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1. Statement of Problem A. Let  be finite simply connected domain of the complex plane
z = x + iy bounded for y > 0 by normal curve og(y = oo(z)) : 2% + 4(m + 2)~2y™*+2? = 1 with ends
at points A(—1,0) and B(1,0), and for y < 0 by characteristics AC and BC of the equation

(sgny)y[™ e + tyy + (Bo/y)uy =0, (1)
where m > 0, By € (—m/2,1). We denote by QT and Q the parts of domain Q lying in half-planes
y > 0and y < 0, respectively.

In the present paper we prove uniqueness and existence of solution to a problem with analog of the
Frankl condition [1—4] on characteristic AC' and segment AB of line of change of type of Eq. (1).

Problem A. Find function u(x,y) € C (ﬁ) satisfying the following requirements:

1) u(z,y) belongs to C*(Q%) and satisfies Eq. (1) in this domain;

2) u(x,y) is a generalized solution of class Ry ([5], P. 129) (the cited below expression (8) is
called generalized solution of class Ry in domain Q~ if 7(z),v(x) € C(—1,1)) in Q7

3) on the interval of conjugation there is valid the condition

ou ou
Ii PV D Bo ™

ygr_lo( Y) oy LY, TE I, (2)
and these limits for ¥ — +1 can have singularities of order lesser 1 —23, where 3=
(m+26y)/2(m +2), I =(—1,1) is interval of axis y = 0;

4) there are fulfilled conditions

u(.’L‘,O'o(J})) = (p(x), S 77 (3)
a(z) D5 ulb ()] + b(@) Dy ulf(—a)] = $(x), @ €1, (4)
u(—z,0) — u(z,0) = f(z), x €1, (5)

where Dljlﬁx and Di;ﬁ are operators of f[ractional differentiation, 6(xg) = (xg—1)/2 —
i[(m 4+ 2)(1 4 x0)/4]*/™*2) is affix of intersection of characteristic AC with characteristic
originating from point (x¢,0), zg € I, p(z), a(zx), b(z), P (x), f(x) are given functions, and

(1—2)a(z) — (1+2)’b(z) #£0, z€1. (6)
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Note that in the boundary-value problem with delay [6] shift (4) is defined on the both characteristics
AC and BC. In problem A condition (4) is given only on characteristic AC, i.e., the characteristic BC
is free of boundary-value condition. Conditions (4) and (5) are analogs of the Frankl condition on the
characteristic AC and on the line of degeneration AB, respectively.

2. Uniqueness of solution to Problem A. Solution to the modified Cauchy problem with data

_ ou
_ R E _.\Po —
u(z,0) = 7(x), €I ygngo( Y) dy

for Eq. (1) in domain Q™ is determined by Darboux formula ([7], P. 34)

v(z), = €l, (7)

! 2 m
u(z,y) =m /_1 T [a: + m——i-Q(_y) 2”] (1+ t)ﬁ—l(l — t)ﬁ—ldt

1
- [ vl 2o st a -0 @
where
21-267(2p) 226-17(2 — 23)
nTTTE) T T a-ara-g)

We conclude from the boundary-value condition (4) by virtue of (8) and (5) that (7(—xz) = 7(x) + f(z)),
and

(1 = 2)%a(@)r(z) + (1 +2)°b(@)v(-2)
=7 (1= 2)%a(@) D 7(2) + (1 + 2)"b(2) D} 7(2) ) + (), (9)

where
_20(1 - BT (20) <m+2>2ﬁ (o) = (1—2%)%(x)
rra-26) \ 4 ’ YI'(1 = B)((m +2)/2)

Theorem 1 (analog of A. V. Bitsadze’s extremum principle, [8], P. 301). Under conditions 1 (x) =0,
f(z) =0, p(x) =0and

55 — V(1 +2)%b(@)D, * f ().

a(x) >0, b(x) >0, z€l, (10)

a solution u(x,y) to problem A attains its most positive meaning (MPM) and least negative
meaning (LNM) in closed domain QF at points of curve oy,.

