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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqyosida olib
borilayotgan ko‘plab ilmiy va amaliy tadqiqotlar Xxususiy hosilali differensial va
integro—differensial tenglamalar, ular uchun qo‘yilgan to‘g‘ri va teskari masalalarni
o‘rganishga olib kelinadi. Teskari masalalar astronomiyaga, kvantlarning tarqalishi
nazariyasiga, geofizikaga, issiqlik fizikasiga, tibbiyotga, hamda EHM paydo bo‘lishi
bilan zamonaviy ilm—fanning barcha sohalariga kirib bordi. Matematik fizikada to‘g‘ri
masalalarning yechimini topish uchun tenglamaning koeffitsiyentlarini, soha
chegarasini, boshlang‘ich va chegaraviy shartlarni berish lozim. Ammo amaliyotda
tenglama koeffitsiyentlarini har doim ham berib bo‘lmaydi. Har doim ham tadbiqgiy
masalalarda boshlang‘ich va chegaraviy shartlarni, shuningdek, soha chegarasini
aniglab bo‘lmaydi. Bunday hollarda, to‘g‘ri masala yechimiga nisbatan qo‘shimcha
ma’lumot kiritib, teskari masala yechimini izlash, ya’ni koeffitsiyentlar, integro—
differensial tenglama holida integral had yadrosi, boshlang‘ich yoki chegaraviy
shartlar, soha chegarasini topish zarurati paydo bo‘ladi. Bu kabi masalalarni yechish
usullarining to‘la shakllanmaganligi bois integro—differensial issiqlik o‘tkazuvchanlik
tenglamasidan yadroni aniglash teskari masalalarini yechish muhim vazifalardan biri
bo‘lib qolmoqda.

Hozirgi kunda jahon migyosida matematik fizikaning eng tez rivojlanayotgan
sohasi — teskari masalalarni tadqiq qilish usullariga alohida e’tibor garatilmoqda. Bu
soha fizika va texnika fanlaridagi eng muhim matematik muammolardan biriga aylandi.
Ushbu muammoning juda keng doirada qo‘llanilishi, uning nazariyasining yangiligi va
murakkabligi sababli ko‘plab olimlarning e’tiborini tortdi. So‘nggi yillarda issiglik
targalish jarayonlarini boshgarish jadal rivojlanmoqgda, chunki har bir muhitning
issiglik o‘tkazuvchanligi va relaksatsiya funksiyasi turlicha bo‘lib, bu Kkattaliklar
muhitning boshlang‘ich holatiga va xossalariga chambarchas bog‘ligdir. Shu sababli
integro—differensial issiglik o‘tkazuvchanlik tenglamalari uchun boshlang‘ich,
boshlang‘ich-chegaraviy masalalar hamda ularga go‘yilgan teskari masalalarni
o‘rganish magsadli ilmiy tadqiqotlar hisoblanadi.

Mamlakatimizda fundamental fanlarning ilmiy va amaliy tadbiqiga ega bo‘lgan
matematik fizikaning dolzarb yo‘nalishlariga e’tibor kuchaytirildi. Bu borada parabolik
tipdagi integro—differensial tenglamalardan relaksatsiya funksiyasini aniglash bo‘yicha
teskari masalalarni tadqiq etishga e’tibor qaratildi. Ushbu izlanishlar natijasida
o‘zgaruvchan koeffitsiyentli parabolik tipdagi integro—differensial tenglamalar uchun
teskari masalalar yechimining mavjudligi va yagonaligini isbotlashga erishildi.
Differensial tenglama va matematik fizika fanlarining ustuvor yo‘nalishlari bo‘yicha
xalgaro standartlar darajasida ilmiy tadgiqotlar olib borish asosiy vazifa etib
belgilandit. Bu qaror ijrosini ta’minlashda matematik fizikaning integro—differensial

1 O¢zbekiston Respublikasi Prezidentining 2019 yil 9 iyuldagi «Matematika ta’limi va fanlarini yanada rivojlantirishni
davlat tomonidan qo‘llab-quvvatlash, shuningdek, O‘zbekiston Respublikasi Fanlar Akademiyasining V.I. Romanovskiy
nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g risida»gi PQ-4387-son qgarori.
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tenglamalar nazariyasini rivojlantirish muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017 yil 7 fevraldagi PF-4947-son
«O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida» Farmoni, 2019 yil 9 iyuldagi PQ-4387-son «Matematika ta’limi va
fanlarini yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek,
O‘zbekiston Respublikasi Fanlar Akademiyasining V.[.Romanovskiy nomidagi
Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida» va
2020 yil 7 maydagi PQ-4708-son «Matematika sohasidagi ta’lim sifatini oshirish va
ilmiy-tadqiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida»gi qarorlari hamda
mazkur faoliyatga tegishli boshga normativ-huqugiy hujjatlarda belgilangan vazifalarni
amalga oshirishda ushbu dissertatsiya tadgigoti muayyan darajada xizmat giladi.

Tadgiqgotning respublika fan va texnologiyalari rivojlanishi-ning ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadgigot respublika fan va texnologiyalar
rivojlanishining IV. «Matematika, mexanika va informatika» ustuvor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Matematik fizikaning teskari masalalari
nazariyasini rivojlantirishga A.S. Alekseev, M.M. Lavrentev, V.G. Romanov,
A. Lorenzi va boshgalar o‘z hissalarini qo‘shganlar. Parabolik tipdagi tenglamalar
uchun teskari masalalar V.G. Romanov, A.l. Prilepko, A.D. Iskendarov,
N.Ya. Beznoshenko, F.A. Kolombo, Ya. Yannolar tomonidan qo‘yilgan va tadqiq
gilingan. Parabolik tipdagi integro-differensial tenglamalardan integral hadi yadrosini
aniglash bo‘yicha teskari masalalarni tadqiq etishning turli usullari L.V. Lorensi,
M. Graselli, Ya. Yanno, F.A. Kolombo, D.K. Durdiyev va boshgalarning ishlarida
taklif etilgan va rivojlantirilgan. Jumladan, N.Ya. Beznoshenkoning? ishida parabolik
tipdagi tenglamalar uchun o‘zgaruvchan koeffitsiyentni aniglash bo‘yicha teskari
masalalar tadgiq gilingan. A.l. Prilepko, A.B. Kostin® magolasida o‘zgaruvchan
koeffitsiyentli parabolik tipdagi boshlang‘ich-chegaraviy masalalardan tenglamaning
koeffitsiyentlarini aniglash teskari masalasi tadgiq etilgan, yechimning mavjudligi va
yagonaligi hagidagi teoremalar isbotlangan. A.D. Iskendarov tadgiqgotlarida bu kabi
tenglama koeffitsiyentlarini aniglashning analitik va sonli usullari taklif etilgan.
Ya. Yanno, L.V. Volfersdorf* ishida chegaralangan sohada integro—differensial issiglik
o‘tkazuvchanlik tenglamasi uchun integral hadi yadrosini aniqlash bo‘yicha bir
o‘lchamli teskari masala garalgan va yechimning mavjudligi, yagonaligi isbotlangan
hamda turg‘unlik baholari olingan.

Ushbu dissertatsiya ishida o‘zgaruvchan koeffitsiyentli integro—differensial
issiglik o‘tkazuvchanlik tenglamasi uchun ko‘p o‘lchamli to‘g‘ri va teskari

%H. 4. Besnomenko, 06 onpenenenuyn kodpduipenTa B mapabonuueckoM ypasaenuu, Juddepenu. ypapaenns, 1974,
tom 10, HOMED 1, 24-35.

3 Prilepko A.l., Kostin A.B. On inverse problems of determining a coefficient in parabolic equation // Siberian Math. J.,
1993, vol. 34, Ne5, pp. 923-937.

4 Janno J., Wolfersdorf L.V. Inverse problems for identification of memory kernels in heat flow // 111-Posed Problems,
1996, vol. 4, Nel, pp. 39-66.
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masalalarning bir giymatli yechiluvchanlik muammolari Gyolder (Holder) fazolarida
o‘rganilgan. Bunda V.G. Romanov, Ya. Yanno, L.V. Volfersdorf va
D.Q. Durdiyevlarning ilmiy tadqiqotlari masalalarning qo‘yilishi jihatidan yaqin va
tadqiq etishda ular tomonidan tavsiya etilgan usullardan foydalanilgan.

Dissertatsiya  tadqgiqotining  dissertatsiya  bajarilgan oliy ta’lim
muassasasining ilmiy-tadgiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya
Buxoro davlat universitetining rejalashtirilgan tadgiqot mavzusiga muvofig amalga
oshirildi. Buxoro davlat universitetining F-4-02 "Matematik fizikaning holatlar
to‘plami cheksiz bo‘lgan modellari termodinamikasi" mavzusidagi grant loyihasi
doirasida bajarildi.

Tadgiqotning magsadi. O‘zgaruvchan koeffitsiyentli integro—differensial
issiglik o‘tkazuvchanlik tenglamasi uchun ko‘p o°‘lchamli to‘g‘ri va teskari
masalalarning Gyolder (Holder) fazolarida bir giymatli yechiluvchanlik masalalarini
tadqiq etishdan iborat.

Tadgiqotning vazifalari. Tadgigotning asosiy vazifalari quyidagilardan iborat:

o‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasi
uchun qo‘yilgan Koshi masalasi yechimining mavjudligi va yagonaligini aniglash;

to‘g‘ri masala yechimiga qo‘yilgan qo‘shimcha shartdan foydalanib, ko‘p
o‘lchamli yadroni Gyolder (Holder) fazolarida bir giymatli yechiluvchanligini tadgiq
etish;

issiglik targalish integro—differensial tenglamasidan ko‘p o‘lchamli ajralgan
yadroni aniglash masalasining bir giymatli yechiluvchanligini Gyolder (Holder)
fazolarida ko‘rsatish;

0°‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasidan
maxsus ko‘rinishga ega ko‘p o‘Ichamli yadroni aniglash teskari masalasi yechimining
yagonaligini tadqgiq etish.

Tadqiqotning ob’ekti ikkinchi tartibli parabolik tipdagi integro—differensial
tenglamalardan iborat.

Tadgigotning predmeti o‘rama ko‘rinishidagi o‘zgaruvchan koeffitsiyentli
integro—differensial issiqglik o‘tkazuvchanlik tenglamasi uchun ko‘p o‘lchamli to‘g‘ri
va teskari masalalar.

