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I ÁÎÁ
ÀÐÀËÀØ ÏÀÐÀÁÎËÈÊ ÒÅÍÃËÀÌÀËÀÐ

Ó×ÓÍ ×ÅÃÀÐÀÂÈÉ ÌÀÑÀËÀËÀÐ

1.1-�. Áèðèí÷è òóð òåíãëàìà ó÷óí ïîëîñàäà Æåâðå
ìàñàëàñè

D îð©àëè t = 0 âà t = T ò²¡ðè ÷èçè©ëàð îðàñèäàãè ïîëîñàíè
áåëãèëàéëèê, áó åðäà T = const > 0. Áó ñîµàäà óøáó

0 = L(k)u ≡


L

(k)
1 u ≡ uxx +

k1

x
ux − ut, (x, t) ∈ D1;

L
(k)
2 u ≡ uxx +

k2

x
ux + ut, (x, t) ∈ D2

òåíãëàìàíè ©àðàéìèç, áó åðäà k1,k2 ∈ (0, 1)�áåðèëãàí ñîíëàð.
L

(k)
1 u = 0 âà L

(k)
2 u = 0 � ìîñ ðàâèøäà D1 âà D2 ñîµàëàðäà

ò²¡ðè âà òåñêàðè ïàðàáîëèê òåíãëàìàëàð á²ëèá, óëàðíèíã âà©ò
é²íàëèøëàðè êîëëåíèàð, ÿúíè x = 0 ò²¡ðè ÷èçè©©à ïàðàëëåëäèð.
Øóíèíã ó÷óí L(k)u = 0 òåíãëàìà D ñîµàäà áèðèí÷è òóð àðàëàø
ïàðàáîëèê òåíãëàìàäèð.

Ìàúëóìêè, L(0)u = 0 òåíãëàìà ó÷óí Æåâðå ìàñàëàñè D1 âà
D2 ñîµàëàð ò²¡ðè ò²ðòáóð÷àê á²ëãàíäà áèðèí÷è á²ëèá [22,7]
èøëàðäà áà¼í ©èëèíãàí âà ²ðãàíèëãàí. L(0)u = 0 òåíãëàìà ó÷óí
D ñîµàäà Æåâðå ìàñàëàñè [17,18] èøëàðäà ²ðãàíèëãàí. Áó åðäà
áèç L(k)u = 0 òåíãëàìà ó÷óí Æåâðå ìàñàëàñèíè ²ðãàíàìèç.
1.1-ìàñàëà.D ñîµàíèíã ¼ïè¡èäà àíè©ëàíãàí âà óçëóêñèç øóí-

äàé u(x, t) ôóíêöèÿ òîïèëñèíêè, ó D1 âà D2 ñîµàëàðäà ìîñ ðà-

âèøäà L
(k)
1 u = 0 âà L

(k)
2 u = 0 òåíãëàìàëàðíèíã ðåãóëÿð å÷èìè

á²ëèá, óøáó óëàø øàðòèíè

lim
x→−0

(−x)k2ux(x, t) = lim
x→+0

xk1ux(x, t), 0 < t < T (1.1)

âà ©óéèäàãè ÷åãàðàâèé øàðòëàðíè ©àíîàòëàíòèðñèí:

u(x, 0) = ϕ1(x), 0 ≤ x < +∞; (1.2)
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u(x, T ) = ϕ2(x), −∞ < x ≤ 0; (1.3)

lim
|x|→+∞

u (x, t) = 0, t ∈ [0, T ] , (1.4)

áó åðäà ϕ1 (x) âà ϕ2 (−x) - áåðèëãàí ôóíêöèÿëàð á²ëèá, [0, +∞)
îðàëè©äà óçëóêñèç âà ϕ1 (0) = ϕ2 (0) = 0, lim

x→+∞
ϕ1 (x) = 0,

lim
x→−∞

ϕ2 (x) = 0 òåíãëèêëàð áàæàðèëàäè.

�²éèëãàí ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè âà ÿãîíàëèãèíè
èñáîòëàéìèç. Ôàðàç ©èëàéëèê, u(x, t) � 1.1-ìàñàëàíèíã å÷èìè
á²ëñèí. Ìàñàëà øàðòëàðèãà àñîñëàíèá,

u(−0, t) = u(+0, t) = τ(t), 0 ≤ t ≤ T ; (1.5)

lim
x→−0

(−x)k2ux (x, t) = lim
x→+0

xk1 ux(x, t) = ν(t), 0 < t < T (1.6)

áåëãèëàøëàðíè êèðèòàìèç.
Ìàúëóìêè, L(k)

1 u = 0 òåíãëàìàíèíãD1 ñîµàíèíã ¼ïè¡èäà àíè©-
ëàíãàí, óçëóêñèç µàìäà (1.2), lim

x→+∞
u (x, t) = 0, 0 ≤ t ≤ T âà

lim
x→+0

xk1 ux (x, t) = ν(t), 0 < t < T øàðòëàðíè ©àíîàòëàíòèðóâ÷è

å÷èìè ©óéèäàãè ôîðìóëà áèëàí àíè©ëàíàäè [10]:

u(x, t) =

+∞∫
0

ξk1(xξ)(1−k1)/2

2t
I(k1−1)/2

(
xξ

2t

)
e−(x2+ξ2)/4tϕ1(ξ)dξ−

−2−k1Γ−1

(
1 + k1

2

) t∫
0

ν(η)(t− η)−(1+k1)/2e−x2/4(t−η)dη, (1.7)

áó åðäà Iα(z) � ìàâµóì àðãóìåíòëè Áåññåë ôóíêöèÿñè [2,16]:

Iα(z) =
∞∑

j=0

(z/2)2j+α

j!Γ(j + α + 1)
,

Γ(z)�Ýéëåðíèíã ãàììà-ôóíêöèÿñè [1,16].
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(1.7) ôîðìóëàäà x íè íîëãà èíòèëòèðèá, (1.5) áåëãèëàøíè µè-
ñîáãà îëñàê, íàòèæàäà

τ(t) = −2−k1Γ−1

(
1 + k1

2

) t∫
0

ν(η)(t− η)−(1+k1)/2dη+

+Φ1(t), 0 ≤ t ≤ T (1.8)

ìóíîñàáàòãà ýãà á²ëàìèç, áó åðäà

Φ1(t) = 2−k1Γ−1

(
1 + k1

2

) +∞∫
0

ξk1t−(1+k1)/2e−ξ2/4tϕ1(ξ)dξ.

D2 ñîµàäà âà L
(k)
2 u = 0 òåíãëàìàäà t = T − t0, x = −x0

àëìàøòèðèø áàæàðèá âà (1.7) ôîðìóëàäàí ôîéäàëàíèá, èøîí÷
µîñèë ©èëèø ìóìêèíêè, L

(k)
2 u = 0 òåíãëàìàíèíã D2 ñîµàíèíã

¼ïè¡èäà àíè©ëàíãàí, óçëóêñèç µàìäà (1.3), lim
x→−∞

u (x, t) = 0, 0 ≤

t ≤ T âà lim
x→−0

(−x)k2ux (x, t) = ν (t) , 0 < t < T øàðòëàðíè
©àíîàòëàíòèðóâ÷è å÷èìè

u (x, t) =

0∫
−∞

(−ξ)k2(xξ)(1−k2)/2

2 (T − t)
×

×I(k2−1)/2

[
xξ

2 (T − t)

]
e−(x2+ξ2)/4(T−t)ϕ2 (ξ) dξ+

+2−k2Γ−1

(
1 + k2

2

) T∫
t

ν (η) (η − t)−(1+k2)/2e−x2/4(η−t)dη (1.9)

ôîðìóëà áèëàí àíè©ëàíàäè.
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Áó ôîðìóëàäà x íè íîëãà èíòèëòèðèá âà (1.5) áåëãèëàøíè
ýúòèáîðãà îëèá, (1.8) òåíãëèêêà ²õøàø á²ëãàí óøáó

τ (t) = 2−k2Γ−1

(
1 + k2

2

) T∫
t

ν (η) (η − t)−(1+k2)/2dη+

+Φ2 (t) , 0 ≤ t ≤ T (1.10)

òåíãëèêíè òîïàìèç, áó åðäà

Φ2 (t) = 2−k2Γ−1

(
1 + k2

2

)
×

×
0∫

−∞

(−ξ)k2(T − t)−(1+k2)/2e−ξ2/4(T−t)ϕ2 (ξ) dξ.

(1.8) âà (1.10) òåíãëèêëàðäàí τ (t) íîìàúëóì ôóíêöèÿíè ÷è©àðèá,
ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí

2−k1Γ−1

(
1 + k1

2

) t∫
0

ν(η)(t− η)−(1+k1)/2dη+

+2−k2Γ−1

(
1 + k2

2

) T∫
t

ν (η) (η − t)−(1+k2)/2dη =

= Φ1 (t)− Φ2 (t) , 0 ≤ t ≤ T (1.11)

èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç.
Äåìàê, 1.1-ìàñàëà (å÷èìãà ýãà á²ëèø ìàúíîñèäà) (1.11) èíòåã-

ðàë òåíãëàìàãà ýêâèâàëåíò ýêàí, ÿúíè, àãàð (1.11) òåíãëàìàäàí
ν (t) ôóíêöèÿ áèð ©èéìàòëè òîïèëñà, 1.1-ìàñàëàíèíã å÷èìè D1

âà D2 ñîµàëàðäà ìîñ ðàâèøäà (1.7) âà (1.9) ôîðìóëàëàð áèëàí
àíè©ëàíàäè. Øóíèíã ó÷óí áóíäàí áó¼í (1.11) èíòåãðàë òåíãëà-
ìàíè å÷èø áèëàí øó¡óëëàíàìèç.
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Àââàë (1.11) èíòåãðàë òåíãëàìà å÷èìèíèíã ÿãîíà ýêàíëèãèíè
èñáîòëàéìèç. Øó ìà©ñàääà óíãà ìîñ áèð æèíñëè òåíãëàìàíè,
ÿúíè ©óéèäàãè òåíãëàìàíè ©àðàéìèç:

2−k1Γ−1

(
1 + k1

2

) t∫
0

ν(η)(t− η)−(1+k1)/2dη + 2−k2Γ−1

(
1 + k2

2

)
×

×
T∫

t

ν (η) (η − t)−(1+k2)/2dη =0, t ∈ [0, T ]. (1.12)

(1.12) òåíãëàìàäà t íè z áèëàí àëìàøòèðèá, ñ²íãðà ν (z) ôóíê-
öèÿãà ê²ïàéòèðèá, µîñèë á²ëãàí èôîäàíè z ²çãàðóâ÷è á²éè÷à
[0, T ] îðàëè©äà èíòåãðàëëàéìèç:

2−k1Γ−1

(
1 + k1

2

) T∫
0

ν (z) dz

z∫
0

ν(η)(z − η)−(1+k1)/2dη+

+2−k2Γ−1

(
1 + k2

2

) T∫
0

ν (z) dz

T∫
z

ν (η) (η − z)−(1+k2)/2dη = 0.

Áó òåíãëèêäà (z − η)−(1+k1)/2 âà (η − z)−(1+k2)/2 èôîäàëàðíè

|z − η|−γ = Γ−1 (γ) cos−1γπ

2

+∞∫
0

ξγ−1 cos (|z − η| ξ) dξ, γ ∈ (0, 1)

ôîðìóëà [1,16] îð©àëè àëìàøòèðèá, áàúçè àìàëëàðíè áàæàðãàí-
äàí ñ²íã, ©óéèäàãè òåíãëèêêà ýãà á²ëàìèç:

1

2k1+1Γ2[(1 + k1)/2] cos [π(1 + k1)/2]

+∞∫
0

ξ(k1−1)/2×
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×


 T∫

0

ν (η) cos(ηξ)dη

2

+

 T∫
0

ν (η) sin(ηξ)dη

2
 dξ+

+
1

2k2+1Γ2[(1 + k2)/2] cos [π(1 + k2)/2]

+∞∫
0

ξ(k2−1)/2×

×


 T∫

0

ν (η) cos(ηξ)dη

2

+

 T∫
0

ν (η) sin(ηξ)dη

2
 dξ = 0.

Áóíäàí ýñà ∀ξ ∈ (0, +∞) ó÷óí

T∫
0

ν (η) cos(ηξ) dη = 0,

T∫
0

ν (η) sin(ηξ) dη = 0 (∗)

ýêàíëèãè êåëèá ÷è©àäè. Õóñóñàí, ξ = (πn/T ) , n ∈ N ñîíëàð
ó÷óí µàì (∗) òåíãëèêëàð ²ðèíëè á²ëàäè. Ó µîëäà, àãàð ν (t)
∈ L2 [0, T ] äåá ôàðàç ©èëñàê, áó ôóíêöèÿíèíã Ôóðüå êîýôôèöè-
åíòëàðè [21] íîëãà òåíã á²ëàäè. Äåìàê, ν (t) ≡ 0, t ∈ [0, T ], ÿúíè
áèð æèíñëè (1.12) èíòåãðàë òåíãëàìà L2 [0, T ] ñèíôäà ôà©àò
òðèâèàë å÷èìãà ýãà ýêàí. Áóíäàí ©óéèäàãè òåîðåìà êåëèá ÷è©àäè:
Òåîðåìà. Àãàð (1.11) òåíãëàìà L2 [0, T ] ñèíôäà å÷èìãà ýãà

á²ëñà, ó ÿãîíàäèð.

Ýíäè (1.11) èíòåãðàë òåíãëàìà å÷èìèíèíã ìàâæóäëèãèíè ê²ð-
ñàòèøãà ²òàìèç. Øó ìà©ñàääà áó òåíãëàìàíè ©óéèäàãè÷à ¼çèá
îëàìèç:

αD
(k1−1)/2
0t ν (t)+βD

(k2−1)/2
tT ν (t) = Φ1(t)−Φ2 (t) , 0 ≤ t ≤ T, (1.13)
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áó åðäà Dγ
0t âà Dγ

tT ëàð ©óéèäàãè÷à àíè©ëàíèá

Dγ
0tf (t) =



1

Γ (−γ)

t∫
0

(t− z)−γ−1f (t) dt, γ < 0,

f (t) , γ = 0,

d

dt
Dγ−1

0t f (t) , γ ∈ (0, 1);

Dγ
tT f (t) =



1

Γ (−γ)

T∫
t

(t− z)−γ−1f (t) dt, γ < 0,

f (t) , γ = 0,

− d

dt
Dγ−1

tT f (t) , γ ∈ (0, 1),

γ < 0 á²ëãàíäà Ðèìàí-Ëèóâèëë ìàúíîñèäà êàñð òàðòèáëè èíòåã-
ðàëíè, γ > 0 á²ëãàíäà ýñà Ëèóâèëë ìàúíîñèäàãè êàñð òàðòèáëè
µîñèëàíè [11,15] èôîäàëàéäè;

α = 2−k1Γ [(1− k1) /2] /Γ [(1 + k1) /2] ,

β = 2−k2Γ [(1− k2) /2] /Γ [(1 + k2) /2] .

(1.13) òåíãëàìàíè ²ðãàíèøäà ©óéèäàãè èêêè µîëíè ©àðàéìèç.

1) k1 = k2 > 0 á²ëñèí. Ó µîëäà (1.13) òåíãëèêêà D
(1−k1)/2
0t êàñð

òàðòèáëè äèôôåðåíöèàë îïåðàòîðíè òàòáè© ©èëèá âà

Dγ
0tD

−γ
0t ν(t) = ν(t), 0 < γ < 1;

Dγ
0tD

−γ
tT ν(t) = ν(t) cos γπ +

sin γπ

π

T∫
0

(η

t

)γ ν(η)

t− η
dη, 0 < γ < 1
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òåíãëèêëàðíè ýúòèáîðãà îëèá [15,16], ν (t) íîìàúëóì ôóíêöèÿãà
íèñáàòàí ©óéèäàãè ê²ðèíèøäàãè

ν (t) +
1

π
tg

(
1− k1

4
π

) T∫
0

(η

t

)(1−k1)/2 ν (η)

η − t
dη =

=
1

2α
cos−2 [π(1− k1)/4]D

(1−k1)/2
0t [Φ1 (t)− Φ2 (t)] , 0 < t < T

èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç. Áó òåíãëàìàäà

t(1−k1)/2 ν (t) = ρ (t) ,

1

2α
cos−2 [π(1− k1)/4]t(1−k1)/2D

(1−k1)/2
0t [Φ1 (t)− Φ2 (t)] = Φ0(t)

áåëãèëàøëàð êèðèòñàê, ó Êîøè òèïèäàãè [9,11] óøáó

ρ (t) +
1

π
tg

(
1− k1

4
π

) T∫
0

ρ (η)

η − t
dη = Φ10 (t) , 0 < t < T (1.14)

ñèíãóëÿð èíòåãðàë òåíãëàìàãà êåëàäè.
(1.14) èíòåãðàë òåíãëàìàíèíã ²íã òîìîíèíè ²ðãàíàéëèê.Êàñð

òàðòèáëè µîñèëà òàúðèôèãà ê²ðà

Φ0 (t) = δt(1−k1)/2 d

dt

t∫
0

(t− η)−(1−k1)/2 [Φ1 (η)− Φ2 (η)] dη =

= δ

Φ1 (0)− Φ2 (0) + t(1−k1)/2

t∫
0

[Φ′
1 (η)− Φ′

2 (η)]

(t− η)(1−k1)/2
dη

 , (1.15)

áó åðäà δ = {2αcos2 [π (1− k1) /4] Γ [(1 + k1) /2]}−1
.