Proof. Let function u(x,y) attain its MPM at point (z¢, yo) € Q2. Then by virtue of the Hopf principle
(7], P. 25) (z0,0) ¢ Q7.

Let solution u(x, y) attains its MPM in an inner point P(x¢, 0) of interval I = AB. Then by virtue of
corresponding homogeneous condition (5) the solution u(z, y) also attains its MPM at point (—z, 0).
Hence, by the Zaremba—Giraud principle ([7], P. 74) we have v(zg) < 0, v(—zg) < 0 at these points.
Whence, by means of (10) we obtain

(1 — z0) a(zo)v(wo) + (1 + 20)°b(zo)v(—z0) < 0, 0 € 1. (11)

On the other hand, it is well-known that at a point of MPM of function 7(z) the operators of fractional
differentiation satisfy the following inequalities ([5], P. 19):
D 27 (2)amzy > 0, DE72P7(2)]gmay > 0.

-1,z x,1

We obtain from these inequalities by means of corresponding homogeneous relation (9) with ¥(x) = 0
(1 — z0)alzo)v(xo) + (1 + 20)°blao)v(—zo)
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= (1= 2)%a(@) D r(@) + (1 + 2)"0(2) D} (@) o=y > 0, @ € 1. (12)

Clearly, (12) contradicts (11).

If P(z¢,0) = O(0,0), then in just the same way we obtain contradictory of inequalities (11) and (12),
where 29 = 0. Consequently, P(z0,0) ¢ AB. The desired solution attains its MPM in domain QO on
the curve .

Analogously, the solution attains its LNM in the closed domain Q7 on the curve oy, too. O

Corollary. Problem A has no more than one solution.

Proof. If boundary data (3)—(5) are homogeneous, then Theorem 1 implies that w(z,y) =0 in

domain Q. Hence, we have by virtue of continuity of solution to Problem A in mixed domain Q and
conjugation condition (2)

u(z,0) =0, zeT; yli%(—wﬁ“g—z =0, v €l (13)

Then we recover the solution to Problem A in domain €2~ as solution of the modified Cauchy problem
with homogeneous data (13). We conclude by formula (8) that u(x,y) = 0in domain Q~. Consequently,
u(z,y) = 0 in the whole mixed domain Q.

3. Existence of solution to Problem A.

Theorem 2. If a(x),b(z),¥(x), f(x) € C(I) N CH(I), c(x), p(x) € C¥(T), ¢(z) = (1 — 2?)p(z),
@(z) € C%(1), f(—1) = f(0) = f(1) =0, and conditions (6), (10) are fulfilled, then Problem A
has a solution.

In domain Q7 solutions to the modified Holmgren problem with boundary data

Jim yh S = (@), @ € I (el = o(o) o€ T,
and the Dirichlet problem with boundary data

u(z,0) =7(x), v €; uw(®,y)|s = px), v,
are determined by formulas

u(z,y) = =k /1 y(t){ [(x—t)2+Lym+2] -8

1 (m +2)?

2 —p
ﬁymﬂ] }dt — k1 8(m +2)(1 — R?)

l
x /0 () () (r)TPTIF(B, 8+ 1,20;1 — 0)dé(s), (14)

- [(1 —xt)? +

o) =t [ rof [+ gt

+
2 p-1
_ [(1 —at)? + ﬁymﬁ] }dt — ko(1— B)(m +2)(1 — R?)y'

l
X /O e(E(s) (D)2 F(1 - B,2 - 8,2 — 26;1 — 0)dé(s), (15)
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correspondingly, where s is length of arc of the curve gy counted from point B, [ is the length of whole
curve oy,

r? 72 4 me2 2\ 2
o=z }(wf@))uw(w F(n())

(&(s),n(s)) € oo,
kl—i( 4 >2ﬂr2(ﬁ) ) 1( A )2(1ﬁ)rz(1_ﬁ)

ar\m+2) T8 " 4r\m+2 T(2-28)
4
R2 — 42 m+2
T +(m—|—2)2y

It is not difficult to deduce from (14) and (15) the following relations between unknown functions 7(x)
and v(z) transferred onto I from domain Q7 ([7], pp. 113, 152):

