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Funksiya va uning berilish usullari

1. Funksia tushunchasi

Matematik analizda asosan sonli to‘plamni sonli to‘plamga akslantirishlar
garaladi. Bunday akslantirish funksional bog‘lanish deb ataladi. Funksional
bog‘lanishlarning xususiy holi bo‘lgan funksiya tushunchasi matematikaning
asosiy tushunchalaridan biri bo‘lib, uning ta’rifini keltiramiz:

Ta'rif. Agar X sonli to’plamning har bir x elementiga biror f qonunga
binoan Y sonli to‘plamning faqgat bitta y elementi mos qo‘yilgan bo‘lsa, y
funksiya x esa uning argumenti deyiladi va y= f(x) kabi yoziladi. Bu yerda X
to’plamni funksiyaning berilish yoki aniglanish sohasi, Y to‘plam uning o‘zgarish
sohasi yoki giymatlar to‘plami deyiladi.

1. Misol :
x+1 . N . - .
y=(x-2) /X—l funksiyani aniqlanish sohasini toping.
Yechish:

x—2 ko’paytuvchi x ning barcha giymatlarida ma'noga ega, shuning

uchun bu ifodaning aniglanish sohasi x_+120 tengsizlikni
X_

ganoatlantiruvchi batcha x lar dan iborat. Bu tengsizlikni yechib
—1<x<1 javobni olamiz.
Javob: —-1<x<1
2. Misol:
y= m funksiyani aniglanish sohasini toping.
Yechish:
Bu ifoda sin+/x >0 shartda ma'noga ega, yani
2kz <X <zm+2kz, (x=0) (k=0123..)
Bu yerdan
AP <x<m*(+2k)?, (k=0123..)ga ega bo’lamiz.
Javob: 4k?z? < x < %1+ 2k)?, (k=0123..)
3- misol:

y =lg(sin z) funksiyani aniglanish sohasini toping.
X

Yechish:
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Aniglanish sohasi sinZ > 0bilan aniglanadi. Bu tengsizlik uchun
X
quyidagilar o’rinli:

2kzr <X <z(2k+1)  (K=0+L+2,...
X
agar k=0 bo'lsa 0<1<1 va 1< x <400 0'rinlidir;
X

agar k>0 bo'lsa

agar k<0 bo'lsa i<x<
2k

bo’ladi.
Javob:

1< X< +00, 1)
2k +1 2k 2k 2k +1

2.Teskari funksiya tushunchasi

Faraz gilaylik, y= f(x) funksiya biror X sohada aniglangan bo‘lib, uning
o‘zgarish sohasi Y to‘plamdan iborat bo‘lsin. Bu funksiya

f: X=Y

akslantirishdan iborat ekanligini e’tiborga olib, u teskarilanuvchi, ya’'ni vyeY
uchun f?(y)=(x:xe X, f(x)=y) to‘plam yagona elementga ega bo‘lgan holni
garasak, gandaydir x=¢(y) funksiyaga ega bo‘lamiz va uni berilgan y = f(x)
funksiyaga teskari funksiya deb ataymiz.

y = f(x) ga teskari bo‘lgan x = ¢(y) funksiyada ham an’anaviy belgilashga
o‘tib, y = ¢(x) funksiyani olamiz. Odatda, y = f(x) ga teskari funksiya deyilganda
oxirgi y=¢(x) funksiya tushuniladi va, ko‘pincha, y=f™(x) kabi belgilanadi.
Kezi kelganda, bunday belgilashni teskari giymat bilan adashtirib yubormaslik
lozimligini eslatamiz. Undan tashqari, berilganga teskari funksiya mavjud bo‘lsa,
ular ozaro teskari funksiyalar bo‘lishi ravshandir.

1. Misol:

y =2x+3funksiyaga teskari bo’lgan funksiyani va hosil bo’lgan
funksiyani aniglanish sohasini toping.
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Yechish:
X —oodan +oo gacha o’zgaradi, u —o dan +wo ga monoton o’sadi.

Shuning uchun yagona teskari funksiya mavjuddir,

x:%(y—B) (o0 <y <)

Javob: x:%(y—B) (o0 <y <)
2- misol:

y:i_—x (x # -1) uchun teskari funksiyani toping.
+X

Yechish:

+ < X < —lintervalda funksiya -1 dan —wgacha monoton kamayuvchi,
—1< x<+woda +oodan -1 gacha monoton kamayuvchi bo’lganligi sababli
y=-1 dan tashqari butun son o’gida yagona teskari funksiya mavjuddir.

X = 1_—§ (y # —1) funksiya berilgan funksiyaga teskari bo’ladi.
+

Javob: x==——Y (y=-1)
1+y
3.Davriy funksiyalar.

Agar y= f(x) funksiya uchun shunday 70 son mavjud bo‘lib, bu
funksiyaning aniglanish sohasidan olingan ixtiyoriy x uchun x+7 ham
aniglanish sohasiga tegishli va f(x+T)=f(x) tenglik bajarilsa, y= f(x) davriy
funksiya, T esa uning davri deyiladi.

1-misol: quyida berilgan funksiyalarni davriylikka tekshiring va eng
kichik davrini toping.
a) f(x) = AcosAx+ BsinAx
Yechish:
f(x+T)=AcosA(x+T)+Bsin A(x+T)=AcosAxcosAT — Asin Axsin AT +
+ Bsin AxXcos AT + Bsin AT cosAx = AcosAx + Bsin Ax = f(X),
agar cosAT =1, ya'ni AT =2k, k=0,12..

Demak, berilgan funksiya uchun eng kichik davr T :27” ga teng.

b) f(x)=sin(x?)
Yechish:
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Bu funksiya davriy emas, chunki uning ketma-ket nollari orasidagi
masofa nolga intiladi, ya’ni

J@k+1) 7 —Jkr =

-0, k>

T
Jk+) 7z +Jkz

4.Funksiya grafigi tushunchasi

x0Oy koordinatalar tekisligidagi abssissasi xe D, ordinatasi f(x) dan
iborat bo‘lgan nuqtalar to‘plami y = f(x) funksiyaning grafigi deyiladi.

Agar koordinatalar tekisligidagi nuqtalar to‘plami Oy o‘qga parallel to‘g‘ri
chiziq bilan bittadan ortiq umumiy nugtaga ega bo‘lmasa, u biror funksiyaning
grafigi bo‘ladi.

Koordinatalar tekisligida shunday nuqtalar to‘plami berilsa, uni grafik
usulda berilgan funksiya deyiladi. Grafikdagi nuqgtaning abssissalar o‘gidagi
proyeksiyasi argument giymatiga, ordinatalar o‘qidagi proyeksiyasi esa funksiya
giymatiga mos keladi

1. Misol

1
1-x?
Yechish:
Bu funksiyaning aniglanish sohasi —co<x<-1, -1<x<1 1< X< +00

funksiya grafigini chizing.

y:

bo’lib funksiya juftdir. Agar |x| <1, bolsa y >0, agar
—o< X<-1, 1<x<+obo’lsa y<0.

Quyidagi jadval natijalaidan foydalanib grafikni chizamiz:
X 0

X—>1-0 | x—>1+0 | 2 3 X — 400

y 1 y—>+0 | y—>—0 1 1 y—-0

W[N]~
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v

Auditoriyada ishlash uchun misollar

l. Quidagi funksiyalarnianiglanish sohasini toping.
_ WX
sin zx

1.2, y=(x+|x)Vxsin® zx

1.3. y=arcsin 2
1+x

1.1. vy

1.4. y=Ig[cos(lgx)]
1.5. y=(-D*
Il. Berilgan funksiyaga teskari funksiya va hosil bo’lgan funksiyaning
aniglanish sohasini toping.
21, y=x

22, y=+y1-%
1
2.3. =—(e"-¢e™"
y=5( )
[ll.  Berilgan funksiyani davriylikka tekshiring.
3.1. f(x)=sin x+%sin 2x+%sin 3X

X X

3.2, f(X)=2g=-3tg=

() 95 -3
3.3. f(x)=sin’x
3.4.  f(x)=./tgx
3.5.  f(x)=tgvx

IV.  Funksiya grafigini quring.
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4.1. f(x)=x*-x*
42, F(X)=0-x)2+X)
43. f(x)=¢*

Uy vayifasi uchun misollar.
Quyidagi funksiyalarning aniqlanish sohasini toping.
5.1. y=(2x)!

