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Abstract. In the present work, a Cauchy-Goursat problem in the characteris-
tic triangle for the generalized Euler-Poisson-Darboux equation is investigated.
Solution of the problem is defined by using Riemann’s method. Theorems on
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Key words. Euler-Poisson-Darboux equation, equation of hyperbolic type,
Cauchy-Goursat problem, Riemann-Hadamard function, existence of solution,

uniqueness of solution.

1 Introduction

Mathematical simulations of many problems such as mathematical biology [1], gas and
fluid dynamics [2-7], shell theory [8, 9] and mechanics [10, 11] are degenerated by par-
tial differential equations. On the other hand, degenerated differential equations can be
expressed by equations with singular coefficients for small terms of equation.

One of the representation of hyperbolic type differential equation with singular coef-
ficients is called Euler-Poisson-Darboux equation, that is,

153 «
Eop(u) =ugy — ——ue + ——u, =0.
g (u) = ugy e el

This equation and more generalized equation E, g (u) + v(€ — 1) *u = 0 were inves-

tigated for the first time by Euler for « = 8 =m, v =mn (m,n € N) in [12]. The famous
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mathematicians Darboux [9], Poisson [13], Riemann [14] and also many other scientists
of the XX century have been engaged in with these equations.

The next hyperbolic type equation with singular coefficients is

L) 5(u) = ugy + (77il'§+77€§> ue + <77j[‘f_77€§> Uy +yu = 0. (1.1)

In the case ao = 0, we have Eg g (u) = 0 and also in the case a = 8 # 0, by changing
variables as t = /£, z = /1, the equation L] ;(u) = 0 is shifted to the equation
Eg5(v) =0, where v (t,2) = u (v/€, /7). For this reason, equation L] 5 (u) =0 is called
as generalized Euler-Poisson-Darboux equation. In the present work equation (1.1) is
considered in the domain A = {(,n): 0 < <n<1}.

Cauchy-Goursat problem. Find a function u(&,n) € C (A) satisfying equation

(1.1) and the following conditions in domain A

im (=& (ug —uy) = v(§), 0<E<1, (1.2)

n—§—+0
w(©,n) = i(n), 0<n<1, (1.3)

where v(€) and ¥1(n) are given continuous functions.

The Cauchy-Goursat problem for equation E, g (u) = 0, in the case 0 < o = < 1/2
in domain A, was studied by Gellersted [15]. Riemann-Hadamard function of the Cauchy-
Goursat problem was constructed and using it the solution of considered problem was
written explicitly. From the results which derived from books [1, pages 235-236] and
[16, pages 100-102] for equation y™ugz, — Uyy + ay(m/g)_lug; = 0, where m and a are
constants with m > 0, |a| < (m/2), it follows that Cauchy-Goursat’s problem for equation
E,p(u) = 0 in the case a« = (m —2a) / (2m+4), f = (m+2a) / (2m + 4) is uniquely
solvable. However, explicit solution of the problem was not given. In [17], Riemann-
Hadamard function of Cauchy-Goursat problem was constructed for equation E, g (u) = 0
and solution of the problem was found by Riemann’s method. Moreover, theorems on
the existence of the solution of considered problem were proved for 0 < o, 5, + 5 < 1.
Cauchy-Goursat problem for equation (—y)" uzy —2™uy, = 0, where x > 0,y < 0, m > 0,
in the characteristic triangle was investigated in [18]. Riemann-Hadamard function was
constructed, a formula of solution was found and the uniqueness and the existence of the
problem was proved.

In [19, 20], for equation

2 2
Uy — Uyy + ;puz — Equy +Xu=0 (1.4)
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a formula for the solution of Cauchy-Goursat problem has been found in the case ¥ (z) =

0. But this formula was not investigated, i. e , theorems on existence were not proved.
In the present article solution of Cauchy-Goursat problem for equation LZ, 3 (n) =0,

in the case a > 0, 0 < 8 < (1/2) Vv € R is formulated and the unique solvability of this

problem is established.

2 Investigation of Cauchy-Goursat problem

We shall solve this problem by Riemann’s method. For the solution, we use a function
which is called as Riemann-Hadamard function V'(&,m; &0, n0; ), satisfying the following

conditions:

(i) The function V (&, n; &, n0;7y) is a solution of equation (1.1) with respect to &g, 7o,
and also with respect to £, n it satisfies adjoint equation of (1.1), that is,

MQ,B(V)EV&—%K&J”?B&)V} —i[(&—ﬂ)v} +9V =0;
(i)
Vo= e+ + B =&V =0 foré =&,
and

Ve = [a(n+&)~" = B(n =&~V = 0forn = no;
(i) V(€o,705 §0.m03Y) =1
(i) | dim V(& :€0,m0;7) = 0;
(v) lim [V, = Ve—48(c—m)'V] = 0;
(vi)
i ({Ve = [a(n+€)7 = 60— OV} g,

—{Ve—[an+& " =Bn—-97"] V}|,7:50_6) =0, > 0.