Φ1 (t) ôóíêöèÿíè ©àðàéëèê. Áåâîñèòà µèñîáëàø ê²ðñàòàäèêè,

Φ′
1 (t) = −t−(3+k1)/22−k1Γ−1

(
k1 − 1

2

) +∞∫
0

ϕ1 (ξ) ξk1e−ξ2/4tdξ+
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+t−(5+k1)/22−2−k1Γ−1

(
1 + k1

2

) +∞∫
0

ϕ1 (ξ) ξk1+2e−ξ2/4tdξ.

Φ1 (t) âà Φ′
1 (t) ôóíêöèÿëàð òàðêèáèäàãè èíòåãðàëëàðäà

ξ = 2s
√

t àëìàøòèðèø ©èëàìèç:

Φ1 (t) = 2Γ−1

(
1 + k1

2

) +∞∫
0

ϕ1

(
2
√

ts
)

sk1e−s2

ds,

Φ′
1 (t) = −t−1Γ−1

(
k1 − 1

2

) +∞∫
0

ϕ1

(
2
√

ts
)

sk1e−s2

ds+

+t−1Γ−1

(
1 + k1

2

) +∞∫
0

ϕ1

(
2
√

ts
)

sk1+2e−s2

ds.

ϕ1 (0) = 0 á²ëãàíëèãè ó÷óí ϕ1 (t) ôóíêöèÿíè ϕ1 (t) = tεϕ̃1 (t)
ê²ðèíèøäà ¼çèø ìóìêèí, áó åðäà ε = const > 0, ϕ̃1 (t)
∈ C [0, +∞) âà |ϕ̃1 (t)| < +∞. ϕ1 (t) íèíã áó èôîäàñèíè Φ1 (t)
âà Φ′

1 (t) ôóíêöèÿëàðíèíã îõèðãè èôîäàëàðèãà ©²éèá,Φ1 (t) =
tε/2O (1), ÿúíè Φ1 (0) = 0 âà Φ′

1 (t) = t(ε/2)−1ω1 (t) ýêàíëèãèíè
òîïàìèç, áó åðäà ω1 (t) ∈ C [0, T ].

ϕ2 (0) = 0 øàðòãà àñîñëàíèá, þ©îðèäà ©²ëëàíãàí óñóë áèëàí
ê²ðñàòèø ìóìêèíêè,

|Φ2 (0)| < +∞, Φ′
2 (t) = (T − t)(ε/2)−1ω2 (t) , ω2 (t) ∈ C [0, T ] .

Ýíäè Φ′
1 (t) âà Φ′

2 (t) ôóíêöèÿëàð ó÷óí òîïèëãàí èôîäàëàðíè
(1.15) òåíãëèêêà ©²ÿìèç âà µîñèë á²ëãàí èíòåãðàëëàðäà η = ts
àëìàøòèðèø áàæàðàìèç:

Φ0 (t) = δ [Φ1 (0)− Φ2 (0)] +
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+δt(1−k1)/2

t∫
0

(t− η)(k1−1)/2η(ε/2)−1ω1 (η) dη−

−δt(1−k1)/2

t∫
0

(t− η)(k1−1)/2(T − η)(ε/2)−1ω2 (η) dη =

= δ [Φ1 (0)− Φ2 (0)] + δtε/2

1∫
0

s(ε/2)−1(1− s)(k1−1)/2ω1 (ts) ds−

−tT (ε/2)−1

1∫
0

(1− s)(k1−1/2)

(
1− t

T
s

)(ε/2)−1

ω2 (ts) ds. (1.16)

Áó òåíãëèêäàãè áèðèí÷è âà èêêèí÷è ©²øèëóâ÷èëàð ÷åãàðà-
ëàíãàí âà óçëóêñèç ôóíêöèÿëàðäèð. Îõèðãè èíòåãðàëãà ²ðòà
©èéìàò µà©èäàãè òåîðåìàíè [20] ©²ëëàá, ñ²íãðà Ãàóññ ãèïåðãåî-
ìåòðèê ôóíêöèÿñèíèíã

1∫
0

za−1(1− z)c−a−1(1− xz)−bdz =

=
Γ (a) Γ (c− a)

Γ (c)
F (a, b, c; x) (1.17)

èíòåãðàë ê²ðèíèøèäàí [1,16] ôîéäàëàíèá,

1∫
0

(1− s)(k1−1)/2

(
1− t

T
s

)(ε/2)−1

ω2 (ts) ds =

= ω2 (ts1)

1∫
0

(1− s)(k1−1)/2

(
1− t

T
s

)(ε/2)−1

ds =
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=
2

k1 + 1
ω2 (ts1) F [1, 1− (ε/2), (k1 + 3)/2; t/T ]

òåíãëèêêà ýãà á²ëàìèç, áó åðäà s1 = const ∈ [0, 1].
Áó åðäàí Ãàóññ ôóíêöèÿñèãà

F (a, b, c; x) = (1− x)c−a−bF (c− a, c− b, c; x) (1.18)

àâòîòðàíñôîðìàöèÿ ôîðìóëàñèíè [1,16] ©²ëëàá,

1∫
0

(1− s)(k1−1)/2

(
1− t

T
s

)(ε/2)−1

ω2 (ts)ds = [2/(k1 + 1)]ω2 (ts1)×

×
(

1− t

T

)(k1+ε−1)/2

F [(k1 + 1)/2, (k1 + 1 + ε) /2, (k1 + 3)/2; t/T ] =

= (T − t)(k1+ε−1)/2O (1)

ýêàíëèãèíè òîïàìèç. Áóíè ýúòèáîðãà îëñàê, (1.16) òåíãëèêäàí
Φ0 (t) = (T − t)(k1+ε−1)/2O (1) òåíãëèê êåëèá ÷è©àäè.

(1.14) ñèíãóëÿð èíòåãðàë òåíãëàìà ²íã òîìîíèíèíã õîññàëà-
ðèíè ýúòèáîðãà îëèá, óíèíã å÷èìèíè h (0) ñèíôäàí, ÿúíè t =
0 äà ÷åãàðàëàíãàí âà t = T äà ÷åãàðàëàíìàãàí ôóíêöèÿëàð
ñèíôèäàí ©èäèðàìèç. Áó ñèíôäà òåíãëàìàíèíã èíäåêñè íîëãà
òåíã. Øóíèíã ó÷óí h (0) ñèíôäà óíèíã å÷èìè ìàâæóä âà ÿãîíà
á²ëèá, áó å÷èì

ρ (t) = cos2

(
1− k1

4
π

)
Φ0 (t)−

− 1

2π
sin

(
1− k1

2
π

) T∫
0

[
t (T − η)

(T − t) η

](1−k1)/4
Φ0 (η) dη

η − t
(1.19)

ôîðìóëà áèëàí àíè©ëàíàäè [9,12].
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ρ (t) = t(1−k1)/2 ν (t) òåíãëèêíè ýúòèáîðãà îëñàê, ν (t) ôóíêöèÿ
(1.19) òåíãëèêäàí áèð ©èéìàòëè òîïèëàäè:

ν (t) = t(k1−1)/2

{
cos2

(
1− k1

4
π

)
Φ0 (t) −

− 1

2π
sin

(
1− k1

2
π

) T∫
0

[
t (T − η)

(T − t) η

](1−k1)/4
Φ0 (η) dη

η − t

}
.

Φ0(t) ôóíêöèÿ âà ñèíãóëÿð èíòåãðàëëàð õîññàëàðèãà àñîñàí
îõèðãè òåíãëèê áèëàí àíè©ëàíãàí ν(t)ôóíêöèÿ C (0, T )∩L2 [0, T ]
ñèíôãà ©àðàøëè á²ëàäè. 1.1-ìàñàëà k1 = k2 µîë ó÷óí µàë á²ëäè.
2) k1 > k2 á²ëñèí. Áó µîëäà (1.13) òåíãëàìàãà D

(1−k1)/2
0t êàñð

òàðòèáëè äèôôåðåíöèàë îïåðàòîðíè òàòáè© ©èëèá âà
Dγ

0tD
−γ
0t f (t) = f (t) ,∀γ ∈ (0, 1) òåíãëèêíè ýúòèáîðãà îëèá,

ν (t) + (β/α) D
(1−k1)/2
0t D

(k2−1)/2
tT ν (t) = Φ3 (t) , t ∈ (0, T ) (1.20)

òåíãëàìàãà ýãà á²ëàìèç, áó åðäà

Φ3 (t) = α−1D
(1−k1)/2
0t [Φ1 (t)− Φ2 (t)] .

(1.20) òåíãëàìàíèíã ÷àï òîìîíèäàãè èêêèí÷è µàäíè ñîääà-
ëàøòèðàìèç. D

(1−k1)/2
0t âà D

(k2−1)/2
tT îïåðàòîðëàðíèíã ¼éèëìàñèãà

àñîñàí
J = D

(1−k1)
0t D

(k2−1)/2
tT =

= c1
d

dt

t∫
o

(t− s)
k1−1

2 ds

T∫
s

(η − s)−
1+k2

2 ν (η) dη,

áó åðäà c1 = Γ−1 [(1− k2)/2] Γ−1 [(1 + k1)/2].
Òàêðîðèé èíòåãðàëäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðàìèç:

J = c1
d

dt


t∫

0

ν (η) dη

η∫
0

(t− s)(k1−1)/2(η − s)−(k2+1)/2ds+
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+

T∫
t

ν (η) dη

t∫
0

(t− s)(k1−1)/2(η − s)−(k2+1)/2ds

 .

Áèðèí÷è è÷êè èíòåãðàëäà s = ηz, èêêèí÷è è÷êè èíòåãðàëäà
ýñà s = ηt àëìàøòèðèø ©èëàìèç:

J = c1
d

dt


t∫

0

ν (η)
[
t(k1−1)/2η(1−k2)/2×

×
1∫

0

(1− z)−(1+k2)/2
(
1− η

t
z
)(k1−1)/2

dz

 dη+

+

T∫
t

ν (η)
[
t(k1+1)/2η−(1+k2)/2×

×
1∫

0

(1− z)(k1−1)/2

(
1− t

η
z

)−(1+k2)/2

dz

 dη

 .

Áó åðäàãè è÷êè èíòåãðàëëàðãà Ãàóññíèíã ãèïåðãåîìåòðèê
ôóíêöèÿñè ó÷óí ²ðèíëè á²ëãàí (1.17) ôîðìóëàíè ©²ëëàéìèç:

J = c1
d

dt

 2

1− k2

t∫
0

ν (η) η(1−k2)/2t(k1−1)/2×

×F [(1− k1) /2, 1, (3− k2) /2; η/t] dη+

+
2

k1 + 1

T∫
t

ν (η) η−(k2+1)/2t(k1+1)/2×

×F [(1 + k2) /2, 1, (k1 + 3) /2; t/η] dη} . (1.21)
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(1.21) òåíãëèêäà äèôôåðåíöèàëëàø àìàëèíè

d

dx
[xaF (a, b, c; x)] = axa−1F (a + 1, b, c; x) ,

d

dx

[
xc−1F (a, b, c; x)

]
= (c− 1) xc−2F (a, b, c− 1; x)

ôîðìóëàëàð [1,16] ¼ðäàìèäà àìàëãà îøèðèá, ñ²íãðà èíòåãðàë
òàø©àðèñèäàãè èôîäàëàðãà

F (a, b, c; 1) =
Γ (c) Γ (c− a− b)

Γ (c− a) Γ (c− b)
, c− a− b > 0

ôîðìóëàíè [1,16] ©²ëëàá,

J = −c1

t∫
0

ν (η) η(1−k2)/2t(k1−3)/2F

(
3− k1

2
, 1,

3− k2

2
;
η

t

)
dη+

+c1

T∫
t

ν (η) η−(1+k2)/2t(k1−1)/2F

(
1 + k2

2
, 1,

1 + k1

2
;
t

η

)
dη

òåíãëèêêà ýãà á²ëàìèç. Áó åðäàãè Ãàóññ ôóíêöèÿëàðèãà (1.18)
àâòîòðàíñôîðìàöèÿ ôîðìóëàñèíè ©²ëëàá, J íèíã ©óéèäàãè ê²-
ðèíèøèíè òîïàìèç:

J =

t∫
0

ν (η) K1 (t, η) dη +

T∫
t

ν (η) K2 (t, η) dη,

áó åðäà

K1 (t, η) = c1

(η

t

)(1−k2)/2

(t− η)−1+(k1−k2)/2×

×F

(
k1 − k2

2
,
1− k2

2
,
3− k2

2
;
η

t

)
,
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K2 (t, η) = c1

(η

t

)(1−k1)/2

(η − t)−1+(k1−k2)/2×

×F

(
k1 − k2

2
,
k1 − 1

2
,
1 + k1

2
;
t

η

)
.

J íèíã áó èôîäàñèíè (1.20) òåíãëèêêà ©²éñàê, ν (t) íîìàúëóì
ôóíêöèÿãà íèñáàòàí ©óéèäàãè ê²ðèíèøäàãè èíòåãðàë òåíãëà-
ìàãà êåëàìèç:

ν (t) +

T∫
0

K (t, η) ν (η) dη = Φ3 (t) 0 < t < T ,

áó åðäà

K (t, η) =

{
− (β/α) K1 (t, η) , t > η;

− (β/α) K2 (t, η) , t < η.

Áó òåíãëàìàäà ρ (t) = t(1−k1)/2ν (t), Φ4 (t) = t(1−k1)/2Φ3 (t) áåë-
ãèëàøëàð êèðèòñàê, ρ(t) ôóíêöèÿãà íèñáàòàí óøáó èêêèí÷è òóð
Ôðåäãîëüì èíòåãðàë òåíãëàìàñèãà ýãà á²ëàìèç:

ρ (t) +

T∫
0

K0 (t, η) ρ (η) dη = Φ4 (t) , 0 < t < T, (1.22)

áó åðäà

K0 (t, η) =

{
K3 (t, η) , t > η;

K4 (t, η) , t < η,

K3 (t, η) = − (β/α) Γ−1 [(1 + k1)/2] Γ−1 [(1− k2)/2] (η/t)(k1−k2)/2×

×(t− η)−1+(k1−k2)/2F

(
k1 − k2

2
,
1− k2

2
,
3− k2

2
;
η

t

)
,

K4 (t, η) = (β/α) Γ−1 [(1 + k1)/2] Γ−1 [(1− k2)/2]×

×(η − t)−1+(k1−k2)/2F

(
k1 − k2

2
,
k1 − 1

2
,
k1 + 1

2
;
t

η

)
.
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k1 > k2 ýêàíëèãèíè ýúòèáîðãà îëèá âà F (a, b, c; x) ôóíêöèÿ-
íèíã õîññàëðèäàí ôîéäàëàíèá, èøîí÷ µîñèë ©èëèø ©èéèí ýìàñ-
êè,K0 (t, η) = |t− η|−1+(k1−k2)/2O (1) , ©îëàâåðñà, ϕ1 (0) = ϕ2 (0) =
0 òåíãëèêëàðäàí ôîéäàëàíèá, þ©îðèäàãèäåê èñáîòëàø ìóìêèí-
êè, Φ4 (t) ∈ C [0, T ) , Φ4 (t) = (T − t)(ε+k1−1)/2O (1) .

(1.22) èíòåãðàë òåíãëàìà (1.11) [(1.13)] èíòåãðàë òåíãëàìàäàí
êåëòèðèá ÷è©àðèëãàíëèãè âà óíãà ìîñ (1.12) áèð æèíñëè òåíãëà-
ìà ôà©àò òðèâèàë å÷èìãà ýãà ýêàíëèãè ó÷óí, (1.22) èíòåãðàë
òåíãëàìàãà ìîñ áèð æèíñëè èíòåãðàë òåíãëàìà µàì ôà©àò òðèâè-
àë å÷èìãà ýãà á²ëàäè. Ó µîëäà Ôðåäãîëüì àëüòåðíàòèâàñèãà [12]
ê²ðà (1.22) áèð æèíñëèìàñ èíòåãðàë òåíãëàìàíèíã å÷èìè ìàâ-
æóä âà ÿãîíà á²ëàäè.

ρ(t) ôóíêöèÿ (1.22) òåíãëàìàäàí òîïèëãàíäàí ñ²íã, ν(t) ôóíê-
öèÿ ρ(t) = t(1−k1)/2ν(t) òåíãëèêäàí áèð ©èéìàòëè òîïèëàäè âà áó
ôóíêöèÿ C(0, T ) ∩ L2[0, T ] ñèíôãà òåãèøëè á²ëàäè.

Øó áèëàí 1.1- ìàñàëà ò²ëà µàë á²ëäè.

1.2-�. Èêêèí÷è òóð òåíãëàìà ó÷óí ÿðèì ïîëîñàäà
íîëîêàë ìàñàëà

Q = {(x, t) : −l ≤ x, 0 < t < T} ÿðèì ïîëîñàäà ©óéèäàãè

0 = L̃u ≡

 L
(k)
1 u ≡ uxx +

k

x
ux − ut, (x, t) ∈ Q1 = Q ∩ (x > 0) ,

L2u ≡ utt + ux, (x, t) ∈ Q2 = Q ∩ (x < 0)

òåíãëàìàíè ©àðàéëèê, áó åðäà T , l, k ∈ R á²ëèá, T > 0, l > 0,
k ∈ (−1, 1).

