B.A.POMAHOBCKHI HOMUJIATH MATEMATHKA UHCTUTYTHU
XVY3YPUJATU NJIMUU JAPAKAJIAP BEPYBUYHA

DS¢.02/30.12.2019.FM.86.01 PAKAMJIN NJIMU KEHTAIIL

MATEMATHUKA UHCTUTYTHU

NMOMKYJIOB AHBAP HOPBOBOEBHY

YEKJIA YJIUOBJIA AJITEBPAJIAPHU 3BOJIIOIIMOH AJITEBPAJIAP
BNJIAH AIIITPOKCUMALUAJIALL

01.01.06 — Aareopa

OUSUKA-MATEMATUKA ®AHJIAPHA
oyitnua dancada noxropu (PhD) nuccepranusicn
ABTOPE®EPATHU

Tomkent — 2021



VIK: 512.554

dusuka-maremMaTuka pannapu oyiinua gancada nokropu (PhD)
AUCCEPTALMACH aBTOpedepaT MyHIAPUKACH

Oraasiaenne apropedepara quccepTranun
nokropa ¢puiaocopuu (PhD) no puznko-MmaremaTuyecKMM HAyKaM

Content of thesis abstract of doctor of philosophy (PhD) on physical-
mathematical sciences

NmomkynoB AuBap Hop6oGoeBnu
Yeknu  yoyoBnau — anreOpajiapHd  SBOJIOIMOH  aireOpanap  OuiaH
ATIPOKCUMAIMSITALLL. . e vv et e eenaeeeeeeenaeteeeeaeeeeae o e e me e e e 3

Imomkulov Anvar Norboboevich
Approximation of finite dimensional algebras by evolution algebras. . . . . .. 21

NmomkynoB AuBap Hop6o6oeBuyu
AMNMNPOKCUMHUPOBAHUE  KOHEYHOMEPHBIX  airedp  IBOJIOIMOHHBIMU
0§ 1) 01 {2 SO 37

JbJIOH KHJIMHTAH HILJIAP pyHXaTH
Crucok onmyOIMKOBaHHBIX padoT

Listof published works . . ....... ... .. .. . . . 40



B.A.POMAHOBCKHI HOMUJIATH MATEMATHKA UHCTUTYTHU
XVY3YPUJATU NJIMUU JAPAKAJIAP BEPYBUYHA

DS¢.02/30.12.2019.FM.86.01 PAKAMJIN NJIMU KEHTAIIL

MATEMATHUKA UHCTUTYTHU

NMOMKYJIOB AHBAP HOPBOBOEBHY

YEKJIA YJIUOBJIA AJITEBPAJIAPHU 3BOJIIOIIMOH AJITEBPAJIAP
BNJIAH AIIITPOKCUMALUAJIALL

01.01.06 — Aareopa

OUSUKA-MATEMATUKA ®AHJIAPHA
oyitnua dancada noxropu (PhD) nuccepranusicn
ABTOPE®EPATHU

Tomkent — 2021



duznka-maremMaTuka gannapu o6yiinua gancada noxkropu (PhD) nuccepranmsicu maB3ycu
¥Y30exkucron Pecnyosmkacu Bazupaap Maxkamacu xysypuaaru Oamid arrecTanmusi KOMUCCHSICHA
B2019.1.PhD/FM315 pakam 0uJjiaH pyiixaTra oJMHIaH.

Huccepranus B.M.PomanoBckuii Homugaru MaTemaTika HHCTUTYTHIA OakapHiraH.

Huccepranus aBTopedepatn yu Twinma (¥30ek, mHrm3, pyc (pestome)) Wnmwmii keHram BeO-
caxudacu (http://kengash.mathinst.uz) Ba «ZiyoNet» AXOOpOT  TabBIMM nmopTanuaa
(http://www.ziyonet.uz) »KoWIamTHPUITaH.

HNamuii paxoap: Awonos IlaBkaT A0ay/u1aeBUY
(hm3uka-mMaTemarrka (paHIapU TOKTOPH, aKaIEMHUK

Pacmuii onnoHeHTaap: XynoiioepaueB Aopop XakuMoBHY
(hm3uka-maTemaruka (haHIapu TOKTOPH

KapumikanoB Uk00/1:k0H AGay 1a3M30BUY
¢usuka-maTematuka Qannapu 6yitnua dancada
nokxropu (PhD)

ETakuyu TallKWIoT: Kopalqa.ﬂnom AaBJaT YHUBEPCUTETHU

Huccepranua xumosicu B.M.PomanoBckuil HoMuparn Marematuka WHCTUTYTH Xy3ypuIaru
DSc.02/30.12.2019.FM.86.01 pakammu Wnmvuii kenramHuar 2021 dAm «  » coar aaru
Maxxmucuaa 6ymuo yramu. (Mamsun: 100174, TomkenT m1., Onma3op TyMaHH, Y HUBEPCHTET KydacH, 40-
yit. Ten.: (+99871)-207-91-40, e-mail: uzbmath@umail.uz, Website: www.mathinst.uz).

Huccepranus 6unan B.W.PomanoBckuii Homunaru Matemarnka MHCTUTYTHHUHT AXO0pOT-pecypc
MapKa3uaa TaHWIIUAI MyMKHH ( -pakamul OwiiaH pyiitxarra onuHraH). (Mamswr: 100174, TomkeHT .,
Onmazop TyMaHu, YHHUBEPCHUTET kKydacH, 40-yit. Tem.: (+99871)-207-91-40.

Huccepranus aBropedepatn 2021 Hum «__ » KYHU TapKaTUIJIH.
(2021 timm «___ » JaTH -pakamiid peectTp Oa€HHOMACH).

Y.A.Po3ukoB
Wnmuit napaxkanap 6epyBun
Wnmuit keHram paucy,

¢b.-m.¢.1., mpodeccop
AK.K.Anames

Wnmuit napaxanap 6epysun Mnmuit
KEHTalll WJIMHIA KOTHOH,

¢.-Mm.p.H

B.A.Omupos
Wnmwuit napaxanap 6epysun Unmuii
KeHrai xXy3ypuaara Unmuit cemunap

paucu, ¢.-M.¢.1a., mpodeccop



KHWPUI (dancada noxkropu (PhD) nuccepraumsicu aHHOTALUSCH)

Juccepranus MaB3yCHHHUHT 10J13ap0uru Ba 3apypartu. XKaxoH Mukécuaa
om0 Oopunaérran Kyrmmad wiMui-aMaldid TagKUKOTIIAp KYITHHA XOoJulapja
HOACCOLIMATUB  ailredpamapu Ba  aireOpavk CUCTEMalap  Ha3apusiCHIIaH
doitmananu® Oab3u anreOpamapHU TAAKUK KUJIUINTa KEATHpUiIagu. Anredpauk
BOCHTAaJIap KBaHT MEXaHUKACHAArd JJIEMEHTap 3appajapHu, KATTUK MOJJanap Ba
KPUCTAJUIADHUHT  XYCYCHSITIIADUHU  YpraHUWIINa, TOMYJSIUs  T'eHETHUKACH
MyamMMOJIapua, HWKTUCOAUETHUHT  MOJIEJUTAIITaH  MyaMMOJIADUHU  TaxJIHI
KUJHUIIIA Ba OOIIKa Macajanapaa KeHT KyJIaHWIaId. 3aMOHaBHA anredpa dYeKin
rpynmanap Ba YeKJIW YIYOBIM accOIMaTHB anreOpanap HazapwsCHra acocilaHa/u.
Keiinauanuk, anreOpauk CHUCTEMaJapHUHT PHUBOXKIIAHWININ Xamjaa YJIapHHUHT
MaTeMaTtvka Ba (U3MKAaHMHT OOlIKa coxajdapu OwWwiaH aloKajlapu SIHTU
anreOpallapHUHT, KYMIajaH anbrepHatuB, Mopman, JIu, JIeilGHMI, TeHeTHK Ba
HBOJIIOIMOH  alreOpalapuHUHT Taiao Oynummura oiaud Keingu. DBOJIOLHOH
anreOpanap TeHETUKA TMOMYJSIUACHHM VYpraHuliga MyXUM axaMusTra ora.
[yaunr ydyH anreOpanmapHUHT 0ab3W XOCCaJapUHHU DBOJIOIMOH ajredpanap
OwiiaH SKUHJIAMITAPUII OpPKaJu YpraHuil aoi3ap0 Ba MyxuM Basudanapaan Oupu
XUCOOIaHAIN.

XO03upru BakTIa KaxOH MHUKECHAA 3aMOHABUU aJIr€OpaHUHI MYyXHM
HyHaIMIIapuan OMpyu SBONIOIMOH anredpayiap Ha3apUsICHHY TAAKUK KHJIUIIIHD.
DBOIONUOH anredpaniap MaTeMaTHKAaHWHT OOIIKa coXajapw, KymiagaH rpadiap
Hazapuscu (XycycaH, Tacoguduil rpadaap Ba TapMOKJap), rpynnaiap Ha3apuscH,
MapkoB >xapaéniiapu, JMHAMHUK CUCTeMasiap OwiaH OOFIHMK. Dciaatud YyTaMu3KH,
ABOJIIOLMOH anredpayap cuHu oupunun maprta Jlrodbuu tomonuaan 1992 iunna
(evolutionary algebras Homm Owmad) taknud xwimmarad. 2008 #uwnna Tuan
V3UHUHT MOHOTpadusicuia HBOJIOLMOH anredpa aramMacMHM HNUIaTHO, Oy
anreOpasapHUHT TaTOMKIapu Ba 0ab3u xoccanapuHu kentupu® yrran. lynman
CYHT 3BOJIOIMOH anre0paiapra KU3uKui KeckuH optud ketau. [llynn Tapkumam
Kepakkd, TwaH  TaAKUKOTIAPUHUHI  aCOCUM  WYHAIMIIM  SBOJIIOLHMOH
anreOpanapHUHT TaTOMKUII MyamMmosapura Oarunuianrad 3au. [y Ounan Oupra
YeKJIM VIYOBIW ainreOpajapHUHT OWpPOp KYNXWUIMTHHU YpraHuiira TaOuui
EHammin, MacajaaH, CTPYKTypaBUi Ha3apusHU KypHII Y TOMOHHJIaH KapajiMaraH
sau. CTpyKTypaBUil Ha3apusiHU YpraHUIITa OaFWIIaHTaH AACTIIA0KH HaTHXaiap
[II.A.AromnoB, b.A.Omupos, ¥Y.A.Po3ukos, XX.M.JlagpanapHunr unuiapuja mnaiao
oynau. XycycaH, 2 YI4OBJIM KOMIUIEKC SBOJIOIMOH aireOpajapuHUHT TacHU(U
OJIMHTaH, HUJBIOTEHT SBOJIOIHOH anreOpaJapuHUHT KIACCHUK  XOcCcallapH
TaBCU(JIaHTaH.

Mamnakatumusga cYHITH dmapaa dyHaameHTan GaHJapHUHUT WIMHA Ba
amManuil TarOukura sra OyiraH maTemMaTuka, (pU3uKa, TeoJorhs Ba OUOJIOTHS
dannapura >pTHOOp KywalTupunau. Kymiagan, nomyJiasuMoH OWOJNOrUS Ba
reHeTHKaJa YydYpaWguran acocuili OOBeKTIapjaH Oupu OYnAraH SBOJIOIHOH
anreOpanap HA3apUSACUHU PUBOXJIAHTHPUINTA aIOXUAa JBTUOOP KapaTHIIIu.
OBOJIONMOH airedpanap Ba YJIAPHUHT 3aHXUPJIAPUHU Ypranum Oopacuia
CAIMOKJIM HATIKajapra OJSpulmigd. «AnreOpa Ba (YHKIMOHAT —aHAIU3»
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(daHIapUHUHT YCTYBOp HyHaIMIUIapyu OYilMya Xajakapo CTaHIapTiiap Aapa)kacuja
WIMHNA TaAKUKOTIAp 01u0 OOpHIl MaTeMaThka (paHMHHHT acocuil Bazudamapu Ba
daomuar HyHamunuiapy 5tu6 Oenrunanau’. Kapop MXpOCHMHM TabMHUHJIAILIA
HBOJIIOIIMOH ajiredpasiap Ha3apUsICUHU PUBOKIAHTUPUIL MyXUM aXaMHUATTa 3ra.

