, x] cermenTna (0 < X <1) Jlarpamxk Teopema-cuHU KYyI1a0
TOTIAMHM3:
F(X)—F@0)=F'(c)-x=f(c)-x=x (ce(0,x)).
KelnHru TeHrnmmkaan
F(x)-F(0) ~1 lim F(x)-F(0) 1
X X—>+0 X
o6ymmo0, F'(+0) =1 6ymumm kemub unkanu. by aca (1) myHocabatra 3umaup.
Hemak, kapanaérran f(X) d¢ynkuus (—1,1) nma Oonutamrusi ¢yHKOMAra 3ra
oynmaiinu. P
2-Teopema. Arap f(x)eC(a,b) 6ynca, y xomma f(x) ¢ynxuus (a,b) ma
oomnuanFuy GyHKIMATa 3ra OyIaau.
By TeopemManunr ucootu 34- mMabpy3azna KeITUPUIA/IN.
2°. MDyHKUMAHMHI AHUKMAC MHTerpaju. WHTerpajiHMHI  XocCcajdapH.
Avnraitnmuk, (a,b) ga f(X) dyskuus Gepuiaran 6ynu0, F(X) dyHKIuUsS yHHHT
Oupop OonuIaHFUY QPYHKIUSACH OYJICHH:
F'(x) = f(x) (xe(a,h)).
VY xonaa 6epunran f(X) pyHKuuIHUHT UXTUEPUI OONLIaHFUY (DYHKIHSICH
F(x)+C (C =const)
KypuHHUIIIa udoaananaiu.
3-tabpugd. Yoy
F(x)+C (x e (a,b))
udoga f(X) QyHKIUMSHUHT aHUKMAC MHTErpalld AeHuIaau Ba
[ £ (x)dx
Kabu Oenrminananu. byHna J. - uHTerpan Oenrucu, f(X) mHTErpanm octumaru
bynkius, f(X)dX uaTerpan ocruaaru ndoaa aeiuIagm.
Jlemak,
[f(x)dx=F(x)+C  (C=const)
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Mynmari kw6, (@,b) wmurepBanga f(X) GYHKIUSHUHT aHMKMAC HHTEIPaH
(a,b) nma xocmmacu mry f(X) ra Tenr OynraH GYHKOUS-HAUHT YMYMHA
KYpUHUIIUHYT udoganap dKaH.

2-MucoJ1. Yoy

[xdx
WHTETpaJI TOTUIICUH.
< AHuKMac HHTerpail Tabpudura kypa, myHmaid F(X) (GyHKIUS TONHIMIIN

kepakku, F'(x) = x® 6yncun. Arap
1 4
F(X)=-—X
() 1
neiinsica, papmanku, F'(x) = x® 6ynanu. Jlemak,
1
[ xCdx :ZX4 +C  (C=const). »

3-MuCoJ. YOy
xdx

J\/1+x2

aHUKMAaC MHTETPaJl TOIUJICHH.
<« PaBniankwn,

F(X) =1+ X2

GyHKIUSA yIyH

2X X
F'(x) = (V1+x?) = =
241+ x® 1+ x?
oynanu. Jlemax,

xdx 2
Im—\/l+x +C. »

DOHIM aHWKMAaC WHTETPATHUHT XOCCAJIapyuHU Kentupamus. byHnan OyEH aHuKMac
WHTErpall Xakuaa ran OopraHja yHU Kapaja€TraH opalivKia MaBxXyja 1e0, SbHU
MHTErpan octuaard QyHKIUs Kapajga€TraH opalvkaa OOUUIaHFUY (QyHKIMSTa 3ra
ned KapailMu3 Ba OpaJIMKHU KypcaTuO YTupMaiimus.

1) Yoy

d(j f (x)dx) = f (x)dx

MyHOCa0aT YpUHIIH.
<« Aviraiinuk, F(X) dyakmus f(X) HuHr Oonmanrud QyHKIMSICH OYIICHH:

F'(x) = ().
Y xonna,
[f(x)dx=F(x)+C (C = const)

oynaau. by Tenrnmkka quddepenHnman aMmaauHu Kyuiad TomaMms.

d(_[ f(x)dx) =d(F(x)+C) =dF(x) = F'(x)dx = f (x)dx »
By xocca aBBan quddepennman Oenrucu d, CyHrpa HHTErpa OCITUCH '[ Kenuo,

ynap éHMa-€H Typraujia y3apo Oup-OupuHu HYKOTUIIMHY Udogananm.
2) Yoy
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[dF(x)=F(x)+C (C = const)

MyHOCa0aT YPUHIIH.
<« Atraiinuk, F(X) ¢yakius f(X) HuHT Oorutanrud QyHKIUSACH OYIICHH:

F'(x) = f(X).
Y xonna,
[f(dx=F(x)+C (C = const)

Oynanu. AiHM nmaiTaa,
[ f(x)dx=[F'(x)dx = [dF(x)
O6ymu0, Oy TeHTIMKIap1aH
[dF(x)=F(x)+C
oynuiy kenub yukagu. »
By xocca aBBan uHTerpan Oenrucu _[ , cyarpa muddepen-uman oenrucu d
Kenuo, ynap €Hma-EH Typranjaa y3apo Oup- OMpUHU MYKOTUIIMHU aHTJaTaJu Ba
F(x) ra y3rapmac C HM KyIIMO KYWHII KEPAKITUTHHHA KYpCaTa/Iu.
3) Yoy

[LE)+gJdx = f (x)dx+ [ g(x)dx (2)
TEHIJIMK YpUHIU OyIaau.
<« Aitraiinuk, F(X) Ba ®(X) dyukumsap moc pasumiaa f(X) Ba g(X) mapHusr
oonutanruy GyHKUUSIIApU OYICUH

F'(x)=1(x), ®'(x)=g(x).

VY xonpa
[f()dx=F(x)+C;, [g(x)dx=d(x)+C,
oymuo,
[ f(dx+[g(x)dx = F(x) +D(X) +C, +C, (3)
oymasu.

AliHY naunTnaa,

[FO)+@(x)] = f () +9(x)
oynrannuru cabadmam

J [0 +900Jdx=F(x) + (x) + Cy (4)
oymnanu. (3) Ba (4) myHocabarnapaaH, ynapaaru C;,C, Ba C; napHUHr uxtuépuii
y3rapMac 3KaHJIUTMHU YbTHOOpra 0JiM0 TOmaMu3:

[LE)+g0fdx = [ f (x)dx+[ g(x)dx.»>
By xocca aHnkMac MHTETPATHUHT aJIUTUBIINK X0CCACH JIEHUIIaIN.
4) YOy
[Kf (x)dx = k[ f (x)dx (5)

TEHTJIMK YpuHin 0ynanu, OyHna K y3rapmac con Ba k0.
by xocca rokopuaaru 3)- xocca kabu UCOOTIIaHAIH.
2-JcaarMa. (2) Ba (5) TEHIIMKIApHU YHT Ba 4Yam TOMOHJIapujard udomanap
opacuaard aiimpma y3rapmac coHra Oapobapiuru mMabHOcHaaru (y3rapmac COH

AHWKJIATUTH ) TSHTIIUK-J1ap 1e0 Kapaiau.
4-mucoJ1. Yoy
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5
J=
I(1+x2

WHTETpaJI TOMUJICHH .
<4 AHUK UHTeTpaHUHT 3)- Ba 4)- xoccanapuaaH ¢oiganaH-cak, yHIa
1

—3sin x)dx

5 ) )
—3sinx)dx =5 dx — 3| sin xdx
J (1+ x? ) J 1+ x? J
oYUy Kenub YuKaIu.
DHIN
(—cosx) =sinx, (arctgx) = 5
+ X

OYIMIIMHYA YbTUOOPTa OO TOITAMM3:

5j1+1xzdx — 3[sin xdx =5arctgx + 3cosx +C.

Jlemaxk,
J =barctgx + 3cosx+C .»

Glossariy

MEeH2IUKIIAPHU YHe 8a Yan momoHiapuoacu ugooanap opacuoazu auupma
y3eapmac coHea bapoobapnueu mavHocuoazu (y32apmac COH aHuKiucueu) meHeiux-
nap 0eb Kapanraou.

16-AManuii MALIFyJIOT:
bouuianFuy QyHKIMA Ba AaHUKMAC HHTErpaJl TYIIYHYAJIAPH.

Cona anmkMac MHTErpaJiap

1°. BomuamFmy (QyHKUMS Ba AHHKMAC MHTErpaj TYIIYHYACH.
AMTaiinuk, f(X) Ba F(X) byHKIMSATIAp (a, b) Ja y3iaykcu3 Oynuo, F(X) aca
F'(x) xocunara sra 6yncun. Arap (a,b) na F'(X)= f(X) 6yaca, F(x) Gynxums
f(x) HUHT OomuiaHfu4d QyHKUUSCH JeHuIagu. f(X) ¢GyHKIMs OoNUTaHFUY
GYHKIUSTTApUHUHT YMYMHUH KYPUHHIIINA
F(x)+C  (C=const)
f(x) HUHT AaHHKMAC UHTErpaju JeHunaam:

[f(x)dx=F(x)+C  (C=const)

0 .
2°. AHMKMAC MHTErpaJHUHI ACOCHIl Xoccajapu. AHHMKMAc HHTErpa
KyHugaru xoccajiapra sra:

1. d([f(x)dx)= f(x)x

2. [ df(x)=f(x)+C  (C=const)
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3. [ kf(x)dx=k[ f(x)dx  (k=const)
4. j(f(x)+ g(x))dx = j'f(x)dx +_[g(x)dx

0 .
3°. Comaa wuHTerpajiap :xaasaau. Kyiiugarm cojna uWHTerpaiap
YKaJBAJIMHUA KEATHPAMU3:

1. Ix”dx—

n+1

+C  (h=-1)

n+1

2. I— Inx|+C  (x=0)

[ dx _{ arctgx + C

1+x* |—arcctgx+C
3. 1 X
—arctg—+C
I de = a ga
X +a —larcctg§+C
a a
j dx —I 1+X+C
1-x2 2 |1-X
4, g
j . X I X=q. c
x? —a’ 2a X+a
j In‘x+x/x2il‘+c
5, VXl

j dx _ In‘x+\/x2+a‘+C

I dx { arcsinx +C

6 1—x2 —arccosx+C
' X

j —arcsm +C

va? = x?

o X a
7. |a¥dx = (a>0,a=1);

. Ina

e’dx=e*+C

8. [sinxdx =—cosx+C

9. [cosxdx =sinx+C

lo'jcods); = tgx+C
X

11.[ .d>2< = —ctgx+C
sin® x

12.jshxdx =chx+C
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13.Ichxdx =shx+C

,—=—Cthx+C
sh*x

=thx+C

ch®x
4°, Comna anukmac uHTerpaLiapum xucodsam. Cojama aHuKMac

WHTErpajulap acocaH OCBOCHTa XoccajapJaH Xamja KaJaBaijaaH QoiigaaaHuo
XUCOOJIaHa M.

l-mucoa. Yumoy

—F0X
Jx

IX2+X+1

urnmezpa xucoﬁﬂaucun.

3 1 1
§ X*+x+1 > o -
<4UnTerpan octuaarn GyHKUUAHA KyHaaruya ————— = X + X + X ¢ €3u0

Jx

onamMu3. CYHT MHTErpaliHy XOoccajap Ba kajaBaiaaH ¢oinananud TornaMus:

3 1 1
3 1 1 )(E+l XE+1 X—§+1

X=[| X2 +x24+x 2 dx="F—+FT—+"7—+
E+1 §+1 —5+1

IX +X+1

NG
+C=2Jx €+§+1 +C.»

2—-MuCO0g. Yuoy
I_‘[x/4+x2 —3'\/4—x2dx
16— x*

UHmMezpan Xucoo1aHCuH.
<4 AHuKMac UHTETpAJJIAPHUHT X0ccallapy Ba xanBaiiaH Goigananud Tonamus:

VA + X2 Ny Ve
R B e R e Ry

. X
=arc3|n5+3ln‘x+x/x2 +4‘+C.>
3—-MucoJa. Yuoy

| = J- : dx _
3C0S” X+ 4sin” X
UHmMezpan Xucoo1ancuH.
<4UHrerpan octuaaru ugoaaHu Kydujaara KypuHumiga €310 onamus:
- [ d(tgx)
3+4tg°x

Hartwmwxkana,
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dtgx 1 dtgx 1 gX
l=|———=- = arctg ——+ C 6y >
J 3+4tg’x 4 (32 23 3 e
{2] +tg X

Kyiingaru narerpajjiap Xxuco0JIaHCHH.

e dx
1561. [ +/xd 1562.
I e N
1563. 3—)2( 1564. [ ¥/x"dx
1565. j 10*dx 1566..'axexdx
3 JX — 2\/> + 1
1567. [ (3— x2)'dx 1568. | e
1569._[(1 - X—lz)\/ X~/ dx 1570._[(& + 1Xx —Jx + 1)jx
3.X 2 2
1571, | VXX ° X 1572.[(1_—)() dx
X X
(1 x)2 3x? —4/x
1573. 1574 [ 22 —¥2g
I I x X
X X 3
1575[3 27 -2-3 4 1576j(1 X)
X

1577. [/ xyx/xdx 1578-]%

2
1579. j 2% . eXdx 1580._[ L+2X°) i

x*\1+ x°
16-keiic
Keiicau 6a:xxapum 00CKU4/Iapu Ba TOMIIMPUKJIAP:

] keificnaru MyaMMOHM XaJl KWJIUII MYMKHUH OYnran acocuii hopmyna, TyluryHua
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUUUK I'ypyXJapaa);

] TynnaHran MabayMoTiapaaH ¢oiifananud, KyHniaran MacajJaHd eqruHT
(uHAMBUTYAT).

2 2 2
1581[ x“dx 1582."‘\/1+x +\/1 X dx
1+X qll_x4
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17-mabpy3a: Acocuii aHUKMAC MHTErPaLIap »KaABaJIN.
PEXA:

1°. Acocmii aHMKMAC MHTErpaJLIap KAABAJIH.
2°. Tudepennuaiam Ba HATErPALIANI AMAUIAPH XaKHAA.

TASSHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba Yall

Xocujiiajlapu

1°. Acocuii aHMKMAc HHTErpaLIap Ka BaJIu.

OneMeHTap (QYHKIMSUIADHUHT XOCHJIAJIapy KaJABald XamJla aHUKMac HHTErpaj
Tabpudugan Qoiigananud, coxna (GyHKIUS-TAPHUHT aHUKMAC HWHTETpaliapu
TONMWJIAAN. Y IapHU jkaMJiia0, xKaaBajl KYpUHULINTA KEATHPAMU3:

1) jO-dx:C, C = const.

2) [1-dx=x+C.
Xa+l

3) [x“dx = +C, (a=-1).
a+l

4) j% =In|x+C, (x=0).

X

ja dx = 2

na +C, (a>0, a=l).

je dx =e* +C.
6) [sin xdx =—cosx+C.

7) [cosxdx =sinx+C.

8) | ax —tgx+C, (X#_+m,neZ).
cos? X 2

9) | dx — _ctgx+C, (x=m,neZ).
Sln X

10)] arcsinx+C, ((1<x<1)
J1— —arccosx +C. '
11” arctgx + C,

,/1+ X —arcctgx + C.

12) [shxdx = chx+C.
13) [chxdx =shx +C.

d’z‘ —chx+C,  (x=0).
X
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dx

5 =thx+C.
ch*x

15) |

2°. Iudepennuasiiam Ba HHTErpaIall aMaLIapH Xakuaa. Arainuk, f(X)
dbynkius (a,b) R na 6epunran 0yicuH.

Omatna, f(X) QyHKIUSHUHT XOCHJIACHHM TonuIn YHU aud-depentmamiant ( f (X)
byHKIMATa  quddepeHIHaUTa  aMadHU  Kyyutamn)  gewmmaad.  f (X)
byukiusauar - (@,b) marm Oonutanrud QyHKUMSACHHHM Tomuid, sbHH f(X) HHHT
aHUKMAac HMHTErpaduHu Tomwml yHW wuHTerpautam ( f(X)pyHkowsra wHTErpan

aMaJIMHU KYJIJIaIn) AeHIain.
Judbdepenuuannam Ba HHTErpauialll TyIIyHYaJlapd MaTeMa-TUKa Ba YHUHT
TaTOMKJIApHUIa MyXUM pOJIb YHHAKIH.
MarteMaTtuk aHanu3HMHT Aud@depeHnuamiall  TyllyH4a-CHUJaH OWp KaH4a
MacaJlaJlapHU, KyMJIaJaH XapakaT KOHYHMIA Kypa HyKTa XapaKaTUHUHI OHUU
TE3JIMTUHU TONUIIJIA, STPH YM3UK MabiIyM OYJraH X0JJa YHra ypuHMa YTKa3ulll
Macaja-JIapuHu XaJl dTUIIa (horganaHuIagm.
Kyn xosnapia xapakaTaard HYKTaHUHT Xap OWp BakT MOMEHTIArd TE3JIHMIU
MabJIyM OYyiraHaa XapakaT KOHYHUHU TONMUII, STPYU YU3UKHUHI YpUHMAacura Kypa
VY3UHM aHUKJIAIl Macallajapy ro3ara kenaaud. by xonna GyHKIUSHUHT XOCUIIacura
Kypa V3UHM ToOnuil jo3uM Oynamu. By rokopuma scmald yTuiaraH macaiainapra
Teckapu 0ynu0, yinap QyHKIUsIapHA UHTETpaIJIall aMaliy EpaMuia UmIaiu.
Hemak, dbyukumsuiapau nuddepeHiamian Ba WHTErpai-jall aMajiapyd y3apo
TecKapu amasuiap Oynaau.
Mabnymkn, sneMeHTap GyHKOMsUIapHUHT (OyHOa, panuoHan QyHKIUIAp;
Japakaly, KypcaTKUWwid Ba JorapupMuk (yHK-LMsIIap; TPUTOHOMETPUK Ba
TeCKapu TPUTOHOMETPUK (DYHKIMSA-NAp, YIAPHUHT WUFUHIWCH, alMpMacCH,
KymaiitMacu, HUCOATH XaM 4YeKJIM MapTa CyNeprno3ulusiiapiad Ty3WIraH
byHKIUsAIap TYIIU-HWIAINA) XOCWIAJIapy SiHA dJIeMeHTap pyHKuusuiap Oynaau.
AMMO Xamma 3jeMeHTap (YHKUMSUIADHUHT  HMHTErpajulapu  AJIEMEHTap
byHkuusiap 0ynaBepmanau.
Macanan, ymoy
f(x) =sinx?, f(x)=cosx?, f(x)=e* (xeR), f(x)=% (x>0).
GYHKUMSUTApHUHT aHUKMAac MHTErpajuiapu MaBxkyJl Oyica XaMm yjap 3JIEMEHTap
byHkuusiap Oyamaiau.

HNurerpamiam ycyaaapu. Coaia KacpiapHu HHTerpajiiam

1°. V3rapyBunHM aaMamTHPUO HHTErPAJLIALI YCYJIH.
®dapa3 kunaimk, f(x) QyHKIUSHUHT aHUKMAC UHTET PN

[ £(x)dx (1)
oepwiran 6ynub,yHr Xuco01al Tajnad dTUICHH.

Kynunua, y3rapyBun X HHM MabiIyM Koujaara Kypa OOIIKa y3rapyBuura
ANMAIITUPHUII HATHXKACUAa OEpUJIraH UHTETPaJl COJAa MHTErpaira Kejlaau Ba yHH
XucobJiall ocoH Oymaau.

Aliraitnuk, (1) uHTEerpanaaru y3rapyBuu X siHTH y3rapyBud { Ommad ymoy
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t=9(x)
MYyHocabaTaa 0yand, Kyiiuaaru mapriaap 0amapuICHH:
1) o(X) dysxus muddepeHaIanyBun OYIICHH;

2) g(t) dyukius oonutanrud GyHKIMsA G(t) ra sra, SbHH
G'M)=9®), [9®dt=G()+C; 2)
3) f(X) dbyHkims Kyiiuaariua

f (%) = g(e(x) - @'((X) (3)
nudoanaHcuH.
V xonnga
[ £09dx =] gle(x))e'(x)dx =G(e(x)) + C
oynanu.

4Mypakkad (QYHKIUSHUHT  XOCWJIACMHM  XHcCOOJam  KOWJa-CHAaH
doitnananuO, (2) Ba (3) myHocabaTiiapHu bTHOOPTA OJIHMO TOTIAMU3:

[Gle()) +C] =G'(p(x) 9'(¥) = g(0(x)- 9'(x) = ().

bynnaun
j f (X)dx =G(p(x))+C

oymuimy kenub yukagu.

Iy #yn Ounan (1) uHTEerpanmHu XucoOJjaml Y3rapyBUMHU aJIMaIlTUPHO
WHTErpAJUIAII YCYJIU JCUUITaIN.

By ycynga, yarapyBuuHM Xygda kyn MyHocabar 6unaH anmaluTpuLLl UMKOHUSTH
BynraH »praa ynap opacugaH rapanaétraH MHTerpanHu coaaa, xcobnail ydyH ynai xpnra
KenTupaguraHuHu TaHnab onuw Myxmamp.

1-mucou. YOy
[sin 5xdx

WHTErpajl XMCOOIAHCHH.
<4 by UHTErpaIHy Y3rapyBUMCHUHHU AJIMAIITUPUO XHUCOOIaNMU3:

={
:Ejsintdtz—lcost+C:—10035x+C. >
5 5 5

j sin 5xdx =
5dx = dt

2-mMucoJ1. YOy

dx
I=[+"+
e” +e
WHTErpajl XMCOOIAHCHH.
<4 ABBaJsio OepWJiITaH UHTETPAIHU KyWHiaruya

j dx _ _[ e dx
e*+e™ Je¥+1
€3ub omamu3. by wuHTEerpamHum  y3rapyBUMHM  aJIMAlITUPHUII  yCYJIH-JaH
¢oiinanannb xucodbmanmMus:

e’ =t
e dx =dt

1=] efdx

dt
= = =arctgt + C =arctge* +C »
e 11 I v v

1+t
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3-mucoa. Yoy

WHTErpajl XUCOOJIAHCHH.
<« PaBmranku,

1  cosx  cosx
cosx cos’x 1-sin?x
YHaa
dx [ cosxdx | sinx=t| . dt
jcosx _Il—sinz x |cosxdx = dt _Il—tz

0ynuo,

1 1 211 N 1
1-t2  (-t)@+t) 2| (1+t) (@-t)
Oynranauru cabadyu
1, dt dt ):l(jd(“t)_]'d(l_t) 1In

J:Eqa+n+ja—n ) a2

1+t
1-t

+C

oynanu.
Arap
1+t 1+sinx X
=———=19(;+7)
1-t 1-sinx 2 2
OYIMIIMHY 3bTHOOpra OJICaK, YHAA

dx
COSX

=In

DKAHWHHU TOIIaMu3. P>
4-mmco. Yoy

J=] ox (a#0,aeR)
VX +a
WHTErpajl XMCOOIAHCHH.

<dlnTerpanaa y3rapyBuMHM KylH1arudya aiMalmTUpaMu3:

X+vVx®+a=t.
dt=d(x++Vx*+a)=(1+

YHna

)dx =
x?+a

\/x +a+x t dx
Vx? +a \/x2+a

o0ynu0, yH1aH

OynuIy Kenub YuKaIu.
Hartmwxkana
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J=I%:In\t\+C:ln‘x+\/x2+a‘+C (4)

OYIUIIMHYA TOonaMu3. P>
2°. Byaakna6 unrerpasiam ycyau. Papas xwmaimmk, U(X) Ba V(X)
¢yHkusuap y3mykeus u'(x), v'(x) xocunanapra sra OyJacHH.
PaBnianku,
U(x) - v(x))" =u"(x) - v(x) +u(x) - V'(x)
oynanu. Jlemax,
F(X) =u(x)-v(x)
byHKIIHS
f(x) =u'(X)-v(x) +u(x)-Vv'(x)
GyHKUMSIHUHT OonuianFuy pyHkuusicu 6ynaau. bynnan
[lu'() - v(x) +u(x) - V') Hix = u(x) - v(x) + C
oYUy Kenub YuKaIu.
AHUKMac uHTErpagHuHT 3)- Ba 4)- xoccanapaaH ¢oiina-naHuo
Ju(x) - v'(x)dx =u(x) - v(x) — [u’(x) - v(x)dx (5)
OYIMILMHYU TOAMU3.
(5) bopmynanu Kyitmparuya
Ju(x) - dv(x) =u(x) - v(x) — [v(x)du(x) (5%o)
XaM €3UIlI MyMKHH.

By (5%0) ¢popmyna Gynaknad mHTerpamuiam Gopmyiacu JeWniaad. Y HUHT
épramuaa

Ju()-v'(x)dx
WHTETPaTHU XUCcOoOJIaIn
Ju'(x) - v(x)dx
HHTEIrpaJiHUa xncoﬁ.ﬂamra KeJITUPAJIAAA.
5-MHCOJI.
[ xcosxdx

WHTETrpajl XUCOOIAHCHH.
4 b¥ynaknab narerpamiam Gopmynacunan Gorgananud TonamMus;

u=x, du =dx

jxcosxdx= :xsinx—jsin xdx =

cosxdx =dv V=sinXx
= XSinxX+cosx+C. »

J :jx/x2 + adx

6-Mucou1. YOy

MHTETpaj XUCOOJaHCHH.
<« Kapanaérran unrerpania

u=+vx?>+a, dv=dx

Jienuica, ynaa
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X

Vx% +a

oynaau. bynakmab uaTerpamuiam dhopmynacuaad GoigaaaHud TomaMus:
2 2
X X"+a—a
J =xx? +a—f24dx: X/ X2 +a—j—dx:

Vx* +a Vx? +a
:XVX2+a—IVX2+adx+aj d

du =

dx, v=xX

X’ +a
dx
:XVX2+a—J+aj .
x? +a
Jlemaxk,
dx
J=xVﬁ+a—J+aj ,
x? +a

J:%wa2+a+aj

dx }
Vx%+a
Masbnymkuy, (1° naru 4-mucon)

j dx mP+Vx2+#+C.

x? +a
Hatmxkana
X a
J:jvﬂ+adx:EVX?+a+EmV+Vx2+#+C

oynuiuy kenub yukagu. »
/-muco1. Yoy

dx
anj.m (nEN,aER,a¢O)

WHTErpaji TOMWICHH.
<« by unTerpania

u:(3;L%F,dv:m
X +a
ne0 oJicak, yHaa
2nxdx
du=——+——-—, V=X

_(XZ +a2)n+l !
oynanu. (5) popmynanan doigananud Tonamus:
2

X
n = (X2 +a2)n +2nj. (X2 +a2)n+1 dx =

X dx 2 dx
= +2n|———a | .
(X2+a2)n {J.(XZ_i_aZ)n J-(X2+a2)n+1j|

Hatmxkana

—+2n-J,-2na*-J

" (x*+a?)
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oynanu. by TeHrnukman
1 X 2n-1 i

J +
2na’ (x*+a?)" 2n a?

I (6)

ntl =

oynuiy kenub yukagu. »
Opnatna, (6) MyHOCa0aT peKKypeHT dhopMmya JeHIIaIu.
Papmranku, N =1 6ynranma
X

d(>)
| de . ‘?( :iarctg§+c
X" +a 1+(7)2

1
J; = =—
! d
oynanu.
n>2 Oynranga moc J,, mHTEerpammiap (6) peKKypeHT gopmyia €praMuaa
TOTIMJTA]IN.
Macanas,
X 1 X 1 1
1= d

= +—-J; = X + ! arctg§+C
(2+ad)? 2’ x +a’ 22’ T 22 (x’+a’) 22° a

oynamu. »
3% Copga kacpaapHu HHTerpauiam. Yuoy
Bx+C
(x=a)

(x—a)" L (X% + px+q)"
KYPUHHILIArU byHKUMsIAp conza KacpJap JeWNIIa]IH, OyHIa

meN; A,B,C,a,p,q — xakukuii conyap OYynuO, x2+px+q KBaJIpaT yuxal
2

P

XaKUKUHW WIIM3ra 3ra 3Mac, SbHU (| — T >0.

m =1 Oynranga cojaa KaCpJIapHUHT UHTETpaliapu
J.i dx ’ J.ZBX——’_C dx
X—a X“ + pX+q
Jap Kyhdujgaruya XucoOaaHau:
,[ A dx = AId(x—a)
X—a X—a
I 2Bx+C dx:j Bx+C
X° + px+q

= Alnjx-a/+C;

dx =

2

P2 p
(X+§) +(q—7)

P 2
dx = dt, ——=a
f 4

tdt Bp., dt
-B +c-=P -
jt2+a2 ( Z)It2+a2
:Eln(t2 +a?)+(C —@)Earctg£ +C*=
2 2 a a
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P

X+
:Eln(x2+ px+q)+ﬂarctg +C*,
2 5 lg P’ p’
q 4 q 4

Adraiiiuk, me N, m>1 6yncudn. by Xxonga coxma — acpiaapHUHT
UHTETrpajlIapu

A Bx+C
] S
(x—a)™ (xX° + px+q)"
Jlap KyMuaaruya XI/ICO6JIaHa,III/I'

A
dx=A|(x-a)"d(x—-a)=— +C
j(x a)" Jo-aymdix-a) (m-1)(x—a)™*
x+£:t, x:t—E
I Bx+C . 2 2 _
2 m 2
(X +px+q) dx = dt, q—%:a2
_ B 2t )f
2 (t2+a2) 2 e +a)
__E 1 _ V¢ )J‘
2 (m—l)(t2+a2)m‘1 2 U (t*+a )
Keitunru myHnocabatnaru
j dt
t>+a’>)™

uHTerpan (6 ) pekyppeHt gopmyina épaamMuaa TOMUIAIH.
Mamkiap

1. Yoy
J dx
Ve +1
WHTETrpajl XUCOOIAHCHH.
2. Ymiby

j e cosbxdx

WHTErpajl XUCOOIAHCHH.

y dx y
3. Kyiinnaru I — MHTerpajHu 0ynaknad MHTerpajaml HaTUXKacuaa:
X

du=dx, v=

dx X 1 1 dx
IY: X . =x-=—] x(——zjdx=1+j—
u=Xx, dv=-=

Oymumu Kenub YuKaau. XaTOJIUK TOIUIICHH.
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Glossariy

Onemenmap yukyusanaprHune (6yHoa, payuoHanl QYHKYusLap, 0apaxicai,
KYPCAmKu4au 6a A02apupmMux QYHK-yusiap; mpuecoHoOMempux 6a meckapu
MPUCOHOMEMPUK  DYHKYUA-IAP, VIAPHUHE UURUHOUCU, AUUPMACU, KYNAUMMACU,
HUCOamu Xam 4exiu mMapma Cynepno3uyusiapoan my3uiean QyHKyusiap myuwu-
HUIA0U) X0CUIanapu siHa diemenmap QyuKyusiap oynaou.

Ammo  xamma onemenmap  QYHKYUALAPHUHE — UHMESPANIApU  dNeMeHmap
Gdynxyusnap 6yrasepmatiou.

17-Amananii MAlIFyJioT:

6-Mucoa. Yuoy

| =j(d—x (n=1,2,3.)

urnmezpa xucoﬁﬂaucun.