5.2.  y=Ig(l—2cosx)
5.3.  y=arccos@sinx)
5.4, y=-+/sin 2x ++/sin 3x

5.5. = arccos
y 1+ x?

Quyidagi funksiyalarga teskari funksiyani toping.
5.6. y=Igx
5.7.  y=2sinx

5.8. y=arccosx
Quyidagi funksiyalarni davrini toping.

5.9. y=sin x+sin+/2x

agar Xx ratsional bo'lsa,
5.10. y(x)= /> 2987 X rati
0, agar x irrasional bo'lsa

Quyidagi funksiyalarni grafigini quring.

5.11. y=sin®*x
1
1+ x?

5.12. y=

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2
1 22 X2 222 22 X2 22 222222 2222222 X222 222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2

COP00000 0000000000000 0000000000000099090909%9%9%9%



2442222422222 2422222222422 22422242224422 224

”Ketma-ketlik va funksiya limiti.”
1. Sonly ketma-ketlik va uning limiti

Agar o'sish tartibida olingan har bir n natural songa biror goidaga
binoan qandaydir x, ifoda mos qo‘yilgan bo‘lsa, uni ifodalar ketma-ketligi
deyiladi va

X1,X2,e00)Xppeo. (1)

kabi yoziladi. Bu yerda x, ketma-ketlikning n-hadi deyiladi (n €N), ba’zan, uni
umumiy had deb ham vyuritiladi. Ketma-ketlik uchun {x,} yoki (x,) kabi
belgilashlar ham qo‘llaniladi.

Agar (1) ketma-ketlikning barcha hadlari sonlardan iborat bo‘lsa, uni
sonli ketma-ketlik deb ataladi.

Ta'rif. Agar berilgan {x,} ketma-ketlik uchun biror a son mavjud bo’lib,
ixtiyoriy  olingan musbat & son uchun shunday no, natural son topilsaki,
Vho<n eNbo‘lganda |x, —a| < e tengsizlik bajarilsa, a son {x,} ketma-ketlikning

limiti deyiladi va

X,— a yoki limx,=a (Iim X, = a)

n—oo

kabi yoziladi.
Ta’rif. Limiti nolga teng bo‘lgan ketma-ketlik cheksiz kichik miqgdor

deyiladi. Agar {x,} cheksiz kichik miqdor bo‘lsa, yuqoridagi ta’rif asosida limx, =0

bo‘lib, V& >0 uchun shunday ny natural son mavjud bo‘ladiki,vn, <neN, |x,|<¢

tengsizlik bajariladi.

Ta'rif. Agar {x,} ketma-ketlik berilgan bo‘lib, ixtiyoriy olingan musbat M
son uchun shunday ny natural son mavjud bo’lsaki, vn, <neN, |x,|[>M orinli

bo‘lsa, {x,} ketma-ketlik cheksiz katta migdor deyiladi va x,—»co yoki limx,=c
kabi yoziladi.

Hossalari:

1. Agar {x,},{vn},....{z,} chekli sondagi ketma-ketliklarning har biri chekli
limitga ega bo’lsa, ularning algebraik yig‘indisi ham chekli limitga ega va

lim(x, £y, ..tz )=Ilimx, tlmy *+..limz,
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tenglik o‘rinli bo‘ladi.

2. Agar {x,}{y.},....{z.} chekli sondagi ketma-ketliklarning har biri chekli
limitga ega bo’lsa, ularning ko‘paytmasi ham chekli limitga ega bo‘lib,

im(x, -y,...-z,)=limx_ -limy, -..-limz,
tenglik o‘rinlidir.
3. Agar {x,} va {y,} ketma-ketliklarning chekli limitlari mavjud bo’lib, limy,=0

bo‘lsa, {ﬁ} ning limiti ham mavjud va

n

X, limx,
lim - = —
Yo limy,
tenglik o‘rinlidir.
1. Misol:
Yuqoridagi ta’rif bo‘yicha
lim =21
n+1

ekanligini isbotlaylik. Buning uchun ihtiyoriy musbat € son berilganda ta’rifda
aytilgan ny natural son topilishini ko‘rsatish kifoya.

2 2
<E=D>—<es=>n>—-1
n+1 &

n+1

n—1 4
—l<e=>
n+1

g- ixtiyoriyligidan E—1>0 bo‘ladigan qilib olish mumkin (¢<2 deb olinsa
&

kifoya). Endi, n, :[3—1}1 deb olsak, yuqgoridagi tengsizlik ¥n, <neN uchun
&

bajarilishi kelib chigadi. Masalan, €=0,001 desak,
N, = 2 +1=[2000 —1]+1 = 2000.
0,001

[x] yozuv x sonining butun gismini anglatishini eslatamiz.

2. Misol:
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Ihtiyoriy &>0son uchun shartni n> N qganoatlantiruvchi N =N(¢)

(_1)n+1 b)x _A

a) x,=

Ketma-ketliklar cheksiz kichik migdor ekanligini isbotlang. Bunda £ >0 nimaga
tengligini ko’rsating.

n+1
Isbot: a) Ihtiyoriy £>0da va n >1 =N(g) uchun (_13 = < etengsizlik
&
o’rinlidir. Ya’ni berilgan ketma-ketlik cheksiz kichikdir.
b) huddi  shuningdek, n> \/z =N(¢) bo'lg anda 2n r212 =n—22 <e
&

ekanligi kelib chigadi.
3. Misol:
l+a+a*+..+a"

l 1 1
T (laf <%, [o[<1)

Yechish:
Surat va mahrajning yig'indisini topib limitlar haqidagi hossalarga ko’ra,

quyidagi natijaga erishamiz:

1_an+l "
l+a+a’+..+a" . 1_g _l1l-alma™ 1_4
im =1 = =
oo l+b+b%+..+b" o= 1-b™  1-blimb™ 1-b
1-Db
Bu yerda
limg" =0 (g <1)dan foydalandik. Hagigattan ham
1n @+ |q|) =1+n - |q|+...+(1_|q|)”>n1_|q| dan
o o o d d
lq" =1q 1|L||q|-%<g tengsizlik kelib chigadi. Bu tengsizlik

n>|g@—[g) ™ & va Ve >0 uchun o’rinlidir.

2. Funksiya limiti
ta’rif. Agar f(x) funksiya a quyuglik (limitik) nugtasiga ega bo‘lgan D sohada
aniglangan (a ning o‘zida shart emas) va biror b son mavjud bo‘lib, v >0 son
uchun  shunday musbat & son topilsaki, 0<|x—a|<d munosabatni
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ganoatlantiruvchi  vxeD uchun | f(x)-b|<e tengsizlik bajarilsa, b son f{x)
funksiyaning x—a dagi (yoki a nuqtadagi) limiti deyiladi va
lim f(x)=b (1)
ko‘rinishda yoziladi.
Ta’rif. Agar a son f(x) funksiya aniglanish sohasi bo‘lgan D to‘plamning limitik

nugtasi bo‘lib, Ve>0 olinganda shunday 60>0 son topilsaki,
0<

x'—a|<s, 0<

x"—a|<6 munosabatlarni ganoatlantiruvchi D ga tegishli
barcha x”’, x“nugqtalar uchun | f(x")- f(x')| < ¢ tengsizlik bajarilsa, f(x) funksiya

a nuqtada Koshi shartini ganoatlantiradi deyiladi.
Bu ta’rif funksiya uchun Koshi mezonidir.
Funksiya limitining asosiy xossalari:

1°. Agar f; (x) (i=1,2,..,n) funksiyalar x, ning vetarlicha yaqin atrofida
aniglanish sohalari bir xil gismiy to‘plamga ega bo‘lgan holda bu nuqgtada
ularning chekli limitlari mavjud bo‘lsa,

im 3 1,00 =3 lim ,(0),

lim [T f,()=]]lim f;(x)
X=%o 3 i X%
o’rinlidir.
2°. Agar lim f(x) =bchekli limit mavjud va b=0 bo‘lsa, x= X, hugtaning

shunday yagin atrofi mavjud bo‘ladiki, argument giymati undan va funksiya
yaginlanish sohasiga tegishli gilib olinganda f(x) ning ishorasi b ning ishorasi

b
bilan bir xil bo‘ladi, xatto aytilgan yaqin atrofni toraytirish hisobiga | f(x)| >%
ni o‘rinli gilish mumkin.