V36ekucron Pecny6mukacu Ilpesumentunmar 2017 iimn 17 despannarn
«®Dannap axkagemusicn (aoNHATH, UIMUN-TAAKAKOT HWIUIAPUHU TAIIKWJI OSTHUI,
OOLIKApHUII Ba MOJIMSUIAIITUPUIIHUA SHAJIa TAKOMWUIAIITUPUII YOpa-Ta0upiapu
tyrpucunanru 11K-2789-counu Kapopu, 2017 iinn 20 anpengaru «Oiuil TabJiuM
TU3UMUHHM SHAJIa PUBOKIIAHTUPUII Yopa-Tanoupiapu Tyrpucuantu [1K-2909-con
Kapopu, 2019 iun 9 urongarm «MartemaTuka TabiuMu Ba (aHIapUHU sHAIA
PUBOXKJIAHTUPHUIITHU ~ JIaBJIAaT TOMOHHWJAH  KYJJIaO-KyBBatTjall, [IyHUHTIIEK,
V36ekucron PecnyGimkacu ®anmap akajemuscuHuHr  B.J.PomanoBCKwHit
HOMHJATH MareMaTuka HMHCTUTYTH (AONHSATHHM TyOJaH TaKOMWJLIIAIITHPHII
yopa-tanoupnapu Tyrpucugantu [1K-4387-connu Kapopu Ba 2020 itun 7 maiinaru
«Maremaruka coxacuaaru TabjiuM CU(pAaTUHU OLUMPUII Ba WIMHI-TaJKHUKOTIAPHU
PUBOXJIAHTUPHUII Yopa-Tanoupiapu Tyrpucuaanru [1K-4708-connu Kapopu xamaa
Ma3Kyp (aonustra TeruuuiM  OOIIKAa HOPMATHUB-XYKYKMH  XyoKarjapna
OenrmiaHrad BaszudaliapHu aMalira OIMpUIIAA YOy AuccepTauus TaaKUKOTH
MyalsH J1apa)kaja Xxu3MaT KWJIau.

TagKUKOTHUHT pecny0nka (pan Ba TE€XHOJIOrUsLJIapH
PUBOAKJIAHUIIMHUHT YCTYBOP HMyHAJMILIAPUIa MOCAMIH. Maskyp TaIKUKOT
pecnyOnuka ¢daH Ba TexHoJorusuiap puBoxuianumuHuHr V. «Maremaruka,
MeXaHWKa Ba MHPOpPMATHUKa» yCTYBOP UYHAIUIIN Joupacuaa OakapuiiraH.

MyaMMOHMHI YpraHuiaranjamk papaxacu. CYHITH Wwiuiapia KIAacCHK
KOHCTPYKIUSJITAPHUHT HOACCOLIMATHB MYKOOWJIIapu MaTeMaTrhka Ba (DU3MKAHUHT
Ky1ab coxanapujaa KYJUIAHWIUIIM OWiaH OOFIMKJIMIM KU3UKUII YHFOTMOKJA.
MartemMaTuk MeTO[UIap TNOMyJsUMs TEeHeTHKacuJa Y30K BakTIaH Oepu
myBadphakuiaTIu KynaaHuO kenuHMokaa. [lomymsius reHeTHKacw macajaiapura
MaTeMaTHK €HJOLIYB Joupacuaa ojaub OopwiraH TaakukKoTiap Menaen
KOHYHJIapura acocjianajau. Menzen anreOpank HyKTau HazapJaH Y3WHUHT T€HETHK
KOHYHJIApUHU HQoJaNallHi Takjiu(] KUJAAUraH CUMBOJUIAPDHU HIUIATTaH.
[yngat  kuiuO, MaTeMaTUKIAp Ba TEHETUKIAp Oup mnaiTiap Menaen
TCeHETHUKACHHU YPraHUII YYyH HOACCOIMATUB aireOpanapaaH ¢oiigananraHiap Ba
KenHYanuk 0ab3u Oomika myamutuduap yHu “Menaen anredpanap” ned aTamiras.

Ueknn  ya4oBnu — anreOpajlapHd  3BOJIOLMOH — anreOpanapu  OuiaH
SAKUHJIAIITAPUII TYIIyHYQJIapyW Xalud KUpPUTWIMaran sau. AMMmo Oy Typaaru
IBOJIIOITMOH anreOpa OupuHum Mapta M.B.Bemacko Ba VY.A.PosukoBiapHHMHT
“qUBUHIIAp TOMYJISIUACH anreOpacu’” yuyH €3raH UlUiapuaa KHPUTHITaH.

1 . 5 .

VY36ekucron Pecriybnmkacu Basupnap maxkamacu 2017 iinn 18 maiinaru «Y36ekucron Pecnyonukacu @annap
aKaJeMUSICHHUHT SHTUJaH TAIIKWI STWITaH WIMHH TaJKUKOT Myaccacaiapy (paoNusSTHHU TaIIKUI STHII
TYFpUCUAanTH 292-COHIIN KapOPH.
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Ymby TynryHuara TErMIUIM acocMil MyamMMo OepwiraH anreOpanap Ba
yjlapra MOC KeJaJuraH 3BOJIOLMOH alreOpalapHUHT VXAl XOCCaJlapUHU
TONUIIIND.

2019 #unauar okts0p oMupa Wcenanusaunr I'paHaga YHuBepcuTeTHra
amanuér yram nadtumaga  npodeccop  Y.A.PosukoB Ba  mpodeccop
B.M.Benackonap (I'panaga yHuBepcurerd, McnaHusi) MyxokamMacu HaTHKacHia
y4 YIIUOBJIM 3BOJIOLMOH ajreOpayiap 3aHKUpPJIapUHUA TaJKUK KUJIHUIL FOSICH WIrapu
CYpUILIH.

M.Kacac, M.Jlanpa Ba Y.Po3ukoBiap TOMOHUIAH 3BOJIIOLMS aliredpanapu
3aHKUPU TYIIYHYaCH KUPUTWITaH Ba OyHAal 3aHKUPIApHUHT KEeHr CcuHbU
Kypwiradn. byHpail 3amkupiapHuHr Oup HedTa XYyCYCHUSTJIapUHH YOy
myaudnap Ba UI.LH. Myponos, b.A. Omupos, K.M. Tynen6aeB ypranumiras.

WKku YI4OBIM 3BOJIOLMOH airedpanapu 3aH)KUpiiapura ouj OUpHHUYU
Hatwxkanap LI.H.MyponoBuunr PhD nuccepramusicuaa onuurad. AbHu, ymoy
auccepranusaa Myawtud ‘“Kyxa MOMyJIAIUsICH HUHT 3BOJIONUOH airedpanapu
3aHKUPJIAPUHUA KypraH Ba ‘“KyKa MOMYJSUUSICH HUHT 3BOJIONMOH anreOpanapu
3aHKUPJIAPUHUHT BaKT IMHAMMKACUHU YpraHraH.

Juccepranms TAAKUKOTHHUHT AUCCEPTALMA 0aKAPUITAH OJIMH TabJINM
MYaCCaCACHHUHT WIMMIH-TaAKUKOT HILIAPH pexxajapu OnJIaH 00FIMKJINIH.
Huccepraumnss ~ tagkukotu  B.M.PomanoBckuii ~ HOMmmarm  MaremaTtuka
uHcTuTYTHHUHT OT-F4-82 + OT-F4-87  «Omneparopin Ba HOACCOLMATUB
anrebOpanap Jsokan guddepeHnuaTIaNLIapy Ba aBTOMOPQPU3IMIIAPH, UYU3UKIU
Oyimaran AMHaAMHUK cucTeMasiapaa ¢azaid YTl Ba TapTUOCU3IUK» + «EBKINA Ba
nceBno-EBkiaua  (dazonapuparn 3rpu  4UM3MKIAp Ba YJAPHUHT MeEXaHUKaja
Kymnanuaummy (2017-2019 ivnnap) mMaB3ycujard WIMHNA TaJAKUKOT JIOMHUXACH
Joupacuia daxkapuiras.

TanKnKOTHUHI MaKcaau 0ab3U YEKIU YIYOBIU ajredpatapHu 3BOJIIOLKOH
anreOpanap OWiaH anmpoKCUMALMSACUHU Ba y4 YIIUOBIIM 3BOJIOLMOH aireOpaiap
3aHXUPJAPUHU TaJAKUK dTUIIAAH HOOparT.

TagKMKOTHUHT Ba3udagapu:

MKKH Ba Y4 YIUOBJIM 3BOJIIOIMOH anredpajnap anmpoKCUMAaLUACUHU TaJKUK
KHWJIALI;

UXTHEPUI anreOpaHuHT HBOJIFOLIMOH anredpanap OwaH
aNIpPOKCUMALUSACUHUHT a0COIIOT HUIBIOTEHT 3JEMEHTIAPUHU TaJKUK KAJIUILI;

HWIBNOTEHT JIelOHun anreOpacHHMHT HBOJIOLMOH  anrebpa Owmiiax
annpOKCUMAIUSICUHU TAAKUK KUJIHILL

y4 VIIUOBJIHM 3BOJIIOLIMOH ajre0panap 3aHKUPJIapUHA TaBCU(IIALLL

SBOJIIOIIMOH ajredpanap 3amwkupiapuaa OapUKIHUK Xoccajapu, a0CoIoT
HWIBIIOTEHT Ba WJEMIOTEHT JJEMEHTIAp TYIUIAMJIAPUHMHT BaKIra OOFIMK
JUHAMHKAaCUHU TaCHU AL



TaaKUKOTHUHT O0BEKTH YCKIW YIYOBIM OHBOMIONMOH Ba JleiOHuUIl
anreOpasapAaH xXaMJa yd YIYOBJIM 3BOJIOLMOH anredpajiap 3aHKUApJapuaH
ubopar.

TagKUKOTHUHI NpeAMeTH HUKKA Ba Y4 YIYOBIM XAKUKUNA DBOJIOLIMOH
anreOpasap, UKKU Ba y4 YJIUOBIM HWIBINOTEHT JIeiOHuI| anredpanapu, 3BOTIOLUOH
anreOpasapHUHT a0CONIIOT Ba UAEMIIOTEHT JIEMEHTIIap TYTIAMUUD.

TankukoTHUHTr ycyanapu. Jluccepranusiga acconuaTuB — Oyimaran
anreOpanap Ha3apusCH, HOYM3HMKIM JUHAMUK CHUCTEMajap  Ha3apusicw,
CTPYKTypaBuUi TacHU(anuiap Ba WHBApUAHTJIAp Ha3apusCH ycCyJulapuIaH
dbolmananuaTraH.

TagKMKOTHUHT MIMHUI SHTHJIMIY KyHuaarmiapaan noopar:

XaKUKUH COHJIap MaWAOHM ycTujaa OepuiraH yd YI4OBIM DBOJIOIHOH
anreOpanapu TacHUGIAHWO, Ba YJIAPHUHT HACMIIOTCHTIAPUTa MOC KeJlaJuraH
annpOKCUMAlMOH  3BOJIOUMOH  anreOpanap ypracugarn HM30MOppU3MIApU
KypUWJIraH;

HUWJIBNOTEHT OVJIraH »3BOJIOUMOH alreOpaHuHr anmpoOKCUMALMICH XaM
HUJIBIIOTEHT SKaHJIUTH UCOOTIIAHTaH;

MKKA Ba y4 Ym4yoBnd  HWiIbNOTEeHT JleilOHun — anreOpanapuHUHT
anmnpOKCUMAIUSICH HUJIBIIOTEHT BOJIOIMOH aJiredpa SKaHJIUIY UCOOTIIaHTaH;

y4 YIYOBIIM 3BOJIOLMOH ajredpajnap 3aHKUpiiapyd Ba YJIAPHUHT a0COJIOT
HUWIBIOTEHT XamJia WAEMIOTEHT JJIEMEHTIApH TYIUIAMIIAPUHUHT BaKTra OOFIHMK
JTWHAMHUKacH OepuiITaH.