<4 Papmanku,

dx 1 X

|, =[5 ="arctg=+C
X" +a a a

bepunran wuHTerpanHn Oymakna®d MHTErpayianl  ycyiauaaH — (QoiinanaHuo

XUCOOIaNMu3:

1 2nxdx
dx U=7+——~, du=—7——+<—+ X
| =I—= 2 2\ 2 oyl = = 4
n ( ) 2)n X" +a X" +a ( 5 2)n
X +a dv = dx, V=X X +a
2
X X dx dx
+2nj' dx = +2nj—dx—2nazj—=
2 2n+1 2 2n 2 2n 2 2n+1
(X +a) (X +a) (X +a) (X +a)
X
= ————+2n-1_-2na’-1_,
2 2 \n
(X +a)
Kelnuru TeHIIIMKIaH TONAaMU3:
1 X 2n-1
.= > + I,.»>

VirapyBumaapun anamMamrupum yeyauaan ¢oiigananué Kyiimmarm
HHTErpauiap Xuco0JIaHCHH.

1608, | OX-7 4« 1609 [ o x=l
3x2—7x+1 X2 —x-1
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X

NG
1612.jx\/1— x2dx

dx

1610. j

- arctgx
14+ x?

. dx
1) X In(In x)

1618, [ X

'Jﬂ1+xi

1620. [ xe™ dx

1614. dx

.2X'3X
p 9X_4X

1624. [ /1= x2dx

« SINX —COSX

1622. dx

1626. dx
J 3/sinx — cosx
1628.'—95—
I sinx
1630, [ &
J chx
-arctg+/x  dx
1632.
d U x 14X

1619. [

1621. [ dx

Ixt+1

1623. [ xdx dx

. \/1+x2+\/m

1625. j c0S° X~/sinxdx

1627.] dx dx

sin® X + 2¢0s’ X

o dX

1629.
° COSX

- 3
» SINXCOS’ X
1631. ——— dx
 14+Ccos X

1633, sin2x dx

Y J25sin? x + 9¢0s? X

17-keiic

KeiicHu 0axxapuin 00CKHWIapH Ba TONIIHPHUKJIAP:

] keficmaru MyaMMOHH XaJl KHUIMIII MYMKHH OYJIraH acocuii popmyJia, TyIryH4a

Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK TypyXJapaa);

] TynimaHral MablyMOT/IapiaH Goiaananuo, KyHuiaran MacajaHu €4uHT

(uHAMBUTYyaN).
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Airaiimuk, f(x) dynxmums (— oo,+oo) na O6epwiran ToK (yHKUus Oynuo, F(X)
GbyHKIUMS 5ca YHUHT OONUIAaHFUY (PYHKIMSICH OYIJICHH. F(X) KyhT QyHKIUS

oYUy NCOOTIaHCHH.
3. Yoy,

S:IL
Vx—+/x-1

HHTCTpal XI/ICO6JIaHCHH.

18-mabpy3a: Panuonana xamjaa TPUrOHOMETPHUK
(YyHKUUAJIAPHU MHTETPAJLJIALI
PEXA:

1°. AsnreOpanuur 6ab3u MabJIYMOTJIAPH BAa TACAHK/IAPH.
20, ®yHKUMSAHMAT YHI Ba Yall XO0CHJIAIAPH.

TASAHY UBOPAJIAP: QpyHKIMSAHHUHT X, HyKTaJard XOCHUIACH, YHT Ba 4aIl

XOCHIIaapu

1°. AnreOpanuur 6ab3u MabJIYMOTJIAPH BA TACAHK/IAPH.
bu3 kyiinaa anrebpa Kypcuja YpraHujaguraH Oab3d TYIIyHYa-JapHU Xamjia
TacCOUKJIApHU (MCOOTCH3) KeNTHpaMH3. YJapaaH paiuoHan Q(yHKUUSIIApHU
MHTEerpaiama GoigaiaHuIagm.

AWTanmmk,

P.(X) =8, +a,X+a,x* +...4+a,x" (1)
kynxan Oepuiran OysncuH, OyHpa a, eR, k=0,1,2,..n, neN 3ca KynXaaHUHT
Japa)cacu.

Arap a€R yuyn P (a)=0 0ynca, o con P, (X) KYIXaIHUHI WIIU3U
nevinnanu. by xonga P, (X) Kynxan X —a ra 0yauHuO, y Kyluaaruda

Py (X) = (x=a)Q(X)
kypunuiiga udoaatanaam, oyaaa Q(X) — (n—1) — napaxkanu Kymxa.

Arap P,(x) xynxan (x—a) (ke N) ra 6ynunca, a con P,(X) HUHT

k —kappanu unausu 6ynaau. by xonna P, (x) ymoy
P.(X) = (x=a)“R(X)
kypunuiga ndonanananm,o0yaga R(X) —(n—K) mapaxkanu kymxan.

Arap z=qa+if xommaekc coH P,(X) KynxaiHuHr wWimu3dm Oyica,
Z=a—I1f xam P,(X) auar wigusu 6ynaau. [ynaunraek, Z=a +if con P,(x)
HUHT K Kappamu wiansu 6yica, Z=«a —if con xam my P, (X) xynxaaHusr k
Kappanu unausu oynaau. ¥ xonaa P, (x) kynxaaHusr udopacuaa Kyiunaru
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(x=2)(x-2) =[x~ (@ +iP)]x-(@-ip)]=
=x’+px+q (p=—-2a, q=a’+p%
KBaJpaT yuxaj KynmanTyBuu OVIu0 KaTHAIIAIH.
®dapa3 KWIANINK,
Q,(X) =a, +ax+a,x* +...+a,x" (2)
kynxan Oepwiran 0ymub, «,,,...,x, XaKuKuil coHmap Q,(X) HHUHI MOC

paBumna A, A,,..., A, Kappaau WIOU3Napu, Z;,Z,,...,Z, KOMIIIEKC COHJIAp 3ca

S
Q,, (X) HUHT MOC PaBUILAA ¥;,¥>,...,Ys Kappalu HIAA3IAPU OYICHH.
1-Teopema. Xap KaHgaii N —aapaxain
Q,(X) =a, +ax+a,x* +...+a,x"
kynxax (a,<R,m=0,1,2,..,n, a,=0) ym0y
Q) =(x—a;)™ (Xx—a,)™..(x - O‘k)xﬂk (X2 + X+

+0y)" (X + PpX+0,) 2. (X + poX +7) "
KypuHulaa udoaanananu, Oynaa
M+ + A4 +2(0+y, ++y) =0,
6ym6, x> + px+0; (i=1,2,...,S) KBaIpar yuxa1 XaKMKUH UIM3ra 3ra SMac.

3)

Mabiaymku,
P.(X) =a, +a,X+a,x* +...+a,x", (neN)
Q. (X) =by +bx+b,x* +...+b,x*,  (seN)
kynxaanap (& €R, bj eR;1=012,...n; j=0,1,2,...,5) HucOatn
P.(X) &y +aX+a,x” +..+a,x"
Q. (X) by +bx+b,x?+..+bx°

Kacp parroHan GyHKIUs 1eHnano, n < sOyaranaa y TYFpH Kacp Jeudumap d/u.

P, (X
2-Teopema. Arap LX) TYFpHU Kacp Maxpaxuaard Q. (X) xymnxaz ymoy

S

Q) =(x-a)"Q(x)  (meN)
kypunuiaa 6ymuo, Q(X) kymnxamx X—a ra 6yauHMaca, y xoJiaa
P A A A PO
Q) (x-a)"  (x-e)™ Xx—a  Q(x)
Oymamu, Oynna A €R,i=1,2,..., m; P(x)- kynxaz.

P, (x
3-Teopema. Arap L TYFpu Kacp Maxpaxugara Q. (x) kynxan ymoy

S
Q=" +px+a)"Q(X)  (meN)
KypuHUIIA 6110, (X2 + PX +  KBaZpaT yuxa XaKMKHil UIM3ra 3ra 5Mac),

Q(X) xymxan x? + px+( ra O6yauEMaca, y X0naa
P, (X) B, X+C, B X+C, B, x+C, P(x)
=— — + L4+ +
Q(x) (X" +px+a)" (X, + px+0q) X“+px+q  Q(x)
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Oynmanm, OyHma B, eR, C, eR, i=12..m; P(x)-Kymxa.
KOxopuna xentupunran 2- 3- TeopemManap UXTUEPUN TYFpU Kacp Xap Oupu
Xaau yuoy
A
(x—a)"
Bx+C
(X + px+q)"

, (aeR, AeR, meN);

, (BeR,CeR, peR,geR,

p? —4q<0, meN)
KYPHMHMIIAATH KacpjapAaH, SbHU COJAa KacpJjapAaH udopar 0yjaran
WMFUHIM OpKaJU upogaaHuIIMHE KYpcaTtaau. bynaaii xouaa Tyrpu kacp
CO/JIa KacpJjapra éunjiaam Jeiuaaau.
ANTaNIVK,
P, (%)
Qs (x)
TYFpH Kacp Oepuiirad OyicuH. AManuéraa Oy Kacp cojia Kacp-japra Kyhduaaruia
ennanu:
1) Kacpaunar maxpaxu Q, (x) kynxan (3) kypunumaa é3umna-am,
2) 2- 3- Teopemainiapaan ¢oiinananuo,
P, (%)
Qs (x)

(neN, seN),n<ys)

HH COJIa KacpJiiapra EMWIau,
3) By éimiMaHUHT YHT TOMOHHIArW COAJA Kacpjap WHFUH-TUCH YMYMHUMH
MaxXpakra KeJITUPUIIA]IH,
4) Hatmxama Xxocun Oyran
P.(X) _ Ry(¥)
Q(x) Q¥

SBHU,
P (¥) =R, ()
TEHIJIMKHUHT Xap MKKM TOMOHMJAru X HHUHT OMp XWJI Japaxka-lapu OJAuJaru
K03 (PULIEHTIApDHU TEHTJIAIITUPUO, HOMAabIYM KOA((UIIEHTIApHU TOMUII YYYH
TEHIJIaMaJlap CUCTEMAcH XOCHJ KUJIMHA/IH.
1-mucoa. Yoy
3x* +8
x> +4x% +4x

TYFPH Kacp cojja KacpJiiapra ENUICHH.
<« by KacpHUHT Maxpaxxu
X3 +4x% +4x = X(X? + 4x +4) = x(X + 2)?
OyJaraHu yuyH 2-Teopemara Kypa
3x* +8 A B C

3 2 Ty + 2
X°+4x°+4x X X+2 (x+2)

oynanu. YHu
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3xX*+8  A(X+2)*+x(x+2)B+Cx
3 +4x% +4x X(X +2)?
KypuHuIaa €3uo, ymoy
3x% +8= A(X+2)° + Bx(x+2)+Cx =
= (A+B)x? +(4A+2B+C)x+4A
TEHTJIMKKA Kemamu3. KKy KyTIXaJHUHT TeHTIIMTHAaH (oiinana-auo, ymoy
A+B=3
AA+2B+C=0
4A=38

CHUCTEMaHU XOCHJI KWJIaMU3 Ba YHU €4n0
A=2, B=1 C=-10

OynumHA Toramus. Jlemax,
3x* +8 2 1 ~10

3 2 =7 + 2"
X°+4X“+4x X X+2 (X+2)

2-MuCoJ1. YOy
X% +4x? —2x+1

x* + X
TYFPU Kacp cojJa KacpJiiapra ENUICUH.
<4 PaBmankwu,
X* +x = x(X+1) (x* —x+1).
YHpaa
x*+4x*-2x+1 A B , Cx+D
X(X+D) (X2 —x+1) x x+1 x2—-x+1

oymasu.

Kelnarn TeHrmmKaan
X3 +4x% - 2x +1= A(x® +1) + BX(x? = x+1) + (Cx + D)(x* +X) =
=(A+B+C)x®*+(C+D-B)x?*+(B+D)x+A
Oymumu kenmuO YuKaau. Y TEHTJIMKHUHT Xap WKKA TOMOHUJATW X HUHT OUp XUJ

Aapaxkanapu ojaaugaru kodddummentiaapuu tenr-gamtupuo, A, B,C,D napuu
TOIHMII YIYH KyHUIaru

A+B+C =1,
C+D-B=4,
B+D=-2
A=1

CHUCTCMAaHH XO0CHUJI KNWJIaMH3. VHu eund Tonamus:

A=1 B=-2, C=2 D =0.
Jlemak,
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X3 +4x%-2x+1 1 -2 2X
=—+ +

4 2 ' >'
X"+ X X X+1 x°—=x+1

Glossariy
Kacpnune maxpasicu Q,(X) kynxao (3) kypunuwoa éuna-ou,
2) 2- 3- meopemanapoan gorioaranuo,
Lio)]
Qs (x)
HU co00a Kacpaapaa éuunaou,
3) By éuunmanune yHe momoHuOacu co00d KACPaap UUSUH-OUCU YMYMULL
Maxpasicea Keimupuiaou,
4) Hamuocaoa xocun 6ynean

P.(X) _ Ry(%)
Q) Q0

ABHU,
P () =R, (X)

MEHSIUKHUHE Xap UKKU MOMOHUOazu X HuHe Oup Xuil o0apasxca-iapu
onoudazu KodppuyenmiapHu meHeAAUMUPUO, HOMABAYM KOIG puyenmiapHu
MONULL YUYH MEH2NAMANAD CUCEMACU X0CUTL KUTUHAOU.

18-AManuii MALIFyJIOT:
Kyi#innarn | (n € N) WHTErpaiiap y4yH PeKKypeHT dopmysiaap

TOIINJICHUH.
1669.1, = [x"e™ dx, a0 1670.1, = [ In" xdx
1671.1 =Ix°‘|n“xdx a#-1 1672.1 =_|‘Xni n>2
" " Y Ux%+a
1673.1, = [sin” xdx, n>2 1674.1, = [cos” xdx, n>2
1675.1_ = N
" Isin” X
Kyiiugaru TeHrjimKiaap Xuco0JaHCHH.
dx 1 X
1676. =—arctg—+ C, a0
Iaz +x® a J a ( )
dx 1. la+X
1677. =—In—+C, a0
Iaz —x> 2a la=x ( )
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18-keiic
Keiicau 0a:xxapum 60CKU4/JIapu Ba TOMIIMPUKJIAP:

] keficmaru MyaMMOHHM XaJl KMJIMIII MYMKHH OYJraH acocuii ¢oopmyJia, TylryH4a
Ba TACAMKJIAPHU KEJITUPUHT (MHAUBHIYaAT Ba KHUUK TypyXJjiap/a);

) Tynnanran MasiayMoTiapaad ¢oigananu0, KYHuaran MacajlaHd €4uHT
(MHAUBUTYAT).

1678. j xax

1
_i—ln‘azix2‘+c.
a® +x? 2

1679‘[\/7_arc5|nx+c (a>0)

19-Ma1>py3a: Panuonan GpyHKUMSIADHUA MHTEIPAJLIALLL
PE/KA:

1°. Panmonan (pyHKUMSIAPHH HHTEIPaJLIALLL
2°. UkKM y3rapyBYMHHHT PanuoHa] GPyHKIMSICH XaKuAa.
TASAHY UBOPAJIAP: QpyHKIMSHHUHT X, HyKTaJard XOCUIACH, YHT Ba 4aIl

XOCHIIaIapu

2°. Pauuonan (ynkuusiiapuu uarerpauiam. dapas xunaii-muk, f(X)
pauuoHan GyHKIUs OYI10, YHUHT UHTETPAIMHU XUCO0-JIalll Tajaad dTUICHH.
Avraiinuk, f(X) OyTyH parmoHan GyHKIus
f(x)=a, +ax+a,x* +...+a,x"
oyscuH. YHIa
2 3 n

x> x X
[f(dx=](a, +a,x+a,x" +..+2, x”)dx:aox+a1?+a2€+...+an—+c
n

oynmanm.
Avraiinuk, f(X) xacp paunonan GpyHkIus
() = 20 tax+ax’ +.tax" _ P(x)
by + b X +0,x% + .. 4+b, X" Q(X)
(neN, meN)
OyncuH. Arap N=>=m 6yaca, yaaa P,(x) kynxamgaun Q. (X) kymnxaxara Oyauin
ounan f(x)= RO HUHT OYyTyH KHCMHMHHU aXpaTHO, OyTyH panuoHan QyHKIHS

Qn (X)

XamJa TYFpY Kacp MMFUHANCU KYpUHUIIKAa udoaanad oJMHaIN:
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_ R P (%)
00,00 "R,
PaBuianku,
[ f(x)dx = jR(x)dx+j’ ))
Jlemaxk,
f0=gtey 0o

panMoHan (QYHKIUSHA HHTETpaJiall TYFpU KacpHU HWHTErpaji-jaiira KeJaju.
TY¥pu KacpaapHu HHTErpalIam yayH apaano yau 1°. na kenrupuiaran ycyn 6unan

comna kacpiapra énmnanu. Coama KacpiapHM WHTErpauiaml 3ca 29-Mabpys3aja
Oatadcus 6aéH dTUITAH.

3-mMucoJ1. Yoy
i 3x* +8

dx
x> +4x% + 4x

UHTErpaj XHUCOOJIaHCHH.
<« HHurerpan octuaaru panpoHan GyHKIUSIHU COZIa Kacp-japra amMus:
3x* +8 2 1 10
3 2 =37 B 2
X°+4X°+4x X X+2 (X+2)

Jlemak,
I 3x% +8
X3 +4x?% + 4x

dx dx dx
dX_ZIY+Ix+2_1oj(x+z)2 _

= 2In\x\+ In\x+2\+£+c >
X+2
4-mucout. Yoy

x® +2x* +2x% -1
I 2, 1\2 dx
X(X“ +1)
WHTErpajl XUCOOIAHCHH.
<« Unterpan octunaru ¢yHKUusA-paunoHan QpyHkuus Oyiaul, y HOTYFpU
kacpaup. by kacpHmEr cypatm  x®+2x? +2x% -1 Kym-XagHH Maxpaxku
X(x? +1)? xynxaara 6y1u6, yHUHT GYTYH KUCMHU-HH a)KPaTaMus3:

x® +2x* + 252 —J‘ x4+ 2x% +x

x° +2x* + x°

X
x? -1
Jlemaxk,
X2+ 2x +2x% -1 x> -1
2 2 =X+ 2 2"
X(X“ +1) X(X“ +1)

DHIU
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x? -1

x(x2 +1)2
TYFPH KaCpHU COAAA Kacpapra EsmMus:
x*-1 A Bx+C Dx+E

T2 e v T2 T 2

X(x“+1D)° X x°+1 (x°+1

x> —1=A(X* +1)? + (Bx+C)x(x* +1) + (Dx + E)x =

=(A+B)x* +Cx* + QA+ B+ D)x* + (C + E)x + A.
Kelnuru TeHrmMKnag

A=-1 B=1 C=0, D=2, E=0

OYJIMIIMHYA TOMIAMMU3.

Jlemak,
x? -1 _-lox 2
x(x2+1)2 X x*+1 (x2+1)2-
Harmxana,
x6+2x"'+2x2—1:x_1Jr X, 2
x(x% +1)° X x°+1 (x2+1)2
0ynuo,
x® +2x* +2x% -1 dx
[ — = [ xdx—[ — +j dx +
x(x +1) x* +1
[ 2X g ﬁ_lnH 1Id(x +1) J.d(;<2+12):
(x2 +1)? 2 X< +1 (x“+1)
2
:X?—In\x\+ziln(x2+1)— 21 l+C
oynanu. »

3°. kKM y3rapyBYMHMHI panuoHaJ GyHKuusicd xakuaa. Ukku U Ba V
y3rapyBumiap Oepuiran 6ynu6, Oy y3rapyBumiap €épaamMua yuoy

u"v™ (n=0,1,2,...; m=0,1,2,..)
KynaitManu ty3amus. Kyitmnaru
P(U,V) =a8pq + ayqU + 8g,V + AygU° + 8y UV + ag,V2 +...
+ apU" + 8y g UV Lt g UV + g V"
byHKUIHS U Ba V Vy3rapyBUWIAPHUHI KYIXaIH nermnanu, OyHAa
Aggr Ay0, Qgys-- -,y —XAKUKAHM COHIIAP.
Avraiimuk, P(u,v) xamma Q(u,v) map U Ba V ¥3rapyBUYH-JapHUHT

Kynxaniapu 0yiacus. Yoy

P(u,v)
QW) (Q(u,v) #0)

HUCOAaT U Ba V y3rapyBYHJIAPHHHT panuoHan GyHKUuscu aeiu-maau Ba R(U,V)
KaOu Oejruwjia”Haau:
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_ P(u,v)
R(U’V)_Q(u,v) : (Q(u,v) =0).

dapa3 KuJalauk, U Ba V Y3rapyBUMJIApHUHT Xap OupH Y3 HaBOaTuga X
y3rapyBUMHUHT

u=e(x),

V=y/(X)
byukuusmapu  Oyacun. Y xomma  R(u,v) dymkmus  @(X)  Ba  w(X)
GYHKIUSTIAPHUHT pallioHall PYHKIIUICH OYIau.

Macanas,
f(x) = X— 23{/x27—1 +1
byHKIMSA

u=+x, v=¥¥x*-1

JApPHUHT paruoHal GyHKUMICH OYIaau, YyHKU
u®—2v+1
u+v
Xycycan, @(X) Ba w(X) &mapHUHT Xap OuUpW X Y3rapyBUMHHUHT paIlldOHAI

R(u,v) = R(p(x)w(x))
GyHKUMS Iy X Y3rapyBUMHM paldoHan QyHKUUsACH OYiaau.

Ouau R(U,V) panmroHan GYHKIUSHUHT COIJIA XOCCAIAPUHM KEJITHPAMM3:
1) Arap

R(u,v) =

dbyHkusIapu 6yica, y xonaa

R(-u,v) = R(u,v)
Oyica, y xonaa Oy panuoHan GyHKIUs Yoy
R(u,v) = R, (U%,v)
KYpUHMIITa Kenaau, OyHaa R; XaMm paruoHan QyHKIHUs.
2) Arap
R(-u,v) =-R(u,v)
oynca, y Xxonaa Oy panoHan QyHKIUS yiioy
R(u,v) =R, (% v)u
KypuHUILTa Kenaau, OyHaa R, panuoHan QyHKIUs.
3) Arap
R(-u,—v) = R(u,v)
oyica, y xoaa Oy panuoHan GyHKIUs Yoy

R(u,v) = Rz(%,vz)

KypuHUILTa Kenaau, Oynaa R, panuoHan QyHKIus.
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Glossariy
f () = x—23x*-1+1
Jx +3x2 -1

u=+x, v=3ix?-1

JIAPHUHE PAYUOHAT PYHKYUACU OVIa0U, YYHKU
u®-2v+1
u+v
Xycycan, @(X) e6a w(X) napuumne xap Oupu X yzeapysuuHume PAYUOHA

R(u,v) = R(g(x),y(x))

dyuKyus wy X yseapysuunu payuonan gyuxyuscu 6yiaou.

@dyHryus

R(u,v) =

QyHxyusiapu o6yica, y xonoa

19-Amanamii MalIFyJioT:
Ymfy x=asint, x=atgt, X=asin’t Ba 06oIKA TPUIOHOMETPHK

aJIMAIITHPUILIAPAAH (OMAATAHUO KyHHAATH MHTErPAJLIap XUCOOJTAHCHH.
dx X2
1636',[—3 1637.| ————dXx
(1—x2% I\/xz—z

dx

1638.I\/a2 — x2dx 1639-] w

1640.],/ﬂdx 1641.jx,/2 X dx
a—X a—X

dx
1642. | N ()

Kypcarma. X —a = (b - a)s iN’ t anmamrTupuIas GoiIaTaHIICHH.

1643. [ /(x —a)(b — x)dx

Yoy x=asht, x=acht Ba 0omKa rUnepooJIHK

AJIMALITHPUILIAPAAH (POoHIATAHNO KyHMIAT HHTErPaJIap XUCOOJIAHCHH.
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2
1644. [ va? +x?dx 1645. | %dx
a +X

X—-a 1647. dx
1646.[ |~ dlx I\/(Ha)(“b)

Kypcarma. X+a = (b - a)s iN® t anMamTHpHIIaH (PO IATaHIICHH.

1648. [ /(x + a)(x + b)dx

19-keiic
KeiicHu 0axxapui 00CKMYWIapH Ba TONIIHPHUKJIAP:

[] keficmaru MyaMMOHH XaJl KHJIMIII MYMKHH OYIraH acocuii popmyJia, TyIryH4da
Ba TACAMKJIAPHU KEJITUPUHT (MHAUBHIYaAT Ba KHUUK TypyxJjiap/ia);

) Tynnanran MasiayMoTiapiaan ¢oiaananu0, KYHuaran MacajlaHd equHT
(uHAMBUIYAN).

bynakmad  wumHTerpasiam  ycyauaaHn — QouaasaHud — Kydugaru

HHTErpaLiap Xuco0JaHCHH.

1649.Ixsinxdx 1650._[xe‘X dx
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20-Mabpy3a: bab3u uppanuonan pyHKuMsJIapHA HHTErpajiam
PEXA:

1°, J.R(X, n | s +(tj) )dX KYpUHHIIUAATH UHTETPaJIAPHA XUCOO-JIAIII.
CX +

20, IR(X,\/ ax? +bx+c )ﬂx KYPUHUIIUIATH HHTErPAJLIApHUA XHUCOO0J1a1Il.
TASAHY UBOPAJIAP: QpyHKIMAHHUHT X, HyKTaJard XOCUIACH, YHT Ba YaIl

XOCHIIanapu

1. IR(X, n b)dx KYPUHUIIMIATH WHTErpajlJIapHu  XHCOO-jal.

dapa3 kwiaimk, R(U,V) HKKU Y3rapyBUMHHUHT palioHAT (YHKIUSACH OYInO,
a,b,c,d map xakukuii connaap, n € N OyicuH.
Yoy

[R(x.p aX+b)dx , ad —bc#0,
cx +d

KYPUHHIIAIATH  UHTErpAJUIApHU  KapauMu3. by WHTErpan  y3rapyB-4uHU
alIMalITUpUII €pAaMuJia pauroHal GQyHKIUSHUHT HHTET-pajiura KeJau:

ax+b tX_b—t”d
Vox+d 0 o
jR(x,naX+§)dx_ - ct" —al _
CX+ —
dx:ut”‘ldt
(a—ct")
n__ . n-1
:IR dt b,t (ad bc)nt2 at
a—ct" (a—cth)
1-mucou. Yoy
I 1+_X_dx
1-x 1-X
WHTETrpajl XUCOOIAHCHH.
by unrerpania
(o 1+X
1-x

aJ'IMaI_HTI/IpI/IH_IHI/I 6a>1<apaMI/13. 5’ HOa
t2 -1 4tdt
= dx =

t241 (t? +1)°
0ynuo,
i 1+x =2 t22dt
1-x 1-x t°+1
oynanu.
PaBnianku,
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t2dt
=t —arctgt +C.
Jt2+1 a

jﬂ+x-——n _2L——— tgL——+c>
1-x 1-x

2°, j R(X,\/ax +bx+c }1X KYPUMHHMIIMIATH WHTEIPAJVIAPHM XHCOOJIaLI.

By unrterpania a,b,C-xakukuii connap 6ymm6, ax® +bx +C KBagpaT yuxaj TeHr

Jlemaxk,

WJIIM3J1apra 3ra smac.
Kapanaérran

[R(x,Vax? +bx+c)dx (1)

HHTErpaj Kyuuaard yura aaMalTUPUII épaaMuaa pauoHal pyHKUus
HHTErpajaura Kejaam.
a) a>0 oyacun.
(1) unrerpanzaa ymoy

t=+ax++vax? +bx+c  (éku t=—Jax++ax?+bx+c)

AIMAIITUPUIITHY Oakapamus. Y Xoiaa
ax? +bx+c=t? - 2Jaxt +ax?,

_ tP-c dx — 2(~/at? +bt+C\/_)
2Jat+b (2/at +b)? ’
Jax? +bxa e Jat? +bt+cva
2Jat+b
oymasu.
Hatmxana

[R(x,Vax? +bx+c)dx =

~ (R t?—c Jat?’+bt+ca 2(\/5t2+bt+c\/_)
Ul 2dat+b T 2Jat+b (2/at +b)?

oynau.
2-MHUCOJ1. Y10y
dx

Ix+\/x2 +Xx+1

WHTErpajl XMCOOIAHCHH.
<« by nHTerpanga

t=X+/X%>+x+1

anMaluTupuiIHy Oaxxapamus. Hatnxana
2 2
-1 +t+1
L dx=2" g

C1+2t 1+ 2t)?

0ynuo,
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2
dx 5 t +t+1dt

Ix+\/x2 Fx+l I (1+2t)°t

oynasu.
Arap
2t°+t+) 2 3 3
tl+2t)> t 1+2t (1+21)°
OYUIIMHYU YbTUOOpPTa OJICAK, YHA

[ S S{  S N T
X+“,X2+X+1 t 1+2t (1+2t)2

Y T P Y
2 2(1+ 2t)

:2In‘x+\/x2 +x+1‘—gln‘1+2x+2\/x2 +x+1‘+

3
+ +C
2(L+2X + 24 X% + X +1)

oymuimy kenubd yukagu.
0) ¢ >0 o6yacun. by xonna (1) uarerpanaa ymoy

tzi(\/ax2 +bx+c —+/c)

E€KU

t:i(\/ax2 +bX+C+\/E)

X

ANIMAIITUPUIINHY Oakapamus. YHIa

2Jct-b 4 Yot? —bt+Vea,
:—_ 5 y X= 2 t1
a—t (a+t)
Jax? by = Yo bt rale
a—t?

0ymuo0, (1) uaterpan pauroHasl PYHKIUSHUHT UHTETpaJIUra Keaaau:

[R(x,vax? +bx +c)dx =
_IR(Z\/Et—b \/Etz—bt+a\/5}(\/_t —bt+x/Eajt

a—t? (a+1t)?
B) ax’ +bx+C KBaapar yuxaJg TYpJH X, Ba X, XaKHKHii HIIU3ra 3ra

OyJICHH:
ax® +bx+c=a(x—x)-(X—x,).
by xonna (1) unrerpanga ymoy

Jax? +bx+c

t=

AJIMAIITUPUIITHA 6a>1<apaMI/13. HaTI/I}KaI[a
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2
—ax, + Xt a(x, — X
X=—H=2 " \/ax2+bx+c:—(l 2)t

2

" —a " —a
dx=2a(x1 x2)t
(t* —a)®
oyuo,
[R(x, vax® +bx+c)dx =
(R ax2+x1t2 A% —%,) ) 2804 = X,)t

t?—a C t?-a (t? —a)?

oynasu.

3-MucoJ. Yoy
| _Ix—x/x2 +3x+2 o

X+VX2+3X+2

WHTErpajl XMCOOIAHCHH.
<« PaBmiankmy,

X2 +3x+2=(x+1)-(x+2).
[yHu 3pTHOOpra 01nb Oepuirad HHTErpaiaa

t:i\/x2+3x+2

X+1
ANIMAIITUPUIITHY Oakapamus. Y Xoiaa
2-t° 2tdt
=2 ’ dX=-"""
t° -1 (t° -1
0ymuo,

Ix—\/x2+3x+2dx_I —2t7 -4t it
X+ VX% +3X+2 (t-2)-(t-1)-(t+1)°

oynanu.
OHIN
3 16 17 5 1
—2t° -4t _ 4 27 108, 18 , 3

t-2)-(t-1) t+)® t-1 t-2 41 t+1)? (t+1)°
OYAMIIMHYU >bTUOOPTA 0JIMO TONaAMU3:

| —2t* — 4t g3 dt 16 dt

(t—2)-(t—1)-(t+1)3 4lt-1 27't-2
dt 5, dt 1
_ﬁ t+1" 18 (1 11)? 3I(t+1) 4 ‘ -1
5 1 1 1
18 t+1 6 (t+1)?
3°. Bunomuaa aupdepeHMaIHT HHTErpaIam. Yoy
x™ (a+bx™)" dx

——| \t—z\——l t+
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upoma OmHOMHMaAN auddepeHnnan neiwianu, Oynma ae€R,beR,mn, p-
palroHas CoHap.
bunomuan nuddepeHnaTHIHT HHTETpan
[ x™(a+bx")" dx (2)

HM KapaiiMu3. by nHTerpas Kyiiuaaru xossiapaa pauuoHas GyHKIUSTHUHT
HHTErpajiura KeJiajau:

1) p-6yTyH coH. by xonma M Ba N pamnuoHal COHJIAP MaXpaKIapUHHHT

SHT KUYMK YMYMHH KappajducCuHU O OopKaiu Oenrmna0, (2) uHTerpaiia
x=t°

aNIMaIITUpUI O6akapuica, (2) HHTerpal panuoHan (yHKIUS-HAHT WHTETPAJIATa
KEJa/Iu.