Tadgiqotning usullari. Dissertatsiyada xususiy hosilali differensial tenglamalar
va integral tenglamalar nazariyasi, shuningdek, funksional analiz metodlaridan xususan
Volterra tipidagi ikkinchi tur chizigli bo‘lmagan integral tenglamalar sistemasini
yechish, ketma-ket yaqinlashish, sigiluvchan akslantirish prinsipi usullaridan
foydalanilgan.

Tadgigotning ilmiy yangiligi quyidagilardan iborat:

0°zgaruvchan koeffitsiyentli ikkinchi tartibli integro—differensial issiglik targalish
tenglamasi uchun qo‘yilgan Koshi masalasi yechimining mavjudligi va yagonaligi
ko‘rsatilgan;

to‘g‘ri masala yechimiga nisbatan berilgan qo‘shimcha shartdan foydalanib, ko‘p
o‘lchamli yadroni Gyolder fazolarida bir giymatli yechiluvchanligi isbotlangan;



issiglik targalish integro—differensial tenglamasidan ko‘p o‘lchamli ajralgan
yadroni aniglash masalasining bir giymatli yechiluvchanligi Gyolder (Holder)
fazolarida ko‘rsatilgan;

0°‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasidan
maxsus ko‘rinishga ega ko‘p o‘lchamli yadroni aniqlash teskari masalasi yechimining
yagonaligi ko‘rsatilgan.

Tadgigotning amaliy natijalari quyidagilardan iborat:

0°‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasidan
relaksatsiya funksiyasining mavjudlik va yagonalik shartlari topilgan;

integro—differensial issiqlik tarqalish tenglamasidan maxsus ko‘rinishga ega ko‘p
o‘lchamli yadroni aniqglash teskari masalasining bir qiymatli yechiluvchanligi
aniglangan.

Tadgigot natijalarining ishonchliligi differensial va integral tenglamalar
nazariyasi, teskari masalalar nazariyasi, matematik analiz usullari qo‘llanilganligi,
hamda, isbotlar va matematik mulohazalarning qat’iyligi bilan asoslangan.

Tadgiqgot natijalarining ilmiy va amaliy ahamiyati. Tadgigqot natijalarining
ilmiy ahamiyati matematik fizikaning integro—differensial tenglamalari uchun teskari
masalalar nazariyasini yanada rivojlantirishi, ko‘p o‘lchamli yadroni aniqlash usullari
qurilganligi bilan izohlanadi.

Tadgiqgot natijalarining amaliy ahamiyati seysmologiyada, neft va gaz konlarini
qidirishda, issiqlik o‘tkazuvchi xotirali muhitlarda issiqlik tarqalish jarayonlarini
tekshirishda tadbiq etilishi bilan izohlanadi.

Tadqiqot natijalarining joriy qilinishi. O‘zgaruvchan koeffitsiyentli integro—
differensial issiqlik o‘tkazuvchanlik tenglamalari uchun teskari masalalarga oid ilmiy
natijalar asosida:

0°‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasidan
relaksatsiya funksiyasini aniglashning taklif etilgan usulidan ®-4-14 «Suyuqlik
oquvchi yer osti egri chiziqli quvurning tashqi kuchlari ta’siridagi kuchlanish—
deformatsiyalar holatini tadqiq qgilish nazariyasini rivojlantirish va hisoblash usullarini
ishlab chiqish» mavzusidagi fundamental loyihada issiqlik o‘tkazuvchanlik
tenglamasidan yadroni aniglash masalalarida foydalanilgan (Buxoro muhandislik-
texnologiya institutining 2021 yil 18-maydagi 83-10/974-son ma’lumotnomasi). lImiy
natijalarning qo‘llanilishi 0‘zgaruvchan koeffitsiyentli integro—differensial issiglik
targalish tenglamasi uchun qo‘yilgan Koshi masalasi uchun teskari masaladan ko‘p
o‘lchamli yadroni bir giymatli yechiluvchanligini o‘rganish, issiglik targalish integro—
differensial tenglamasidan ko‘p o‘lchamli ajralgan yadroni aniglash masalasining
yechiluvchanligini o‘rganish imkonini bergan;

teskari masalalarni tadqiq etishning taklif etilgan usulidan AAAA-A19-
119032590069-3 «Geofizik va muhandislik masallarida issiglik vazn almashish va
gattig muhitlar mexanikasi masalalarini sonli yechish va matematik modellashtirishy
mavzudagi xorijiy grantda ko‘p o‘lchamli integro—differensial issiglik o‘tkazuvchanlik
tenglamasi uchun teskari masalalarni tadqiq etishda foydalanilgan (FOsxHbrit
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Matematnueckuit Mucruryr ¢umman GI'HBY ®OHI[ «BnagukaBkazckuili HayqHBIN
neatp PAH», 2021 yil 19 maydagi 37-son ma’lumotnomasi). lImiy natijalarning
qo‘llanilishi integro—differensial issiglik o‘tkazuvchanlik tenglamalari uchun ko‘p
o‘lchamli teskari masalalarning yechiluvchanligini isbotlash imkonini bergan.

Tadgiqot natijalarining aprobatsiyasi. Mazkur tadgiqot natijalari 6 ta ilmiy-
amaliy anjumanlarda, jumladan 2 ta xalgaro va 4 ta respublika ilmiy-amaliy
anjumanlarida muhokamadan o‘tkazilgan.

Tadgigot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo‘yicha jami
12 ta ilmiy ish chop etilgan, shulardan, O‘zbekiston Respublikasi Oliy Attestatsiya
komissiyasining dissertatsiyalari asosiy ilmiy natijalarini chop etish tavsiya etilgan
ilmiy nashrlar ro‘yxatida 6 ta maqola, jumladan, 2 tasi xorijiy va 4 tasi respublika
jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya Kkirish gismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan iborat. Dissertatsiyaning hajmi 96 bet.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadgigotning Respublika fan va texnologiyalari rivojlanishining ustuvor yo‘nalishlariga
mosligi ko‘rsatilgan, muammoning o‘rganilganlik darajasi Kkeltirilgan, tadgigot
magsadi, vazifalari, obyekti va predmeti tavsiflangan, tadgigotning ilmiy yangiligi va
amaliy natijalari bayon gilingan, olingan natijalarning nazariy va amaliy ahamiyati
ochib berilgan, tadgiqot natijalarining joriy qilinishi, nashr etilgan ishlar va
dissertatsiya tuzilishi bo‘yicha ma’lumotlar keltirilgan.

Dissertatsiyaning birinchi bobi “O¢‘zgaruvchan koeffitsiyentli issiqlik tarqalish
integro—differensial tenglamasi uchun qo‘yilgan to‘g‘ri va teskari masalalar” deb
nomlanib o°‘zgaruvchan koeffitsiyentli issiqlik tarqalish integro—differensial tenglamasi
uchun qo‘yilgan to‘g‘ri va teskari masala yechimining mavjudligi va yagonaligi
o‘rganilgan. Bu bobning birinchi paragrafida dissertatsiyada foydalanilgan umumiy
tushunchalar keltirilgan.

Birinchi bobning ikkinchi paragrafida o°‘zgaruvchan koeffitsiyentli issiglik
targalish integro—differensial tenglamasi uchun qo‘yilgan to‘g‘ri masala yechimining
mavjudligi va yagonaligi o‘rganilgan.

u(x,t), funksiyani (x,t) € R} sohada quyidagi tenglamalardan aniglash
masalasini garaymiz:

t

u; —a(t)Au = j k(x',tu(x, t —1)dr, (x,t) € RY, (1)

0
2 Ul = (), x € R, 2
bu yerda A: = Z?ﬂ% -Laplas operatori R} = {(x, t)|x = (x',x,) E R",0< t < T},
T > 0 tayinlangan ixtiyoriy son, a(t) € E:= {a(t) € C1[0,T],0 < ay, < a(t) < a; <
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oo}

1-Ta’rif. Agar ixtiyoriy x;,x, € R™ uchun

If (x)) — ()| < Alxy —x,]', A=const>0, [€(0,1) (3)
tengsizlik bajarilsa, f(x) funksiya R™ da [ ko‘rsatkichli Gyolder shartini
ganoatlantiradi deyiladi va (3) shartni gqanoatlantiruvchi funksiyalar sinfi H:(R™) kabi
belgilanadi.
Xuddi shunday ko‘p o‘zgaruvchili funksiyalar uchun ham Gyolder funksiyalar sinfiga
ta’rif berish mumkin.

2-Ta’rif Agar ixtiyoriy (x(l),tl), (x(Z),tz) € R}, x(M = (xil),xél), ...,x,(ll)),

x@ = (xfz),xéz), ...,x,(lz)) uchun

n
1 2
Fa, ) = F@, )] < ) Ailx” = x P+ Ayt = 6]V
i=1

Ai=const>0, i=12,.n+1. L€ (0,1) 4)
tengsizlik bajarilsa, f(x,t) funksiya R% da [,1/2 ko ‘rsatkichli Gyolder shartini
ganoatlantiradi deyiladi va (4) shartni ganoatlantiruvchi funksiyalar sinfi H-1/2(R%)
kabi belgilanadi.

Agar  @(x) € H'(R™),  f(x,t) € H"/2(R*)  bo‘lsa,  HY™(RM),
HAFm+m)/2 (R fazolardagi normalar quyidagicha aniglanadi:

a 1 a 2
|(p|l+m = z Sup|Da<P| + z sup |D (p(x )_D (p(x )l
XER™ [x1—x2|<pg |xl — x2|l
lalsm lal=m """
x1x2eR™
l+m,(l+m)/2 _ o
|f|T = Z SupnlDDf|+
27 Hs|sm COERT
" z sup [DTD°f(x",t) = D"D*f(x%, 1)) +
[x1—x2|<p, |x1 — x2|l
2T+|S|=m
(x,t)ERF
+ z sup |DTDSf(xr tl) - DTDSf(x, tZ)l
2r+|s|= [t1—t2|<p1 |t1 — tzll/z )
r+|s|=m (xD)ERT

bu yerda p,y, p; > 0.

Berilgan a va k funksiyalar uchun (1) integro—differensial tenglamadan u(x, t)
funksiyani (2) boshlang‘ich shart orqali topish masalasiga Koshi (to‘g‘ri) masalasi
deyiladi.