L
(k)
1 u = 0 âà L2u = 0 òåíãëàìàëàð ìîñ ðàâèøäà Q1 âà Q2

ñîµàëàðäà ïàðàáîëèê òèïãà òåãèøëè á²ëèá, óëàðíèíã âà©ò é²-
íàëèøëàðè ïåðïåíäèêóëÿðäèð. Øóíèíã ó÷óí L̃u = 0 òåíãëàìà
Q ñîµàäà èêêèí÷è òóð àðàëàø ïàðàáîëèê òåíãëàìàäèð. L̃u = 0
òåíãëàìà ó÷óí Q ñîµàäà óøáó ìàñàëàíè ²ðãàíàìèç.
1.2-ìàñàëà.Q ñîµàíèíã ¼ïè¡èäà àíè©ëàíãàí âà óçëóêñèç øóí-

äàé u (x, t) ôóíêöèÿ òîïèëñèíêè, ó Q1 âà Q2 ñîµàëàðäà ìîñ ðà-
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âèøäà L
(k)
1 u = 0 âà L2u = 0 òåíãëàìàëàðíèíã ðåãóëÿð å÷èìè

á²ëèá, óøáó óëàø øàðòèíè

lim
x→−0

ux (x, t) = lim
x→+0

xkux (x, t) , 0 < t < T (1.23)

µàìäà (1.2) âà ©óéèäàãè ÷åãàðàâèé øàðòëàðíè ©àíîàòëàíòèð-
ñèí:

u (x, T ) = u (x, h) + ϕ2 (x) , −l ≤ x ≤ 0; (1.24)

ut (x, 0) = ϕ3 (x) , −l ≤ x ≤ 0; (1.25)

lim
x→+∞

u (x, t) = 0, 0 ≤ t ≤ T, (1.26)

áó åðäà ϕj (x), j = 1, 3�²çèíèíã àíè©ëàíèø ñîµàñèäà óçëóêñèç
á²ëãàí áåðèëãàí ôóíêöèÿëàð á²ëèá, ϕ1 (0) = 0, lim

x→+∞
ϕ1 (x) = 0;

h�áåðèëãàí µà©è©èé ñîí á²ëèá, h ∈ [0, T ).
Àãàð h = 0 á²ëñà, (1.24)- äàâðèéëèê øàðòè, h ∈ (0, T ) á²ëãàí-

äà ýñà Áèöàäçå-Ñàìàðñêèé øàðòè á²ëàäè.
Ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè âà ÿãîíàëèãèíè ²ðãàíàìèç.

Ôàðàç ©èëàéëèê, u (x, t)-©²éèëãàí ìàñàëàíèíã å÷èìè á²ëñèí. Ìà-
ñàëà øàðòëàðèãà àñîñëàíèá, (1.5) âà

lim
x→+0

xkux (x, t) = ν (t) , 0 < t < T (1.27)

áåëãèëàøëàðíè ©àáóë ©èëàéëèê.
Ìàúëóìêè, L(k)

1 u = 0 òåíãëàìàíèíãQ1 ñîµàíèíã ¼ïè¡èäà àíè©-
ëàíãàí âà óçëóêñèç µàìäà (1.2), (1.26) âà (1.27) øàðòëàðíè ©à-
íîàòëàíòèðóâ÷è å÷èìè ©óéèäàãè ê²ðèíèøäà àíè©ëàíàäè [10]:

u (x, t) =

+∞∫
0

ξk(xξ)(1−k)/2

2t
I(k−1)/2

(
xξ

2t

)
e−(x2+ξ2)/4tϕ1 (ξ) dξ−

−2−kΓ−1

(
1 + k

2

) t∫
0

ν (η) (t− η)−(1+k)/2e−x2/4(t−η)dη. (1.28)



20

(1.28) ôîðìóëàäà x → +0 äà ëèìèòãà ²òèá âà (1.5) áåëãèëàøíè
ýúòèáîðãà îëèá, íîìàúëóì τ (t) âà ν (t) ôóíêöèÿëàð îðàñèäàãè
©óéèäàãè ôóíêöèîíàë ìóíîñàáàòãà ýãà á²ëàìèç:

τ (t) = Φ5 (t)− 2−kΓ−1

(
1 + k

2

) t∫
0

ν (η) (t− η)−(1+k)/2dη, (∗)

áó åðäà

Φ5 (t) = 2−kΓ−1

(
1 + k

2

)
t−(1+k)/2

+∞∫
0

ξke−ξ2/(4t)ϕ1 (ξ) dξ.

Àãàð τ (t)ôóíêöèÿíè âà©òèí÷à ìàúëóì ôóíêöèÿ äåá µèñîáëà-
ñàê, îõèðãè òåíãëèê -ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí Àáåë
èíòåãðàë òåíãëàìàñè á²ëàäè. τ (0) = ϕ1 (0) = 0 òåíãëèêäàí ôîé-
äàëàíèá, õóääè Φ1 (t) ôóíêöèÿ êàáè ê²ðñàòèø ìóìêèíêè,
Φ5 (0) = 0. Äåìàê, (∗)� Àáåë èíòåãðàë òåíãëàìàñè ó÷óí å÷èëèø
øàðòè áàæàðèëàäè. Ó µîëäà, áóíäàé òåíãëàìàíèíã å÷èì ôîðìó-
ëàñèäàí [12] ôîéäàëàíñàê, ν (t) ôóíêöèÿ ©óéèäàãè ê²ðèíèøäà
áèð ©èéìàòëè òîïèëàäè:

ν (t) = 2kΓ−1

(
1− k

2

)
d

dt

t∫
0

(t− η)
k−1
2 [Φ5 (η)− τ (η)] dη. (1.29)

Ýíäè ìàñàëà øàðòëàðèíè âà (1.5), (1.27) áåëãèëàøëàðíè
ýúòèáîðãà îëèá, L2u = 0 òåíãëàìà âà (1.2), (1.24) øàðòëàðäà
x íè íîëãà èíòèëòèðàìèç:

τ ′′ (t) + lim
x→−0

ux (x, t) = 0, 0 < t < T ; (1.30)

τ (0) = 0, τ (T ) = τ (h) + ϕ2 (0) . (1.31)
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(1.23) óëàø øàðòèíè, (1.27) áåëãèëàøíè âà (1.29) òåíãëèêíè
ýúòèáîðãà îëñàê, (1.30) òåíãëèêäàí

τ ′′ (t)− 2kΓ−1

(
1− k

2

)
d

dt

t∫
0

(t− η)(k−1)/2τ (η) dη =

= Φ6 (t) , 0 < t < T (1.32)

òåíãëàìàãà ýãà á²ëàìèç, áó åðäà

Φ6 (t) = −2kΓ−1

(
1− k

2

)
d

dt

t∫
0

(t− η)(k−1)/2Φ5 (η) dη.

Àãàð (1.32) òåíãëàìàíèíã (1.31) øàðòëàðíè ©àíîàòëàíòèðóâ÷è
τ (t) å÷èìèíè òîïñàê, ν (t)ôóíêöèÿ (1.29) ôîðìóëà áèëàí òîïèëà-
äè. Óíäà ©²éèëãàí ìàñàëàíèíã å÷èìè Q1 ñîµàäà (1.28) ôîðìóëà
áèëàí àíè©ëàíàäè. Øóíèíã ó÷óí {(1.31),(1.32)} ìàñàëàíè å÷èø
áèëàí øó¡óëëàíàìèç.

Øó ìà©ñàääà (1.32) ôîðìóëàäà t íè z áèëàí àëìàøòèðèá,
z á²éè÷à [0, t] îðàëè©äà êåòìà-êåò èêêè ìàðòà èíòåãðàëëàéìèç.
Íàòèæàäà, τ ′ (0) = C áåëãèëàø êèðèòèá âà τ (0) = 0 ýêàíëèãèíè
ýúòèáîðãà îëèá, τ(t) íîìàúëóì ôóíêöèÿãà íèñáàòàí óøáó

τ (t)− 2k+1

k + 1
Γ−1

(
1− k

2

) t∫
0

τ (η) (t− η)(1+k)/2dη =

= Ct +

t∫
0

Φ6 (η) (t− η) dη, 0 ≤ t ≤ T (1.33)

èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç.
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(1.33)- èêêèí÷è òóð Âîëüòåððà èíòåãðàë òåíãëàìàñè á²ëèá,
óíèíã ÿãîíà å÷èìè óøáó ôîðìóëà áèëàí àíè©ëàíàäè [14]:

τ (t) =
d

dt

t∫
0

E(k+3)/2,1

[
λ(t− η)

k+3
2

]
[Cη + Φ7 (η)] dη, (1.34)

áó åðäà Eα,β (z)-Ìèòòàã-Ëåôôëåð ôóíêöèÿñè [14];

λ = 2kΓ

(
1 + k

2

)
Γ−1

(
1− k

2

)
, Φ7 (t) =

t∫
0

Φ6 (η) (t− η) dη.

(1.34) ôîðìóëàäà äèôôåðåíöèàëëàø àìàëèíè áàæàðèá, ñ²íãðà

d

dt
E(k+3)/2,1

[
λ(t− η)(k+3)/2

]
= − d

dη
E(k+3)/2,1

[
λ(t− η)(k+3)/2

]
ôîðìóëàäàí ôîéäàëàíèá âà á²ëàêëàá èíòåãðàëëàø ©îèäàñèíè
©²ëëàá µàìäà

Φ7 (0) = 0, E(k+3)/2,1 (0) = 1,

t∫
0

E(k+3)/2,1

[
λ(t− η)(k+3)/2

]
dη = tE(k+3)/2,2

[
λt(k+3)/2

]
òåíãëèêëàðíè ýúòèáîðãà îëèá, τ (t) íè ©óéèäàãè÷à òîïàìèç:

τ (t) = CtE(k+3)/2,2

[
λt(k+3)/2

]
+

+

t∫
0

E(k+3)/2,1

[
λ(t− η)(k+3)/2

]
Φ′

7 (η) dη, 0 ≤ t ≤ T. (1.35)

Áó ôóíêöèÿíè òåêøèðàìèç. Φ6 (t) âà Φ7 (t) ôóíêöèÿëàð ê²ðè-
íèøèäàí ôîéäàëàíèá, ê²ðñàòèø ìóìêèíêè,

Φ′
7 (t) = −2−kΓ−1

(
1− k

2

) t∫
0

(t− η)(1−k)/2Φ5 (η) dη.
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Φ5 (t) ôóíêöèÿ Φ1 (t) ôóíêöèÿãà ²õøàø á²ëãàíè ó÷óí, Φ5 (t) =
tε/2O (1), áó åðäà ε > 0. Áóíè ýúòèáîðãà îëñàê, Φ′

7 (t) ôóíê-
öèÿíèíã îõèðãè ê²ðèíèøèäàí Φ′

7 (t) = t(ε+k+1)/2O (1) ýêàíëèãè
êåëèá ÷è©àäè. Ó µîëäà, (1.35) òåíãëèêäàí îñîíãèíà êåëèá ÷è©à-
äèêè, τ (t) ∈ C1 [0, T ] ∩ C2 (0, T ) á²ëàäè.

(1.35) ôîðìóëà ¼ðäàìèäà τ (T ) âà τ (l) ëàðíè µèñîáëàá, ñ²íãðà
óëàðíè (1.31) øàðòãà ©²éèá, C íîìàúëóìíè áèð ©èéìàòëè àíè©-
ëàéìèç:

C = ϕ2 (0) M + M

l∫
0

E(k+3)/2,1

[
λ(l − η)(k+3)/2

]
Φ′

7 (η) dη−

− M

T∫
0

E(k+3)/2,1

[
λ(T − η)(k+3)/2

]
Φ′

7 (η) dη,

áó åðäà

M =
{
TE(k+3)/2,2

[
λT (k+3)/2

]
− lE(k+3)/2,2

[
λl(k+3)/2

]}−1 6= 0.

C íîìàúëóìíèíã òîïèëãàí áó ©èéìàòèíè (1.35) òåíãëèêêà
©²éñàê, {(1.31),(1.32)} ìàñàëàíèíã å÷èìèíè áèð ©èéìàòëè òîïà-
ìèç. Øóíäàí ñ²íã ©²éèëãàí ìàñàëàíèíã å÷èìè Q1 ñîµàäà (1.28)
ôîðìóëà áèëàí àíè©ëàíàäè.

Ýíäè ©²éèëãàí ìàñàëà å÷èìèíèíãQ2 ñîµàäà ìàâæóäëèãèíè âà
ÿãîíàëèãèíè èñáîòëàéìèç. �óéèäàãè÷à áåëãèëàø êèðèòàéëèê:

u (x, T ) = ϕ (x) , −l ≤ x ≤ 0. (1.36)

Ó µîëäà, ©²éèëãàí 1.2-ìàñàëàíèíã u (x, t) å÷èìèíè Q2 ñîµàäà
L2u = 0 òåíãëàìà ó÷óí (1.25), (1.36) âà u (0, t) = τ (t), t ∈ [0, T ]
øàðòëàð áèëàí ©²éèëãàí àðàëàø ÷åãàðàâèé ìàñàëàíèíã å÷èìè
ñèôàòèäà

u (x, t) =

T∫
0

τ (η) G3 (x, t; 0, η) dη−
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−
0∫

x

ϕ3 (ξ) G3 (x, t; ξ, 0) dξ −
0∫

x

ϕ (ξ) G3 (x, t; ξ, T ) dξ (1.37)

ê²ðèíèøäà ¼çèøèìèç ìóìêèí [4], áó åðäà

G3 (x, t; ξ, η) =
[
2
√

π (ξ − x)
]−1

×

×
+∞∑

n=−∞

{
exp

[
−(t− η − 4nT )2

4 (ξ − x)

]
+ exp

[
−(t + η − 4nT )2

4 (ξ − x)

]
−

− exp

[
−(t− η − 2T − 4nT )2

4 (ξ − x)

]
− exp

[
−(t + η − 2T − 4nT )2

4 (ξ − x)

]}
.

(1.37) ôîðìóëàäà t = h äåá u (x, h) íè òîïàìèç:

u (x, h) =

T∫
0

τ (η) G3 (x, h; 0, η) dη−

−
0∫

x

ϕ3 (ξ) G3 (x, h; ξ, 0) dξ −
0∫

x

ϕ (ξ) G3η (x, h; ξ, T ) dξ.

Áóíè (1.25) øàðòãà ©²éèá âà (1.36) áåëãèëàøíè µèñîáãà îëèá,

ϕ (x) +

0∫
x

ϕ (ξ) G3η (x, h; ξ, T ) dξ = Φ8 (x) , −l ≤ x ≤ 0 (1.38)

òåíãëêêà ýãà á²ëàìèç, áó åðäà

Φ8 (x) =

T∫
0

τ (η) G3 (x, h; 0, η) dη−
0∫

x

ϕ3 (ξ) G3 (x, h; ξ, 0) dξ+ϕ3 (x) .
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(1.38)- ϕ (x) ôóíêöèÿãà íèñáàòàí èêêèí÷è òóð Âîëüòåððà èí-
òåãðàë òåíãëàìàñè á²ëèá, óíèíã ÿäðîñè G3η (x, h; ξ, T )
{(x, t) : −l ≤ x ≤ 0, 0 ≤ t ≤ T, x 6= ξ} ñîµàäà óçëóêñèç âà
lim
ξ→x

G3η (x, ; ξ, T ) = 0, ²íã òîìîíè Φ8 (x) ýñà [−l, 0] äà óçëóêñèç.

Øóíèíã ó÷óí (1.38) èíòåãðàë òåíãëàìàíèíã å÷èìè C [−l, 0] ñèíô-
äà ìàâæóä âà ÿãîíà [12].

ϕ (x) ôóíêöèÿ (1.38) èíòåãðàë òåíãëàìàäàí òîïèëãàíäàí ñ²íã
1.2-ìàñàëàíèíã å÷èìè Q2 ñîµàäà (1.37) ôîðìóëà áèëàí àíè©ëà-
íàäè.

1.2-ìàñàëà ò²ëà µàë á²ëäè.

1.3-�. Èêêèí÷è òóð òåíãëàìà ó÷óí ÿðèì ïîëîñàäà
óìóìèé óëàø øàðòèëè Òðèêîìè ìàñàëàñè

ßíà 1.1-� äà áà¼í ©èëèíãàí Q ÿðèì ïîëîñàäà L̃u = 0 òåíãëà-
ìàíè ©àðàéìèç âà ©óéèäàãè ìàñàëàíè ²ðãàíàìèç:
1.3-ìàñàëà.Q ñîµàíèíã ¼ïè¡èäà àíè©ëàíãàí âà óçëóêñèç øóí-

äàé u (x, t) ôóíêöèÿ òîïèëñèíêè, ó Q1 âà Q2 ñîµàëàðäà ìîñ ðà-

âèøäà L
(k)
1 u = 0 âà L2u = 0 òåíãëàìàëàðíèíã ðåãóëÿð å÷èìè

á²ëèá, (1.2),(1.26) âà

u (x, 0) = ϕ2 (x) , u (x, T ) = ϕ3 (x) , −l ≤ x ≤ 0, (1.39)

lim
x→−0

ux(x, t) = a1 (t) lim
x→+0

ux(x, t) + a2 (t) Dα
0t [b2 (t) u (0, t)] +

+a3 (t) D
β

tT [b3 (t) u (0, t)] + b1 (t) , 0 < t < T (1.40)

øàðòëàðíè ©àíîàòëàíèðñèí, áó åðäà aj (t) , bj (t) , ϕj(x) (j =
1, 3)�áåðèëãàí ôóíêöèÿëàð á²ëèá, aj (t), bj (t) ∈ C [0, T ],
j = 1, 3, ϕ2 (x) , ϕ3 (x) ∈ C[−l, 0] âà a1 (t) 6= 0, t ∈ [0, T ];
ϕ1(0) = ϕ2(0) = 0 âà ϕ1 (x) ôóíêöèÿ [0, +∞) îðàëè©äà óçëóêñèç
âà ÷åãàðàëàíãàí, lim

x→+∞
ϕ1 (x) = 0; α âà β ëàð ýñà (0, 1) îðàëè©©à

©àðàøëè áåðèëãàí µà©è©èé ñîíëàð; Dα
0t âà Dβ

tT - êàñð òàðòèáëè
äèôôåðåíöèàë îïåðàòîðëàð [15, 16].
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a1 (t) ≡ 1, a2 (t) ≡ a3 (t) ≡ 0, t ∈ [0, T ] á²ëãàíäà,(1.40) óëàø
øàðòèäàí (1.23) óëàø øàðòè êåëèá ÷è©àäè.