Using Riemann and Green-Hadamard functions which were constructed in the work

of Kapilevich [20, pages 1480-1481] for equation (1.4) it is not difficult to show that the
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function V(&,n;&o,n0;y) has above-mentioned properties (i)-(vi) and is defined by the
following equality:

Ry (&,m:60,m0:77) for n > &,
V(& m:80,m057) = (2.1)
Ry (&, m580,m0;7) for n <&,

where

Ry (&mi€o,moiv) = oZ 3(B,0,1=B,1—a;1+k;o2,01),

77+§ ) (n—6)*
m+&/ (& —&) (no—n)”

+oo k

o3 1
ST — 5 my (B-k B a1 - ;28— —01 ).
2T B, 2 (#- ks s o)

Ry (&,m580,m0;7) = x<

a B
_ n+& n—=& __ (6=£&0)(n—mo0) _ (£—=¢0)(n—mo) _
Note that here oo = (7]04—50) (770—50) 1 01 = T re)(otén)’ %2 T (=&t 93 T

—v (€ —&0) (n—mn0) and x = T'(8)/T(1 — B)I'(26), I'(z) is the Euler’'s gamma function
[21]. Note also that here
e N (@ (@), (0, @)y
F3(U,,G/ 7b7b 7C7x?y) - Z (C)m+n mln! Ty

m,n=0

9

Jrf (a)m_n(b)m(C)n(d)%myn

(e),,min!

HZ(CL?b? c’ d; e; x’ y) =

m,n=0
are Appell’s and Horn’s function [21], respectively. Moreover, (2),, = z(z+1)...(z+n—1) =
I'(z +n) /T (z) is Pochgammer’s symbol [21].
Based on the equalities [20, 22]

+oo

F3(a7a/7b7b/;c;xay) == m m mF(a b C+m JC)
m=0

Hg(abcd'e'x y) — 'S MymF(a—mb'e'x)
= (1—a),,m!

= n b n
where F(a,b;c;x) = g (C(l))()' " is Gauss’ hypergeometric function [21], the functions
C)nn
n=0

Ry and Ry can be written as

. [ nF+ENT [ n—¢& ’
Rl (5777750777077)_ (,’70_’_50) (770_60)

Z Z m! 1+_k))m ol"F (8,1 =1+ k+m;0), (2.1)
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n+¢ )“ (n—&)*
mo+&/ (& —€) (no—n))”

R ok = (a),,(1— oz)m
- 2,: k(1 - B & Z «ml(1— B +k), (5 k—m; 5;25; ) - (22

Ry (&,1:€0,m0:7) =X(

Using (2.2) and (2.3) expansions of functions R; and R, one can show that function (2.1)
satisfies conditions (%)-(vi).

Now, let the function u(&, n) be solution of Cauchy-Goursat problem for equation (1.1),
and P (&, no) be an arbitrary point in domain A. We shall find u(&g, 7). In the triangle
O'A’'B’, which is bounded by segments O’A’, A’B’, O'B’ of straight lines n = £ + ¢,
n==~& —¢, £ =0, respectively, and rectangle B” A” P” P’ which is bounded by segments
B"A", A”P", P"P’, P'B” of straight lines n = &y + ¢, £ = £ — 22, n = 19, £ = 0, the

following identity is valid:

2a 23
8§ {Vu77 UVU+<77+§+T]§) V]
=0 (2.3)

Integrating this identity along the triangle O’A’B’ and the rectangle B”A” P"P’, and

then changing the order of the integration of the resultant, we get

2a 2/
+ / {Vu —uV, + ( -|- > uV] dn
! +& n—¢
O/A/B/ aB//A//P//P/

2a 2/ B

After computing the integrals in this equality, we obtain

Eo—2e
4
[V(un—u5)+u<V§—Vn+ﬂv>} d¢
0 n=§ n=&+e
o—2¢ ﬂ
2 2
—I—/ {Vu —uV—I—(—)uV} d
) ¢ ¢ n+¢§ n—¢£ n=fo—e ¢
Eo—e

ot
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&o—2¢
2 2
- / {Vuf —uVe + <a ¥ uV] d¢
0 n+ n—E n==Eo+e
mo 9 9
+ / {Vun—an—F( f fﬁf uV] dn
Eo+e K 7 ¢=bo—2¢
Eo—2¢
2 2
+ / {Vuqung <O‘5 uV] de
0 n+ = € n="mno
10 9 9
+ / {uv Vu, — (O‘ B uV] dn
n+& n—¢ £=0
Eote

= 0.