TagKUKOTHUHI amMaJuil HaTHKajgdapu. {ucceprauus Ha3apui xapakrepra
sra Oynub, OJMHTaH HaTWwXKajlap Ba YyCyUIAQpHU OJMA VYKYyB IOpTJIapu
MarucTpaHTiapu Ba JOKTOPAHTJIAPU YUYH MAaXCyC KypcClapHU YKUIIAa KYyJUIall
MyMKUH. ByHaaH Tamkapu, yd YI4OBIM 3BOJIOLMOH aireOpajapHUHT XaKUKHUN
MaiiJIoHJ]a OJIMHTaH TacHU(PU Ba KypWJIraH y4 YJIYOBJIU HBOJIOLMOH alredpanap
3aKApU Ym0y anrebpanap ypracumard wu3oMop(u3MiIapHH TEKIIUPHUINTa Ba
Oouosioruk xamja (UMK >KapaHiap SBOJIONUSCUHM Oy anredpanap TUIUIa
Yypranuura UMKoH Oepajau.

TagKuKOT HATHKAJIAPUHUHT HMIHOHWIWINIH anreOpa, HOUM3ZUKIIN aHAIIN3,
YM3UKJIA ~ Ba  OBOJIONMOH  aireOpamap  ycyliapy  Xamjaa  MaTeMaTHK
MyJIOXa3aJapHUHT KAThUUIUTH OuiaH acociaHrad. OJMHTaH HaTWKaJTapHUHT
ucOOTIApU MaTeMaTHK KUXATIaH TYFpH.

TagKUKOT HATHXKAJAPUHUHI WIMHHA Ba aMajJuMi axaMusITH. TagKuKOT
HATHKAIAPUHUHT WIMHN aXaMHsITH IIyHJAaH HUOOpaTKd, WIIAAa OJIMHTaH WIMUN
HaTHXKaJap anredpaJapHUHT OOIIKA 3aHKUPJIAPUHU KEWHHTY TaJAKUKOTIApH YIyH
UINUIATUIIUINN  MYMKUH. XycycaH, YOy JuccepTalusiia PUBOKIAHTUPUITAH
TEXHUKA Ba ycyJulapiadH Oapua SBOJIOIMOH aireOpajapuHUHT 3aHXUPIIAPUHU
TonuIia (HoNJaTaHUIIT MyMKHH.

TagKUKOTHUHI amanuid axamMusTH [IyHJIAaKWA, OJMHIAaH HaTwXalapAaH
HBOJIIOIIMOH aJIreOpaapyuHUHT 3aHXKUpJIapHu €paamMuia udoaanaHaaurad OMOIOruK
Ba (pU3MK Kapa€Hiap IBONIOLUSACUHU TacHU(DIanaa porganaHui MyMKHH.



TagKuKOT HATHKAJAPUHUHI KOPUH KuiauHMIIM. OJUHraH HaTWXaiap
Kydugara uiMui jJoinxanapuaa Hongaranuiras:

y4 VIYOBJIM 3BOJIOLUOH ajreOpalapHUHI XaKWKUIl COHJIap MalJoHHUAA
onmuaran TtacHuuman MTM2016-76327-C3-2-P (AEINFEDER, UE) paxkaminu
XOPWKHUI JOMMXAacKuJa WKKMA Ba y4 YIYOBJIM KOMIUIEKC SBOJIOLMOH ajreOpanap
tacHuuan omumpa Qorgananwiran (I'panama yHuBepcuUTeTH, MaTeMaTHKa
dbaxynpreTuHuHr 2020 ¥un 30-Hos10paaru MabiymoTHOMacu, Ucmanus). Unmuii
HATHKAHUHT KYJUIAHUJUIIM ~ KOMILJIEKC 9SBOJIIOIMOH — alreOpajapHUHT  COHU
M30MOP(PU3M aHUKJIUTH/IA YEKIUTA SKAaHJIUTUHUA KYpCaTUIl UMKOHUHU Oepra;

MKKA Ba y4 Ym4oBnM  HWIbNOTEHT JleilOuun — anreOpamapuHUHT
ANMpPOKCUMAIMACH HUJIBIIOTEHT ABOJIONMOH anrebpa skaHnurugan EDA-Drex-
2018-77 pakamiam JoWmxamga SpUM COJJa Ba HUIBIIOTEHT alreOpalapUuHUHT
KOTOMOJIOTUK  TpyMNMajJapuHA  yIdaMJapuHU  aHuKIamaa  QoiiiamaHuiIran
(V36exucron Pecny6mukacu damnap axagemuscuauar 2021 imn 12 suBapparu
2/1255-84 con MabiaymoTHOMAcH). MiMuii HATWKaHWHT KYJUTAHWIIAINA COJJIA
JleliOHuil anredbpacu ydyH UKKMHYM KOTOMOJIOTUK TPYIIIACUHUHT TPUBUAJUIUTUHU
ucOOTIal UMKOHUHU Oepras.

TagKuKOT  HATHXKAJIAPUHMHI  anpodaumsich.  Maskyp  TaAKHUKOT
HaTHXanapu 6 Ta XaJkapo Ba 4 Ta pecrnyOiMKa WIMHKW-aMaluil aHXyMaHJapua
MYXOKaMaJIaH YTKa3WJITaH.

TagKuKOT HATHKAJAPUHUHT JBJOH KWJIMHraHJauru. J[lucceprauus
MaB3ycH Oyitmda >kamu 18 Ta WIMHI WII YOI ATWITAH, IIyJap/aH, V36exucron
Pecnybnmukacu  Ommit  ATrecramusi KOMUCCHSICHMHUHT  (ancada  JOKTOpH
JUCCepTalMsIapy acoCU WJIMUNA HATWKaJapUHU YOI ASTUII TaBCUS JTUITAH
WIMUNA Hamipiapaa 8 Ta Makoja, >KymilaJlaH, 2 Tacu XOpWxkuid Ba 6 Tacu
pecnyOnuKka KypHaIapu/ia Hallp STUJITaH.

JluccepTauMAHUHT TY3WIHINIH Ba XakMH. [luccepraiusi KUpPUII KUCMH,
yudra 0600, xynoca Ba (oiinanaHuira agabuérnap pynxaTuaaH TalIKWJ TOITaH.
Hucceprauusinunr xaxmu 108 6eTHU TalllKWiI 3TraH.

JIACCEPTAIIMSIHUHT ACOCUN MASMYHHA

Kupum kucmuga nuccepranys MaB3yCHHUHT J0J3apOiIuru Ba 3apypaTu
acocllaHraH,  TaJKUKOTHUHI  pecnyOimMka  (¢aH  Ba  TEXHOJIOTHsUIApU
PUBOXIAHUIIMHUHI yYCTYBOp HYHAIMIUIAPUIA MOCIWIM KYypPCaTWIITaH, MaB3y
Oyiinya XOpWXKHUH WIMHI-TaIKUKOTIAp LIAPXHW, MYaMMOHHUHI YPraHWJITaHJIUK
Japakacu KEeNTUPWIraH, TaAKUKOT Makcaau, Bazudanapu, oObeKTH Ba MpPEeIMETH
TaBCU(IJIaHTaH, TAAKUKOTHUHI WJIMUN SHTUJIUTH Ba aMalui HaTwxkaitapu OaéH
KWIMHTaH, OJIMHTaH HAaTIWKaJapHUHT Ha3apuil Ba amaluil axamusiTé o4u0
OepuiraH, TaAKUKOT HATHXKAJAPUHUHT KOPUM KUJIMHUIIM, HAIIP STUITAH UILIAP
Ba JUCCEPTALIMS TY3WINAIIN OYinYa MabIyMOTJIAp KEITUPHUIITaH.

HMucceprauussHuHr “MKKH Ba y4 YJI4OBJH 3BOJILIHMOH AJredpajiapHu
IBOJIOIMOH ajredpanap OWJIaH annpoxkcuManusiaam”  1e0 HOMIIAHYBYU
OupvHYM OO0OMJa WKKM Ba y4 YIIUOBIM XaKUKUNA SBOJIONMOH anredpainap
anmpoKCUMAaIMsicura Joup 0ab3u Xoccamap KenTupuirad. HWKku —YmdoBiu



ABOJIIOLIMOH ~ airedpamapHd H30MOPPU3M AHMKJIUTHAATH TacHU(U KEITUPHO
YTWIraH Ba y4 YI4OBJIM 3BOJIOLHMOH alnreOpaiapHU XaKUKHI COHJIAp MaiJOHHUIA

dimA’=1  Gyaran  xomga  TacHubnamran.  lIIyHUHTIEK,  yIapHHHT
aNmpOKCUMAIIUSICH Ba yJIap Opacuaard u3oMop(hu3MiIapy ypraHuiraH.
(4,7) 6upop K maiinon ycrumaru anredpa Oyiacun. Arap
e-e =0, aeap i#j

e e = Zaikek, bapua i 1apoa
k

IIAPTHU KAaHOATJIAHTUPYBUU €,€,,...,€ ,...0a3uc Maxyn Oyiaca y xomnga Oy
anreOpara aeonwoyuon aneeopa nevwnaau. by Oasucra sca Tabuuii 6aszuc
neuniIaau.

Tabkupiad yTaMu3Kku, Xap Oup 3BOIONHMOH anredpara (a, ) cTpyKTypaBHid
KOHCTaHTaJap xgadpam MaTpUllacCh MoC Kenaau. by aca ymymuit anrebpa Ouian
TaKKOCJIaraH/a YBOJIIOIIMOH allreOpaHy TaJKUK KWJIUITHUA OCOHJIAITUPaau. YyHKH,
yMyMaH OJTaHAa anreOpaHuHT KYNauTHPUIN KaJABIM KYOUK MaTpuiia OwiaH

oepunaam.
Yuzukin OynMaraH AMHAMUK CUCTEMaHU YpraHUIIAA YU3HKIAIITUPUIT —
oy YU3UKJINA OynMaran AKCJIAaHTUPUIIHU YU3UKJINCU Owan

aNmpOKCUMAIUSIAIIINAD, SHHA YM3UKIW OYJIMaraH akCIAHTUPWIIHA YHHHT
Ky3FaaMmac Hykracugaru SkoOmanu Kapanmamu. Juccepramusga YeKiId YIT4OBIIA
anreOpaHd CTPYKTYypaBUM KOHCTaHTajlap KyOMK MaTpuIlacura MOC KBaJpaTHUK
omepaTop y4yH Yu3MKJIamTupuiiaaH Qoiinananamus. KBagpaTuk onepaTropHUHT
anreOpaHUHT OMpOp HyKTacuaaru SIkoOMaHura Moc YM3MKJIM onepaTop €épaamujia
HBOJIIOIMOH alireOpanap OujlaCMHU Kypamu3. bepwiran ymymuii anre6pa Ba yHra
MOC 3BOJIIOLIMOH ajre0panap opacujaru OOFJIaHUIITHU KEITUPAMU3.

OHau  anreOpaHu  SBOJIIOLMOH  anreOpa OwiiaH — anmpoOKCUMALUSICH
TyIIyHYaCUHU KupuTtamu3. bupop K Mmaiinon Oepuiran, Xap OUp YeKIU YIYOBIH

. . - 3
A anrebpa mzomophusM aHUKJIUTHIA Y3UHUHT YITYOBH (aMTaIMK 71) Ba M~ Ta
CTPYKTYPaBUil KOHCTaHTAJIAPH ), € K Owunan anuknanagu. By crpykrypaBuii
KOHCTaHTanap A anreOpaHuHT {€,...,e, | 0a3ucnaru KynaiiTMagapuHy Kyiugara
KouJa OMIaH aHUKJIalIu:

m

el.ej = E z/l.j,kek.

k=1
[lynpaii Kumb, Yexnu ymdoBmu anreOpanapHUHT Kymaiitmanapu (7 ,)
KyOHK MaTpuia Ounan Oepuiaim.

Ilynunraek, 0y matpuna épaamuna F: K" — K" spomonuon onepartop
Kyluarunya aHuKJIaHaIu:
F:x'= E ViuXiX; k=1,...,m.
i,J
Ymyman onranma, A anreOpa Ba [ KBaJpaTHK ONEPATOPHH YPraHUII
YJIApHUHT KyOMK MaTpuliajiap OpKaJWd aHWKJIAHTAHJIUTH cabadium MypakkaOIuK
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TyFAUpagd. AMMO, };, HUHI 0ab3U KWHMATIAPUHU HOJITA TEHITAIITHPUO, TaJKHK

KWIMIIHU OCOHJAIITUPUII MyMKHH. bab3u Oup rimoban Ba JIoKaln XOcCcCcalapHU
yprauuin yuyyH F omepaTopra yxiram 4u3MKiId OyiamaraH (QyHKOHsIap, ojaTaa
SxoOuan épaamMuia Yu3uKIA QyHKIMITA “aIMalITUPHIIaINA .