4-mucout. Yoy

Vx
= [ — =5
@+%/x)
MHTErpajl XMCOOIAHCHH.
<« by uHTerpanHu Kymiuaarunya

B
j(1+§/_) dx = jx2(1+x) dx

€3u0, OyHna P =—2 OYIMIIMHU aHUKJIAHMU3.

HNurerpanga
x=t°
anMaluTupuI odaxapuo
t8
J (1+t2)
OYJIMIITUHYA TOTIAMM3.
PaBmankwu,
L:t“—2t2+ L S
(1+1%)? t?+1 (t? +1)?
Jlemak,

t8 t5 3

j(1+t2)2 =%

oymuo,

GF 4/x +188/x — 2larctgd/x + ®x ¢
T

oynamu. »
2) m+1

- 0yTyH coH. by xonna (2) wuHrerpanaa



aNIMaIITUPHUIITHU Oaxapub
jxm(a—kbx”)pdx:rlj(a+¢ﬁ)potth
n

OYJIMIIIMHYA TOTIaMU3, OyHIa

1
n
CyHr p HUHT MaxpaxuHu S 71e0
1
z=(a+bt)s

aIMaITUPUITHA Oakapamu3. Hatmwkana (2) wHTEerpan pamuoHan GyHKIUSHAHT
MHTETpaInura Keiau.
S-Muco. Yoy

J. Xdx
V1+3/x?
WHTErpajl XUCOOIAHCHH.
<« by unTerpania
1
x0;+x3) 2

JJ—I

1
m=1, n:——n =——
3 P 2
0ynuo,
m+1
__i_::3
n
oynanu.
[yxu apTHOOpra 0110, OepuiIran UHTErpaa,
2 1
t=(1+x3)2

AIMAIITUPUIITHY Oakapamus. YHIa
2 3

1+x3=t> , x=(t>-12 , dx:g(tz—l)

1
2

- 2tdt
0ynuo,
21 t7 t5 2

[ x@+x3)2dx=3[(t* —1)2t2dt:37—6€+t3 +C, t=V1+x3

oynanu. P
1
3) p+Q - O6yryH coH. Mabaymku, (2) uHTerpan X =t" ammarn-THpHII

Ounan ymloy

mi :
Li@+byr -t dt:lj(a+bt)p-thtzlj(“btj APt
n n n

KYpPUHUIITa KeJlau.
Arap KeHUHTH UHTerpaiia
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1

(a+bt)s
=
t

anMalITupui  Oaxkapuica (S COHM [P  HHHI Maxpaxu), y  palHoHal

(YHKIUSTHUHT UHTETpaura Kelaiau.

6-mucos. Yoy
dx

x%/2 + 3x?
WHTErpajl XUCOOJIAHCHH.
<« PaBmranku,

dx -2 2 -
—————— = | X" “(2+3x°) 2dXx.
jXZ\/2+3x2 j
Jlemak,
m=-2,n=2, p:—i, m—+1+p=—l
2 n
oymuob, P+ (-0yTyH coH OVnaau.

bepunran unrerpanga
1

22
t_(2+3XJ _[2 4

X2 X2

AIMAIITUPUII Oaxapuo,

W2 a2t
2 -3 J(t2 =3)°
dx -2 2 -
=|Xx“(2+3x") 2dx=
Ix2 N2+ 3x? I
dt, Vi+3
=[(--)=—2+C=-22——4C
2 2 2
OYIuIIMHY TOonaMus. P
MamxkJjap
1. Ymoy
I dx

(2x +1)°V4x? +4x+5

WHTErpajl XUCOOIAHCHH.
2. Ymoy
I dx
2sin X — COSX
MHTErpai XUCOOJaHCHH.
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Glossariy

1
p+( - OyTyH coH. MabiyMku, (2) uaTerpain X =1t" aaMam-tTupuin OusiiaH

yuoy

mi, :
Li@+byr -t dt:lj(a+bt)p-thtzlj[“btj 4Pt
n n n t

KYPUHHILTA KEITAJIHN.

20-AMajuii MANIFyJIOT:
[—Mucoa. Yuoy

2x° +6x° +1
I=I x* + 3x? dx

UHmMezpai Xucoo1aHCuH.
<4lluTerpan octugaru KaCpHUHT CypaTHHU Maxpaxkura O0ynu0, OyTyH KUCMUHU
aXpaTamus:

2x° +6x° +1 1
4 2 2X + 4 2
X" + 3X X" + 3X
CYHI Oy TEHIVIMKHUHT YHT TOMOHUJArd TYFPU KacpHU COJiIa Kacpiapra €saMus3:
1 1 A B Cx+D

(*)

x* +3x% xz(x2 +3)_ x XX 43
bynnan
| = AX(x? +3)+B(x? + 3)+ (Cx+ D)x? = (A+C)x* + (B + D)X + 3Ax+ 3B
oynmuiy kenub ynkaau. Jlemax,
A+C=0, B+D=0, 3A=0, 3B=1.

KelnHru TeHrIMKaad 3ca

A=0, B=2, C=0, D=-=

3

Wl

OyumuHN TonaMus. (*) TeHrIMKKa Kypa

111
xz(x2+3)_3x2 3(x2+3)

oynanu. DHau OepuiraH UHTErPATHU XUCOOIaiMuU3:

2x° +6x° +1 1 1 1
dx=|| 2x+ ——— dx = || 2x+ —— y [dX =
J x* + 3x? I( x“+3x2]d J{ 3x° 3(x2+3)}
, 1 1 X
=X"—————arctg—+C.»
3x 3v3 93

8-—mMucoJa. Yuoy
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|=I 3x+1 dx

2
x(l + x2)
UHmMezZPal XucooaanHcuH.
<dlHTerpan ocTuiaru KacCpHu CoJiJia Kacpiapra EsMus:

3x+1 =é+ Bx+C+ Dx+F
x(1+ x2)2 X 1+x° (1+ x2)2
YMymuili Maxpaxra KeITHpUO TOIAMU3:
3x+1= AL+ X2 +(Bx+ C)(1+ x?)+ (Dx+ F)x =
=(A+B)X'+Cx* +(2A+B+ D> +(C+F)x+A.
A,B,C,D,F napuu tonuim yuyH Kyitumara

(A+B=0
C=0
J2A+B+D=0
C+F=0
A=1

cucrema xocuna oynanu. by cuctemanu eucak,
A=1 B=-1, C=0, D=-1, F=3
Oymumu kenud yukaau. Jlemak, HHTErpais ocTuaard GyHKIus
3x+1 1 X, =X+ 3
x(1+x2)2 X 1+x° (1+x2)2
OYnaau. YHUHT MHTErPaIUHU XUCOOIaiMU3:
3x+1 dx xax xdx dx
Bt e e e D e
x(l + X ) X +X (1 + X ) (
1 1 dx
= In[x| = = In\1+ x° +~(—)+3 s
KelHru TeHrTUKHUHT YHT TOMOHUJArM MHTErpaiHu 2-§ na KenTUpuiIral

PEKKYpeHT (hopmysara Kypa Tormamus:

| _Id—x_l.i+l| __ X +EJ‘ dx _
2~ (x2+1)2_2 x> +1 2 1_§(m 29 x2+1

- +larctgx+C

2x* +1
Jemak,
3x+1 1 3x+1 3
I =I;(mdx = In\x\—EIn(1+ X2)+ m+ > arctgx+C.»

Homabaym ko3ppuuuentnap ycyauaad d¢ouaananud Kylduaaru

HHTErpajjiap Xuco0JIaHCHH.
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X xdx
1700"[ (x+1)x-2) 1701 I 2x% —3x—2
1702.f - 2x+11 1703, | LX“Lgdx
X% +6x+13 x> —5x+6
1704. | 3 _E); 8 i 1705. [ -, e ;‘3:1 .
xdx xdx
1706. | (e s 2 3) 1707. [ — 17
X xdx
1708"[ (x+ 1)(x2 + 1) 1709'I (x + 1)(x + 1)
2
1710 | (#) dx 1711, j
X°=3X+2 x3+1
xdx dx
1712. j' 7 1713. | (16 +1)
(3x2 — 2)><dx x“dx
74 | (x+2)*(3x% — 2x + 4) 715 | (x+ 1% +1)

20-keiic
KeiicHu 0axxapuin 00CKMYWIapH Ba TONIHPHUKJIAP:

] keficmaru MyaMMOHH XaJl KMJIMIII MYMKHH OYIraH acocuii ¢poopmyJia, TyIryH4ua
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBHUIYaAT Ba KHUUK TypyxJjiap/a);

) T¥nnanran MasiayMoTiapiaan ¢oiaananu0, KYHuaran MacajlaHd equHT
(MHIUBUIYAN).

dx
xP=x®=x+1

1716. | X +2x° +3X+4dx 1717.f -

x* +x3 + 2x?
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21-Ma1>py3a: AHUK HHTerpaJj TYIyH4Yacu

PE/KA:

1°. CermenTnu 0ynaKkaan.
2°. lap6y xamMaa MHTErpaJ WMFUHARIAP.
TASAHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba YaIl

Xocujiajiapu

1°. Cermentnn 6ymaknam. bupop [a,b] = R cerment Gepun-ran 6yicum.
by cermeHTHUHT Kyilnaaru
a=Xg <X <X, <.Xyy <X,=Db
MyHocabatja Oynran
Xo» Xy Xoy--Xngs Xy 1)
HyKTajapy TYIUIAMUHU OJIAWJIUK.
Pasmanky, (1) Tymmam [a,b] cermentan
B =[Xo. %], By =[x, X 1o -y By =[Xp1. %]
Oynakiapra axxpaTaju.
1-tabpud. Yoy
a=Xg <X <X, <.Xp4 <X,=Db
MyHocabataa 6ynran
Xos X5 Xoye-Xn 1y X,
HyKranap tymiamu [a,b] cermenTHn 6ymakmamn faeinmaay Ba
P={Xo, X, Xp,-- X1, X, }
Kalu OenruiaaHaau.

Byuna xap oup x, (k=0,1,2,..,n) nykra [a,b] cermenTHuHr G6¥nyBuM
HYKTacu, [X, X, 4] (k=0,1,2,...,n—-1) cermMent 5ca P OynmaknamrHUHT
Oopajvfu ACHIIaIN.

Kyiinparu

Ap =max{Ax | AXy = X1 — X
MUKAOp P OYynakmamHuHT JuaMeTpH AeHuIaim.

Macanan, [a,b]=[0,1] 6ynranma Kyiingaru
2 4 6 8 10,
10" 10" 10" 10" 10
1l 4 5 6 10,
10'10' 10' 10" 10

nykranap cucremacu [0,1] cermenTHUHT
p-lo 2 4 6 8,1
10 10 10 10
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P2: Ol is il i; Esl
10 10 10 10

OynakianuiapuHu XOCHI KIJIaad. YJIapHUHT JUaMeTpiapyu MOC PABHUIIIIA
1 2
ﬂ’pl = g ! ﬂ’pz - g
oynasu.

FOkopuaars kenTupwiran Tabpud Ba MUCOIAPIAH KypuHa-aukd, [a,D]
CETMEHTHHMHI TYPJIM ycyJiap OWJIaH MCTAAraH COHJIArd OYJaKiIalUTapuHU TY3HII
MyMKuH. By 6ynaknammapaan nbopar TynnamMHu  OuiaH OenruiaiMus:

o ={P}
S
20, JlapO6y xampa mmrerpan i -ummmaap. f(X) ¢ysxmus [a,b] na
AHUKJIAHTaH Ba yerapajaHra OyJicuH. YHaa
dmeR, M eR, WVxe[ab] : m<f(x)<M
oynasu.
ANTaNNK,
P = {Xp, Xg, Xorers X310 Xy |
[a,b] cermenTHuHTr Gupop Oynaknamu 6yiucud. Y Xonmga Oy OYIaKk-JallHHHT Xap
oup [X,,%X. 4] (k=0,1,2,...,n—1) opanuruna
m, =inf{f(X)}, xe[X %] .

My =sup{f(x)}, Xxe[X X
MaBxya 0Viuo

(k=0,1,2,...,n—1)

inf {f(x)}<m, <M, <sup{f(x)} (2)
xela,b] xela,b]
oynau.
2-Tabpud. Yoy
n-1
S= > m, - AX,
k=0

imruaan T (X) ¢ysxuumsauar [a,b] cermentnunr P Gymaxmammra HucOataH
JapOyHUHT Kyl HUFUHIIMCH IeUNIIaIH.
Papmanku, Oy #wruagu — f(X) ¢yskumsara xampa [@,0] smar P
Oynaksarmra OOFIUK OYiaau:
s=s(f;P) .
3-tabpud. Yoy
S= niM - AX
k=0
imrnaan T (X) ysxuwmsauar [a,b] cermentnunr P Gymaxmammra HucOaraH
JlapOyHUHT FOKOPY WMFUHINCH JCHIITa N,
by imrungu  f(X) ¢yskuusra xampa [a,b] muar P Oynak-namuara
OOoFnuK Oymaau:
S=S(f;P) .
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OHmu xap oup k e {0,1,2, ..., N —1} HUHI KuiAMaTtuaa [X,,X,,] cermenrna
uxtuépuit £, HyKraHu TaiumHmaimus: & €[x.,x.,] (k=0,1,2,...,n-1).
Harmxana [a@,b] auar P 6ynaknammura Hucoatan

{or G180}
HyKTajap TyruiaMu xocui Oynaau. by nykranapaaru f (X) GyHKiusHIHT
f (&) (k=0,1,2,...,n-1)
KuiiMatiaapu paamMuaa ymoy

n-1
> F(&) - Ax,
k=0

WUFUHIUHYU TY3aMHU3.
4-taspud. Kyitmnaru

o= nZ_lf(fk)-AXk
k=0

imruaan T (X) ysxumsousar [a,b] cermentnunr P Gynakmammra HucOaraH
WHTErpaJ UMFUHINUCH JICHUIIA]IN.
Wuterpan #urunau, f(X) ¢yskuusara, P Oymaknamra xamga Xap Oup
[X, X, 4] Aa onmuHran &, HyKrajzapra OOfyIuK Oynanu:
o=o(f;P;&).
PaBmanku, & €[X, , X,;] y4yH
m, < (5 ) <M,
O0ynu0, aliHu manTaa
s(f;P)<o(f;P;&)<S(f;P) (3)
TEHI CU3JIMKJIap OaXkapriiain.
1-mucou. Yudy
f(x)=|x

¢ynkuusauHT [-1, 1] cermeHTna Kyhnaaru

P: _:I-i_gl_E _l Ol£l£l§!1
4 2 4

4" 2" 4
oynaknammra HucOatan JlapOy WMFUHIUIApU XaMa
ék:Xk (k=0,1,2,...,7)

ne0, MHTerpasl HUFUHIA TOTUJICHH.
« bepwiran f(x) = ‘X‘ ¢ynkuus yays [-1, 1] cermeHTHUHT

P: _11_§1_l1_l10111£1§1
4 2 4 4 2 4

Oynaknammaa
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1 1 3
M4:Z’M5:§’M6:Z’M7:1
XamMmaa
3 1 1
o =-1, 51__2’52:_5’683:_2’
<4 =0, 55—% S6 Z% §7=%,
f(&) =1, f(@)—% (5):%,“53):%,
f(&)=0, f(a-,)—— f(éa)—— f(§7)_%
oymasu.

OHau AX, :% (k=0,1,2,...,7) OynMIIUHU 3THOOPTA OJIMO TOIIAMH3:

s(f;P)= (—+1+ +0+ 0+1 1 §) l:§
2 4 4 2 4 4 4
S(f;P):(1+§+l+l+1+1+3+1) L =5,
4 2 4 4 2 4 4
3 11 1 1 3,1
f;P; 1+—+—4+—4+0+—+—-+-)-—=
oEP )=yt POy

Glossariy

Kytiuoaeu
n-1
o= (&) Ax
k=0

uusunou f(X) ¢gynxyuanune [a,b] ceemenmnune P 6ynaxnawuea nucoaman

uHmezpa UUSUHOUCU OeltiuIaou.
Humeepan uueunou, f(X) ¢ynxyusea, P 6Oynaxnawea xamoa xap 6up

[Xe s X1 0a onunean &, mykmanapea 6oenux 6ynaou:
o=0o(f;P;&).
Paswanku, & €[X, , X.1] yuyn
m, < (&) <M,

OYIuUob, ainu namumoa
s(f;P)<o(f;P;&)<S(f;P) 3)

MEH2CUBTUKAAD OaNCapulIaou.

21-AMajauii MalIFyJIOT:
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OYHKIUSHUHT aHUK MHTerpajiapu acocad HerotoH-JIeionu dhopmynacu,
y3rapyBUMJIapUHM  ajdMaIlITHpUIl Ba OYynakiad MHTErpamialml  ycyJjapu
(bopmynanapu) Epaamuaa XUcoOIaHATIH.

1°. HproTton-Jleiionun (opmyiaacu. ANWTaiNK, f(X) byHKIUSA [a, b]
CerMEHTAa y3iIyKcu3 O0ymuo, F(X) (GYHKIMS 5ca YHUHT OOUUIaHFUY (YHKIUSICH
OyicHH (F'(X) = f(x), X e [a,b]). V xonna

j:f(x)jx _Fb)-FG@)=F()° @

Ooynmanm.

AHHMK UWHTETpajdHu XHcoOJjalm WMKOHMHU Oepaauran (2) dopmyna
Huroron-Jleitonun popmyJiacu aeiiviagm.

2°. Virapysunan anmamrupum dgopmyaacu. Papas KUTaiImk:
1) f(x) byHKIISA [a, b] CEeTMEHT/a Y3TyKCH3;
2) (p(t) byHKIMS [a,B] 71a Y3JIyKCHU3 Ba Y3JIYKCH3 (p'(t) XOcuJjiara ara;
3) ¢a)=a, ¢(B)=b;
4) f((p(t)) Mypakkad (QyHKIUS [a, b] Jla aHUKJAHTaH Ba Y3IyKCU3 OVicuH. Y
XoJiaa

[ = [ol)- o' E)ct @

oymasu.

(3) bopmyna y3rapyBUMHHU ajJaMalITUpuII GopMyaacu JAcimiaiu.

3°. Bynaknaé wuHTerpasiaam Qopmyaacu. ANTainuk, f(X) Ba g(x)
bynxumsnap [a,b] cermentma yamykcus Ba ysnykens f'(x), g'(x) XOcHIaaapra
ara OyicuH. Y xoina

100 0= - falr(x @

oymau.

(4) popmyna 6yaakaad uaTerpauiam GopmyJaacu aeunaam.

dcaarma: AipuMm xoiapia WUFUHAWHWHT JUMUTH aHUK WHTETrpajira
KEeNTUPUO XucobIaHaIu.

l-mucoa. Yuoby unmezpan

b b ‘X‘
j f(x)dx = _[ S dx
a a
XUCOOIAHCUH.

M:

qAiitaiiink, 0<a<b Oyncun. by xomma x>0 6ymu0, f(x)= 1
X

oynanu. [lemax,

dex;fdx:x\b =b-a
aX a :
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X
Anitaiiiuk, a<b<0 Oyncun. By xomma X<O0 O6ynuo, f(X) = U =-1
X
oynanu. [lemax,

j)";dx =E(—1)dx =—x.=a-b

Avnitarinmuk, a < 0 < b 6yncun. by xonga

f(x)zmz{—l,arap a<x<0
1,arap O<x<Db
oynanu. Jlemax,

b‘x‘ 0 b 0 b
[“ldx = [(=1)dx + [1dx =—x_ + X, =a+b
a X a 0
FOKopumary ydura X0oJHH OHPIIAIITHPHO,
b
j@m:@
a

OYIUIIMHYA Tonamus. P

2—-Mucoa. Yuoy
10%

I J1—=cos 2xdx
0

XUCOONAHCUH.
4 MasbiymMKH,

J1-c0s2x =+/2sin’x = ﬁ-\sinx\
Yuna
10w 10w

| V1-cos2xdx =2 [[sinx[dx
0 0

oynmanu. AHI/IK I/IHTeraJIHI/IHF xoccanaplxmaH (boﬁz[aﬂaHH6 TONAMHU3:

lonsmx X = smxdx S|nxdx+ smdx S|nxdx+ -+ smxdx—lonsmxdx_
[lsinxd
0 27 3n 8n 97

=2+2+---+2=20.

%/—J
10Ta

Jlemak,
10%

I\/l—COSZXdX=20-\/§.>
0
3—-mucoJa. Yuoy
a
_[xz a® —x2dx
0

UHmMezpan Xucoo1aHCuH.

«4by uHTErpajgHu Y3rapyBUMHH aJIMAIITHPHUIN YCyauaaH Qoigaranuo
XUCOOIanMu3:

137



. >
j'xzx/az—xzdx=[x=asint,dx=acostdt,te[o,ﬂ} aj sin’t - cos? tdt =
0 0
42 4 : g 4
a_j sin 2tdt_—j1 cos4t . _a’ sm4t) _a
47 =" ) "6
4_

MHUCOJI. Ymﬁy
e
=I(x|nx)2dx
1

UHmMezpan XucooOaancuH.
by uHTerpamHun Oynakna® wHTerpamuiam dopMmynacumaan Goigaranuo
XHCOOIaMu3:

; 3
3=I(X|nx)2dx= u=|n2X,dU=2|nX-1dX,dV=X2dX,v=X_ _
1 X 3

3

Keliunrn wHTerpan xam Oynakna®d uMHTErpaiaml  ycyiu €paaMujia
XucoOJIaHa u:

3 e 3 ¢
=X—In2x‘e —gszlnxdx=e——gIX2|nXdX
139 3 3%

€ 1 X3
IXZIHXdX=[U=|nX,dU=—dX,dV=X2dx,v=§}=
1

X
3 e 3 3 3 3
—X—Inx\e——szdx=e——— L S
3 ! 317 3 ) 3 9 9 9

9 9 3 27 27 27
S—MuCOJJ. Yuody

3 3
S=e——g(ge3+l)=e——i 3—£=i(5e3—2).>

1*+2%+ ...+n¢

o+l

n
HURUHOUHUHZ TUMUMU AHUK UHmMeZPal EPOamuda monuicuH.
<4 ABBasio Oepuiran HHFUHANHYU Kyiiugarnya €310 ojlaMus:

1°+2%+ ...+n* Q(kY 1
S = = — . —
n o+l é(n) n

n

S, = (>0)

DHIN f(x)=x°‘ (a> 0) byHKIUSHA [O, 1] CETMEHTIA Kapaimus.
PaBmanku, Oy QyHKIMSA [O, 1] CEerMEHTJa WHTerpaJUlaHyBud OYJajiu. [O, 1]
CerMeHTHM N Ta TeHT OViakka 0ynuo, ymoy

pfol2 Ktk ]
nn n n n
OynakjanIHu XOCUJI Kuiamus. Xap oup



n

[k 1k}(k 1,2,3,...,n)

y K y
Oynakmamma &, =— ned6, P Oynakmamra HucOaraHn f(X)=X°‘ (O YHKITUSHUHT
n

MHTETpaJl UMFUHAUCUHU Ty3aMU3:

RS

Jlemak, rokopuara S, ﬁI/IFI/IHI[I/I G WHTErpajl MMFUHANIAH H00paT FKaH:
S, =0
f(x)= X* GyHKIHS [0, l] Jla UHTETpajIaHyBuM Oynrannuru cadbadmiu

1
limo = _[x“dx

n—oo

oynanu. lllynu spTrb0opra oambd Tonamus:

XG.+1 |1 1
limS, —J'x“dx— = >
N—>oo o+ 1‘0 o+l
HNuTerpaniap Xuco0JIaHCHH.
1014, % 1015. [
._[x dx {ﬁ
1916.i(x2 —2X+ B)ix 1917. i( —2X% + X — 1)dx

1

1

1918.[( x+§/?)jx 1919.jsinxdx
0

0

J3 1/2
dx 1921 dx

1/{@1'*')(2 '_i[/zvl—xz

1920.

21-keiic
KeiicHu 0axxapuin 00CKHWIapH Ba TONIIHPHUKJIAP:

] xkeficmaru MyaMMOHHU XaJl KMJIMIII MYMKUH OYJran acocuii ¢popmyria, TylryH4a
Ba TACAMKJIAPHU KEJITUPUHT (MHAUBHIYaAT Ba KHUUK TypyXxJjiap/a);

] TyImaHTaH MablIyMOT/IapaaH Gpoiaananu0, KyHuiran MacajaHd €4uHT
(MHIUBUIYAN).
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22-Ma1>py3a: AHUK UHTErpaJj rabpuQu.
PEXA:

1°. AnuK MHTErpaa Tabpudu.
20, HNuTerpan MMFUHAUHUHT JUMHUTH.

TASSHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba Yall

Xxocujanapu
3% Anuk unarerpaia tabpudu. Papas kunaiimuk, f(x) ¢pysxkuua [a,b] na
Oepuirad Ba uerapajganran OyicuH. YHaa [a,b] opamukauar xap xammaii P
Oynaknmamu xamaa xap Kaupan &, (& e[%, %41, k=0,1,2,...,n-1) napaa
tokopuaaru (2) Ba (3) myHocabaTiap ypuniau 6ynuo,
(b—a)-[iam;]{f(x)}g s(f;P)<o(f;P;&)<

4
<S(f;P)<(b—a)-sup{f(x)} *
[a.b]
oynasu.
Oumu [a,b] cermentnumr Gynaxnammap Tymiamm = {P} fhr xap 6up

Pe o6ynaxnamh mucbaran f(X) gysxmmsansar Jap6y inruaaunapu  S(f, P)
Ba S(f;P) Hm Ty3u0 , ymoy
{s(f:P)}, {S(f:P)j
TYyIUIamiiapHu Kapaiimu3. by tymmammnap (4) wMyHocabaTra kypa derapajiaHraH
Oynanu.
5-tabpud. {s(f;P)} tymnamEuHr amuk tokopu uerapacu f(X)
GyakuusHuHT [a,0] opanukmaru Kyin MHTErpau qeinIaaq Ba

b
[ £(x)dx

Kabu OenrviIaHaIun.
Jlemak,

b
[ £ 0)dx =supis(f;P)}.
. P
a
6-rabpud. {S(f;P)} TymiamHuHr amwk Kyiin werapacu  f(X)

GyuxustHAHT [@, 0] opanukaaru KOpH MHTETpaiH AeHnIaan Ba
b

[ £ (x)dx

kaOu Oeruia”amgu.
Jlemak,

f (x)dx = inf {S(f;P)}.

D ——y | T
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7-tabpud. Arap f(X) byHKUMSIHMHT Kyiu Xamaa IOKOpU HHTErpaiiapu

Oup-Oupwura TeHT
b

b 0
[ £(x)dx = [ f(x)dx
g‘ a
oymca, f(X) ¢yuakuus [a,b] opamuk Oyiinua wunHTerpamanysun (Puman
MabHOCHA MHTETPANIaHyBYN) TCHHIIA/IH.
bynna Kyiim xamzIa OKOpYM HWHTErpaulapHUHT ymymwuid  Kmitmaté  f (X)
¢yukuusauar [a,b] opamuk OVitmua anuk wuHTerpaau (PumaH uHTErpanm)

JeuniIaau Ba

b
[ (x)dx

Kabu OenrniaHaIun.
Jlemak,

b
T f(x)dx :T f(x)dx = [ f (x)dx.

a

a COH MHTErPAJIHUHT KyWH yerapacH, b COH 5ca MHTErpaJHUHI IOKOPH Yerapac,
[a,b] cerment unTerpamant opanury aeHUIAIN.
Acaarma. IOxopuna xenrtupwiaradn  f(X)  QyHKIMSHMHT HMHTETpain

Tabpudura OMHOAH HHTETPal

b
[ £(x)dx

y3rapmac coHHU upomanaiinu. buHOOapuH, WHTErpall OCTHAA Y3rapyBUHMHUHT
KaHaal 3unuiura O0FIuK OyIMaiiu:

b b
[ f(0dx = [ )t .

2-mucoa. f(x)=C , CeR, xe[ab] 6yncun.
By QyHKUMSHUHT MHTErpajIaHyBYAHINTHA aHUKJIAHCHH.
<« [a,b] cermenTHuHr UXTHEpPHIT
P = {Xg, X1, Xp10ee X1, Xy |
OynaknamuHu oauo, yHra Hucoaran lapOy MUFUHIUIAPUHU TOMIAMU3!

s(C;P)=§C-Ax:C-(b—a),

k=0
S(C;P) = nZ_lC-Axk =C-(b-a).
k=0
bynnan
Sup{s(C;P)}=C-(b—a),
P
inf {S(C;P)}=C-(b-a)

0ynuo,
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b b
JC-dx=]C-dx
; a
oYUM Kenub YuKaIu.
Hemak, f(X)=C ¢ynkuus [a,b] na wHTErpamTaHyBYH Ba

b
[C-dx=C-(b-a).
a
Xycycan , f(x)=1 6ynranna
b
[dx=b-a
a

oynanu. »

3-muco. f(X)=D(x) , xe[01] 6yncun. By Jupuxie QyHK-IIUACHHN
[0,1] ma mHTErpaTIIaHYBYMINKKA TCKITHPHUIICHH.

« [01] cermenTHuHr uxtuépmii P Oynaxmammra HucOaran upuxie
¢yaxuugcuuHr JlapOy WuFMHIUIapU

n-1

k=0
n-1
k=0

0ymuo,
Sup{s(D;P)}=0 inf {S(D;P)}=b-a

oynanu . Jlemak,

D(x)dx=b-a |,

O

}D(x)dx =0,

}D(x)dx # [ D(x)dx.
6 0

Jupuxie GyHKIUSACH HHTETPaJUTaHyBYH dMac. P>

4°, Unrerpan inFuBaMHUAT JuvuTa. Dapas kunaimk, f(X) Qynxuums
[a,b] cermentna Gepunran 6Ynuob, y nry cerMeHT/Ia YerapajianraH OyJICHH.

[a,b] cermenTHM GEpOp

P ={Xo. X, X X 1. X }

OYnaKIaluHu OJIaMHu3.