Integrating by parts the first terms of all integrals from the second to the sixth, after

some evaluations, we obtain

u (o — 2¢,m0) V (o — 2¢, 105 €0, 105 7)

= u(éo—2¢,8 +¢)V (o —2¢,0 +¢;60,m0;7) + Ty (0,€) V(0,&; 80,705 7)

2
*%U(Eo726,5076)‘/(50*26,50ff-:;Eo,no;v)
10
B
v, — S d
+/u[n <U+§+77 5) ]5_5025n
Eo+e
€o—2¢ 5
(6%
V- (—— -2 )v| 4
* 0/ e (e ) Lzmg
Eo—2e

- [l G

0

a B
o (e 228 5} “

o—2¢
1 4p
+§ O/ [V(u5—un)+u(Vn—V5— €V)L_gﬁdf
§o—e¢ 70 5
e
, 4+ dn. .
+ 0/+§Z V{u,+(n+£+n_£>u]€_on (2.4)

We shall search expression (2.5) in the case when e converges to zero. By (i) property
of V' (&,m;€0,m0;y) function left-hand side of (2.5) converges to u (§p,70). The first, sec-
ond and third terms in the right-hand side of (2.5), by (iv) property of V (&, 9;&o,70;7)
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function, the fourth and fifth terms by (ii) property of V (£, 1;&,m0;7) function, by

(vi) property of the function sixth term converge to zero. Moreover, by (v) property of

V (&,m;€0,m0;77), we have

. -1 _
limu[V, — Ve = 450y — ) V] =0

By condition (1.2) and expansion function (2.3) of Ry (&,1;&0,70;7) , the equality

2¢ )O‘V(ﬁ) E2 (a1 =1 — Bio1,03)],_¢
0+ 1o [(€0 — €) (mo — €))7

holds, where Es (a, b; ¢; z,y) is Hymbert’s hypergeometric function [21], that is,

tm ¥ (e = )l er. =

> b
E2(a,bcay)= Y Mwmy", |z < 1.

oo (€) g min!

Finally, by condition (1.3), eigth term converges to

7o

/ l:wll () + = :; Bwl (n)] V(0,15 €0, 10,5 7) d.
0

Now, passing to the limit when e converges to zero in (2.5), taking into account the
results proved above, we get the representation of solution of Cauchy-Goursat problem

(1.1) — (1.3) as

Iy

0

< 2¢ )QV(E) Bz (a,1 = ;1 = B;01,03)]

Tszd
&+ o (60— €) (10 — €))7 ¢

—

X

wl@om) = 3

a+p
n

+

[wa () + 28y, (nﬂ V(0,15 €0, 103 ) i (2.5)

O\§ -

Therefore, by the induction method on formula (2.6) one can state that if Cauchy-Goursat

problem (1.1) — (1.3) has a solution, then it is unique.

Lemma 2.1 If v (§) satisfies Holder’s condition on [0,1) with degree § > 3, then the

function
&
1 2t \“v(t)E2 (a1 -1~ Biyi,y0)
I i
& 2X0/<6+n) €00 nF |
where y1 = — (E—t)(n—1) /2t (E+n)], y2 = —y(§ —1t) (n —t) possesses the following
properties:
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1. The partial derivatives I¢ and I, can be represented as

t

aI(&,n) 04[577 ( >a & —v(t)Z2(a,1 — 51— fBu1,y2)
o€ n+E *‘B / £+ - m-1)P° !