By  omeparopHuar  X=(X,,X,,...,X,)€.A  Hykragaru  SIkoOuaHu
KyHuJ1aru4ajaup:

n n
n
Jp(x)= Zypj,kxj + Z}/ip,kxi = Z(7pi,k T Vipk )xi
F i =l i=1 o=l
By kBagpar marpuma Oynraniuru cababimu cTpykTypaBuid Matpumacu J,(X)
OYJraH SBOJIOLUMOH AIre0paHy aHUKJIAIIMMHU3 MyMKUH. BYHUHT yuyH Kyiuaarnya

B ()= DV s + ¥ ) (1)

Oenrwnam opkanu E_ = spanie,,e,,...,e,} IBOIIONNOH aireOpaHu
~~ ~2 ~
ee; =0, ¢ = Z‘/@k (x)é,.
k

KyTaiTMa OuiaH aHUKJIaiMu3.

Tabkunnad yTumn >KOu3Kku, Oy THUIIArd SBOJIONUOH anredpa OupuUHUYU
maprta Y.A.PosukoB Ba M.B.BenackonapHuHr Makonacuaa — “‘“YuBHHIIAP
MOMYJISIUsACH anrebpacu’” yudyH aHUKJIAHTaH.

1-Tabpud. [FOxopuoacuua anuxnanean E_ seonoyuon ancebpa A
aneebpanune X HyKmaodazsu annpoKkCuMayuscu 0euunaou.

Hlynnait kunmub, A Ba E_ opacupmaru Oornukiauk (1) TeHrimk Owiiax
aHUKJIaHAIH.

HuccepraiusiHUHT acocuii caBosim “bupop x € A yuyH E_ 5BOJIOLMOH

anreOpaHuHr  xoccamapunu  Oumnram  xomma  (¥,,),..  CTPYKTypaBuii

KOHCTaHTajap Marpuiacura sra Oynran Ba (1) myHocabar Owian Oofnanran A
anreOpa XxaKuja HuMa JAeHuIl MyMKUH?”

E Xakukuii coHyap MaWIOHHMIAr¥W 2 VIIYOBJIM 3BOJIIOIMOH anredpa
oyncun. bynnait anre6panap III.MypooB ToMoHUIaH Kyinaaruia TacHU(IaHTaH:

Xap kanoaii E uxxu ynuoenu xaxuxuii 36om0yuon aneebpa Kytiuoazu y3apo
uzomopgh oyimazan aneebpanapoan oupuea uzomophoup:

(i) dim(E*)=1:

E:ee=e,ee =0;

E:ee=¢,ee =¢;

E;:ee =¢e+e,, ee, =—€ —e;

E,;:ee =e,), ee, =0;

E: ee =e,, ee, =—e,;

(ii) dim(E*)=2:
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E (ay;a): ee =e +ae, ee, =ae +e,; 1—aa,#0, a,,a, eR. Bynoan
mawxkapu E (a,;a,) ancebpa E (a,;a,) arcebpaza uzomopghoup.

E (a,): ee =e,, ee,=e +ase, 6yepoa a, eR;

OHu Oy MabIyM 3BOJIIOLUOH JreOpaTapHUHT XaKUKHKA (KOOpIHHATATIapu
XaKWKWH) Ky3FaaMmac HyKTalapuiard anmnpoKCHUMAalMsIapuHu Kypamms. F
IBOJIIOLIMOH ONEPATOPHUHT HOJIMAC XaKUKUM Ky3FalMac HyKTaJapuHHU KapaiMus.
FOxopunarn rtacuudmampna Oepunran E,i=1,2,...,7 sBomonuon anredpanap
yuyH F 3BOJNIONMOH OINEPATOPHUHT Ky3raaMac HyKrajdapuau (x,;x)) OpKaiu
OenrunaiiMu3 Ba Oy Ky3raamac HyKrajapra MOC 3BOJIOIMOH anreOpanap OwmiiaH
OO0IITKa SBOIOIMOH aJIreOpaiapHUHT U30MOPGhU3MIIApH YpraHUIaIu.

E,i=1,2,...,7 »BomoLMOH ajreOpaJapHUHT aNNpoKCUMalUsIapuHu £,

OpKaJii Oenruiacak, y XoJjija Kydujaara reopemMa YpuHiInamp.
1 TeopeMa

i) E, E, sa E agooyuon aneeopanap E, aneebpaa uzomopghoup,

ii) E6(a2;a3) anceopa E (b,;b,) 26ontoyuon ancebpaca usomopdoup, 6y epoa

Y Y
b2a3(x_§) , b3:a2 x_lg ;
0
iii) E, (a,) areeopa E,(b,) aree6paza uzomopdoup, 6y epoa b, = a, 3/ (x—f))2 :
X

DHAM yd4 VIIYOBAM XAKMKUM »BOJIONMOH anreOpamapuu  dim(E*) =1
mapTaa TaCHU(UHU KEITHPAMU3 .
2-Teopema. Xap xanoaii dim(E*)=1 wapm 6unan 6epuncan E yu

VIYOBIU XaAKUKULL H80JIOYUOH daneebpa Kyuuoacu y3apo uzomopgh Oyimacaw
aneeopanapoan obupuea uzomMophoup:

1 1 0 1 1 0 0
E -1 -1 ,EZ:{I -1 0}, E;:|-1 -1 OJ,
0 0 1 1 0 -1 0
1 0
0 0
0

0
0
1 0 0 1 00 0 0 1 0 0
E,:|0 0 O,ES:{O 0 0], E, 0 0f,E:[1 0 0f,
00 0 1 0 0 -1 0 0 1 0 0
1 0 0 1 0 0 1 0 0
E:1 0 0},@:[1 0 O,EIO:{I 0 0,
100 -1 0 0 1 0 0
0 0 0 0 0 0 0 0 0
E,:{0 0 0},}312:[1 0 0,E13[1 0 0|
1 0 0 1 0 0 -1 00
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Oumu Teopema 2 marm E,i=1,13 sBomonmon anrebpamap yuyn £
orepaTop Ky3fFajaMmac HyKTacura MOC 3BOJIIOIMOH ajredpanap Kypamus.

E, i€{1,2,3, 11,12,13} sBomtouuon anrebpanap yuyH I omnepaTOpHHHT
HOJ/laH (apKiau Ky3faJMac HyKTaJapu MaBxXyz sMmac Ba L i =4,10 5BOJIOLHOH
anreOpanap yuyH F oneparop Hounmad ¢apkiu sroHa Kysraamac ykrara (1;0;0)
ora. [IlyHuHr yuyH

2.0 0
J.(1;0;0)=[0 0 0.
00 0

J-(1;0;0) MaTpuuamu 5BOIIOLMOH aiuredpa E, 3BOJIIOLUOH airedpara
U30MOP(GIUTUHN KYPUIL KHHUH 3Mac.

JluccepTauusiHUHT ~ “YeKaM  YJIYOBJIM  ajredpajapHd  3IBOJIOLHMOH
ajqreépajap OMyIaH anNpoKCHMANUSIAI™ HOMIM UKKHHUM 000MAa UXTHEpUI
YEeKJIM YIYOBIM ajlredpa y4dyH 3BOJIOLMOH ONEPTOPHUHI ainredpa HyKTacuaaru
SlkoOuanura MocC HBOJIONMOH airedpajiap OWIACMHU Kypranmus. Aureopa
Xoccajapyd MOC 53BOJIIOIMOH airedpajiap OWjacu Xoccalapu OwiaH KaHjaau
Oornukaurura xaBoO OepyBuum 0ab3u HaTwXKajmap oJauHraH. byHnaH Tamikapw,
UMKKM Ba y4 YJI4YOBJIM HWIBNOTEHT JIeiOHuIl anreOpanapura MOC 3BOJIOLUOH
anreOpanapu xaMm ypraHwirad. byHniail 3BOIIOLIMOH ayredpanap Xxam HUJIbIOTEHT
Oymunuiurn  ucOotnanrad. [llyHuHrnek, OyHaall SBONIONMOH — anredpasnap
TacHU(]IIaHTaH.

CtpykrypaBuii koHcTantamap Mmatpumacu M, =(y,,)) ., Oymran

Oepuiran A anrebpa yuyH
1, ={pe{1,2,...,n}:detrp =0},

n

Gexrunaniam onamus. By epna I' ) = ( Vi T Vi )hk:l .
x e A Hu pukcupnab, a,=a,(X) opxamu (1.1) na anuknanran (5, (X))
MATPULAHUHT p -yCTYHHMJAH TAIIKKJI TONTaH BEKTOPHHU OCITHIaiMus3.

3-Teopema.  bepunean MEZ(apk) mampuyanu mpueuan 0yimazan
asonoyuon aneeopa E ea MA:(Vpi,k) mampuyanu A aneeopa yuyn (1) nu
kanoamaaumupysuu x € A\ {0} snemenm ¢paxam 6a paxam

—1 T~
Fp-ap—F

ql -a,, uxmuepuii p,q €1, yuyH

8a
rankl’ =rank(Fp,ap), uxmuépuui p=1{1,2,...,n}\ 1, yuyn

0Y12an0a Masxcyo.
E sBosmoninon anredpa yuyH KyHuaard KeTMa-KeTIMKIapHU KUPUTaMK3

E[l] — E<1> — E, E[k+1] — E[k]E[k], E<k+1> _ E<k>E, Ek — iEiEki, k>1.

i=1

13



2-Tabpud. Acap E~ =0 wapmuu xanoamnanwmupysuu oupop se N
maexcyo 6yaca, y xonoa E seomoyuon ancebpa yne nunbnomenm Oeuunaou.

E™" =0 wapmnu Kanoamnanmupysuu sHe KUYUK S COHU2A VHS HUINOMEHMIUK
UHOeKcU Oetuulaou.

3-Tabvpud. Aecap E"=0 wapmnu xanoamnanmupysuu 6upop neN
maexcyo oyaca, y xonoa E seomoyuon aneebpa nunbnomemm (éxu  Huv)
oeuunaou. E"=0 wapmnu xanoamnammupysyu sSHe Kuyuxk N COHUA
HUIbNOMEHMIIUK UHOEKCU 0elunaou.

JI.M.Kamauo Ba OoIIKaJlapHUHT MaKOJIaCH/Ia 3BOJIOLMOH anredpanap yuyH
HUJIBIIOTCHTIIMK Ba YHT HWJIBIMOTEHTIMK TYIIYHYaJIapu DSKBUBAJICHT JKAHJIUTU
ucObotnanrad. bynman tamkapu, XX.M.Ka3ac Ba OolIKaJapHUHI MakoJacujaa
OyHmail anreOpaJapHMHT CTPYKTypaBUW KOHCTaHTajlap MAaTpHUIACH HOKOpHU
yuOypuak (Kyiu yuOypuak, 0a3uc 3JIeMEHTIApUHU AJIMAIUITUPUIILIAD AaHUKJIUTUA)
mraknuaa 6ynuiy ucOOTIaHTaH, SbHU KyWHIard HaTHKa MabIyM:

Kyuuoaeu orcymnanap n-ynuoenu E  ssomoyuon  ancebpanap  yuyn
9KBUBANEHMOUD:

(a) E 2a moc mampuyanu Kytiuoazuia é3ums MyMKuH:

0 a, a, ... q,
0 0 ay .. a,

M.=/0 0 0 .. a |
o 0 o ... 0

(b) E yne nunbnomenm anceopa,
(¢) E nunv ancedpa.

4-Teopema. FE  n- ynuoeru yue HUIbnOmMeHm Xakukuil (KOMNJIEKC)
98onoyuoH aneebpa 6yncun. Y xonoa uxmuéputi X €E yuyn E_ 26omoyuon

aneebpa xam yHe HUIbnomeHmoup.

OHaum Oepunran anreOpara MOC 3BOJIIOLMOH airedpaHu Kyluparuya
aHUKJANMU3: 3BOJIIOLMOH airedpa CTPYKTypaBUM KOHCTaHTaldap MaTpULACHHU
I0OKOpUZla AaHUKIAHraH J,(X) MAaTpULIAHUHI TPAHCIOHUPJIAHTAHU cUpaTHIA

KapaiiMu3, TbHI aHUK/IaHAETraH YBOJIOLHMOH anrebpa Marpuuacu ([, (X)) ., Oy

epaa

B ()= (Visy + Vi ) k)

By sBomtormon anredpa 6Gepuncan A aneebpanune mpaHcnoHUpIaHeaH
Axobuan 6ytiuva annpoxcumayuscu newunaay Ba E ﬁ Kabu OenrviaHaIn.
X

1-M30x. Jlu ancebpacunune (1) (sa (2)) 6ytuua annpoxcumayuscu
MPUBUAT I80TIOYUOH ANeeOpaoup.
1-Tacauk. A sa B n-ynuoenru uzomopgh seonoyuon areebpanrap O6yicum.