Maswnymku, f(X) ¢yakiuusauar Oy Oyiaknmamra HucOaTaH HHTErpa
WUFUHINCH

a(f;P;ék){Z:;f@k)-Axk

oynanu.
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8-rabpud. Arap Ve>0 coH onuHranaa xam MmyHaad o >0 coH
Tonwicaku, [a,b] cermentHm mmamerpm A, <O Oynaran xap Kaumaii P

Oynaknamu yuyH Ty3unrad o( f;P; &, ) iurunau uxtué-puil £, HyKranapaa

n-1
2 F&)-ax =3
k=0

TEHICU3IMKHM Oaxapca, J coH o(f;P;&,) iurunauaunar A, — 0 maru 1MMUTH

lo(f;P;&) 3| = <e

JelniIaau Ba
lim o(f;P;&)=1J
lp—)o

Kabu OenrviIaHaIun.
By tabpudnu Kyliugarnya xam aiTUI MyMKHUH:
Arap
Ve>0 , 36>0 , VPep , Ap <0 ,VE
y4yH
lo(f;P; &) -l <e
Oyica, y xoiaa
lim f:P; =J
lm o(f;Pi&,)
JNeUnIIaau.
9-tabpud. Arap A, >0 ga f(X) QyHKIMAHUHT WHTErpan WUFHHINCH

o(f;P;&,) uwexmm J mmmwurra sra Oynca, f(X) ¢yskums [a,b] cermentna

uHTerpauianyBun (Puman mabHOCHIa MHTETpal-IaHyBYM) AeWuIaau, J COHMra
sca f(X) pynkuusuunr [a,b] cermenT 6yiinya aHUK MHTErpaIn ACHUIa U, Y HH

b
[ f(x)dx
a
Kabu OenruiaHaIu.
Jlemak,
b n-1
[fgdx=1im > f(&)-Ax,
a A-02o
4-mmcoan. f(xX)=x , xel[ab] Oyacun. By GyHKUMSHUHT —aHUK

WHTETPaJIA TOITHJICHH.
<« [a,b] cermenTHUHT UXTHEPUT

P = {Xg, X, Xp10ee X3, Xy |
Oymaknamuuau  oaub yHra HucOatan f(X)=X QYHKIUSIHUHT WHTEr-pa
AUFUHAMCHHY Ty3aMH3:

n-1
o(fiP &) =28 A ,
k=0
OyHJ1a
AXk =Xk+1—Xk f Xk Sgk < Xk+1 (k :0,1,,2,...,n_1).
DHIN

X <Gk < X
TEHICU3IMKIApHA AX, > 0 ra Kynaitupu0, Xocu1 Oyira
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tenrcusnukiaapau K auar 0,1,2,...,n —1 xuitmarnapu 6yiinya xaa-mad Kynmo
n-1 n-1 n-1
2 X A S8 AR S D Xy AX
k=0 k=0 k=0
ABHU
n-1 n-1
kak-Axk£a(f;P;§k)£kak+l-Axk (3)
0 -0

OYIUIINHYU TOIIAMHU3.
By Tenrcuznuknapaaru

n-1 n-1
XA D X A%
k=0 k=0

WUFUHANUTIApHU AX, JIap OpKaiau noaataiMus:

n-1 n-1 1nd ) 5 1nd ’
2 % A% =2 Xy (X _Xk)ZEZ(XkH — Xy )_EZ(XkH —X )" =
k=0 k=0 k=0

k=0
1 2 2 101 2 b2 —a2 1 2
2 ( n 0 ) 2 Ié) k 2 2 kZ:;) k
n-1 n-1 n-1 n-1
2
-0 =0 =0 =0
2 _ 42 n-1
2 2420
Harmwxkana (3) TeHrcusnuknap ymoy
2 .2 ~ 2 .2 _
— 101 _ 1n-t
b Za _EZAXkZ <o(f;P;&) sb 2a +EZAXk2
k=0 k=0
KypuHHIITa Kenaau. by myHnocabarnan
2 _ a2 n—1
o(f;P;&)— b™—a S%ZAXKZ.
k=0

oYUM Kennb YuKaIu.
PaBmnianku,

n-1

1 2 18 b-a
DA A=) A, =——A, .
5 2% psz:;, = e

k=0

Hemak, Ve >0 conra kypa o :bﬁ peiinica, y xonna A, <& 0Oynaran

uxtuépuit P Oynaknam Ba mxtuépuii &, nmapnaa

b2 _a2 n-1 b2 _a2
o(X;P;&y) - =2 &k A%y — <&
2 k=0 2
oynanu. by sca
2 .2 n1 2 .2
im o(cPE) =2~ fim S - Ax, =22
Ap—0 Ap—0,2p

OynuimHu Ounaupaau. Jlemaxk,
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b? —a?

b
jxdx: >

Mynnait xkwm6, f(X) GYyHKOUSHUHT aHWK WHTErpad  WKKH XU
tabpudranaau. by Tappudaap sxkBuBaneHT Taspudurap 6yiaanu. (Kapancus, [1] 9-
000)

Opnatna, [a,b] cermeHT OVitnya wHTerpauiaHyBud (GyHKIUSA-JIAP TYIIAMU
R([a,b]) xabu Oenrunanamu:

f(x) e R([a,b]) & f(X) dyukuus [a,b] na uaTerpamianyBun.
Mamksiap

1. f(x) QymkuusauHr [a,b] Jla YerapaJaHraHJIATA YHUHT [a, b] na
MHTETPAJUIAaHYBYH OYIIUIIMHUHT 3apypHid IAPTH SKaHU UCOOT-TAHCHH.

2. Airaiimuk, f(x) Ba g(x) ¢ysxkmmamap [a,b] ma Gepunram Ba
yerapajanran Oynmo, P aca [a, b] HUHT MXTUEpHU OYyiakiamm OYiIchH. Arap
vxela,b] ma f(x)< g(x) 6¥nca,

oYU NCOOTIAHCHH.

Glossariy
« [a,b] ceamenmnune uxmuépuii
P = {Xg, X1s Xp o0 Xy 15 Xy |
oynaknawunu  oaub ywea Hucoaman T(X)=X  @yukyusnune unmee-pan
UUBUHOUCUHU MY3AMU3.

G(f;P;gk)::Z:éék AAXy

OyHOa
AXy =X =%+ X <& <X, (k=01,2,...,n-1).
OHou
X S & < Xy
menecusaukaapuu  AX, >0 ea kynaumupub, xocun oynrean
X - AX < Gy - AX < Xyeyq - AXy

menecuzauxaapuu K nune 0,1,2,....n—1 gutimamnapu 6ytiuua xao-1ad xyuud
n-1 n-1 n-1
DX AX S DG A S D X AR
k=0 k=0 k=0

SAbHU

n-1 s (3)
D X AX <o (FiP&E) < D Xy - A%
k=0 k=0

OVIUWUHU MONAMU3.
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22-AManuii MAIIFyJIOT:

KyTr0 xoopamnHarasap cucreMacuaa 0epuijraH TeKHC HMAKJIHUHI KyTO
yKu aTpoduia aHIaHNIIUAAH XOCUJI OYJITaH JKUCMHUHT Xa:KMU TONMHUJICHH:

2237.r =asing

2238.r =a(1+cosp), (0<p<2m)
2239.r = acos’g

2240.0<r < 2asing

2241.0<r <acos’ ¢

2242.0<r<asin’¢

=2
2243.0<r<2a>" @ (OS(pSE]
CoS@ 3

22-Keic
KeiicHu 0axxapui 00CKMYWIapH Ba TONIIHPHUKJIAP:

[} kelicmaru MyaMMOHH XaJl KUJIMII MyMKHUH Oyirad acocuit ¢popmyna, TylryH4a
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

) T¥nnanran MasiayMoTiapiaan ¢oiaananu0, KYHuaran MacajlaHd equHT
(vHIMBUIYAN).
2244 .Y mby

ep=mr’, o=m

YU3UKJIap OWJIaH YerapajaHTaH MIAKIHUHT KyTO VKH arpodwuja aillaHUIInIaH

XO0CHJI 65"J'IFaH KKHUCMHUHI Xa*XMH TOIIMJICHH.
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23-Mabpy3a: PYHKIUSAHUHT HHTErPAJIAHYBUYNJIHK
ME30HM (KPUTEPHUICH)
PEXKA:

1°. lapOy iimrunaMJIapUHIHT X0CCAIAPH.
2°. IuTerpajianyBYMJIMK Me30HH (KpPHTEpHiicH).

TASSHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba YaIl
XOCHIaJlapu
1°. Map6y iwmrungmaapununr xoccajapu. f(X) ¢ynxums [a,b]
CEerMEeHT/Ia OepuiIran Ba yerapajganras 0ynuo,
P={Xg, X, X5,y X1, X }
[a,b] auHr Oupop Oymakmarmm O6yiacuH. PaBmanku, Oy xonma f(X) GyHKIUSHUHT
HapOy HuruHaunapu

n-1
s(f,P)=>.m,-Ax, ,
k=0

n-1
S(f;P)=> M, -Ax,

k=0
MaBXXyJ1 OYyanu, OyHaa
m, =inf{f(x)}, xelx,xul |
My =sup{f(X)}, XxelX, Xl
AX, =Xeg — X s k=012, ...,n-1.

1) [a,b] cermenTHuHr wxTHépuit P Oynakmammwra HUcOATaH TY3WJITaH
f (x) pyHkuusHuHr apOy WUFUHIUIApU YUYYH

(b—a)-Inf{f (x)}<s(f;P)<S(f;P)<(b-a)-sup{f (x)}
a, [a,b]

oymasu.
<« by myHocabar 32-mabpy3anaru (3) TEHICU3IUKIApAaH KeIuO YuKaau.
>
AWTailmk,
P={Xg, X, X5,y X1, X }
[a,b] cermenTHuHr Oupop OYynmakmamm OyncuH. By OynmaxmamHWHT OYIyBUM
Hykramapu X, (k=0,1,2,...,n) Karopura sSHru OYJIyBUM HYKTaJapHU KyIIHO,
[a,b] cermenTHUHT Gomka P’ Oynmaknammun Xocwr kuinamu3. Yau P — P’ xabu
oenrunamms.
2) [a,b] cermentmHmur uxtuépuii P Ba P’ Gymakmanurapu (P c P')
Y4yH
s(f;P)<s(f;P),
S(f;P)>S(f;P")
MyHoOca0aTIap YpUHIU OYau.
< [a,b] cermenTHUHT UXTHEPHUT
P={Xo, X{s X5,y X g5 X }
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Oynaxmamuau onainuk. Cogmnanuk yayn P’ Oynaknam P Huar 6apua OyiayBuu
HYKTaJIapu Xamja Kymimya Outra X' HyKTaJgaH to3ara keirad OyicuH. by X'
HYKTa X, XamJa X,,, HyKTajap opacuia *KONIALICHH:
X, < X' <Xy
Jlemaxk,
P ={Xg: X1, Xpyeer Xp s X's X ugs oo s X1 Xy }-
by 6ymaknanuiapra Hucoarad JlapOyHUHT KyiHu HMFUHIWIAPUHA €3aMU3:
s(f; P) =myAx, + mAX; +...+ MAX, +...4+ M AX, 4
S(f; P")=myAx, + mAX; +...
s [mﬁ (X =x )+ mt (X, — xl)]+...+ M, -AX,
OyHJa,
m, =inf{f(X)} , xe[x.,x],
m =inf{f (X)}, xe[X, X,,]-
Dumu mg >m, , M >m, OYIMIIMHE YBTHOOPTa 0K TOIAMUS:
s(f;P) —s(f;P)=my (X' =X, ) + My (Xypy —X) —
—MAX =My (X=X, ) + My (X y —X) —mAX, =0.
Keitnnru myHnocabarnan
s(f;P)<s(f;P")
oYUy Kenub YuKaIu.
XyIau 1IyHra yxImarni,
S(f;P)>S(f;P')
oymumuy ncooTiaHaau. P
3) [a,b] Huar mxtuépmit P, Ba P, (P e Pe  Ysoymaknami-napra
HucOatan JlapOy HuruHAMIApU YUyH
s(f;P)<S(f;R,)
TEHTCU3IUK YPUHIIN OYIaju.
<« P, Ba P, 6ynaknanutapauHr 6apua O0ymyBun HyKTajgapu épramuna [a,b]
HUHT P’ Oynmaknmammen Xocwi KuiiaMu3. PaBmankwy,
PRcP, PRcP
oynau.
IOxopuna kentupunran 1) Ba 2) xoccanapaan oiinananubd TonaMus:
s(f;R)<s(f;P)<S(f;P)<S(f;R,).»
Harmka. [a,b] cermentaa yerapananran uxtuépuii f (X) Gyskius yayx
b

f(x)dx < [ f (x)dx

Q| e, T

oynanu.
« [aptra xypa f(X) ¢pyukuus [a,b] na yerapananran. Jlemax,

T f (x)dx =sup{s(f;P)},
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QD )| T

fO)dx=inf{S(f;P)}

MHTETpajiap MaBxy/l.
KOxopuaaru 3) xocca xamja aHUK yerapa Tabpudiaapuaa
b

f(x)dx < [ f (x)dx

V| —y T

oynuiuy kenub yukagu. »

2°. HuTerpalIaHyBYHJIMK Me30HH (kpurtepuiicu). Dumu [a,b]
cermeHTia Oepriran Ba yerapananrad f (X) QyHKUMSHUHT aHWK MHTETPaTHHUHT
MaB)XYUIMTY MAaCaJIACHHU KapaMMU3.

1-teopema. f(X) ¢ynxuusa [a,b] na wHTerpasanyBunM OYIH-IIM YUyH
V& >0 coHn onuHTraHaa Xam [a,b] cermenTHUHT myHaail P Oynakmanm Tommmo,
yHra HucOaraH

S(f;P)—s(f;P)<e

TEHTCU3JIMKHHUHT O0a)KapUIIMIIN 3apyp Ba €TapIIH.

By Teopema Kylinaarinda xam ugoanaHUId MyMKAH:

f(x)eR([a,b]) ©Ve>0,3IPe{P}: S(f;P)—s(f;P)<s.
<« 3apypaurn. Antaitnuk, f(X) € R([a,b]) 6yacun. Taspudra 6uHoan
b

f(x)dx = [ f(x)dx =T f(x)dx

Q| ——y T

oynanu.
Nxtuépuiit MycOaT & COHHM OJIAWIWK. YHIA Kyllu Ba IOKOpHU
MHTETpaJJIApHUHT Tabpudiapura Kypa

P, e{P} :

Q| ———y T

f(x)dx—s(f;P1)<§ :

b
. . T 8
P, e {P} : S(f,PZ)—lf(x)dx<§

oynmanm.

Ounmu [a,b] cermentHunr P, Ba P, OymaknanuiapHunr Oapya OyimyBum
HyKTajapuaad [a,b] auar P OyinaknamyHu X0CHI KHJIaM#3.

Pasmanku, P, c P, P, c P Oymagn. JlapOy imrunamnapuauar 1) Ba 2)
xoccanapuaan doinananud P Oynakmam yayH

?f(x)dx—g<s(f;Pl)§s(f;P)SS(f;P)SS(f;P2)<

b
<If(x)dx+g

OYJIUIINHYU TOIIAMHU3.
Keiinarun myHnocabatiapaan
S(f;P)-s(f;P)<e
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Oynuiy Kenub YuKaIu.
Erapanauru. ARTaisiuk,
Ve>0,3Pe{P}: S(f;P)—s(f;P)<¢
OyJsicuH. YH]Ia FOKOpHUIa KeITUPUIITaH HaTUXkKara Kypa

b _
[ F(0dx <[ (x)dx
0ynuo,

s(f;P)<| f(x)dx Sj:f(x)dxg S(f;P)

D —y T

oynanu. by TeHrcuznuknapaaH
= b
Osﬁf(x)dx—j f (X)dx <S(f;P)—s(f;P)
a

oYUy Kenub YuKaIu.

Jlemak,
b

_ b
Ve>0: 0<[f(x)dx—[ f(x)dx<e
a a
KeﬁI/IHF U TCHI'CU3JIMKAAaH TOIIaMU3:
b _
[ £(x)dx = [ (x)dx.
a

Hemak, f(x) e R([a,b]) »
(AHUK MHTETPATHUHT MaBXY/JIUTH XaKUJaru TeOpeMaHu Kyiuaa-ruda Xxam anrca
Oynanu:

f(x) Oynkuus [a, b] Ja UHTETpalaHyBuM Oynmumu yuyyH Ve >0
OJIMHTaHJa XaM myHaal o >0 coH TonuiIuo, [a, b] CErMEHTHU OUaMETPU lp <o
Oyaran xap Kanmai P Oymakmamira HucOaran

S(f;p)-s(f;p)<e
TEHTCU3JTUKHU OaXapWJIUIIU 3apyp Ba €Tapiin)
AsBanrunex f(X) ¢ysxkumsamar [X,, X%, ] (k=0,1,2,...,n—1) opa-iuKnaru
TCOpaHUIIMHUA @, OPKaJIN OenruiaaiMus.

VY xonna
n-1 n-1
S(f;P)—s(f;P)= 2. (M —m,)-Ax, = > & AX,
k=0 k=0

o6ymuo6, 1-Teopema Kyiugarnyda udoaaianau:
f(x) ¢yakuus [a,b] ma waTerpammanyBun Oynmmm yuyH Ve >0 con
oiquHraHaa Xam [a,b] cermentHuHr mynmaii P Oynaknamm tommiub, yHra

HucOaTaH
1
D A <&
k=0
TEHTCU3JIUKHUHT O KapUJTUIIH 3apyp Ba TapJIu.
Jlemak,
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f(x)eR([a,b]) & Vee0, EIPE{P}: nz_la)k “AX, <€
k=0

Mamksiap

1. [a,b] cermenTHUHT UXTHEPHUIT OYMaKIAN YIyH
S(a T(X)+ SB;P)=a s(f;P)+ B(b—a),
S(a f(X)+ S;P)=a S(f;P)+ p(b—a)
Oymumm ucboTnancul, Oynna «,f R
2. Arap f(x)eCla,b] 6yx1ca, y xonma [a,b] muar nxTuépnit 6ynaxnamm
yuyH JlapOyHUMHT Kyiim Ba tokopH imrusmwnapu f(X) QYHKIMSHHHT MHTErpai
HUFUHAWIApU OYIUIIM UCOOTIAHCHH.

Glossariy

f(X) pymryus [a, b] o0a unmezpannianysuu oyauwu yyyn ¥e >0 oruneanoa

xam wynoau 6 >0 con monunuo, [a,b] cezmenmuu ouamempu A, <06 6yrean

xap xanoau P oyraxnawea nucoaman
S(f;p)-s(f;p)<e
MEHeCUTUKHU DAdNCAPUIUIU 3aPYD 64 emapiu)
Assaneuoex T (X) @yuxyusanune [x,,%.,,] (k=0,1,2,...,n-1) opa-ruxoacu
MeOPaAHUWUHY @), OPKAIU OenUnaumus.

23-AMajMid MalIFyJIoOT:
2 2

annunc 1oKopu Kucmununz OX  pruca nucoaman cmamux momenmu
MORUICUH.
A DJITUTICHUHT FOKOPH KUCMU

b
y=—. [42 — x2
a
oynaau. By orpu unsukauar OX ykura HucOGarad cTaTHK MOMEHTHHH

b
M, = [y(x)y1+y?dx

¢dbopMmynara Kypa Tonamus.
PaBnianku,

Y(x)- V1+y"?(x) = y2(x) + (y(x)- y'(x))

oynanu. Arap
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b2 , b2
V=02 y60y()=-2 x

OYIUIIMHY 3bTHOOpra OJICaK, yHAA

YLy ) =2 T

a

oy kenmub ynkaau. Jlemaxk,

( )

b ¢ _a —b2 a . |a?=Db?
M, ==-[,a -x* = bl b+ ———-arcsin,[=——
a -a a‘—-b a

2
\ a J

oynanu. »
15-mucoua. Yuoy

ay =2ax—x*(a>0), y=0
yusuKnap ounan wezapananzan wakn — napadonux ceemenmuunz OX ¢a OY
VKAapuza HucOaman UHePpyUs MOMEHMAAPU MONUICUH.

<4PaBnianky,
1
y(x)==-(2ax-x*)  (a>0).
a
1° na KeaTupwirad popmyrnaaad QoiiianaHud TonaMus:

_ %Ty3(x)dx = %T(Zax —x2)3dx = &a“.

105

=[x vty jx( x——Zde—g 2>

16—Mnc0.11. Yoy
2 2

2 +¥ <1 (x20, y=0)
a’ b’
WaKkil — 3JUJIURCHUHZ 6upqulu llopak'()azu KUCMUHRUHZ O02UD/IUK MmapKasu
monuJjiCuH.
4By 5rpu YM3UKIM TPANEUUSHUHT OFUPJIMK MAapKa3HHMHI KOOPAWHATACH

(XerYe)

—ljlx- (x)dx —ij! 2(x)ix
_Sa y ) yc_zsay

(Gomymanapra Kypa Tonuiaam, OyHaa S — MaKIHUHT FO3H.

1
MabayMKu, S/uiIcHUHT 1031 tab ra Tenr. Jlemak, S = Z mtab . Duau

‘E x-y(xx  sa _j[ y?(x)dx

UHTETpAIIApPHU XMCOOIaiMuU3:
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a 2
Ix-y(x)jx=gjx-\/a2—xzdx=ﬂ,
0 aO 3
a b2 a 2ab2
2 _B (2 w2y = A0
J;y (x)dx_a J;(a x)ﬂx :
Jlemaxk,
a‘b 2ab?
_3 _4%4 _ 3 _4b
XC_m‘tb_Sn’ yc_ﬂab_Sn
4 4
23-Kelc

KeiicHu 0axxapuin 00CKMYWIapH Ba TONIIHPHUKJIIAP:
] xkeficmaru MyaMMOHHU XaJl KMJIMIII MYMKUH OYJiran acocuii ¢goopmyna, TylryH4a
Ba TACJIUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

[J T¥ynnanran MabiayMoTaapaad Goigananu0, KYHUIraH MacajlaHd €qrHT
(uHAMBUTYAN).

Ywoy
X2 y2
“—+2-<1  (x20, y>0)
a~ b
WakKki — 3JUVIURCHUHZ 6upuulm ltopal«)azu KUCMUHUHZ O02UP/IUK MmapKasu
monujiCuH.
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24-mabpy3a: UaterpasianyBum pyHkuusjaap cuupu
PE/KA:

1°, V3aykens QyHKIHMSUIAPHUHT HHTErPAJLIAHY BUHJINIH.
2°. MoHOTOH (YKIMSUIADHAHT HHTErPAJLIAHYBYHIHIH
3%. AHMK MHTErpa/UIAPHUHT X0CCATAPH
TASAHY HUBOPAJIAP Kaumop meopemacuea kypa [a,b] opanuxoa

mekuc y3aykcus oynaou. Kanmop meopemacunune namudicacuea kypa, Ve >0
onuneanoa xam wynoat 6 >0 con monunaduxu, [a,b] opanuxuu ysyniukiapu &

oan Kuuuk Oynean OyIaxiapea axdcpaieanoa xap oup oyraxkoacu @QyKyusHuHe
meopaHuwiu
1°. Vanykens GyHKUUSAJAPHUHT HHTErPALIAHYBUYMINTH.  Ajfraiimuk, f(X)
dbyxknus [a,b] opanukma aHuKTaHTaH OYJICHH.

1-teopema. Arap f(x) ¢ykuus [a,b] ga y3nykcus OVica, y my [a,b] na
UHTETpAIIaHYBYH, STbHU

Cl[a,b] < R([a,b])

oynanu.

4 Monomukn, f(X)eC[a,b] skan, y Kantop Teopemacura kypa [a,b]
OpaIMKJa TEKUC Yy3JIyKcu3 Oyiamu. KaHTop TeopeMacHHUHI HaTHXKacura Kypa,
Ve >0 onuaranga xam myHgaih o >0 con tomwmanuku, [a,b] opammuxaH

y3YHJIUKJIApU O JlaH KMYMK OynraH Oynakiapra axpaiaranjaa xap Oup Oynakmaru
GYKIUSHUHAT TeOpaHUIITU

g
®, <——
b-a
oymamu. Yuma [a,b] opammkam mmamerpm A, <6 Oynran xap kanmaid P
Oynmakmaria
n-1 n-1
S(f;P)—s(f;P)=2 o, Ax, < 2 AX =€
k=0 b—ak=0

oynamu. Jlemak, f(X)< R([a,b]). »

2°. MonoTOH (QyKUMSIIAPHUHT HHTErPA/UIAHYBYHIUIH.

2-teopema. Arap f(X) ¢ykuus [a,b] cermerma uerapanaH-raH Ba
MOHOTOH O¥Jica, y Iy CerMeHT/Ia UHTETpajUIaHyBuH OYiau.

« Ajiraitmuk, f(X) dykmus [a,b] cermentaa ycysun 6yau6, f(a) < f(b)

Oy JICUH.
Ve >0 connu onu0, yHra kypa o >0 Hu
s._ &
f(b) - f(a)
JNEUMMU3.

VY xonnma [a,b] cermentHuHr mmamerpu A, <O Oynran uxtuépumii P
Oynaxnam y4yyH

S(1:P)=s(f;P)= £ (M, —my) %, = X[ () — £ ()] 4% <
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<2p T[106.2) -~ F(6)]= e -[10)- T (@)]< [f®) - t@)]=¢

oymamu. Jlemak, f(x) e R([a,b]). »

&
f(b—f(a)

3% V3unaguran GpyKuMsIAPHHUAT HHTErPAJLIAHYBYHJINTH.
3-teopema. Arap f(X) dykmus [a,b] cermentna uerapaman-ran Ba mry

CEerMEHTHHMHT YEKJIM COHJArd HyKTajapuaa y3WiIMIiira sra 0yiaub, xoiaraH Oapua
HyKTajapa y3iaykcus 0yica, Gykuus [a,b] na uaterpamnanysun 6ymaau.

« f(X) bykums [a,b] na yerapananran 0yacus. Jlemak,

dCeR, Vxelab]: [f(x))<C (C>0)

oynanu.

Comnamuk  yuyn, f(X) ¢ynkmus [a,b] cermenTHuHr ¢dakar Ourra
x* (X" e[a,b]) mykracuma yswiauira sra Oymu0O, KoiaraH Oapya HyKTajgapaa
y3iykcu3 0yicuH. Ve >0 coHHu onu0, yura kypa o >0 COHHH

g

S=-2_
16C

JICUMU3.
X" HyKTaHUHT & atpodu (X* —J, X" + ) HU 0uo, ymoy
[a,b]\ (X" —&,x" + )
TyrmnamMHn Kapaimus. by tymnampa f(X) ¢yskmus ysnykens 6ynu6, Kantop
Teopemacura OMHOAH y TEKHUC y3JIykcu3 Oynanu. Y xonna myHugad y >0 coH
TOTMJTATUKH,
vx', X" e [a, X" — 5], (VX', X" e [x* +0, b])
< y OynuIIuIaH

£ (x)— f(x")

aap yuyH |X'— X"

&
2(b - a)

<

OymuIy Kenub YuKaIu.
Oumu [a,b] cermenTHm mmamerpu A, <min(d,y) Oynran uxtuépumii P
OynaxnamuHu 0aub, yHra HucOaTaH
n-1
EO @y - AX, (1)
WUFUHINHU TY3aMU3.
by imrupauHMHT Xap Owp Xammma [X,, X..,;] (k=012,...,n-1)
OPAJIMKJIAPHUHT Y3YHIUKIApU AX, Jlap KaTHaIlau.
(1) iMFUHAMHUAT yIIOY
[Xe, X JN (X =6, X" +8)=0
MyHoca0aT 6akapuiaaurad [X,, X,,;] I'a MOC XaJUlapuiaH Ty3WIrad WHFUHIUHUI
ZK' o, - AX,

Ounan, Koaran 6apya xaanapaad (OyHaai xaamap yuyyH
[Xe, X JN (X =6,X" +8) =0
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EKU
[Xps X IN{X" =0} = 0
€KH

[X X JO{X + 03 =0

OyJ1aau) TalIKWI TONTaH WHFUHIUHA
Do - Axy
k

OwJiaH OeJIrnIaliMus.
Hatmxkana

n-1
> oA =D o - A+ D @y - A
k=0 A n

OYnn0, TEHIIMKHUHT YHT TOMOHJIAru K}”lmnnquHnap Y4yH
g
‘o - AX < ) AX < —a)=—
R o

S"w - A <2C- 3 AX, sz-c-45=8C-i:f
” : 16 2

2(b— a)

oynanu. Jlemax,
n-1
Sao M <S+i=g
o K T2 2

by aca f(X) ¢ykuusaunar [a,b] ma wWHTErpaUTaHyBUM SKaHU-HU
ownnupanu. P

MamxkJjap

1. AWiTaiinuxk,

F(x) = Sini, arap 0<x<1
0, arap X=0
oyncun. f(X) e R([0,1]) 6¥aumu ncOOTIaHCHH.

2. y=1(x) oynxuus [a, b] Ja MHTErpajuilanyBuu OYnuO, YHUHT
KkuiiMatiapu [C,d | ra Termmum 6yncun. Arap ®(y) dynkums [c,d] na ysnykens
6yica, y xomua mypakkab Gyukuus ¢ f(x)) Huar [a, b] Jla MHTETpalaHyBUYU
OynuIy uCOOTIAHCHH.

1°. MaTerpaJHuHr YM3HKIMINK XaM/1a aJUIHTHBJINK X0CCATAPH.
1-xocca. Arap f(x)eR([a,b]) Ba CeR ©6ymca, y xomma
(C- f(x)) € R([a,b]) 6ymub,

TC - f(X)dx = CT f (x)dx

oynau.
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<« f(X) e R([a,b]) Ba C € R 6yncun. AHUK nHTETpan Taspudura Kypa

b
lim o(f,P.4) =£f(x)dx

oynasu.
PaBnianku,
o(C- T (X P;&))=Co(f;P;&,)
lim o(C f (x;Pi&))=C- lim o(f,P.&).
Jlemak,
(C- 1(x)) e R([a,b])
Ba

TC- f(x)dx = CT f (x)dx.»

2-xocca. Arap
f(x) eR([a,b]), g9(x) € R([a,b])
Oyica, y xonaa
(f(x)+9(x)) € R([a,b])
0ynuo,

b b b
[C(F()+g09)dx =] f (x)dx+ [ g(x)dx

Oynanu (aJAUTUBIMK XOCCACH)
<« AHuK uHTEerpan Tabpudura Kypa

b
lim o (1,P.&) =£ f (x)dx,

b
J:TOG(f P) = {g(x)dx

oynanu.
PaBmnianku,

o(f+9,P.&§)=0o(f,P.§)+0c(9,P.&).
Jlumutra osra OynraH Qykuusuiap Xakuga TeopemanaH doiiganaHuo,

(f(x)+g(x))e R([a,b]) Ba
b b b
[(F () +g(x))dx =] f (x)dx+ [ g(x)dx

OYIuIIMHY TOonaMus. P
3-xocca.Arap
f(x) eR([a,c]), T(x) € R([¢,b])
oyica, y xonaa
f(x) € R([a,b])

oymuo,
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T f (x)dx :T f (x)dx + T g(x)dx

oynasu.
4 Arvraiimk,a<c<b oymu6, f(X)eR([a,c]) Ba f(X)eR([c,b])
6yncun. Y xonna Ve >0 con onunranja xam [a,c] opanukuunr A, <& 6ynran

P, Oynaknamy TonuIaaAuKu
S(f:P)-s(fiR) <7, (2)
mwyHUHT K [C,b] opanukauHr Ap < &, 6yiran P, 6yrakmaiiy TOMMIAINKH,
S(f;Pz)—s(f;P2)<§
oymasu.
Ouau [3,b] opamnkHUHT tuameTpu Ap, <6 =min(d;,5,) 6yiran nxTuépuii P,
Oynaknamunu onamus. By P; Gynaxmammunr GyinyBuM HyKramapu Karopura ¢

HyKrand Kyum6 [a,b] wuar sarm P Oynmakmammpm xocmn Kuiamus. YHra
uucbaran f(X) Qykuus-uunr J{apOy ituruaunapu
S(f;P),  s(fiP)
OyncuH.
P 6ynaknammunr [a,c] Ba [c,b] maru 6ynyBum HykTamapu Moc paBHIIAa

!