3°. Agar f(x) va ¢(x) funksiyalar x, nuqtaning yetarlicha yaqin atrofida
bir xil gismiy aniglanish sohaga ega va bu nuqtada ularning chekli limitlari
mavjud bo’lib, lim ¢(x) =0 bo‘lsa,
X=Xy

i 100

=) lim p(x)
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o‘rinlidir.
4°, Agar ¢(x) funksiya x, nuqta yaqgin atrofida aniglangan bo’lib,
lim o(x) =z, chekli limit mavjud va f(z) funksiya 2z, nuqta yaqin atrofida

aniglangan bo‘lib, lim f(z)=b chekli limit mavjud bo‘lsa, f[¢(x)] murakkab

—Zy

funksiyaning x, nuqtadagi chekli limiti mavjud bo’lib, xlm, flp(x)]=b  o'rinli
bo‘ladi, ya’ni Xligxlo p(X) =2, = Xligxuo flo(x)]= Zlig;o f(z).
4. Misol : IXiTl(Zx2 —1)=1 ekanligini isbotlang
Eychish: f(x)=2x?-1 ning aniglanish sohasi R dir.
Ve>0 niolaylik,
(2x* D -1<e<=2x* -1l <e=2|x+1| x-1k&. (2)

Bu yerda x—1, ya’ni x=1 nuqta vyaqin atrofini garalayotganligi sababli
xe[0;1)(1;2] desak bo‘ladi. U vaqtda, agar

2(2+D¢x—ﬂ<g:ﬂx—ﬂ<%

tengsizlik bajarilsa, (2) albatta bajariladi. Demak, & =min {L%} deb olsak,

0<|x-1|<6 bo‘lganda (2) bajariladi. Ya’'ni IirT}(Zx2 —1)=1 ekanligi kelib

chigadi.
5.Misol: lim 5X;3 =5 niisbot qiling.
5x+3 . ‘
Isbot. f(x)= . , b=5 va f(x) funksiya x#0 bo‘lgan barcha

nuqtalarda aniglangan. Ixtiyoriy musbat & son olamiz va f(x)-b ayirmaning
absolut giymatini garaymiz:

5x+3
X

3
| x]

HOEE

_5‘:

Bu ayirma & dan kichik bo‘lishi, ya’ni
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tengsizlik bajarilishi uchun |x|>§ bo’lishi yetarli.
&

Bundan limitning 9.3.3- ta’rifida ko‘rsatilgan M son M _3 >0 bo’lishini olamiz.

&
Shunday qilib, lim 5X+3:5 ekan.
X—>00 X
6.Misol: limx® topilsin.

X—2
Eychish: Ko‘paytmaning limiti hagidagi xossani go‘llasak:

lim x3 = lim(x- x-x) =lim x-lim x-limx=2-2-2=8

X—>2 X—>2 X—>2 X—2 X—2

2 p—
7. Misol : lim X =>X+6 topilsin.
x—2 X—2

Yechish: Bu yerda maxrajning limiti nolga teng bo‘lgani uchun
bo‘linmaning limiti haqgidagi xossani go‘llab bo‘Imaydi.

Bundan tashqari, kasr suratining limiti ham nolga teng bo‘lgani uchun

berilgan ifoda g ko‘rinishdagi anigmaslikdir. Bu limit ostidagi kasrning surati

X —=5x+6=(x—2)(x—3)

bo‘lgani uchun, x — 2 da x-270 ekanligini e’tiborga olib,

2 — f— f—
lim X 5x+6:|im (x—=2)(x-3)

X—2 X—2 X—2 X—2

:Iirr12(x—3):—1

ga ega bo‘lamiz.

1+mx -1

8. Misol: lim
x—0 X

Bu misolni ishlashda 1+mx=t®* almashtirish kiritamiz, u holda

3_
x:t ml’ x—>0da t—1 bo’lib, olingan natijalarni berilgan misolga qo’ysak,
lim t3_1 =mlim t;l =mlim — L _™ hosil bo'ladi
=17 -1 =L (E-D(t° +t+1) =1t +t+1 3

m
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9.Misol:

lim (vx? +3x —x) = lim (VX* +3x —X)(VX® +3x +X) X 43x=x"

=lim =lim —

X (VX% +3X +X) CEXE 43X +X) T (WXP +3x+x)

:IimLzE chunki x — o da §—>0

X—>00 2'
/1+§ +1
X

Auditoriyada bajarish uchun misollar:

1.1. x,=(-1)"-n ketma-ketik Nn-—>ooda cheksiz katta migdor ekanligini
isbotlang.
1.2. x, = 2'" ketma-ketlik N — coda cheksiz katta miqdor ekanligini isbotlang.

1.3. x,=(-1D"-0.999" ketma-ketlik n— 0da cheksiz kichik migdor ekanligini

isbotlang.
n

a
1.4. lim — =0 ekanligini isbotlang
x—1 n

2
2.1, fim X3 +2

2.2. lim

2 2
2.3. "mw
x>l 2x% —x—1
24, fim_ X
x=5 X° —8X° +15X
x* +3x?

25, Im—F—
x=0 X° 4+ X° + 2%

2.6. Im

2.7.

2.8. Im——:-

2.9. Im

m,n — butun sonlar.

2.10. Im ———
x—0 /a+ \/_
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] x—-1
2.11. Im ———
L YX+3-2
2.12. lim Y2 *X-% vi+x-1
20 1+ X =1+ X

2.13. lim _X22
X5 x—=1-2

4 93 2
2.14. Iim 15); 2)3( +3>§ 5x+1
x>® X" +4X° +2X° —4X -2

4 3
2.15. lim - X 2K +3X
x>® 4X° +2X° —4X -2

2.16. fim X+2Ax+3)
x>» X2 +AX+4

2.17. lim 1+2+3+...+n

X—>00 nz -1

2.18. lim(Vx —v/x+1)

X—>0

2.19. Iim(\/x2 +3X+5 /X2 —3x—5)

X—»00

2.20. Iim(\/x2 +3X+5 /% —3x—5)

X—»00

2, Q2 _1\2
221, Iim 1 +23 +2...+(2n 21)
xom 254+ 4% +,.(2n)

222 fim VXFVXFVX
T oee X+l

3. Uy vazifasi uchun misollar:

3.1. Umumiy hadi quyidagicha bo‘lgan ketma-ketlikni yozing. x, :Zin
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o2

. 49+2x-5
3.3. Im—————
x—8 3 X —2
2
3.4, lim X X2
x——1 1_)(
. X*—6x*+8x
3.5. Im
Xx—4 X—4
1 Al
3.6. lim> =
x—1 X—2
4x* —4x+1
3.7.
X—0,5 4)(2 _1
4 J—
3.8, lim X FX=2
x—1 X—l
3.9, [imYitxL
x—0 X
3.10. [im YX+t2°3
x—7 X—7

