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Let E2 be the 2-dimensional Euclidean space, LSim(2) be the group of all linear simi-
larities of E2 and LSim™(2) be the group of all orientation-preserving linear similarities
of Ea. The present paper is devoted to solutions of problems of global G-equivalence of
paths and curves in Fs for the groups G = LSim(2), LSim™(2). Complete systems of
global G-invariants of a path and a curve in F2 are obtained. Existence and uniqueness
theorems are given. Evident forms of a path and a curve with the given global invariants
are obtained.
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1. Introduction

Let E,, be the n-dimensional Euclidean space and O(n) be the group of all orthog-
onal transformations of E,. Put O"(n) = {g € O(n)|detg = 1}, M(n)={F : E,, —
E,|Fz =gz +b,g€0(n),be E,} and MT(n)={F € M(n)|detg = 1}.

Let Sim(n) be the group of all similarities of E,, Sim™(n) be the group of
all orientation-preserving similarities of E,,, LSim(n) be the group of all linear
similarities of £, and LSim™(n) be the group of all orientation-preserving linear
similarities of E,,.

*Corresponding author.
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Similarity has an important role in different areas of mathematics, physics,
chemistry, biology and computer sciences [3H5] [THIO] [16] 17} 20H24].

In the classical differential geometry of curves in E,,,n > 2, using Frenet—Serret
equations, curvature functions k;,i = 1,...,n — 1, of the curve were obtained in [I]
p. 172]. The function k; is M (n)-invariant for ¢ = 1,...n—2. But k,_1 is not M (n)-
invariant. It is M ™ (n)-invariant. Thus, invariant theory of curves in the classical
differential geometry was developed only for the group Mt (n). In addition, the
method of the orthogonal frame in the classical differential geometry give conditions
only for the local M ™ (n)-equivalence of curves.

In the similarity geometry of curves in E,,n > 2, using curvatures k;,i =

1,...,n — 1, of the curve z(t) in the Euclidean space E,, curvature functions
pi(o),i = 1,...,n — 1, of the curve in the similarity geometry in F, were
obtained in [13]. The curvatures p;(c),i = 1,...,n — 1, has the following form
pi(o) = klto') dk{;[(fg),pi(a) = :I(Z;,Z = 2,...,n — 1. Here, ¢ is a spherical arc

length parameter of the curve x(t). The function p;(o) is Sim(n)-invariant for
i = 1,...,n — 2. But p,_1(0) is not Sim(n)-invariant. It is Sim™ (n)-invariant.
In the paper [13], the uniqueness and existence theorems for a curve obtained only
for the group Sim™ (n). Thus, invariant theory of curves in the similarity geome-
try in E,, was developed only for the group Sim™(n). In addition, the method of
the orthogonal frame in the similarity geometry give conditions only for the local
Sim™ (n)-equivalence of curves. Similar results for similarity geometry of curves in
the Minkowski n-space were obtained in the paper [17]. In the work [6], the theory
of local invariants of curves in F(2) for the group Sim(2) was given without of
proofs.

It is shown that the geometric motions of some class of space curves in similarity
and centro-affine geometries are closely related to integrable equations (see [9HIZ]
20122} 24, 25]).

Invariant representations of a system for matching and pose estimation of 3D
space curves under similarity transformation are investigated in [24].

In works [2] [14], by using invariant parametrization of curves, the problem of
global G-equivalence of curves (that is nonparametrized curves) in E,, for the groups
G = M(n), M*(n) is reduced to the problem of global G-equivalence of paths
(that is parametrized curves). In these works also complete systems of global G-
invariants of nondegenerate paths and nondegenerate curves in E,, were obtained
for the groups G = M (n), M (n). Systems of generators of differential field of G-
invariant differential rational functions of a path in E,, for the groups M (n) and
M™(n) are obtained in the same papers. In papers [15] [I8, [19], this approach was
developed for curves in the pseudo-Euclidean spaces.

The important problem is to find simple but efficient method for the G-
equivalence check of two regular paths (that is regular parametrized curves) and
curves in F, for the groups G' = Sim(n), Sim™ (n), LSim(n), LSim™ (n) in terms of
global G-invariants of paths and curves.
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The present paper is devoted to the conditions of the global G-equivalence of
two regular paths and curves in similarity geometries of the groups G = LSim(2)
and LSim™(2). The uniqueness and existence theorems for a path and a curve are
given. These theorems give evident form of regular paths and curves in terms of
global invariants of paths and curves.

This paper is organized as follows. In Sec. [2, some known results on descrip-
tions of the groups G = LSim(2) and LSim™(2) in terms of complex numbers
are given. In Sec. 3, fundamental G-invariants of a path in FEy for the groups
G = LSim(2), LSim™ (2) are given. In Sec.[d, complete systems of global G-invariants
of a regular path and uniqueness theorems for regular paths are given.

In Sec.[d, theorems on an existence for regular paths and evident forms of a path
with given G-invariants are obtained. In Sec.[d], the type and invariant parametriza-
tions of an L-nondegenerate curve are defined and investigated. In Sec. [7l complete
systems of G-invariants of an L-nondegenerate curve and uniqueness theorems for
L-nondegenerate curves are obtained.

2. Groups LSim(2) and LSim™(2)

In this section, some known results on descriptions of the groups LSim(2) and
LSim™(2) in terms of complex numbers are given (see [3]).

Let R be the field of real numbers and 2 be the field of complex numbers. The
multiplication in € is given by (a1 + ia2)(b1 +ib2) = (a1b1 — asbs) +i(a1bs + aszby).
We will consider the element a = aq+ias also in the form a = (Z; ). For a = a1 +ias,

a; —az
az ai

denote by P, the matrix (
Q — Q, defined by

a1 —a b arby — ash b
=" ) ) =T ) forb=brribe=| .
ag a1 b2 a1b2 + a2b1 b2

Then we have the equality

) and consider P, also as the transformation P, :

ab = P,b. (1)

for all a,b € . Let P(£2) denote the set of all matrices P,, where a € §2. We consider
on P(Q) the following standard matrix operations: the componentwise addition, a
scalar multiplication and the multiplication of matrices. Then P(f) is a field, where
the unit element is the unit matrix. The following Propositions [[H5] are known.

Proposition 1. The mapping P : Q@ — P(Q), where P : a — P, for all a € Q, is
an isomorphism of fields.

For vectors a = aj + iag,b = by + iby € , we put (a,b) = a1b1 + azbs. Then
{a,b) is a bilinear form on R? and (a,a) = a? + a3 is a quadratic form on R?. Put
Q(a) = {(a,a). We consider the field Q also as the two-dimensional Euclidean space
E5 with the scalar product (a,b). Then ||a| = |a| = \/Q(a),Va € Q.
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Proposition 2. Fqualities Q(a) = det(P,), Q(ab) = Q(a)Q(b) and |ab] = |a||b|
hold for all a,b € €.

An endomorphism 1 of a vector space 2 is called an involution of the field € if
Y(¢(a)) = a and ¥(ab) = Y (a)yp(b) for all a,b € Q. For an element a = a; +iay € €,
we set @ = a1 — 1as.

Proposition 3. The mapping a — @ is an involution of the field . In addition,
for an arbitrary element a = a; + ias € Q, equalities a +a@ = 2a4,{a,a) = ag =
a} + a3 € R hold.

Proposition 4. Let a € Q2. Then the element a~' ewists if and only if Q(a) # 0.
In the case Q(a) # 0, equalities a=! = Q?a) and Q(a™t) = Q(la) hold.

Let W = (é Pl ). We will use W also for the writing of the element @ in the form
a=Wa.
Proposition 5. Q(Wa) = Q(a) for all a € Q and (Wa,Wb) = (a,b) for all
a,b e .