! ’
mapHuHr P, xampa P, OVmaknmannrapusu ro3ara xeatupanu. PaBmanku, Oy P
1 2 1

’
Ba P, Oynakianurapra HUCOAaTaH KyWHJlard TEHTCU3JIUKIAp YPUHIN OYiaau:

s<f;P1')—s(f;P1'><§,

S(f;Pz')—s(f;Pz')<§.
A¥ViHu antnaa,
S(f;P)=S(f;P )+S(f;P,),

s(f;P)=s(f;P)+s(f;P,)
oynanu. by MyHocabaTnapnan

S(F;P)—s(f;P)=(s(f:P)—s(f:P))+
+(S(f;PZ')—s(f;Pz'))<§+§:g

oymumm kenu6 unkamu. lemak, f(X) e R([a,b]).
f(x) dyxkumsaunr [a,b], [a,c], [c,b] opamukmap Gyiinua P Oymakmamira
HECcOATaH UHTErpal HAFHHIUIAPH

[%]f(éfk)'AXk , [g]f(é:k)‘AXk , [CZb]f(ék)-Axk
oymuo,
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[azt:)] f(S) A% = [aZE:] f(Sk) - AX, +[§;] f(Sk) - AX,
oynanu. Uaterpan tabpuduaan doigananud TonaMus:
b c b
[ F0gdx =] f (x)dx + [ f(x)dx.

Hlynra yxmam Cc<a<b, a<b<c Oynran xosmmapaa xaM XOCCAaHUHI YPHHIIN
Oynuiu ucooTaaHagu. P
4-xocca. Arap f(x)eR([a,b]), g(x)eR([a,b]) ©OVmnca, y =xomma
f(x)-9(x) € R([a,b]) 6ymamgm.
4 Mopomuku, f(x) Ba g(x) dykumsnap [a,b] ma uHTerpan-ianyBun
9KaH, yH7Ia
g

2M'
DY (DY & _ .
S(9:P)-s(g:P)<— (M =sup g(x), x[a,b])

S(f;P)—s(f;P)< (M =sup f(x),xe[a,b])

oymasu.
Antaiiiuk, Vxe[a,b] ma f(X)>0, q(X)>0 Oyacun. VY xoiga
VX € [Xy: X,1] yuyH
0<m < f(X)<M, m=inf f(x), M| =sup f(x);
0<m,<g(x)<M,, m =inf g(x), M, =supg(x)
oynuo, ynapaan
o<m,-m . <f(xX)-g(xX)<M, -M_,
oynuiy kenub yukaau. AWHU nmanTaa,

m =inf {f (x)- g9}, M, =sup{f(x)-g(x)}

nap yuyH
m,-m, <ml <M <M, -M]

oymuo,
M -m) <M, -M, -m_-m =
=My (M —m)+m, (M —my)

oynmanm.

S M >M, , M’ > M| skanunn sTH6Opra onuod, TONaMus;

S(f-g;P)—s(f -g;P)=:i:(ME—mE)S
n-1 n-1
<M’ 'EO(Mk —m, )- Ax, + M 'EO(MIL -m; )=
=M’ (S(f;P)—s(f;P))+M(S(g;P)—s(g; P)) <

i +M-i<g.
2M’ 2M

Hemak, 0y xomma f(x)-g(x) € R([a,b]) .
Anraiimuk, f(x) Ba Q(X) dykumarap [a,b] nma  uxTuépwmii

<M’

WHTETpaUIaHyBUd PyKuusuiap OYJICHH.
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Papmmanku, VX €[a,b] na
f(x)—inf f(x)=f(x)-m=0,

g(x)—inf g(x) =g(x)-m"=0
oynanu.
Oumu f(X)-g(X) dykumsHu Kyingarnda €310 onaMus:

f(x)-g(x) = (f(x) —m)g(x) —m’)+mg(x) + m'f (x) —mm".

By TEHIMNIMKHMHT YHT TOMOHWAArd Xap Oup KymwiyBun [a,b] na
UHTerpa/ulaHyBuu  Oynrammurn  cabadbmu  f(X)-g(x) xam [a,b] na
UWHTETpalaHyBuu Oyiagu. P

Harmxka. Arap f(x)eR([a,b]) 6ynca, y xomma [f(X)]" € R([a,b])
oynmanu, Oyama ne N .

2°. UuTerpaIHMHI TEHICH3JMKIIAP OMJIaH OOFJIAHIAH X0CCAJIAPH.

1-xocca. Arap f(x) e R([a,b]) 6yim0, Vx e[a,b] ma f(X) >0 Oyuca, y
X0Jaa

Tf(x)dxzo

oynanu.
<« laTerpanHuHr Tabpudura Kypa

2y —0 na szl) F(E)-AX, —>Tf(x)dx
oymamgu. Y xonnaa, Vx €[a,b] na f(x)>0 6}”1JII/IH1HILaHa
T (60 A% 20
o0ymu0, yHIaH
T f(x)dx >0
a

oynumuy kenub yukagu. »
1-matmoka. Arap f(X) € R([a,b]), 9(X) € R([a,b]) 6ymu6, Vxe[a,b] na
f(x) < g(x) Oymnca,yxonna

.? f (x)dx STg(x)dx

oynau.
<« PaBmiankm,
f(x) e R([a,b]) , 9(x) € R([a,b]) = (g(x) — f (X)) € R([a,b])
oymuo,

g(x) - f(x) 20:>T(g(x) — f(x))deO:Tg(x)dx—T f(x)dx >

20:? f(x)dxgig(x)dx
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oynamu. »
2-naTmka. Arap f(x) e R([a, b]), g(x) € R([a,b]) 6¥nca, y xonna

s\/?fz(x)dx-\/ng(x)dx (2)

b
[ £(x)g(x)dx

oynasu.

<« xtuépuit @ € R yuyn
b

[(f()—a-g(x))dx>0
0ynuo, )
b b b
a’[g?(x)dx—2a | f (x)g(x)dx+ [ f?(x)dx >0

oynanu. KBagpaT yuxaJHUHT JUCKPUMUHAHTH MycOaT Oyimaran-iuru cabadiu

b 2y b
(j f(x)g(x)dxj — [ £2(x)dx- [ g*(x)dx <O,

S’bHH,

< \/? i 2(x)dx-\/?gz(x)dx

b
[ £(x)g(x)dx

oynaau. P
(2) renrcuznuk Komm-bByHSKOBCKUI TEHICU3IIUTU JEHU-TAIH.

2-xocca. Arap f(X) € R([a,b]) 6yca, f(X)\ € R([a,b]) 6ynuO,

b
[ f(x)dx

s?\f(x)\dx

oynanu.

« f(X) e R([a,b]) 6yncun. MaTerpamianyBunink Me3onura kypa, Ve >0
onuHraHaa xam [a,b] cermentHuHT mynmad P Oynakmamm Tonmmiamuku, yHra
HucOataH

n-1
S(f;P)—s(f;P)=> oA, <¢
k=0

Oynanu, Oynna o, — f(X) QyHKUMAHUHT [X,, X, ;] Aard TeOpaHUIIN.

Papmranku, VX', X'e[a,b] yayn

HCEICY EIICORRIES!
0ynu0, yHaan
sup| f ()] —|f (x")] < sup| f (x') - f(x")|

OyuImM Kenub YuKaIu.

Jlemaxk,

a)k <@,

6ymanm, OyHma @), —|f(X)| dynxumstaunr [X,, X, ,,] naru Tebpannmm. Hlynapuu

»pTHOOpra 0o,
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1 1
S(f[,P)—s(f[;P)= nZa)k FAX, < nZa)k AX, <&
k=0 k=0

OynumHMA Toramus. Jlemax,

f ()| € R([a,b]).

f(x) Ba ‘ f (X)‘ GYHKIUSUTApHUHT HHTETpall HUFHHIWIAPY YIYH

n-1 n-1
> F(&)AX | < Z‘ f ('fk)“AXk ,
k=0 k=0

0ynuo, ﬂ,p — 0 1ma nuMuTra YTUI HaTHXKacuaa

T f (x)dx| < T\ f (x)|dx

Oymumm kenub yukaau. P>
3%, Ypra kmiimatr xakmgaru Teopemanap. Aitaiinuk, f(X) dynxious

[a,b] na Oepuiran Ba JyerapajlaHTaH OYJICHH. v Xo0J11a
m=inf{f(x)}, M =sup{f (x)} (xe[a,b]) maBxyn Ba VX e[a,b] yuyn
m<f(x)<M

TEHTCU3NUKIIAp YPUHIH OViIaau.
1-reopema. Arap f(x)eR([a,b]) 6ynca, y xomma myHmaii y3rapmac
u(M< < M) coH MaBKyIKH,

Tf(x)dx:y-(b—a)

oymasu.
<« PaBmaHkwn,

b b b
m< f(x) <M = [mdx < [ f(x)dx < [Mdx =

:m(b—a)sj)'f(x)dxs M(b-a).

KelinHrn TeHrcu3mKIapaan

b
[RACIL
m<2 <M
b-a
oYUM Kenub YuKaIu.
Arap
b
[ f(x)dx
_a
# b—a

Jienuica, yHaaH
b
[f()dx=p-(b-a)
a

OYIUIIMHA ToTlamMu3. P>
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3-natmxa. Arap f(xX)eC[a,b] Oynca, y xomma myHnmai 6 e<la,b]
TOINJIaTUKH,

Tu@m:fwym—m

oynasu.
<« by TacquK I0KOpHUIard TeOpeMa Ba Y3JIyKCU3 (PYHKIMS-HUHT XOccacuaaH
Kenub yukaau. P

2-teopema. Arap f(x) e R([a,b]), g(x) € R([a,b]) 6ymm6, [a,b] aa g(x)
GyHKIMS  ¥3 MIIOpACMHM  y3rapTupMaca, y XoJAa IIyHAal y3rapmac
u(m< 1< M) COH MaBXKYIKH,

b b
J £ ()g(x)dx = zf g(x)dx 3)

oynanu.
« Avitaiinuk, VX e[a,b] na g(x) >0 OyncuH. YHIa paBIIaHKH,
m< f(x) <M = mg(x) < f(x)-g(x)< Mg(x)
oynanu.
By MyHocabatmaH xama aHHMK HWHTErpajl XoccaiapuaaH QoiaanaHuo
TOIaMU3:

mT g(x)dx < T f(X)g(x)dx <M T g(x)dx.

b
a) jg(x)dx =0 Oyncun. Y xo1a
a

b
[ ()g(x)dx=0
a
oymmo, nxtuépui u(M< 4 <M) na (3) ypurau Gynaam.
b
0) _[ g(x)dx >0 6yncuH. Y xonaa

b
[ £(x)g(x)dx

m < <M

b
[g(x)dx
0ynuo,
b
[ £ () g(x)dx

H=""p
[g(x)dx

Jienuica, yHaaH
b b
J 1090 = ] g(x)ax

Oymumm kenub yukaau. P
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4-natmxka. Arap f(x) e C[a,b] 6ymu6, g(x) € R([a,b]) Ba g(X) pynkums
[a,b] na ¥3 nmopacunum y3raprupmaca, y xonga myHgaii 6 € [a,b] ronunanuky,

b b
J (0g(x)dx = £(6)] g(x)ox

oynasu.

Glossariy

Azap f(x) e R([a,b]), 9(x) € R([a,b]) 6yau6, [a,b] oa g(X) @dyuxyus y3
uwopacunu yzeapmupmaca, y xonoa wynoau yseapmac u(M<pu<M) con

MasxHCyoKu,
b b
[ (99(dx = 1] g (x)dx

oynaou.

24-AmManuii MAlIFyJIoT:
MamxkJjap

18 —mMu coa. Paduycu I oynzan apum ooupa ouamempu cy8 CAamxuoa
oynaoucan Kuaub cyeza 6omupunzan. Apum ooupaza mavcup Imyeuu d0cum
Kyuu monuicut. (17-uuzma).

|

17-un3ma.

<«Slpum noupaHu CyB caTxura napaies KWin0 OJIMHraH OYIaK4yaCHHUHT

03U TaXMHUHAH
AS = 2x-Ah =2+r? —h? . Ah

O0ynanu. by 6ynakuara Tabcup 3TyBYH OOCHUM Ky4u

AF = 2y-h-vJr’ —h*.Ah
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Oynanu, OyHIa Y - CYBHMHI COJMILTHPMA OFupiauru 0ynuo, y 1 ra tenr. Jlemax,

SAPUM JIoUpara TabCUp 3TyBUM OOCUM Kydu

3 r

F= 2jh-\/r2 —h?dh = —%(rz —h?)
0

2
=—-r
3

0
oynamau. »

X
2245. Tenrmamacu — + % =1 Oynran TYFpU YU3UKHH KOOPJHWHATANIAD VKJIApH
a

opacumaru kucMuauar OX Ba OY ykimapura HucGaraH CTaTHK MOMEHTIApH

TOIINWJICHUH.

vy T T
2246.y = COSX »3rpu 4Yu3MK EWMHUHT X =——, X=E HyKTajap oOpacujaaru

2

kucmuauHT OX yKura HucOaTaH CTaTHK MOMEHTH TOTIHJICHH.
2247 Vymoy X+y=1, Xx=0, y=0  vumsuxmap OwiaH dYerapajaHra
yubypuakauar OX Ba OY ykmapura HucbaTad cTaTHK MOMEHTIAPH TOIHMJICHH.
2248.Yuiby X = a(t - sint), y = a(l - COSt), 0<t<2m umsukmap Owuan
yerapajaHral IUIaCTUHKAHUHT (UMKJIOMAAHUHT Oup apkuHudr) OX ykura
HUCOATaH CTATMK MOMEHTH TOIUJICHH.
2249. TomoHM @ ra TEHr OYATaH KBaJpaTHUHT YHUHT JIHWOTAaHAIWra HUcOaTaH
WHEPITUS MOMEHTH TOITHJICHH.
2250.Acocu b, Gamammmru h 6ynran 6up »xuHCIM y4OypYaKHMHI acocura
HUCOATaH WHEPLIUSA MOMEHTH TOTIHJICHH.

24-keiic
KeiicHu 0axxapuin 00CKMWIapH Ba TONIIHPHUKJIAP:

] keficmaru MyaMMOHH XaJl KHUIMIII MYMKHH OYJIraH acocuii (popmyJia, TyIryH4da
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBUIya]T Ba KUYHMK TypyXxJjiapa);

) T¥nnanran MabiayMmoTiapiaan ¢oinananub, KYHuaran MacajlaHd e4uHT
(uHAMBUTYaN).

1. f(x)eC((—o0,+)) 6ymmb6, y T (T #0) naspnu Qpynkuus 6yncun. Y
xonna V aeR yuyn

a+T

[ f(x)dx :} f (x)dx
a 0

oYUy NCOOTIaHCHH.
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Xocmac narerpaJiap (6 coar)
25-Mabpy3a: Uerapanapum 4eKkcu3 XocMac MHTerpaiap.
PEXA:

10. ‘Ierapaﬂapn YEKCHU3 X0CMaC HHTETrpaJ TYIIyHIacCH.
20. HKHHJIalHyB‘IH XO0CMaC MHTEIpaJdHMHI coaaa xoccajaapu.

TASAHY UBOPAJIAP: QpyHKIMSHUHT X, HyKTaJard XOCUJIACH, YHT Ba YaIl

XOCHIIanapu

OYHKIUIHUAT aHWK HHTerpanu (PuMmaH wWHTerpamd) TyIIyH-4aCHHU
KAPUTHIIJIA HHTETPAJUIAI OPATUFUHUHT YeKJIM OYJIUIIN Tajiad STHITaH d]IH.

Ouan  uekcw3 opamukaa  ([a,+0); (—oo,a]; (—oo,+0)  opamuKiIap-aa)
Oepuiirad QYHKIMSIHUHT [Ty OpaIMK OyiHr4ya MHTErpall TYIIYHYACHHHU KEJITUPAMU3
Ba ypraHamus.

1°.Yerapanapu 4ekcus xocMac MHTerpai Ttymyndacu. f(X) QyHkuus

[a,+) opanmukna (a€R) Oepunran 6yamb, uxtuépmii [a,t] ma (a<t<+oo)
uHterpauanyBun oyncun: f(x) € R([a,t]).
Yoy

F(t) =j f (x)dx

OeNruIamHu KUpUTAMU3.
1-tappud. Arap t — +oo na F(t) GyHKUMSHMHT TUMHTH MaBXKyn OYiica,

oy mumutu f(X) byHKmusHHHET [@,+00) dYeKcH3 opanuK Oyinya XocMac
MHTETpaIM AcUUIaan Ba

[ £ (x)dx
kalbu Oesrnia”aIu:
+o0 t
jf(x)dx:tlim F(t) = lim [ f0qdx. (1)
2 —>+00 o407

(1) mHTErpanHU Yerapacu 4eKCU3 XOCMAac MHTErpall XxaM Ae0 IopUTUIIaan.
Kynaiinuk ydyH, OyHZaH KeWHH ‘‘derapacu YeKCH3 XOCMac HHTerpat’
JEUUII YpHUTA “UHTErpall’” TeUMU3.
2-Tabpud. Arap t—>+o0 ma F(t) GyHKUMSHUHT JMMUTH MaBXya Ba

ek Oyica, (1) uHTerpan SKuHIANIyBYd JSHIITa N,
Arap t—>+0 ga F(t) GyHKUMSAHUHT JUMUTH YEeKCH3 EKH MaBKYy]l

oynmMaca, (1) mHTETpaN y30KJIaTyBYl JeHUIaIN.
1-mucoua. YOy

+00
j e *dx
0
VHTETpalIHU KapaWink. by xomnna
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t
F(t)=[e™dx=—"+1
0

0ynuo,
lim F(t) =1
t—-+o0
oynanu.
Jlemak, Oepuirad MHTETpal SKAHJIAITYBYN Ba
J.e_xdx =1.
0
2-MHUCOJ1. YOy
+00
| d—: (a>0, a>0)
X

UHTETpall yUyH
. Int—Ina, arap « =1 6yuca
dx
F (t) e J.—a o t'a+l a-a+l
a X

—a+1_—a+1

, arap a #16ynca ’

oymuo, t — 400 na

al—a
F() - (a>1)),
a —
F(t) >+ (<))
oymasu.
Jlemaxk,
+oo%
a Xa

uHTErpan « >1 Oynranja sKMHIAmyBYd, o <1 Oynranaa y30Ki1a-uryBuu OYyiau.
3-mMucoJ. Yoy

+00

jcosxdx
0

WHTErpall y30KJIalryBun Oynaau, 4yHku t — 400 na
t
F(t) = [cosxdx =sint
0

(GYHKITUSHUHT JTUMUTH MaBXYJ[ IMac.
FOxopunarumex,

T f (x)dx , +fof(x)dx

XOCMac WHTErpajlap Ba VYJIAPHUHT SKUHJIAITYBUMJIUTH, Y30KJIa-ITyBYMIATH
TabpudIaHaIN;

ja' f(x)dx:tlirP ja'f(x)dx :
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U—>+00
V-0

+joof(x)dx: lim Tf(x)dx :

20, SIKMHJIAIYBYH XOCMAC MHTErPAJHHHI COXIA XoccajJapH. XocMmac
MHTETPATHUHT Typiau xoccanapuuu f(X) ¢yHkuusHuHT [@,+00) opanuk Oyiinda

OJIMHTaH
[ (x)dx
a
MHTErpainy yuyH 0aéH stamus. by xoccanapau
a +00
[ £(9dx, [ f(x)dx

UHTErpajiap yu4yH KeATHPHUIIHN YKyBUHTa XaBOJIa dTaMHM3.
+00
1-xocca. Arap j f (X)dX mHTerpan sKuHIamyBun Oyica, y XoJaa
a

Tf (x)dx (a<Db)
b

WHTErpaj XaM SKWHJIAIIyBYM OViIaau Ba akcuH4a . byHaa

T f(x)dx = T f (x)dx +Tf (x)dx (2)
a a b

TEHIJIUK Oa)Kapuiiaiau.
<« PaBmiankmy,

j f (x)dx :T f (x)dx+i f(x)dx . (a<b<t)
a a b

+00
AviTaitinuk, I f (X)dx mHTErpan sKUHIAITYBYM OYIICHH.
a

Jemak,

lim } f (x)dx

t—>+00

MaB>Ky/Jl Ba YeKJIM OYaau:

lim j f (x)dx = Tf (x)dx,

t—>+0

(2) Terrnukaan ¢oinanmanuo, t — +oo na

lim j f(x)dx = Tf (x)dx —T f (x)dx
b a a

t—+o0

+00
OynumuHu Tonamus. Jlemax, _[ f (X)dX MHTErpaji SKUHIAIIYBYH Ba
b

T f (x)dx = Tf (x)dx —T f (x)dx
b a a

oynau.
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+00
AWTalinuk, J. f (X)dx mHTErpan sKWHIANTyBYH OYIICHH,
b

Jlemaxk,

t +00
Jim [ £(0)dx = [ f(x)dx
—>+oob b

YeKITU Oy maay.
(2) Tenrnuknan, t — +oo na

lim j f(x)dx = T f (x)dx ++jwf (x)dx
a a b

-+

+00
Oymuiy kenub ynkaau. Jlemax, _[ f (X)dx mHTErpan SKUHIAITYBYN Ba
a

T f(x)dx = T f (x)dx ++joof (x)dx
a a b

oynamu. P
+00
2-xocca. Arap jf(x)dx UHTETpaJ SKUHJIAIIYBYM Oyjca, y XoJjjaa
a

jC - f(X)dx xam (C = const) sKHHJIAITYBYH OYIIHO,

TC- f(x)dx = CTf (x)dx

oynanu.
+00
3-xocca. Arap I f (X)dx wmHTerpan skuHmamryBum 6ymmo, VX €[a,+o) na
a

f(x) >0 6Yica, y xonaa
[f(x)dx>0
a

oynau.
+00 +00
4-xocca. Arap I f(x)dx Ba I g(X)dx wmHTerpayiap SKUHJIA-ITyBYH OVIica,
a a
+00

y X0/1a I (f(X) £ 9(x))dx mHTErpan XaM SKUHIA-ITyBUX OYIIHO,
a

+joo(f (X) £ g(x))dx = T f (x)dx + +joog(x)dx

oynanu.
5-xocca. Arap VX e [a,+0) na f(X)<g(x) 6ymo6, [ f(x)dx Ba [g(x)dx
a a

MHTErpajuiap SKMHIAIyBYH Oyica, y Xoiaa
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Tf (x)dx < +fog(x)dx

oynasu.

2)- 5)- XoccasapHMHT UCOOTH XOCMac HWHTErpaJl Ba  YHHHT
SAKUHJIAITYBYMINTY TabpudiaapuaaH 0€BOCUTA KeITNO YUKaIu.

dapaz kunaimk, f(x) Ba g(X) pyakumsap [a,+o0) ga 6epuiran 6yimo,
f(X) dynkus yerapananran (M< f(X) <M, Xe[a,+o)), g(X) dyHkims 3ca y3
unopacuHu y3raptupmacut (VX €[a,+o0) ma xap goum g(X) >0 €éxu g(x) <0).

+00 +00
6-xocca. Arap .[ f(x)-g(x)dx Ba jg(x)dx UHTErpajuiap sIKUH-JIallyBYU
a a
Oyica, y xonaa myHaaii ysrapmac (M < g < M) Tonwmnaauku,
[ 109 9(x)dx = 1 [ 9(elx ©
a a

oymasu.
« Atitaiiiuk, VX €[a,+0) ga g(x) >0 oynacun. Yaaa

m-g(x) < f(x)g(x) < Mg(x)
0yuo,

t t t
m[ g(x)dx < [ f(x)g(x)dx < M [ g(x)dx
a a a
oynanu. By TenrcuznuknapaaH, t — +oo0 1a TUMHUTra YTCak yHa
m | g(x)dx < [ f(x)g(x)dx <M [g(x)dx
a a a

OymuIy Kenub YuKaIu.
PaBmankwu,

+fog(x)dx =0

oynranna (3) TeHTIMK Oa)kapuiiau.

AWTaluK,
[g()dx >0
a
oyncun. by xonna
[ f(x)g(x)dx
m< -2 <M
[ g(x)dx

oynamu. Arap
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Tf (x)g(x)dx

H=""73
[90x)dx

ne6 oymuca, yaaga M< <M 6ynmo0,

T100- 900 = - [ g0

oynasu.

Vxe[a+xo) ma g(X)<0 Oymranma (3) TEHMVIMKHMHT Oakapu-JIHMIIN
IOKOpUJIaruaek ucootnanaam. »

Onatna, Oy xocca ypTa KUMMaT Xakyujard Teopema JIeunaim.

3% XocMac HHTErpaJIHMHT SIKHHJIAIDYBYMJIMIH. Aifraiimuk, f(X)
GyHKkus [@,+00) opanukaa Oepunrad OYICHH.

Mabiaymku,

[ £(x)dx
a
XOCMAaC MHTETPATHUHT SIKUHJIAITYBYMIUTH YIIOY
t
FO=[f(dx  (t>a)
a

GYHKIUSIHUHT t — +o0 J]a YEKJIM TUMUTTa 3ra OYIuImmaan uoopar.
13-mabpy3ana GyHKOUSHUHT YEKIW JIMMHTHTA dTa OYIHMINA XaKuJard
Komm Teopemacu, sbHu F (1) GyHKIMSHUHT 1 —>+00 1Ma YeKaM JUMHTrA d3ra
OYIuIIN y4yH
Ve>0, 3t,;>a, Vt'>t,, vt >t :
F(t")-F()
TEHI CU3JIMKHUHT Oa)KapUJIUIIU 3apyp Ba €Tapiu IKaHU KEATUPWITaH d/IU.
By Tymynda Ba TacaukaaH

<&

Tf (x)dx (4)

X0CMAC HHTETPATHUHT SIKMHJIAITYBYMJIUTHHYA Udoaanaiiuran Kyiinaaru
TeopemMara KeJaMmus3.
Teopema (Komm Teopemacu). (4) MHTETpAIHUHT SKHHJIA-ITYBYH OYIIUIIN
yuyH Ve >0 coH onuHranga xam myHgal tyeR (t, >a) Tonmuaud, uxTHEpHii

t'>t,, t'" >t, Oyaranna

<&

tj f (x)dx
v

TEHTCU3JIUKHUHT O KapUITUIIIH 3apyp Ba €Tapiiu.
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Glossariy

QYHKYUAHUHR YeKau aumumuea 32a oyaumu xakuoazu Kowu meopemacu,
avuu F(t) ynkyuanune t — +00 da wexnu aumumea sea Oyauwu yyyH

Ve>0, 3t,>a, Vt'>t,, vt >t :
IF(t")—F(t)

MEeH2CUZUKHUNS Dadcapuiuiy 3apyp 6a emap.iu

<&

25-AMaJiuii MAIIFyJIoT:
MamxkJjap

Arap (1) numMuT MaBXyn Ba 4Yekiu Oyica, (2) XxocMmac UWHTErpain
SIKUHJIAIIYBYM, YeKcH3 €KUM MaBxkysd Oynmaca, (2) xocmac wuHTerpaln
Y30KJIALLYBYM JCHUIIA]IN.

XyIId IIyHTa YXIar if(x)dx, Tf (X)dX X0CMac MHTErpauIap Ba yJIapHUHT

—0 —0
SKUHJIAITYBYWINTY, Y30KIAITYBUMIUTH TabpudIaHaIu.
25-Keic
KeiicHu 0axxapuin 00CKMYWIapH Ba TONIIHPHUKJIAP:

] keficmaru MyaMMOHH XaJl KMJIMIII MYMKHH OYIraH acocuii ¢poopmyJia, TyIryH4ua
Ba TaCAMKJIAPHU KEJITUPUHT (MHAUBHIYaAT Ba KHUUK TypyXxJjiap/a);

) T¥ynnanran MabiayMoTiapaad ¢oiigananu0, KyHuiIran MacajiaHu e4uHT
(vHIMBUIYAN).
1. Yoy

+00

XIn X 1
AL LA =
£(1+x2)3 S

TEHIJIMK UCOOTJIAHCHUH.
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26-Ma1>py3a: Man¢uii 0yamaran GyHKUMAHUHT X0CMAC
HHTErpaiapu.

PE/KA:

1°0  Manduii O6yamaran  GyHKuUMST X0cMac  MHTErpaJMHHHT
SIKUHJIAITY BYMJINT M.
2°. Takkoc/Ia1I TeopeMaJIapHu.

TASIHU UBOPAJIAP: Aumaiinux, f(X) ¢yukyus [a,+0) opanuxoa
bepunean 6yu6, VXxela4o) oa f(X)>0 6yucun. By ¢ynkyusnu [a,t] oa
(a<t<+wo) ummeepannanysuu oetnux: f(X) € R([a,t]). by xonoa

F(t) :j f (x)dx

@ynxyus (a,+0) oparuxoa ycysuu o6yiaou.

1°.  Mandmii 6yamaran  GyHKOES  XOCMAC  HMHTErpaJIMHHHIT
SIKMHJIANTY BYMJTUTH.

Avitaitiuk, f(X) Jynkums [a@,+0) opamukaa Oepwiran  OYyimo,
vxela+o) ma f(X)>0 6yacun. by dyskmmsaun [a,t] ma (a<t<+oo)
unrerpaanysun neimuk: T (X) € R([a,t]). By xonna

F (1) :j f (x)dx

bynknus (a,+00) opanukaa ycyBun Oyiaau.
< XaKuKaTAaH xaMm, a<t, <t, <+oo na

F(t,)= tjz f(x)dx = tjl f (x)dx +tj2 f(x)dx =F(t,) +tj2 f (x)dx

%] %]

0ymuo,

Oynrannuru cabadiu
F(t,) = F(t)
oynagu. lemak, V t,,t, e (a,+o0) yuyH
t, <t, =>F{)<F(,).»
1-teopema. Manduii 6ynmaran f (X) GyHKIHS X0CMac HHTErpaid

+fof(x)dx (f(x)=>0, x>a) (1)

HUHT SIKUHIANTyBud Oyiuim yayH F(t) GyHKUMSHUHT IOKOpUIAH YerapajiaHra,

ABHU
dCeR,vt>a: F(t)<C

OynuIIM 3apyp Ba eTapiu.
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<4 3apypaurn. Aitaiuk, (1) uaTerpan skunnamyBdu Oyicud. Tabpudra
OMHOaH

lim F (1)

t—+o00

MaBXKy/ Ba ueksn Oyiaanau. Yama, 3CeR, Vt>a ga F(t)<C 6ymammu.

Erapaumuru.  Adiraiimuk, F(t) ¢yskmus  (a,+©) 1ga rokopuma-ru
yerapajanran OyicuH. Ainu maitna, F(t) ycyBum ¢ynkius. Jlemak, t — +o0 ga
F(t) ¢yaknus gexoum numutra sra. by aca (1) WHTErpaJiHM SKUHJIAITYBYH
OymumHN Ounaupany. ™

by Teopemanan Kyiingaru HaTHKa K0 YHKaIH.

Harmxka. Arap F(t) dyukmus (t € (a,+00)) 10KopugaH derapa-jaHMaraH
Oyica, y Xonaa

Tf (x)dx

MHTErpajl y30KIallyBuu Oyiaau.

20, Takkociam Teopemanapu. Mkkura QyHKIHMS MablyM MyHocabaTaa
Oynaranga OUPUHHUHI XOCMAC HWHTETPAJIMHUHT SKUHJIAIIYBUM (Y30KJIAIIYBYH)
OYyMMIIMAAH MKKMHYACUHUHI XaM SIKMHJIAIIYBYM (Y30KJIAIIyBUM) OYIMIIMHH
udonanoBun  Teopema-imapHu  kentupamu3. Oparna,  ynap  TakKKocJall
TeopeMaapy IeUHIAIHN.