3.11. lim X(vX? +2X — 24 X* + X +X)

X—>00

3.12. lim /X% +3x —v/x2 —2X)

X—>00
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Ajoyib limitlar.
1. 1- ajoyib limit.
Teorema: x—0da % ifoda 1 ga intiladi, ya'ni |in3)s'n—X:1
X -0 X
1. Misol:  lim 21" 3 limitni hisoblang.
X—> X
Yechish: lim 2" 3 _ lim 21 3 -3=3
x->0 X x>0 3X
2. Misol: fim % —jim SNX__ iy SNX iy L _g.9_4
x=0 X x=>0 X - COSX x=0 X x—=0 COSX
L, X X
2sin* = sin =~
3. Misol: lim==%%* _jim — 2 _jimp(— 2)=2.1-1
x—0 X x—0 X x—0 5 4 2
2
4. Misol:
By sin 3 5sm 5x_3sm 3X 5 fim sin 5X—3Iim sin 3x
lim > 2% 92X 39X 205X x20 3X 5 3.7
x—0 sin X x—0 SN X lim Sin X
X x=>0 X
5. Misol:
. X . X?(\1+ xsin X ++/cos x)
lim . =lim - = =
x>0 A1+ x8in X —7/CosX =0 (v1+ XSin X —+/cosX)(v/1+ X Sin X +~/cOs X)
_jim X (A xsinx+cosx) _ . V1+xsinx+vcosx _4
X—0 14+ Xsin X =cos X x—0 1—C0SX _sin X 3
X2 X

2. 2- ajoyib limit
Matematik analizda,
lim (L-+ x)% =e yoki 1im(1+§j =e
ikkinchi ajoyib (muhim) limit deb yuritiladi.
6. Misol: quyida berilgan misolni 2 hil usulda ishlash mumkin

X3
3

X—>00 X X—>00

1- usul: Iim(1+§j = lim 1+% =¢d

3

3:t almashtirish bajaramiz. U holda

2-usul: Iim(1+§j misolda =
X X

X—>00

1

X —oo da E:t—>0bo’lib biz izlayotgan limit lim ((1+1)!)® =¢®
X X—00
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2x+2 —(2x+2) -X 2 -2
7. Misol: lim (Lj _ lim (X—lj _ lim [(1+ij ] -(1+iJ _ ¢
x—o\ X —1 X—00 X X—>00 —X —X

1 1)\?
8. Misol: Iirrg(1+2x)x=lirr{(1+2x)“] = g?

1 1

x>-2 X% 42X

1.11. lim (Lj
x—oo\ N+1

L 2 L 2
2 2
L 2 L 2
L 2 L 2
L 2 L 2
L 2 L 2
L 2 L 2
L 2 L 2
: :
2 L 2
L 2 L 2
: 9. Misol: lim @ = lim % In(1+x) = lim In(L+ X)* =In lim (1+ X)* =lne=1. :
L 2 1 L 2
: 10. Misol: Ixinz)(ll:sti?]xxjsmx bu misolni ishlshda quyidagi formuladan :
2 2
4 ) lim (U-1)v 4
: foydalanamiz: )!!I(‘ (u)’ =e . Demak, :
0

2 « 2
¢ L X—sin x ; 2sin®2 ¢
¢ fim( LHO o mS G Mo _go g *
¢ x=0{ 14 Sin X :
2

: Auditoriyada bajarish uchun misollar. :
P'S . SinXx—Xx 'S
: 1.1. IXm S x :
. 1.2, lim 93 .
‘ x—0 X ’
2 3 2
L 1.3. lim X— 2
r'S x=0 fgx —Ssin X V'S
3¢ COSX —Ssin X 2
TS 1.4. —_— - 'S
: ot COS2X :
P's 15 im v1-c0s2x P's
‘ e Xx—0 X ‘
: 1.6, lim_Sn4X :
‘ x—0 m_l ‘
: 17, lim 1—C0s2X +tg°x :
'S X0 Xsin X 'S
4 18. lim cos(x+h) —cos(x—h) 4
: e h—0 h :
2 in(x — e 2
. 19. lim [%u 02 ] .
2 - - 2
2 . 2
. 1.10. fim 2esin(x+2) .
2 2
2 2
2 2
2 2
2 2
2 2
2 2
L 2 L 2
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3x+2
1.12. Iim(2X+3)
x—o\ 2X 41

2x-5
1.13. Iim(3x+4)
x>o\ 3X + 7

1.14. lim n[in(n+3) —In n]
1.15.  lim(cos X)o0™

1.16. lm@+ 3tg?x)°

1.17. fim & %
x—0 X
1.18. fim Nd+X)
x—0 X
2X
1.19. fm& 1
x—0 X
2X
1.20. |im(3x‘2j
x—o\ X +1

3. Uy vazifasi uchun misollar.
X

3.1. Ilim—
x—=0 §In 3X
3.2, fjm 12005
x—0 X
3.3, [mYXt4-2
x=>0  §in 5x
3.4. lim 1+x3|n_x2—0052x
x—0 sin‘ X
. sin(1—x)
3.5. Im
X—1 \/;Z __1

3n
3.6. lim (1+ zj

N—+00 n

3.7. lim (X—‘?’jz

X—>+00 X

1

3.8. Iinz)(l+2x);
3.9. limn[lnn—-In(x+2)]

3.10. lim (sin 2x)9° %>

X—=
4
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Funksiya uzluksizligi.
1. Funksiyaning uzluksizligi
Ta'rif: Agar f(x) funksiya x, nugtaning atrofida aniglangan bo‘lib, Ve >0
olinganda shunday &>0 son mavjud bo‘lsaki, argument x ning |x—x|<&
tengsizlikni qanoatlantiruvchi barcha gqiymatlari uchun 1f(x)— (%) <e

tengsizlik o‘rinli bo‘lsa, u xo nuqtada uzluksiz deyiladi.
Buni funksiya uzluksizlgining « ¢ — & »tilidagi ta’rifi deb yuritiladi.

Ta'rif. Agar f(x) funksiya xo nugtada va uning o‘ng (chap) yaqin atrofida
aniglangan bo‘lib,

f(xo +O) = f(xo)(f (Xo _O) = f(xo))
o’rinli bo‘lsa, funksiya x, nugtada o‘ngdan (chapdan) uzluksiz deyiladi.

Funksiya uzilishini ikki turga ajratiladi. Agar x, f(x) funksiyaning uzilish
nuqtasi bo‘lib, bu nuqtadagi funksiyaning o‘ng va chap chekli limitlari mavjud
bo‘lsa, bu uzilish nugtasi birinchi jins (tur) uzilish nuqtasi; agar o‘ng va chap
chekli limitlardan aqalli bittasi mavjud bo‘Imasa, ikkkinchi jins (tur) uzilish
nugtasi deyiladi.

1. Misol. yzﬁ funksiya x=0 nuqtada aniglanmagan, lekin, uning

ixtiyoriy yaqin atrofida aniglangan bo’lib,

f(=0) = lim = =lim(~1) = -1
x—>—-0 |X|

f(+0) = lim = =lim1=1

X—>+0 |X|

O’‘ng va chap limitlar mavjud. Demak, x=0 funksiyaning birinchi jins uzilish
nuqtasi bo‘lib, uning bu nugtadagi sakrashi

f(+0)- f(-0)=1-(-D=2
bo‘ladi.

2. Misol:.. f(x) :sm_x’ x =0 da aniglanmagan, ammo,
X
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. sinXx
im——=1
x—0 X

ekanligidan f(+0)= f(-0)=1
Endi,
sin x

f(x)=¢ x '
1 Xx=0

X #0,

deb olsak, uzilish chetlantiriladi.

1
3. Misol: f(x)=2* funksiya x=0 nuqtada aniglanmagan, lekin, uning

ixtiyoriy yaqin atrofida mavjuddir. Demak, x =0 uzilish nuqtsidir.