() = —k1 /11 [|a; —t7% -1 - a;t)’w] v(t)dt + @1 (x), x €1, (16)
B m+2[ (1 (x—t)7(t)dt Lo r()dt
v(z) = —ka(1 = fo)—; [/lmﬂl—zﬂ)/l m] + @o(z), w1, (17)

where

1 (2) = 26((m +2)/2)* k1 (1 - 2?) /1 o(t)(1 — t2)P12(1 — 20t + 2?) 1Pt
—1

1
By(x) = (1= Fo)(1 = B)(m + 2)ka2(1 — z°) / o(t)(1 — 2zt 4 2%)°2dt.
—1
Let us note that relations (16), (17) are valid for the whole segment I.

We change in relation (17) variable « by —z, and by means of boundary-value conditions 7(—z) =
7(z) + f(z), 7' (—2) = —7'(x) — f'(x) obtain

v(—z) =v(x) + Fy(z), (18)
where
ka(1=Go)(m+2) [ (1 (z = t)f'(t)dt L fydt
Fy(z) = - 5 [/1 o — (P28 +(1-20) /1 m] + ©o(—z) — o(2).

We rewrite relation (9) in terms of (18) in the form
(1= 2)%a(2) + (1 +2)%(2) | v(@) = y[(1 = 2)%a(@) DL, Y 7(x)
+ (14 2)%b(2) Dy ' 7(2)] + Fi(2), (19)

where Fy(z) = ¥(x) — (1 4+ 2)%b(x) Fy(x).
Then we apply operators Dl__li,ﬁ and Difﬁ to equality (16), and obtain

Dl__lsz(x) =—kI'(1-20) [(1 — cos 207m)v(x)

sin28r ' [1+t 1-25 1 1 N
- t)dt D P
" m /—1 <1+$> t—x 1—uat v(t) TP i 1(2),
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Di;zﬁT(x) =—kI'(1-20) [(1 — cos 20m)v(x)

sin28r (1 /1—t 1-28 1 1 _—
N t)dt| + D D ().
e (1207 (]

We substitute formulas for D:

QfT(aﬁ) and D;,7_12BT(QJ) into the right side of (19), and obtain

(1= )%a(@) + (1 +2)°b(@)]| v(a) + A1~ 2)%a(z) /11 (1 “)1% ( 1 ) V(t)dt

1+zx t—=x 1—uat
1

1 _ 1-2p8
Y +;g)ﬁb(x)/_l <11_ ;) <t - _1”> V(t)dt = Fy(x), (20)
where \ = cos /(1 + sin f7),

Fo(e) = i [Fi@) +9(0= ) a@)D! 7 #(w) +1(1+0) (@) D, ()] € 00°(D)

1+t [ 1 1y 1 t
1+x t—a::Fl—a:t Ct—x  1—at’

and transform Eq. (20) to the form

Then we apply identities

A t
(1 —2)%a(z) + (14 a:)ﬁb(x)} v(z)+ )\/_1 <t — 1 a:t> K(x,t)v(t)dt = Fy(x), x €1, (21)

where

K(2,t) = (if)lw (1 - 2)%a(z) — (11::91% (1+2)%b(x).

We change variables
2t ; s 2x Y
= , t= ; = =
1+ t2 l+vies? VT 1422 1+ /1 —y2

and by means of identity

S

1 t 2(1 — t2)
t—x 1—uxt (1—|—x2)(1+t2)(%;—1ﬁ)

rewrite Eq. (21) in the form

1 1 o T.s
Ay)p(y) + Bfry) /_1 pﬁf —A/_l K(x’xz_f( : )p(S)d8+(1+w2)Fz(w)7 yel,  (22)

ply) = (1+2*)v(y), Aly) = (1 —=2)’a(z)+ (1 +2)"b(z),
B(y) = MK (z,z) = M ((1 — 2)%a(z) — (1 + z)°b(z)),
wherez = y/(1+ /1 —4y2),t =s/(1+ V1 —s?).