£
1 “ v(t) 9 o

r(1+a)r(175) 26\
F( +a—pB) V(f)(fﬂw)

1
§X
x<5> 2‘*F<—5 1+a—2ﬂ‘1+a—ﬁ'§>' (2.6)
’I? ) ) 777 ) *

+

9I1(&,m) —al(¢n) v -v(t)E (a1~ — B591,92)
on e ﬁ /<§+77> =t m- t)1+ﬁ a

€
1 2t \“ v (t) 9 _ o
+2&/<ﬂHJ[@—ﬂm—mﬂ%““ml 51 =Bt vn) db

L TOtara-g) (2% )
2 X T ta—p) (®(§+n)
¢

1-5
X(U) (77—5)QﬁF(l—ﬁyl-Fa—?B;?—ka—ﬁ;i). (2.7)

2. The function 1(&,n) satisfies equation (1.1) and the following boundary conditions

lim (n =& (e —1,) = v(¢), 0<&<1, (2.8)
n —

I(0,n) = 0,0<n<1. (2.9)

Proof. Firstly, we prove Assertion 1. Let us consider the function

. 1 v(t) 26\ ol—al_ B
1 (5,77)—2X0/ [(gft (nt)]ﬂ<£+77) ‘~2( vl al ﬁyylva)dt7

where € > 0 is a small enough real number. It is obvious that lir% ¢ (&n) =1(,n).
e—

By direct differentiating, we obtain

0

6 = —E I En -l m—s+a)”

26 —2e\”
X (a1 —a, 1 — B51, e
(54‘77) 2 ( Biy,y2)|i—e .
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1 2t \" v (&) —v(t) (o, 1 —a;1— By, ys)
+26X/< ) (f—t)1+’8(n—t)ﬂ dt

2 \¢ v (t) ﬁ: e
( ) (-t (n—t)]ﬁf){%( 1 ;1= B5y1,y02) dt

a -1-5 -8 _ a B -8
—6!t@—0 (1) Pt = —/tm—w -0 Par
= (-9 —&+e) e
E—e
ta [tV E—t) P n—t) Pdt

Taking this into account, equality (2.10) can be written as

0 —_
S = e+ (B

S — ) - 76
o€ E+n §+77) (1=C+e)
xe P [V (€—¢e) Ea (a1 —as1 = Biyn,y2)l e — V(f)}

¢
1 /( 2t )”‘u(&)—v(t)Ez(a,l—a;l—ﬂ;yl,m)dt

-t -1’

(n—1))” %€

(2.10)

* 0
+;x/< 2t ) [(gj(t) =S (o, 1 — ;1 = Byy1,y2) dt
0

Now, we investigate the expression
¢ 13
= a/to‘_l(f —t) P(p—t) Pat + ﬁ/t“(g ) P —t) Pt
0 0

9

(2.11)
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Substituting t = £s into the integral and taking integral representation of Gauss’

hypergeometric function [21]

1

/t“ Ta—n 1 —at) bt
0

F(a,b,c;x) =

cfa

into account, one can show that
— goBy s+l (1-5) . 4.8
I = ¢ Fita_5) FlapBil+a ﬁ,n
pEt L (1+a)l(1-H)
pith Fr2+a-7)

e rl+ T (1-5) | .
— 775 I‘(2+a—ﬁ) [(1+a_ﬁ)F<a’ﬁ71+a_ﬁ7n>

+B€F(l+a,1+6;2+a—ﬁ;§>]
n n

+ F<1+a,1+5;2+a6;§)

Then, using the equalities [21, 23]
cF(a,b;c;2) — cF (a+ 1,b;¢c;2) +bzF (a+ 1,04+ 1;¢+ 1;2) = 0,
F(a,b;c;z) = (1 — z)cia*bF (c—a,c—b;c;z),

we get

PP T+ o)l (1-5) (_ . - .5>
T -9 T(A+a-p) Fl=6,1+a-251+a ﬁ,n . (2.12)

Now, passing to limit when £ — 0 in (2.11), considering equalities (2.12) and
EQ (Oé, 1- Oé,l - B;y17y2)|t:575 =1 +€O (1) B

and also properties of the function v (§), we get equality (2.6).
Similarly, equality (2.7) can be proved, so it is omitted. Hence, Assertion 1 is proved.

Secondly, we prove Assertion 2. Taking into account (2.6), (2.7) and the equality [23]

F(a,b;c;z)+azF(a+1,b+1;¢+1;2) =cF (a, b+ 1;¢2) (2.13)
we derive
_ 1 =8 —vEt)sE(a,1 —as1— By1,y2)]
Tl T ( ) (€= -] “

3
/
9
+;X0/< W) o=

10
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9 _ 0\ 1 Tl4+a)l(1-8)

< () (n— €)% (;fn) (£) _BF (-p.a-21+a-5). @

Then, multiplying both sides by (n — 5)% and passing to limit as n — & = +0, we get

S =97 - 1) = SEEEP O ©F (ha -2 a5
_ Kl“(l—i—a)l“(l—5)F(1+a—5)1“(1+25)y(£)
2 T(l+a-p) F(1+a)T(1+5)
v, 0<E<,

Note that, here, the following equalities from [21]

T(l42)=2T(2), F(a,bm;l)—W, c—a—-b>0

are used.