2-teopema. Dapa3 kumaitmuk, f(X) Ba Q(X) dyHKIUSITIAP [a,+0)
opanukaa oepuiran 6ynuo, VX e[a,+©) na
0<f(x)<g(x) (2)
OyncuH.
+00 +00
Arap j g(X)dx skuHIamyBun Oyica, y Xojaa j f (X)dX xam SKMHIAITyBYH
a a
Oynanu.
+00 +00
Arap J. f (x)dx y3oxmamryBum G¥yiica, y xoiaa _[ g(X)dx xam y3oKJIanryBuu
a a
Ooynmanm.

+00
< Aifraitmuk, (2) myHocabar Vpuniu 0Ynuo0, J'g(x)dx SKUHJIAITYBYN
a
oyncuH. YHna 1-teopemara kypa

t
G(t)=[g(x)dx<C
Oynaau. AHU maiTa,
t
F(t) = J‘ f (x)dx < G(t)

~+00
Oynarawnuru cababiau sbpHH 1-Teopemara OWHOaH jf(x)dx SIKUHJIA-IITyBYH
a

Ooynmanm.

174



+00
AWitaiinuk, (2) myHocabar Ypuniau OYynuo0, J' f(x)dx y3okna-mryBun
a
OyicuH. YH/Ia IOKOpUIa KEITUPUIITAH HATHKA Ba
F(t) <G(t)
~+00
TEHTCU3JIMKIaH jg (X)dX WHTErpaTHUHT y30KIAlTyBUUIUTH KETUO YuKaau. P
a

3-teopema. dapa3 kwiaiauk, f(X) Ba g(X) yukumsmap [a,+o0) na
f(x)>0 g(x)>0 6ymuo,

lim @:k (0 <k <+o0)
X—>+0 ( X)
OyncuH.
Arap K <+oo 0ymu0, J. g(X)dx skuwHmamyBum Oyiica, y XoJiaa J.f(X)dX
a a

XaM SIKMHJIAITyBYH OYI1aiu.
+00 +00
Arap k >0 0yau0, jg(x)dx y30KJIallyBun OyJjca, y Xojaa I f (X)dx xam
a a

Y30KJIallyBuUM Oyaau.
< AlTalllIuK,
f(x)

lim —= =k <+
X—>+00 g(x)

+00
oynuo, jg (X)dx sxuHmanryBun OyiacuH. Jlumut Tabprudura OnHOAH
a

Ve>0, t, >a, Vt>t,

na
f(x) <(k+&)g(x) 3)
Oynaau. SAKMHIAITyBYM MHTETPAIIHUHT XOCCacura Kypa
[ (k+&)g(x)dx

a
SKUHJIAITYBYH OYiaau.

+00
(3) myHnocabar Ba 2-teopemanan ¢oinanaHuo, I f (X)dX wuHTErpajgHUHT
a

SIKUHJIAITYBYW OYJIMIIIMHYU TOTIAMU3.
AWTannuk,

lim 09 =k>0
X—>+00 g(x)

+00
0ynuo, jg(x)dx y3oknamyBun OyiacuH. by xomma k; con (k>k; >0) yuyH
a

mryHzaa tj >a Tonuwnaguky, VX >ty na
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LI
g(x)

SABbHH

TORESI) @

1
oynasu.
+00
(4) myHocabaT Ba 2-TeopeMaiaH (oiimamaHuO jf(x)dx UHTCTPATHUHT
a
Y30KJIaulyBUH OYJIHMIIMHA ToNamus. P

Harmka. Arap

oymmo, 0<k <+oo Oyica, y xoima jf(x)dx Ba Ig(x)dx UHTETrpayuiap Oup
a a

BaKT/Aa €KY SKMHJIAITYBYH, EKU Y30KJIALIyBYU OyIaaH.
Kyn xomnmapna Oupop XocMac MHTETPATHUHT SIKUHJIAIIYBUU-JIMTHHU  EKU
Y30KJAIIYBUWJIUTUHA  aHUKJIAIIAA  aBBAJJAH  SKUHJIA-LIIYBUMIIMIU  EKU
Y30KJIAIIyBUMIIUTH MabIyM OYyiraH HHTErpajl OwiaH Takkociaad (roxopuaa
KEeNTUpWIraH TeopeManapiaaH  (oipgananu®) KapajaéTraH  MHTErPaIHUHT
SKUHJIAITYBYHU €KU Y30KJIAITyBYM OVIIMIIN TOMUIA N,

Macanas,

Tf (x)dx

VHTETPAITHU

+00 dX
— (a>0,a>0)
XO[
a
MHTErpajl OMjiaH TaKKOCIa0, KyHuaaru HaTuxkara KejaamMus:
Harmxka. Atitaimuk, Ooumpop C (0<C<+w) Ba >0 commap ydyH

X —> 400 na

F(0~ =,

X
SABHHAU
lim x“-f(x)=C

oyicuH. YHIa

[ f(x)dx

a

uHTerpan « >1 Oynranga sKuHIamyBYd, o <1 Oynranma y30KJIa-ITyBYH
Oynanu.
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Glossariy

Kyn xonnapoa 6upop xocmac unmecpanmume AKUMHAAULYGYU-TUSUHU EKU
V30KIauLy 8YUIUSUHU aHUKIaUOA aeeanoan  AKUHIA-ULY8UUNUSU éxu
V3OKAQUYBYUIUSY MABIYM  OyIean uHme2pan Ouian makkKociab (tokopuoa
Kenmupuiean meopemaniapoan — gouodananud) Kapaiaémean UHMESPATHUHS
AKUHIAULYBYU EKU Y3OKIAULY8YU OYIUULU MONUTAOU.

26-AMajMii MANIFyJIOT:

1°. Yerapacnm weKkcH3 X0CMAC HHTerpaj TYLIYHYACH. f(X) byHKIUSA
[a,+oo) na OepuiraH, HUXTUEPHMA [a,t] Ja (aS t< +oo) WHTErpajulaHyBun
OyncuH. Arap ymoy

t
lim [(x)dx (1)

a
JUMUT MaBXyn Oyica, Oy JTUMUT f(X) (YHKITUSTHUHT [a,+oo) opajuK Oyiuya

+o00
X0CMAC UHTErpajM JAeHUIaiv Ba I f(X)dX kaOu Oervia”amgu:
a

Tf(x)dx = lim jf(x)dx )

>+
a

Arap (1) numMuT MaBXya Ba 4Yekiu Oyica, (2) XocMmac UWHTErpai
SIKUHJIAIIYBYM, 4YeKCHU3 €KUM MaBxkyd Oyiamaca, (2) xocmac wuHTErpan
Y30KJIALLYBYM JCHUIIA]IN.

a +00
Xyaau ImyHTa YXImart I f(X)dX, I f(X)dX XOCMac HHTErpaiap Ba
—Q0 —00
YITapPHUHT SKHHIJIAITYBYMINTH, Y30KIaUTyBUMIUTH TabpH(IIaHaIH.
Kyiingarn XxocMac HMHTErpajyIapHUHT  SIKHHJIAIIYBYH  JKAHIMIH

KYPCaTHJICMH Ba KHIMATJIapU TOIMJICHH.

+00 +o0
2264, | 2265. | 2
1 X+ X I X2+ 4
+o +©
2266. [ e~**dlx 2267. | Idx
e X n- X
dx carctgx
2268. j S 2269. j g ~dx
x +2X+5 1+ %2
T dx dx
2270, [—— 2271.
'[ XvVx% +1 '[ —oX+7
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26-Keic
Keiicau 0a:xxapum 60CKU4/JIapu Ba TOMIIMPHUKJIAP:

] keficmaru MyaMMOHHU XaJl KWJIMIII MyYMKUH OYJiran acocuii ¢gpopmyna, TylryH4a
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

] TynimaHraH MablyMOT/IapaaH Goigananuo, KyHuiaran MmacajaHd €4uHT
(MHAUBUTYAT).

tox? +1

o X +1

dx

0
2272. j xe*dx 2273.

27-mabpy3a: XocMac HHTErPAJTHUHT a0COTIOT

AKHHJIAIY BYMJINTH.
PE/KA:

1°. AGCOIIOT IKMHIALTY BYHJINTH.
2°. Macanajap e4um

TAAHY UBOPAJIAP: 2-meopemaca xypa bepunean xocmac unmezpai
AKUHAAULY8YU OVIAOU.
3% 1-mmcoa. Yoy

+00 2
I coSs ;( dx
o 1+ X

I/IHTGFpaJI }IKI/IHJIaH_IYB‘II/IJ'H/IKKa TCKIHI/IpI/IJ'ICI/IH.

< Arap
2
F) =22 g(x)=—
1+ X 1+X

nenica, yuaa VX €[0,+00)
0< f(X)<g(x)
oynau.
PaBmnianku,

g 1+ x?

WHTETpajl SKWHJAIIYBUM. 2-TeopemMara Kypa OepuiraH XocMac HHTETpal
SIKUHJIAIYBYHW OYaau. P

2-MucoJ1. YOy
+o0 2
[ e™dx
1

WHTETpasl SIKUHJIAIIYBUYMIIMKKA TEKITUPUIICHH.
4 VX >1 na
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f(x) = e g(x)=e™*

byHKIUSAIApH YUYH
0< f(X)<g(x)

oynanu. Kyiinnaru

+00
Je™dx
1
WHTETPATHUHT SIKUHJIAITYBUMIIUTH paBiiad. Jlemak,
2
[ e dx
1
WHTErpall SKWHJIANTYBYH OViaam. P
3-mucoa. Yoy
+00
[e™ In xdx

1
I/IHTGFpaJI ﬂKHHJIaHJYB‘-II/IJ'H/IKKa TCKIHI/IpI/IJ'ICI/IH.
4 VXx>1na
In x < x

oymuo, f(x)=e *Inx, g(x)=xe™™ dyHKUMsIAp yUyH
0< f(x)<g(x)
oynanu. DHau

T g(x)dx = +foxe‘xdx
1 1

HHTErPAJHUHI IKMHJIAINYBYWINTHHE YbTHOOPTa 0,110, 2-TEeOpeMa-1aH
doiinanannd, Gepuiran

+00

je‘x In xdx
1
I/IHTerpaJIHI/IHr HKI/IHHaIHYBqI/IHI/IFI/IHH TOIIAMU3. »

4-mucout. Yoy
T dx
1 x-Ux%+1
MHTETpaj SKHHJIAITYBYAINKKA TEKIIUPHIICHH.
< HHrerpan ocruaaru

f(X):;
x-3x% +1
GbyHKIUS yayH
5 5
lim x3fF(x) = fim x3— ~ — fm.— L 1

X—>+00 X—>+00 X .3/X2 +1 X—>+00 1
X-31+—
2
X
oynau.

PaBmankwu,
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X

w| o

+'C[>O d
1
X
MHTErpall SKMHJIAayBuH. /[eMak, Oepriiran uHTerpai sskuHjia-uryBuu oynaau. »
4%, XocMac MHTErpaJIHMHI a0COII0T SAKHUHJIAIIYBYMINIH. ANTainuk,

f(X) ¢bynkuus [@,+00) opanukna O6epwiaradn O0yicuH. byHna, VX €[a,+o0) yuyH
f(x)> 0 6yauium mapt smac

Tabpudg. Arap
1 (0ldx

+00

WHTETpall SIKWHJAITYBUMA OYJica, jf(x)dx UHTErpall aOCONIOT SIKWHJIAITYBYA
a

JNEeUnIaau.

+00 +00
Arap j f (X)dx sixkuHmamyBum 6YimO, J ‘f(x)‘dx y30KJallyBuu Oyica, y
a a

00
XoJiaa j f (X)dX mmapTim SKUHIANTYBYH MHTETPAT ACHHIIA/IH.
a
4-teopeMa. Arap UHTErpas adCOMIOT IKMHJIAITYBYH OVYIica, y IKMHIJIATyBYH
Oynanu.
< ANTaliuk,

[I £ 9ldx
a
UHTerpaj sKuHiIamyBuu Oyiacun. bepunran f(x) Ba ‘f (X)‘ byHK-TIsIIAp
épnamuaa ymoy
1
p(X) = E(f )+

1
y(x) =2 1) +[ T (X))
GyHKUMSIIApHU Ty3aMU3.
by dyukiuusnap yayH, VX € [a,+0) na

1) ¢(x)=0 , w(x)=0

2) () <[T(X)| , w(x) <[f (%)

3) () —w(x)=f(x)
oynaau. FOxopuma kentupuiran 2-teopemazan ¢oinananno, Kyiumaara

+joogo(x)dx : +ﬁy(x)dx

WHTETpajl SIKUHJIAITYBUUJIUTUHUA TOTIAMHU3.
YHna
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(%) - (x))dx

WHTETpajl XaM sSKMHJIaIyBuu 0Viaaau. Jlemak,

+00
[ £(x)dx
a
SKUHJIAITYBYH OYmaau. P
Glossariy
Aeap (1) numum masdxcyo ea uwekiu Oyaca, (2) xocmac unmecpan
AKUHIAWY8UU, UYeKcU3 EKU Masxcyo oyimaca, (2) xocmac ummeepan

Y30K1auyeuu oetiuiaou.

Xyoou wynea yxwaw if(x)dx, Tf(x)dx xocmac unmeepaiiap 6a

—0 —a0

VAAPHUHE AKUHAAULYSYUTULY, V3OKIAUYBUUTUSU MABPUDIAHAOU.

27-AMauii MAIIFYJIOT:

Kyi/'muarn XoCMaC MHUHTCIpaJJIapHUHHI Y30KJIalIyBYM JKaAHJIHUTH

MCOOTJIAHCUH
+o0 0
2974, [ 9% 2275, | ax
1Vx l+X
+00 +©
2976. [ -9 2277. [sinxdx
1 XInx 0
0 +0
2278, [ X+ i 2279, [ 2X*>
SoXT+1 3X°+3x-10

27-Keic
KeiicHu 0axxapuin 00CKHWIapH Ba TONIIHPHUKJIAP:

] xkeficmaru MyaMMOHHU XaJl KMJIMIII MYMKUH OYJran acocuii ¢popmyria, TylryH4a

Ba TACAMKJIAPHU KEJITUPUHT (MHAUBHIYAT Ba KHUUK TypyXJjiap/a);
] Tymmanran MabayMoTaapaaH Goigananub, KyHuaraH MacalaHd CIuHT
(uHAMBUTYAT).
K HUHT KaHJal KHiMatiapuaa
+00 ;
X+SIn X
[x XX gy (k<)
1 X—sinx

MHTETpal AKUHIANTYBYN Oyaann?
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AHUK UHTETrPAJTHUHI FeOMETPUK KATTAJNKJIAPHU XHCOOIaNLIANLIAPTa
TATOUKH
28-Mabpy3a:
PEXA:
1°. Tekuc IIAKIHUHT 1034 TYIIYHYACH.
2°.9rpu YM3HK/IM TPANCHUSIHUHAT I03UHH XHCO0.1allL.

TASHY UBOPAJIAP: QpyHKIMAHHUHT X, HyKTaJard XOCUIACH, YHT Ba YaIl
XOCHJIaJIapH

1°. Texuc mMAKJIHMHT 103M TymyH4YacH. Mabnymku, (X,Y) xkydrTiuk,
(x e R,y € R), Tekucnukna HyKTaHu Udo1aaaim.

Koopaunaranapu ymoy

as<x<bh, c<y<d (aeR,beR,ceR,d eR)
TEHICU3IMKIAPHUA KAHOATIAHTUPYBYM TEKHCIUK HyKTalapuaaH xocuia Oyiran D,
TYIUIaM :
Do ={(x,y);x e[a,b],y €[c,d]}

TYFpHU TYpTOYypUaK aeitmnanu (8-anzma)

&Y
Z k-

Lo

0 cll é;. e

S-amsna
by tyfpu TYpTOypuyakHMHI TOMOHJapu (Yerapajapu) MOC paBHILIJA
KOOpJIMHATajap YKUra napauien 0yiaau.

D, Ty¥pH TYpTOypYaKHUHT 103U €0 (YHHHI YETapACUHUHT, SIbHU
X=a , X=b (c<y<d),
y=c , y=d (a<x<b)
TYFPU YW3MK KecMaJapuHuHr D, ra Tternnum Oynumm €KUM  TETUILIM
OynMaciIuruiaH KaTbuil Hazap) yuoy
#(Dy) = (b—a)-(d—c)
MUKIOpTra auTUJIaIu.
AWTalnuK, TeKUCIUK HyKTajdapuaan uoopar oupop Q Ttymmam OGepuiran
OycuH.

Arap myHnaii D, Tyfpu TYpTOyp4aK TONMMUIICAKH,
Qc D,
Oynca, Q yerapanaHraH TYIJIaM JICHHAIIAIN.

Xap KaHJai yerapajaHraH TEKUCIUK HyKTaJlapuJlaH Hoopat TYIIaM TEKHC
IIaKJI JeUHUIIaIu.

182



Arap  TEKMC IMIAKT  YEKIM  COHJArd  KeCUIIMAaWIuTaH  TYFpH
TYpTOypUaKiapHUHT OupiammMacu cudartuaa udoaanaHca, yHA TYFpU KYOypyax
neiimu3s.(9-un3ma)

O-q13Ma

bBynpaii Tyrpu KynOypYyakHUHI 103M 1e0, YHM TAIIKHJI I3TraH TYFpH
TYPTOypUYaKJIAp 103a1ap¥ HMFUHAMCUTA AUTHJIATH.

Tyrpu kynOypuak 1031 Kyluaaru xoccajaapra ara:

1) Tyrpu kynOypuak 1031 xap goum Mandwuit 6ynmaiiau: (D) > 0;

2) Kecnmmaiinuran ukku D; Ba D, Tyrpum xynOypuakiap-JaH TaIIKul
TOIraH TYFpu KynOypyak ro3u D, Ba D, napHUHT 103a1apyu HUFUHAMCUTA TEHT:

H#(D,UD,) = u(Dy) + u(D,) ;

3) Arap D, Ba D, 1y¥pu kynOypuakiap yuyH

D, cDh,
Oyica, y xonaa
#(Dy) < u(D,)
oynanu.

Texucnukma Oupop uyerapamanran Q mmakn Oepunran OyncuH. by
makaHUHrT wuura A Tyrpu kynoypuak (AcQ), cyurpa Q makiaHM y3 wuura
onmran B 1yrpu kynoOypuak (Q — B) nap umsamu3s. YiapHUHT [O31apu MOC
pasumiaa 1(A) Ba u(B) 6yicun.

PaBmianku, OyHpail Tyfpu kynOypuakmap kyn OYnau0, ylapHUHT
1o3anapuan noopar { ¢(A) } Ba { u(B) } Tymmammap xocun 6ynaau.

Aty nmaiTaa, 0y COHIM TyTUIamiap yerapaianrad 6ynaau. bunoOapuH, ylapHUHT

aHUK yerapanapu
sup{u(A)}, Inf{x(B)}
Jap MaBXKy/.
1-tabpud. Arap
sup{u(A)} = inf{x(B)}
O0ynca, Q mmrakn ro3ara sra JAeWniIaau. Y JIapHUHT YMyMHUH KuiiMatd Q IMIAKJIHUHT
1031 nerunanu Ba 1(Q) xabu OenrumaHamm:

#(Q) =sup{u(A)}= Inf{u(B)}
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1-teopema. Texuc makn Q ro3ara ara Oymum yayH Ve >0 COH onuHTaHIa
xam myHaad A (Ac Q) Ba B (Q < B) tyrpu xynOypuakiaap Tomuind, yiap
yIyH
1(B)—u(h) <e
TEHTCU3JIMKHUHT Oa)KapHUJTUIIIN 3apyp Ba €Tapiu.
<« 3apypauru. Anrtainuk, Q 1mraki ro3ara sra 0yncuH. YHIa tabpudra
OuHOAaH
sup{u(A)} = Inf{x(B)}= 1(Q)
oynanu.
Moaomuku,
sup{u(A)}= 1(Q),
inf{x(B)}= Q)
9KkaH, yHna Ve >0 onuHranma xam myHuaai tTyrpu kynoypuak A(A < Q) xamaa
nryHaai Tyrpu kynoypuak B(Q — B) Tommmanukwy,

£1(Q) — u(A) <§ ,

1(B) - 1(Q) <§

oynanu. by TeHrcuznukIapaaH
H(B) - u(A) <&

OymuIy Kenub YuKaau.

Erapanauru. Avitaiiuk, A (Ac Q) Ba B (Q < B) 1yrpu kynOypuakiap
yuyH p(B)— u#(A) < & TeHrcusauru 0axapuiICHH.

PaBmankwu,

u(A) <sup{u(A)}
#(B) = inf{u(B) }.
by myHocabarnapnan
inf{x(B)}—sup{u(A) ;< u(B) — p(A) <&

OYIUIIIMHY TOTIAMH3.

& -uxtuépuit MmycOart coH OYIraHIuruaan

sup{u(A)} = inf{4(B)}

oymumm kenub ynkanu. Jlemak, Q maki ro3ara sra. P>

Hlynra yxmam Kyiiuaara Teopema ncooTaaHaIu.

2-teopema. Texuc makn Q o3ara sra Oymumm yuyH Ve>0 coH
OJIMHTAaHJAa XaM IOyHJal fo3ara sra Tekuc Imakuiap P Ba S nap
(PcQ , Q< S) ronunub, ynap y4ayH

u(S)-u(P)<e

TEHTCU3JIMKHUHT Oa)KapUIUIIIN 3apyp Ba €TapJ.

2°.9rpu YM3HK/IM TPANEUUSHUHT I03MHH XHcoOaau. dapas KUIaiuK,
f (x) e C[a,b] 6ymu6, Vx e[a,b] ma f(x)>0 6yacun.
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Okopunan f(X) ¢ynkmus rpaduru, €H ToMOHmapmaH X=a, X=Db
BEpTUKAJ YM3MKJIAp XamJa MacTaaH abiucca Yku OwiaH derapamanran Q
makiHu Kapaiuk. (10-un3zma)

a B

2l

10-yn3ma
Opnatna, Oy maki TpU YU3UKIM Tpameuus nedwnaau. [a,b] cermentHun
UXTUEPUI

L1

-

P={Xg, X, X5,....X} (@=X%X, <X <X, <..<X,=b)
Oynaknamzu onaMu3. by 6ynaknamHuHr Xap oup [X,, X, ,] opanuruaa
inf{f(x)}=m,, sup{f(x)}=M, (k=012,...,n-1)

MaB:xKyJl Oynaau.

OHIM acocu AX, = X,,; — X, , Oamanmmru m, 6ymran (k=012,...,n-1)
TYFpU  TYpTOypUAaKIApPHUHI  OWpialiMAacHJaH  Tall-KWJl  TONTaH  TYFpU
Kynoyp4yakHu A neimk.

lynunaraex, acocm  AX, = X, 4 — X, Oamanmmuru M,  Oyiaran
(k=012,....,n=1) TYrpu TYpTOYpUAKIAPHUHT OMpJIAIIMACHIAH TAIIKWUI TONTaH
TYFpu Kynoypuyakau B neitnmuk. PaBirankwy,

AcQ, QcB
Oynu0, yIapHUHT 103aJ1apu

n-1 n-1
H(A) =2 m A%, u(B) =D M, - Ax,
k=0 k=0

oynanu.
Glossariy

by mynocabamnapoan
inf{x(B)}—sup{u(A) ;< u(B) — p(A) <&
OVIULUUHY TMONAMUS3.
& -uxmuéputi mycoam coH 0yneanHIueu0an

sup{u(A)} = inf{(B)}

oynuwiu kenub yuxaou. lemax, Q waxn o3aea sea.

28-AMajnii MAlIFyJIOT:
2209. AcocunuHr pammycu I, Gamanmmurd h Oynran mowpaBuili KOHYCHHHT

XaKMH TOITHJICHH.
2210.AcocUHUHT 103U SO, Oamanmaaurd N Oyiuran nUpaMHUIAHMHD  Xa)KMHU

TOIIUJICHUH.
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2

2211.Ymby x°+y’=a®, y*+z°=a® uwwmmap OunaH yerapaiaHrad

AKUCMHHUHI' XaKMHU TOIIMJICHH.

Kyiimgarm cupriaap OuwjaH d4erapajaHraH KUCMHHUHI  Xa:KMH

TOIMUJICHUH:
2212.x* +y?+72° =R, x*=y?+27z%* (x=0)

2 2
2213.y—+z—=x, X=a
2p  2q

2214.x° +y* =R?, y*+72°=R?

2 2

2
x? y?* z
2215, — +*—— —

a’? b? c?

2 2

20165 +¥ =1, z=S.x, z=0
a® b a

2217.x+y+2z°=1, x=0, y=0, z=0

=1, z=0, z=h

2218.z=4-y*, x=0, y=0, x=a
2219.x* +y* +2° =1, xX*+y’ =X

28-keiic
Keiicau 0axxapum 00CKU4/Iapu Ba TOMILMPUKJIAP:

] xkeficmaru MyaMMOHHU XaJl KWJIMIII MYMKUH OYJiran acocuii ¢goopmyria, TylryH4a
Ba TaCAUKJIAPHU KEITHUPUHT (MHAUBUAYaAT Ba KUYUK TypyXJapaa);

] TymmaHTaH MablyMOT/IapaaH Gpoigananu0, KyHuiIran MmacajaHid €4uHT
(uHAMBUTYAN).
2218.z=4-y?*, x=0, y=0, x=a

2219. x> +y? +2° =1, xX*+y’ =X
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29-Mabpy3a: Irpu YU3UKJIN CEKTOPHUHT I03UHU XHCO0J1aIIL.
PEXA:
1°. Drpu YM3UKIM CEKTOPHUHT I03MHH XHCOOJIALIL,
20, KapauouaaHuHr 0O3MHHA XHCOOJIa1IL.

TASAHY UBOPAJIAP: O HykrajgaH xap Oup KytO Oypuarm €, ra moc OA,
paanyc-BekTop yTkazamu3s. Hatmwkana OAB -3rpu 4u3uk-i1m cekTop
OAA ., (k=012..n-1 ; Aj=A, A =B)
ATPU YM3UKJIM CEKTOopYallapra akpaiaiu.
PaBmanku, p = p(0) € Cla, F]
oynranmuru yuys [6, ,6,,,] na (k=012,...,n-1)
m, =inf{p(0)} . M, =sup{p(9)}

Jap MaBxKy/I.

1°. Drpm YM3MKIIM CEKTOPHUHT I03MHH XUCo0aam. ANTaliuK, AB SIPU YU3UK
KyTO KOOpAMHaTajIap cCUCTEMacuia yuoy

p=p@) , a<0<pf (aeR,feR)

TeHrjaamMa Ounan Oepwiran OyiacuH. byHna

p(@eCla,f], VOela,f] na @) =>0.
Texucinkna AB srpm umsuk xamma OA Ba OB pammyc-BekTopiap GHiIaH
yerapananran Q IIakIHU Kapaimus. (14 -unzma).

29.1- ynzma

[, ] cermenTHn uxTHEpHIl
P={6,.6,,...0,y (a=6,<6,<..<6,=/))
OynaknammHu onamu3. O HyKrajgaH xap Oup KytO Oypuarm €, ra moc OA,
paauyc-BekTop YTkazamu3. Hatmwxkana OAB -3rpu YM3UK-JIM CEKTOP

OA A, (k=012..n-1 ; A,=A, A =B)
SI'pH YM3HUKJIM CEKTOpYajiapra a)kpajaaiau.
Pasmanku, p = p(0) € Cla, F]

oynranmuru yuyn [6, ,6, ;] na (k=012,....n-1)
m, =inf{p(O)} . M, =sup{p(0)}
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Jap MaBxXy/I.

Ouau xap oup [6,,6, ;] CerMeHT y4yH paauyc-BEeKTOpJIapyu MOC paBUII/A
m, xamga M,

OynraH JOWpaBH CEKTOPJIAPHU XOCWUJ KuilamMu3. byHmait
JIOMpaBHM ceKTopap ro3ara ara 0ynuo, yIapHUHT 1031 MOC paBHUIIIA
1, 1,..2

Emk'AHk ’ EMk AG (MG =6, —-6))
oynanu.
Paguyc-sekropmapu m, (k=0.12,...n—1) Oynran Oapua JOUpaBUH
CEKTOpJIap OMpJalIMacuAaH XOCHJ OynraH IakiaHu Q, Jecak, yHna
OYnu0, YHUHT 1031

Q<@

1 n-1 2
1(Qy) = 2 2. M - A,
k=0
oynasu.

3)
lynunrnek, paguyc-sekropnapu M, (k=0,12,...,n—1) O6yn-ran Oapua

JOMpaBUH CEKTOpJap OMplalIMachIaH XOCHI OyiraH makiHu Q, Jecak, yHJIa
Q < Q, 0y1nO, yHUHT 103U

1 n-1

u(@)=5 I ME A6,
k=0
oynasu.

(4)

(3) Ba (4) WwuruHIUIAD % p?(0) byukumsauar JlapOy HUFHHIHIAPH

Oynanu. AitHu manTaa, > p?(0) dbynkuus [a, f] na yznykcus GyaraHn ydayH y

uHTerpauanysunaup. Jemak, Ve >0 omuaragma xam [«, ] cerMeHTHUHT
mryHgai P OVmakimamiy TOnua Ky,

1 1
S(EPZ(Q)J P) - S(EPZ(Q); P)<e
oynaau. bunobGapun, ymoy

Q) — Q) <¢
TEHICU3NUK Oaxapwiaau. by sca, 2-reopemara MyBo(hUK, Kapana€TraH srpu
YU3UKJIM CEKTOPHUHT 103ara 3ra OYJIUIIMHU Oniupaan. YHaa tabpudra kypa

sup(Q,)} = inf {4(Q,)}
oynmanm.

Alinu mmaitaa,

SUp{ﬂ(Ql)}

p*(6)d,

inf {1(Q,)} = [ p*(6)d®

Oynranu cababmu Q 3rpH YUBHKIM CEKTOPHUHT 03U

R — Rle—n
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14,
ﬂ(Q)=5Ip (0)do

ra TeHT Oyiaau.
3-MucoJ1. Yoy
p=p@)=all—cosd) (aeR, 0<0<L2n7)
byHKIuMs rpaduru OuNaH yerapajaHTaH MIAKIHUHT 103U TOTUIICHH.
4 by odyaxkums rpadurn kapauowmanw udomamainu. MablyMKH,
KapAuouaa paguycd I Ta TEeHr OYNraH aillaHaHWHT Wy PaauyClid HKKAHYIH
Ky3FamMac ainaHa Oyinab xapakatu (CupmaHMaciaH IyMajallid) HaTHXacuaa

OupuHYM alijlaHa UXTUEPUN HYKTACUHUHT YM3TaH YM3uFruaup. (15-uuzma).

1 5-a113n1a

Kapauonna kyt6 ykura HucOaTaH CUMMETPHK OVIranauru cababiv 10Kopu
SPUM TEKUCIUKIATH MIAKJIHUHT I03UHU TOMHMO, CYHrpa yHM 2 Ta KyNaWTHUpCak,
u3naHaéTraH 103a KeITuo YuKam.