Y xon0a wynoaii X € A 6a y € B maseoxcyoxu, E' ~E, 6yraou.
X y

14



4-Tabpud. Azap x> =0 6jnca, x € A anemenm abconom HUTLNOMEHM
oeuunaou.

5-Teopema. If x onemenm A aneebpanune abConOm HUTLNOMEHM
anemenmu oyaca, y xonoa, E_xam abconiom Hunbnomenm snemenmaa 32a 6yiaou.

6-Teopema. R" — R maiioon yemuoaeu xommmymamue ancebpa 6a E, —

R"nune X€R" (£, 20,i=1,...,n) nykmadazu annpoxcumayusicu 6yacun. ¥ xona
R" A2ona abconiom HulbnOmMeHm s1emenmea s2a Oyauwu yuyn E. azona

abconom HUNbNOMeHm dNeMerHmea 32a OYIULU 3apyp 6a emapJiu.

5-Tavpud. L sexmop ¢azo “keadpam xasc” 0eb amanysuu OUHUIUKIU
axkcianmupuus

[—,-]:LxL —> L
ounan bepunean 6yauo, bapua x,y,z € L yuyn
[X,[y,Z]] - [[x,y],z] - [[X,Z],y],

Jletionuy  avunusmunu  Kanoamaaumupca, L 2a K maioonoaeu Jletibnuy
aneebpacu oetunaou.

bepunran (L,[—,—]) JleiiOHu anrebpacu ydyyH IOKOpU MapKa3Wid KeTMma-
KETJINKHU KyMuaarnda aHuKJIauMu3:

L=LL7 Z[ﬁ,ﬁ],kZI.

6-Tavpud. Aeap L' =0 wapmnu xanoamranmupysuu wynoau ne N
maedxcyo oyaca, y xonoa L Jleubnuy anceopacu nunonomenm oetiunaou. Lllynoaii
N a1apHuHe 9He kuyueuea L aneebpanune HUIbNOMEHMIUK UHOeKCU 0etiunaou.

Nxkku Ba yu YndoBnu HUIBNOTEHT JlelOHul anredpanapu TacHudiapu Moc
paBumia Jlog» Ba AnbGeepuo, ArornoB, OMUpPOB Makojandapuaa KEITHPHUITAH.
Kyinaaru Hatwxkanap ymoy tacHudaapHu udoaananu:

L uxxu ynuoenu munonomenm Jletionuy ancebpacu oyacun. Y xonoa L
abenv aneebpacu 6ynadu éxu Kyuuoazu aneebpaza uzomopg 6ynaou.

uile,e]=e,.

L yu ynuoenu nunvnomenm Jletionuy aneeopacu oyacun. Y xonoa L

Kyuuoazu y3apo uzompgh oyimean anreeopanapoarn oupuea uzomopgh 6yiaou:
A, : abenb,

A, tle,e]= ey,

A, i le,e,]=e;, [e,,]= —e;,

A(a):le,e]=e;,le, e, ]=ae;, [e,e,]= e,

Asileye]=e5, [e,6,]= e,

Asilee]l=e,, [e,,e]=e;.

2-Tacmux. Uxku yruosnu nurnomenm Jletibnuy aneebpacunune uxmuépul
HyKmacuoazu mpaHcnoHupianean Hkoouanu Oyiuya annpoxcumayusicu xam
HUILNOMEHM 280JI0YUOH alleebpa Oynaou.

3-Tacauk. Yu yruoeru nunnomenm Jletionuy ancebpacunune uxmuéputi
HyKmacuoazu mpaHcnoHupianean Akoouanu oOyiuua annpoxcumMayusacu xam
HUIbNOMEHM I80IOYUOH alleedpa OY1aou
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JluccepraussHUHT “Yu y140B/IH IBOJIIOLMOH ajreopajap
3aHKMpJapu” HOMJIM Y4YMHUM OoOuga yd4 YI4OBIM 3BOJIOLMOH anredpanap
3aHXKUpJIApY TaBCU(H OJMHTaH Ba 11y KypWIraH Oapya 3aHKupiap y4yH OapHUKIHK
X0CCacH Y3WMHU BakT OyilM4a KaHJail TyTUMIIM YpraHwirad. bab3u 3aHxupriap
yMymMaH Oapuk Oynamaciauru Kypcatwirad. bomka (OapUKIMK XOCCACUHUHT
Y3WIMILKTa 3ra OYiaraH) 3aHkupiap yuyyH OapUKIMK XOCCAaCHMHM OOILIKapyBUH
GyHKIUSIApHU aHUKIaHaM Ba Oy OolikapyBuMra KydwiraH 0ab3u LapTiapia
OyHpaail 3aHxupiap Oapuk sMaciauruiu kypcarunau. lynunraek, ymoy oynumaa
KEITUPUITaH 3BOIIOLUOH ajireOpayiap 3aHKUpJIapy yuyH aOCOIIOT HUIBIIOTEHT Ba
UJEMIIOTEHT DJJIEMEHTIApH TYIUIAMJIAPUHUHT BakT OViWYa Y3WHU TYTHUIIM Ba
JAHAMUKACHU YPraHWITaH.

0<a<b<oo yuyH 3-YI4OBIM IBOJIOLMOH ajredpajap 3aHKHPJIAPUHU
(xuckaua DA3) [a,b] KecMana Kyidugarnia aHuKJIanMus3:

G =B a<s <t<b},

Oy epaa xap Oup EU'' y4 YI4OBIM SBOIOIMOH areOpaHUHT CTPYKTypaBUi
KOHCTaHTayap marpunacu M 1 (aBBangaH TalimHianran B 0asumcra Moc)
Ky#iuaaru

MU = MM (Konvoropos-YenMeH TeHrIamacH). (3)
TEHIJIMKHU Oapua a<s<7<t<b yuyH KaHoarTilaHtupanu. by xonma Ous

My ={M"":a<s<t<b} mn &,, OGunan Gormamran Konmoropos-Uenmen

(xuckaua K-Y) 3anxkupu geimus.

Ym0y 606HuHT Oommmaa 613 yd YIUOBIH SBOMIOIMOH anredpanap 3aHKupu
TaBcu(UHU OepraHMu3 Ba OM3 y4 YIIUOBIW 3BOJIIOIMOH ajredpayiap 3aHKUPUHU
(3) TEHINIMKHM KaHOATJIAHTUpaAWraH 3x3 MaTpULaJapHU TOMMUII OpKAJIU
KypraHMU3:

h(r)(ﬁsff(s)j h(t)(%s)ﬂ‘(s)] h(t)(%@ms)j

oo e 1 N REEPNI
M= h(t)[h(s) g(s)] h(t)(h(s) g(s)j h(t)(h(s) g(s>j,
H0)(g(5) - () hD)(g(s)— £(5))  h)(g(s)— £(5))
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I+w(s) 1+w(s) 1+w(s)
1—@(s) 1—-¢(s) l-@(s) |, arap s<t<a,
1 (o) =w(s) @@s)-w(s) o(s)—w(s)

[s.1]
M0 0 o |
00 0, arap t 2 a.
0 0 0
1 £.(0) g,(t) h, ()
Ms[s,t]:q)— ¢1(S)f;1(t) (DI(S)gn(t) (Dl(S)hn(t) )
2(5)

P,(8)1, (1) 9,(s)g,(t) @, (s)n,(2)

Oy epma, @, (s) = £,(5) + 4 (s)g,(s) +@,(s)h,(s) # 0.

0 0 0
M =0 0 0 |
e@) SO g@

g(s) gls) g(s)

0 0O O
0 0 O0ifs<t<a,
M ) pt) w() 1
0O 0 O
0 0 0l,ift>a.
0 0 O

S

Iynnaii Kuaub, 6u3 0KOpUAa KEATHPHITaH /\/lf[‘g’t],l' =0,1,2,3,4,5 napra
MOC El.[s’t],() < s <t DA3napuHu X0CUJI KWIIHK.

7-Tavpud. Papas xunaivinux, EV'' D43 (s,,t,) eaxm opamuzuda P
xoccaza 32a oyacun. Aeap wiynoai (s,t) # (s,,t,) 6aKm opaiueu massxcyo o6yiuo, oy

opauxoa A3u P xoccazca sea d6yimaca, y xonoa A3nune P xoccacu ysunuwea
92a 0euunaou.
Ky#iunaru 6enrunamiapad KUPUTaAM#3:
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T ={(s,):0<s<t};
T, ={(s,0)eT : E®" = P xoccaza sea};
TPO =T\T,={(s,t)eT: EU' — P xoccaza sea smac}.

by tynnamnap Kyiuaaru MabHOJIApra ora:
7, — P xocca jaBomMuiiury;

0 [V, o
,]-P — P xoccaHuHr HWYKOJIITaHJIINK JaBOMHWUIINIU;

) 0 )
7 rtymnamuunr {7,,7, } xydrmurn P xocca auarpaMmacu JIeHHIaIu.

Macanan, arap P=KOMMYTaTUBJIHUK O¥Jjca, Yy XO0JiJa IBOJIOIMOH anreOpa
JIOUM KOMMYTAaTUB Oynranaurugad 9A3 KOMMYTaTUBIMK XOCCACH Y3WJIMIIUTA AT
AMac JIeraH xXyJjiocara KeJlaMus.

A anreOpaHuHr xapakTepu — 0y A jgarm HOJIMAac MYJIbTHIUTMKATHB
yn3ukan  popmaaup, spHu A Hu R ra akcmaHTHpPyBUM HOJMAcC anreOpamk
romoMopuamMaup. bapua anrebpanmap Xam Xapaktepra sra OyiaBepMaiiliu.
Macanan, HOJ KynaiiTManu anrebpa xapakrepra 3ra sMac.

8-Tabvpud. A arcebpa 6a ynune O xapaxmepuoan MAWKUL MONSAH
(4,0) srcypmauxka 6apux ancebpa oetiunadu. & 2omomoppusm A aneebpanumne

o2upnuk (éxu oapux) gyukyusicu 6a o(x) 3ca X snemeHmHuHe oupaucu (6apux

Kutimamu) oeuunaou .

7-Teopema.

s5,t]
2

* (bapukmacaux xoccacu Y3UTUUWUHUHES MABICYO IMACIUSU) E,[
i=0,3 anreedpanap (s,t)eT saxmoa bapux smac.

* (bapuxnux xoccacu y3unUWUHUHE MABHCYOIULU) El.[s’t], i=1,2,4,5

DA3napu b6apuxiuk xoccacu ysuaumiuea 32a 8a OAPUKIUK XOccacu OABOMULUIUK
myniamaiapu Kyuuoasuia

1 1
T = {(s.) €T 1g(s)= f(5) = t— (5.0 €T :g(s) = =f(8) =——}:
h(s) h(s)
7,7 ={(s,0eT :p(s) =y (s) =1} u{(s,) e T :p(s) = Ly(s) = —1};
T ={(s,t)eT : g(t) % 0}; T ={(s,t)eT :s<t<al.
DHIM “abconiom HUILNOMEHM leMeHmU sA20HaaucY” X0CCACH Y3WINIIN
MaBXXYJINK MyaMMOCHTa aBo0b Oepamus.
T ={(s,t)eT : E™ srona abcoMOT HIIBIIOTEHT JIEMEHTTa Jra},

T0=T\T

nil nil *

8-Teopema.
. El.[s’t], i=0,4,5 2A43napu uxmuépuii (s,t)eT 6akmoa uexkcuz Kyn
abconom HUNbNOMeHm d1eMeHmed ;

5.t .
e« EVI =12 DA3napu  “abconrom  HurbnOmenm - IneMeHmu

1
AeoHanueu” xoccacu ysunumwiuea 22a 6a ‘abconrom HUILNOMEHm IleMeHmuU
Aeonanueu’”’ xoccacu 0a8OMULLIUK MYNIAMAAPU KYUUOAUYA
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TV = {(s,r>e7:h<r)¢0,f(s><g<s><$,—f<s)<$};
T ={(s,H)eT :—1<w(s)<(s)<1,t<a};

nil

T ={(s,0)eT : £.(t),g,(t),h (t) —uwopanapu 6up xurnsmac}.

nil
9-Teopema. (1) E([)S’t] aneeopa sicona (0,0) udemnomenm snemenmea 32a.
{(0,0,0)},if (s,2) € {(s,) € T : h(z) = 0}

(2) Zd(EP") = h(s) h(s) h(s))| . ,
{(0,0,0),( OMITR h(f)} if (s,0) € {(s,0) € T h(t) # 0}

{(0,0,0)},if(s,t)e{(s,t)eT:tZa}
{(0,0,0),(l,l,l)},if(S,t)e{(s,t)eT:SSt<a}

(3) Zd(£y™) {

{(0,0,0)} JAf (s,0) e {(s,t)eT : F(s,t)=0}

[sit]y —
Td(EP™) { 0,0.0.( £.(1) | g, (1) ’ h (1)
F(s,t) F(s,t) F(s,t)

)},if (s,0)e{(s,t)eT : F(s,t)#0}

where F(s,t)= fi(s)(f,(t) +w(s)(g,(6)" + p(s)(h, (1))").