Let a = a1 + iaz € * that is |a| # 0. Put

a1 —a
la|  |al
P =
@ ag a1
la|  |al

Proposition 6. Let a = (a1 + iag) € Q*. Then the equality P, = |a|P;} holds,
where P € O1(2).
Proof. The equality P, = |a| P} is obvious. Since ()% + (£2)2 = 1, the implica-

lal al

tion P;” € O"(2) follows from [3] pp. 161-162]. O

Put Q* = {a € Q| Q(a) # 0}. Q* is a group with respect to the multiplication
operation in the field Q. Put S(Q*) = {a € Q| Q(a) = 1}, P(Y*) = {P,]a € Q*}
and P(S(2*)) = {P, |a € S(Q*)}. S(2%) is a subgroup of the group 2* and S(Q*) =
{e’?| ¢ € R}. Denote by P(Q*)W the set of all matrices {gW | g € P(Q*)}, where
gW is the multiplication of matrices g and W.

The set of all linear similarities of the two-dimensional Euclidean space Fs is
denoted by LSim(2). The set of all orientation-preserving (respectively orientation-
reversing) linear similarities of Fy is denoted by LSim™(2) (respectively LSim™ (2)).
We note that LSim™*(2) N LSim™ (2) = ). The set LSim(2) is a group with respect
to the composition of similarities and the set LSim™(2) is a subgroup of LSim(2).

Theorem 7 (see p. 229]). The following equalities are hold:

(i) LSim™(2) = {P, : By — Fy|a € Q*}.
(11) LSlm7(2) = {PaW : Ey — Fo |a S Q*}
(iii) LSim(2) = LSim™*(2) U LSim™(2).
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3. Fundamental G-Invariants of a Path in F5 for the Groups
G = LSim(2), LSim™(2)

In this section, the definition of an L-regular path is given. Moreover, fundamental
G-invariants of an L-regular path in Ey for the groups G' = LSim(2), LSim™ (2) are
given.

Let T' = (a,b) be an open interval of R and  : T — E5 be a C")-mapping.

Definition 8 (see [2]). A CM-mapping = : T — FE, is called a T-path
(parametrized curve) in Es.

If z(t) is a T-path then F'z(t) is a T-path in E, for any F' € LSim(2). Let G be
a one of the groups LSim(2) and LSim™(2).

Definition 9. T-paths x(t) and y(t) in E> are called G-equivalent if there exists
F € G such that y(t) = Fa(t). In this case, we write z(t) < y(t).

Definition 10. A function f(x(t),y(t),...,2(t)) of a finite number of T-
paths z(t),y(t),...,2(t) is called G-invariant if f(Fz(t),Fy(t),...,Fz(t)) =
flx(®),y(t),...,2(t)) for all F' € G, all T-paths (t),y(t),...,2(t) and all t € T.

Let x(t) = (z1(t), z2(t)) be a T-path in Ey and a'(t) = (2 (t), 25(t)) is its first
derivative. For the vectors x(t), 2’ (t), the determinant
w1 () @i(t)
walt) )

will be denoted by [z(t)z’(t)].

Definition 11. A T-path z(t) in Es is called L-regular if () # 0 for all t € T'.

It is obvious that a T-path x(t) in Es is L-regular if and only if Q(z(t)) # 0 for
allteT.

Example 12. Consider the T-path x(t) = (¢?,e!) in E,, where T = R. Then,
x(t) # 0 for all ¢ € R. That is, x(¢) is an L-regular T-path.

Proposition 13.

(i) The function 2@z ) LSim(2)-invariant on the set of all L-regular T-paths

_ QD)
x(t) in Fs.

(ii) The function [m&)f(t()g)] is LSim™ (2)-invariant on the set of all L-regular T -paths
x(t) in Fs.

(iii) The function % is LSim(2)-invariant on the set of all L-regular T -paths
x(t) in Es.

(iv) The function % is LSim(2)-invariant on the set of all L-regular T-
paths x(t) in Es.
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Proof. (i) Let F € LSim™(2). Then, by Theorem [[[i) and Proposition B F has
the following form F(z) = P,z = |a|P}xz, where a € Q* for all z € E,
and P € O7(2). By () and the equality P, = |a|P,", we have F(xz(t)) =
P,x(t) = |a|Pfx(t) for all t € T. Using this equality and P, € OT(2), we
obtain

(Fx(t), (F)'(t)) _ (la|Py (1), |a| P2’ (1))
Q(Fz(t)) Q(lal Paf(t))
_ JaP(Pra(t), Pra' (1))
|a]2Q(Pa (1))
_ @)
Q(x(t))
Hence, % is LSim™ (2)-invariant. Using Proposition Bl we obtain that

(Wa(t), (Wa)'(t)) _ {x(t),2'(t))

QWx(t)) Q(z(1))
Thus, % is LSim* (2)-invariant and W-invariant. Hence, it is LSim(2)-
invariant. Proofs of other statements are similar. O

4. Complete Systems of Invariants of an L-Regular Path and
Uniqueness Theorems for L-Regular Paths

In this section, definitions of completely L-degenerate and L-nondegenerate T-
paths are given. The conditions of the global G-equivalence of L-regular paths,
completely L-degenerate paths and L-nondegenerate paths for the groups G =
LSim(2), LSim™ (2) are obtained.

Let z(t) and y(t) be two regular T-paths such that their the fundamental G-
invariants are equal. Then, we obtain that there exists the unique g € G such that
y(t) = gz(t) for all t € T and for the groups G' = LSim(2), LSim™ (2). Moreover,
the evident form of g € G is determined in terms of T-paths x(f) and y(t).

Proposition 14. Let u,v € Q. Assume that Q(u) # 0. Then the element vu~1
exists, the following equalities hold:

1 () uy)
T QW) Q)
and

(w,v)  [u]

Qu)  Qu)

Py = . (2)
[uv] (u,v)
Qu)  Q(u)

Proof. Let u = uy + iug,v = v + ive. Since Q(u) # 0, element u~! exists by

Propositiondl Hence vu~! exists. By Propositiond u=! = % Using @ = u1 —iug
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and the multiplication in the field 2, we obtain the equality vu~—' = g(zg + 4Ll

This equality and the notation of P, imply (&). |

Theorem 15. (i) Let x(t) and y(t) be L-regular T-paths in Es such that

x(t) Lsim" (2) y(t). Then, for allt € T, the following equalities hold:
(z(t),2'(t)) _ (w(t),y'(1)
Q(z(t)) Qy(t))

(3)

Qz(t) — Q)
(i1) Conversely, assume that x(t) and y(t) be L-regular T-paths in Es such that

im™
equalities [B) hold. Then x(t) L @) y(t). Moreover, there exists the unique
F € LSim™(2) such that y(t) = Fx(t) for all t € T. In this case, F = U, where
U € LSim™(2) and it has the following form

(z(t),y@) =@y
t

[z(®)2" ()] _ [y(®)y'(?)]
t

_ | eE®) Q(x(t)) n
e@y®]  (@),y@) |
Q(x(t)) Q(x(t))

and U does not depend ont € T.

. LSim™*(2) . .

Proof. (i) Assume that xz(t) = ~ " y(t). Then, by Theorem [(i), a € Q* exists
such that y(t) = ax(t) for all ¢ € T. This equality implies that y'(t) = az’(t)
for all t € T'. Since z(t) and y(t) are L-regular paths, we have Q(z(t)) # 0 and
Q(y(t)) # 0 for all t € T. Then, by Proposition @ (x(t))~! and (y(t)) ! exist
for all t € T. We put u = y(t),v = y(t) in Proposition [[4] Then we obtain

y't) _ y@),y'@) +ily@)y' ()] (5)

y(1) Qy(t))

Similarly, we obtain

_ ' . (6)

Equalities y(t) = az(t) and y'(¢) = a2’ (t) imply % = ZI((:)). This equality, (B)

and (@) imply equalities (B]).

(ii) Conversely, assume that equalities (B) hold. Equalities (@), (B)) and (3) imply the
equality y'(t)(y(t)) ™" = 2’ (t)(x(t))~*. Hence, y'(t)(y(t)) " — 2'(t)(x(t)) "' =0
for all ¢t € T'. Using this equality, we obtain

d(y(t)(=(t) ")
dt

=y (O)(=(t) ™" —y)a' (1) (x(t) 7
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for all ¢ € T. This means that the function y(¢)(z(¢))~! is constant on 7. Put
g = y(t)(z(t))~!. Since Q(x(t)) # 0 and Q(y(t)) # 0 for all t € T, we have
g #0.