�²éèëãàí ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè âà ÿãîíàëèãèíè
èñáîòëàéìèç. Ôàðàç ©èëàéëèê, u(x, t)- 1.3-ìàñàëàíèíã å÷èìè á²ë-
ñèí. Ìàñàëà øàðòëàðèãà àñîñëàíèá, (1.5) âà (1.27) áåëãèëàøëàðíè
êèðèòàéëèê.

Ìàñàëàíèíã å÷èìèíè Q1 ñîµàäà (1.28) ê²ðèíèøäà ©èäèðàìèç.
Áó ôîðìóëàäàí ôîéäàëàíèá âà (1.5) áåëãèëàøíè ýúòèáîðãà îëèá,
τ(t) âà ν(t) ôóíêöèÿëàð îðàñèäàãè Q1 ñîµàäàí îëèíãàí (1.29)
ìóíîñàáàòãà ýãà á²ëàìèç.

Ýíäè ìàñàëà øàðòëàðèíè âà (1.5) áåëãèëàøíè µèñîáãà îëèá,
L2u = 0 òåíãëàìà âà (1.39) øàðòëàðäà x íè íîëãà èíòèëòèðàìèç.
Íàòèæàäà

τ ′′(t) + lim
x→−0

ux (x, t) = 0, 0 < t < T ;

τ (0) = 0, τ (T ) = ϕ3 (0)

}
(1.41)

ìóíîñàáàòëàðãà ýãà á²ëàìèç.
(1.40) óëàø øàðòèíè âà (1.5) , (1.27) áåëãèëàøëàðíè âà (1.29)

òåíãëèêíè ýúòèáîðãà îëñàê, (1.41) òåíãëèêëàðäàí τ (t) íîìàúëóì
ôóíêöèÿãà íèñáàòàí

τ ′′ (t)− γa1 (t) D
(1−k)/2
0t τ (t) + a2 (t) Dα

0t [b2 (t) τ (t)] +

+a3 (t) Dβ
tT [b3 (t) τ (t)] =

= −b1 (t)− γa1 (t) D
(1−k)/2
0t Φ5 (t) , 0 < t < T (1.42)

ê²ðèíèøäàãè èíòåãðî-äèôôåðåíöèàë òåíãëàìà âà ©óéèäàãè

τ(0) = 0, τ(T ) = ϕ3(0) (1.43)

÷åãàðàâèé øàðòëàð êåëèá ÷è©àäè, áó åðäà

γ = 2kΓ [(1 + k)/2] Γ−1 [(1− k)/2] .

Àãàð (1.42) âà (1.43) ìóíîñàáàòëàðäàí ôîéäàëàíèá, τ(t)ôóíê-
öèÿíè áèð ©èéìàòëè òîïñàê, ν (t) ôóíêöèÿ (1.29) òåíãëèêäàí
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òîïèëàäè. Ñ²íãðà 1.3- ìàñàëàíèíã å÷èìè Q1 ñîµàäà (1.28) ôîð-
ìóëà îð©àëè àíè©ëàíàäè, Q2 ñîµàäà ýñà L2u = 0 òåíãëàìà ó÷óí
áèðèí÷è ÷åãàðàâèé ìàñàëàíèíã å÷èìè ñèôàòèäà

u (x, t) =

T∫
0

τ (η) G1 (x, t; 0, η) dη+

+

0∫
x

ϕ2 (ξ) G1η (x, t; ξ, 0) dξ −
0∫

x

ϕ3 (ξ) G1η (x, t; ξ, T ) dξ

ôîðìóëà áèëàí àíè©ëàíàäè [3,4], áó åðäà

G1 (x, t; ξ, η) =
1

2
√

π (ξ − x)
×

×
∞∑

n=−∞

{
exp

[
−(t− η − 2nT )2

4 (ξ − x)

]
− exp

[
−(t + η − 2nT )2

4 (ξ − x)

]}
.

Øóíèíã ó÷óí áóíäàí áó¼í {(1.42), (1.43)} ìàñàëàíè òàä©è©
©èëèø áèëàí øó¡óëëàíèá, áó ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè
âà ÿãîíàëèãèíè èñáîòëàéìèç.

Àââàë áèð æèíñëè ìàñàëàíè ©àðàéìèç:

τ ′′ (t)− γa1 (t) D
(1−k)/2
0t τ (t) + a2 (t) Dα

0t [b2 (t) τ (t)] +

+a3 (t) Dβ
tT [b3 (t) τ (t)] = 0, 0 < t < T ;

τ (0) = 0, τ (T ) = 0.

 (1.44)

Ëåììà. Àãàð (0, T ) îðàëè©äà a1 (t) > 0, a2 (t) ≤ 0, a3 (t) ≤
0 âà b2 (t) > 0, b3 (t) > 0 òåíãñèçëèêëàð áàæàðèëèá, b2 (t) -
êàìàéìàéäèãàí ôóíêöèÿ, b3 (t) ýñà ²ñìàéäèãàí ôóíêöèÿ á²ëñà,
(1.44) ìàñàëà ôà©àò òðèâèàë å÷èìãà ýãà á²ëàäè.
Èñáîò. Ôàðàç ©èëàéëèê, (1.44) ìàñàëà τ(t) 6≡ 0 , 0 ≤ t ≤

T å÷èìãà ýãà á²ëñèí. Ó µîëäà sup
[0,T ]

|τ(t)| = |τ(ξ)| 6= 0 á²ëàäè,



28

áó åðäà ξ � [0, T ] îðàëè©äàãè ©àíäàéäèð ñîí. τ (0) = τ (T ) =
0 øàðòëàðãà àñîñàí ξ 6= 0, ξ 6= T . Äåìàê, ξ ∈ (0, T ). Óíäà
τ(t) ôóíêöèÿ t = ξ íó©òàäà ìóñáàò ìàêñèìóìãà ¼êè ìàíôèé
ìèíèìóìãà ýðèøàäè. Áóíè âà ëåììà øàðòëàðèíè µàìäà áóòóí
òàðòèáëè µîñèëàëàðíèíã õîññàëàðèíè [25] âà êàñð òàðòèáëè äèô-
ôåðåíöèàë îïåðàòîðëàð ó÷óí ýêñòðåìóì ïðèíöèïèíè [15,16] ýúòè-
áîðãà îëñàê, τ(ξ)-ìóñáàò ìàêñèìóì (ìàíôèé ìèíèìóì) á²ëãàíäà
©óéèäàãè òåíãñèçëèêëàð ²ðèíëè á²ëàäè:

τ ′′ (ξ) ≤ 0 (> 0) , γa1 (ξ) D
(1−k)/2
0t τ (t)

∣∣∣
t=ξ

> 0 (< 0) ,

a2 (t) Dα
0t [b2 (t) τ (t)]|t=ξ ≤ 0 (> 0) ,

a3 (t) Dβ
tT [b3 (t) τ (t)]

∣∣∣
t=ξ

≤ 0 (> 0) .

Áóëàðãà ê²ðà

τ ′′ (ξ)−
{

γa1 (t) D
(1−k)/2
0t τ (t)−

−a2 (t) Dα
0t [b2 (t) τ (t)]− a3 (t) Dβ

tT [b3 (t) τ (t)]
}∣∣∣

t=ξ
< 0 (> 0)

á²ëàäè. Áó òåíãñèçëèê (1.44) ìóíîñàáàòëàðíèíã áèðèí÷èñèãà çèä-
äèð. Áèç äó÷ êåëãàí áó ©àðàìà-©àðøèëèê τ(t) 6≡ 0, 0 ≤ t ≤ T
äåá ©èëãàí ôàðàçèìèç íîò²¡ðè ýêàíëèãèíè ê²ðñàòàäè. Äåìàê,
(1.44) ìàñàëà ôà©àò òðèâèàë å÷èìãà ýãà. Ëåììà èñáîò á²ëäè.
1-òåîðåìà. Àãàð ëåììà øàðòëàðè áàæàðèëãàí á²ëñà, {(1.42),

(1.43)} ìàñàëà áèòòàäàí îðòè© å÷èìãà ýãà á²ëìàéäè.
Èñáîò. Ôàðàç ©èëàéëèê, {(1.42), (1.43)} ìàñàëà τ1 (t) âà τ2 (t)

å÷èìëàðãà ýãà á²ëñèí. Ó µîëäà τ1 (t) − τ2 (t) = τ (t) ôóíêöèÿ
(1.44) ìàñàëàíèíã å÷èìè á²ëàäè. Ëåììàäà èñáîòëàíäèêè, áó ìàñà-
ëà ôà©àò τ (t) ≡ 0, 0 ≤ t ≤ T å÷èìãà ýãà. Áóíäàí τ1 (t) = τ2 (t),
0 ≤ t ≤ T ýêàíëèãè êåëèá ÷è©àäè. 1-òåîðåìà èñáîòëàíäè.

Ýíäè {(1.42), (1.43)} ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè ê²ð-
ñàòèøãà ²òàìèç. �óéèäàãè òåîðåìà ²ðèíëè:



29

2-òåîðåìà.Ëåììà øàðòëàðè âà aj (t) ∈ C1 [0, T ]∩ C2 (0, T ),
j = 1, 3 øàðòëàð áàæàðèëãàí á²ëñà, {(1.42), (1.43)} ìàñàëà ÿãîíà
å÷èìãà ýãà á²ëàäè.
Èñáîò. Ëåììà øàðòëàðè áàæàðèëãàíëèãè ó÷óí, àãàð ìàñàëà-

íèíã å÷èìè ìàâæóä á²ëñà, ó ÿãîíà. Ìàñàëà å÷èìèíèíã ìàâæóä-
ëèãèíè èñáîòëàø ìà©ñàäèäà,(1.42) òåíãëàìàíè

τ ′′ (t) = γa1 (t) D
(1−k)/2
0t τ (t)− a2 (t) Dα

0t [b2 (t) τ (t)]−

−a3 (t) Dβ
tT [b3 (t) τ (t)]− b1 (t)− γa1 (t) D

(1−k)/2
0t Φ5 (t) , 0 < t < T

ê²ðèíèøäà ¼çèá, óíèíã ²íã òîìîíèíè âà©òèí÷à ìàúëóì ôóíêöèÿ
äåá µèñîáëàéìèç. Ó µîëäà áó òåíãëàìàíèíã (1.43) øàðòëàðíè
©àíîàòëàíòèðóâ÷è å÷èìè ó÷óí ©óéèäàãè òåíãëèê

τ (t) =

T∫
0

H (t, η)
{

γa1 (η) D
(1−k)/2
0η τ (η)− a2 (η) Dα

0η [b2 (η) τ (η)]−

− a3 (η) Dβ
ηT [b3 (η) τ (η)]− γa1 (η) D

(1−k)/2
0η Φ5 (η)− b1 (η)

}
dη+

+ϕ3 (0) (t/T ) , t ∈ [0, T ] (1.45)

²ðèíëè á²ëàäè [23], áó åðäà H (t, η)�Ãðèí ôóíêöèÿñè:

H (t, η) =

{
t (η − T ) /T, 0 ≤ t < η;

η (t− T ) /T, η < t ≤ T.

(1.45) òåíãëèêíèíã ²íã òîìîíèãà êàñð òàðòèáëè µîñèëàëàð-
íèíã ¼éèëìàñèíè ©²ÿìèç âà øó µàäëàð èøòèðîê ýòãàí èíòåãðàë-
ëàðíè á²ëàêëàéìèç. Ñ²íãðà H (t, 0) = H (t, 1) = 0 ýêàíëèãèíè
ýúòèáîðãà îëèá,

τ (t) = −
T∫

0

γ1
∂

∂η
[H (t, η) a1 (η)]

η∫
0

(η − z)(k−1)/2τ (z) dz−
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− 1

Γ (1− α)

∂

∂η
[H (t, η) a2 (η)]

η∫
0

(η − z)−αb2 (z) τ (z) dz−

− 1

Γ (1− β)

∂

∂η
[H (t, η) a3 (η)]

T∫
η

(z − η)−βb3 (z) τ (z) dz

 + Φ9 (t)

òåíãëèêêà ýãà á²ëàìèç, áó åðäà

γ1 = γ/Γ [(1 + k) /2] ,

Φ9 (t) = −
T∫

0

H (t, η)
[
γ1a1 (η) D

(1−k)/2
0η Φ5 (η) + b1 (η)

]
dη+ϕ3 (0)

t

T
.

Òàêðîðèé èíòåãðàëëàðäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðèø
©îèäàñèäàí âà H (t, η) ôóíêöèÿíèíã ê²ðèíèøèäàí ôîéäàëàíèá,

τ (t) +

T∫
0

τ (z) K5 (t, z) dz = Φ9 (t) , 0 ≤ t ≤ T (1.46)

ê²ðèíèøäàãè èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç,áó åðäà

K5 (t, z) = γ1

T∫
z

(η − z)(k−1)/2 ∂

∂η
[H (t, η) a1 (η)] dη−

− b2 (z)

Γ (1− α)

T∫
z

(η − z)−α ∂

∂η
[H (t, η) a2 (η)] dη−

− b3 (z)

Γ (1− β)

z∫
0

(z − η)−β ∂

∂η
[H (t, η) a3 (η)] dη.



31

Φ9 (t) âà K5 (t, z) ôóíêöèÿëàðíèíã òóçèëèøèäàí âà áåðèëãàí
ôóíêöèÿëàðãà ©²éèëãàí øàðòëàðäàí ôîéäàëàíèá ê²ðñàòèø ìóì-
êèíêè, Φ9 (t) ∈ C [0, T ] ∩ C2 (0, T ) ; K5 (t, z) ∈ C[0 ≤ t, z ≤ T ];
K5t (t, z) âà K5tt (t, z) ôóíêöèÿëàð ýñà {(t, z) : 0 ≤ t, z ≤ T} ò²¡ðè
ò²ðòáóð÷àêíèíã t 6= z íó©òàëàðèäà óçëóêñèç, t = z á²ëãàíäà ýñà
áèðèí÷è òóð ñàêðàøãà ýãà á²ëèøè ìóìêèí.

(1.46) - íîìàúëóì τ (t) ôóíêöèÿãà íèñáàòàí Ôðåäãîëüìíèíã
èêêèí÷è òóð èíòåãðàë òåíãëàìàñèäèð. Ó {(1.42),(1.43)} ìàñàëàãà
ýêâèâàëåíò á²ëèá, (1.44) áèð æèíñëè ìàñàëàãà

τ (t) +

T∫
0

τ (η) K5 (t, η) dη = 0, t ∈ [0, T ] (1.47)

áèð æèíñëè èíòåãðàë òåíãëàìà ìîñ êåëàäè.(1.44) ìàñàëà ôà©àò
òðèâèàë å÷èìãà ýãà á²ëãàíëèãè ó÷óí (1.47) áèð æèíñëè èíòåã-
ðàë òåíãëàìà µàì ôà©àò òðèâèàë å÷èìãà ýãà á²ëàäè. Ó µîëäà
Ôðåäãîëüì àëüòåðíàòèâàñèãà [12] àñîñàí, (1.46) áèð æèíñëèìàñ
èíòåãðàë òåíãëàìàíèíã å÷èìè ìàâæóä âà ÿãîíà. Φ9 (t) âàK5 (t, z)
ôóíêöèÿëàðíèíã õîññàëàðèäàí ôîéäàëàíèá, (1.46) òåíãëàìàíèíã
τ(t) å÷èìè C [0, T ] ∩ C2 (0, T ) ñèíôãà ©àðàøëèëèãèíè ê²ðñàòèø
©èéèí ýìàñ. Äåìàê, ó {(1.42),(1.43)} ìàñàëàíèíã µàì å÷èìè á²ëà-
äè.

2-òåîðåìà èñáîòëàíäè.



II ÁÎÁ

ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈÊ ÒÅÍÃËÀÌÀËÀÐ Ó×ÓÍ
×ÅÃÀÐÀÂÈÉ ÌÀÑÀËÀËÀÐ

2.1-�. Ñèíãóëÿð êîýôôèöèåíòëè òåíãëàìà ó÷óí
Òðèêîìè ìàñàëàñè

Q = Q1 ∪ AB ∪Q2 ñîµàäà

0 = L(k)u ≡


L

(k)
1 u ≡ uxx +

k1

x
ux − ut − λ2

1u, (x, t) ∈ Q1;

L
(k)
2 u ≡ uxx +

k2

x
ux − utt − λ2

2u, (x, t) ∈ Q2

ê²ðèíèøäàãè òåíãëàìàíè ©àðàéìèç, áó åðäà Q1 = {(x, t) :
0 < x < +∞, 0 < t ≤ T}, AB = {(x, t) : x = 0, 0 < t < T},
Q2 = { (x, t) : −x < t < x + T, (−T/2) < x < 0}; k1,k2, λ1, λ2 �
áåðèëãàí µà©è©èé ñîíëàð á²ëèá, k1, k2 ∈ (0, 1).