{(0,0,0)} Af (s,0) e {(s,0)eT :g(t)=0}

Id(E;) = { g(s) g()f (1) g(s)p() } .
09030 ’ » PR 2 H f » ’ T: 0
0006 ey gy TSIt eT 020}

{(0,0,0),(l,t//(t),qo(t))},if (s,0)e{(s,t)eT :s<t<aj,

[s,t]\ —
(6) Id(Es ) {{(O’O’O)},if(s,t)E{(S,t)ET:t>a}'

XVYJIOCA

Jluccepranusi UIA YEKJIU YJIUYOBIU aireOpagapHu 3BOJIIOIMOH anredpaiap

OWlaH anmpoKCUMalMACH XamJa Y4 YIYOBJIM 3BOJIOLMOH  anredpaiap
3aHXKUPJIAPUHU TAJKUK KAJTUIITa OaruillIaHTaH.

TanKMKOTHHUHT acocuil HATWXKaNapu Kyluaaruiapaal uoopar:

1. XakMKU{ COHJap MaWJOHM yCTHAAa OepuiraH yd YIYOBIU 3BOJIOIHOH
anrebpanap TtacHuGIaHIM, Xamaa HUKKH (y4) YIYOBIM SBOJIOLUOH
anredpanap Ba YJapHUHT HJIEMIIOTEHTIapUra MOC KejaJuraH 3BOJIOIUOH
anrebpanap ypracuaaru uzoMophusMiiap Kypuiay;

2. VHT HWIBIOTEHT OYJTaH 3BOJIOLMOH airedpa anmpoKCUMAIUSICH XaM YHT
HUJIBIOTEHT 3KAHJIUTH UCOOTIIAHTaH;

3. uKKM Ba y4 YmuoBnu HuinoTeHT JleWOHury anreOparapuHUHT
annpoOKCUMAIUsACH XaM HWIBIOTEHT 3BOJIIOIMOH anredpa 3KaHIUTH
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KypcaTtuira, OyHIaH TalIKapu yuiOy 3BOJIOLMOH anreOpanap TacHU(H
XaM OJIMHTaH;

4. yd4 YI4OBIIM 3BOJIIOLMOH ajiredpanap 3aHXUpiapu KypuiraH;

5. BBOMIOLMOH  anreOpanap 3aHXXKUPUHUHT  a0CONIOT  HUWIBIIOTEHT Ba
UIEMIIOTEHT 3JEMEHTIIApU TYJaMJIApUHUHI BakKIra OOFJIMK JTMHAMHUKACU
YpraHwiIraH.
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INTRODUCTION

Actuality and demand of the theme of the thesis.

Numerous scientific and practical researches conducted worldwide are
often brought to the study of some algebras using the non-associative algebras and
the theory of algebraic systems. Algebraic tools are very useful in the study of the
elementary particles in quantum mechanics, properties of solids and crystals, in
problems of population genetics, in the analysis of modeled problems of
economics, and in other matters. The foundations of modern algebra are based on
the theory of finite groups and finite-dimensional associative algebras. The
development of algebraic systems and their relationship to other fields of
mathematics and physics led to the emergence of new algebras, including
alternative, Jordan, Lie, Leibniz, genetic, and evolution algebras. Evolution
algebras are important in the study of genetic populations. Therefore, the study of
some properties of algebras by bringing them closer to evolution algebras is one of
the actual and important tasks.

Today one of the important directions of modern algebra in the world is the
study of the theory of evolution algebras. Evolution algebras are related to other
fields of mathematics, including graph theory (especially random graphs and
networks), group theory, Markov processes, and dynamical systems. Evolution
algebras was first proposed by Lyubich in 1992 (under the name of evolutionary
algebra). It should also be noted that Tian used the term evolution algebra in his
monograph in 2008 and cited the applications and some properties of these
algebras. After that interest in evolutionary algebras has increased dramatically.
Note that the main focus of Tian’s research was on the applied problems of
evolution algebras. However, a natural approach to the study of a variety of finite-
dimensional algebras, such as the construction of structural theory, has not been
considered by him. Pioneering results devoted to the study of structural theory
appeared in the works of Sh.A.Ayupov, B.A. Omirov, U.A. Rozikov and J.M.
Ladra. In particular, the classification of 2-dimensional complex evolution algebras
is obtained, the classical properties of nilpotent evolution algebras are described.

In recent years, our country has paid increasing attention to mathematics,
physics, geology and biological sciences, which have a scientific and practical
applications of fundamental sciences. In particular, special attention was paid to
the development of the theory of evolution algebras, one of the main objects
encountered in population biology and genetics. Significant results have been
obtained in the study of evolution algebras and their chains. Investigations on the
international level in such important areas as the functional analysis and algebra
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considered as the main task of fundamental research? . At the present time, the
development of investigations on the theory of evolution algebras plays an
important role in the implementation of this decree.

The subject and object of research of this thesis are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan", UP-2789 dated February 17, 2017 “On measures to
further improve of the activities of the Academy of Sciences, organization,
management and financing of research activities”, PP-3682 from April 27, 2018
“On measures to further improve the system of practical implementation of
innovative ideas, technologies and projects" and PP-4387 from July 9, 2019 “On
measures to further development of mathematical education and science, total
improvement of the activity of the Uzbekistan Academy of Sciences
V.I.Romanovsky Institute of Mathematics" and also PD-4708 from May 7, 2020
"On measures to improve the quality of education and research in mathematics" as
well as in other regulations related to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
«Mathematics, Mechanics and Computer Science» .

The degree of scrutiny of the problem. In recent years non-associative
analogues of classical constructions become of interest in connection with their
applications in many branches of mathematics and physics. Mathematical methods
have long been successfully used in population genetics. Connection between
mathematical research and population genetics is established via Mendel’s laws,
where he used symbols that from an algebraic point of view, suggest the
expression of his genetic laws. Thus, mathematicians and geneticists once used
non-associative algebras to study Mendelian genetics, and later some other authors
called it "Mendelian algebras."

The notion of approximation of finite-dimensional algebras by evolution
algebras were not introduced yet. But this kind of evolution algebra first was
defined in the paper of M.V.Velasco and U.A.Rozikov for an algebra of mosquito
population without explicitly mentioning .

The main problems concerning these notions are to find similar properties
of given algebras and corresponding evolution algebras.

The investigation of chains of three-dimensional evolution algebras came
out from discussions with professor U.A.Rozikov and professor V.M.Velasco

2 Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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(University of Granada, Spain) during my visit for internship to University of
Granada, Spain, on October, 2019.

By M.Casas, M.Ladra and U.Rozikov a notion of a chain of evolution
algebras is introduced and a wide class of such chains is obtained. Several
properties of such chains are studied by these authors and Sh.Murodov, B.A.
Omirov, K.M. Tulenbayev.

The first results concerning chains of two-dimensional evolution algebras
were obtained in the PhD thesis of Sh.Murodov. Moreover, in his thesis the author
constructed chains of evolution algebras of a “chicken” population, and also
studied the dynamics of the constructed chains of evolution algebras of a “chicken”
population.

The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out. The
thesis research fits the aims and scops of the projects OT-F4-82 + OT-F4-87
«Local derivations and automorphisms of operator and nonassociative algebras,
phase transitions and chaos in nonlinear dynamical systems» + «The theory of
global invariants of curves and surfaces in Euclidean and pseudo-Euclidean spaces
and its applications in mechanics» at the Institute of Mathematics after named V.1
Romanovskiy (2017-2019).

The aim of the research work: The study of approximation of some
finite-dimensional algebras by evolution algebras and to study of chains of three-
dimensional evolution algebras.

Research problems:

to investigate approximations of two and three-dimensional evolution
algebras;

to investigate absolutely nilpotent elements of approximation of an
arbitrary algebra by evolution algebras;

to investigate approximation of nilpotent Leibniz algebras by evolution
algebras;

to describe chains of three-dimensional evolution algebras;

to investigate the behavior of the baric property, the behavior of the set of
absolutely nilpotent elements and dynamics of the set of idempotent elements
depending on the time of chains of the evolution algebras.

The research object: Approximation of finite-dimensional evolution
algebras, chains of three-dimensional evolution algebras.

The research subject: two and three-dimensional real evolution algebras,
two and three-dimensional nilpotent Leibniz algebras, the set of absolutely
nilpotent and idempotent elements of evolution algebras.
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Research methods: In the thesis the methods of the theory of non-
associative algebras, theory of non-linear dynamical systems, the structural
methods and the methods of invariant theory are used.

Scientific novelty of the research work consists of the following:

a family of three dimensional real evolution algebras are classified and
isomorphisms between evolution algebras corresponding to idempotents of two-
dimensional (three-dimensional) evolution algebras and two-dimensional (three-
dimensional) real evolution algebras are investigated;

it is proved that the approximation algebra of nilpotent evolution algebra is
also nilpotent;

it is shown that the approximations of two and three-dimensional nilpotent
Leibniz algebras are also nilpotent evolution algebras, moreover, classifications of
these evolution algebras are obtained;

chains of three-dimensional evolution algebras and the behaviour and
dynamics in time of the set of absolute nilpotent and idempotent elements of the
chain of evolution algebras are described.

Practical results of the research. The obtained results and used methods
in the dissertation can be taught as a graduate course for masters and doctoral
students of higher education institutions. Furthermore, obtained classification of
real three-dimensional evolution algebras and constructed chain of three-
dimensional evolution algebra allow us to investigate the evolution of
coresponding biological and physical systems and the isomorphisms between
these algebras.

The reliability of the results of the study. The results have been obtained
by using the methods of abstract algebras, non-linear analysis, linear and evolution
algebras, as well as the rigorous of mathematical reasoning. The proofs of obtained
results are mathematically correct.

Scientific and practical significance of the research results. The
scientific significance of the research results is that the scientific results obtained in
the study can be used for further study of other chains of algebras. In particular, the
techniques and methods developed in this dissertation can be used to find the
chains of all evolution algebras. The practical significance of the thesis is that the
results can be used in the theory of structure and chains of evolution algebras and
to study evolution of biological and physical systems.

Implementation of the research results. The results were used in the
following scientific studies:

the obtained classification of three-dimensional evolution algebras over the
field of real numbers were used to obtain the classification of two- and three-
dimensional complex evolution algebras in the foreign project with number
MTM2016-76327-C3-2-P  (AEIFEDER, UE) (Implementation Iletter from
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November 30, 2020, University of Granada, Faculty of Mathematics, Spain). The
application of the scientific result allowed to show that the number of complex
evolution algebras is finite up to isomorphism;

the triviality of the second Leibniz cohomology for a simple Leibniz
algebra with self-coefficients was proved in the research project: «Cohomological
groups of semi-simple and nilpotent algebras» using the results of the dissertation
that evolution algebras, which are approximations of two- and three-dimensional
nilpotent Leibniz algebras, are also nilpotent (Reference No. 2/1255-84 of the
Academy of Sciences of the Republic of Uzbekistan dated January 12, 2021).

Approbation of the research results. The main results of the research
have been discussed at 6 international and 4 national scientific conferences.