1
f(+0) = Iirr+102X = lim 2¥ =+ - 0‘ng limit cheksiz,
X—> y—>+0
1

f(-0) = Iirr_102; = lim 2* =0 - chekli chap limit mavjud.

Z—>—0

O’ng chekli limit mavjud emas, demak, uzilish ikkinchi jinsdir.

4. Misol: f(x):sinl; x =0 nuqgtada funksiya aniglanmagan, lekin, uning
X

ixtiyoriy yaqin atrofida aniglangan.

] .1
lim sin =
X

x—>0

ikkalasi ham mavjud emas. Demak, uzilish ikkinchi jins.
. 1
5. Misol: f(x):arctg;;

lim arctg1 = lim arctgt =£, chunki t>tg(£—g) bo'lg anda arctgt S
x—+0 X X0 2 2 2

huddi shunga o’hshash

. 1 V4
limarctg— =—-—,
x—+0 X 2
Ga teng bo’ladi. Demak, x=0 birinchi jins uzilish nuqtasi ekan.
Ta’rif. Agar f(x) funksiya (a;b) oraligda aniglangan va uning har bir
nugtasida uzluksiz bo‘lsa, bu funksiya (a;b) oraligda uzluksiz deyiladi; agar
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[a;b] kesmada aniglangan bolib, (a;b) oraligda uzluksiz, a nugtada o‘ngdan b
nugtada esa chapdan uzluksiz bo‘lsa, funksiya [a;b] kesmada uzluksiz deyiladi.

Ta'rif. (Tekis uzluksizlik tushunchasi). Agar f(x) funksiya biror D sohada
aniglangan bo‘lib, ixtiyoriy olingan musbat ¢ uchun shunday musbat & son
topilsaki,

X, —X,|< & tengsizlikni ganoatlantiruvchi D sohadan olingan ixtiyoriy

X, va X, nuqgtalar uchun
1f(x,)-f(x,)<e
tengsizlik orinli bo‘lsa, f(x) funksiya D sohada tekis uzluksiz deyiladi.

Kantor teoremasi. Agar f(x) funksiya [a;b] kesmada uzluksiz bo‘lsa, u bu
kesmada tekis uzluksizdir.

6. Misol: Berilgan sohada funksiyani tekis uzluksizlikka tekshiring.
X

a) f(x)—4_x2

funksiya ko’rsatilgan sohada tekis uzluksizdir.

b) f(x)=Inx (0O<x<ltekis uzluksiz emas, chunki agar

(-1<x<)) Kantor teoremasiga ko'ra berilgan

14

=" bo’lgandan — « da

’ ”

Xy =X,

X _— > 0bo’lib

n

n+1
€

Ve >0 uchun ‘ f (xn')— f(xn") =|-n+n+1=1>¢bo’ladi.

Auditoriyada bajarish uchun misollar.
1.1. Quyidagi funksiyalarni uzluksiz ekanligini isbotlang.

a) ax+b b) x¥* ¢) x* d)Jx e) sinx ) cosx z) arctgx

1.2. Quyidagi funksiyalarni uzluksizlikka tekshiring va uzulish
nugtalarini toping, gaysi turga tegishli ekanligini aniglang
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1

a) y=xsin=
X

b) y=xlInx

c) y= X
Y= Xy
d) y =+/xarctg %
xe
e) y=e *
1.3. Berilgan funksiyalarni ko’rsatiigan sohada tekis uzluksizlikka
tekshiring;
a) y=xsinx (0< X< +o0)
b) y=arctgx (—o0 < X <+0)

C) y=4X (1<x<+w)
d) yzexcos% (0<x<1

e) y:¥ (O<x<7x)

Uy vazifasi uchun misollar

1.1. Quyidagi funksiyalarni uzluksizlikka tekshiring va uzulish
nuqgtalarini toping, qaysi turga tegishli ekanligini aniglang.

a) y=arctg

1-x?
b) y =arcsin(sin x)

c) y=Inarctg %

1
d) y=tg=
X

e’ -1

e) y=
1.2. Berilgan sohada funksiyalarni tekis yaginlashishga tekshiring;
a) Yy=vx*+1 (—o0< X< +0)

b) y=+/XInx (1<X<+0)

) y=x* (L<X<+o0)

X2
d =
)Y X+1

(0 < x < +o0)
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Funksiya hosilasi.

Aytaylik, y=f(x) funksiya x, nuqtaning atrofida aniglangan bo‘lsin. Bu
nugtadagi argument va funksiya orttirmalari mos ravishda Ax=x-x, va Ady=f(x)-
f(xo) bo‘lishi ma’lumdir.

Ta'rif. Agar y=f(x) funksiya x, nuqta atrofida aniglangan bo‘lib, shu
nugtadagi funksiya orttirmasi Ay ning argument orttirmasi Ax ga nisbatining

argument orttirmasi nolga intilgandagi (4x—0) chekli limiti mavjud bo‘lsa, bu
dy df (x,)

- lardan
dx dx

limit funksiyaning xo, nuqtadagi hosilasi deyiladi va y’, f'(x,),

biri bilan belgilanadi.
1-misol. y=x’ funksiyaning ixtiyoriy x, nuqtadagi hosilasi topilsin.
Yechish.
1) Ax=x-Xo=>X=Xo+AX;
2) Ay=f(x)- f(xo)=x"- x5 =(x+Xo) (X-Xo)=(2Xo+ Ax) Ax;

Ay _ (2%, +AX) - Ax

3)
Ax AX

=2X, +AX;

Ay _ .
4) Al!(ril()& = lim (2%, + AX) = 2%, = y' = 2%,

—0
2-misol. y=sinx ning ixtiyoriy nugtadagi hosilasi topilsin.

Yechish.

Ay = sin(x + Ax)—sin x = 2sin

X+ AX — X X+ AX + X . AX AX
-C0S > =2sin—-co x+?

2sin Ax sin Ax
Ay 2 { ij 2 { ij
L= £ .co§ X+— |= .CO§ X+ —
AX AX 2 AX 2

lim 2y =1.coSx
Ax—0 AX

Demak, (sinx) =cosx

Differensiallashning asosiy qoidalari
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1. O‘zgarmasni differensiallash. y=c, bu yerda c- o‘zgarmas.
Ay=0 ekanligidan y =0, ya’ni c =0
kelib chigadi. Demak, o“zgarmasning hosilasi nolga teng ekan.

2. Yigindini differensiallash. Agar u va v funksiyalar
differensiallanuvchi bo‘lsa, ularning algebraik yig‘indisi ham differensiallanuvchi
va

(u#v) =u’tv’
o‘rinlidir.

Hagigatdan ham, A(utv)=AutAv ekanligidan yuqoridagini keltirib
chigarish giyin emas.

3. Ko‘paytmani differensiallash. Agar u va v  funksiyalar
differensiallanuvchi bo‘lsa,

(uv) =u’v+uv’
o‘rinlidir.

4. O‘zgarmas ko’paytuvchili ko‘paytmani differensiallash.  Agar u
differensiallanuvchi funksiya bo‘lib, c o‘zgarmas bo‘lsa,

(cu)=cu’

o‘rinlidir, ya’'ni ozgarmas ko‘paytuvchini hosila belgisi tashqarisiga chigarish
mumekin.

5. Bo‘linmani differensiallash. Agar u va v funksiyalar
differensiallanuvchi bo‘lib, 20 bo‘lsa,

(Ej _u'9-ud
9 $

o‘rinlidir.
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Hosila jadvali

1. (x“) =t (@#0, acR).

!

2. (ax) =a“lna (aeR+, a;tl). (e¥) =e”

(aeR+, a;tl).(lnx)l = !

' 1 _log,e
xlna X X

3. (log, x) =

4. (sin x)’= cos x.

5. (cos x) = - sin x.

6. (tgx) =

COSZX

7. (ctg X), =—

8. (arcsinx) =

9. (arccosx) = -

!