L
(k)
1 u = 0 âà L

(k)
2 u = 0 òåíãëàìàëàð ìîñ ðàâèøäà Q1 âà Q2

ñîµàëàðäà ïàðàáîëèê âà ãèïåðáîëèê òèïãà òåãèøëè. Øóíèíã
ó÷óí L(k)u = 0 � Q ñîµàäà ïàðàáîëî-ãèïåðáîëèê òåíãëàìà á²ëèá,
óíèíã x = 0 òèï ²çãàðèø ÷èçè¡è õàðàêòåðèñòèêà ýìàñ.

L(k)u = 0 òåíãëàìà ó÷óí Q ñîµàäà Òðèêîìè ìàñàëàñè ©óéèäà-
ãè÷à áà¼í ©èëèíàäè:
2.1-ìàñàëà. Øóíäàé u (x, t) ∈ C

(
Q̄

)
∩ C2,1

x,t (Q1) ∩ C2 (Q2)
ôóíêöèÿ òîïèëñèíêè, ó Q1 âà Q2 ñîµàëàðäà ìîñ ðàâèøäà

L
(k)
1 u = 0 âà L

(k)
2 u = 0 òåíãëàìàëàðíèíã ðåãóëÿð å÷èìè á²ëèá,

AB êåñìàäà

lim
x→−0

(−x)k2ux (x, t) = lim
x→+0

xk1ux (x, t) , t ∈ (0, T ) (2.1)

óëàø øàðòèíè, Q ñîµà ÷åãàðàñèäà ýñà

u(x, 0) = ϕ1(x), 0 ≤ x < +∞; (2.2)

u (−t, t) = ϕ2 (t) , 0 ≤ t ≤ (T/2) ; (2.3)
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lim
x→+∞

u (x, t) = 0, 0 ≤ t ≤ T (2.4)

÷åãàðàâèé øàðòëàðíè ©àíîàòëàíòèðñèí, áó åðäà ϕ1 (x), ϕ2 (t)-
áåðèëãàí óçëóêñèç ôóíêöèÿëàð á²ëèá, ϕ1 (0) = ϕ2 (0) = 0 êåëè-
øóâ øàðòè áàæàðèëàäè âà lim

x→+∞
ϕ1 (x) = 0.

Ìàñàëà å÷èìèíèíã ìàâæóäëèãèíè âà ÿãîíàëèãèíè èñáîòëàéìèç.
Ôàðàç ©èëàéëèê, u (x, t)- 2.1- ìàñàëàíèíã å÷èìè á²ëñèí. Ìàñàëà
øàðòëàðèãà àñîñëàíèá, ©óéèäàãè áåëãèëàøëàðíè êèðèòàéëèê:

u (−0, t) = u (+0, t) = τ (t) , t ∈ [0, T ] ; (2.5)

lim
x→+0

xk1ux (x, t) = ν (t) , t ∈ (0, T ) . (2.6)

Äàñòëàá, ©²éèëãàí ìàñàëàíè Q1 ñîµàäà òàä©è© ©èëàéëèê.
L

(k)
1 u = 0 òåíãëàìàäà, (2.2),(2.4) ÷åãàðàâèé øàðòäà âà (2.6) áåë-

ãèëàøëàðäà u (x, t) = e−λ2
1tω (x, t) àëìàøòèðèø áàæàðñàê, ω (x, t)

ôóíêöèÿãà íèñáàòàí

ωxx +
k1

x
ωx − ωt = 0, (x, t) ∈ Q1;

ω (x, 0) = ϕ1 (x) , 0 ≤ x < +∞;

lim
x→+0

xk1ωx (x, t) = eλ2
1tν (t) , t ∈ (0, T )

lim
x→+∞

ω (x, t) = 0, t ∈ [0, T ]

ìàñàëàãà ýãà á²ëàìèç. �îñèë ©èëèíãàí áó ìàñàëà å÷èìèíèíã
ìàúëóì ôîðìóëàñèäàí ôîéäàëàíèá ((1.28) ôîðìóëàãà ©àðàíã)
âà u (x, t) ôóíêöèÿãà ©àéòèá, 2.1-ìàñàëàíèíã å÷èìèíè Q1 ñîµàäà

u (x, t) = [x(1−k1)/2]/(2teλ2
1t)×

×
+∞∫
0

ϕ1 (ξ) ξ
1+k1

2 e−(x2+ξ2)/4tI−(1−k1)/2

(
xξ

2t

)
dξ−2−k1Γ−1

(
1 + k1

2

)
×
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×
t∫

0

eλ2
1(η−t)ν (η) e−x2/4(t−η)(t− η)−(1+k1)/2dη (2.7)

ê²ðèíèøäà ¼çèø ìóìêèí ýêàíëèãèíè òîïàìèç, áó åðäà Iα (z)-
ìàâµóì àðãóìåíòëè Áåññåë ôóíêöèÿñè [2,16]:

Iα(z) =
∞∑

j=0

(z/2)2j+α

j!Γ(j + α + 1)
,

Γ (z)-Ýéëåðíèíã ãàììà-ôóíêöèÿñè [1,16].
(2.7) ôîðìóëàäà x → +0äà ëèìèòãà ²òèá, (2.5) áåëãèëàøíè

ýúòèáîðãà îëãàí µîëäà, íîìàúëóì τ (t) âà ν (t)ôóíêöèÿëàð îðàñè-
äàãè Q1 ñîµàäàí îëèíãàí ©óéèäàãè ôóíêöèîíàë ìóíîñàáàòãà ýãà
á²ëàìèç:

τ (t) = 2−k1Γ−1

(
1 + k1

2

)
t−(k1+1)/2

+∞∫
0

ϕ1 (ξ) ξk1e−λ2
1t−ξ2/(4t)dξ−

−2−k1Γ−1

(
1 + k1

2

) t∫
0

eλ2
1(η−t)ν (η) (t− η)−(1+k1)/2dξ. (2.8)

Ýíäè ìàñàëàíè Q2 ñîµàäà òàä©è© ©èëèøãà ²òàìèç. Áóíäà
(2.1) øàðò âà (2.6) áåëãèëàøäàí êåëèá ÷è©óâ÷è

lim
x→−0

(−x)2βux (x, t) = ν (t) (2.9)

òåíãëèêäàí ôîéäàëàíàìèç, áó åðäà 2β = k2.
L

(k)
2 u = 0 òåíãëàìàäà âà (2.5) , (2.9) áåëãèëàøëàðäà

z = −[−x/ (1− 2β)]1−2β (2.10)

àëìàøòèðèø áàæàðèá, êóéèäàãè ìàñàëàãà ýãà á²ëàìèç:

(−z)lutt − uzz + λ2
2(−z)lu = 0, (2.11)
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u (0, t) = τ (t) , lim
z→0

uz = (1− 2β)−2βν (t) = ν1 (t) , (2.12)

áó åðäà l = 4β/ (1− 2β).
Ìàúëóìêè, àãàð τ (t) ∈ C [0, T ] ∩ C2 (0, T ), ν1 (t) ∈ C2 (0, T ),

[t (T − t)]−2βν1 (t) ∈ L [0, T ] á²ëñà, (2.11) òåíãëàìàíèíã (2.12) øàðò-
ëàðíè ©àíîàòëàíòèðóâ÷è å÷èìè

u (z, t) = γ1

1∫
0

τ [t + σ (2s− 1)]

[s (1− s)]1−β
Īβ−1

[
2λ2σ

√
s (1− s)

]
ds+

+γ2z

1∫
0

ν1 [t + σ (2s− 1)]

[s (1− s)]β
Ī−β

[
2λ2σ

√
s (1− s)

]
ds (2.13)

ê²ðèíèøäà àíè©ëàíàäè [13], áó åðäà

γ1 =
Γ (2β)

Γ2 (β)
, γ2 =

Γ (2− 2β)

Γ2 (1− β)
, σ =

2

l + 2
(−z)(l+2)/2.

(2.12) áåëãèëàøíè ýúòèáîðãà îëñàê, (2.13) ôîðìóëàäàí

u (z, t) =

= γ1

1∫
0

τ [t + σ (2s− 1)]

[s (1− s)]1−β
Īβ−1

[
2λ2σ

√
s (1− s)

]
ds+

+
γ2z

(1− 2β)2β

1∫
0

ν [t + σ (2s− 1)]

[s (1− s)]β
Ī−β

[
2λ2σ

√
s (1− s)

]
ds (2.14)

ôîðìóëàãà ýãà á²ëàìèç.
(2.14) ôîðìóëàäà x = − (1− 2β) (−z)1/(1−2β) àëìàøòèðèø áà-

æàðñàê, L
(k)
2 u = 0 òåíãëàìàíèíã

u (0, t) = τ (t) , t ∈ [0, T ]; lim
x→0

(−x)2βux (x, t) = ν (t) , t ∈ (0, T )
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øàðòëàðíè ©àíîàòëàíòèðóâ÷è å÷èìè êåëèá ÷è©àäè:

u (x, t) = γ1

1∫
0

τ [t− x (2s− 1)]

[s (1− s)]1−β
Īβ−1

[
2λ2x

√
s (1− s)

]
ds−

−(−x)1−2βγ̃2

1∫
0

ν [t− x (2s− 1)]

[s (1− s)]β
Ī−β

[
2λ2x

√
s (1− s)

]
ds, (2.15)

áó åðäà γ̄2 = Γ (1− 2β) /Γ2 (1− β).
Ýíäè (2.15) ôîðìóëà áèëàí àíè©ëàíãàí å÷èìíè (2.3) øàðòãà

á²éñóíäèðàìèç:

u

(
− t

2
,
t

2

)
= γ1

1∫
0

τ (ts)

[s (1− s)]β
Īβ−1

[
λ2t

√
s (1− s)

]
ds−

−
(

t

2

)1−2β

γ̄2

1∫
0

ν (st)

[s (1− s)]β
Ī−β

[
λ2t

√
s (1− s)

]
ds =

= ϕ2 (t/2) , t ∈ [0, T ] . (2.16)

(2.16) ôîðìóëàäà ts = z àëìàøòèðèø áàæàðèø íàòèæàñèäà

γ1t
1−2β

t∫
0

τ (z) zβ−1
{

(t− z)β−1Īβ−1

[
λ2

√
z (t− z)

]}
dz−

−γ̄22
2β−1

t∫
0

ν (z) z−β
{

(t− z)−β Ī−β

[
λ2

√
z (t− z)

]}
dz =

= ϕ2 (t/2) , t ∈ [0, T ] (2.17)

òåíãëèêêà ýãà á²ëàìèç.
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�óéèäàãè òåíãëèêëàðíè ýúòèáîðãà îëèá [13]

(t− z)β−1Īβ−1

[
λ2

√
z (t− z)

]
=

=
∂

∂t

t∫
z

(t− s)β−1J0

[
λ2

√
z (z − s)

]
ds,

(t− z)−β Ī−β

[
λ2

√
z (t− z)

]
=

∂

∂t

t∫
z

(t− s)−βJ0

[
λ2

√
z (z − s)

]
ds,

(2.17) òåíãëèêíè óøáó ê²ðèíèøäà ¼çèá îëàìèç:

γ1t
1−2β

t∫
0

τ (z) zβ−1

 ∂

∂t

t∫
z

(t− s)β−1J0

[
λ2

√
z (z − s)

]
ds

 dz−

−γ̄22
2β−1

t∫
0

ν (z) z−β

 ∂

∂t

t∫
z

(t− s)−βJ0

[
λ2

√
z (z − s)

]
ds

 dz =

= ϕ2 (t/2) , t ∈ [0, T ] , (2.18)

áó åðäà Jα (z)- áèðèí÷è òóð Áåññåë ôóíêöèÿñè [2,16]:

Jα(z) =
∞∑

j=0

(−1)j(z/2)2j+α

j!Γ(j + α + 1)
.

(2.18) òåíãëèêäàãè è÷êè èíòåãðàëëàðäà äàñòëàá, á²ëàêëàá èí-
òåãðàëëàø ©îèäàñèíè áàæàðàìèç, ñ²íãðà t á²éè÷à äèôôåðåí-
öèàëëàéìèç. Íàòèæàäà

γ1t
1−2β

t∫
0

τ (s) sβ−1(t− s)β−1ds+
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+γ1t
1−2β

t∫
0

τ (z) zβ−1


t∫

z

(t− s)β−1 ∂

∂s
J0

[
λ2

√
z (z − s)

]
ds

 dz−

−γ̄22
2β−1

t∫
0

ν (s) s−β(t− s)−βds−

−γ̄22
2β−1

t∫
0

ν (z) z−β


t∫

z

(t− s)−β ∂

∂s
J0

[
λ2

√
z (z − s)

]
ds

 dz =

= ϕ2 (t/2) , t ∈ [0, T ]

òåíãëèê µîñèë á²ëàäè.
Áó èôîäàäàãè êàððàëè èíòåãðàëëàðäà Äèðèõëå ôîðìóëàñèäàí

[21] ôîéäàëàíèá, èíòåãðàëëàø òàðòèáèíè ²çãàðòèðàìèç:

γ1t
1−2β

t∫
0

(t− s)β−1×

×

τ (s) sβ−1 +

s∫
0

τ (z) zβ−1 ∂

∂s
J0

[
λ2

√
z (z − s)

]
dz

 ds−

−γ̄22
2β−1

t∫
0

(t− s)−β×

×

ν (s) s−β +

s∫
0

ν (z) z−β ∂

∂s
J0

[
λ2

√
z (z − s)

]
dz

 ds = ϕ2 (t/2) .

Áó òåíãëèêíè óøáó

Bs,λ
mx [f (x)] = f (x)+

x∫
m

f (t)

(
x−m

t−m

)1−s
∂

∂x
J0

[
λ
√

(t−m) (t− x)
]
dt



39

îïåðàòîðäàí [13] ôîéäàëàíèá, ©óéèäàãè÷à ¼çèá îëèø ìóìêèí:

γ1t
1−2β

t∫
0

(t− s)β−1B1,λ2

0s

[
τ (s) sβ−1

]
ds−

−γ̄22
2β−1

t∫
0

(t− s)−βB1,λ2

0s

[
ν (s) s−β

]
ds = ϕ2 (t/2) , t ∈ [0, T ].

γ1 âà γ̄2 ëàðíèíã ê²ðèíèøëàðèíè ýúòèáîðãà îëèá, îõèðãè òåíã-
ëèêíè

Γ (2β)

Γ (β)
t1−2β 1

Γ (β)

t∫
0

(t− s)β−1B1,λ2

0s

[
τ (s) sβ−1

]
ds−

−22β−1 Γ (1− 2β)

Γ (1− β)

1

Γ (1− β)

t∫
0

(t− s)(1−β)−1B1,λ2

0s

[
ν (s) s−β

]
ds =

= ϕ2 (t/2) , t ∈ [0, T ]

ê²ðèíèøäà ¼êè êàñð òàðòèáëè èíòåãðàë îïåðàòîðëàð ¼ðäàìèäà
©óéèäàãè÷à ¼çèá îëàìèç:

γ3D
−β
0t B1,λ2

0t

[
τ (t) tβ−1

]
− γ4t

2β−1Dβ−1
0t B1,λ2

0t

[
ν (t) t−β

]
=

= t2β−1ϕ2 (t/2) , t ∈ [0, T ] (2.19)

áó åðäà γ3 = Γ (2β) /Γ (β), γ4 = 22β−1Γ (1− 2β) /Γ (1− β).
(2.19) òåíãëèêêàDβ

0t êàñð òàðòèáëè äèôôåðåíöèàë îïåðàòîðíè
©²ëëàá, ñ²íãðà êàñð òàðòèáëè îïåðàòîðëàðíèíã óøáó

Dβ
0tD

−β
0t [f (t)] = f (t) , β ∈ (0, 1) ;

Dβ
0tt

2β−1Dβ−1
0t t−βf (x) = tβ−1D2β−1

0t tβf (t) ,



40

õîññàëàðèíè [13] ýúòèáîðãà îëèá,

γ3B
1,λ2

0t

[
τ (t) tβ−1

]
− γ4t

β−1D2β−1
0t

{
tβB1,λ2

0t

[
ν (t) t−β

]}
=

= Dβ
0t

[
t2β−1ϕ2 (t/2)

]
, t ∈ (0, T ) (2.20)

òåíãëèêêà ýãà á²ëàìèç.
Áó òåíãëèêêà

As,λ
mx [f (x)] = f (x)−

x∫
m

f (t)

(
t−m

x−m

)s
∂

∂x
J0

[
λ
√

(x−m) (x− t)
]
dt

îïåðàòîðíè [13] ©²ëëàá âà ©óéèäàãè

A1,λ2

0t B1,λ2

0t [f (t)] = f (t) ,

A1,λ
mx

{
|x−m|β−1D2β−1

mx |x−m|βB1,λ
mx

[
ν (x) |x−m|−β

]}
=

= sign (x−m) Γ−1 (1− 2β) |x−m|β−1×

×
x∫

m

ν (t)|x− t|−2βJ̄−β [λ (x− t)] dt

òåíãëèêëàðíè èíîáàòãà îëèá [13], τ (t) âà ν (t) íîìàúëóì ôóíê-
öèÿëàð îðàñèäàãè Q2 ñîµàäàí îëèíãàí ©óéèäàãè ôóíêöèîíàë
ìóíîñàáàòãà ýãà á²ëàìèç:

τ (t) = γ5

t∫
0

ν (z) (t− z)−2βJ̄−β [λ2 (t− z)] dz + f (t) , (2.21)

áó åðäà
γ5 = 22β−1Γ (β) / [Γ (2β) Γ (1− β)] ,

f (t) = γ−1
3 t1−βA1,λ2

0t Dβ
0t

[
t2β−1ϕ2 (t/2)

]
.
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Øóíäàé ©èëèá, 2.1-ìàñàëà å÷èìãà ýãà á²ëèø ìàúíîñèäà
{(2.8),(2.21)} òåíãëàìàëàð ñèñòåìàñèãà ýêâèâàëåíò êåëòèðèëäè.
Áó ñèñòåìàäàí τ (t) âà ν (t) ôóíêöèÿëàðíè áèð ©èéìàòëè òîïñàê,
2.1-ìàñàëàíèíã å÷èìè Q1 âà Q2 ñîµàëàðäà ìîñ ðàâèøäà (2.7) âà
(2.15) ôîðìóëàëàð áèëàí àíè©ëàíàäè. Øóíèíã ó÷óí áóíäàí áó¼í
áó ñèñòåìàíè å÷èø áèëàí øó¡óëëàíàìèç.