Publications of the research results. On the topic of the thesis, 18
scientific papers were published, 8 of which are included in the list of scientific
periodicals proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of theses of the Doctor of Philosophy, including 2 of
them published in foreign journals and 6 in national scientific journals and 10
abstracts.

The structure and volume of the thesis. The thesis consists of the
introduction, three chapters, conclusion and bibliography. The total volume of the
thesis is 108 pages.

THE MAIN CONTENT OF THE THESIS

The introductory part includes a justification of the relevance and
necessity of the thesis, the relevance of the research to the priorities of science and
technology, the review of foreign research on the topic, the degree of scrutiny of
the problem, the purpose, objectives, object and subject of research, scientific
novelty and practical results, theoretical and practical significance of the results
obtained, the statement of research results, published works and information on the
structure of the thesis.

In the first chapter of the thesis, titled “Approximation of two and three-
dimensional evolution algebras by evolution algebras” we give some results
concerning approximations of two- and three-dimensional real evolution algebras.
We present results on description and classification up to isomorphism of two-
dimensional evolution algebras and we classified three-dimensional real evolution

algebras in the case dimA®=1. Also we have studied their approximations and
isomorphisms between them.
Let (4,-) be an algebra over a field K. If it admits a basis ¢,e,,....e ...,

such that
e-e =0,ifi#]

e e = Zaikek, for anyi
k
then it is called an evolution algebra and such a basis is called a natural basis.
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We note that to every evolution algebra corresponds a square matrix (a,)

of structure constants. This makes the investigation of an evolution algebra
simpler compared to general algebra. Because, the multiplication table of a general
algebra can be given by a cubic matrix.

The theory of evolution algebras is well developed. In the study of
nonlinear dynamical systems, a linearization means an approximation of the
nonlinear mapping by the linear one, i.e. by the Jacobian of the nonlinear mapping
at a fixed point. In this thesis we use this linearization for a quadratic operator
corresponding to cubic matrix of structure constants of a finite dimensional
algebra. By the linear operators (corresponding to Jacobian of the quadratic
operator at a point of the algebra) we construct a family of evolution algebras. We
give relations between given general algebra and its corresponding evolution
algebras.

Now we define an approximation of an algebra by evolution algebra. Given
a field K, any finite-dimensional algebra A can be specified up to isomorphism

by giving its dimension (say m ), and specifying m’ structure constants vk EK.

These structure constants determine the multiplications in a basis {e,,...,e, } of A
via the following rule:

m

el.ej = E z/l.j,kek.

k=1
Thus the multiplications of a finite-dimensional algebra is given by a cubic
matrix (7).

This matrix also defines an evolution operator ' : K™ — K™ as
F:x'= Z‘]/!.].’kxl.xj, k=1,...,m.
ij

In general, the investigation of the algebra A and the quadratic operator F
is difficult, since they are determined by cubic matrices. While this investigation
can be simplified by taking some values of y,, equal to zero. Non-linear
functions, like /', mainly reduced to linear functions (linearization) by Jacobian to
prove the local and some global results.

Jacobian of this operator, at Xx=(x,,X,,...,x,) € A, is the following:

Jp(x)= (Zypj,kxj + Z;/ip,kxi} = (Z(Km,k ey )xij
i p.k=1

J i=1 p.k=1
Since this is a square matrix we can define an evolution algebra with structure
constants matrix J,(x). To do this, denote

prk (X) - Z(ypi,k + 7/1'p,k)xi (1)
and define an evolution algebra E_= spanie,,e,,...,e } by the multiplication

~~ ~2 ~
¢e, =0, ¢ —Zﬂk(x)ek.
k
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Note that this kind of evolution algebra first was defined in U.A.Rozikov
and V.V.Velasco’s paper for an algebra of mosquito population.

Definition 1. The evolution algebra E_ defined above is called an
approximation of the algebra A at point x.

Thus (1) is a relation between algebras A and E_.

The main question of this thesis is “What can we say about algebra A
with matrix of structure constants ()’ knowing properties of the evolution
algebra £_for some x € A with the relation (1)?"

Let £ be a 2-dimensional evolution algebra over the field of real numbers.
Such algebras are classified by Sherzod Murodov as following:

Any two-dimensional real evolution algebra E is isomorphic to one of the
following pairwise non-isomorphic algebras:

() dim(E*)=1:

E:ee=¢e,ee =0;

E:ee=e,ee =¢;

E;:ee =¢ +e,, ee,=—€ —e,;

E,;:ee=e,, ee =0;

E: ee =e,, ee, =—e,;

(i) dim(E*)=2:

E (a,;a,): ee =e+ae, ee =ae+e,; l-a,a,#0, a,acR.
Moreover E(a,;a,) is isomorphic to E(a;;a,).

E.(a)): ee =e,, ee,=e +ae, where a, cR;

Now we construct approximations of these evolution algebras at the real
(coordinates are real) fixed points. We find real non-zero fixed points of the
evolution operator F . We denote by (x;x)) the real non-zero fixed points of the
operator F for algebras E,i=1,2,...,7 mentioned in above classification and

study isomorphisms of evolution algebras corresponding to these fixed points with
other evolution algebras.

If we denote by El approximations of E,i=1,2,...,7 then we have the

following theorem.
Theorem 1.

i) Evolution algebras l:j] Ez and E5 are isomorphic to E,;

i) Eé(az;cg) is isomorphic to the evolution algebra E(b,;b,), where

Y Y
b =a 2 , b =a 1 "
2 3 (xl() 3 2 x;)
_ 0
iii) E,(a,) is isomorphic to E,(b,), where b, = 614,3/()6—%))2 :
X
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Now we shall consider classification of three dimensional real evolution
algebras with dim(E*)=1.

Theorem 2. FEach three-dimensional real evolution algebra E with
dim(E*)=1 is isomorphic to one of the following pairwise non-isomorphic

algebras:
1 1 O 1 1 0 1 1 0
E, {1 -1 0, E,:|-1 -1 0}, E;:|-1 -1 OJ
0O 0 O 1 1 0 -1 -1 0
1 00 1 00 1 0 O 1 00
E4:OOO,E5:OOO},E6:O 0 0,E:f1 0 Of,
0 0 0 1 00 -1 0 0 1 00
1 0 0 1 0 O 1 0 0
E:l1 0 O}, E, [1 0 0], E, {1 0 0],
-1 0 0 -1 0 0 1 0 0
0 0 O 0 0 O 0 0 0
E.:]0 0 Of,E,:|1 0 Of,E;:{1 0 O
0 0 1 0 0 -1 0 0

Now for the evolution algebras E.,i=1,13 from Theorem 2 we will
construct evolution algebras corresponding to fixed points of the operator F.

There is no non-zero fixed point of the operator F for the evolution
algebras E,, ie{l1,2,3, 11,12,13} and (1;0;0) is the unique fixed point of the
operator F for the evolution algebras E,,i =4,10. So

2 00
J-(1;0;0)=10 0 0.
0 00

It 1s easy to see that the evolution algebra with the matrix J,(1;0;0) i1s
isomorphic to the evolution algebra E,.

In the second chapter of the thesis, titled “Approximation of finite-
dimensional algebras by evolution algebras” for any finite dimensional algebra
we construct a family of evolution algebras corresponding to Jacobian of the
evolution operator at a point of the algebra. We obtain some results answering the
questions - how properties of an algebra depends on the properties of the
corresponding family of evolution algebras. Moreover, we consider evolution
algebras corresponding to two- and three-dimensional nilpotent Leibniz algebras.

We prove that such evolution algebras are nilpotent too. Also we classify such
evolution algebras.
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For an algebra A with matrix of structure constants M, = (), >

denote
I,=1{p e{l,2,...,n}:detrp # 0},

n

where I' | = (;/pl.,k + %p,k)
Fix x € A and denote by @, =a,(X) the vector considered as p-th column

of matrix (3, (X)) defined in (1).

Theorem 3. For a given non-trivial evolution algebra E with M, = (a pk)

ik=1"

and an algebra A with M, =(}/pi,k) there is an element x € A\{0} satisfying

(1.1) if and only if
I''a =F;l -a,, forany p,qel,

p p
and

rankl’ , = rank(l"p,ap),for any p=1{1,2,...,n}\1,.

For an evolution algebra £ introduce the following sequences

E[l] — E<1> — E, E[k+1] — E[k]E[k], E<k+1> — E<k>E, Ek — SEiEki, k > 1

i=1

Definition 2. An evolution algebra E is called right nilpotent if there exists
some s €N such that E= =0. The smallest s such that E= =0 is called the
index of right nilpotency.

Definition 3. 4An evolution algebra E is called nilpotent (or nil) if there
exists some n €N such that E" =0. The smallest n such that E" =0 is called the
index of nilpotency.

By L. M. Camacho and others it is proved that the notions of nilpotency
and right nilpotency are equivalent for evolution algebras. Moreover, in the paper
of J.M. Casas and others it is proved that the matrix of structure constants for such
algebras have upper (or lower, up to a permutation of basis elements of the
algebra) triangular forms, i.e. the following results are known:

The following statements are equivalent for an n-dimensional evolution
algebra E :

(a) The matrix corresponding to E can be written as

0 a, a; .. a,
0O 0 a; ... a,,

M.,=0 0 0 .. a,|
0O 0 0 .. O

(b) E is a right nilpotent algebra;
(c) E is a nil algebra.

Theorem 4. Let E be any right nilpotent n-dimensional real (complex)
evolution algebra, then for any X € E the evolution algebra E, is right nilpotent.
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We consider evolution algebras corresponding to a given algebra as
follows: the matrix of structure constants of the evolution algebra is transposed
matrix of J,(x) which defined above, 1.e. matrix of considering evolution algebra

is (B, (X)), 41 » where
IBpk (x)= Z(7ki,p + Vi )X, (2)

This evolution algebra is called an approximation of the given algebra A
by transposed Jacobian and denote by E’ .

Remark 1. Approximation of a Lie algebra by (1) (and by (2)) is an trivial
evolution algebra.
Proposition 1. Let A and B be n-dimensional isomorphic evolution

algebras. Then there exist X € A and y € B such that E' ~E], .
X y

Definition 4. An element x € A is called absolutely nilpotent if x> = 0.
Theorem 5. If x is absolutely nilpotent element of the algebra A, then E,

also has absolutely nilpotent element.
Theorem 6. Let R" be a commutative algebra over the field R and E, be

the approximation of R" at XeR" with %, #0, i=1,...,n. Then the algebra R" has
a unique absolutely nilpotent element if and only if the algebra E. has a unique

absolutely nilpotent element.

Definition 5. A Leibniz algebra over K is a vector space L equipped with
a bilinear map, called bracket,

[-,-1:LxL = L
satistfying the Leibniz identity:
[x,[y,z]] = [[x,y],z] - [[X,Z],y],

forall x,y,ze L.

For a given Leibniz algebra (L,[—,—]) we define lower central series as

follows:
L=LL1=[L,L)k=1.

Definition 6. 4 Leibniz algebra L said to be nilpotent, if there exists n e N
such that L' =0. The minimal number n such property is said to be the index
nilpotency of the algebra L.

The classification of the two and three dimensional nilpotent Leibniz
algebras were obtained in the papers of Loday and Albeverio, Ayupov, Omirov,
respectively. The following results contain these classifications.

Let L be a 2-dimensional nilpotent Leibniz algebra. Then L is an abelian
algebra or it is isomorphic to

1 lee]=e,.

Let L be a 3-dimensional nilpotent Leibniz algebra. Then L is isomorphic

to one of the following pairwise non-isomorphic algebras:
A, : abelian,
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4, le,e]=e;,

A tle,e,]= ey, [e,,6]= —ey,

AL(a):le.e]=e;,[e,,e,]=ae;, [e,e,]= e,

Asiley.e]= ey, [e,e,]= ey,

As:lee]=e,, [e,,]=e;.

Proposition 2.  Approximation by transposed Jacobian of the 2-
dimensional nilpotent Leibniz algebra at any point x € L is also nilpotent
evolution algebra.

Proposition 3. Approximation by transposed Jacobian of the 3-
dimensional nilpotent Leibniz algebra at any point xe€ L is also nilpotent
evolution algebra.