(1) va (2) Koshi masalasining yechimini Puasson formulasidan foydalanib
quyidagi ikkinchi tur Volterra tipidagi integral tenglamaga ekvivalent bo‘lishi
ko‘rsatilgan
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6(t)

uwt = [o@6 501+ [ Hx
R 0
6~1(7)
X j f k (&, a)u(E 0 1(r) — a)G(x — & 0(t) — t)dadg, ()
R™ 0

bu yerda 8(t)=f0ta(s)ds, 0-1(t) funksiya 6(t) ning teskari funksiyasi,

|x—¢|2
_ d ‘
42(0(O-D  esa pri a(t)A  o‘zgaruvchan

1
Gx—&0(t)—1) = =TT e
koeffitsiyentli differensial operatorining fundamental yechimi bo‘lib, |x|? = x# +
w4 X2,
1-Lemma. Faraz qilaylik, ¢@(x) € H*2(R™), k(x',t) eHl'l/Z(@;f_l) va

a(t) € E boIsin. U holda (5) integral tenglamaning H*+2(+2)/2(R7) sinfga qarashli
yagona u(x, t) yechimi mavjud.

Birinchi bobning uchinchi paragrafida o‘zgaruvchan koeffitsiyentli issiqlik
targalish integro—differensial tenglamasi uchun qo‘yilgan teskari masala o‘rganilgan.

Ushbu paragrafda u(x,t) funksiya bilan birgalikda (1) integro—differensial
tenglamadan k(x’,t) funksiyani topish masalasi garaladi. Buning uchun quyidagi
qo‘shimcha shart kiritamiz:

uly, -0 = f(x',0), ', €Ry , (6)

bu yerda f(x',t) € H'+++4)/2 (Eﬁ_l) berilgan funksiya.
(1), (2), (6) masaladan u(x, t) va k(x’', t) funksiyalarni topish masalasiga teskari
masala deb ataladi.
(1), (2) tengliklarni x,, bo“yicha ikki marta differensiallab 9(x,t) = u, _, (x,t)
belgilash kiritilsa, u holda (1), (2) masala quyidagicha ko‘rinishni oladi:
t

9; —a(t)A9 = f k (x',t)9(x,t — 1)dr, (7
0
V|t=o = (Pxnxn(x)’ (8)
I (x, t) funksiya uchun x,, = 0 dagi qo‘shimcha shart (1) va (6) dan foydalanib
hosil gilangan:
n-1 t
I _ o 1 Jk ! "t d 9)
|Xn=0 - a(t)ft . 1ax13f a(t) (x ,T)f(x ) T) T.
= 0

(8) boshlang‘ich shart va (9) qo‘shimcha shartlardan quyidagi kelishuvchanlik sharti
kelib chigadi:
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By (6',0) = == £ (',0) = Zf @,0). (10

(0)

(7), (9) tenglamalarni t bo‘yicha bir marta differensiallab va 9;(x,t) = w(x,t)
belgilash kiritilsa, natijada (7), (8) va quyidagi

wy —a(t)Aw = (In a(t))'w — (In a (b))’ f k(x',t)d(x,t —t)dt +

t

+fk(x’,r)a)(x,t—r)dr+k(x’, )P, x, (X)), (11)
0
W|e=o = a(O)Nﬂxnxn(X) (12)
_a (t) 1 , ,
oo =~ gy et 3 Z — zft az(t) k(x O ('t — T)dT -
. tk( Me(x',t —1)d7 - 1 —k(x',)(x',0) (13)
(t) x, O f:(x', t —1)dt 2 x, )e(x',

tenglamalardan 19(x, t), k(x',t), w(x,t) funksiyalarni topish masalasiga keladi.

2-Lemma. Faraz qilaylik ¢(x) € H'*S(R™), f(x',t) € H*+*+D/2(Ry ) va
a(t) € E shartlar bajarilsin. Bundan tashqari

FG0 = 000, oy (,0) = 22 o2, 0) - Zf @',0)

kelishuvchanlik shartlari ham o ‘rinli bo ‘Isin. U holda (1), (2), (6) teskarl masala (7)-
(9) va (11)-(13) tenglamalardan 9(x,t), k(x',t), w(x,t) funksiyalarni topishga
ekvivalent.
Ushbu paragrafning asosiy natijasi sifatida quyidagi mavjudlik va yagonalik
teoremasi isbotlangan:
— —n-1

1-Teorema. Faraz gilaylik a(t) € E, f(x',t) € HF*MHH/2(R,. ), o(x) €

HY(RM) funksiyalar sinfiga qarashli bo ‘lib,

FGL0) = 000, oy (,0) = 2o o2, 0) - Efm(x 0)

kelishuvchanlik shartlari bajarilsin. U holda shunday yetarlicha kIChIk musbat T, > 0
soni mavjudki, T € (0,T,] lar uchun (1), (2), (6) teskari masalaning u(x,t) €
— —n—1
HI*2+2/2(RTY, k(x',t) € HYY2(Ry ) yechimi mavjud va yagona.
Dissertatsiyaning ikkinchi bobi “Issiglik tarqalish integro—differensial
tenglamasidan ko‘p o‘Ichamli ajralgan yadroni aniglash masalasi” deb nomlangan.
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Birinchi paragrafda o‘zgaruvchan koeffitsiyentli ko‘p o‘lchamli, ajralgan yadroli, ya'ni
K(x,t) = h(x,)k(x',t), x' = (x1,..., Xp_1) h(x,) € H*%(R), k(x',t) €
L /—n-1
H'z (]R; ) yadroli issiglik targalish integro—differensial tenglamasi uchun qo‘yilgan
to‘g‘ri masala yechimining mavjudligi va yagonaligi o‘rganilgan.
u(x,t), funksiyani (x,t) € R} sohada quyidagi tenglamalardan aniglash

masalasini garaymiz:
t

u; —a(t)Au = f K (x,Du(x,t —1)dt, (x,t) € RY, (14)
0
u(x,0) = p(x), x € R", (15)
(14), (15) Koshi masalasining yechimi quyidagi Volterra tipidagi integral
tenglamaga ekvivalent bo‘ladi.

o(t) dT
w0 = [0 ©66-§0@dE + | i
10 R™ 0
x j j R (EDK(E (€, 871(D) — )G (x — & 0(¢) — T)dadé. (16)
R™ 0

3-Lemma. Faraz qilaylik, ¢(x) € H'*?2(R"), h(x,) € H""?(R), k(x',t) €
Hl'l/z(ﬁﬁ_l) va a(t) €EE bolsin. U holda (16) integral tenglamaning
—n
H'2+2)/2(R,) sinfga garashli yagona u(x, t) yechimi mavjud.
Ikkinchi paragrafda o°‘zgaruvchan koeffitsiyentli issiglik tarqalish integro—
differensial tenglamasidan ko‘p o‘lchamli yadroni aniglash masalasi tadqiq gilingan.
u(x,t) funksiyadan funksiya bilan birgalikda (16) integro—differensial

tenglamadan k(x’,t) funksiyani topish masalasi garaladi. Buning uchun quyidagi
qo‘shimcha shart kiritamiz:

u(x',0,t) = F(x', 1), (x',t) eRy . (17)
(12), (13), (15) teskari masalaga ekvivalent integral tenglamalar sistemasini
olamiz. Buning uchun dastlab berilgan tenglamani t bo‘yicha differensiallab:
I(x,t) = up(x,t) (18)
belgilash kiritiladi va 9 (x, t) funksiyaga nisbatan quyidagi ekvivalent masala olinadi:
t

9; —a(t)AY = (In a (t))'I(x,t) — (In a (t))’ f h () k(x', Du(x,t — 1)dt +
0

t

+ j h (xx)k(x',T)9(x, t — T)dT + h(x,)k(x', t)p(x), (19)
: 8110 = a(0)B(x), (20)
19|xn=0 = ft(x,' t)' a(O)A<p(x’, 0) = ft(xli 0) (21)
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(19), (20) tengliklarni x, bo‘yicha differensiallab yangi ekvivalent masalaga kelinadi:
t

(Ox,)e — a(t)Ady, = (In a (£)) Dy, — (In a (@))'h' (x,) j k(x',7) X
0
Xu(x,t —1)dt — (In a (t)) h(x,) f k(x', Duy, (x,t —1)dT +
0

+h'(x;,) j k(x',©)9(x,t —1)dt + h(x,) J k(x', 1), (x,t —T)dT +
0 0

+h! () k(x', @ (x) + h(xn)k (X, ) @y, (%), (22)

19xn|1::0 = a(O)Agoxn(x)' (23)

(19), (20) tengliklarni x,, bo‘yicha ikki marta differensiallab w(x,t) =9, . (x,t)

belgilash kiritilsa w(x,t) funksiyaga nisbatan quyidagi ekvivalent masala hosil
gilinadi:

w; —a(t)Aw = (In a (t))'w — (n a(t))'h'"(x,) J k(x',Du(x,t —1)dt —
0

t t
—2(In a (t))'h'(x,) f k (x', Duy, (x,t —1)dt — (In a (t)) h(x,) J k(x' 1) %
0 0
t
XUy (X, —T)dT + h'" (%) j k(x',©)9(x,t —1)dt +
0

t t
+2h'(x;,) f k (x', 0)0y, (x,t —T)dT + h(xy) j k(x',Dw(x,t —1)dt +

0 0
+h" () k(x', )@ (x) + 27" (x )k (x', £) @y, (x) +
+h(xp)k (X', £) P, (), (24)
W|i=o = a(O)A(pxnxn (x). (25)
w(x,t) funksiya uchun qo‘shimcha shart (19) va (25) dan foydalanib hosil
gilingan:

n-1

1 a2 (In a(t)) (Ina (1))’
wlxn=0 = @ftt - - dx; k2 t— a(t) et a(t)

X j k(x',o)f(x',t—1)dt + 2 %S)),h’m) j k(x', Dy, (x',t — 1)dt +

0

h"(0) x
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L na®))

a0 h(0) Oj k(x',T)uy ,, (x',t —T)dT — —h”(O) f k(x',t) X%

X fi(x,t —T)dt — 2 Lh’(O) f k(x',1)9, (x',t —1)dT —

(t)h(O)jk(x T fie(x', t —1)dT ——=h" (0)k(x',t)p(x’,0) —

a(t)
—Z%h(o)k(x,t)wxn(x,o)— (1)h(0)k(x t) Pup, (X7, 0). (26)

4-Lemma. Faraz qilaylik a(t) €E, ¢@(x) € H'(R"), fi(x',t) €
Hita+4)/2 (@;_1), h(x,) € H*2(R) ushbu sinflardan. Bundan tashgari
f(x',0) = @(x',0),vaa(0)dep(x’,0) = f;(x', 0) kelishuvchanlik shartlari bajarilsin.
U holda (14), (15), (17) teskari masala (18), (19) — (20), (22)—(23) va (24)—(26)
masalalardan (O, (x5, 1), ulx, ), Uy, (x,0), U, x, (x,t),9(x,t), w(x, t), k(x',t))
topish masalasiga ekvivalent.