(2.8) âà (2.21) ôîðìóëàëàðäàí τ (t) íîìàúëóì ôóíêöèÿíè ÷è-
©àðèá âà

K6 (t, z) = γ5(t− z)−2βJ̄−β [λ2 (t− z)] +

+2−k1Γ−1

(
k1 + 1

2

)
e−λ2

1(t−z)(t− z)−(k1+1)/2,

f1 (t) = e−λ2
1t2−k1Γ−1

(
1 + k1

2

)
t−(k1+1)/2×

×
+∞∫
0

ϕ1 (ξ) ξk1e−ξ2/(4t)dξ − γ−1
3 t1−βA1,λ2

0t Dβ
0t

[
t2β−1ϕ2 (t/2)

]
áåëãèëàøëàðíè êèðèòèá

t∫
0

ν (z) K6 (t, z) dz = f1 (t) , t ∈ (0, T ) (2.22)

òåíãëèêêà ýãà á²ëàìèç.
(2.22) -ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí ñóñò ìàõñóñëèêêà

ýãà á²ëãàí áèðèí÷è òóð Âîëüòåððà èíòåãðàë òåíãëàìàñèäèð [12].
ϕ1 (0) = ϕ2 (0) = 0øàðòäàí ôîéäàëàíèá, ê²ðñàòèø ©èéèí ýìàñêè,
(2.22) òåíãëàìàíèíã å÷èìãà ýãà á²ëèø øàðòè, ÿúíè f1 (0) = 0
òåíãëèê áàæàðèëàäè.

Ýíäè (2.22) èíòåãðàë òåíãëàìàíè òàä©è© ©èëèøãà ²òàìèç.
Èíòåãðàë òåíãëàìàíèíã ÿäðîñè K6 (t, z) ôóíêöèÿíè ©óéèäàãè
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ê²ðèíèøäà ¼çèá îëàìèç:

K6 (t, z) =


(t− z)−2βK7 (t, z) , 2β > (k1 + 1) /2;

(t− z)−2βK8 (t, z) , 2β = (k1 + 1) /2;

(t− z)−(k1+1)/2K9 (t, z) , 2β ≤ (k1 + 1) /2,

áó åðäà
K7 (t, z) = γ5J̄−β [λ2 (t− z)] +

+2−k1Γ−1

(
1 + k1

2

)
e−λ2

1(t−z)(t− z)2β−(k1+1)/2,

K8 (t, z) = γ5J̄−β [λ2 (t− z)] +

+2−k1Γ−1

(
1 + k1

2

)
e−λ2

1(t−z),

K9 (t, z) = γ5(t− z)[(k1+1)/2]−2βJ̄−β [λ2 (t− z)] +

+2−k1Γ−1

(
1 + k1

2

)
e−λ2

1(t−z).

Óìóìèéëèêíè ÷åãàðàëàìàãàí µîëäà 2β > (k1 + 1) /2 äåá ôàðàç
©èëàéëèê. Óíäà (2.22) òåíãëàìàíèíã å÷èìèíè òîïèø ìà©ñàäèäà,
óíè

t∫
0

ν (z)

(t− z)2β
[K7 (t, z)−K7 (t, t)] dz+

+K7 (t, t)

t∫
0

ν (z)

(t− z)2β
dz = f1 (t) , t ∈ (0, T )

ê²ðèíèøäà ¼çèá îëàìèç. K7 (t, t) = γ5 ýêàíëèãèíè ýúòèáîðãà
îëñàê, îõèðãè òåíãëèêíè

t∫
0

ν (z)

(t− z)2β
dz = γ−1

5 ×



43

×

f1 (t)−
t∫

0

ν (z)

(t− z)2β
[K7 (t, z)− γ5] dz

 , t ∈ (0, T ) (2.23)

ê²ðèíèøäà ¼çèø ìóìêèí.
(2.23) òåíãëèêíèíã ²íã òîìîíèíè âà©òèí÷à ìàúëóì ôóíêöèÿ

äåá µèñîáëàñàê, ó ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí Àáåëü
èíòåãðàë òåíãëàìàñè [12] á²ëèá, óíèíã ÿãîíà å÷èìè

ν (t) = γ6
d

dt

t∫
0

(t− s)2β−1×

f1 (s)−
s∫

0

ν (z)

(s− z)2β
[K7 (s, z)− γ5] dz

 ds, t ∈ (0, T ) (2.24)

ôîðìóëà áèëàí àíè©ëàíàäè, áó åðäà γ6 = [γ5Γ (2β) Γ (1− 2β)]−1.
(2.24) äàãè òàêðîðèé èíòåãðàëäà èíòåãðàëëàø òàðòèáèíè ²ç-

ãàðòèðèá, ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí ©óéèäàãè ê²ðè-
íèøäàãè

ν (t) +
d

dt

t∫
0

ν (z) K10 (t, z) dz = f2 (t) , t ∈ (0, T ) (2.25)

èêêèí÷è òóð Âîëüòåððà èíòåãðàë òåíãëàìàñèãà [12] ýãà á²ëàìèç,
áó åðäà

K10 (t, z) = γ6

t∫
z

(t− s)2β−1(s− z)−2β [K7 (s, z)− γ5] ds,

f2 (t) = γ6
d

dt

t∫
0

(t− s)2β−1f1 (s) ds.
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Àãàð ϕ1 (0) = ϕ2 (0) = 0 øàðòíè µèñîáãà îëèá,

ϕ2 (t) ∈ C [0, T/2] ∩ C3 (0, T/2) ,

ϕ′2 (t) = t−εϕ̃2 (t) , ε < 1, ϕ̃2 (t) ∈ C2 [0, T/2]

øàðòëàð µàì áàæàðèëñèí äåá ôàðàç ©èëñàê, f2 (t) ∈ C [0, T ] ∩
C2 (0, T ) á²ëàäè.

K7 (s, z)ôóíêöèÿíèíã ê²ðèíèøèíè ýúòèáîðãà îëñàê,K10 (s, z)
ôóíêöèÿ

K10 (s, z) =

t∫
z

(t− s)2β−1(s− z)−(k1+1)/2K̃10 (s, z) ds

ê²ðèíèøäà ¼çèëèá, áóíäà K̃10 (s, z) ©óéèäàãè õîññàëàðãà ýãà á²ëãàí
ìàúëóì ôóíêöèÿ:

K̃10 (s, z) ∈ C1 ([0, T ]× [0, T ])

∂2

∂s2
K̃10 (s, z) =

∂2

∂s2
K̃10 (s, z) = (s− z)[(k1+1)/2]−2βO (1) .

Èíòåãðàëëàø ²çãàðóâ÷èñèíè s = z + (t− z) η òåíãëèê îð©àëè
àëìàøòèðèá, K10 (t, z) ôóíêöèÿíèíã

K10 (t, z) =

= (t− z)2β−(k1+1)/2

1∫
0

η(k1+1)/2(1− η)2β−1K̃ [z + (t− z) η, z] dη

ê²ðèíèøèíè òîïàìèç. Áóíè âà 2β > (k1 + 1) /2 òåíãñèçëèêíè
ýúòèáîðãà îëñàê, (2.25) òåíãëàìà

ν (t) +

t∫
0

ν (t)
∂

∂t
K10 (t, z) dz = f2 (t) , t ∈ (0, T ) (2.25′)
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ê²ðèíèøäà ¼çèëàäè.
K10 (t, z) ôóíêöèÿíèíã îõèðãè ê²ðèíèøèäàí êåëèá ÷è©àäèêè,

(2.25′) èíòåãðàë òåíãëàìàíèíã ÿäðîñè ∂
∂t

K10 (t, z) ñóñò ìàõñóñëèê-
êà ýãà á²ëãàí ôóíêöèÿäàí èáîðàòäèð.

Ó µîëäà, èêêèí÷è òóð Âîëüòåððà èíòåãðàë òåíãëàìàëàðè íàçà-
ðèÿcèãà ê²ðà, (2.25′) èíòåãðàë òåíãëàìàíèíã å÷èìè ìàâæóä âà
ÿãîíà á²ëèá, ó C [0, T ] ∩ C2 (0, T ) ñèíôãà òåãèøëè á²ëàäè.

(2.22) òåíãëàìà å÷èìèíèíã ìàâæóäëèãè 2β = (k1 + 1) /2 âà
2β < (k1 + 1) /2 á²ëãàí µîëëàðäà µàì þ©îðèäàãèäåê èñáîòëàíàäè.

ν (t) íîìàúëóì ôóíêöèÿ (2.22) òåíãëàìàäàí òîïèëãàíäàí ñ²íã,
τ (t) ôóíêöèÿ (2.21) òåíãëèê áèëàí àíè©ëàíàäè.

2.1- ìàñàëà ò²ëà µàë ýòèëäè.

2.2-�. Ñèíãóëÿð êîýôôèöèåíòëè òåíãëàìà ó÷óí
Òðèêîìè ìàñàëàñèíèíã èêêèí÷è âàðèàíòè

Áó ïàðàãðàôäà µàì L(k)u = 0 òåíãëàìàíè Q = Q1 ∪ AB ∪ Q2

cîµàäà ©àðàá, Òðèêîìè ìàñàëàñèíè ©óéèäàãè âàðèàíòäà ²ðãà-
íàìèç.
2.2-ìàñàëà. Øóíäàé u (x, t) ∈ C

(
Q̄

)
∩ C2,1

x,t (Q1) ∩ C2 (Q2)
ôóíêöèÿ òîïèëñèíêè, ó Q1 âà Q2 ñîµàëàðäà ìîñ ðàâèøäà

L
(k)
1 u = 0 âà L

(k)
2 u = 0 òåíãëàìàëàðíèíã ðåãóëÿð å÷èìè á²ëèá,

AB êåñìàäà óøáó

lim
x→−0

(−x)k2ux (x, t) = lim
x→+0

xk1ux (x, t) , t ∈ (0, T ) (2.26)

óëàø øàðòèíè, Q ñîµàíèíã ÷åãàðàñèäà ýñà (2.2),(2.4) âà

u (x, t)|x=t−T = ϕ2 (t) , (T/2) ≤ t ≤ T (2.27)

÷åãàðàâèé øàðòëàðíè ©àíîàòëàíòèðñèí, áó åðäà ϕ1 (x) âà ϕ2 (t)
� áåðèëãàí óçëóêñèç ôóíêöèÿëàð á²ëèá, lim

x→+∞
ϕ1 (x) = 0, ϕ1 (0) =

0 âà ϕ2 (T ) = 0 òåíãëèêëàð áàæàðèëàäè.
Ìàñàëà å÷èìèíèíã ìàâæóäëèãè âà ÿãîíàëèãèíè, ñîääàëèê

ó÷óí, k1 = k2 = k ∈ (0, 1) á²ëãàí µîëäà èñáîòëàéìèç. Ôàðàç
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©èëàéëèê, u (x, t) � ©²éèëãàí ìàñàëàíèíã å÷èìè á²ëñèí. Ìàñàëà
øàðòëàðèãà àñîñëàíèá, (2.5) âà (2.6) áåëãèëàøëàðíè ©àáóë ©è-
ëàéëèê.

Äàñòëàá, ©²éèëãàí ìàñàëàíè Q1 ñîµàäà òàä©è© ©èëàìèç.
Ìàúëóìêè, L1

(k)u = 0 òåíãëàìàíèíã (2.2), (2.4) âà (2.6) øàðò-
ëàðíè ©àíîàòëàíòèðóâ÷è å÷èìè (2.7) ê²ðèíèøäà, ÿúíè

u (x, t) = e−λ2
1t x

(1−k)/2

2t

+∞∫
0

ϕ1 (ξ) ξ
1+k
2 e−

x2+ξ2

4t I− 1−k
2

(
xξ

2t

)
dξ−

−2−kΓ−1

(
1 + k

2

)
e−λ2

1t

t∫
0

eλ2
1ην (η) e−

x2

4(t−η) (t− η)−
1+k
2 dη (2.28)

ê²ðèíèøäà àíè©ëàíàäè, áó åðäà Iα (z)- ìàâµóì àðãóìåíòëè Áåñ-
ñåë ôóíêöèÿñè, Γ (z)-Ýéëåðíèíã ãàììà-ôóíêöèÿñè.

(2.28) ôîðìóëàäà x → +0 äà ëèìèòãà ²òèá, (2.5) áåëãèëàøíè
ýúòèáîðãà îëãàí µîëäà, íîìàúëóì τ (t) âà ν (t) ôóíêöèÿëàð îðà-
ñèäàãè Q1 ñîµàäàí îëèíãàí ©óéèäàãè ôóíêöèîíàë ìóíîñàáàòãà
ýãà á²ëàìèç:

τ (t) = 2−kΓ−1

(
1 + k

2

)
t−

k+1
2 e−λ2

1t

+∞∫
0

ϕ1 (ξ) ξke−ξ2/(4t)dξ−

−2−ke−λ2
1tΓ−1

(
1 + k

2

) t∫
0

eλ2
1ην (η) (t− η)−

1+k
2 dξ. (2.29)

Ýíäè Q2 ñîµàäà ìàñàëàíè òàä©è© ©èëèøãà ²òàìèç. Áóíäà
(2.26) óëàø øàðòè âà (2.6) áåëãèëàøäàí êåëèá ÷è©óâ÷è ©óéèäàãè
òåíãëèêäàí

lim
x→−0

(−x)kux (x, t) = ν (t) , t ∈ (0, T ) (2.30)
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ôîéäàëàíàìèç âà τ (t) ∈ C [0, T ] ∩ C2 (0, T ), ν (t) ∈ C2 (0, T ),
[t (T − t)]−2βν (t) ∈ L [0, T ] äåá ôàðàç ©èëàìèç. Óíäà L2

(k)u = 0
òåíãëàìàíèíã

u (0, t) = τ (t) , lim
x→0

(−x)kux (x, t) = ν (t)

øàðòëàðíè ©àíîàòëàíòèðóâ÷è å÷èìè (2.15) ê²ðèíèøäà, ÿúíè

u (x, t) = γ1

1∫
0

τ [t− x (2s− 1)]

[s (1− s)](2−k)/2
Ī(k−2)/2

[
2λ2x

√
s (1− s)

]
ds−

−(−x)1−kγ̄2

1∫
0

ν [t− x (2s− 1)]

[s (1− s)]k/2
Ī−k/2

[
2λ2x

√
s (1− s)

]
ds (2.31)

ê²ðèíèøäà àíè©ëàíàäè, áó åðäà

Īα (z) = Γ (α + 1) (z/2)−αIα (z) , γ1 =
Γ (k)

Γ2 (k/2)
, γ̃2 =

Γ (1− k)

Γ2 (1− k/2)
.

Ýíäè (2.31) ôîðìóëà áèëàí àíè©ëàíãàí å÷èìíè (2.27) øàðòãà
á²éñóíäèðàìèç:

u

(
t− T

2
,
t + T

2

)
=

= γ1

1∫
0

τ [t− (t− T ) s]

[s (1− s)](2−k)/2
Ī(k−2)/2

[
λ2(t− T )

√
s (1− s)

]
ds−

−(−x)1−kγ̄2

1∫
0

ν [t− (t− T ) s]

[s (1− s)]k/2
×

×Ī−k/2

[
λ2(t− T )

√
s (1− s)

]
ds = ϕ [(t + T )/2] , t ∈ [0, T ]. (2.32)
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(2.32) ôîðìóëàäà z = t + (T − t)s àëìàøòèðèø áàæàðñàê,

γ1(T − t)1−k

T∫
t

τ (z) (T − z)(k/2)−1×

×
{

(z − t)(k/2)−1Īk/2−1

[
λ2

√
(T − z) (z − t)

]}
dz−

−γ̄22
k−1

T∫
t

ν (z) (T − z)−k/2×

×
{

(z − t)−k/2Ī−k/2

[
λ2

√
(T − z) (t− z)

]}
dz =

= ϕ2 [(t + T )/2] , t ∈ [0, T ] (2.33)

òåíãëèêêà ýãà á²ëàìèç.
�óéèäàãè

(z − t)−sĪ−s

[
λ2

√
(T − z) (z − t)

]
=

= − ∂

∂t

z∫
t

(s− t)−sJ0

[
λ2

√
(T − z) (s− z)

]
ds,

òåíãëèêíè [13] ýúòèáîðãà îëãàí µîëäà, (2.33) òåíãëèêíè

−γ1(T − t)1−k

T∫
t

τ (z) (T − z)(k/2)−1×

×

 ∂

∂t

t∫
z

(t− s)β−1J0

[
λ2

√
z (z − s)

]
ds

 dz+

+γ̄22
k−1

T∫
t

ν (z) (T − z)−k/2×
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×

 ∂

∂t

t∫
z

(t− s)−βJ0

[
λ2

√
z (z − s)

]
ds

 dz =

= ϕ2 [(t + T )/2] , t ∈ [0, T ] (2.34)

ê²ðèíèøäà ¼çèø ìóìêèí, áó åðäà Jα (z)- áèðèí÷è òóð Áåññåë
ôóíêöèÿñè.