€ ¥ysrapysum [0,7] ma ysrapramma o paanyc-BEKTOpP KapAHOWTaHWHT
IOKOpH SIPUM TEKUCTUKIArd KUCMUHM un3anu. [IlyHuHT yayH

,u(Q):2-%jp2(0)d0=J'a2(1—c036?)2d6?:
0 0
>t 3 1
—a j[——20059+—00329}d9:
12 2

:§7za2
o 2

:a2(§0—23in0+l-£sin 20)
2 2 2

oynamu. »
MamxkJjap

1. Ajitaiinuk, Tekucinkna AB Srpu 4msmK X = olt), y= w(t) (a<t<p)
TEeHrjaMajgap OujaH IapaMeTpuK Xojjaa Oepwiran OViacuH, OyHAa X = (p(t)
(byHKITIS [a, ﬂ] ma  ysnykems  @'(t)  xocmmara  ora, (p'(x)z 0 =a
pla)=a, ¢p(B)=b, y=y(t) dyuxuus [a,b] na ysnyk-cus Ba w(t)>0. VY xomma
foKopraan AB Srpu umMsHK, $H TOMOH-TApHAard X =a, X =b Beprukan umsukiap,
nacTaaH [a, b] KecMa OuJiaH yerapajaHraH MIAKIHUHT 031
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OYJIMIIMHYA UCOOTIAHCHUH.
2. Ymoy

2

()

YHN3HUK OunaH qgcrapaiairad mMakKJIHWHI FO3U TOIINJICHUH.

Glossariy

Kapououoa kymb6 yxuea nucoaman cummempux o6yneanaueu cababiu ioxopu
APUM MEKUCTUKOAU WAKTHUHZ HO3UHU MONUuob, cyHepa YHu 2 2a Kynaumupcak,
U3IAHAEMeaH 103a Keaubd YuKaou.

29-AMayiuii MAlIFyJIoT:

1°. Kynpananr kecuMm OyiM4a KUCMJIADHUHI Xa)KMHUHHM XHCOOJiallL.
bupop xaxxmra sra 6ynran (V) ucMm Oepwiran 6yam6, X Hykraga OX ykura
NEPIEHINKYJIISAP OYIraH TEKUCINK )KUCMHHU KECUO, 103U

S=3(x) (a<x<bh)

ra TEeHT OYJraH MIAKJIHU XOCHI KMJICUH. Y XO0J11a >KUCMHHMHT XaKMU
b
V = [S(x)dx (1)
a

oynanu.

2°. AiiIaHMa JKHCMHHHT X2)KMHHH XHCOOJIALL f(X) byHKIUA [a, b] na
y3iaykcu3 0ymmb, VX e [a, b] Y4yH f(X)Z O Oyncun. by dyukuus rpaduru,
X=a, X= b BEpTHUKAJ 4YHU3HUKJIIAp XamJa OX VKUIaru [a, b] KecMa OwniiaH

yerapajanrad makaan OX yku arpoduga aimaHTHPUIIZAH XOCHI OYiraH
YKAUCMHHUHT X2KMU

b
V =z £2(x)dx ()

oynau.
Arap f(X) byHKIHS Tpaduru
x = x(t)
by =D

napameTpuK KypuHuiga Oepuiaran 0ynuo, X(t) byHKUIMS [0!.,[3] Ja Y3IyKCHU3

X'(t)Z O xocwuiara jra, X(OL)= a, X(B)= b Ba y’(t) (byHKIHS [a,B] na

y3nykeu3, Vie [OL,B] na y(t)Z 0 6¥ica, y xomna 6epuinran makiaauar OX yku

arpodu1a alaHUIINAaH XOCHT OYIraH )KUCMHHUHT Xa)KMH

190



v =nfy2(t)-x(t)t @

oynau.

dapa3 KuIaimK, fl(X) Ba T, (X) GyHKIHsIApT [a,b] na y3iaykcu3s 6yimo,
vx e[a,b] na fz(X)Z fZ(X)Z 0 6ymcum. fl(X) Ba fZ(X) GyHKuMs rpaduKIapu,
X=4a, X=Db uwmsukmap Gunan uerapamamran maxmaun OX 3YJku arpoduma
alTaHTUPHUILAAH XOCHII OYIJIraH >KUCMHUHT XaXMHU

V=n§ [r20) - £2(x)bix )

oynanu.
Terunun  maptiapaa tokopumaru 1akmuiapan  OY  yku  arpoduna
alTaHTUPHUIIIAH XOCUI OYIIraH KUCMHUHT XaKMU MOC PaBHIIIIA

d
V = x x*(y)dy (5)
B
V =n[x*(t) y'(t)dt (6)
d
v =x[[c(y)-x2(v)by (7)
oymasu.
12-mucoa. Yuoy
X2 2 ZZ
? + % + C—2 - 1

LTUNCOUOHUHZ XANHCMU MORUTICUH.
4OX §Jkura NepHeHAMKYISAp Ba NIy YKIard A(X) (— asx< a)

HYKTaJIaH YTYBYM TEKHCIHMK DJUIMIICOMIHU dJUIMIC OViinua Kecaad. YHHUHT

TCHTJIaMAaCHHH TOIIaMU3:
2 2 2

Z X
3b/_2+_2 =1-— (xo3upua X = const).
C a
y? z’
b 27 C 2=
( /7612_)(2) ( rz_xz)
a a

By smnuncHuHr 103u

nbe (,
S(x)=?-(a -x?)
oynasu.
Nznanaérran xaxw (1) popmymnara kypa

V= j:S(x)dx = %i(az — X Jdx = gnabc

oynamu. »
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13-mucoa. Yuoy
(x-af +y*<a?

ooupanu OY yxu ampogpuoa avinanumiudan Xocuu 0y12an HCUCMHUHZ XAHCMU
MORUICUH.

F M

////////

—g -

29.1-yu3ma.

«15-yn3magan KypuHaIuKu, Yoy
x,(y)=a-a*-y?
x,(y)=a++a’-y?,

Gyukumstapaunar rpadpukaapu moc pasuirga AOC sa ABC &Eitnapman ubopar
Oynanu.
W3nana€rraH )XUCMHUHT XKMUH# {7) popMmynagaH ponnananud Tornapms:

v=rflio)- Oy =nf] o o) (e -y -
=4najﬂdy {y asint, dy =acostdt, te[—g gﬂ=

—a<y<a

cos? tdt = 2n2a’.»

'—.N‘:.]

=4nad-

N

1l4-mucoua. Yuoy

X = acos’t,

i (0<t<2n)
y =asin’t,

menznamanap CUcCmemacu €epoamuda AHUKIAH2AH 3I2PpU YUUK (acmpouoa)

yezapanaé mypzan waxanu OX yku ampoguoa airanmupuwioan Xocun
Oy12aH HCUCMHUHZ XAHCMU MORUTICUH.
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4AManwnymku, actpouga OX Ba OY yxmapura HucOaTtaH CHMMETPHK

xoinamrad (16-un3ma).
)
\ B

< > ;
_a | / “‘ '
-t
16-un3ma.

Nananaérran sxucMuuar xaxmu, OAB srpu umsukim yuOypuak Owmman
yerapanadrad maxkaan OX yku arpoduga aillaHUIIKIAH XOCHI OYyiIraH (Vo)

KUCMHUHT XKMHJIaH 2 MapTa Kyn Oymaau. (Vo) KUCMHUHT Xaxmu (3)
dbopmynara Kypa TOMUIAIN:

0
V, =nfy?(t)-x'(t)dt = —m[asin®t-a-3cos’ t(-sint)dt = x
2

O ) | Y

2 ;
= —3na’ j (1 — cos? t) -cos” td(cost) =
0

-a
1 1 E 1 3
=-3na’ —cosSt—§c055t+ §cos7 t—=cos’t|| = bma .
3 5 7 9 105
3
JleMak, >KMCMHHUHT XaXmMu V = 3?(;: oynanu. »
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29-keiic
Keiicau 0a:xxapum 60CKU4/JIapu Ba TOMIMPUKJIAP:

] keficmaru MyaMMOHHU XaJl KWJIMIII MyYMKUH OYJiran acocuii ¢gpopmyna, TylryH4a
Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYaA] Ba KUYUK IypyXJapaa);

] TynimaHraH MablyMOT/IapaaH Goigananuo, KyHuiaran MmacajaHd €4uHT
(MHAUBUTYANT).

Yoy

X = acost,
_ (0<t<2n)
y =asin’t,

menanamanap cucmemacu époamuoa AaHUKIaAH2aH 32pu Yu3ukK (acmpouoa)

uezapanad mypzan waxainu OX yxu ampogpuoa airanmupuwoan xocun
OY12aH HCUCMHUHZ XAHCMU MONUTICUH.

3O-Ma1)py3a: AHUK UHTEIrpAJJHMHI MEXaHMKa Ba pu3ukara
TATOMKJIApHU

PEXA:

1°. Muepuust MoMeHTH.

2°. V3rapyBus Ky4HHHI 02Kaprad HIIH.

TASIHY UBOPAJIAP: y = f(X) oepu uusux éiu AB 6yiuua suvmeu

p=1 2a menz macca mapkamunean 6yamu6, 6ynoa f(X) @yukyus [a,b]
ceemenmoa ysnykcus xamoa ysaykcus f'(X) yocunaea sea 6yncun.

Paswanxu, 6y xonoa macca éi y3yuaueuea meue 6ynaou:
b
m=[y1+ f'*(x) dx.
a

[a,b] ceamenmuune uxmuépui

P={Xp, X,--.Xs} (@=X%, <X <..<X,=Db)
OVLAKIAUUHU OIAMUS3.

1°. Unepuusi MoMeHTH. MexaHWKaza MOJIMN HyKTa Xapa-KaTH MYyXUM
TyLIyHYanapAaH Oupu XucoOIaHaIu.

Onaraa, yayaMu eTapiu Japaxana KMYNK Ba Maccara ra 0yJjaran
JKMCM MO HYKTa 1e0 KapaJjiaam.
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AWiTallIuK, TEKMCIUKIAa M Maccara ora Oyiaran A Moaauii HyKTa Oepuiira
6ymm0, Oy Hykraman Oupop | ykkaua (éku O HykTarada) Oynran macoda I' ra
TEHT OYJICUH.

Yoy

J =mr?
mukgop A momauii HyktaHuHT | Ykka (O HykTara) HuCOaTaH WHEPIMS MOMEHTH
eUnIaan.

Macanan, A= A(X,y) Momauii HYKTaHHHI KOOpPJIMHATA YKIapura xamja
KOOpaAuHaTa Oolura HucOaTaH HHEPIMS MOMEHTIIapH MOC PaBHUIIIIA

Jo=my? , J, =mx* , Jy =myx*+y?
oynasu.

Texucnuknaa, xap Oupu MocC paBHILLIa
my,m;,m,,...m.
Maccara 3ra 0yJaraH MOJIMI HyKTanap CUCTEMAacH

o AL Ay oAt

HuHT 6Mpop | Ykka (O HyKTara) HUCOaTaH UHEPIHSI MOMEHTH YIIOy
-1
J, = > mr”
k=0
iimruaan Owian Tabpuduanagm, Oynma r, — A, Hykramzan | ykkaga (O
Hykrarada) 6yaran macoga (k =0,1,2,...,n-1).
®apa3 kumaitmnk, Y = f (X) orpu unsuk &iin AB 6¥itiua suwmarn p =1 ra
TEHT Macca TapkaTwiran 6yau6, 6yumga f(X) dyukuus [a,b] cermentaa y3mykcus

xamaa y3nykeu3 f'(X) xocumara ara OYicuH.
Papmianku, Oy xommaa Macca € y3yHiIurura TeHr 0yiaau:

b
m =1+ f'*(x) dx.
a

[a,b] cermenTHUHT MXTHEPHIT
P={X,, X,....X,} (@=X, <X <..<X, =Db)
6y makmamay onamu3. By 6ymakmam AB &itru
A=A, f(x)) k=012..n-1)
mykranap 6mnam n ta A A, (A, =A A_, =B) 6ymakka axparamu. Bynna
A A, ., 6ynakHIHT MaccacH

Xk +1
m.= [ y1+f?(x)dx (k=012..n-1)

Xk

oynmanm. S"pTa KUIMaT XaKuaaru TeopeMajian Gpoigaraniuod TormamMmus:

m, =1+ £7(&) - Ax,

& € X Xiaa ] s AXe = Xy g — X -

OyH[a,

Masbnymku,
. F(&)) (k=012..n-1)
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MO/IUI HYKTAHUHT KOOPAMHATA YKJapura xamjaa KopJuHara oommura
HUCOATAH MHEPIUSI MOMEHTJIAPU MOC PaBHILA

I =My f2(& )= f2(5|<)'\/:|-‘F f2(&) - A%,
Iy =My & =& 1+ f'2(&) - A%,

Jg =m (& + F2(E)) = (& + F2(&)) 1+ F2 (&) - Ax,
oynanu. YHaa ymoy
(S0, (o)) (&, T(&1) e (Snas T(S00))}

MOI[I[I/Iﬁ HYKTaJIap CUCTCMACUHWHI' UHCPLUA MOMCHTJIApKU MOC paBHIIIA

n-1
J>(<n) = Zfz( k)’\/1+ f,z(gk) - AXy
k=0
n-1
I =Y &1+ 12(E5) - Ax,
k=0

n-1
Jé”)=§(§f+f2(§k»- 1+ f2(&) - AX,,

TEeHIJIUKIIap OniaH udoaaaHau.
Arap P OynaknammuHr quametpu A, Hoira uHTHna 6opca, yuua xap Oup

A Ak ., CVHMHT Y3YHJIMIY XaM HOJIra MHTHJa 00pu0, FoKOpUaaru
J! (n) J (n)

J§,

HUFUHIMIAPHUET JTUMHTHHA Maccara sra Oymran AB orpH 9H3HKHHHT MOC
paBuIa KoopAuHATa OOIIM XaMJa KOOpJAWHAaTa YKjapura HUCOATaH WHEpUUs
MOMEHTJIapUHU Upoaanaiiam 1ed Kapam MyMKHH.

A¥ViHu antnaa,

lim J(M = jf X)W1+ f2(x)dx |

/1—>0

JlmOJ§”) sz 1+ f2(x)dx ,

lim I = j(x + f2(X))y1+ f"2(x) dx
p
oynaau.

Jlemak, maccara sra Oynran AB srpu 4M3WKHMHT KOOpAMHATA YKJapura
Xamzia KoopJauHaTa Oommura HucOaTaH MHEpLUs MOMEHTJIapH aHUK MHTErpajuiap
€épraMuia TOTIUIIA N

J. =

X

f2(xW1+ f'2(x)dx ,

QD —— T

b
J, =[x 1+ f2(x)dx ,

o

Jo =[(x* + F200)1+ F2(x) dx.

a
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20, Virapypum KydyHuHr Oaxapran wumm. bupop xucmHH Ox VKN
OVitna0, ury yk nynamummaa 6ynran F = F(X) ky4 Tabcupu ocTHaa 8 HyKTaJlaH
b Hykrara (a <b) yTkasui yayH Oakapwii-TaH WIIHH TOIMII JIO3UM OYJICHH.

PaBmanku, )xucmra TabCUp 3TYBUYH Kyd y3rapMac, SbHU

F(x) = C —const
Oyrca, yHIa )KUCMHU @ HYKTaJaH b Hykrara YTkasull yuyH OakapuiraH Uil
A=C-(b-a)
ra TeHr Oymaju.
A¥iTalutik, )KECMra TabCup 3TyBYM Kyd X ra (X €[a,b]) Oornmk 6yimo, y
[a,b] ma y3mykcus 6¥icun:
F =F(x) eC[a,b].
[a,b] cermenTHUHT MXTEpHIA
P={Xg, X, oo X} (@=%, <X <...<X, =Dh)
OynakiamuHu 010, Oy OYIakIalIHUHT Xap Oup
[Xe s Xpia] (k=0212,...n-1)
Oynmakdacuna uxrépui &, & €[x,, %X, 1, (k=0212...,n—1) HyKTa onamus.

Arap xap Oup [X,,X,,;] Za )KucMra TabCup 3TyBUM Ky4HM y3rapmac Ba y
F(&) ra tenr peimnca, y xonga [X,,X,,;] opanmukna Oaxapwiran um (Kyd4
TabCUPHUJA JKUCMHHU X, HYKTaJaH X,, HyKTara yTKa3ull y4yyH Oa’KapujraH HII)
TaXMUHaH

F (&) - (K —X)

dopmyna 6unan, [a,b] opanukna 6axxapuiaran uur sca , TaXMUHaH

Ang(gk)°(Xk+l_Xk)::Z_ZF(gk)'AXk (1)

dbopmyina ounan udoaanaHaiu.
P 6ynaknammuur nuamerpu A, HoNra MHTHIA OOPraHia FOKOPHAArd

WUFUHIMHUAT KAWMATH UW3JIaHa€TraH WII  MUKIOPMHH ToOopa aHUKpPOK
udonanaiiqu. by xon /1p —>0 ga (1) WUFUHAU-HUHT YEKIW JUMHUTHHHU

Oa)kapuiTraH Uil AU MYMKWHIU-TUHH KYpcaTaju.
Jlemaxk,

A:Jim nZ_lF(g?k)-Axk.

p0k=0
Monaomuxku, F(X) € C[a,b] skaH,
n-1 b
lim > F(&)-Ax =[F(x)dx
Ap—0 k=0 a

oynau.
IIynpai kuuo6, y3rapysun F(X) xyununr [@,b] maru Gaxapran uim

b
A= [F(x)dx (2)
a
dbopmyna Ounan udomanaHay.
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MpucoJi. BUHTCUMOH TIPYXMHAHUHT OUp Y4U MYyCTaxKamJIaH-TaH, HKKHHYN
yumra 3ca F = F(X) ky4 Tascup 3110, npyxuna kucwiran (30.1-un3ma)

NRQQQ

N

Fix)

30.1-yn3ma

Arap Tpy)KHHAHUHT KUCWIMIIM yHra Tabcup dtaérran  F(X) kyura
nponopIHoHan OVyiica, MPYXWHAHW & OWpIMKKa KUCUIl y4yH F(X) KydHWHT
Oa)kapraH MIIH TOMUJICHH.

4 Arap F(X) xyu Tabcupuga NpYKHMHAHUHT KHUCHJIMII MHKIOPUHH X
OpKau Oenrusacak, y Xoiua

F(x) = kx
oynaau, OyHaa K -mponoprnroHauiK KodhGuiueHTH (KAuCHIUIT K03 QUITUCHTH).

(2) bopmynara kypa OakapuiraH Uil
2

a
A= j kxdx = ka®
O 2
oynamu. »
MamxkJjap

1. YuOypuak acocura HuCOaTaH HHEPIIUSI MOMEHTHHHU TOITHJICHH.
Acocunusr paauycu R, 6ananmmuru H Oyiran mapa0o-JouI MaKIHaard
KO30H/JIaH, YHJIaT¥ CYBHH YMKapHIira cap(ian-rad Uil XucoOJaHCHH.

Glossariy

P 6ynaknawnune ouamempu A, Honea ummuna 6opeanoa 0Kopuoazu

UURUHOUHUHE — KUUMAMU — U3IAHAémean uuwl MUKOOPUHU modopa  aHUKPOK
ugpooanauou. by xon A, — 0 oda (1) iugunou-nune 4exau TuMumunu 6axcapuiean

U OeUUnUUY MYMKUHIU-CUHU KYPCAmMAaou.
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30-AManuii MAIIFYJIOT:
Mexanuka Ba (PU3MKAHUHT AUPUM MACAIATIAPUHHA

HHTErpaJj épaammuaa eqmnin

1°. Craruk MOMEHTJIAP Ba MHEPUUA MOMEHTJIAPMHHM XHCOOJaLI
popmynanapu. Uxtuépuii cwumk Y = f(X) ATPU YM3HFU OyiiM4a YHM3UKIN
suwmrn =1 Oynran macca tapkatuiarad OyiacuH. Y xosga Oy Maccayld 3rpu
YU3UK EWMHUHT (as X< b) KOOpAMHATaNap YKjIapura HHcOAaTaH CTaTUK

MOMEHTJIApH
b
M, = [y - (y1+y"*(x)dx,
a
b
M, = [x-/1+y"(x)dx
oynanu.

Maccanu s3rpu 4M3UK EWUHUHT (as X< b) KOOpAMHATANap YKjapura
HUCOATaH MHEPIUSI MOMEHTJIapH

b
L= [y*(x)-1+y"?dx,

jlxz-w/1+y'2(x X

ly

oynanu.
Yoy y= f(X) >0, x=a, X=b, y=0 YH3HKIIAp OwIaH
qyerapaJlaHTaH dTPU YM3HKIH Tparenus (OyHma f(X) [a, b] 1a y3Iaykcu3) Oyimua

suunurd 1 ra TeHr OynraH macca TapkaTwiraH OVJICHMH. YHUHI CTaTHK Ba
HHEePUUs MOMEHJIApPH

1b b
MX=§£f2(x)dx, My=£x-f(x)dx

Ingif:”(x)dx, l, =i|jx2-f(x)dx

oynau.

0

2. OFrupJuK MapKa3sMHUHI KoopauHaTajgapu. FOxopuaa xeaTupuiraH
Maccaqd  OTpPH  YU3HUKJIM  TPANCHUSHUHT  OFUPJIMK  MAPKA3HHUHT
KOOPAUHATAJIAPHU

b b
X, =é£xydx, Y, =2—1S£y2-dx

OYymamu, OyHIa S—SrPH YH3HKIIN TPANCIUSHUHT F03H.
37, VirapyBum KyYHuHr Gazkaprai umm. Y3rapyBun f(x) kygauar OX
VKU WyHanuium oyinya [a, b] opanuk/a 6axkapraH UIIN
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Azif(x)dx

oynau.

AHuK wHTEeTpanman QoiimanaHud >KUCMIAPHUHT KWHETHUK DSHEPTrUsijIapu,
00cuM Ky4H Ba IIyHTa YXIIAIl Macaiagap Xal dTHIaIH.

Kentupunran macananapaa Macca 3rpy YU3UK TEKUCIMKIATH Ak OYitnda

TEKHUC TAaKCUMJIAHTaH Ba 3UWIMK OWpra TeHT 1e0 Kapaiau.
2 2

l4—-wmuco.J. —t+ 5=
2
a’ b
anaunc 1wKopu Kucmununz OX  Jruza nucoaman cmamux momenmu
MORUICUH.

A DJITUIICHUHT FOKOPU KUCMU
y = g . 1/a2 —_ X2
oynaau. By orpu unsukauar OX yxura HucOaTaH CTATUK MOMEHTHHH
b
M, = [y(x)}y1+y"*dx
a

dbopmyiara Kypa Tornamus.
PaBmankwu,

Y(x)- V1+y"?(x) = y2(x) + (y(x)- y'(x))

oynmamu. Arap

R=b -2 y0-yR=-2

OYIUIIMHY 3bTUOOpra OJICaK, yH/A

2 2
y(x)- 1+ y?(x =g-\/a2 —@-xz

a

oynuiy kenub ynkaau. Jlemax,

a R Y
M, 5. I\/ a’-b b X2 =b| b+ —2 . arcsin, |2 =P
a % az—bz a

\ a J

oynamau. »
15-mucoa. Yuoy
ay = 2ax—x*(a>0), y=0
uusuKap ounan yezapananzan wakin — napaooaux cezmenmuunz OX ga OY
VK1apuza HUCOamaHn UHePUUs MOMEHMAAPYU MONUICUH.

<«4PaBmankuy,
y(x)=§-(2ax—x2) (a>0).

1° na KeJatupuirad Gopmyiianad GoigaraHuod TomaMmus:
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12a 1 2a 32&4
I, =ggy?’(x)dx:Q‘([(Zax—xz)sdx:E.

I_2a2 ()d_Za22 X2 _8 4»
y—‘(';X - Y{X X—!X X—; —g-a.

16—mmucoa. Yuoy
2 2

+¥ <1 (x=0, y=0)
a” b
WaKkilt — J3JUVIURCHUHZ 6”17””'1” llopaKOazu KUCMURUHZ O2UPIIUK MaApKA3u
monuJjiCuH.
<«by 5rpy YM3HKIIM TPANEHUSHAHT OFUPIIMK MapKa3WHUHT KOOPIAWHATACH

(Xe:Ye)
X =£i‘x-y(x)jx y =iiy2(xhx
Y| o JeT sl

(domymanapra xKypa Tonuiaay, OyHaa S — MAKIHUHT F03H.

MabIyMKH, SIUIMIICHUHT (031 Ttab ra tenr. Jlemak, S = Z mtab . Dunn

_Z x-y(xdx  Ba _:[ y2(x)dx

WHTErpajUIapHU XUCOOTaiMu3:

a a 2
_[x-y(x)zlx=g_[x-x/a2—xzdx=%,
0 0

Jlemak,
a’b 2ab?
_. 3 _4 _ 3 _%
" T mab " 3n Ye " mab "3
4 4

17—-mu coa. Qzupnuzu P =15m oyrzan pakemanunz ep camxuoan
H=2000xkm 6ananonuxkka onué6 wuwukuwi yuyn oOadxcnpunaduzan — uw
MORUWICUH.

< Arap >xucMHUHT orupyuru P, ep mapununr paauycu R 0ynu0, X sca
ep MapkasuJaH KyTapwia€TraH pakerarada OynraH macoda Oyica, TOPTUIIHUIIL
KydH

P-R?
F(X)= 2
X
oynagu. FOxkopuna xentupwiran dopmynagad doiganann0 usnaHa&éTraH WITHH
TOTIAMU3:
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R+H

ReH ReH dx 1 R-P-H
—_ — o 2. = . 2 -_—— e
A= !F(x)dx_PR £X2 PR( X)R H

[Iaprra xypa P =151, H=2000km, R =6400km 06yiu0, Gaxxaprau
um A = 2285714000krm = 2242285434 nax 6y aamu. »

18 —mMucoa. Paduycu I oynzan apum ooupa ouamempu cy8 Camxuoa
oynaoucan kunué cyeza 6omupuncan. Apum ooupaza mawvcup Imyeuu 6ocum
kyuu monuicun. (30.2-uuzma).

Gl |

»yy
30.2-un3ma.

<«SlpuM JoupaHu CyB caTXura rapasuiesl Kuiaud OJIMHraH OYIaK4aCHHUHT
F031 TAXMUHAaH

AS ~ 2x-Ah =2+r? —=h? - Ah

oynaau. by 6ynakdara Tabcup 3TyBUH OOCUM Ky4H
AF ~2y-h-vJr*—h?-Ah

Oynaau, OyHIa Y - CYBHHUHI COJMIITHUPMA OFUpAUTrHA 0ynm0, y 1 ra tenr. [lemax,
SApUM JIoMpara TabCUp ITYBUU OOCUM Ky4H

r 2 3 r
F=2[h-Vr?—hdh = —g(r2 —h?) | =
0

0

.r3

WIN

oynagu.

X
2245.Tenrnamacu —+%= 1 Oynran TYFpH YM3MKHHM KOOpIMHATAIaAp YKJIapH
a

opacupard kucmuauar OX Ba OY yknapura HucOaTaH CTaTMK MOMEHTIApH

TOITUJICHUH.

. T T
2246.yY = COSX orpu YM3UK EHUHUHT X=—§, X=§ HYKTaJlap opacujaru

KHUCMHWHHUHI OX yKHFa HHUCOATaH CTAaTUK MOMEHTH TOITMJICHH.
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2247 Yymoy X+y=1, Xx=0, y=0 vuusuxmap OwiaH dYerapajaHra
yubypuakauar OX Ba OY yxnapura HucOaTaH CTATUK MOMEHTIIAPH TOTHJICHH.
2248.Ymoy x=a(t-sint), y=a(1-cost), 0<t<2n umsumkmap Owuian
yerapajaHral IUIACTUHKAHUHT (UMKJIOMAAHUHT Oup apkuHudr) OX  ykura
HHCOaTaH CTATUK MOMEHTH TOIHJICHH.

2249. ToMoHH @ ra TEeHr OyiraH KBaJpaTHUHT YHUHI JUOTaHalWra HucOaTaH
WHEPLHS MOMEHTH TOTHJICHH.

2250.Acocu b, Gamammmru h 6ynran Gup »kuHCIM y4OypPYaKHHHI acocura
HUCOaTaH MHEPLUS MOMEHTHU TOTUJICHH.

2251.5lpum Ykmapu @ Ba D Oyiram owmnc akigard Oup  OKMHCIHU
IUTACTUHKAHUHT YHWHT acOCHW VKiapura HUCOAaTaH WHEPUHUS MOMEHTIApU

TOITUJICHUH.

2252.Y1uiby

y’= 2px (OS X < g]

napabomia EMMHUHAT X = E TYFPU YM3UKKA HUCOATaH CTATUK MOMEHTH TOIUJICUH.

2253.Pagnycu @ Ta TeHr OynraH spuM ailaHa EWMHUHT 1y €W YYUHH
OupramTUpyBYM AWaMeTpra HUcOaTaH CTaTMK Ba WHEPHHS MOMEHTIIApU
TOIMJICHH.

2254.Ymoy

B 2
1+ x?

y , y=x°

yn3uKIap Ounan yerapaiganrad makiaauar OX ykura HucbaTaH CTaTHK MOMEHTH
TOINJICUH.

2255.Y1uidy
x*4+4y*-16=0, y=0
YU3UKIIap 6I/IHaH ycrapajJaHrad MaKJIHUHT OFUPJIMK MapKa3u TOIIUJICHUH.
2256.Y1uidy
y=sinx (0<x<7) y=0

YU3UKIIap Oomtan qycrapajJiaHnraH MakKJIHUHI OFUPJIMK MapKa3u TOIINJICHUH.
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2257. Yy
ax=y?, ay=x> (x>0)
YU3UKJIIap Om1aH qgcrapaiairad MaKIHWUHI OTUPJINK MapKa3nu TOIIUJICHUH.

2258.Y by

1
X2 +y2=a?, x=0, y=0

YU3UKIIap Oomtan qycrapajaHrad MaKJIHUHI OFUPJIMK MapKa3u TOIIUJICHH.

2259.Ymoy

x = a(t-sint)
{y _ a(1-cos) (0<t<2n)

yu3WK (IMKJIOW/A) XaM/ia abIucca YK OuilaH yerapajgaHTaH MIAKIHUHT OFUPIIUK

MapKa3u TOIIUJICHH.

2260.[Inametpu 20m OynraH sipuM chepuk UIUIIIATH CYBHU HACOC OMIIaH TOPTUO

OJIMII YYYH Kepak OYIaguraH Uil MUKJIOPU TOMUIICHH.

2261.Arap 5kr Ky4 npy>KuHaHU 25CM ra 4y3ca, npykuHaHu 60cM ra 4y3uil yuayH

KaHaal um 6axapuii kepak? (3,6krm).

2262.Beprukan xonarga skoiamran Oanmapmmura H=6m, paguycu R=2m

Oynra" IPIMHAPUKCUMOH WAMIIIATH EFHU TOPTUO OJMIN YYyH 3apyp OYiraH uil

toriacud. (& = 0,9 érHuHT conMIITUPMa OFUPIIUTH).

2263.[luameTrpu 4M., MapKa3 3ca CyB caTXyJaH 3M UyKypiuKaa Oyiran mapra

CyB OOCUMU TOTUJICHH.

30-keiic
Keiicau 0axxapum 60CKU4/I1apu Ba TOMIMPUKJIAP:

] keficmaru MyaMMOHH XaJl KHUIMIII MYMKHH OYJIraH acocuii (popmyJia, TyIryH4da

Ba TaCAUKJIAPHU KEATUPUHT (MHAUBUAYA Ba KUYUK TypyXJapaa);

) T¥nnanran MabiayMmoTiapiaan ¢oinananub, KYHuaran MacajlaHd e4uHT
(uHAMBUTYaN).