Ushbu paragrifning asosiy natijasi sifatida quyidagi mavjudlik va yagonalik
teoremasi olingan.

2-Teorema. Faraz qilaylik a(t) €E, ¢(x)€ H*(R"), f(x',t)€

Hit4+4)/2 (@;_1), h(x,) € H*?%(R), L € (0,1) funksiyalar sinfiga garashli bo lib,

p(x',0) = f(x',0)va a(0)Ap(x’,0) = f;(x',0) kelishuvchanlik shartlari bajarilsin.
U holda shunday yetarlicha kichik musbat T, > 0 soni mavjudki, T € (0, T,,] lar uchun

(14),(15),(17) teskari masalaning u(x, t) € H*2@+/2(R0), k(x',t) € HM/?2 (ﬁ;_l)
yagona yechimi mavjud.

Uchinchi paragrafda o‘zgaruvchan koeffitsiyentli ko‘p o‘lchamli yadroli issiqlik
targalish integro—differensial tenglamasida integral ostida noma’lum funksiya Laplas
operatori orgali berilgan bo‘lib, unga qo‘yilgan teskari masala tadqiq gilingan.

Quyidagi tenglamalardan u(x, t), k(x’', t) funksiyalarni aniglash masalasi ko‘rib
chiqilgan:

t

u; = a(t)Au — j k(x',t —t)a(r)Au(x, t)dr, (x,t) € RE, (27)
1E(x, 0) = p(x), x € R", (28)
u(x’,0,t) = f(x',t), (x',t) € RF L (29)

bu yerda a(t) > 0 yetarlicha sillig funksiya.
(27) integro-differensial tenglamani a(t)Au ga nisbatan ikkinchi tur Volterra
integral tenglamasi ko‘rinishida yozib olinadi.
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t

a(t)Au = f k(x',t —t)a(t)Au(x, t)dt + u; (30)
0

Integral tenglamalar nazariyasidan (30) integral tenglamaning yechimi quyidagi

ko‘rinishda bo‘ladi:
t
u; —a(t)Au = — J r(x',t — u.(x, 1)dr. (31)
0
(31) tenglamada r(x',t) funksiya k(x',t) funksiyaning rezolventasi, r(x',t) va
k(x', t) funksiyalar orasidagi bog‘lanish quyidagi tenglik bilan aniglanadi:
t

r(x',t) = k(x',t) + j k(x', t—1r(x', t)dr, (xt)€RE. (32)

0

Endi (31), (28), (29) masaladan u(x,t) va r(x',t) funksiyalarni topish
masalasini ko‘rib chigamiz. Qidirilayotgan funksiyalarni topgandan so‘ng (30) integral
tenglamadan k(x’, t) funksiyani topish mumkin bo‘ladi.

(31), (28) Koshi masalasida u(x,t) funksiyani x, bo‘yicha ikki marta
differensiallab yangi 9™ (x,¢) funksiyani 9™ (x,t) =u, , (x,t) belgilash
yordamida kiritib, 9 (x, t) funksiyaga nisbatan yordamchi masala olinadi:

t

9™ — a()A9D = — f r(x',t — )0 (x, 7)dr, (33)
A (x 0) = (pxnxn(x) (34)
ﬁ(l)(x’,O,t) —_ foxl (x t)+
1 t
+@f r(x',t—1)f(x',1)dr. (35)
(34), (35) shartlardan quyidz;)gi kelichuvchanlik sharti oIinadi
ey (6110) = 2255 i, 0) - Z frr, @, 0), (36

(32), (35) tengliklarni t bo‘yicha dlfferen3|allab, 9@ (x, t): =9 (x,t) va
h(x',t):=r.(x',t) belgilash Kkiritilsa 9@ (x,t) funksiyaga nishatan ekvivalent
masalaga kelinadi:

9% — a(H)A® = o’ (H)AID —r(x’,0)9@ —
t

— j h(x',t —1)9® (x,7)dr, (37)
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9@ (x,0) = a(0)Apy,y, (x), (38)

’ 1
a (1) fe(x,t) + —=fre(x', 1) — Z fexpe; (X', 1) —
i=1

9@ (x',0,t) = — 2(0) 0

oy
Ca2(t)
0

r’ t—1)f,(x',t)dr + LJ h(x',©)f;(x',t —T)dt +
0

()r(x ) fe (', 1), (39)

(37), (39) tengliklarni ¢ bo‘yicha differensiallab 9(x, t): = 9 (x, t) belgilash
Kiritilsa, 9 (x, t) funksiyaga nisbatan ekvivalent masalaga kelinadi:
9, — a(t)AY = 2a’' (AP + a” (£)AID — r(x’,0)9 —
t

—h(x',t)a(0)A@y . (x) — J h(x',T)9(x,t — 1)drT, (40)

I(x,0) =0LP(x), (41)
t

9(x',0,t) = F(x', 1) + (2 (‘;3(3)) _ 32&2) j r(x',t — D) f.(x', T)dT —
0

jh(x ) f (x', t—r)dr— ! fh(x’,r)ftt(x’,t—r)dt+

2
s RGOS 0) (42)
bu yerda
) = O i () 01000, 0) =T 0D 0
F(x',t>=< TGl Lk )ft( 0+ o ) - Zf ) -
HOTIY @)
2SO DRG0 + s Ofu ) ~ 2 S )

5-Lemma. (27)- (29) teskari masala (37), (38) va (40)—(42) masalalardan
9@ (x,t),9(x,t), h(x',t),7(x, t) funksiyalarni aniglash masalasiga ekvivakent.

Ushbu paragrafning asosiy natijasi sifatida quyidagi mavjudlik va yagonalik
teoremasi keltirilgan:

3-Teorema. Faraz qilaylik a(t) > 0 yetarlicha sillig funksiya, ¢(x) €
HY8(R™), f(x',t) € HIF6U+6)/2(RU-1Y funksiyalar sinfiga qarashli bo‘lib,
f(x',0) = o(x',0) va Pt (X, )_Eft(x 0) — XI5 frw, (%7, 0),
kelishuvchanlik shartlari, hamda |f;(x’,0)| > f, = const > 0 bo‘lsin. U holda
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shunday yetarlicha kichik musbat T, > 0 soni mavjudki, T € (0, T,] lar uchun (31),
(28), (29) teskari masalaning u(x, t) € H!*2(+2)/2 (@:) h(x',t) € H"/? (ﬁ;_l),
[ € (0,1)sinflarga tegishli yagona yechimi mavjud.

Uchinchi bob “Parabolik tipdagi integro—differensial tenglama uchun teskari
masalalar” deb nomlanib, tenglamadagi yadro L = A + c(x) differensial operator
bilan o’rama shaklda berilgan.

Bu bobning birinchi va ikkinchi paragraflarida quyidagi masala garalgan:

u(x, t) va k(x',t) funksiyalarni (x, t) € R% sohada quyidagi berilgan tenglamalardan
aniglash masalasini ko‘rib chiqamiz:

t

ur — Lu = — J k(x',t)Llu(x,t —1)dt, (x,t) € RY, (43)
0

ule=o = ¢(x), x €RY, (44)

Uly =0 = f(x', 1), (x',t) € RF L, (45)

Quyidagi lemma o’rinli.
—n-1

6-Lemma. Faraz gilaylik k(x',t) € H'+2(+/2 (R ) bo ‘Isin. U holda (41)

(43) masala yechimi
t

us(x,t) = Lu — j r(x', t —tu.(x,1)dr, (46)

0
integral tenglama, hamda (44), (45) boshlang ‘ich va qo 'shimcha shartlardan u(x, t)
va r(x’,t) funksiyalarni topish masalasiga ekvivalent. Bu yerda r(x’,t) funksiya
k(x',t) funksiyaning rezolventasi va ularquyidagi integral tenglama bilan
bog langan:
t

k(x',t) =r(x',t) — j r(x', t —1)k(x',t)dr. (47)

0
7-Lemma. Quyidagi tenglamalardan

9y — L9 — 2¢,, 98 — €y 9P +1(x',0)9 + h(x', ) [Ly, ., () +
t

420, @ (X) + Cx . @(0)] + f h(x',t — T)9(x, T)dT = 0 (48)
Blemo = Yoo () (49)
8',0,0) = fue (&, 8) = A fur &), 0) = (', ) fu (&, 0) +
+7(x, 0)fue (X', ) + h(x', )Ly —o + j fie (6t — DR(X', T)dr. (50)
bu yerda i

‘L9(X, t) = uttxnxn (X, t)r 19(2) = Ut
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2

< 92 G
Axr=;axiz, Voo () = 52 (P0(@) = (&, 0)Lp())

2p(x',0) = fir(x'0)
Lo(x',0) '

I(x,t), h(x', t) funksiyalarni topish masalasi (46), (44), (45) masalaga ekvivalent.

Ushbu paragrafda quyidagi mavjudlik va yagonalik teoremasi isbotlangan.

4-Teorema. Faraz qilaylik, ¢(x) € H*8(R™), |Lo(x’,0)|' > const > 0,
c(x) € HHH(R™), f(x',1) € H*o@9/2 (Ry ), 1€ (0,1) va f(x',0) = p(x’,0),
f:(x',0) = Lo(x', 0) kelishuvchanlik shartlari bajarilsin. U holda shunday yetarlicha
kichik musbat T, > 0 soni mavjudki, T € (0,T,] lar uchun (46), (44), (45) teskari
masalaning u(x,t) € H*2(+2)/2 (@;) h(x',t) € H"/? (ﬁ?) sinflarga garashli
yagona yechimi mavjud.