Since y(t) = y(t)(z(t))"'x(t) = (y(t)(x(t) ")z (t), we have y(t) = ga(t).
Using (), we obtain y(t) = ga(t) = Pya(t). By g = y(t)(w(t)) ! = S5l 4
z[z(??ét()t) and Proposition 4 P, has the form () and P, = U. Since g is a
constant, U does not depend on t € T. Then y(t) = Uz(t) = Pya(t) = Fx(t).
By Theorem [[{i), F € LSim™(2). Hence x(t) Lim " (2) y(t).

Prove the uniqueness of U € LSim™(2) satisfying the condition y(t) =
Ux(t), assume that H € Sim™(2) exists such that y(t) = Hx(t). Then by (),
Proposition [ and Theorem [f(i), there exists the unique a € Q* such that
H = P,. Hence, we have y(t) = P,z(t). By ({), we obtain y(t) = ax(t).
Since Q(z(t)) # 0, y(t) = az(t) implies that a = y(t)(z(t))~! = g. Hence,
P, = P, = U. The uniqueness of U is proved. O

Example 16. Consider L-regular T-paths z(t) = (g—i},%) and y(t) =

(1_t32t_i*1't47 3+tt22j13t4), where T'= R. It is easy to see that equalities in (@) hold for
LSim™ (2)

these paths x(t) and y(t). Then, by Theorem [[5(ii), = (¢)
by Theorem [T5[(ii), we obtain that U = (1 3

y(t). Moreover,

Definition 17. (i) A T-path z(t) in Fy is called completely L-degenerate if
[x(t)a'(t)) =0for allt € T.

(ii) A T-path x(t) in Es is called L-nondegenerate if [z(¢)2’(t)] # 0 for all t € T..

It is obvious that every L-nondegenerate path is L-regular. Assume that z(¢) and

Sim™*
y(t) be T-paths in F5 such that x(t) is completely L-degenerate and x b () Y,

then y(t) is also completely L-degenerate. Similarly, it is obvious that if x(¢) is

LSim(2
L-nondegenerate and x i@

y, then y(t) is also an L-nondegenerate.

Example 18. Consider the T-path z(t) = (2, g) in E5, where T' = (0, 1). Then,
[z(t)z'(¢t)] = 0 for all ¢ € T. Hence, x(t) is a completely L-degenerate T-path.
Moreover, since t? # 0 for all t € T, we obtain that x(t) = (¢, %) is a completely
L-degenerate L-regular T-path.

Example 19. Consider the T-path z(t) = (5, =%) in Es, where T = (2,00).
Then, [z(t)z'(t)] # 0 for all t € T. Hence, x(t) is an L-nondegenerate T-path.

Example 20. Consider the T-path x(t) = (£ + 1, ﬁ) in Ey, where T = R.
Then, [z(t)2'(t)] = 0 for ¢ = 0, but x(t) # 0 for all ¢ € T Hence, x(t) is not an
L-nondegenerate T-path, but x(t) is an L-regular T-path.

1850092-8



Global invariants of paths and curves for all linear similarities

Theorem 21. (i) Let x(t), y(t) be completely L-degenerate L-reqular T -paths in Es
such that x(t) LSim(2) y(t). Then, the following equality holds:

(x(t),2" (1) _ (y(t).y'(t)) (7)
Qz(1) Qy(t)

forallteT.
(i1) Conversely, assume that x(t),y(t) be completely L-degenerate L-regular T -paths

in Ey such that (D) holds. Then x(t) ) y(t). Moreover, only two elements
F = Fy, F, € LSim(2) exist such that y(t) = Fx(t) for allt € T. Here I} =
Ura(t), Fy = (UsW)a(t), where Uy, Uy € LSim™(2), Uy has the form (@) and
Uy has the form

Wa(t),y(®)  [Wa@)y()]
Q(W(t) QWa(t))

)
Wa@y®)]  (Wa(t), y(t)
QW= (1)) QWa(t))

Matrices Uy and Uy do not depend on t € T.

Us; =

LSim(2) y(t). The function @) (1) LSim(2)-

Proof. (i) Assume that xz(t) 2IEI0))

invariant, so the equality (@) holds.
(ii) Conversely, assume that () holds. Since z(t) and y(t) are completely L-
degenerate paths, we have

[z(t)2"(8)] = [y()y' ()] = 0. 9)

for all ¢ € T. This equality and () imply equalities (@). Then, by Theo-
rem [[5(ii), the unique F € LSim™(2) exists such that y(t) = Fx(t) forall t € T,
This means that the unique U; € LSim™(2) exists such that y(t) = Uyz(t) for
all t € T. Here, U; has the form (). By Theorem [[A] U; does not depend on
tel.

Consider the T-path Wz(t). Since functions (x(t), z(t)) and (z(t),2'(t)) are
W-invariant, we have (Wx(t), Wx(t)) = (x(t),z(t)) and (Wax(t), Wa'(t)) =
(x(t),2'(t)) for all t € T'. Similarly we obtain (Wy(t), Wy(t)) = (y(t), y(t)) and
(Wy(t), Wy'(t)) = (y(t),y'(¢)) for all t € T. Using det(W) = —1 and (@) for all
t € T, we obtain

(Wa(t)(Wz)'(t)] = det(W)[z(t)a' (1)] = —[z(t)2"(t)] = [y(t)y' ()] = 0

)
Using equalities (Wx(t), Wz(t)) = (x(t), z(t)), (Wa(t), Wa'(t)) = (z(t), 2/ (¢)),
(Wa(t)(Wz) (t)] = [y(t)y'(t)] = 0 and equalities (d), we obtain the equalities:
Wa(t), Wa)'(t)) _ {y(®),y'(t))
Q(W(t)) Qy(t))
Wa®)Wa)' ()] _ [y()y' @]

QW) Q)

1850092-9
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for all ¢t € T. Then, by Theorem [5ii), the unique Us € LSim™(2) exists such
that y(t) = Us(Wa(t)) = (UsW)x(t) for all t € T. Here, Us has the form (g).
By Theorem [T5] Us does not depend on ¢ € T'.

Let F' € LSim(2) such that y(t) = Fx(t). We will prove that Fz(t) = Uyx(t)
or Fa(t) = (UsW)z(t). Since F € LSim(2), we obtain F' € LSim™(2) or F €
LSim™~(2) = LSim™ (2)W. Assume that ' € LSim™ (2). Then, by the uniqueness
in Theorem [[5, F' = U;. Assume that F' € LSim™ (2)IW. Then F has the form
F = DW, where D € LSim™(2). We have y(t) = (DW)z(t) = D(Wx(t)).
Hence, paths y(t) and Wx(t) are Sim™(2)-equivalent. By the uniqueness in
Theorem[H, D = Us. O

Theorem 22. (i) Let x(t) and y(t) be L-nondegenerate T-paths in Ea such that

x @) y. Then, for all t € T, the following equalities hold
(x(t),z'(®)) _ {y(t),y' (1)
Q(z(1)) Qy(1)) (10)
)2’ O _ Oy O]
Q*(x(t)) Q*(y(t))

(ii) Conversely, assume that x(t) and y(t) be L-nondegenerate T-paths in Ea such
that (IQ) hold, then x Hn y. Moreover, the unique F' € LSim(2) exists such

that y(t) = Fx(t) for allt € J. Then, only the following cases exist:

)y ()] >0 forallt € T.
)y (t)] <0 forallt€T.
)y (t)] >0 forallt €T.
)Y (t)] <0 forallteT.

In cases (b) and (c), F = (UsW), where Uy € LSim™(2) and it has the form (8.

Proof. (i) Let x i y. The functions <Ig()ﬁ;§§)> and [Gg?(g((f))f are LSim(2)-

invariant for all t € T. So equalities (IQ) hold.

(ii) Conversely, assume that equalities (I0) hold. Since z(t) and y(t) are L-
nondegenerate T-paths, [z(¢)2'(¢)] # 0 and [y(t)y'(¢)] # 0 for all ¢ € T. Hence
only the above cases (a), (b), (c¢), (d) exist.

By (I0Q), we have the equality LOT W _ WOy OF 1) cages (a) and (d) this

PEH) @R / ,
equality and the inequality Q(z(t)) > 0 imply the equality [z&);”( t()t))] = [ycgt();’( t()t))] .