Now, we show that equality (2.9) holds. To do this we prove L/ 4 (I) = 0. From (2.6)
it follows that

0?1 a(l—a) !
= 1
0€ n wrer ettt

3
1 2t al/(f)—u(t)Eg(a,l—a;l—B;yl,yQ)
[ (¢5) .
0

£+ [(€—t)(n—t)]"*”

1S
1 20\ v()
2XO/<£+n) (€= t) (n—1)’
B 0 B 0 >’ - , .
[é—t%+n—ta§ € on }“ bl B

1 T(14+a)T(1-7) 2
EER ) ”@(w)

-8
Xaan [(i) (n=&"*F (—6,1 +a—28;2+a -5 f,)] - (215)

Considering (2.6), (2.7), (2.14) and (2.15), we find

X

£
. 1 2t \“ v(t)
L“*"(I>_2XO/(E+77> E—Om—0p
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X[825858+ﬁ(6 a>

90n  E—ton n—toE n—E\IE Oy
a(l—a)

B E— = 1—a;1— 0651, dt
(77+f)2 + 7| E2 (a, Biy1,y2)

1 Tl+a)T(1-75) 26\
N Tta-p) V(E)(Hn)

I3 ~1-28 . €
X /6 n (T’_f) F _/67a_2/811+a_67n

- m)_ﬁ(n ~97F (142140 p f;)] } o @16)

It is not difficult to show that

B (d a\ _ 8 9 9
elm) - wre T

B o, B O _ B B |0 450

§—tdn  n—tok 20(6+m)  (n+¢)° Oya’
32 1 2 2 0
I~ Ern] [yl (y1 — )ay1 Vg o, T G- Dg

02 2 9
- {m 93 "V 1oy 81/2]

Then,

[82 6868+ﬂ§<8 8)

06dn &—tdn n—toE 05 on
a(l-a)
2 S (o1 —asl =By,
(77+§)2 + 9| Z2 (o, Biy1,y2)
1 02 2 0
— R [yl(l )62+y26y18y2+(17572y1)8f1
a(l—a)Z(a,1—-a;1 = B5y1,92)
0? 0? 0
7[y2ay yl@yayg (—5)y—1}~2( 1—o;1—Biy1,92)
= 0, (2.17)

in which the function =5 (a, b; ¢; x, y) satisfies the system [21]

x(l—x)a—Q—k 872—+—[c—(a—f—b—kl)ac]ﬁ—ab Z2=0
Ox2 yamay Ox o

T R T
yayQ 0xdy Oy =

12
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Now, we consider the expression
—1-28(¢& - §
L = Bn-9¢ (77> F(570125;1+045;77>

( <£>ﬂ <_ o - f)}
n—¢&7" F(=81+a-281+a-p; :
U U

Applying the formula [21]

L0
an

d
d—z“F (a,b;¢;2) = az 'F(a+1,b;¢;2),
z

and in pursuance of some transformations, we get
b= Bln-€& E/m° {F (—@a ~28;1+a—B; f})

—F(—ﬂ,l+a—2ﬂ;l+a—ﬁ;f]>

+{(1£)F<1ﬂ,1+a26;1+aﬂ;£)
n n
—F(—ﬁ,l+a—2ﬁ;1+a—ﬁ;§>}}.

By virtue of the equality [21]
c(l—=2z2)F(a,b;c;z) —cF(a—1,b;¢;2) = (b—¢) 2F (a,b;c+ 15 2)

the sum in the quadratic brackets equals to

£

—[ﬁ/(lm—ﬁ)}nF(l—ﬁ,Ha—zﬁ;ua—ﬁ;i).