Uchinchi bobning uchinchi paragrafida o‘zgaruvchan koeffitsiyentli parabolik

tipdagi integro—differensial tenglama maxsus ko‘rinishdagi
N

k@D = ) e (Obi(®)

i=0

(51)

r(x',0) =

yadrosining yagonaligi o‘rganilgan.
Bir o‘lchamli issiqlik o‘tkazuvchanlik integro—differensial tenglamasi uchun
Koshi masalasini garaymiz.
t

Uy — a()u,, = fk (x,t — Dul(x, y,7)dt, (x,y) € R%t € (0,T], (52)
0

u|t=0 = (p(x, y): (x' y) € RZ' (53)
bu yerda T > 0-tayinlangan o‘zgarmas son, y € R parametr va a(t) > 0 yetarlicha
sillig funksiya. Teskari masala (52), (53) to‘g‘ri masala yechimi haqida

Uleey = f, 1), (7,t) € R X [0,T] (54)
go‘shimcha shart bo‘yicha k(x,t), x € R,t > 0 funksiyani aniglashdan iborat. Bu
yerda barchay € Rvat € [0,T] larda f(y, t) — berilgan funksiya.

Faraz qilaylik, k(x,t) va uning k,, k; hosilalari ixtiyoriy T >0 da
B(D7),[Dr:={(x,t):x € R;0 <t <T}] sinfga qarashli, ¢(x;y) € B*(R?),
B*(R?)- R? da to‘rtinchi tartibli hosilasi bilan chegaralangan, uzluksiz funksiyalar
sinfi.

Ushbu paragrafning asosiy natijasi quyidagi yagonalik teoremasidan iborat.

5-Teorema. Faraz gilaylik, ¢ (x,y) € B*(R?),

{f(y;t);ft(y;t);ftt(y;t);ftyy(y;t)}EB(DT) bOKIZ.b, lnf |(p(x y)l >ﬁ0 >0
bo ‘Isin, bu yerda By —ma’'lum son. U holda, (52)-(54) teskarl masalanmg
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N

kD =) (b, ) €BARY), b(t) € C1(0,T)
i=0
ko ‘rinishga ega yechimi D, sohada bir giymatli aniglangan.

XULOSA

Dissertatsiyada 0°‘zgaruvchan  koeffitsiyentli parabolik tipdagi integro—
differensial tenglamalarda integral hadning yadrosini aniglash uchun ko‘p o‘lchamli
teskari masalalarning yechimi mavjudliga va yagonaligi o‘rganilgan. Integro—
differensial tenglamalarni ikkinchi tur Volterra tipidagi tenglamalar sistemasiga keltirib
tadqig gilingan. O‘rama ko‘rinishdagi o‘ng tomonida integral operator bo‘lgan
parabolik integro—differensial tenglamalarning keng sinfni uchun teskari masalalar
ko‘rib chiqilgan.

Tadgiqgotning asosiy natijalari quyidagilardan iborat:

o‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasi
uchun qo‘yilgan Koshi masalasi yechimining mavjudligi ko‘rsatilgan;

to‘g‘ri masala yechimiga qo‘yilgan qo‘shimcha shartdan foydalanib, ko‘p
o‘lchamli yadroni Gyolder (Holder) fazolarida bir qiymatli yechiluvchanligini
isbotlangan;

issiglik targalish integro—differensial tenglamasidan ko‘p o‘lchamli ajralgan
yadroni aniglash masalasining bir giymatli yechiluvchanligini Gyolder (Holder)
fazolarida ko‘rsatilgan;

0°‘zgaruvchan koeffitsiyentli integro—differensial issiglik targalish tenglamasidan
maxsus ko‘rinishga ega ko‘p o‘Ichamli yadroni aniqlash teskari masalasi yechimining
yagonaligi ko‘rsatilgan.
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INTRODUCTION (Doctor of Philosophy (PhD) dissertation annotation)

Actuality and demand of the theme of dissertation. Many scientific and applied
studies around the world lead to the study of special derivative differential and integro-
differential equations, the correct and inverse problems for them. Inverse problems
pervaded astronomy, quantum propagation theory, geophysics, thermal physics,
medicine, and all areas of modern science with the advent of computers. In order to
solve the right problems in mathematical physics, it is necessary to give the coefficients
of the equation, the boundary of the field, the initial and boundary conditions. But in
practice, it is not always possible to give the coefficients of the equation. It is not always
possible to define the initial and boundary conditions, as well as the boundaries of the
field, in practical matters. In such cases, it is necessary to search for the solution of the
inverse problem by entering additional information about the direct problem, that is, to
find the coefficients, integral terms in the form of integro-differential equations, initial
or boundary conditions, field boundaries. Due to the incompleteness of methods for
solving such problems, one of the most important tasks is to solve the inverse problem
of determining the kernel from the integro-differential thermal conductivity equation.

Today, the world's fastest-growing field of Mathematical Physics is the study of
inverse problems. This field has become one of the most important mathematical
problems in physics and engineering. The wide application of this problem has attracted
the attention of many scientists due to the novelty and complexity of its theory. In recent
years, the management of heat conductivity processes has been developing rapidly, as
the thermal conductivity and relaxation function of each medium are different, and
these magnitudes are closely related to the initial state and properties of the medium.
Therefore, for integro-differential thermal conductivity equations, the study of initial,
initial-boundary value problems, and their inverse problems is a targeted research.

In our country, special attention is paid to the current trends in mathematical
physics, which have a scientific and practical application of fundamental sciences. In
this regard, attention was paid to the study of inverse problems in determining the
relaxation function from the integro-differential equations of parabolic type. As a result
of these studies, it was possible to prove the existence and uniqueness of the solution
of inverse problems for integro-differential equations of parabolic type with variable
coefficients. The main task is to conduct research at the level of international standards
in the priority areas of differential equations and mathematical physics.! The
development of the theory of integro-differential equations in mathematical physics is
important in ensuring the implementation of this decision.

Decree of the President of the Republic of Uzbekistan Ne PF-4947 of February 7,
2017 "On the strategy of actions for further development of the Republic of
Uzbekistan", Ne PP-4387 of July 9, 2019 "On Mathematics Education and Science On

! Decree of President of the Republic of Uzbekistan at the “On state support for the further development of mathematics
education and science, as well as measures to radically improve the activities of the Institute of Mathematics named after
V.l.Romanovsky of the Academy of Sciences of the Republic of Uzbekistan” PQ-4387 dated July 9, 2019.
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measures to support the further development of the state, as well as measures to
radically improve the activities of the Institute of Mathematics named after
V.1.Romanovsky of the Academy of Sciences of the Republic of Uzbekistan "and Ne 7
PP-4708 of May 7, 2020 This dissertation research will to some extent serve in the
implementation of the tasks set out in the decisions "On measures to improve the quality
of education and development of research™ and other normative legal acts related to this
activity.

Connection of research to priority directions of development of science and
technologies of the Republic. This work was performed in accordance with the priority
areas of science and technology development in the Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. In developing the theory of inverse
problems of mathematical physics, A.S. Alekseev, M.M. Lavrentev, V.G. Romanov,
A. Lorenzi and others contributed. Inverse problems for equations of parabolic type
V.G. Romanov, A.l. Prilepko, A.D. Iskendarov, N.Ya. Beznoshenko, F.A. Colombo,
Ya. Yanno posted and researched. Various methods for studying the inverse problems
of determining the kernel of an integral term from integro-differential equations of the
parabolic type have been developed by L.V. Lorenzi, M. Graselli, Ya. Yanno, F.A.
Colombo, D.K. Durdiev et al. proposed and developed. N.Ya. Beznoshenko,? studied
the inverse problems of determining the coefficient of variability for equations of
parabolic type. A.l. Prilepko, A.B. Kostin® explores the inverse problem of determining
the coefficients of an equation from the initial-boundary problems of the parabolic type
with variable coefficients, and proves the theorems on existence and uniqueness of the
solution. A.D. Iskendarov's research proposed analytical and numerical methods for
determining the coefficients of such equations. Ya. Yanno, L.V. Volfersdor* in his
work, a one-dimensional inverse problem for determining the core of the integral term
for the integro-differential thermal conductivity equation in a limited area is
considered, and the existence, uniqueness of the solution is proved, and stability
estimates are obtained.

In this dissertation, the problems of one-valued solvability of multidimensional
direct and inverse problems for integro-differential thermal conductivity equations with
variable coefficients are studied in Holder spaces. Thus V.G. Romanov, Ya. Yanno,
L.V. Volfersdorf and D.Q. Durdiyev's research close in terms of problem-solving and
uses the methods recommended by them.

Connection of the theme of the dissertation with the research works of higher
education, where the dissertation is carried out. The dissertation was conducted in

2N. Ya. Beznoshchenko, On the determination of the coefficient in a parabolic equation, Differ. Equations, 1974,
volume 10, Ne 1. -P.24-35

3 Prilepko A.l., Kostin A.B. On inverse problems of determining a coefficient in parabolic equation // Siberian Math. J.,
1993, vol. 34, Ne5.-P. 923-937.

4 Janno J., Wolfersdorf L.V. Inverse problems for identification of memory kernels in heat flow // 111-Posed Problems,
1996, vol. 4, Nel. —P.39-66.
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accordance with the planned research topic of Bukhara State University. Implemented
within the framework of the grant project of Bukhara State University F-4-02
"Thermodynamics of models of mathematical physics with infinite set of cases".

The aim of research work. For the integro-differential thermal conductivity
equation with a variable coefficient, the study of one-valued solvability problems in
Holder spaces of multidimensional direct and inverse problems.

Research problems.The main objectives of the study are:

-determine the existence and uniqueness of the solution of the Cauchy problem for
the equation of integro-differential heat conductivity with variable coefficients;

-to study the one-valued solubility of a multidimensional kernel in Holder spaces
using an additional condition for solving the direct problem;

-to show the one-valued solvability of the problem of determining a
multidimensional degeneration kernel from the integro-differential equation of heat
conductivity in Holder spaces;

-to study the uniqueness of the solution of the inverse problem of determining a
multidimensional kernel with a special form from the equation of differential heat-
differential heat conductivity.

The research object consists of integro-differential equations of the second order
parabolic type.

The research subject multidimensional direct and inverse problems for the
integro-differential thermal conductivity equation with variable coefficients in the form
of windings.

Research methods. The dissertation uses the theory of special differential
equations and integral equations, as well as methods of functional analysis, in
particular, the solution of the second type of nonlinear integral equations of the Volterra
type, the method of series approximation, fixed point theorem.