10. (arctg x) =

11. (arcctgx) =—

3
3. Misol: y:%+2x2+4x—5 y' =2

’ X3 ' VAV, ' ' 3X2 0 2
y :(3) +(2x%) + (4x)' = (5) :?+2-2x+4x —0=Xx"+4x+4

Bu misolni ishlashda quyidagi formuladan foydalandik:

(x“) =t (@#0, aeR)

) 1 1
4. Misol: y=x+—-— y'=?
y x? Bx° y

QCOPOPPPPPPPPPPPPP00 0009000900909 099009099099909999999999990999999999%9%9%9%9%9%9% 9
H
i = |I_\ (RN
=
COPOPOPPPPPPPPP0P000 0009000900090 9900909999999999999999999999999%9%9%9%9%9%9%9%9
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1 1 2 1
=X (X)) - (X ) =1-2X - (B)X P =l
y (x™) 5( ) 5 (-5) NEIRENE

5. Misol: y=x?cosx y'=?

Bu misolni ishlashda ko’paytmani hosilasini topish formulasidan
foydalanamiz: (uv) =u’v+uv’

y' =(x?cosx)’ = (x?)"cosx+x?(Cosx)' = 2xcosx— X sin x

6. Misol: y=+/xInx y' =2

1 1 1 1 Inx+2
y' =(xIx)' = Wx)' N x+J/x(Inx) =—=I Xx+V/Xx-Z=——Inx+——=
24x X 24x Ix o 2Jx
7. Misol:
__COsX /g
1-sin x
, _ (cosx)'(1-sin x) —cosx(1—sin x)"  —sin x(1—sin X) —cosx(—CcosXx) _
(1—sin x)? (1—sin x)?
_ —sinx+sin?x+cos’x _ 1-sinx 1
(1-sin x)? (1-sinx)*> 1-sinx

Bu misolfa ishlashda boadlinmaning hosilasini topish formulasidan

!

fozdalandik (%) = M

92

2_
8. Misol: y:X2 ! y'=?
X +1

;O (=D +D) - (X2 -D)(xP +D)" 2x(x® +1)—2x(x* -1)
V= (x? +1)? - (x% +1)? -
22X +2x=2x3+2x  4x

- (X* +1)? (X2 +1)?2

Hosilaning fizik va geometrik ma’nolari
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Fizik ma’nosi:
Moddiy nuqta to‘g’ri chizigli harakatda bo‘lsa, bosib o‘tayotgan yo‘Ining
funksiyasidan olingan hosila uning qaralayotgan paytdagi tezligidan iborat:

9= lim 9= lim A—S=S'(t)

At—0 At—0 At
Geometric ma’nosi:
Funksiya grafigiga o‘tkazilgan urinma tenglamasi quyidagi ko’rinishda bo‘ladi:

y - fxo) = fxa) (x-x0).

Qaralayotgan nuqtadagi normal (urinmaga perpendikulyar to‘g‘ri chiziq)
tenglamasi

y—f<xo>:—ﬁ<x—xo>

bo‘ladi(bu yerda f'(x,)= 0 deb faraz gilindi).

y

9

9. Misol: y=4-x> parabolaning O, o’qi bilan kesishish nugtasiga
o’tkazilgan urinma va normal tenglamasini tuzing.
Yechish:

22222222222 2 2222 22 22 X2 22222 X222 2222 2 X222 X 22X 2 X2 2 X 2 2

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2

O, o'gi bilan x=-2 va x=2 nuqtada kesishadi, demak urinma chiziq tenglamasig,
y'=-2x y._,=-2-(-2)=4 bo'lib y-0=4(x+2) = y=4x+8 4
Y, =—2.2=—4 bo'lib y—0=—4(x—2) = y=8—4x :

_ 1 1.1 L 4

normal tenglama: y—-0=-=(x+2) = y=—=-x—= x=-2 da pe

4 4 2 .

y—0==(x-2) :y:—x—% x=2 da :

L 4

Auditoriyada bajariladigan misollar. :

’
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x* x® x? x2\’
1.1. a) y=——+—+4x-5 b =|1-—
) V=T ) y( 2}
10 1 1
1.2. a)y:X—3 b) y:x+—2+§
1.3. a) y=x+2Jx b) y=3x—64x
8 6
1.4. a)y=63/x—-44x b) y=— >
)y )y I Ux
1.5. a) y=xcosx b) y = x°ctgx
1.6. a) y=+/xsinx b) y = x’tgx
COSX x?
1.7. a) y= b) v=
) 1-sin x )y x2 +1
COSX
1.8. = b =
a) ¥ 1+2sin x )Y 1-4x

3

1.9. f(x)=X?—x2 +1 bo'lsa  f'(0), f'(D) ni hisoblang
1.10. f(x):L bo'lsa, f’(0), f'(-2) ni hisoblang
2x-1
Quyidagi egri chiziglarga o’tkazilgan ueinma chiziqg va normal tenglamasini
tuzing:

3
21 y= X? x =-1 nugtada o'tkazilgan bo'lsa

22.y*=x> x =0 va x, =1 nugtalardao'tkazilgan bo'lsa

8
4+ X

23. y= X =2 nuqtada o'tkazilg an bo'lsa

2

24. y=sinx x= nugtada o'tkazilgan bo'lsa

3
3.1.Jism x=t§—2t2 +3tgonunga gonunga asosanO, to’g’ri chiziq

bo'yicha harakat giladi. Harakat tezligi va tezlanish aniglansin.
3.2. Radiusi a gat eng g’ildirak to'g ri chiziq bo’yicha yumalaydi.

2
G’ildirakning t sekunddagi burilish burchagi ¢=t+% tenglama bilan

aniglanadi. G’ildirak markazining harakat tezligi va tezlanishi
aniglansin.

3.Uy vazifasi uchun misollar.

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2
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3.1. a) y=(1+Vx)? b) y=i3—i2+1
x° X
3.2. a) y—l—i b) y=Xx+ctgx
o Ux x
3.3. a) y=x%¢" b) y:%Inx
3.4. a) y=(x*-1)sinx b) y=4%xcosx
2 .
3.5. a) y=x2 1 b) y=smx
X® -3 X
tgx—2 e”
3-6- a. = b =
)Y ctgx+2 )y x—=1

Quyidagi egri chiziglarga berilgan nuqtada o’tkazilgan urinma chiziq va normal
tenglamasini tuzing:

3.7.y=4x-x* x=0 va x=4 nugtalarda

3.8. xy=4 x=1 x=-4 nuqgtalarde

3.9.y* =4-x x=4 nuqtada

2
3.10.Burchak tezligi%=w burchak tezlanishi esa ?j—?zg bo’lsin. %:23
¥

Ekanligi isbotlansin

3.11. tormoz bilan to’htatiladigan aylanuvchi mahovik t sekundda ¢ =a =bt—ct?
burchakka buriladi. Bundagi a, b va c lar musbat o’zgarmas migdorlar. Tezlik va
tezlanish aniqglansin. G’ildirak gachon to’htaydi?

Murakkab funksiya hosilasi
Ta'rif: Agar z=¢(x) biror D(z) oraliqda, y= f(z) esa biror Do(z) oraliqda

aniglangan funksiyalar bo‘lib, ¥xe D(z)=> ¢(x)e D,(z) hamda ¢(x) funksiya xo
nugtada, f(z) esa zp=¢(xo) nuqtada differensiallanuvchi bo‘lsa, y=f[¢(x)]
murakkab funksiya xp nuqtada differensiallanuvchi va

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2
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2

1 (") =nu™-u’

2442222422222 2422222222422 22422242224422 224

u=f’[p(xo)] @ 1x0)

Bu ta’rifni hosila jadvaliga tatbiq etsak, quyidagilarga ega bo’lamiz:

2.(sinu) =cosu-u’

!