Taking this into account, we get
b= 8- e P (-pa-2misa-5i)
-F <—ﬂ,1+a—25;1+a—5§f]>
- [5/(1+a—ﬁ)]%F (1_5,1+a—25;2+a—5;f’)] :

According to equality (2.13), the expression in the quadratic brackets equals to zero.
Thus, I; = 0. Considering this and (2.17), from (2.16) it follows that L], 5 (I) = 0. The

proof of Lemma 2.1 is completed. m

Lemma 2.2 If1(n) € C?[0,1], then the function

n
&)= [ [0 O+ (a+ )t 0 O]V (0.6 ) de
0
possesses the following properties:

13
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1. The function ® (£,n) and its derivatives are represented as

n £ t
(&) = 5)/8‘1‘/(0,8;5,77;7) ds—/w’ (t) dt/5_1R2(073;€777§7)d5
0 0 0
n
+ [ ¢'( "R1(0, s3€,m;7)ds (2.18)
Joos):
585 &n) = @E)cos(Bm) P+ -6
n
- 8 . .
+<p(§)0/8 16*5‘/(078,6,77,7)618
I3 t
—/@()dt/ 85Rz(OSE,vm)
0 0
n n 8
e wan [ R Ose ) ds (2.19)
3 t
SREN = I+ -7

d@ﬁ/yﬁ%mm@amw@, (2.20)

where @ (t) =ty (8) + (@ + B) ¢ (2).

2. The function ® (§,n) satisfies equation (1.1) and the conditions

lim (n—&)% (@ —®,) = 0,0<&<1, (2.21)
n—&§—+0

0,7 = Pi(n), 0<n<1. (2.22)

Proof. Taking into account the process of the induction of formula (2.5) and the desig-

nation ¢(t), the function ®(£,n) can be rewritten as

P (&) = lim / / ()t 1V (0, 8;€,m; ) dt

e——+0
0 E+e

14
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Applying integration by parts with u = ¢(t), dv = t=1V(0,t,&,m;7)dt, we get

D(&n) = lim {[p(—e)p2(E—&n) —e(E+e)m (E+eEm)]

e—=+40
E—e

0 1

where

n

t
i (t,€,m) = _/57131 (0,86, m57) ds, pa (t,€,m) =/8’1Rz (0,8:€,m;7) ds
0

t

- / o () i (1,6 b — / o () pn (8,6, m)
+e

Substituting the expressions for u (t,£,n) and ps (¢,€,n), and passing to limit, one can

reach equality (2.18).

Now, we rewrite equality (2.18) as

(&) = Jim e (€ / / V(0,s;€,m;7) ds
0 E+te
E—e¢ t

_/ ¢ (t) dt/s_le (0,s:&,m57) ds
0
n

0
n

+ / ¢’ (n) dt/s_lRl (0,8;&,m;)ds
+e

I3 t

Differentiating this equality with respect to &, we obtain

% = dm @V Osen}
§—¢ n
+p /+/ V(0,s,&,m;7v)ds
0 &te
E—e n
/+/ V(0,5,&,m;7) ds
0 ¢te

E—e
57 Ra(0,5;€,m;7)ds

o' (E+e) R1(0,5;&,m;7)ds

o
Z

15
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E—e t
1 0
— [ Y (t)dt =2 R2(0,5,8,m;7) ds
[ o]
7 U]
+ /cp’ (t)dt/ 6le (0,5,&,m;7) ds
E+e t

Then, passing to limit, we get

0P s=ee
5 - P (&) tim [s*lV(O,s;&nw)]}S:;s

n
0
+¢ (é“)/«flaE (0,5;8,m;7) ds
0
t

1 0
SOt [ 57 SR 05367 ds

0

+

M O — .

o' (t) dt/ (%Rl (0,s;¢,m;7) ds. (2.24)

t
Using representations (2.2) and (2.3) of functions Ry and Rs, and also the formulas [21]

F'(c)l'(c—a—0b)

F(ab;c;1) = T(e—a)T(c=b)’ c—a—b>0;
F(a,bjc;l —x) = —Im}*_‘(a,b;l;xﬂnx
T(a+k)T(b+k)
z;; (k!)?
" ( )_F'(a+k’)_F’(b+k) k
T(1+k) T(atk) T@O+k ]|
it is easy to prove that
dim [TV (0, & ZE T = cos (@B €T+ -9 (2.25)

Then, substituting (2.23) into (2.22), we obtain (2.19).

16
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Further, differentiating (2.23) with respect to 7, we find

= lm [pE)n" R (0,m:€m;7)

an e—+0
/ / V (0,88, m;7) ds

0 E+e

+0 'Ry (0,1:6,m37) [p (n) — 0 (€ +¢))]
E—e

t
_/ o (t)dt/slgnl?a (0,88, m;7) ds
0

0
t

7
+ /cp' (t)dt/sfl%fﬁ (0,5:&,m57) ds
+e

13 0

Hence, passing to limit and considering
n Ry (0,6 m59) = TP+ )T (- &) 70

one can get (2.20).