This equality and equalities (I0) imply @Bl). Then, by Theorem [TH, we obtain
that there exists the unique U; € LSim™(2) such that y(t) = Uyz(t) for all
t € T, where the matrix U; has the form (H).
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In cases (b) and (c), the equality [ggtz)(g((f))f = [ngtz)(i((:)))ﬁ implies the following

equality — [wggt();(;()t))] = [yq(?%y(;()t))] Using this equality, the equality Q(Wz)(t)) =
Q(z(t)), the equality det(WW) = —1 and the inequality Q(z(t)) > 0, we

obtain
Wa(t)(Wa)'(t)] _ det(W)lz)z'(t)] _  [z(0)2"(t)] _ [y@)y'(¢)]

QW (t)) Q(x(t)) S QE®) Q)

for all t € T. This equality and the equality <chgt()‘;[§z[2f)))/(t)> = <””g()f(;§§)> =

% imply the equalities (@) for the paths Wz(t) and y(t). By Theo-
rem [[5[(ii), the unique Uy € LSim™ (2) exists such that y(t) = Us(Wx(t)), where
Us has the form (B). Since Us € LSim™(2), we have UsW € LSim™*(2)W C

LSim(2). m|

Lemma 23. For all vectors yi,Yya, 21,22 in FEa, the equality [y1ys][z122] =
det||(yi, z&)||i,k=1,2 holds.

Proof. A proof of this lemma is given in [I5, Lemma 13]. O

Theorem 24. (i) Let x(t),y(t) be L-nondegenerate T-paths in Es such that

T L@ y. Then, for all t € T, the following equalities hold

{x(t), 2'(t) _ (w(t),y'(t)

Q(x(t)) Qy(t)
(@' (1), «'(t) _ (y'(t),y' (1))

Q(z(t))  Qy(t)
(i1) Conversely, assume that x(t),y(t) be L-nondegenerate T-paths in Eo such that

equalities [Id)) hold, then x RO y. Moreover, the unique F' € LSim(2) ewists
such that y(t) = Fux(t) for all t € T. Then, only the cases (a), (b), (c), (d) in
Theorem[22Q exist.

(11)

In cases (a) and (d), F = Uy, where Uy € LSim™ (2) and it has the form (@).
In cases (b) and (c), F = (UyW), where Uy € LSim™ (2) and it has the form ().

S
Proof. (i) Let z LSim(2) y. Applying Lemma 23] to vectors y1 = z1 = z(t),y2 =

29 = 2/(t), we obtain the following equality

()2’ ()] = (2(t), 2(®)) (' (t),2"(¢)) — {x(t), 2" (t))*.
This equality and the equality Q(x(t)) = (x(t), z(¢)) imply the following equal-
ity

Q(z(t)  Qa(t)) Q2 (x(
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This equality implies the following equality

(@), 2'®) _ (e@®),2'(1)?  [z(B)a'(O)
t

Q(z(t) Q1) Q*(x(t)

(13)

Since functions <Igg(j(§t)>)>2 and EOZOE 40 LSim(2)-invariants, the function

Q%(x(1))
% is LSim(2)-invariant by the equality (I3]). Since functions %

and % are LSim(2)-invariants, so equalities () hold.

(ii) Conversely, assume that the equalities (T)) hold. Equalities (1)) and (I2)) imply
equalities ([{). Then the present theorem follows from Theorem |

Proposition 25. Let x(t) be an L-regular T-path in Es. Then

(i) «(t) 4s an L-nondegenerate T-path in Eo if and only if W -

z(t),x (t
%>OforallteT

(ii) z(t) is a completely L-degenerate T-path in Es if and only if (CGlORAG) .

( ( ) ( )2 Q(x(t))
x(t t))

Proof. (i) Assume that z(t) is an L-nondegenerate T-path in F5. Then [z(¢)2’ (t)] #
0 for all t € T. This inequality implies [z(¢)2'(t)]> > 0 for all t € T. This
inequality and equality (I2) imply the inequality <zéz’g)()t)> - (zgz) (;ﬁ/ét))))z >0
forallt €T.

Assume that the inequality <z;§’z)w’g)()t)> - <mgg (i/((tt)))>2 > 0 holds for all t € T'.
Then this inequality and equality ([Z) imply that [z(¢)z’(t)]? > 0 for all t € T..
Hence z(t) is an L-nondegenerate T-path in Es.

(ii) Assume that 2:(t) is a completely L-degenerate T-path in Es. Then [z(t)z’(t)] =

0 for all t € T. This equality implies [z(¢t)2'(t)]> = 0 for all t € T. This

equality and equality (T2) imply the equality <m;§t(l’g)()t)> - <zgz) (n;/(g;)))? = 0 for all

telT.

Assume that the equality <m;§t(l’g)()t)> - <mgg(il((tt)))>2 = 0 holds for all t € T.
Then this equality and the equality (IZ) imply that [z(t)2’(t)]*> = 0 for all
t € T. Hence, x(t) is a completely L-degenerate T-path in Fs. O

5. Theorems on an Existence for L-Regular Paths

In this section, we prove that for arbitrary real continuous functions a(t) and b(t)
on T there exists an L-regular T-path z(t) in R? such that a(t) = W2 (1) and

Q(x (1))
b(t) = [zcgt();( t()t)” for all ¢ € T. Moreover, we give the general evident form of all

L-regular T-paths x(t) such that a(t) = % and b(t) = [z(?m( ()t))] forallt € T.
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Similar results will be given below for completely L-degenerate L-regular paths and
L-nondegenerate paths.

Theorem 26. Let a(t) and b(t) be arbitrary real continuous functions on T. Then
every an L-reqular T-path x(t), satisfying to the following system of equations

(x(t), ' (t))

Q) »
B0,
Q)
has the following form
2(t) = Kelol@twit)de, )

where K is an arbitrary element of Q* and tg € T.
Conversely, every path of the form (IH) in Ey is an L-regular path such that
equalities ([[d) hold.

Proof. Let a(t) and b(t) be arbitrary real continuous functions on 7'. Assume that
x(t) is an L-regular T-path in Ey such that equalities ([4) hold. The identity vu~! =
g‘(sg +i Q[ﬁ}) in Proposition[14] implies the following identity for the path z(t):

(), 2’(t) (B2’ (?)]
Q(x(t)) Q(z(t) -

This identity and equalities ([4) imply the following equality for the T-path x(t)
in Q:

o' () () =

2/ (t) = (al(t) + ib(t))x(t).
This differential equation has the following general solution:

2(t) = Kea (@t +ib(w)du

b

where K € Q and ¢y € T. Since xz(t) # 0 for all ¢ € T, this equality implies K # 0.
Conversely, assume that an L-regular path z(¢) has the form (). Then it is
easy to see that equalities (Id]) hold. O

Example 27. Let T = (0, 00). Cousider the following real continuous functions on
2

T:a(t) = % and b(t) = ﬁ In this case, the system of equalities (I4) has the

following general solution:

t t
x(t) = KelJi(atwtib(w)du _ feo [y alu)du (cos </ b(u)du) + isin (/ b(u)du))
1 1

-k, t2+1< i+l 1 )—5((t2+t)+z’(t2—t))
V2 VoVEZF1 V2V +1 2 ’
where K € O*.
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Corollary 28. Let a(t) be an arbitrary real continuous function on T. Then every
completely L-degenerate L-reqular T-path x(t) in Eo, satisfying to the following
equation

@0, w) _,
EDTR "o

has the following form
x(t) = Kelio a(uwdu. (17)

where K is an arbitrary element of Q0* and to € T'.
Conversely, every path of the form ([[Q) in Fy is a completely L-degenerate L-
reqular path such that the equality ([I8) holds.

Proof. For every completely L-degenerate L-regular T-path z(t) in F, we have
[x(t)a’(t)] = 0 for all ¢ € T. Therefore this theorem is a particular case of
Theorem 26 m|

Let x(t) be an L-nondegenerate T-path in Ey. Then [z(¢)a’(t)] > 0 forallt € T
or [x(t)a'(t)] <O forallteT.