Novelty of the research are followings:

-the existence and uniqueness of the solution of the Cauchy problem for the
second-order integro-differential heat conductivity equation with variable coefficients;

-the one-valued solubility of a multidimensional kernel in Golder spaces was
studied using an additional condition given for the solution of the correct problem;

the one-valued solvability of the problem of determining a multidimensional
degeneration kernel from the integro-differential equation of heat conductivity was
learned in Holder spaces;

-the uniqueness of the solution of the inverse problem of determining a
multidimensional kernel with a special form from the equation of differential heat
conductivity with variable coefficients is shown.

The scientific novelty of the research is as follows:

-the conditions for the existence and uniqueness of the relaxation function are
found in the integro-differential heat conductivity equation with variable coefficients;
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-the one-valued solvability of the inverse problem of determining a
multidimensional kernel with a special appearance from the integro-differential heat
conductivity equation has been determined.

Reliability of research results based on the theory of differential and integral
equations, the theory of inverse problems, the application of methods of mathematical
analysis, as well as the solidity of proofs and mathematical considerations.

The reliability of the results of the study. The scientific significance of the
results of the research is explained by the further development of the theory of inverse
problems for the integro-differential equations of mathematical physics, the
development of methods for determining the multidimensional kernel.

The practical significance of the results of the study is explained by its application
in seismology, exploration of oil and gas fields, the study of heat transfer processes in
thermally conductive storage media.

Implementation of the research results. Based on the scientific results of the
inverse problems for the equations of integro-differential thermal conductivity with
variable coefficients:

-Fundamentals of the proposed method for determining the relaxation function
from the equation of variable coefficients of integro-differential heat conductivity F-4-
14 In the project, the equation of thermal conductivity was used to determine the core
(reference of the Bukhara Institute of Engineering and Technology No. 83-10/ 974 of
May 18, 2021). Application of scientific results The study of the one-valued solubility
of a multidimensional kernel from the inverse problem for the Cauchy problem for the
integro-differential  heat conductivity equation with variable coefficients, the
multidimensional degeneration kernel from the integro-differential heat equation
allowed to study the solubility of the problem of identification;

- AAAA-A19-119032590069-3 for a multidimensional integrated-differential
thermal conductivity equation in a foreign grant on the topic "Numerical solution and
mathematical modeling of heat transfer and solid state mechanics in geophysical and
engineering problems”. From the proposed method of studying inverse problems used
in the study of inverse issues (Southern Mathematical Institute, branch of the Federal
State Budgetary Scientific Institution FSC "Vladikavkaz Scientific Center of the
Russian Academy of Sciences"”, reference Ne37 of May 19, 2021). The application of
scientific results has made it possible to prove the solvability of multidimensional
inverse problems for integro-differential thermal conductivity equations.

Approbation of the research results. The results of this research were discussed
at 6 scientific conferences, including 2 international and 4 national scientific
conferences.

Publications of the research results. A total of 12 scientific articles on the topic
of the dissertation were published. Among them 6 articles in the list of scientific
publications recommended for publication of the main scientific results of dissertations
of the Higher Attestation Commission of the Republic of Uzbekistan, 2 in foreign and
4 in national journals were published.

26



The structure and volume of the dissertation The dissertation consists of an
introduction part, three chapters, a conclusion and a list of references. The volume of
the dissertation is 96 pages.

THE MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we present
a review of international research on the theme of the dissertation and degree of scrutiny
of the problem, formulate our goals and objectives, identify the object and subject of
study, and state scientific novelty and practical results of the research. Moreover, we
give the theoretical and practical importance of the obtained results, and also give
information on the implementation of the research results, the published works and the
structure of dissertation.

The first chapter of the dissertation is called "Direct and inverse problems for the
integro-differential equation of heat caduchivity conductivity with variable
coefficients." and itis studied existence and uniqueness of the solution of the problem.
The first paragraph of this chapter outlines the general concepts used in the dissertation.

The second paragraph of the first chapter studied the existence and uniqueness of
the solution of the direct problem for the integro-differential equation of heat
conduction with variable coefficients.

Consider the problem of determining a function u(x,t), (x,t) € R} from the
following equations:

u; —a(t)Au = j k (x',Du(x, t —1)dr, (x,t) € RY, 1)

0
, Ulg=o = @(x),x € R", (2)
where A: = ?=1% is Laplas operator, R} = {(x,t)|x = (x',x,) E R",0 <t < T},

L

T > 0 is arbitrary positive number, a(t) € E:= {a(t) € C'[0,T],0 < ay, < a(t) <

a; < «}.
Definition 1. If the inequality
If (x) — ()| < Alxy —x3),, A=const>0, L€ (0,1) 3)

is satisfied for arbitrary x;,x, € R™, then the function f(x) satisfies the Holder
condition with I in R™ and the class of functions satisfying the condition (3) is signed
by HY{(R™).
Similarly, for functions with multidimensional, the Holder function class can be
defined, as:
Definition 2. If the inequality
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n
1 2
Fa®,8) = FE®,6)] < ) Alx® = 2P|+ Ayt = 6]
i=1

Ai=const>0, i=12,..n+1. L€ (0,1) 4)

is satisfied for arbitrary (x@, t,), (x®,t,) € R%, x® = (P, x{7, .., V), x@ =

(xfz), xéz), s x,(f)) , then the function f(x, t) satisfies the Holder condition with [,[/2

in R% and the class of functions satisfying the condition (3) is signed by H“'/?(R%) .
If (x) € HY(R™), f(x,t) € H"'/2(RY), the norms in spaces H!*™(R"),
HUAFmm/2(R1Y are defined as follows:

a 1\ _ na 2
o™ = E sup [D%¢| + E sup DT )~ Dp(x)
& xERN o= lx1—x2|<p, |x1_x2|l
alsm al=m 1 x2€RN

I =N sup | DTDSFI+

2r+|s|sm (x.t)ERF
N Z sup |DrD5f(x1,t)—DrDsf(xz,t)|+
[x1—x2|<pg |x1 - lel
2r+|s|=m n
(x,t)ERTL
PSR DD )
Sy eyl [t1—t2|=p1 |t1—t2|l/2 '
THISIEM S o oern

where py, p; > 0.
When k(t), h(x,t), p(x), u,(t), u, (t) are given functions then this problem (1)-
(2) is called as a direct problem.

For the given functions a and k, the problem of finding the function u (x, t)
from the integro-differential (1) equation by the initial condition (2) is called the
Cauchy problem.

We replace the Cauchy problem (1)-(2) with the equivalent Volterra integral
equation:
6 (1)

uet) = [0 ©60- g0+ [ T
J, J a6 ()
6~ 1(v)
X j f k(& a)u(¢ 6 1(1) — a)G(x — & 0(t) — 1)dadé, (5)
R 0
where -1 is the inverse function of 8(t) function 6(¢t) = fota(s)ds, G(x —

|x—&|?

~406®-0 s a fundamental solution of a differential

1
$0) =1 = G
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operator % — a(t)A with a variable coefficient, |x|? = xZ + --- + x2.

Lemma 1. Let ¢(x) € H*2(R™), k(x',t) € H”/Z(@?;_l) and a(t) € E . Then
there exists a unique solution to the integral equation (5) that u(x,t) €
Hl+2.1+2)/2 (@’;)_

The third paragraph of the first chapter studied the inverse problem for the integro-
differential equation of heat conduction with variable coefficients.

In this section we consider the problem of finding the function k(x’,t) from the
integro-differential equation (1) together with the function u(x,t). To do this, we
include the following additional conditions:

uly o= fGL8), @.DER; (6)

—n—-1_ . . .
where f(x',t) € H*4U+9/2(R. ) is given function.
The problem of finding the functions u(x, t) and k(x’, t) from the problem (1), (2), (6)
is called the inverse problem.
We denote by 9 the function w,,_, , i.e. 9(x,t) = u, , (x,t). We differentiate
two times the equalities equation (1), (2) with respect to x,,, we obtain:
t

9, — a(t)A9 = j k(x',0)9(x t — T)dr, 0
0

|t=0 = (pxnxn(x)’ (8)
For the function J(x, t), the additional condition at x,, = 0 is taken using (1)
and (6):
n-1 62

t
Oleymo = o fi = Y s == [ K Of (e = D ©)
n a(t) £ ox; a(t) )

From the initial condition (8) and the additional condition (9) arises the following
condition:

n-1
1
Prsn(€10) = = fr(6,0) = D fr, (', 0). (10
a(0) k=1
We differentiate equations (7), (9) by t once and introduce the notation 9 (x, t) =

w(x, t), resulting in the problem of finding the functions 9(x, t), k(x’, t), w(x,t) from
equations (7), (8) and we obtain

w; —a(t)Aw = (In a (t))'w — (In a (1))’ J k(x',©)9(x,t —1)dt +

+ j k(x', Dw(x,t—1)dt + k(x', )@y x, (X), (11)
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W= = a(O)A(pxnxn (x) (12)

IOPINEIFER aZf Jk(x ('t - T)de
@lan=0 = 2<t)t a(t) 2t ' o

_ _ 13

0 f k@, Df,(c) € — D)dr (t)"(" Op(x',0) (13)

+4 ,__n—1
Lemma2. Let  @(x) € H*S(R™), f(x',t) e H** = (Ry ) a(t) €E
and the matching conditions

FE0 = 000, oy (0) = 2o o2, 0) - Zf (,0)

are met. Then problem (1),(2),(6)(17) is equivalent to the auxnlary problem of
determining the functions 9(x,t), k(x',t), w(x,t) from the (7)-(9)and (11)-(13)
equations.

The following theorem of existence and uniqueness is valid as the main result of
this paragraph:

—n—1
Theorem 1. Suppose thata(t) € E, (x',t) € H*UD/Z(R. ) | ¢(x) €
H'¢(R™) function are from the classes, and crossing assignments should be completed

FGL0) = 000, oy (,0) = 2o o2, 0) - Zf @,0)

then there exists T, > 0 the numbers are all small enough to be posmve number T €
(0,T,) and for inverse problem (1)-(3), there is unique solution u(x,t) €

Hl+2,(l+2)/2(@;l')’ k(x’, t) € Hl,l/Z(@: 1).

The second chapter of the dissertation is called ""The problem of determining the
multidimensional degenerated kernel from the integro-differential equation of
heat conduction™, the first paragraph of which is devoted to the integro-differential
equation of multidimensional kernel heat conduction with variable coefficients. the
existence and uniqueness of the direct problem solution is studied.