2262.Beprukain xonar/a xoinamran 6ananumry H = 6wm, pagnyen R=2m

OynTaH ITMHAPUKCUMOH WAMIIIATH EFHA TOPTUO OJUII YUYyH 3apyp OYiaran uim

torwiacud. (O = 0,9 érHuHT comMIITHPMa OFUPIIUTH).
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Mustaqil ishlar
| SEMESTR. MATEMATIK ANALIZGA KIRISH

1-mavzu. Matematik tahlil predmeti. Ratsional sonlar to'plami va
uning xossalari. Ratsional sonlar to plamining kesimlari. Irratsional son
tushunchasi. (2 soat)
1. Ratsional sonlar to plamida arifmetik amallarning ganday xossalari mavjud?
2. Arximed aksiomasi va uning ma’nosi nimadan iborat?
3. Ratsional sonlar to'plamida chegaralangan va chegaralanmagan to plamlar
qanday ta’riflanadi? Ularga misollar keltiring.
4. Ratsional sonlarni geometrik tasvirlash deganda nimani tushinasiz va u gqanday
amalga oshiriladi?
5. Ratsional va irratsional kesimlarni ta’riflang, misollarda tushintiring.
6.n, vn, ¥n (bu erda n gurux jurnalidagi talaba familiyasining tartib nomeri) ni
aniglaydigan kesimlarning tavsiflang.

Adabiyot: [1]. 21-32b.;

2-mavzu. Hagigiy sonlar toplamining  xossalari  (zichlik,
tartiblanganlik, uzluksizlik). Haqiqgiy sonlarni sonlar o'gida tasvirlash. (2
soat)
1. Quyidagi tasdigni isbotlang: Agar x<y va y<z bo’lsa, u holda x<z bo"ladi.
2. Hagiqgiy sonlar to plamida go shish amali ganday aniglanadi?
3. Hagigiy sonning absolyut giymati ganday aniglanadi va uning ganday xossalari
mavjud?
4. |x], |x-y| ning geometrik ma’nosi nimadan iborat?
5. Quyidagi tasdiglarni isbotlang: 1) ||x|-|yl[<|x-Y|; 2) |X-YI<|X|+]yl;
3) [Xa+Xot.. Xn|<|Xe|+[X2|+...+|Xn| (Matematik induksiya metodi yordamida)
6. Irratsional sonni taqribiy hisoblash ganday amalga oshiriladi?
7. Haqigiy sonni cheksiz o'nli kasr ko rinishda ifodalanishini tushintiring.
8. Cheksiz davriy o nli kasrning ratsional son ekanligi ganday isbotlanadi?
9. Cheksiz davriy bo’lmagan o'nli kasrning irratsional son ekanligi ganday
isbotlanadi?
10. To g ri chizigning uzluksizlik xossasi nimadan iborat?
11. Haqiqiy sonlar to'plami bilan to"g'ri chiziq nuqgtalari to’plami orasida o°zaro
bir giymatli moslik ganday o rnatiladi?
Adabiyot: [1]. 32-35; 52-61; [2], 4-10b.;

3-mavzu. Chegaralangan sonli to’plamlar. Quyidan va yuqoridan
chegaralangan to plamlar, ularning chegaralari. Chegaralarning mavjudligi
haqidagi teorema. (2 soat)
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1. Fagat quyidan chegaralangan, fagat yuqgoridan chegaralangan va chegaralangan
to plamlarga misollar keltiring. Misollarni asoslang.
2. Quyidan chegaralanmagan, yuqoridan chegaralanmagan, chegaralanmagan
to'plamlar qanday ta’riflanadi?
3. Aniqg yuqori, anig quyi chegaralari o ziga tegishli, o'ziga tegishli bo’Imagan
to plamlarga misollar keltiring.
4. Quyidagi tasdigni isbotlang: Har ganday quyidan chegaralangan to plam uchun
uning quyi chegaralari orasida eng kattasi mavjud.
5. Aniq yugori va aniqg quyi chegaralarning ganday xossalari bor?
6. Quyidagi tasdigni isbotlang: Agar E to plam quyidan chegaralangan bo'lib,
E;cE bo'lsa, u holda E; to'plam ham quyidan chegaralangan va infE;>infE
boladi.
2) Agar E to'plam quyidan chegaralangan va b=infE bolsa, u holda Vv &>0 uchun
shunday x’€E mavjudki, x '<b+& bo’ladi.

Adabiyot: [1]. 38-41; [2], 10-15b.;

4-mavzu. Funksiyaning ta’rifi va berilish usullari. Funksiyalar ustida
arifmetik amallar. Funksiyalarning kompozitsiyasi. (2 soat)
1. 1-vazifa.
2. Qanday funksiyalar aynan teng deyiladi? Aynan teng funksiyalarga misollar
keltiring.
3. Agar D; to'plam f(x) funksiyaning D, to plam g(x) funksiyaning aniglanish
sohalari bo’lsa, u holda f+g/f, fg+g? fig + g/f, 1/(fg); f/(f-g) funksiyalarning
aniglanish sohalarini tavsiflang.
4. 2-vazifa

Adabiyot: [1]. 109-112; [2], 17-19b.

5-mavzu. Monoton funksiyalar. Teskari funksiya. (2 soat)
1. Agar f(x) va g(x) funksiyalar D to plamda berilgan hamda o suvchi bo’lsa, u
holda f(x) + g(x) o suvchi ekanligini isbotlang.
2. Agar f(x) va g(x) funksiyalar D to'plamda nomanfiy o suvchi (kamayuvchi)
funksiyalar bo’lsa, u holda f(x)-g(x) o suvchi (kamayuvchi) ekanligini isbotlang.
3. Agar f(x) va g(x) funksiyalar D to'plamda manfiy o suvchi (kamayuvchi)
funksiyalar bo’lsa, u holda f(x)-g(x) kamayuvchi (o suvchi) ekanligini isbotlang.
4. Agar f(x) funksiya D to'plamda o'suvchi va f(x)>0 bo’lsa, u holda 1/f(x)
kamayuvchi ekanligini isbotlang.
5. Agar f(x) funksiya D to'plamda o'suvchi va ¢ 0 zgarmas son bo’lsa, u holda
cf(x) funksiyaning monotonligi hagida nima deyish mumkin? Javobingizni
asoslang.
6. Agar f(x) va g(x) funksiyalar D to plamda berilgan hamda o suvchi bo’lsa, u
holda f(x) - g(x) funksiyaning monotonligi hagida nima deyish mumkin?
Javobingizni asoslang.
7. Teskari funksiya mavjud bo"lishining etarli sharti nimadan iborat?
8. Monoton bo’Imagan, lekin teskari funksiyasi mavjud bo’lgan funksiyaga misol
keltiring.

206



9. Funksiya va unga teskari funksiya grafiklari y=x to'g'ri chizigga nisbatan
simmetrik bo lishini isbotlang.
10. 3-vazifa.

Adabiyot: [1]. 119-121; [2], 23-35b.;

6-mavzu. Juft, toq, chegaralangan funksiyalar. Davriy funksiyalar. (2
soat)
1. Agar f(x) va g(x) X to'plamda aniglangan juft funksiyalar bo'lsa, u holda
f)+g(x), f(x)-g(x), f(x)9(x), f(x)/g(x), g(x)=0 funksiyalar ham juft funksiya
ekanligini ko rsating.
2. Agar f(x) va g(x) X to'plamda aniglangan toq funksiyalar bo'lsa, u holda
f(x)+g(x), f(x)-g(x) funksiyalar toqg, f(x)-g(x), f(x)/g(x), g(x)=0 funksiyalar juft
funksiya ekanligini ko rsating.
3. Quyidagi tasdigni isbotlang: Koordinatalar boshiga nisbatan simmetrik bo'lgan
X to'plamda aniglangan har ganday funksiyani toq va juft funksiyalarning
yig indisi ko rinishda ifodalash mumkin.
4. Agar f(x) va g(x) X to'plamda aniglangan chegaralangan funksiyalar bo’lsa, u
holda f(x)+g(x), f(x)-g(x), f(x)-g(x), [f(x)| funksiyalar ham chegaralangan funksiya
ekanligini ko rsating.
5. Quyidan chegaralanmagan, yuqoridan chegaralanmagan, chegaralanmagan
funksiyalarni ta’riflang.
6. 4-vazifa.
7. Davriy funksiyaning aniglanish sohasi hagida nima deyish mumkin?
8. Ikkita davriy funksiyalarning yig indisi hagida nima deyish mumkin?
9. Davriy funksiya qat’ity monoton bo'lishi mumkinmi? Javobingizni asoslang.
10. Trigonometrik funksiyalardan fargli bo’lgan davriy funksiyalarga misol
keltiring.

Adabiyot: [1]. 112-119; [2], 23-35b.;

7-mavzu. Sonli ketma-ketlik. Ketma-ketlikning limiti. Yaqinlashuvchi
ketma-ketliklarning xossalari. Oraliq o zgaruvchining limiti. (3 soat)
1. 5-vazifa;
2. Ketma-ketlik limitiga berilgan ta’rifda |ap-a|<e tengsizlik o'rniga lan-al<e
tengsizlikni ishlatish mumkinmi, javobingizni asoslang.
3. lima, #a ni geometrik ma’nosi nimadan iborat?

n—oo

4. «Ketma-ketlikning chekli limiti mavjud emas» degan jumlaning geometrik
ma’nosi nimadan iborat?

5. Qo'yidagi jumlani isbotlang: Agar ketma-ketlik yaginlashuvchi bo'lsa, u holda
undan chekli sondagi hadlarini tashlab yuborishdan hosil bo’lgan ketma-ketlik
yaginlashuvchi bo"ladi.

6. Qo'yidagi jumla to'g'rimi «agar ketma-ketlikning fagat chekli sondagi
hadlarigina manfiy bo'lsa, u holda uning limiti musbat boladi» ?

7. Agar YneN uchun 0<x,<y, va !myn=0 bo’lsa, u holda lim x,=0 ekanligini

N—o0

isbotlang.
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8. Tenglik va tengsizliklarda limitga o'tish hagidagi teoremalar ([1], 79-80 b. 1°,
20, 3% xossalar) «VneN» o'rniga «biror nomerdan boshlab (ya’ni Iny, Yn>ng)»
ishlatsak ham o'rinli ekanligini ko rsating.

Adabiyot: [1], 64-74 b.; [2], 39-42b.;

8-mavzu. Cheksiz kichik ketma-ketliklar va ularning xossalari. Cheksiz
katta ketma-ketliklar. Yig indi, ko paytma va bo'linmaning limiti. (2 soat)
1. lima, =+ Va lima, =—o larni ta’riflang.

n—oo nN—oo

2. Cheksiz katta ketma-ketlik chegaralanmagan bo'lishini  ko'rsating,
chegaralanmagan, lekin cheksiz katta bo’Imagan ketma-ketlikka misol ko rsating.
3. Anigmaslik deganda nimani tushunasiz?
4. Anigmaslik turlarga misollar keltiring.
5. 6-9 vazifalar.

Adabiyot: [1], 70-71, 74-78, 81-85 b. [2], 43-47b.;

9-mavzu. Monoton ketma-ketlik, e soni. Ichma-ich joylashgan
segmentlar prinsipi. (2 soat)
1. Chegaralangan, yugoridan chegaralangan, quyidan chegaralangan,
chegaralanmagan ketma-ketliklarga ta’rif bering. Misollar keltiring.
2. Quyidan chegaralangan kamayuvchi ketma-ketlik limiti mavjudligi hagidagi
teoremani isbotlang.
3. Ichma-ich joylashgan segmentlar prinsipi haqgidagi teoremada segmentni
interval, yariminterval bilan almashtirib bo"Imasligini misollarda ko rsating.
4. Agar ketma-ketlik biror hadidan boshlab o'suvchi va yugoridan chegaralangan
bo’lsa, u holda bu ketma-ketlik yaginlashuvchi boladimi?
5. 10-vazifa.

Adabiyot: [1], 86-95 b.; [2], 51-54b.;

10-mavzu. Qism ketma-ketlik. Bolsano-Veyershtrass teoremasi. Koshi
kriteriyasi. (1 soat)
1. Qism ketma-ketlikka berilgan ta’rifdagi shartlarni sanang. Qism ketma-ketlikka
misollar keltiring.
2. Biror gism ketma-ketligi yaginlashuvchi, lekin o°zi yaginlashuvchi bo’Imagan
ketma-ketlikka misol keltiring.
3. Barcha gism ketma-ketliklari yaginlashuvchi bo’lgan ketma-ketlikka misol
keltiring.
4. Agar ketma-ketlikning biror gism ketma-ketligi uzoglashuvchi bo’lsa, u holda
bu ketma-ketlik chegaralanmagan bo’ladi. Jumla to'g rimi?
5. Bolsano-Veyershtrass teoremasi isbotida chegaralangan ketma-ketlikni 0°z
ichida saglaydigan segmentning mavjudligi ganday asoslanadi?
6. «Ketma-ketlik fundamental emas» degan iborani ganday tushuntirish mumkin?
7. 11-vazifa.

Adabiyot: [1], 98-103 b.; [2], 56-58D.;
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11-mavzu. Funksiyaning nuqgtadagi limiti. Limitga ega bo'lgan
funksiyalarning sodda xossalari. Limitning yagonaligi. Cheksiz kichik
funksiyalar va ularning xossalari. (2 soat)
1. To plamning limit nugtasi xossalarini sanang.
2. Chekli nugta, o, +oo, -c0 «nuqta» atroflarini tengsizliklar yordamida bering,
ularni sonlar o°gida tasvirlang.
3. (a,b) intervalning har bir nugtasi va uchlari shu to’plamning limit nugtasi
bo"lishini ko rsating.
3. Funksiyaning nuqtadagi limitiga berilgan Geyne va Koshi ta’riflarining
ekvivalentligini isbotlang.
4. Funksiyaning +oo «nuqtandagi limitiga Geyne va Koshi ta’riflarini bering.
Ularning ekvivalentligini ganday isbotlash mumkin?

5. lim f(x)=o0, lim f(x)=-00, lim f(x)=+00 larni ta’riflang. Ularning geometrik

ma’nolari haqida nima deyish mumkin?
6. limf(x)=a, lim f(x)=a, lim f(x)=a larni ta’riflang. Ularning geometrik

ma’nolari haqida nima deyish mumkin?
7. lim f(x)=00, lim f(x)=co, lim f(x)=colarni ta’riflang.

X—00

8. Anigmasliklarning har bir turiga misollar keltiring.
9. 1l.1-vazifa.
Adabiyot: [1], 127-133, 136-138, 145 b.; [2], 59-65b.;

12-mavzu. Ikki funksiya yig'indisi, ko paytmasi va bo linmasining
limiti. Monoton funksiya limitining mavjudligi. Funksiyaning chekli limitga
ega bo'lish sharti. (3 soat)
1. 1l. 2-, 3- vazifalar.
2. Monoton funksiyaning limiti hagidagi teoremada vx eX uchun x<a (x=a) shart
talab gilinadi. Bu shartni ganday tushuntirasiz?
3. Agar f(x) funksiya (a,b) intervalda aniglangan, kamayuvchi va quyidan
chegaralanmagan bolsa, u holda lim f(x)=-00 bo"lishini isbotlang.

X—a

4. Funksiyaning chekli limitga ega bo’lishining zaruriy va etarli (Koshi alomati)
shartini isbotlang.
5. Koshi shartining geometrik ma’nosi nimadan iborat?

Adabiyot: [1], 127-133 b.; [2], 65-68, 72-73b.;

13-mavzu. Bir tomonli limitlar. Funksiyalar kompozitsiyasining limiti.
Ba’zi bir ajoyib limitlar. (2 soat)
1. Nugtaning bir tomonli atrofini tengsizliklar yordamida yozing.
2. Il. 4-6-vazifalar.
3. Funksiyaning a nuqtadagi chap (o'ng) limitiga Geyne ta’rifini bering.
4. lim f(x)=o0, XEr:anwf(x):oo, XEr:arlof(x):+oo larni ta’riflang. Ularning geometrik

x—a—-0
ma’nolari hagida nima deyish mumkin?
Adabiyot: [1], 132-133, 134-136, 139-140, 162-163 b.; [2], 66-71D.;
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14-mavzu. Uzluksiz funksiyalar. Funksiyaning nuqtadagi uzluksizligi.
Bir tomonli uzluksizlik. Monoton funksiyaning uzluksizligi va uzilish
nugtalari. (2 soat)
1. Agar f(x) funksiya xo nugtada uzluksiz bo’lsa, u holda funksiya x, nugtaning
biror atrofida chegaralangan bo"lishini isbotlang.
2. Agar f(x) funksiya xo nugtada uzluksiz va f(xo)>p (f(x0)<q) bo’lsa, u holda Xo
nugtaning biror atrofidagi barcha nuqtalarda f(x)>p (f(x)<q) bolishini isbotlang.
3. Agar f(x) funksiya xo, nugtada uzluksiz va f(xo)=0 bo’lsa, u holda X, nugtaning
etarlicha kichik atrofida funksiya giymatlari hagida nima deyish mumkin?
Misollarda tushintiring. (Grafiklardan foydalanish mumkin)
4. 111.3-vazifa

Adabiyot: [1], 151-159 b.; [2], 78-80, 82-83, 88-89b.;

15-mavzu. Ikkita uzluksiz funksiya yig'indisi, ko paytmasi va
bo'linmasining uzluksizligi. Funksiyalar kompozitsiyasining uzluksizligi. (2
soat)
1. I, 1-,2-vazifalar.
2. Ikkita funksiya yig indisi, ayirmasi, ko paytmasi X, nugtada uzluksiz bo’lsa,
funksiyalarning o°zi hagida nima deyish mumkin? Misollar keltiring.
3. Ikkita f(x) va g(x) funksiya bo linmasining X, nuqtadagi uzluksizligi hagidagi
tasdiqda g(xo)=0 shart berilgan. Ushbu shartni g(x)=0 shart bilan almashtirish
mumkinmi? Javobingizni asoslang.
4. f(x) va g(x) funksiyalar X, nugtada uzluksiz, g(xo)=0 bo’lsa, f(x)/g(x)
funksiyaning X, nugtadagi limiti hagida nima deyish mumkin? Javobingizni
asoslang (misollar orgali tushintiring)
5. Funksiyalar kompozitsiyasining uzluksizligi ganday isbotlanadi?

Adabiyot: [1], 150-152 b.; [2], 86-87b.;

16-mavzu. Kesmada uzluksiz bo'lgan funksiyalarning
chegaralanganligi, eng kichik va eng katta qgiymatlari. Uzluksiz
funksiyalarning oraliq giymatlari. (2 soat)
1. Qanday funksiya kesmada uzluksiz deyiladi?
2. Kesmada uzluksiz bo’Imagan, lekin chegaralangan funksiyaga misol keltiring.
3. Agar Vxe[a,b] da f(x)<c bo'lsa, u holda ¢(x)=1/(c-f(x)) funksiyaning [a,b] da
uzluksiz ekanligini asoslang.
4. Kesmada chegaralangan uzluksiz funksiya o°zining anig quyi chegarasiga
erishishini isbotlang.
5. I11. 4-vazifa.

6. Agar f(x) funksiya (a,b) intervalda aniglangan, uzluksiz va lim f(x)=-o0,

x—a+0

lim f(x)=+o0 bo’lsa, u holda (a,b) intervaldagi kamida bir nugtada funksiya nol

x—b-0

giymat gabul gilishini isbotlang. Shunday xossaga ega bo lgan funksiyaga misol
keltiring.
7. Tengsizliklarni yechishning intervallar usulini asoslang.

Adabiyot: [1], 164-169 b.; [2], 84-88b.;
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17-mavzu. Teskari funksiyaning mavjudligi va uzluksizligi. Tekis
uzluksizlik. Kantor teoremasi. (1 soat)
1. 1. 5-vazifa.
2. Teskari funksiyaning mavjudligi va uzluksizligi haqgidagi teoremani
kamayuvchi funksiya uchun isbotlang.
3. Kantor teoremasi isbotida funksiya qaralayotgan to'plamning kesma
ekanligidan gaerda foydalaniladi?
4. Funksiya intervalda (yarimintervalda) tekis uzluksiz bo’lishi mumkinmi?
5. Agar f(x) funksiya [a,b] kesmada tekis uzluksiz bo’lsa, u holda bu funksiya
(a,b) intervalda tekis uzluksiz bo"ladimi? Javobingizni asoslang.
6. Funksiyaning to plamdagi tebranishi ganday aniglanadi?

Adabiyot: [1], 169-173 b.; [2], 89-92b.;

18-mavzu. Asosiy elementar funksiyalar. Haqiqiy ko rsatkichli daraja.

Ko rsatkichli, logarifmik va darajali funksiya. (2 soat)
. Ko rsatkichli funksiyaning chegaralanmaganligini isbotlang.
. Ko'rsatkichli funksiyaning davriy emasligini ganday ko rsatish mumkin?
. Logarifmik funksiyaning chegaralanmaganligini isbotlang.
. Logarifmik funksiyaning davriy emasligini ganday ko rsatish mumkin?
. Logarifmik funksiyaning uzluksizligi ganday isbotlanadi?
. Darajali funksiyaning uzluksizligi ganday isbotlanadi?
. Giperbolik funksiyalarning uzluksizligini asoslang.

Adabiyot: [1], 121-125 b.; [2], 92-95, 98b.;

~NOo ok~ WwDN Bk

19-mavzu. Trigonometrik va teskari trigonometrik funksiyalar. (2 soat)
1. cosx, tgx, ctgx funksiyalarning o'z aniglanish sohasida uzluksiz ekanligini
isbotlang.
2. tgx, ctgx funksiyalarning chegaralanmaganligini ko rsating.
3. Chegaralanmagan funksiyaga teskari  funksiyaning chegaralangan,
chegaralanmaganligi hagida nima deyish mumkin?
4. Toqg (juft) funksiyaga teskari funksiyaning tog-juftligi hagida nima deyish
mumkin?
5. Teskari trigonometrik funksiyalarning uzluksizligi ganday isbotlanadi?
Adabiyot: [1], 114-117 b.; [2], 99-101b.;
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TARQATMA MATERIALLAR

HU30MMI HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOIIJIAHFUY BA AHUK ®AHJIAP KA®EJAPACH

MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINILIUPUKJIAPU
7-BapuaHT

1) XaxkuKuii COHJIAp TYIUIAMUHU TapTHOIAHT.

2) HUcobotnanr.
lima* =1
x—=0

3) DOYHKIUSHUHT aHUKJIAHHII COXaCHHH TOITHHT?
y=arcsin(2x — 1) + -

1—x2

HU30MUIA HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOIIJIAHFMY BA AHUK ®AHJIAP KA®EJIPACH

MATEMATHUK AHAJIN3 ®PAHUJIAH TAPKATMA MATEPUAJI TOINNIHINPUKJIAPA
8-BapuaHT

1) Ukkwra @ < [ XaKMKHA COHJIAp ypracuaa @ < 7 < [5 TEHICH3IMKHU KaHOATIaHTHPYBUYH
r XaKI/IKI/II\/’I COHHUHI MaBXYyIJIUT'U.
2) Ucbotnanr.

lim a* =+c0, a>1
xr—+coo

3) DyHKUMSHUHT aHUKJIAHUII COXACUHU TOIMHI?
1
y=In(3x — 2) + N

HU30MUI HOMUIATH TAIY TEPMU3 ®UTUAIUA
BOUIJIAHFNY BA AHUK ®AHJIAP KA®EJPACHU
MATEMATHUK AHAJIN3 PAHUJIAH TAPKATMA MATEPHUAJI TOINIIUPUKJIAPU
9-papuaHT

1) Xaxkukuii COHJIAp TYTUIAMUHUHT Y3ITYKCH3IUTH (TYIUKIUTH, TyTanuiura). Jleaekuna
TEOpEMacH.
2) HUcobotnanr.
lim a* =0, 0<a<l1

x—=+too
3) qDYHKHI/ISIHI/IHF AHUKJIAaHUII COXAaCUHU TOITHHT?

y=v1l —x +—
lg x

HU30MU HOMUJIATH TAIY TEPMU3 ®UIUAJHA
BOILIJTAHFUY BA AHUK ®AHJIAP KA®E/IPACH
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MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINILIUPUKJIAPU
10-BapuanT

1) Xaxkukuii COHJIAp TYIUIAMUHUHT yerapayiapu. TYIUIAMHUHT aHHK KyiH Ba OKOpU
gyerapajapu.
2) Wcb6ormnanr.
lim a* =+00, O<a<l
x——00
3) DOYHKIUSHUHT aHUKJIAHHUII COXaCHHH TOIHUHT?

y=vT x4

In{2x+1)

HU30MU HOMUJIATH TAIY TEPMU3 ®UITHAJHA
BOULIJTAHFUY BA AHUK ®AHJIAP KAD®E/IPACH

MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPHUAJI TOIMIIWPUKJIAPA
11-BapuanTt

1) TEOpPEMAcH.
2) HUcb6ornanr.

1
lim sin—=? maBxyJ 3Mac?
x—=0 X

3) OYHKUUSHUHT aHUKJIAHUII COXACHHU TOIHHI?

1
y=log,(x — 2) + Nerwi

HU30MUI HOMUJATH TAIY TEPMU3 ®UTUAIUA
BOLIJTAHFUY BA AHUK ®AHJIAP KA®EJIPACH

MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINHIUPUKJIAPU
12-BapuanT

1) Yerapananmarad Ba 4eKCH3 KaTTa MUKJIOP TYIIyHYAIAPHHU TabpH(IanT.
2) Wcbotnanr.

lim sinx = ? mamxyn smac?
x—=0

3) DOYHKIUSHUHT aHUKJIAHUII COXACHHH TOITUHT?

y=logzv1 —x + -

x*t—4

HU30MUI HOMUIATH TAIY TEPMU3 ®UTUAIUA
BOUIJIAHFNY BA AHUK ®AHJIAP KA®EJPACHU
MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINILIUPUKJIAPU
13-BapuanT

1) Xakukwuii COHIAp TYIIaMKIA
la+b| = |a| + |b]
la—b| = [lal — |b]]

TEHTCU3IMKJIAPHHA UCOOTIIAHT.

2) HUcb6otmanr.

lim xsin> = 0
x—0 X
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3) DOYHKIUSHUHT aHUKJIAHUIT COXACHHH TOITUHT?

_ . 2x 1
y=arcsin 2 -I—J;

HU30MUIA HOMUIATH TAITY TEPMU3 ®UTUAIHN
BOULIJIAHFUY BA AHUK ®AHJIAP KA®EJIPACHU
MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINILIUPUKJIAPU
14-gapuant

1) ®yHKUMS TYIUIYHYACH Tabpr(H
y =x* — napaxanu QyHKIHS.
2) Wc6otmanr.
1
lim ax= a>1
x—=+0 )
lim ax= a>1
x—=—0
3) DOYHKIUSHUHT aHUKJIAHUIIT COXACHHU TOIMHT?

~ _ 1
y=arccos(2x —4) + Nrere

HU30MU HOMUJIATHY TAIY TEPMHU3 ®UTHUAJINA
BOLIJIAHFUY BA AHUK ®AHJIAP KA®E/IPACH
MATEMATHUK AHAJIN3 PAHUJIAH TAPKATMA MATEPHAJI TOINIIUPUKJIAPU
15-papuanTt

1) ®yHKUMS TyHIYHYACH Tabpr(H
y = a* — kypcaTkuwin QyHKIHSL.
2) Wcbotnanr.

. 1
lim arctg-=
x=+0 x

. 1
lim arctg-=
x—=—0 X

3) DOYHKIUSHUHT aHUKJIAHUIIT COXACHHH TOMTHHT?

y=arctg(1— x) ++/1 + x

HU30MUIA HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOIIJIAHFNY BA AHUK ®AHJIAP KA®EJPACH

MATEMATHUK AHAJIN3 ®PAHUIAH TAPKATMA MATEPHUAJI TOITIIUPUKJIAPA

16-BapuaHT
1) OyHKIWMS TyIIyHYacH Tabpudu
y =log, x — norapupmuk pyHKIHS.
k
2) lim n—n =0 TEHIJINKHYU UCOOTIIAHT.

T—oo d

3) DOYHKIUSHUHT aHUKJIAQHUII COXACHHH TOTTHHT?

y=arccos(4x —2) + Lg

Vi—x

HU30MU HOMUJIATH TAIY TEPMU3 ®UIUAJHA
BOILIJTAHFNY BA AHUK ®AHJIAP KA®E/IPACH

MATEMATHUK AHAJIN3 ®PAHUIAH TAPKATMA MATEPHUAJI TOINIIUPUKJIAPA

214



17-BapuanTt

1) ®yHKUMS TYHUIYHYACH TabpH(H
y =sin X — TPUTOHOMETPHK QYHKITHUSI.

k
. T

2) lim — =0, a>1 TEHIJIMKHU UCOOTIIAHT.
Ti— oo @

3) DOYHKIUSHUHT aHUKJIAHHII COXACHHH TOITHHI?

y=arcsinv1l — x + i

HU30MMI HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOILIJTIAHITNY BA AHUK ®AHJIAP KA®E/IPACH

MATEMATHUK AHAJIN3 ®PAHUJIAH TAPKATMA MATEPHUAJI TOINIIUPUKJIAPU
19-Bapuant

1) ®yHKIUA TYHIyHYACH TabpUH
Yy =COSX — TPUTOHOMETPHUK (PYHKIIHSI.

.a®t
2) lim — =0 TEHTJIMKHHA HCOOTIIAHT.
fi— oo T
3) OYHKIUSHUHT aHUKJIAHUIIT COXACHHU TOTIHHT?

y=arcsin(2x — 2) + 1

vx—1

HU30MMHI HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOLIJTAHFUY BA AHUK ®AHJIAP KA®EJIPACH

MATEMATUK AHAJIU3 ®PAHUJAH TAPKATMA MATEPUAJI TOINIIIUPUKJIIAPU
20-BapuaHT

1) ®Oyukiys TymyHYacu tabpudu
Y =tg X — TpUrOHOMETPHK (PyHKIIHS.

2) lim n-q"=0,|q| <1 TeHrTUKHU UCOOTIAHT.
n—oo

3) OYHKIMSHUHT aHUKJTAHUII COXACHHU TOITHHT?

1
y=arctg 2x + m

HU30MUIA HOMUIATH TAITY TEPMU3 ®UTAAIHA
BOLIJIAHFNY BA AHUK ®AHJIAP KA®E/IPACH
MATEMATHUK AHAJIN3 ®PAHUJAH TAPKATMA MATEPUAJI TOINILIUPUKJIAPU
21-BapuaHT

1) ®yHkums TymryH4acu Tabpudu
Y =Ctg X — TPUTOHOMETPUK (DYHKIIHSL.
2) lim Ya=1 TeHrnIUKHM UCOOTIAHT.
n—oo

3) OYHKIMSIHUHT aHUKJTAHUII COXACUHU TOTTMHT?

_ 1
y=log,(x —4) + e

HU30MUI HOMUIATH TAIIY TEPMU3 ®UTAAINA
BOIIJIAHIFNY BA AHUK ®AHJIAP KA®EJIPACH
MATEMATHUK AHAJIN3 ®PAHUJIAH TAPKATMA MATEPHUAJI TOINTIIUPUKJIAPA
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22-BapuaHT

1) ®yHKUMS TYNIYHYACH TabpHH
y =arcsinx, y =arctg x — ¢yHKusuiap.

. log, n
2) lim —=
L= oo T

=0, a>1  TeHMIMKHU UCOOTJIAHT.

3) OYHKUMSHUHT aHUKJTAHUII COXACUHU TOTIMHI?
1
y=log,(2x — 4) +

x?-1
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