3.(cosu) =—sinu-u’ 4 \/U': u
(cosu) W) =%
' u' ul
5. (tgu) = 6.(ctgu)' =—
(tgu) =—~ (ctgu)’ =-— -~
7.0nu) :% 8.(e”)’ =e'u’
N u’
9.(a") =a"u'lna 10. (arcsinu) =
V1-u?
11. (arccosu) =- u 12. (arctgu) = u' -
1-u? 1+u

’ !

13.(arcctgu) =-—

1+u?

1. Misol: y=@1-5x)* y'=?
y' =4(1-5x)* -(1-5x)" = 4(1-5x)* - (-5) = —20(1— 5%)°
2. Misol: y=sing y'=?

!

. X (x) 1 X
y'=cos=-| = | ==cos=

2 2 2 2
3. Misol:
y =+/C0S2X y'=?
y' = (cos2x)’ _—2sin2x _ sin 2x
24/cos2x  24/cos2x  +/cos2x

4. Misol:
y=sin’x y'=?
y' = ((sin X)?)’ = 2sin X COS X =sin 2Xx

5. Misol: y=In(x*+2x) y'=?

, 2X+2
X% +2x
. 1+2x
6. Misol: y=1In =7
y 1-2x y

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2
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,_ 1 1 2u-2x)+2(+2x) 1-2x 4 4
\/1+2x \/1+2x (1-2x)° 1+2x (1-2x)% 1-4x?
1-2x \V1-2x

_ Vx r_
7. Misol: y=+/xe y'=?

, 1 N Jx 1 1+\/; JX
= —— e pxet ——=""C"e
PN 2Jx  2Jx
8. Misol: y=arcsin/1-2x  y'=?
v 1 -2 4
J1-(V1-2x)2 2¥1-2x  /2x(1-2x)

; y—arctg1+—x y'=?
9. Misol: 1—x :

y'= 1 A-X4+14+X 1-x)? 2 2 1
L [1+sz (1-x)* 1-2X+X®+1+2x+x*> (1-x)* 2(@1+x?) 1+x°
1-x

10.Misol: Y =V4x—1+arcctgvdx-1 y'=?

yo_4 .t 4 _ 2 1 _ 2x -1
2VAx-1 VI-ax+l 2Jax-1 Vax-1 Jx@x-D Jx(@x-D)
Auditoriyada bajariladigan misollar
21. @ y:\/§+23in2x—3ezx+1 6)y=1Inx+3x - >:+l
o X X% +2
. sin x o X
=sin5x+e¥ —=—= 6) v = %% COSX
22. DY . Y=o
23, @ y =sin? x—,/x +x?cosx 5)y:CO§X_|n(Xz+1)
3. -

sin 2x
eX

24. 9 y:3\/x+1cos§+ 6)y = x’e* —In(x2 +1)

25 @) y=(2x+1)" —x*sinx 6)y:¥+\/x3+1
.5. o
2.6. @ Y=+4x+sin4x 6)y:tgx+§tgsx+%tg5x
. 1+sin 3x
=sin® x® 6)y=
27. 9 )Y 1—sin 3x
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28 @) y=xVx’+1 6) Y =1+sin 2x —v/1—sin 2x
[v?2
29, a) y=|n(\/§_ /X+1) 6)y:|n¥
2.10. @ Y=In(sin x++v1+sin® x) 6)y=In S|n_2x
Y 1-—sin 2x
@)y 5y=i |-
2.11- ex+e—X e4x +1
1
a) y = x* 6)y = arctgx+In 1=x
2.12. 1+x
213, @Y= xarctgl—gln(x2 +a?) 6)y =e*yJ1—e* +arcsine*
. . a 2
2.14. @)Y =arccosvl-2x++2x—4x* 6)y =sin* x +cos’ x
.o x=1 1 1
= arcsin——= 6)s ==tg‘t —=tg’t —In(cost
2.15. @Y < ) J9t--u (cost)

3. Uy vazifasi uchun misollar

3.1. a)y=6cos’x 6)y =4/(2+3x)°
1 .
3.2. a)y=m 6)y=S|n4X
1

3.3. = 6)y = ctg®

a) Y (L+ cos4x)® )y =g
3.4. ) y=In(x*-3x) 6)y =Insin x—%sinzx
3.5. “hgZ+2 6)y=I—=

a)y=Intg(, +2) )y T
3.6. a)y=In(e* ++e™ +1) 6)s=1In 2+1gt

2—tgt

3.7. a)y=arcsin(e®) 6)y = arctg+/5x -1
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2 2
38. a)y= X 1+arcsin% 6)y=thX+ln COSX
3.9. ) y=+sinx? 6)y=e? cosg

2t t 2 . \/E
3.10. a) x=In(e” +1) —2arctg(e’) 0)s=+4t -t +4arcsm?

Yugori tartibli hosilalar va funksiya differensiali.
1. Yugqori tartibli hosilalar

Yugorida funksiyaning hosilasi argumentning ixtiyoriy qiymatida (aniglanish
sohasiga tegishli) mavjud bo‘lsa, u ham funksiyadan iborat ekanligini ko‘rdik.

Agar funksiya hosilasi ham hosilaga ega bo‘lsa, hosiladan olingan hosilani
ikkinchi tartibli hosila deb yuritiladi.

Funksiyaning hosilasini uning birinchi tartibli hosilasi deb gabul qgilsak,
umumiy holda quyidagi ta’rifni berish mumkin.

Ta’rif. Agar funksiyaning (n-1) tartibli hosilasi differensialanuvchi bo’lsa,
uning hosilasini ~ funksiyaning n-tartibli hosilasi deyiladi va

¥, 3 ?: f(”)(x), m kabi belgilanadi. Bu holda funksiya n marta
X

dx"
differensiallanuvchi deyiladi.

1. Misol. y=apx"+a X" +..+a,x+a, bo'lsa,
y=napX" 1 +(n-1)a, X" +.. 40,1,

y™=n(n=1)...2'1 ap=apn!,

y(n+1)=y(n+2)=“ =0.
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Demak, n — darajali ko‘phadning n — tartibli hosilasi o‘zgarmas son bo‘lib,
(n+1)- tartibli hosilasidan boshlab yuqori tartibli hosilalarining barchasi nolga
teng bo‘lar ekan.

2. Misol. f(x)=e"™, k—o‘zgarmas (k=0).
Fx)=e"(kx) " =ke";
f7(0)=( x)) "=(ke®) " =k(e®) "=k ke"*<k’€e"
va hokazo,
7 (x)=K"ek™
ni olamiz. Demak,
(%)= e eN

3. Misol. f(x)=sinx.

f1x)=cosx=sin(x+ % ),

f1x)=(f1x)) ’=(sin(x+% )) ’=cos(x+% ) 1=sin(x+7),

7 (x)=sin(x+n % ),
ya’ni (sinx)(")zsin(x+n‘% ), neN
4. Misol. f(x)=cosx.
Yuqoridagiga o‘xshash,
(cos x)™=cos(x+n % ), neN

ni olish mumkin.

5. Misol. f(x)=UV, buyerda U va V lar ixtiyoriy tartibli hosilalari mavjud
funksiyalardir.

(UV) =UV+UV’
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(UV) /=(U V+UV7 '=UN+UNVHUNV+UV=UV+ 2UNV+UV"”

va hokazo.
U V (n) — \ Cr:( U (n—k) V(k)
U-v) kZ;,

ni olish mumkin. Bu Leybnis formulasi deb yuritiladi. Bu yerda nolinchi tartibli
hosila funksiyaning o‘zi ekanligini eslash lozim.