Similarly, differentiating equality (2.20) with respect to &, we obtain

0%®
0&0n

- atp-1 o _eyB (B
= —pmn UREIMNUERS) (77+§ n—f)

s=€f—¢

e—+0 s=tte

0
+ lim [@(é){s_la??V(O,s,f,nw)}
/ P
+¢' (£) /+/ 8‘1577‘/(078;6,77;7)%
0 +e

5/
0
E—e¢

0
790/(575)/371%32(0,3;5,77;7)@

0

n
+/ 853 V(0,8:&,m;7) ds

E+te

n
)
—<p’(£+6)/8‘1%1%1(0,8;5777;7)618

E+te

17
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E—¢ t

—/@’(t)dto/ a?a (0,8:8,m57) ds

o

n n
0
/ —1 . .
+ /90 (t)dt/s 8§8’I7R1 (0787£7n7’7)d8
E4e t

Hence, passing to limit and considering equality (2.25), we get

o B —a s «a B
s = e a0 -07 (5 - L)
—asme O €+ 90— (2w L)

n

82

+po &) [ s V(0,5;¢,m;7) ds
O/ 0&on

t
0?
¢t [ 57 R (0.ss6mi0) ds

0

\: O\m

n
, .0
o a0 R s ds. (2.26)

3 t

From (2.18), (2.19), (2.20) and (2.26) it follows that

n
Ly g (@) sTILY 5[V (0, 5:€,m57)] ds
"]

t

- / S0t [ 577 e (0,556.m)) ds

0
n

o (b) dt / sTVLY (R (0,55, m;7)]ds

t

+

m— °

whence on the basis of the properties of the functions Ry and Ry it follows that L7 P (@) =
0, i. e., the function ® (&, n) satisfies equation (1.1).

Now, using equalities (2.19), (2.20) and easy-tested equality
0 0
li 28
(7= £) ((% 3 >Rz (0,88, m37) ds = 0,

it is easy to validate equation (2.21).
We now prove equality (2.22). By virtue of oo = (1/m0)*" Bl oy =0y=03=0for
€ =& =0, from (2.1) and (2.2) it follows that V (0,£0,7;7) = (t/n)*"?. Considering

18
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this and the equality

/

[0 (8) + (a+ B) ¢y ()] 277 = [ty (1))

we get

[0 (1) + (a+ B) t ™"y ()] V (0,4,0,m;7) dt

KA
—~
<o
=
=

Il

[ (£) + (a+ B) t 1y (1)] (t/n)* 7 dt

Tt —s O —s

= 7/}1(n)50§77§17

Thus, the proof of Lemma 2.2 is completed. m

On the basis of proof of Lemma 2.2 we present the following theorem.

Theorem 2.3 If v (&) satisfies Holder’s condition with degree 6 > [ on [0,1) and if
Py (n) € C?[0,1], then the function defined by formula (2.6)is the unique solution of
Cauchy-Goursat problem (1.1)-(1.3).

Now, we consider Cauchy-Goursat problem for equation (1.1) which is formulated as
follows: find a function u(§,n) € C' (A) in domain A satisfying equation (1.1), conditions
(1.2) and

u(§1)=v2(§), 0<E{< L (2.27)

The Riemann-Hadamard function V (&,m;&0,m0;7y) of this problem is defined by

3 Ry (&,m:80,m0:7y) for & <o,
V(& ;€. m057) =
Ra(&,m;&0,m057) for & > no,

where R; and Ry are the functions which are formulated by (2.2) and (2.3).
The function V (€, 1; &, no; ) satisfies conditions (7)-(v) of the function V and

lim {vn_<a+5)v} _[vn_(“+5)v} 0,6 0.
e=0 n+& n—¢ . n+& n—¢ E—no—c
Applying the same method, which is used above, one can prove the following theorem.

Theorem 2.4 If v (&) satisfies Holder’s condition with degree 6 > [ on (0,1] and if
Vo (n) € C%[0,1], then the solution of Cauchy-Goursat problem {(1.1), (1.2), (2.26)} uniquely

19



A Cauchy-Goursat problem for the generalized Euler-Poisson-Darboux equation

exists and it is defined by the formula

N
u (§o,m0) = QX/<770+§0) [(€ — &) (€ =)’

7o

XEs (e, 1 —a;1 = Bio1,03)],_cdE

_! [1//2 )+ <0‘ _ 5) o (5)] V (€,1; €0, 105 ) dE. (2.28)

1+¢ 1-¢

3 Conclusion

In this paper, the solutions of Cauchy-Goursat problems (1.1)—(1.3) and {(1.1), (1.2),(2.26)}

are studied by above-mentioned method, in the case when condition (1.2) is replaced by

A u(En) =7(€), 0<E< L

Moreover, we note that formulas (2.6) and (2.28), which were taken for solution of Cauchy-
Goursat problem, can be used for investigating boundary-value problems for mixed type

equations.