Corollary 29. Let a(t) and b(t) be real continuous functions on T'. Assume that
x(t) be an L-nondegenerate T-path in Es such that

(x(t), ' (t))

ey
o (18)
[x(t)x (t)] _ b2(t)
Q*(x(t)) '
Then,
(i) b(t) £0 forallt €T.
(ii) In the case [x(t)2'(t)] > 0 for all t € T, it has the following form
x(t) = Kej‘tto(a(u)+ib(u))du7 (19)
where K is an arbitrary element of Q" and tqg € T.
(iii) In the case [z(t)z'(t)] < O for all t € T, it has the following form
J?(t) — Keftto (a(u)fib(u))du’ (20)

where K is an arbitrary element of Q* and tg € T.
Conwersely, in the case b(t) # 0 for allt € T, every T-path of the forms (I9)
and 20Q) in Ey is an L-nondegenerate T-path such that equalities (I8) hold.

Proof. (i) Let z(t) be an L-nondegenerate T-path in FEs. Then, we have
’ 2
[#(t)’(t)] # 0 for all t € T Since b*(t) = %, it is easy see that b(t) # 0
forallt €T.
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Now we prove the statements (ii) and (iii), There are only two cases:

() [z(@®)2’' ()] > 0forallt € T.
(Gi) [z@®)a’'(t)] <O forallt € T.
It is obvious that, in the case (j), the equality
[z(t)2"(O)]* _ -
——— =b"(t 21
@aw) Y 2
is equivalent to the equality

[0 0]y

Qz(t))
Then the system of equalities (I8) is equivalent to the following system of
equalities

(z(t),'(t)) _

Q)
[z(t)=' (1))
= b(t).
Q)

By Theorem 28] a general solution of this system is [[d). So, the proof of (ii)
is completed.

Similarly, in the case (jj), the equality (2I)) is equivalent to the equality

QX0 .

Q(z(1))
Then the system of equalities (I is equivalent to the following system of equalities
(x(t),2'(t)) _
Q)
[z()='(t)] _
Qe W

By Theorem 26l a general solution of this system is (20). So, the proof of (ii) is
completed.

Conversely, assume that b(¢) # 0 for all ¢ € T'. Assume that a path z(t) has
the form (). Then it is easy to see that equalities (I8]) hold and z(t) is an L-
nondegenerate path. Similarly, assume that a path x(¢) has the form (20)). Then it
is easy to see that equalities (I8) hold and z(¢) is an L-nondegenerate path. m|

Proposition 30. Let x(t) be an L-nondegenerate T-path in Es such that

(z(t), ' (1))

= a(t),

Q) )
@O0
Q(z(1)) '

Then c(t) —a?(t) > 0 for allt € T.
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Proof. Assume that an L-nondegenerate path x(¢) in E3 such that equalities (22)
hold. Since x(t) is an L-nondegenerate, [z(t)z’(t)]?> > 0 for all t € T. Using equali-
ties (I2)) and (22), we obtain

pOPOF _ W0.00) @002
Pe0) T Qe @ew) W-aw
Hence c(t) —a?(t) >0 forall t € T. O

Corollary 31. Let a(t) and c(t) be real continuous functions on T such that c¢(t) —
a®(t) > 0 for allt € T. Assume that z(t) is an L-nondegenerate T-path in Ey such
that equalities (22) hold. Then,

(a) In the case [x()2'(t)] > 0 for all t € T, it has the following form
2(t) = Kelio (@ +ivew—a*(w)du, (23)

where K is an arbitrary element of Q0* and tg € T'.
(b) In the case [x(t)z'(t)] < O for all t € T, it has the following form

2(t) = Kelio@W=i/elw)—a2(@)du (24)

where K is an arbitrary element of Q* and ty € T'.
Conversely, every path of forms (B3) and 24) in Ey is an L-nondegenerate
path such that equalities 22) hold.

Proof. Assume that an L-nondegenerate path x(t) in E3 such that equalities (22)
hold. Since x(t) is an L-nondegenerate T-path in Es, there are only two cases:

(i) [z(®)2'(t)] >0 for all t € T}
(ii) [=(t)2'(t)] <O forallteT.
In the case (i), the system (22)) of equalities and the equality (I2) imply
that

(
Q) W
O —
Q) Ve

By Theorem 28] this system of equalities implies the equality (23).
In the case (ii), the system (Z2) of equalities and the equality (I2) imply
that

{x(®),2"®)) _
Q)
a0 _
Q) VAT
By Theorem 26 this system of equalities imply the equality (24]). O
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6. The Type and Invariant Parametrizations of an
L-Nondegenerate Curve

In this section, definitions of the type of an L-nondegenerate curve, the invari-
ant parametrizations of L-nondegenerate curve and the G-equivalence of curves
are introduced. We obtain that there exist only four LSim(2)-types (0,1) of an
L-nondegenerate path x(t), where | < 400, (0,+00), (—00,0), and (—o0,+00).
All possible invariant parametrizations of an L-nondegenerate curve with a fixed
type are described. The problem of the G-equivalence of L-nondegenerate curves is
reduced to that of L-nondegenerate paths for the groups G' = LSim(2), LSim™ (2).
Let J; = (a,b) C R and J3 = (¢,d) C R.

Definition 32 (see [2]). A Ji-path z(t) and a Jy-path y(r) in Ey are called D-
equivalent if a CW-diffeomorphism ¢ : Jy — J; exists such that ap/(r) > 0 and
y(r) = x(e(r)) for all r € Jo. A class of D-equivalent paths in Es is called a curve
(nonparametrized curve) in Ey. We will denote it by a. A path x € « is called a
parametrization of a curve a.

Let « = {h,,7 € T'} be a curve in E5, where h; is a parametrization of «. Then
Fa={Fh,,7 €'} is a curve in Ey for any F € LSim(2).

Definition 33 (see [2]). Two curves o and § in Es are called G-equivalent if
[ = Fa for some F' € G and denoted by « £ s.

Definition 34. A curve « is called L-regular if it contains an L-regular path.

Proposition 35. Let a be an L-reqular curve. Then every parametrization x € «
1s an L-regular path.

Proof. Let a be an L-regular curve. Then there exists a parametrization x € a such
that 2(t) is an L-regular J-path, where J = (a,b) C R. Let y € a be an arbitrary
parametrization and y(u) is an U-path, where U = (¢,d) C R. Therefore, there
exists a CW-diffeomorphism ¢ : U — J such that ¢ (1) > 0 and y(r) = z(p(r)) for
all r € U. Since z(t) is an L-regular J-path, (z(t),z(t)) # 0 for all ¢t € J. Therefore
(y(r),y(r)) = (x(p(r),z(e(r))) # 0 for all » € U. Hence y(r) is an L-regular
path. O

Definition 36. A curve « is called L-nondegenerate if it contains an L-
nondegenerate path.

Proposition 37. Let a be an L-nondegenerate curve. Then every parametrization
x € a 1s an L-nondegenerate path.

Proof. Let a be an L-nondegenerate curve. Then there exists a parametrization
2 € a such that x(¢) is an L-nondegenerate J-path, where J = (a,b) C R. Lety € «
be an arbitrary parametrization and y(u) is an U-path, where U = (¢,d) C R.
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Then there exists a C')-diffeomorphism ¢ : U — J such that ¢ (r) > 0 and
y(r) = z(p(r)) for all € U. Since z(t) is an L-nondegenerate J-path, [z(t)z’(t)] # 0
for all t € J. We have

|
= Jatet) (v =)

This equahty and the inequality [z(¢)2’(t)] # 0 for all ¢ € J imply the inequal-
ity [z(p(r)) 220 T))] # 0 for all » € U. Since ¢'(r) > 0 for all »r € U and

[x(ga(r))dw(dér))] # 0 Vr € U, the above equality implies [y(r)y'(r)] # 0,¥r € U.
Hence, y(r) is an L-nondegenerate path. O

Now we define invariant parametrizations of L-nondegenerate curves in Fs. Let
x(t) be an L-nondegenerate J-path in Fs, where J = (a,b) C R,a < b. For ¢,d € R
such that a < ¢ < d < b, we put ly(c,d) = fdwmf It is easy to see that the
limits [, (a,d) = lime—q lx(c,d) < 400 and [,(c,b) = limg—p (¢, d) < 400 exist.
There are only four possibilities:

(71)
(72)
(73) +00,0 < I;(c,b) < +o0.
(74) +00,l;(c,b) =

3

lo(a,
lo(a,d) < —|—oo lx (c,b) =
) =

V4 ) =

Suppose that the case (71) or (y2) holds for some ¢,d € J. Then | = l;(a,d) +
l:(c,b) — l,(¢c,d), where 0 < [ < 400, does not depend on ¢,d € J. In this case,
we say that z belongs to the LSim(2)-type of (0,1). The cases (y3) and (y4) do
not depend on ¢, d. In these cases, we say that x belongs to the LSim(2)-types of
(—00,0) and (—oo, +00), respectively. There exist paths of all LSim(2)-types (0, 1),
where | < +00, (0,400), (—00,0), and (—o0,4+00). The LSim(2)-type of a path x
will be denoted by T'L(z).