We consider the problem of determining the function u(x,t) from the following

equations:
t

u; —a(t)Au = j K (x,Du(x,t —t)dr, (x,t) € RY, (14)
0
u(x,0) = p(x), x € R", (15)
The solution of the Cauchy problem (14), (15) satisfies the integral equation

30



o(t)
u(x t) = j 0 ()G (x — &0(D)dé + j

T
a0 1(0)
R" 0

7' (0)

<[ | @R DU 07 @ - @66 - £0(0) - D)dads, (16)
R™ 0
Lemma 3. Let @(x) € H'*2(RY), h(x,) € H*2(R), k(x',t) € H*/2(Ry )
and a(t) € E . Then there exists a unique solution to the integral equation (16) that
u(x, t) € Hl+2,(l+2)/2(@¥)

The second paragraph examines the problem of determining a multidimensional
kernel from the integro-differential equation of heat conduction with variable
coefficients.

The problem of finding the functions u(x,t) and k(x’,t) from the integro-
differential equation (16) is considered. We introduce following additional condition:

u(x',0,t) = f(x',t), (x.t) ERy . (17)
We obtain a system of integral equations equivalent to the inverse problem (12),
(13), (15).
To do this, differentiate the original equation by ¢:
I(x, t) = us(x, t) (18)
is introduced and the following equivalent problem is obtained with respect to the
function 9(x, t):

t
9 —a(t)AY = (In a (t))'I(x,t) — (In a (t))’ j h (xx)k(x', Du(x, t — t)dt +
0

t

+ f h () k(x', D)0 (x, £ — 1)dT + h(x,)k(x', D)o (x), (19)
’ Blico = a(0)Ae(x), (20)
Oe o = £ix',0), a(0)A@(H, 0) = i (x', 0). (21)

Differentiating equations (19), (20) by x,, to the equivalent problem:
t

Ox,)e — a(®)Ay, = (In a (8))' Dy, — (n a(t))'h'(xn) f k(x',7) X
0

X u(x,t —t)dt — (In a (t))'h(x,) f k (x', Du,, (x,t —1)dT +
0
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+h'(x,) j k(x',t)9(x,t —1)dt + h(x;) J k(x', 1), (x,t —T)dT +
0 0
+h' () k(x', @ (x) + h(x)k(x', )@y, (%), (22)
1-9xn|1::0 = a(O)AQDxn(x)- (23)
Now let us denote by w(x, t) the function 9, , (x,t) . Differentiating (19), (20)
twice with respect to x,, we obtain the following Cauchy problem with respect to w:
t

w—a(t)Aw =(n a(t))'w — (In a(t))'h"(x,) J k(x',Du(x,t —1)dt —
t
—2(In a (t))'h'(x,) f k (x', Duy, (x,t —1)dT — (In a (t)) h(x,) J k(x',7) X%
0 0
XUy (X, t—T)dT + h'" (%) j k(x',©)9(x,t —1)dt +

+2h’ (xn)jk(x )9, (%, t — 7)dT + h(xn)fk(x Do(x,t —1)dr +

+h" () k(x', t)p(x) + 21’ (xn)k(x )@y, (x) +

+h(xp)k(x', £) Py, x, (), (24)
W|i=o = a(O)A(pxnxn (x). (25)
An additional condition for the function w(x, t)is created using (19) and (25):
n-1
ik (In a(t)) (Ina(t))
wlxn:O - @ftt - axlkz t a(t) t + a(t) h (0) X

i=1

X f k(x',o)f(x',t —1)dt + 2 (lnaa(t()t))’ h'(0) f k(x', Duy, (x',t —T)dT +

| (na @y ”
a® h(O)fk(x T Uy, x, (X, t—r)dr——h (0)jk(x 1) %
X fe(x, t—T)dT—Z—h (0)fk(x )9, (x t —1)dt —

1
(t) h(O)fk(x T fee(x',t —1)dT — ()h (O k(x', t)e(x',0) —
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1 1
—Zﬁh Ok, t) @y, (x',0) — Eh(O)k(x )Py, (X, 0). (26)

Lemma 4. Suppose that a(t) €E, ¢(x)€ H"(R"Y), f(x',t)€
Hir++4)/2 (ﬁ;_l), h(x,) € H"*?(R) and matching conditions f(x’,0) = @(x’,0),

vaa(0)4e(x',0) = f;(x',0) are met. Then the problem (14), (15), (17) is equivalent
to the problem of determination function (O, (x, £), u(x, t),
Uy, (X, 1), Uy o (x,8),9(x, 1), w(x, t), k(x',t)) from the integral equations (18), (19) -
(20), (22)—(23) and (24)—(26).

The following theorem of existence and uniqueness is valid as the main result of
this paragraph:

Theorem 2. If the conditions a(t) € E, ¢(x) € H**(R™), f,(x',t) €

Hita+4)/2 (@;_1), h(x,) € H*?(R), | € (0,1) and matching conditions ¢(x’,0) =

f(x',0), a(0)Ap(x',0)= f.(x',0) are met, then there exists sufficiently small
number T, > 0, T € (0, T,] that the solution to the integral equations (14),(15),(17) in

the class of functions u(x, t) € H*2W+2/2(R), k(x',t) € H/? (ﬁﬁ_l) exists and
unique.

In the third paragraph, in the integro-differential equation of multidimensional
kernel heat conductive with a variable coefficient, the Laplace operator gives an
unknown function under the integral, and the inverse problem is studied.

Consider the problem of determining functions wu(x,t), k(x',t) from the
equations:

u; = a(t)Au — j k(x',t —t)a(r)Au(x, t)dt, (x,t) € RY, (27)
i(x, 0) = (), x € R", (28)
u(x’,0,t) = f(x',t), (x',t) € RF L, (29)

where a(t) > 0 is sufficiently smooth function.
Rewriting the equation (27) in the form of VVolterra integral equation with respect
toa(t)Au :
t
a(t)Au = f k(x',t —1)a(t)Au(x, T)dt + u; (30)
0
From the theory of integral equations (30) the solution of the integral equation is

as follows:
t

u; —a(t)Au = — f r(x', t —tu.(x,7)dr. (31)
0
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In (31) r(x', t) is resolvent of the kernel k(x’, t) and satisfies in integral equation:
t
r(x',t) = k(x',t) + f k(x',.t —Dr(x',t)dr, (x,t) € RE. (32)

0

In the sequel we investigate the problem of determining functions u(x,t) ,
r(x’',t) satisfying the equations (31), (28), (29). The after solving this problem k(x', t)
can be found (30).

We introduce new function 9™ (x, t) by formula 9™ (x, t) = u,,_, (x,t) . Then
the straightaway differentiation of equations (31), (28) with respect to x,, twice leads
us to the following relations for 9™ (x, t):

t

9 — a(t)A9® = — j r(x',t — )0 (x, 7)dx, (33)
A (x 0) = <Pxnxn (X) (34)
POG,0,0) = s i) - Efx o (0 +
+%Oj r(x',t—1)f(x',1)dr. (35)
from (34), (35) it follows the matching condition:
e (61100 = 2o i, 0) - Z frr, @, 0), (36)

We carry out the next converting of problem. Denotlng for this purpose the derivative
of 9 (x, t) with respect to tby 9@ (x, ) ,i.e. 9@ (x, t): = 9 (x, t) and h(x’, t): =
r.(x', t), from (32), (35) we get:
9% — a()A® = o' (H)AID —r(x’,0)9@ —
t

- f h(x',t —1)9® (x,1)dr, (37)
5)x,0) = a<0)A<pxnxn<x) (38)
9P (x',0,8) = ‘Zz(@)) R0+ o )fttoc ) - Zf () -

t

(1 ) h(x',o)f;(x', t —t)dt +

rx,t—1o)f;(x',t)dt +
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(t) —= (@, 0)f(x',1). (39)
Introducing also function 9(x, t) as I(x, t): = 191:(2) (x,t), in this way, we obtain
the final problem of determining 9(x, t) satisfy the equation:
9, — a(t)A9 = 2a’' ()AIP + a” (£)AID — r(x’,0)9 —

t
—h(x’,t)a(0)A@, ., (x) — J h(x',1)9(x,t — 1)dr, (40)

0
I(x,0) = ¥Y(x), (41)

t

(a,(t))z a”(t) , ,
@) az(t)>ojr(" )t = Dfe(x', T)dr ~

I9(x',0,t) = F(x',t) + <2

2 &) th D - Ddr— —— [ A& "t —1)d
220 ', o)f;(x', t —1) T—E ', O fee (X t —1)dT +
0
(t) —h(x', )f(x',0), (42)

where
Y(x) = a’ (O)Az(pxnxn (x) + a’(O)AQDxnxn(x) —r(x, O)a(O)A(pxnxn(x)

F(x',t) = (‘ azég t2 (ig(g)) >ft( t) + a(t )fttt(x t) — thtx x; (X', ) —
a'(t) ( )
—2 Z(t)r(x ,0)fe(x, 8) + att )r(x ,0) fee (x', 1) — 2( )ftt( ).

Lemma 5. The problem 27)— (29) is equivalent to the problem of determination
function 9@ (x, t),9(x, t), h(x', t),r(x,’ t) from the integral equations (37), (38) and
(40)—(42).

The following theorem of existence and uniqueness is valid as the main result of
this paragraph:

Theorem 3. If the conditions @ (x) € H*8(R™), f(x',t) € H+oI+6)/2(Rn-1),
|fe(x',0)| > fy =const >0 and matching conditions f(x',0) =¢(x',0) ,

O, (X',0) = ﬁ fr(x',0) =YL ., (x,0) are met, then there exists sufficiently
small number T, > 0, T € (0, T,] that the solution to the integral equations (31), (28),
(29) in the class of functions uu(x, t) € H+2(+2)/2 ( ) h(x',t) € H"/? (]R 1),

[ € (0,1) exists and unique.
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The third chapter is colled "Inverse problems for integro-differential
equations of parabolic type", in which the kernel of the equation is given in the form
of convulution with a differential operator L = A + c(x).