(2.34) òåíãëèêäàãè è÷êè èíòåãðàëëàðãà á²ëàêëàá èíòåãðàëëàø
©îèäàñèíè ©²ëëàá, ñ²íãðà µîñèë á²ëãàí èôîäàäàãè êàððàëè èíòåã-
ðàëëàðäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðèá, óøáó

γ1(T − t)1−k

T∫
t

(s− t)k/2−1
{

τ (s) (T − s)(k/2)−1 +

+

s∫
T

τ (z) (T − z)k/2−1 ∂

∂s
J0

[
λ2

√
((T − z) (s− z))

] ds−

−2k−1γ̄2

T∫
t

(s− t)−k/2
{

ν (s) (T − s)−k/2 +

+

s∫
T

ν (z) (T − z)−k/2 ∂

∂s
J0

[
λ2

√
((T − z) (s− z))

] ds =

= ϕ2 [(t + T )/2] , t ∈ [0, T ] , (2.35)

òåíãëèêêà ýãà á²ëàìèç.
Áó òåíãëèêíè Bs,λ

kx îïåðàòîðíèíã ê²ðèíèøèäàí ôîéäàëàíèá,
©óéèäàãè÷à ¼çèá îëèø ìóìêèí:

γ1(T − t)1−k

T∫
t

(s− t)(k/2)−1B1,λ2

Ts

[
τ (s) (T − s)k/2−1

]
ds−
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−γ̄22
k−1

T∫
t

(t− s)−βB1,λ2

Ts

[
ν (s) (T − s)−k/2

]
ds =

= ϕ2 [(t + T )/2] , t ∈ [0, T ].

γ1 âà γ̄2 ëàðíèíã ê²ðèíèøëàðèíè ýúòèáîðãà îëèá, îõèðãè òåíã-
ëèêíè êàñð òàðòèáëè èíòåãðàë îïåðàòîðëàð ¼ðäàìèäà ©óéèäàãè÷à
¼çèá îëàìèç:

γ3D
−k/2
tT B1,λ2

Tt

[
τ (t) (T − t)(k/2)−1

]
−

−γ4(T − t)k−1D
(k/2)−1
Tt B1,λ2

0t

[
ν (t) (T − t)−k/2

]
=

= (T − t)k−1ϕ2 [(t + T )/2] , t ∈ [0, T ], (2.36)

áó åðäà γ3 = Γ (k) /Γ (k/2), γ4 = 2k−1Γ (1− k) /Γ (1− k/2).
(2.36) òåíãëèêêàD

k/2
tT êàñð òàðòèáëè äèôôåðåíöèàë îïåðàòîðíè

©²ëëàá, ñ²íãðà êàñð òàðèáëè îïåðàòîðëàðíèíã óøáó

Dβ
tT D−β

tT [f (t)] = f (t) , β ∈ (0, 1) ;

Dl
sx|x− s|l+rDr

sx f (x) = |x− s|rDl+r
sx

[
|x− s|lf (x)

]
,

r < 0, l ∈ [0, 1) , |l + r| < 1

õîññàëàðèíè [15,16] ýúòèáîðãà îëèá,

γ3B
1,λ2

Tt

[
τ (t) (T − t)(k/2)−1

]
−

−γ4(T − t)k/2−1Dk−1
tT

{
(T − t)k/2B1,λ2

0t

[
ν (t) (T − t)−k/2

]}
=

= D
k/2
tT

{
(T − t)k−1ϕ2 [(t + T )/2]

}
, t ∈ (0, T ) (2.37)

òåíãëèêêà ýãà á²ëàìèç.
Áó òåíãëèêêà A1,λ

T t îïåðàòîðíè ©²ëëàá âà ©óéèäàãè

A1,λ2

Tt B1,λ2

Tt [f (t)] = f (t) ,
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A1,λ
mx

{
|x−m|β−1D2β−1

mx |x−m|βB1,λ
mx

[
ν (x) |x−m|−β

]}
=

= sign (x−m) Γ−1 (1− 2β) |x−m|β−1×

×
x∫

m

ν (t)|x− t|−2βJ̄−β [λ (x− t)] dt

òåíãëèêëàðíè èíîáàòãà îëèá [13], τ (t) âà ν (t) íîìàúëóì ôóíê-
öèÿëàð îðàñèäàãè Q2 ñîµàäàí îëèíãàí ôóíêöèîíàë ìóíîñàáàòãà
ýãà á²ëàìèç:

τ (t) = γ5

T∫
t

ν (z)

(z − t)k
J̄−k/2 [λ2 (z − t)] dz + f (t) , t ∈ [0, T ], (2.38)

áó åðäà
γ5 = 2k−1Γ (k/2) /Γ (k) Γ (1− k/2) ,

f (t) = γ−1
3 (T − t)1−k/2A1,λ2

tT D
k/2
tT

{
(T − t)k−1ϕ2 [(t + T )/2]

}
.

Øóíäàé ©èëèá, 2.2-ìàñàëà å÷èìãà ýãà á²ëèø ìàúíîñèäà
{(2.29),(2.38)} òåíãëàìàëàð ñèñòåìàñèãà ýêâèâàëåíò êåëòèðèëäè.
Áó ñèñòåìàäàí τ (t) âà ν (t) ôóíêöèÿëàðíè áèð ©èéìàòëè òîïñàê,
2.2-ìàñàëàíèíã å÷èìè Q1 âà Q2 ñîµàëàðäà ìîñ ðàâèøäà (2.28) âà
(2.31) ôîðìóëàëàð áèëàí àíè©ëàíàäè. Øóíèíã ó÷óí áóíäàí áó¼í
áó ñèñòåìàíè å÷èø áèëàí øó¡óëëàíàìèç.

(2.29) âà (2.38) ôîðìóëàëàðäàí τ (t) íè ÷è©àðèá, ν (t) íîìàú-
ëóì ôóíêöèÿãà íèñáàòàí ©óéèäàãè

γ5

T∫
t

ν (z) (z − t)−2βJ̄−β [λ2 (z − t)] dz+

+γ6e
−λ2

1t

t∫
0

eλ2
1ην (η) (t− η)−

1+k
2 dξ = F (t), t ∈ [0, T ] (2.39)
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èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç, áó åðäà

γ6 = 2−kΓ−1

(
1 + k

2

)
,

F (t) = 2−kΓ−1

(
1 + k

2

)
t−

k+1
2 e−λ2

1t

+∞∫
0

ϕ1 (ξ) ξke−ξ2/(4t)dξ − f (t) .

Àãàð (2.39) èíòåãðàë òåíãëàìàäàí ν (t) ôóíêöèÿíè áèð ©èé-
ìàòëè àíè©ëàñàê, τ (t) ôóíêöèÿ (2.29) ôîðìóëà áèëàí àíè©ëàíà-
äè. Øóíèíã ó÷óí áóíäàí áó¼í (2.39) èíòåãðàë òåíãëàìàíè å÷èø
áèëàí øó¡óëëàíàìèç.
Òåîðåìà. Àãàð (2.39) èíòåãðàë òåíãëàìà L2[0, T ] ñèíôäà

å÷èìãà ýãà á²ëñà, ó ÿãîíàäèð.
Èñáîò.Ôàðàç ©èëàéëèê, (2.39) èíòåãðàë òåíãëàìàíèíã L2[0, T ]

ñèíôäà å÷èìè ìàâæóä âà óëàð ν1 (t) âà ν2 (t) ôóíêöèÿëàðäàí
èáîðàò á²ëñèí. Ó µîëäà ν (t) = ν1 (t)− ν2 (t) ∈ L2[0, T ] ôóíêöèÿ
©óéèäàãè

γ5

T∫
t

ν (η) (η − t)−kJ̄−k/2 [λ2 (η − t)] dη+

+γ6

t∫
0

eλ2
1(η−t)ν (η) (t− η)−(1+k)/2dξ = 0, t ∈ [0, T ] (2.40)

áèð æèíñëè òåíãëàìàíèíã å÷èìè á²ëàäè.
Òåîðåìàíè èñáîòëàø ó÷óí (2.40) òåíãëàìà L2[0, T ] ñèíôäà ôà-

©àò ν (t) ≡ 0, t ∈ [0, T ] å÷èìãà ýãà ýêàíëèãèíè èñáîòëàø åòàðëè.
Øó ìà©ñàääà, (2.40) ôîðìóëàäà t íè y áèëàí àëìàøòèðèá âà

µîñèë á²ëãàí èôîäàíè ν (y) ãà ê²ïàéòèðèá, ñ²íãðà y á²éè÷à [0, T ]
îðàëè©äà èíòåãðàëëàéìèç:

γ5

T∫
0

ν (y) dy

T∫
y

ν (η) (η − y)−kJ̄−k/2 [λ2 (η − y)] dη+
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+γ6

T∫
0

ν (y) dy

y∫
0

eλ2
1(η−y)ν (η) (y − η)−(1+k)/2dξ =

= 0, t ∈ [0, T ]. (2.41)

(2.41) òåíãëèêäàãè Jν (x) âà |y − η|−α èøòèðîê ýòãàí µàäëàðíè
©óéèäàãè

Jν (x) =
Γ (ν + 1)√

πΓ (ν + 1/2)

1∫
−1

(
1− t2

)ν−1/2
cos (xt) dt,

|y − η|−α = Γ−1 (α) cos−1απ

2

+∞∫
0

sα−1 cos (|η − y| s) ds

èíòåãðàë ê²ðèíèøëàðè [2,1] îð©àëè èôîäàëàá îëàìèç:

γ7

T∫
0

ν (y) dy

T∫
y

ν (η) dη

+∞∫
0

sk−1 cos [(η − y) s] ds×

×
1∫

−1

(
1− z2

)−(1+k)/2
cos [λ2 (η − y) z] dz+

+γ8

T∫
0

ν (y) dy

y∫
0

eλ2
1(η−y)ν (η)×

×
+∞∫
0

s(k−1)/2 cos (|η − y| s) ds dη = 0, t ∈ [0, T ], (2.42)

áó åðäà

γ7 =
γ5Γ (1− k/2) Γ−1 (k)√

πΓ [(1− k) /2] cos (πk/2)
,
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γ8 = 2−kΓ−2

(
1 + k

2

)
cos−1

(
1 + k

2
π

)
.

(2.42) òåíãëèêäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðèá, ©óéè-
äàãè÷à ¼çèá îëàìèç:

γ7

1∫
−1

(
1− z2

)−(1+k)/2
dz

+∞∫
0

sk−1M1 (z, s) ds+

+γ8

+∞∫
0

s(k−1)/2M2 (s) ds = 0, (2.43)

áó åðäà

M1 (z, s) =

T∫
0

ν (y) dy

T∫
y

ν (η) cos [(η − y) s] cos [λ2 (η − y) z] dη,

M2 (s) =

T∫
0

ν (y) dy

y∫
0

ν (η) eλ2
1(η−y) cos [(η − y) s] dη.

Óøáó òåíãëèêëàðäàí ôîéäàëàíèá

cos [(η − y) s] cos [λ2 (η − y) z] =

=
1

2
{cos [(η − y) (s− λ2z)] + cos [(η − y) (s + λ2z)]} =

=
1

2
{cos [η (s− λ2z)] cos [y (s− λ2z)] +

+ sin [η (s− λ2z)] sin [y (s− λ2z)] +

+ cos [η (s + λ2z)] cos [y (s + λ2z)] +

+ sin [η (s + λ2z)] sin [y (s + λ2z)]} ,
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M1 (z, s) ôóíêöèÿíè ©óéèäàãè÷à ¼çèø ìóìêèí:

M1 (z, s) =

T∫
0

ν (y) dy

T∫
y

ν (η) cos [(η − y) s] cos [(η − y) z] dη =

=
1

2

T∫
0

ν (y) cos [y (s− λ2z)]

T∫
y

ν (η) cos [η (s− λ2z)] dη+

+ν (y) sin [y (s− λ2z)]

T∫
y

ν (η) sin [η (s− λ2z)] dη+

+ν (y) cos [y (s + λ2z)]

T∫
y

ν (η) cos [η (s + λ2z)] dη+

+ν (y) sin [y (s + λ2z)]

T∫
y

ν (η) sin [η (s + λ2z)] dη

 dy =

= −1

4

T∫
0

d

dy

 T∫
y

ν (η) cos [η (s− λ2z)] dη

2

dy−

−1

4

T∫
0

d

dy

 T∫
y

ν (η) sin [η (s− λ2z)] dη

2

dy−

−1

4

T∫
0

d

dy

 T∫
y

ν (η) cos [η (s + λ2z)] dη

2

dy−
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−1

4

T∫
0

d

dy

 T∫
y

ν (η) sin [η (s + λ2z)] dη

2

dy =

=
1

4

 T∫
0

ν (η) cos [η (s− λ2z)] dη

2

+

+
1

4

 T∫
0

ν (η) sin [η (s− λ2z)] dη

2

+

+
1

4

 T∫
0

ν (η) cos [η (s + λ2z)] dη

2

+

+
1

4

 T∫
0

ν (η) sin [η (s + λ2z)] dη

2

.

Óøáó cos [(η − y) s] = cos(ηs) cos(ys)+sin(ηs) sin(ys) òåíãëèêäàí
ôîéäàëàíèá, M2 (s) ôóíêöèÿíè ©óéèäàãè÷à ¼çèø ìóìêèí:

M2 (s) =

T∫
0

ν (y) dy

y∫
0

eλ2
1(η−y)ν (η) cos [(η − y) s] dη =

=

T∫
0

e−2λ2
1y

ν (y) eλ2
1y cos(ys)

y∫
0

ν (η) eλ2
1η cos(ηs)dη+

+ν (y) eλ2
1y sin(ys)

y∫
0

ν (η) eλ2
1η sin(ηs)dη

 dy =
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=
1

2

T∫
0

e−2λ2
1y d

dy

 y∫
0

ν (η) eλ2
1η cos(ηs)dη

2

+

+

 y∫
0

ν (η) eλ2
1η sin(ηs)dη

2 dy =

=
1

2
e−2λ2

1T


 T∫

0

ν (η) eλ2
1η cos(ηs)dη

2

+

+

 T∫
0

ν (η) eλ2
1η sin(ηs)dη

2
 +

+λ2
1y

T∫
0

e−2λ2
1y

 y∫
0

ν (η) eλ2
1η cos(ηs)dη

2

+

+

 y∫
0

ν (η) eλ2
1η sin(ηs)dη

2 dy.

M1 (z, s) âà M2 (s) ëàðíèíã îõèðãè èôîäàëàðèíè (2.43) ãà ©²-
éèá,

1

4
γ7

1∫
−1

(
1− z2

)−(1+k)/2
dz

+∞∫
0

sk−1


 T∫

0

ν (η) cos [(s + λ2z) η] dη

2

+

+

 T∫
0

ν (η) sin [(s + λ2z) η] dη

2

+
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+

 T∫
0

ν (η) cos [(s− λ2z) η] dη

2

+

+

 T∫
0

ν (η) sin [(s− λ2z) η] dη

2

+

+
1

2
γ8

+∞∫
0

s(k−1)/2

e−2λ2
1T

 T∫
0

ν (η) eλ2
1η cos (ηs) dη

2

+

+e−2λ2
1T

 T∫
0

ν (η) eλ2
1η sin (ηs) dη

2

ds+

+2λ2
1y

T∫
0

e−2λ2
1y

 y∫
0

ν (η) eλ2
1η cos(ηs)dη

2

+

+

 y∫
0

ν (η) eλ2
1η sin(ηs)dη

2 dy

 = 0

òåíãëèêêà ýãà á²ëàìèç.
Áó òåíãëèêäàí ∀s ∈ (0, +∞) ó÷óí, æóìëàäàí s = (nπ)/T ,

n ∈ N ó÷óí

T∫
0

ν (η) eλ2
1η cos(ηs)dη = 0,

T∫
0

ν (η) eλ2
1η sin(ηs)dη = 0 (2.44)

òåíãëèêëàðíèíã ²ðèíëè ýêàíëèãè êåëèá ÷è©àäè. Áó òåíãëèêëàðãà
àñîñàí, ν (η) eλ2

1η ∈ L2 [0, T ] á²ëãàíè ó÷óí áó ôóíêöèÿíèíã Ôóðüå
êîýôôèöèåíòëàðè íîëãà òåíã á²ëàäè [21]. Äåìàê, ν (t) eλ2

1η ≡ 0,
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ÿúíè ν (t) ≡ 0, t ∈ [0, T ]. Óíäà ν1 (t) ≡ ν2 (t), t ∈ [0, T ] òåíãëèê
²ðèíëè á²ëàäè.Òåîðåìà èñáîòëàíäè.