Example 38. Let T = (a,b), a,b € R,a < b. Consider a T-path ac( ) = (cost sint)

in Fs. For ¢,d € T, c < d, we obtain [, (¢, d) = fj%dt f dt =

(i) Let T" = (0,1), where 0 < I < +o00. We have 1,(0,d) = lim.ol;(c,d) =
lim.—o(d — ¢) = d and (¢, 1) = limg—; I, (¢,d) = limg—,;(d — ¢) = | — ¢. Since
1,(0,d) < +00 and [, (c,1) < 400, the type of the path is (0,1), where | < +o0.

(ii) Let T = (0, +00). We have 1,(0,d) = lim.—gl.(c,d) = lim._o(d — ¢) = d and
(e, +00) = limg_, 1 o0 lp(c,d) = limg_ oo (d — ¢) = +00. Since 1,(0,d) < +oo
and [, (c, +00) = +oo, the type of the path is (0, +00).
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(iii) Let T' = (—00,0), we have l,(—00,d) = lim._, oo I (¢, d) = lim.—, _(d — ¢) =
+oo and l,(¢,0) = limg—ol.(c,d) = limg_o(d — ¢) = —c. Since I, (—o0,d) =
+o0 and I,(c,0) < +o00, the type of the path is (—oo,0).

(iv) For T' = (=00, +00), we have [;(—00,d) = lim.—,_ o l;(c,d) = lim._oo(d —
¢) = +oo and (¢, +00) = limg_ o0 Iz (¢, d) = limgy_,4oo(d — ¢) = +00. Since
lz(—00,d) = +00 and [, (¢, +00) = +00, the type of the path is (—oo, +00).

oy . . LSim(2)

Proposition 39. (i) Let x and y be L-nondegenerate paths in Eo. If x — ~
then TL(x) = TL(y).

(ii) If © and y are parametrizations of an L-nondegenerate curve c, then T'L(x) =

TL(y)-

Y,

Proof. It is easy and omitted. |

The LSim(2)-type of a path « € « is called the LSim(2)-type of the nondegen-
erate curve « and denoted by T'L(«).

Proposition 40. Let a and 8 be nondegenerate curves in Es. If « LS 0B, then
TL(«a) =TL(P).
Proof. It is easy and omitted. |

Now we define an invariant parametrization of an L-nondegenerate curve in
E,. Let J = (a,b) and z(t) be an L-nondegenerate J-path in Fs. We define the
arc length function s, (¢) for each LSim(2)-type as follows. We put s;(t) = ly(a,t)
for the case TL(x) = (0,1), where | < 400, and s,(t) = —I,(¢,b) for the case
TL(x) = (—00,0).

Assume that TL(x) = (—o0,+00). In order to define the function s, (t) in this
case, we choose a fixed point in every interval J = (a,b) of R and denote it by a.
Put ay =0 for J = (—00,4+00). For the J-path x(t), we set s,(t) = l(ay,t).

Since s/,(t) > 0 for all ¢t € J, the inverse function of s,(t) exists. Let us denote
it by t;(s). The domain of t,(s) is TL(z) and t/,(s) > 0 for all s € TL(x).

Proposition 41. Let U = (a,b) and x be an L-nondegenerate U-path in Es and
J = (¢,d) C R. Then:

(i) spz(t) = s4(1),Vt € U, and tpz(s) =ty(s),Vs € TL(z), for all F € LSim(2).

(ii) the equalities s, (1) = s2(@(r))+50,Vr € J, and p(ty ) (s+50)) = ta(s),Vs €
T L(x), hold for any C ™V -diffeomorphism ¢ : J = (c,d) — U such that ' (r) > 0
for all r € J, where so =0 for TL(x) # (—o00,400) and so = l(p(ay),ar) for
TL(z) = (—00,+00).

Proof. It is similar to the proof of [2) Proposition 2]. O
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Let o be an L-nondegenerate curve, x € o. Then x(t,(s)) is a parametrization
of a.

Definition 42 (see [2]). The parametrization z(t,(s)) of an L-nondegenerate
curve « is called an invariant parametrization of «.

We denote the set of all invariant parametrizations of an L-nondegenerate o by
Ip(«). Every y € Ip(«) is a J-path, where J = T'L(«).

Proposition 43. Let o be an L-nondegenerate curve, x € « and x be a J-path,
where J = TL(«). Then the following conditions are equivalent:

(i) x is an invariant parametrization of «.
(i) L2 =1 for all s € TL(a).
(iil) s4(s) =s for all s € TL(w).

Proof. It is similar to the proof of [2, Proposition 3]. |

Suppose J C R is one of the sets (0,1),1 < 400; (0, +00), (—00,0) or (—oo, +00).

Theorem 44. Let o be an L-nondegenerate curve in Es and z(s) € Ip(a). Then,
x(s) has the following form

a(s) = Kelwolrtidu (25)
or the following form
a(s) = Kelw @ =du. (26)

where K is an arbitrary element of %, so € J and a(u) is a real continuous
functions on J.

Conversely, every path x(t) of the form (25) or 28)) is an invariant parametriza-
tion of an L-nondegenerate curve in Fs.

Proof. Let a be an L-nondegenerate curve in Ey and z(s) € Ip(a). Then, by

Proposition E3[ii), % = 1,Vs € J. Put b(s) = % and a(s) =

%. Then, by Theorem 26] x(s) has the form (IZ]), where |b(s)| =1,V s € J.
In the case b(s) = 1,Vs € J, the form (IB) has the form (25). In the case
b(s) = —1,Vs € J, the form (IT) has the form (20).

Conversely, assume that z(s) has the form (25) or (26). Then it has the form (I3]),
where |b(s)] = 1,Vs € J, Then, by Theorem 26, the equalities (I4]) hold. These
equalities and [b(s)| = 1,Vs € J imply that % = 1,Vs € J. Then, by
Proposition @3[ii), the path z(s) is an invariant parametrization. O

Proposition 45. Let o be an L-nondegenerate curve and TL(a) # (—00, 4+00).
Then there exists a unique invariant parametrization of .

Proof. It is similar to the proof of [2, Proposition 4]. O
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Example 46. Let J = (0,27). Consider the J-path z(t) = (cost,sint) in Fy. Let
a be a curve such that z(t) € a. By Example[38 the type of the path z(t) is (0, 27).
Hence, the type T'L(«) of the curve v is J = (0, 27). Since [z(¢)2’(t)] = 1 # 0 for all
t € J, z(t) is an L-nondegenerate path. Hence, the curve « is an L-nondegenerate

@Ol _ § for all ¢ € TL(«) = (0,27), by Proposition [43] ¢ is the

curve. Since IQ((I(;))

invariant parameter of the curve av and z(t) is an invariant parametrization of «.
Since T'L(«) = (0, 27) # (—00, +00), by Proposition @5 the curve « has the unique
invariant parametrization and it is x(t).

Let I = (0, 7). Consider the I-path y(u) = (cos2u,sin2u) in Fy. Then y(u) =
2(p(u)) for all w € I, where ¢ : I — J = (0, 2m) is the homeomorphism ¢(u) = 2u
such that ¢'(u) > 0 for all u € I. By Definition B2, paths z(¢t) and y(u) are D-
equivalent. Hence, by this definition, y(u) € a.