In the third chapter of the thesis, titled “Chains of three-dimensional
evolution algebras” we give a description of three-dimensional evolution algebras
and we construct some chains of three-dimensional evolution algebras and studied
behavior of the property of being baric for each chains constructed in this section.
We show that some of the chains are never baric. For other chains (which have
baric property interruption) we defined a baric property controller function and
under some conditions on this controller we prove that the chain is not baric. For
each considered chains of evolution algebras in this section we studied the
behavior and dynamics of the set of absolutely nilpotent and idempotent elements
depending on the time respectively.

For 0 <a<b<x , we define a 3-dimensional chain of evolution algebras
(CEA for short) on [a,b] as

Eopy ={EV ra<s<t<b},

ab]*
where every E"'' is a 3-dimensional evolution algebra provided with a structure
constant matrix M ") (respect to a prefixed natural basis B) satisfying that

MBI = MM (Kolmogorov — Chapman equation). (3)
for any a<s<r7<t<b. In this case we say that M , = MV a<s<t<b) is
the Kolmogorov-Chapman chain (K-C chain for short) associated to &, ;.

In the beginning of the third chapter we have obtained description of chains
of three dimensional evolution algebras. And we have constructed some chains of
three-dimensional evolution algebras by solving the equation (3) for the 3x3
matrix:
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h(s)
1

h(s)

1
[s,t]
M =

N |~

h(s) h(s) h(s)

1—o(s) 1—o(s) 1= ¢(s)
p(s)—w(s) o(s)—w(s) @(s)—w(s)

0 0 0
0 0 0], if t>a.

0 0 0

1+w(s) 1+y(s) 1+y(s)
,f s<t<a

N | —

/\/tz[s,t] —

[s.0] —

PD,(s)

1,(@) g,(t) h, (1)
[(01 ()/,(1)  @(s)g,() (Pl(S)hn(f)},
0, ()1, (@) 9,(9)g, (&) @,(s)h,(?)

where, @, (s) = £,(s) + @,(5)g,(5) + @,(s)h,(s) # 0.

0 0 0
M= 0 0 0
o) f@) g0
g(s) g(s) g(s)

0 0O O
0 0 OJ,z'fs<t<a,
M = p@®) w@) 1
0 0 O
0 0 Ol,ift>a.
| 0 0 O

h(t)(ﬁw(s)] h(t)(iw(s)j h(r)[ims)

h(r)(i—gwj h(r)[——gwj h(r)[——g(@
W) (g(s) - () hD)(g(s)— £(5))  h)(g(s)— £(5))

J
|

Thus in this case we have CEAs: E™,0<s<t, which correspond to the

./\/L.[S’t],i =0,1,2,3,4,5 listed above.

Definition 7. Assume a CEA, E“", has a property, say P, at pair of times
(sy,1,); one says that the CEA has P property interruption if there is a pair

(s,t) # (s,,t,) at which the CEA has no the property P.
Denote
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T ={(s,0):0<s<¢};
T, ={(s,t) € T : E"" has property P};
T, =T\T,={(s,t) T : E®" has no property P}.
The sets have the following meaning:
7, —1s the duration of the property P;
’];0 — 1s the duration of the lost of the property P;

The partition {7,,7,} of the set 7 is called P property diagram.

For example, if P = commutativity then since any evolution algebra is
commutative, we conclude that any CEA has not commutativity property
interruption.

A character for an algebra A4 is a nonzero multiplicative linear form on A4,
that is, a nonzero algebra homomorphism from 4 to R. Not every algebra admits
a character. For example, an algebra with the zero multiplication has no character.

Definition 8. 4 pair (A4,0) consisting of an algebra A and a character &

on A is called a baric algebra. The homomorphism o is called the weight (or
baric) function of A and o (x) the weight (baric value) of x.

Theorem 7.
* (There is no non-baric property interruption) The algebras El.[s’t],
i = 0,3 are not baric for any time (s,t)e T,
* (There is baric property interruption) The CEAs El.[s’t], i=1,2,4,5
have baric property interruption with baric property duration sets as the following
TV = {(s.0) €T :g(5)= f () =+ Ul(s.0) €T gls) =/ () = ——:
h(s) h(s)
7,7 ={(s.0eT :p(s)=p(s) =21} Ui(s,) €T 1(s) =Ly (s) =~1};
T ={(s,t)eT : g(t) #0}; T ={(s,t)eT :s<t<a}.

Now we answer to problem of existence of "uniqueness of absolutely
nilpotent element" property interruption.

T ={(s,t) €T : E*" has unique absolutely nilpotent element},

nil

T, =T\T,.
Theorem 8.

» The CEAs El.[s’t], i=0,4,5 have infinitely many of absolutely nilpotent
elements for any time (s,t)e T ;
» The CEAs El.[s’t], i=1,2 have "uniqueness of absolutely nilpotent

element" property interruption with the property duration sets as the following

(M : 1 LY
1 {(SJ)ET-h(f)¢0,f(S)<g(S)<h(s), f(S)<h(s)}’

TO={(s,0)eT :—1<y(s)<@(s)<l,t<a;

nil
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T ={(s,0) €T : £.(t),g,(t),h (t) - the signs are different}.

il
Theorem 9. (1) The algebra E([)S’t] has unique idempotent element (0,0).
{(0,0,0)},1f (s,¢) € {(s,t) €T : h(t) =0}
(2) Zd(E"") = { 0.0, O),(h(s) () A(s)
h(t) h(t) h(r)
{(0,0,0)},if (s,0)e{(s,t)eT :t>a}
{(0,0,0),(1,1,1)},if (s,0)e{(s,t)eT :s<t<a}

J},if (s,) € {(5,6) € T : h(t) £ 0}

(3) Td(E}) = {

)
{(0,0,0)},if (5,0) € {(5,¢) € T : F(s,£) = 0}
Td(ES™") = L0 g0 k) . |
{(O’O’O)’(F(s,t) , Fs.0) , F(s,t))}’ if (s,0) e{(s,t)eT :F(s,t)#0}
where F(s,t)= f,(s)(f,() +w(s)(g,(0)* +p(s)(h,()))).
5)
{(0,0,0)},if (s,0)e{(s,t)eT :g2(t)=0}
Zd(E;") = g(s) g()f () g(s)g(t) } .
0,0,0),(=2, =, ) b,if (s, 1)eT: 0
{( e | I CUL CUEERFOM

6) za(er = N OO0y @.p}L i (s e (s, e T s<t <al,
(= {(anvo)}:if(s,t)e{(S,t)eT:tZa}.

CONCLUSIONS

The thesis is devoted to investigation of approximations of finite-dimensional

algebras by evolution algebras and chains of three-dimensional evolution algebras.

Basic results of the research are as follows:

1. a family of three dimensional real evolution algebras are classified and
isomorphisms between evolution algebras corresponding to idempotents
of two-dimensional (three-dimensional) evolution algebras and two-
dimensional (three-dimensional) real evolution algebras are investigated,

2. it is proved that the approximation algebra of right nilpotent evolution
algebra is also right nilpotent;

3. it is shown that the approximations of two and three-dimensional nilpotent
Leibniz algebras are also nilpotent evolution algebras, moreover,
classifications of these evolution algebras are obtained;

4. chains of three-dimensional evolution algebras are described;

5. for each chain of three-dimentional evolution algebras the time-

dependending dynamics of the set of absolute nilpotent and idempotent
elements are investigated.
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BBEJIEHUE (anHoTamus guccepranuu 1okropa pusnocodpuu(PhD))

Lenabo ucciaenoBaHusA SBISETCS W3YUYEHHE AaIPOKCHUMAlMUA HEKOTOPBIX
KOHEYHOMEPHBIX aJredp 3BOJIOLUMOHHBIMU airedpaMu W HU3y4YeHUe Ueneu
TPEXMEPHBIX SBOJTIOLHUOHHBIX anreop.

OO0BbeKT HCCIe0BAHMSA: ANIIIPOKCUMALINS KOHEYHOMEPHBIX 3BOJIIOLIMOHHBIX

anreop, 1enu TPEXMEPHBIX IBOTIOIMOHHBIX anreop.

HayuyHnasi HOBU3HA MCCJIeJOBAHUA COCTOUT B CIICTYIOIEM:

KJIacCU(DUIIMPOBAHO CEMEHCTBO TPEXMEPHBIX IBOJIIOIMOHHBIX anredp Haj
MOJIEM  BEIIECTBEHHBIX YHUCE M  MOCTPOCHBI  U30MOP(PU3MBI  MEXKIY
ABOJTFOITMOHHBIMHA  aliTeOpaMu, COOTBETCTBYIOIIMMH HJAEMIIOTCHTAM JBYMEPHBIX
(TpEXMEpHBIX)  3BOJIOIUOHHBIX anredp ¢ JIBYMEPHBIMH (TPEXMEpPHBIMHU)
BEII[ECTBCHHBIMU HBOIFOIIMOHHBIMH alTeOpamMu;

JI0OKA3aHO, YTO AamnmpOKCHUMAIIUS HHJIBIIOTEHTHON SBOJIONUOHHON anreOpsl
TaK)K€ HUJILIIOTEHTHA;

MOKAa3aHO, YTO aMMPOKCUMAIINH IBYMEPHBIX U TPEXMEPHBIX HUIBIIOTCHTHBIX
anre6p JleWiOHMIIA TakKe SIBISIOTCS HWIBIIOTCHTHBIMU  3BOJIOIIMOHHBIMU
anredpamu, 00Jiee TOTO, MOTYyUYEHbI KIAaCCU(UKAIIUU ITHX IBOIOIMOHHBIX anreop;

OMUCaHbI LIETOYKHU TPEXMEPHBIX IBOJIOIMOHHBIX alre0p U JaHa AMHAMHUKA B
3aBUCUMOCTH OT BpPEMEHHM, MHOXECTBa aOCOJIOTHO HWIBIOTEHTHBIX U
UJCMIIOTCHTHBIX 3JIEMEHTOB W3 KaXKIOW IMEMOYKH TPEXMEPHBIX SBOTIOIMOHHBIX
anreop.

BHeapenue pe3yabTaToB Mcciaea0BaHusA. [lonyyeHHbIE B auccepranuu
PE3yNbTAaThl UCMOJIB30BAHBI B CIEAYIOMINX HAYYHO-UCCIIEI0BATEICKUX MTPOCKTaX:

MOJIy4eHHAs KacCU(UKaIUs TPEXMEPHBIX SBOJIIONHUOHHBIX aiare0p Haxa
MOJIEM JICUCTBUTENBHBIX YUCEN MCIOJIB30BANIACH IS TIOMYyYCHHS Kiaccuukanuu
JBYMEPHBIX M TPEXMEPHBIX DBOJIOIMOHHBIX aireOp B 3apyOeKHOM MPOEKTE TOJ
HomepoM MTM2016-76327-C3-2-P (AEIFEDER, UE) (Ilucbmo o peanuzainuu ot
30 nos6ps 2020 1., YHuBepcuteT I'paHanbl, gakyapTreT MatremMaTuku, Mcnanus).
[IpuMeHeHne Hay4yHOro pe3yjbTara IO3BOJUJIO I[0Ka3aTh, YTO KOJUYECTBO
KOMITJIEKCHBIX 3BOJIIOIIMOHHBIX anreOp KOHEYHO ¢ TOYHOCTH U30MOop(du3Ma;

TPUBUATIBHOCTh BTOPHIX KOTOMOJIOTHYECKUX TPYIII JIJIsi MPOCTON anreOpsl
JlefiGuuma ¢ coOcTtBeHHbIMU  Kkodddurmentamu  Oblla  JOKa3aHa B
uccienoBarenbckoM npoekre «Koromomornueckue Tpynmnbsl MOJYHPOCTHIX U
HUJIBIIOTCHTHBIX anre0p», HCIONb3ys pe3yibTaT AWCCEPTAllMM O TOM, YTO
ABOJTFOITMOHHBIC aNTeOPhI, KOTOPBIC SBISIOTCS ANMIPOKCUMAITUSIMH JBYXMEPHBIX U
TPEXMEPHBIX HUJIBMOTEHTHBIX anreop JleiOHuma, Takke HUIbNOTeHTHHI (CrpaBKa
Axanemun Hayk PecrryOnuku Y30ekuctan Ne 2/1255-84 ot 12 ssuBapst 2021 r.).

Crpykrypa u o0beM aucceprauum. /{uccepranus COCTOUT W3 BBEICHHS,
TpEX TJIaB, 3aKIIOYEHUS W CIUCKA WCIOIh30BaHHOW JsmTepaTypbl. OObeM
nuccepranuu coctapisier 108 crpanui.
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