The first and second paragraphs of this chapter solution the following problems: We
consider an inverse problem of determining functions u(x, t), k(x', t) (x,t) € R% that

satisfy the following equations:
t

U, — Lu = — j k(x',T)Lu(x,t —t)dt, (x,t) € RY, (43)
0

Uieo = (), X ERY, (44)

Uly, =0 = f(x',1), (x',t) € R 1, (45)

—n-—1

Lemma 6. Let k(x’,t) € H'+2.(+2)/2 (RT ) Then the problem (41)—(43) is
equivalent to the problem of finding functions u(x,t), r(x’, t) that satisfy equation
t

us(x,t) = Lu — j r(x',t —tu,(x,1)dr, (46)

0
and conditions (44), (45), where r(x’, t) is resolvent of kernel k(x', t) and In equation

(46) kernels k(x', t) and r(x', t) are related by the formula:
t
k(x',t) =r(x',t) — j r(x',t —)k(x', t)dr. 47)

0
7-Lemma. Problem (46), (44),(45) is equivalent to the following auxiliary
problem for functions 9(x, t), h(x', t)

9y — L9 — 20, 08 — €y 9P +1(x',0)9 + h(x', ) [Ly, ., (X) +

426, @y (%) + o p 9(O)] + f h(x',t — 1)9(x, T)dT = 0 (48)
Bleo = Vs () (49)
0(,0,8) = fuer (' £) = Burfue(x', ) = €, 0)fue(x', 1) +
+r(, 0) for (6, ) + h(x', )Ll —o + f fir (&, t = DR(x!, T)dT. (50)
where "

19(X, t) = uttxnxn (X, t)r 19(2) = Ut
2 2

d
D= Y = V() = 5 (1Pp(x) = T, 0)Lg ()
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L>o(x',0) — f..(x'0
r(x',0) = o( ) = fue( ) (51)
Lo(x',0)
The following existence and uniqueness theorem is proved in this paragraph.
4-Teorema. If conditions ¢(x) € H'*8(R™), |Lo(x’,0)|! = const > 0, c(x) €

—n

HY4(RY), f(x',t) € HIF6(+6)/2 ([RT_l), [ €(0,1) and equalities f(x',0) =

p(x',0), f:(x',0) = Lep(x’,0) are satisfied then for sufficiently small number T, > 0
T € (0,T,] the unique solution of integral equations (46), (44), (45) in the class of

—n

functions u(x, t) € H*2(+2)/2 (@;) h(x’,t) € H"/? (RT).
The third paragraph of the third chapter studies the uniqueness of the kernel
N

k@D = ) e (Obi(0)
i=0
in a special form of the integro-differential equation of parabolic type with variable
coefficients.
We consider the Cauchy problem for the one-dimentional integro-differential heat
equation:

t

Uy — a(t)uy, = Jk (x,t —Dulx,y,7)dt, (x,v) € R%4t € (0,T], (52)
0

u|t=0 = (p(x, y): (x' y) € ]RZ' (53)

where T > 0 is fixed positive constant, y € R parameter of the problemand a(t) > 0
Is enough smooth positive function.

Consider the following problem: find the kernel k(x,t), x € R,t > 0 of the
integral term equation (52), if the solution to the problem (52), (53) is known x = y:

Uly=y = f(¥, 1), (y,t) ERX[0,T] (54)

where f(y, t) —given function.

The following uniqueness theorem is proved in this paragraph.

o-Teorema. Let (X, y) € B4(R2)’ {f(y' t)r ft(y' t)! ftt(YJ t)! ftyy(y' t)} €

B(Dy), (x,;izr)lef]RZ | o(x,y)| = By, > 0 holds, where g, is given number. Then, the

function k(x, t) representable in the form
N

k(x,t) = z ¢; ()b (1), ci(x) € B2(R?), by(t) € C*([0,T])
i=0
is uniquely determined in the domain D .

CONCLUSION

In the dissertation is studied the uniquness and exists multidimensional inverse
problems for determining the kernel of the integral term in integro-differential
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equations of parabolic type. Methods for solving inverse integro-differential equations
are obtained by reducing them to a system of equations of the second type Voltaire
type. Inverse problems are considered for a wide class of parabolic integro-differential
equations with the integral operator on the right side of the winding view.

The main research results are as follows:

It is shown that there is a unique solution to the Cauchy problem for the integro—
differential heat conduction equation with variable coefficient.

Using an additional condition to solve the direct problem for multidimensional
kernel one-valued solubility was studied in Holder spaces.

The exists and uniqueness solution is shown of the problem of determining a
multidimensional degenerated kernel from the integro—differential equation of heat
conduction in the Holder spaces.

The uniqueness of the solution to the inverse problem of determining a
multidimensional kernel with a special form the integro—differential equation of a heat
conduction with variable coefficient was determined.
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BBE/IEHUE (anHoTauus aucceprauuu 1okropa ¢puinocodpuu (PhD))

Ienbio uccjeq0BaHus - IOCTPOECHUE METOJOB OINPEACIICHUS A1pa U3 UHTErPO-
auQdepeHInaIbHOro YpaBHEHUSA TEIJIONPOBOAHOCTH C IIEPEMEHHBIM
KOO(QGUIUEHTOM,  HCCIEJOBAaHME  OJHO3HAYHBIX  33Jad  pPa3pelIMMOCTH B
npocTpaHcTBax ['€nbaepa MHOTOMEPHBIX MPSIMBIX U 0OpaTHBIX 3a4a4.

O0bexkT mMcciaenoBaHuUsi -  HUHTErpo-aud@epeHnuanbHble  ypaBHEHUS
napaboJu4YeCcKOro TUIIa BTOPOTO MOPSIKA.

HoBu3Ha uccijie10BaHus 3aKJI0YAETCH B CJIeAYIOLIEeM:

CYLLIECTBOBAHWE W €JAMHCTBEHHOCTh penieHus 3agaun Komwm nns uHTErpo-
i depeHurnanbHOr0  ypaBHEHHUs — TEIUIOMPOBOJHOCTH  BTOPOrOo  MOpsiAKa €
MepeMEHHBIMU KO3 (PULIUEHTAMH;

OJIHO3HAYHAas pa3pelIMMOCTh MHOTOMEPHOIO fJipa B IpocTpaHCTBax ['€mpaepa
HCCJIEI0BAIACh C HCIOJIB30BAHUEM JIOMOJHHUTENIBHOIO YCJIOBHS, 3aJaHHOTO IS
pelIeHUs IPaBUIBHOM 33/1a4y;

U3y4eHa OJJHO3HAYHAas Pa3peIIMMOCTb 3a1a4d ONPEIEIeHUs 1pa MHOTOMEPHOIO
BBIPOXKJICHUSI U3 MHTErpo-au(depeHnnarbHOro ypaBHEHUSI TEIUIONPOBOAHOCTH B
npocrpaHcTBax ['énpaepa;

[OKa3aHa EIMHCTBEHHOCTb pEIIeHUs OOpaTHOM 3aJauu  OIpeneTeHUs
MHOTOMEpPHOT0 siJpa CHELHMATBbHOTO BHUJA W3 YypaBHEHUA AUPPepeHLnanbHON
TETJIONPOBOIHOCTH C TIEPEMEHHBIMU KO(PPUIIMEHTAMHU.

Bueapenne pe3yjbTaTroB mcciegoBaHusi. Ha ocHOBE Hay4dHbBIX pe3yJIbTaTOB
oOpaTHbI€ 3a/1a4u AJi1 UHTErpo-AuddhepeHInaIbHON ypaBHEHUH TEMIOMPOBOHOCTH C
MepEeMEHHBIMHU KO3(PPULIUEHTAMHU:

-OCHOBBI TIpearaéMoro MeroAa onpeneneHus QYHKUUM pellakcaluu 10
YPaBHEHUIO MEPEMEHHBIX KOA(D(DUIIMEHTOB UHTETpo-IudPepeHnaTbHON ypaBHEHUN
TerIonpoBoAHOCTH B nipoekTe Nod-4-14 «Pa3Butne Teopun u pazpaboTka METOAOB
UCCIIEJIOBAaHUS JIMHAMUYECKOTO0 HAamNpsyKeHHO — J1e(OpPMHUPOBAHHOIO COCTOSIHUSA
KPUBOJIMHEHHBIX ~ YY4aCTKOB  TOHKOCTEHHBIX  TOJ3€MHBIX TpyOONpOBOJIOB C
MIPOTEKAIOIIEN >KUIKOCThIO NPHU BO3JEUCTBUM JMHAMHYECKUX Harpy3ok» (CrpaBka
byxapckoro UTU, Texuuka u texnonorun Ne 83-10 / 974 ot 18.05.2021 r.).
[IpumeHeHne HaydyHBIX pe3yJdbTaTOB oOpaTHas 3ajmada i 3agaud  Komw,
MOCTaBJIEHHAs! JJi1 WHTErpo-aupdepeHaribHOr0 ypaBHEHUSI TEIUIOBBIICTICHUS C
MEPEMEHHBIM KO3(DPUIIMEHTOM, MO3BOJIMIA H3YyYUTh OJHO3HAUHYIO Pa3peUIMMOCTh
MHOTOMEPHOTO SI/Ipa;

- mpeajaraeMbli METOJ HCCIEIOBAaHUSA OOpaTHBIX 3aJady MCIOJb30BaH B
3apy0eKHOM rpaHTe AAAA-A19-119032590069-3 «Marematnueckoe
MOJEIIMPOBAHUE M YHCIEHHOE pEIICHWE 3aJad MEXAHWKW CIUIOIIHOW Cpenpl U
TEIUIOMacCOOOMEHa B Teo(U3MUECKUX M HHXEHEepHbIX 3amgadax» (FOxHbIi
MareMaTudeckuii MHCTUTYT, ¢unuan GI'BHY OHI[ «BnaaukaBka3zckuii Hay4dHBIM
ueHtp PAH», cmpaBka Ne37 or 19 mas 2021 r.) M3 npemiokeHHOro Merona
UCCIIeIOBaHMs 0OpaTHBIX 3a/1ad, IPUMEHSEMOTO MPH UCCIIeT0BAaHIHN OOpaTHBIX 3a7a4

41



MO3BOJIWJIO JI0Ka3aTh Pa3pelIMMOCTh MHOTOMEPHBIX OOpaTHBIX 3ajad JJisi UHTErpo-
nudepeHnanbHbIX YpaBHEHUH TEIIOMPOBOIHOCTH.

CTpykrypa U 00beM auccepTanum. Jlyccepraius COCTOUT U3 BBEICHHUS, TPEX
rJIaB, 3aKJIOUYCHUS M CIMCKAa MCIOJIb30BAaHHOW JUTEparypbl. OO0BEM qUCCEpTALMU
coctaBisieT 96 CTpaHUIIbI.
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