Since by virtue of (6) we have A2(y) 4+ B2(y) # 0, it follows that (22) is singular integral equation of
normal type ([5], P. 43;[9]). We seek its solution p(y) in class of Hélder functions H(—1,1) bounded at
the pointsy = —1land y = 1.
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Consider the function
A(y) —iB(y) _ [(1 = 2)%a(z) + (1 +2)°b(x)] — idr[(1 — 2)’a(z) — (1 + w)ﬁb(w)]_

G p— p—
() A(y) +iB(y)  [(1 —x)Ba(z) + (1 + z)Bb(z)] + i r[(1 — z)Pa(x) — (1 + x)Bb(x)]
We evaluate by N. I. Muskhelishvili formula ([5], P. 43)
1
o +if = 2% g1,
27
Here the sign “—" corresponds to meaning ¢y = —1, and the sign “+” to meaning ¢; = 1.
[t is easy to see that
, In G(cp) InG(-1) 1 . 1—Ami
= — = — = ——1
@ + b o o omi 1+ A
1 1— e 1—Ami
ori [n|1—|—)\m" T <arg1+)\m' +27m>}
1 1+ sin B — i cos B k—l . cos B
N 27riarg1—|—sinﬁ7r+icosﬁ7r —p e anl—{—sinﬁﬂ'
1 T O
;arctan<1—7> —k=a-—k,

where a = (1 —20)/4. Thus, oy = a — k, Bp = 0, where number k is integer. Then we select an integer
number A\ such that 0 < ag + Ao < 1, 1i.e., \g = k. As above, one can easily verify that
InG(c1) InG(1) 1 . 14 Ami

:—1 = .
o omi o M1 o TF

o +i61 =

Hence, a1 = a+ k, 51 = 0.

Then we select an integer number A; such that 0 < a3 + A1 < 1, ie.,, Ay = —k. Consequently,
Eq. (22) has the index y = —(Ag + A1) = 0.

Thus, in the class h(—1, 1) ([5], P. 44) Eq. (22) has null index. Consequently, this equation is uniquely
reducible to Fredholm integral equation of second kind by means of Carleman—Vekua regularization,
and unique solubility of the latter equation follows from the uniqueness of solution to Problem A.

REFERENCES

I. Frankl’, F. I. “Unterschallstromungen um Profile mit Uberschallzonen, die mit geradem Verdichtungsstof;
enden”, (Russian) Prikl. Mat. Mekh. 20, 196—202 (1956) [in Russian].

2. Devingtal’, Yu. V. “Uber die Existenz und Eindeutigkeit der Losung einer Auigabe von F. I. Frankl” Izv. Vyssh.
Uchebn. Zaved., Mat. No. 2, 39—51 (1958) [in Russian].

3. Lin’ Czyun’-bin, “Certain Frankl’ Problems”, Vestnik Leningrad State University. Mathematics, Mechanics
and Astronomy 3, No. 13, 28—39 (1961).

4. Kapustin, N. Yu., Sabitov, K. B. “Solution of a Problem in the Theory of a Frankl’s Problem for Equations of
Mixed Type”, Differ. Equations 27, No. 1, 47—54 (1991).

5. Smirnov, M. M. Equations of Mixed Type (Vyssh. Shkola, Moscow, 1985) [in Russian].

6. Nakhushev, A. M. “Uber einige Randwertaufgaben fiir hyperbolische Gleichungen und Gleichungen vom
gemischten Typ”, Differ. Uravn. 5, No. 1, 44—59 (1969).

7. Salakhitdinov, M. S., Mirsaburov, M. Nonlocal Problems for Equations of Mixed Type With Singular
Coefficients (Universitet, Yangiyo’l Poligraf Servis, Tashkent, 2005) [in Russian].

8. Bitsadze, A. V. Certain Classes of Equations With Partial Derivatives (Nauka, Moscow, 1981) [in
Russian].

9. Soldatov, A. P. “Noether Theory of Operators. General One-Dimensional Singular Integral Operators”, Differ.
Equations 14, 498—508 (1978).

Translated by B. A. Kats

RUSSIAN MATHEMATICS Vol.61 No. 11 2017




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