Let J = (0,2m). Consider J-paths x(t) = (cost,sint) and y(t) = (cos2t, sin 2t)
in Fs. It is easy to see that z(¢) and y(t) are not D-equivalent. Hence, by Defini-
tion B2, y(¢) is not a parametrization of the curve a.

Let a be an L-nondegenerate curve and T'L(a) = (—o0,+00). Then it is easy
to see that the set Ip(«) is infinite and it is not countable.

Remark 47. We note that if (¢) is a periodic L-nondegenerate path then TL(x) =
(—00, 4+00).

Proposition 48. Let « be an L-nondegenerate curve, TL(a) = (—o0,+00) and
x € Ip(a). Then Ip(a) ={y:y(s) = z(s +¢),c € (—o0, +0)}.

Proof. It is similar to the proof of [2 Proposition 5]. O

Example 49. Let J = R. Consider a J-path x(t) = (cost,sint) in Es. Since
[z(t)2'(t)] = 1 # 0 for all t € J, x(t) is an L-nondegenerate path. Let « is a
curve such that x(t) € a. By Definition B6l « is an L-nondegenerate curve and
TL(a) = (—00,+00). Since [z(t)a’(t)] = 1 for all t € J, by Proposition[43, we have
x(t) € Ip(a). Let ¢ € R. Consider the J-path y(t) = (¢t 4+ ¢). The mapping ¢ :
J — J, where p(t) = t+cfor all t € J, is a homeomorphism such that ¢’'(t) =1 > 0
for all ¢ € J. This implies that the J-paths x(¢) and y(t) are D-equivalent. Hence,
y(t) = x(t + ¢) € a for all ¢ € R. By Proposition @8] z(t + ¢) € Ip(a) for c € R.

Let H be one of the groups LSim(2), LSim™(2).
Theorem 50. Let «, 3 be L-nondegenerate curves and x € Ip(a),y € Ip(B). Then

(i) for TL(a) = TL(B) # (—00,+), « Rp if and only if x d Y.
(ii) for TL(a) = TL(B) = (—00,40), « g if and only if © R y(1e) for some
¢ € (—00,+00), where Pe(s) = s+ c.

Proof. A proof of this theorem for the group H is similar to the proof of [2]
Theorem 1] and it is omitted. O
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Theorem reduces the problem of the H-equivalence of L-nondegenerate
curves for the groups LSim(2), LSim™(2) to that of paths only for the case
TL(a) = TL(B) # (—00, +ox).

Definition 51. Let J = (—oo0,+00). J-paths x(t) and y(t) are called
[H, (—o00, 400)]-equivalent, if there exist h € H and d € (—o0,+00) such that
y(t) = ha(t +d) for all t € J.

Let «, 3 be L-nondegenerate curves such that T'L(a) = TL(3) = (—o0, +00).
In this case, Theorem B0l reduces the problem of H-equivalence of these curves to
the problem of [H, (—o0, +00)]-equivalence of paths.

7. Complete Systems of Invariants of an L-Nondegenerate Curve
and Uniqueness Theorems for L-Nondegenerate Curves

In this section, we will give the conditions of the global G-equivalence of L-
nondegenerate curves in terms of the type and the differential invariants of an
L-nondegenerate curve for the groups G' = LSim(2), LSim™(2).

By Theorem [50, G-equivalence and uniqueness problems for curves are reduced
to the same problems for invariant parametrizations of curves only for the case
TL(«) =TL(B) # (—o0, +00). Below we use this reduction.

Theorem 52. Let o, be L-nondegenerate curves in Es, TL(a) # (—00,400),
TL(B) # (—00,+00) and x € Ip(a),y € Ip(B).

im*
) (. Then, for all s € TL(«) the following equalities hold

TL(a) =TL(S)
(2(s),2/(s)) _ {y(s).y'(s)) (27)
Q(x(s)) Q(y(s))
Sgn([z(s)z"(s)]) = Sgn([y(s)y'(s)])-
(ii) Conversely, assume that equalities (Z0) hold. Then there exists the unique F €

LSim™(2) such that 3 = Fa. In this case, Fo = Ua, where U € LSim™ (2) and
it has the following form

(i) Assume that o

(x(s),y(5)) _[z(s)y(s)]

go | Q) Q(x(s)) 7 (25)

[z(s)y(s)]  (x(s5),y(5))
Q(x(s)) Q(x(s))

and U does not depend on s € TL(«).

LSim™ (2)
~Y

Proof. (i) Let « (3. By Proposition @, we have T'L(«) = TL(3). This

im* im*
equality, a LS @ B3 and Theorem B(i) imply x LS @ y. By Theorem [[H]
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im+ ’ ’
g S @) y implies (B). By (B), the equality [zc(;&m(s()‘;)} = [yc(;()yy(s()‘;)] holds for

all s € TL(«). Since z(s) is an L-nondegenerate, we have [z(s)a’(s)] > 0 for
all s € TL(«) or [z(s)z'(s)] < 0 for all s € TL(«). Similarly, since y(s) is an
L-nondegenerate, [y(s)y’(s)] > 0 for all s € TL(«) or [y(s)y'(s)] < 0 for all s €
TL(a). By Q(z(s)) > 0 for all s € TL(a) and Q(y(s)) > 0 for all s € TL(«),
the equality [w(s(?(;()s))} = [yq(;(ijy(;()s))} implies the equality Sgn([z(s)z/(s)]) =
Sen([y(s)y’(s)]) for all s € TL(«). Hence equalities (27) hold.

(ii) Conversely, assume that equalities (27) hold. Since z(s),y(s) are invari-

ant parametrizations, by Proposition E3[ii), we have % = 1 and
W I — 1 for all 5 € TL(a). These equalities imply 12 WIL —
% for all s € TL(«). This equality and the equality Sgn([z(s)z’(s)]) =
Sen([y(s)y’(s)]) imply the equality [wc(;();/s()s)ﬂ = [yq(;(;y(;()s))} for all s € TL(«).
This equality and equalities ([Z7) imply equalities (3). By Theorem [[H] these

e . LSim™ . . .
equalities imply z m y and there exists the unique F € LSim™(2) such

that y(s) = Fz(s). In this case, F = U, where U € LSim™*(2) and it has
the form (28]). Here, U does not depend on s € TL(«). Using = € Ip(a),y €
Ip(B), Theorem B(i) and y(s) = Fa(s) for all s € TL(«), we obtain that
b= Fa. O

Remark 53. By Theorem B2 the system {TL(a),%,Sgn([x(s)x’(s)])},
where z(s) is the invariant parametrization of the curve «, is a complete system
of invariants of the curve « for the case TL(a) # (—o00,+00). But they are not

invariants of a curve «, in the case T'L(a) = (—00, +00).

Theorem 54. Let o, be L-nondegenerate curves in Eo, TL(a) = TL(8) =
(=00, 4+00) and z € Ip(a),y € Ip(B).

LSim*
~

(i) Assume that o ®) B. Then there ezists s1 € (—o00,+00) such that the
following equalities hold for all s € (—o0, +00)

TL(a) = TL(G)

(z(s+s1),2'(s +51)) _ (W(s),¥'(5)
Q(x(s + 1)) Qy(s))

Sgn([z(s)z"(s)]) = Sgn([y(s)y'(s)])-

(29)

(ii) Conversely, assume that equalities 9) hold for some s; € (—o0, +00) and all
5 € (—00,400). Then there exists the unique F € LSim™ (2) such that § = Fa.

1850092-23



D. Khadjiev, I. Oren & O. Peksen

In this case, F = U, where U € LSim™ (2) and it has the following form
(w(s +s1),9(s))  [2(s + s1)y(s)]
Qz(s + 1)) Q(z(s + 1))

[z(s +s1)y(s)]  (z(s +51),9(s))
Q(x(s +51) Q(x(s + 51))

and U does not depend on s € L(a).