Ýíäè (2.39) èíòåãðàë òåíãëàìà å÷èìèíèíã ìàâæóäëèãèíè ê²ð-
ñàòèøãà ²òàìèç. Øó ìà©ñàääà (2.39) òåíãëàìàíè

γ5

T∫
t

ν (η) (η − t)−kdη+

+γ5

T∫
t

ν (η) (η − t)−k {
J̄−k/2 [λ2 (η − t)]− 1

}
dη+

+γ6

t∫
0

ν (η) (t− η)−(1+k)/2dη+

+γ6

t∫
0

ν (η) (t− η)−(1+k)/2
{

eλ2
1(η−t) − 1

}
dη = F (t) , t ∈ [0, T ]

©²ðèíèøäà ¼çèá îëàìèç.
Áó òåíãëèêäàãè áèðèí÷è âà ó÷èí÷è èíòåãðàëëàðíè êàñð òàð-

òèáëè èíòåãðàë áåëãèñè îð©àëè ©óéèäàãè÷à ¼çèá îëèø ìóìêèí:

γ5Γ (1− k) Dk−1
tT ν (t) +

+γ5

T∫
t

ν (η) (η − t)−k {
J̄−k/2 [λ2 (η − t)]− 1

}
dη+

+γ6Γ

(
1− k

2

)
D

(k−1)/2
0t ν (t) +

+γ6

t∫
0

ν (η) (t− η)−(k+1)/2
{

eλ2
1(η−t) − 1

}
dη =
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= F (t) , t ∈ [0, T ]. (2.45)

(2.45) òåíãëèêêà D
(1−k)/2
0t êàñð òàðòèáëè äèôôåðåíöèàë îïåðà-

òîðíè òàäáè© ýòàìèç. Íàòèæàäà

Dγ
0tD

−γ
0t f (t) = f (t) , γ ∈ (0, 1)

ôîðìóëàíè ýúòèáîðãà îëèá, ©óéèäàãè òåíãëèêêà êåëàìèç:

γ5Γ (1− k) D
(1−k)/2
0t Dk−1

tT ν (t) +

+D
(1−k)/2
0t

γ5

T∫
t

ν (η) (η − t)−k {
J̄−k/2 [λ2 (η − t)]− 1

}
dη

 +

+γ6ν (t) + γ6D
(1−k)/2
0t


t∫

0

ν (η) (t− η)−(k+1)/2
[
eλ2

1(η−t) − 1
]
dη

 =

= D
(1−k)/2
0t F (t) , t ∈ [0, T ]. (2.46)

(2.46) òåíãëèêíèíã ²íã òîìîíèäàãè áèðèí÷è, èêêèí÷è âà ò²ð-
òèí÷è ©²øèëóâ÷èëàðíè ìîñ ðàâèøäà M3(t), M4(t) âà M5(t) ëàð
áèëàí áåëãèëàá, óëàðíè ñîääàëàøòèðàìèç.

M3(t) = D
(1−k)/2
0t Dk−1

tT ν (t) =

= Γ−1

(
1 + k

2

)
d

dt

t∫
0

(t− z)(k−1)/2 {
Dk−1

zT ν (z)
}

dz =

= c1
d

dt

t∫
0

(t− z)(k−1)/2


T∫

z

(s− z)−kν (s) ds

 dz,

áó åðäà c1 = Γ−1
(

1+k
2

)
Γ−1 (1− k). Îõèðãè òåíãëèêäàãè êàððàëè

èíòåãðàëëàðäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðñàê,

M3(t) = c1
d

dt

t∫
0

ν (s) ds

s∫
0

(t− z)(k−1)/2(s− z)−kdz+
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+c1
d

dt

T∫
t

ν (s) ds

t∫
0

(t− z)(k−1)/2(s− z)−kdz

òåíãëèêêà ýãà á²ëàìèç. Áó òåíãëèêäàãè áèðèí÷è âà èêêèí÷è
è÷êè èíòåãðàëëàðäà ìîñ ðàâèøäà z = ηs âà z = ηt àëìàøòèðèø-
ëàð áàæàðàìèç. Íàòèæàäà

M3(t) = c1

t∫
0

ν (s) t(k−1)/2s1−kds

1∫
0

(1− η)−k
(
1− s

t
η
)(k−1)/2

dη+

+c1

T∫
t

ν (s) t(k+1)/2s−kds

1∫
0

(1− η)(k−1)/2

(
1− t

s
η

)−k

dη (2.47)

òåíãëèê µîñèë á²ëàäè.
(2.47) òåíãëèêäà c1 íèíã èôîäàñèíè âà Ãàóññ ãèïåðãåîìåòðèê

ôóíêöèÿñè ó÷óí ²ðèíëè á²ëãàí ©óéèäàãè

1∫
0

tb−1(1− t)c−b−1(1− xt)−adt =
Γ (b) Γ (c− b)

Γ (c)
F (a, b, c; x)

ôîðìóëàíè ýúòèáîðãà îëñàê [1,16], óíè ©óéèäàãè ê²ðèíèøäà ¼çèá
îëèøèìèç ìóìêèí á²ëàäè:

M3(t) = Γ−1

(
1 + k

2

)
Γ−1 (2− k)×

× d

dt

t∫
0

ν (s) s(1−k)/2
(s

t

)(1−k)/2

F
[
(1− k) /2, 1, 2− k;

s

t

]
ds+

+Γ−1 (1− k) Γ−1

(
k + 3

2

)
×
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× d

dt

T∫
t

ν (s) s(1−k)/2

(
t

s

)(1+k)/2

F

[
k, 1, (k + 3) /2;

t

s

]
ds.

Áó òåíãëèêäà

d

dx
[xaF (a, b, c; x)] = axa−1F (a + 1, b, c; x) ,

d

dx

[
xc−1F (a, b, c; x)

]
= (c− 1) xc−2F (a, b, c− 1; x)

ôîðìóëàëàðíè [1,16] ýúòèáîðãà îëèá, äèôôåðåíöèàëëàø àìàëèíè
áàæàðàìèç:

M3 (t) =

= ν (t) t(1−k)/2

{[
Γ

(
1 + k

2

)
Γ (2− k)

]−1

F

(
1− k

2
, 1, 2− k; 1

)
−

−
[
Γ

(
3 + k

2

)
Γ (1− k)

]−1

F

(
k, 1,

k + 3

2
; 1

)}
−

−
[
2Γ

(
1 + k

2

)
Γ (1− k)

]−1

×

×
t∫

0

ν (s) s1−kt(k−3)/2F

(
3− k

2
, 1, 2− k;

s

t

)
ds+

+

[
Γ

(
1 + k

2

)
Γ (1− k)

]−1
T∫

t

ν (s) s−kt(k−1)/2F

(
k, 1,

k + 1

2
;
t

s

)
ds.

Áó òåíãëèêäà áèðèí÷è ©²øèëóâ÷èãà

F (a, b, c; 1) =
Γ (c) Γ (c− a− b)

Γ (c− a) Γ (c− b)
, c− a− b > 0
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ôîðìóëàíè ©²ëëàá [1,16], èêêèí÷è âà ó÷èí÷è ©²øèëóâ÷èëàðãà

F (a, b, c; z) = (1− z)c−a−bF (c− a, c− b, c; z)

ôîðìóëàíè ©²ëëàá [1,16], M3 (t) íèíã ©óéèäàãè ê²ðèøèãà ýãà
á²ëàìèç:

M3 (t) = −
[
2Γ (1− k) Γ

(
1 + k

2

)]−1

×

×
t∫

0

ν (s) (t− s)−(1+k)/2
(s

t

)1−k

F

(
1− k

2
, 1− k, 2− k;

s

t

)
ds+

+

[
Γ (1− k) Γ

(
1 + k

2

)]−1
T∫

t

ν (s) (s− t)−(1+k)/2×

×
(s

t

)(1−k)/2

F

(
1− k

2
,
k − 1

2
,
k + 1

2
;
t

s

)
ds. (2.48)

D
(1−k)/2
0t êàñð òàðòèáëè äèôôåðåíöèàë îïåðàòîðíèíã ê²ðè-

íèøèíè ýúòèáîðãà îëèá, M4(t) íè ©óéèäàãè ê²ðèíèøäà ¼çèá
îëàìèç:

M4(t) = Γ−1

(
1 + k

2

)
d

dt

t∫
0

(t− η)(k−1)/2×

×


T∫

η

ν (z) (z − η)−k {
J̄−k/2 [λ2 (z − η)]− 1

}
dz

 dη.

Êàððàëè èíòåãðàëäà èíòåãðàëëàø òàðòèáèíè ²çãàðòèðàìèç:

M4(t) = Γ−1

(
1 + k

2

)
d

dt

t∫
0

ν (z) dz×
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×
z∫

0

(t− η)(k−1)/2(z − η)−k {
J̄−k/2 [λ2 (z − η)]− 1

}
dη+

+Γ−1

(
1 + k

2

)
d

dt

T∫
t

ν (z) dz×

×
t∫

0

(t− η)(k−1)/2(z − η)−k {
J̄−k/2 [λ2 (z − η)]− 1

}
dη.

È÷êè èíòåãðàëëàðäà á²ëàêëàá èíòåãðàëëàø ©îèäàñèäàí ôîé-
äàëàíèá, ñ²íãðà µîñèë á²ëãàí èôîäàäà äèôôåðåíöèàëëàø àìà-
ëèíè áàæàðèá, M4(t) íèíã ©óéèäàãè èôîäàñèãà ýãà á²ëàìèç:

M4(t) = Γ−1

(
1 + k

2

) t∫
0

ν (z)
{
t(k−1)/2z−k

[
J̄−k/2 (λ2z)− 1

]
+

+

z∫
0

(t− η)(k−1)/2K11 (z, η) dη

 dz−

−Γ−1

(
1 + k

2

) T∫
t

ν (z)
{
t(k−1)/2z−k

[
J̄−k/2 (λ2z)− 1

]
+

+

t∫
0

(t− η)(k−1)/2K11 (z, η) dη

 dz,

áó åðäà
K11 (z, η) =

= −
+∞∑
j=1

Γ (1− k/2) (2j − k) (z − η)2j−k−1

j!Γ (1 + j − k/2)

(
λ2

2

)2j

|z − η|1−kO (1).



65

ÝíäèM5(t) íè ñîääàëàøèðèøãà ²òàìèç.Øó ìà©ñàääà,D(1−k)/2
0t

êàñð òàðòèáëè äèôôåðåíöèàë îïåðàòîðíèíã ê²ðèíèøèäàí ôîé-
äàëàíèá, óíè

M5(t) = Γ−1

(
1 + k

2

)
d

dt

t∫
0

(t− η)(k−1)/2×

×

 η∫
0

ν (z) (η − z)−(k+1)/2
{

eλ2
1(z−η) − 1

}
dz

 dη

ê²ðèíèøäà ¼çèá îëàìèç.
Áó òåíãëèêäàãè êàððàëè èíòåãðàëäà èíòåãðàëëàø òàðòèáèíè

²çãàðòèðàìèç. Íàòèæàäà

M5(t) = Γ−1

(
1 + k

2

)
d

dt

t∫
0

ν (z) dz×

×
t∫

η

(t− η)(k−1)/2(η − z)−(k+1)/2
{

eλ2
1(z−η) − 1

}
dη (2.49)

òåíãëèêêà ýãà á²ëàìèç.
Äàñòëàá (2.49) òåíãëèêäàãè è÷êè èíòåãðàëãà á²ëàêëàá èíòåã-

ðàëëàø ©îèäàñèíè ©²ëëàéìèç, ñ²íãðà µîñèë á²ëãàí èôîäàäà
äèôôåðåíöèàëëàø àìàëèíè áàæàðàìèç:

M5(t) = Γ−1

(
1 + k

2

) t∫
0

ν (z) dz

t∫
z

(t− η)(k−1)/2K12 (z, η) dη,

áó åðäà

K12 (z, η) =
∞∑

j=1

(−1)jλ2j
1 [j − (k + 1) /2]

j!
(η − z)j−1−(k+1)/2 =
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= (η − z)−(k+1)/2O (1) .

M3(t), M4(t) âà M5(t) ëàðíèíã òîïèëãàí èôîäàëàðèíè (2.46)
òåíãëèêêà ©óéñàê, ν (t) íîìàúëóì ôóíêöèÿãà íèñáàòàí

ν (t) +

T∫
0

ν (z) K13 (t, z) dz = F1 (t) , t ∈ [0, T ] (2.50)

ê²ðèíèøèäàãè èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç, áó åðäà

K13 (t, z) =

{
K14 (t, z) , z < t;

K15 (t, z) , z > t,

K14 (t, z) = −γ5γ
−1
6 2−1Γ−1

(
1 + k

2

) (z

t

)1−k

(t− z)−(1+k)/2×

×F [(1− k) /2, 1− k, 2− k; z/t] + γ5γ
−1
6 Γ−1

(
1 + k

2

)
×

×

t(k−1)/2z−k
[
J̄−k/2 (λ2z)− 1

]
+

z∫
0

(t− η)(k−1)/2K11 (z, η) dη

 +

+Γ−1

(
1 + k

2

) t∫
z

(t− η)−(k−1)/2K12 (z, η) dη,

K15 (t, z) = γ5γ
−1
6 Γ−1

(
1 + k

2

) (z

t

)(1−k)/2

(z − t)−(1+k)/2×

×F [(1− k) /2, (k − 1) /2, (1 + k) /2; t/z]− γ5γ
−1
6 Γ−1

(
1 + k

2

)
×

×

t(k−1)/2z−k
[
J̄−k/2 (λ2z)− 1

]
+

t∫
0

(t− η)(k−1)/2K11 (z, η) dη

 ,
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F1 (t) = 2kΓ

(
1 + k

2

)
Γ−1

(
1− k

2

)
D

(1−k)/2
0t F (t) .

Ê²ðñàòèø ©èéèí ýìàñêè,

K13 (t, z) = (z/t)(1−k)/2|t− z|−(k+1)/2K16 (t, z) ,

áó åðäà K16 (t, z) ∈ C ([0, T ]× [0, T ]).
Áóíè ýúòèáîðãà îëèá, (2.50) òåíãëàìàäà

|t− z|−(k+1)/2K16 (t, z) = K17 (t, z) ,

ν (t) t(1−k)/2 = ρ (t) , F1 (t) t(1−k)/2 = F2 (t)

áåëãèëàø êèðèòñàê, ρ (t) ôóíêöèÿãà íèñáàòàí

ρ (t) +

T∫
0

ρ (z) K17 (t, z) dz = F2 (t) , t ∈ (0, T ) (2.51)

èíòåãðàë òåíãëàìàãà ýãà á²ëàìèç. (2.51) - ÿäðîñè ñóñò ìàõñóñëèê-
êà ýãà á²ëãàí Ôðåäãîëüì èíòåãðàë òåíãëàìàñè á²ëèá, ó (2.39)
èíòåãðàë òåíãëàìàãà ýêâèâàëåíò. Óíäà (2.51) ãà ìîñ óøáó áèð
æèíñëè èíòåãðàë òåíãëàìà

ρ (t) +

T∫
0

ρ (z) K17 (t, z) dz = 0, t ∈ [0, T ] (2.52)

(2.40) áèð æèíñëè èíòåãðàë òåíãëàìàãà ýêâèâàëåíòäèð. (2.40)
èíòåãðàë òåíãëàìà ôà©àò òðèâèàë å÷èìãà ýãà á²ëãàíè ó÷óí (2.52)
áèð æèíñëè èíòåãðàë òåíãëàìà µàì ôà©àò òðèâèàë å÷èìãà ýãà
á²ëàäè.

Àãàð ϕ2 (T ) = 0, ϕ2 (t) ∈ C [T/2, T ] ∩ C3 (T/2, T ), ϕ′2 (t) =
(T − t)−εϕ̃2 (t), ε < 1, ϕ̃2 (t) ∈ C2 [T/2, T ] øàðòëàð áàæàðèëñà,
F2 (t) ∈ C [0, T ] ∩ C2 (0, T ) á²ëàäè. Ó µîëäà Ôðåäãîëüì àëòåð-
íàòèâàñèãà ê²ðà (2.50) èíòåãðàë òåíãëàìàíèíã å÷èìè ìàâæóä âà
ÿãîíà á²ëèá, áó å÷èì C [0, T ]∩C2 (0, T ) ñèíôãà òåãèøëè á²ëàäè.
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ρ (t) íîìàúëóì ôóíêöèÿ (2.51) òåíãëàìàäàí òîïèëãàíäàí ñ²íã,
ν (t) = ρ (t) t(k−1)/2 ∈ C2 (0, T ) ∩ L2 [0, T ] ìàúëóì á²ëàäè âà τ (t)
ôóíêöèÿ (2.38) òåíãëèê áèëàí àíè©ëàíàäè.Øóíäàí ñ²íã ìàñàëà-
íèíã å÷èìè Q1 âà Q2 ñîµàëàðäà ìîñ ðàâèøäà (2.28) âà (2.31)
ôîðìóëàëàð áèëàí àíè©ëàíàäè.

2.2-ìàñàëà ò²ëà µàë ýòèëäè.
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