References

[1] A. M. Nahushev, Uravneniya Matematicheskoy Biologii, Visshaya Shkola, 1995 (in

Russian).

[2] R. G. Baransev, Leksii po Transzvukovoy Gazodinamike, Izdatelstva LGU, 1965 (in

Russian).

[3] L. Bers, Matematicheskie Voprosy Dozvukovoy i Okolo Zvukovoy Dinamiki, IL, 1961

(in Russian).

[4] M. N. Kogan, O magnitogidrodinamicheskih techeniyah smeshannoga tipa, Priklad-
naya Matematika i Mexanika 25 (1) (1961) 132-137 (in Russian).

[5] K. P. Stanyukovich, Teoria Neustanovivshihsia Dvijeniy Gaza, Oborongiz, 1948 (in

Russian).

[6] F. I. Frankl, O zadachah Chaplygina dlya smeshannih do i sverhzvukovyh techeniy,
Izvestiya AN SSSR. Seriya Matemat. 9(2) (1945) 121-142 (in Russian).

20



Akhmadjon K. Urinov, Akhrorjon I. Ismoilov, Azizbek O. Mamanazarov

[7]

8]
[9]

[10]

[16]

[17]

S. A. Chaplygin, O Gazovih Struyah. Poln. Sobranie Sochineniy, Gostexizdat, 1949

(in Russian).
I. N. Vekua, Obobshennye Analiticheskie Funksii, Fizmatgiz, 1959 (in Russian).
G. Darboux, Lecons Sur la Theorie Generale des Surfaces, Gauthier-Villars, 1915.

L. D. Landau, E. M. Lipshits, Mexanika Sploshnyh Sred, Gostexizdat, 1953 (in

Russian).
V. V Sokolovskiy, Statika Sipuchey Sredy, Fizmatgiz, 1960 (in Russian).
L. Eyler, Integralnoe Ischislenie, GIFML, 1958 (in Russian).

S. D. Poisson, Memoire sur 'integration des Equations Lineaires aux Derivees Par-

tieeles, Jaurnal I'Ecole Roy, Polytechnique 12 (19) (1823) 215-248.

B. Riman, O Rasprostranenii Voln Konechnoy Amplitudi. Sochineniya, Gostexizdat,

1949 (in Russian).

S. Gellerstedt, Sur un Probleme aux Limites pour Une Equation Lineaire aux De-

rivees Partielles du Second Ordre de Tipe Mixte, Thesis, Uppsala, 1935.

M. M. Smirnov, Vyrojdayushiesya Giperbolicheskie Uravneniya, Vysheyshaya
Shkola, 1977 (in Russian).

A. K. Urinov, A. I. Ismoilov, Zadacha Koshi-Gursa dlya uravneniya Eylera-Puassona-
Darbu i svoystva yeyo resheniya, Uzbekskiy Matematicheskiy Jurnal 2 (2012) 130-139

(in Russian).

K. B. Sabitov, G. G. Sharafutdinova, Zadacha Koshi-Gursa dlya virojdayushegosya
giperbolicheskogo uravneniya, Izvestiya Vuzov Matematika 5 (2003) 21-29 (in Rus-

sian).

M. B. Kapilevich, O singulyarnyh zadachah Koshi i Trikomi, Doklady AN SSSR 177
(6) (1967) 1265-1268 (in Russian).

M. B. Kapilevich, Ob odnom klasse gipergeometricheskih funksiy Gorna, Differen-
sialnye uravneniya 4 (8) (1968) 1465-1483 (in Russian).

G. Beytman, A. Erdeyi, Vysshie Transendentnie Funksii. Gipergeometricheskaya
Funksiya. Funksiya Lejandra, Nauka, 1965 (in Russian).

21



A Cauchy-Goursat problem for the generalized Euler-Poisson-Darboux equation

[22] P. Appell, J. Kampe de Friet, Fonctions Hypergeometriques et Hyperspheriques,
Polynomes d’Hermite, Gauthier-Villars. 1926.

[23] I. S. Gradshtein, I. M. Rijik, Tablitsy Integralov, Sum, Ryadov i Proizvedeniy, Fiz-
matgiz, 1962 (in Russian).

22