U= , (30)

~—

~—

LSim+(2

Proof. (i) Let « ) (3. By Proposition [0, we have T L(«) = TL(3). By this

equality, a LSt (2) B and Theorem[BU(ii), there exits s; € (—o0, +00) such that
im im*
x(s + s1) Lsim (2 y(s). By Theorem M0li), (s + s1) Esy () y(s) implies (B)

for (s + s1) and y(s) that is:
(z(s+s51),2'(s +51)) _ (y(5),9'(s))

Qla(s +s1)) Q)
[z(s + s1)2'(s +s1)] _ [y(s)y'(s)]
Q(x(s + 1)) Qly(s))
Hence the equality <I(35(2();”j_/§f;“)81)> = <yg()@;-’{;§§)> holds for all s € TL(«). Since

x(s) is an L-nondegenerate, [z(s + s1)z’(s + s1)] > 0 for all 5,1 € TL(«)
or [z(s + s1)2'(s + s1)] < 0 for all 5,51 € TL(«). Similarly, since y(s) is an
L-nondegenerate, [y(s)y’(s)] > 0 for all s € TL(a) or [y(s)y'(s)] < 0 for all
s € TL(a). By Q(x(s + s1)) > 0 for all 5,57 € TL(«) and Q(y(s)) > 0 for

all s € TL(«), the equality [m(g&l&ﬁl_gﬁ;l)] = [yq(;(&/s()s))] implies the equality

Sgn([z(s)2'(s)]) = Sgn([z(s + s1)a’(s + s1)]) = Sen([y(s)y'(s)]) for all 5 €
TL(«). Hence equalities (Z9) hold.

(ii) Conversely, assume that equalities (29) hold for some s; € (—00, 4+00) and all
s € (—o0,+00). Since x(s),y(s) are invariant parametrizations, by Proposi-
tion EEii), we have LE&Z W 1 ang W' O _  for a1l s € TL(a). These

Qz(s)) Qy(s))
equalities imply [2teteletoton)l Mo (Ol — Ml Gl for a1l 5 € TL(a).

These equalities and Sgn([z(s)z’(s)]) = Sgn([y(s)y’(s)]) imply the equality

h(s&il()si(ssj)sl)] [yq(;(y () for all s € TL(a). This equality and equalities (Z3)

imply the equalities

(x(s+s51),2'(s +51)) _ (y(5),9'(s))

Q(x(s + 1)) Qy(s))
[z(s +s)2'(s +51)] _ [y(s)y'(s)]
Q(x(s +s1)) Qy(s))

im+
for all s € TL(«). By Theorem [l z(s + s1)  ~  y(s) and there exists
the unique F € LSim™*(2) such that y(s) = Fa(s + s1) for all s € TL(a).
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In this case, Fx(s + s1) = Uz(s + s1), where U € LSim™(2) and it has the
form (30). Here, U does not depend on s € T'L(«). Using z € Ip(«a),y € Ip(B),
Theorem BOlii) and y(s) = Fa(s + s1) for all s € TL(«), we obtain that
6= Fa. |

Example 55. (i) Let T = (0,[), where [ < oo. Consider two T-paths z(t) =
(cost,sint) and y(t) = (sint,cost). Since [x(t)z'(t)] # 0 and [y(¢)y'(t)] # O
for all t € T, z(t) and y(t) are nondegenerate T-paths. Let « is a curve such
that x(t) € « and § is a curve such that y(¢) € 5. By Definition Bfl « and

(B are nondegenerate curves. By Proposition 3] since % =1, x(¢t) is

an invariant parametrizations of a. By Proposition B3] since % =1,

y(t) is an invariant parametrizations of (. Since <xg()x’”é§§)> - g()y%tgi and
. LSim* (2)

Sen([z(t)z' (t)]) # Sgn([y(t)y'(£)]), we obtain z(t) = = y(t).

0 1 s . LSim™*(2)

By Theorem 52, this implies that o~ »~ "~ S.

(ii) Let T = (0,1), where I < oo. Counsider two T-paths z(t) = (cost,sint)
and y(t) = (—cost,—sint). Since [z(t)z'(t)] # 0 and [y(t)y'(t)] # 0 for all
t € T, z(t) and y(t) are nondegenerate T-paths. Let « is a curve such that
xz(t) € a and (3 is a curve such that y(t) € 3. By Definition 36, o and /3

are nondegenerate curves. By Proposition [43] since % =1, z(s) is

an invariant parametrizations of a. By Proposition [43], since % =

y(t) is an invariant parametrizations of 3. Since <z(t()’g€;§§)> = @é;()y@(’;g;)) and
Sgn([z(t)z' (t)]) = Sgn([y(t)y'(¢)]), we obtain w( ) y(0).
By Theorem [52, this implies that « Lsim " (2) 8.
(iii) Let T = (—o00,00). Consider two T-paths z(t) = (cos(t + ¢),sin(t + ¢)) and
y(t) = (cost,sint) for ¢ € T. Since [z(t)x'(t)] # 0 and [y(t)y'(t)] # 0 for all
t € T, z(t) and y(t) are nondegenerate T-paths. Let « is a curve such that
z(t) € o and f is a curve such that y(t) € (. By Definition B8, o and [

LSlm+(2

are nondegenerate curves. By Proposition B3] since % =1, z(t) is an
invariant parametrizations of «. By Proposition B3] since % =1, y(t)
is an invariant parametrizations of 3. Since <$(tgc()g’£;§§+c)> = <yg()1’/-’z;§§)> and
im™t
Sen([a(t)a' (1)) = Sea(ly(®)y (1)), we obtain (1) % @ y (o).
imt
By Theorem [54], this implies that « Lsim 3 s.

Theorem 56. Let «, 8 be L-nondegenerate curves in Eo, TL(«) # (—00,400),
TL(B) # (—00,+00) and x € Ip(a),y € Ip(B3).
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LSim(2)
~

(i) Assume that o B. Then we have

TL(a) = TL(B)

(x(s), 2" (s)) _ (w(s),y'(s))

Q(x(s)) Q(y(s))

(31)

for all s € TL(a).

(ii) Conversely, assume that equalities BII) hold. Then « (8. Moreover,
the unique F € LSim(2) exists such that f = Fa and only two following
cases exist:

(ii.1) Sen([z(s)z’(s)]) = Sen(ly(s), y'(s)])-

(ii.2) Sgn([z(s)2’(s)]) = —Sen(ly(s),y'(s)])-

In this case (ii.1), F = Uy, where Uy has the form (B0).

In this case (ii.2), F' = (UsW), where Uy has the following form
(Wals),y(s)) _ [Wals)y(s)]
Q(Wu(s)) Q(Wu(s))
Wals)y(s)]  Wa(s), y(s))
QWa(s)) Q(Wa(s))
and it does not depend on s € TL(«).

LSlm (2)

)

Proof. It follows easily from Theorems 22] B0Ji) and (2 O

Theorem 57. Let o, be L-nondegenerate curves in Eo, TL(a) = TL(G) =
(—00,+00) and z € Ip(a), y € Ip(B).

LSim(2) B. Then there exists s1 € (—o0,400) such that the

(i) Assume that «
following equality
<1’(S—|—51),$,(5—|—31)> _ <y($),yl($)> (32)
Q(z(s + 51)) Qy(s))
holds for all s € (—o0, +00).

(i) Conversely, assume that there exists s; € (—o0,+00) such that the equality (B2)
holds for all s € (—o0,+00). Then « LSz B. Moreover, F € LSim(2) exists
such that f = Fa and only two following cases exist:

(ii.1) [2(s + 51)2" (s + 51)] = [y(s)y' (s)];
(ii.2) [z(s + s1)2"(s + s1)] = —[y(s)y/(s)]-
In the case (ii.1), F = Uy, where Uy has the form (B0).
In the case (1i.2), F = (UsW,), where Us has the following form
Was+s1),y(s)) _ [Wa(s+ s1)y(s)]
QW (s +51)) QW (s +s1))
Wals +s)y(s)]  (Wals +s1),y(s))
QWx(s +51)) QWa(s +s1))

Us; =
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Proof. Tt follows easily from Theorems[22], E0(ii) and [54]. O

8. Conclusion

Methods, developed in the present work, will be useful in the theory of global
invariants of curves in two-dimensional geometries and physics. This approach is
also will be useful in the theory of global invariants of vector fields and a system of
curves in two-dimensional geometries and physics.
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