6.Misol: y = x’e* y® =2
Leybnitsning  formulasidan  foydalanamiz: u=x> v=e’*desak
U=2x u"=2 u"=...=u® =0, v'=2e%, v'=4e*,...., v =2%e*

ni hisoblab, formulaga qo’ysak,

COPOPOPPPPP00000000000000%09090

(Xzez><)(20) — g @y +C§OU'V(19) +C220urrv(18) _ 2,902 4 90,9y 292X 2.918 o2x

¢

20-19
2

=2%°(x* + 20x + 95)e*

eX
7. Misol: y=" yo =2

1
U=; v=e" desak,

1 e* e* e* e* e* e* e* e*
X X X X X X X X X
eX
XlO

1 8 ex 1 9 |ex X S n n n!
+8IC}, —5 —9!C), —= +10!1——=¢ Z(—l) Ch—1
X X n=0 X

2. Funksiya differensiali
Aytaylik, y=f(x) funksiya xo nugtaning qandaydir atrofida aniglangan bo‘Isin.

Ta'rif. Agar y=f(x) funksiyaning x, nuqtadagi orttirmasi Ay argument
orttirmasi Ax ga nisbatan chizigli bosh gismga ega bo‘lsa, bu chizigli bosh gism
funksiyaning x, nuqtadagi differensiali deyiladi va dy yoki df(xy) Dbilan
belgilanadi.

Demak, ta’rif bo‘yicha x, nuqgtada y=f(x) funksiya differensiali mavjud
bolsa,

Ay=(A+0c) Ax=AAx+aAx

122 X2 222 22 22 22222222 2222 222X 222222 22222 22 X2 22222222 X2 2 X2 XX 2 XX 2 X X 2
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kabi yozish mumkin bo‘lib, bu yerda A-o‘zgarmas, « esa Ax—0 da cheksiz
kichik miqdordir.
Bu vaqgtda,

dy = AAx

bo‘ladi.

Agar xp nuqtada y=f(x) funksiya chekli hosilaga ega bo‘lsa, yuqgoridagi
formulada A=f1xs) bo‘ladi. Buning aksinchasini ham ko‘rsatish qiyin emas.
Demak, funksiyaning differensiali mavjud bo’lishi uchun garalayotgan nuqtada
u differensiallanuvchi bo‘lishi zarur va yetarli, ya’ni

dy = fxo) Ax

o‘rinli ekan.
Endi, y=x funksiyani olsak, yugoridagi formula asosida

dy=Ax bo’lishini yoki dx =Ax ekanligini ko‘ramiz. Shunday qilib, argument (erkli
o‘zgaruvchi) differensialini orttirmasiga teng deb olsak, x, o‘rniga ixtiyoriy x
nuqta deb olsak funksiya differensiali uchun

dy = f1x) dx

ni olamiz.
Bu vyerda differensiallashning asosiy qoidalaridagi barcha formulalar

funksiyaning differensiali uchun ham o‘rinli ekanligini eslatamiz:

dC=0 (C-constant);

dU+V)=dU +dV;

(UV)=VdU +VdU ;

(CU)=CdU (C-constant);

dGiJZVdUinU.

Vv Vv

7. Misol: y=x" dy="?
y' =nx"" dy = nx""dx

d
d

o A WDNR

8. Misol:

y=+1+x? dy="?

, 02X X xdx
21+ X2 V1+x?

y
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9. Misol: d(1—cosu) =?
d(1—cosu) =sinudu, chunki (1—cosu)’ =sinu

10. Misol: d(arcsin %) =7

1 _ 1 dx
2 /1_(1)2 xvx? -1
X

2. 1. Yuqori tartibli differensial

d(arcsin 1) =—
X

Endi, yuqori tartibli differensial tushunchasini kiritamiz. Buning uchun funksiya
differensialini uning birinchi tartibli differensiali argument orttirmasini
o‘zgarmas deb gabul gilgan holda (n—1) — tartibli differensialning differensialini
n-tartibli differensial deb ataymiz va uning uchun d"y, d"f(x) kabi belgilashlarni
go‘llaymiz.

Demak, ta’rif bo‘yicha d"y=d(d"'y) ekan. Oxirgi formula asosida
d’y=d(dy)=d[f’ (x)dx]=(f" (x)dx)dx=f "’ (x)dx’
va hokazo,
d"y=f"(x)dx"

formulani olamiz.

11.Misol: y=a* d"y="?

d"y=(@)dx=a"In" adx"
12. Misol: y=sin®x d"y="?

d"y=-2""cos@x+n %)

Auditoriyada bajarish uchun misollar

1.1 y=xInhx y"=? 1.2. y=xsinx y"=?
2

1.3 y=arctg X? y'=? 14. y= arcsin% y'(2) =7
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21. y=ea y®=7 22. y=+x y™=2
2.3. y=cos’x y™ =7 24. y= y™M =2
1+2x

31 y=x%" y® =2 32. y= x3sin§ y® =2
33.y=x*Inx y® =2 34.y=x%*sinx y? =2
41. y=x3+2x>-4x-4 dy=? 4.2. y=Incosx dy="?
4.3. y=arctgy/4x-1 dy="? 44, y=e* dy="?
5.1. y=+/x+1 d®y =2 52. y=e* d® =7
5.3. y=|n1 d@y=2 5.4. d™(V1+2x)="?

X

vy vazifasi uchun misollar

1 X
6.lLy=——— y'=? 6.2.y= y'=?
(x=1)(x-2) VX% +1
6.3. y=sin?x y™ =2 6.4. y=cos2x y™ =2
6.5. y =e* cosx y® =2  6.6. y=x’sinax y"W =2
1
6.7. y = (arctgx)® dy=? 68 y=—=——— dy ="?
Vxd-x*-1
6.9. y=2" d'y=? 6.10. y=arcsinx d'y=?

Differensiallanuvchi funksiyalar hagidagi teoremalar. Lopital goidasi.
1-teorema (Ferma). Agar f(x) funksiya (a;b) oraligda aniglangan bo’lib, x,€(a;b)
nugtada eng kichik yoki eng katta qiymatga erishsa va shu nugtada
differensiallanuvchi bo‘lsa, f {x)=0 bo’ladi.

2-teorema(Roll). Agar f(x) funksiya [a;b] kesmada aniqglangan, uzluksiz va (a;b)
oraligda differensiallanuvchi bo‘lib, kesmaning chetki nuqtalarida teng
(f(a)=f(b)) aiymatlar qabul qilsa, (a;b) oraliqda shunday ¢ nuqta topiladiki, bu
nugtada funksiya hosilasi nolga teng (f'(c)=0) bo‘ladi.
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3-teorema(Lagranj). Agar f(x) funksiya [a;b] kesmada aniglangan,
uzluksiz va (a;b) oraligda differensiallanuvchi bo‘lsa, (a;b) oraligda shunday ¢

nugta topiladiki, M = f'(c) o’rinli bo‘ladi.
—d

4 - teorema (Koshi). Agar f(x) va g(x) funksiyalar [a;b] kesmada aniglangan,

uzluksiz va (a;b) oraliqda differensiallanuvchi bo‘lib, g {x)=0 bo‘lsa, shunday

c €(a;b) topiladiki,

o‘rinli bo‘ladi.

1. Misol: berilgan funksiya uchun Roll teoremasi shartlari bajarilishini
tekshiring f (x) = (x=1)(x—2)(x—3)
Yechish: berilgan funksiya [1;3] kesmada differensiallanuvchi va x=1, x=2 x=3
nugtalarda nolga tengdir. Bundan [1;2] va [2;3] kesmalarda f(x) funksiya uchun
Roll teoremasining barcha shartlari bajarilishi kelib chigadi. (1;3) kesmaning
kamida ikkita nugtasida berilgan funksiyaning hosilasi nolga teng bo’ladi:
f'(x)=0
Berilgan funksiyani differensiallab va nolga tenglab quyidagi kvadrat
tenglamaga ega bo’lamiz:
3x? -12x+11=0
Bundan

C, =2—i c, =2+i

V3 V3

2. Misol: f(xX)=x* va g(x)=x° xe[-L1] funksiya uchun Koshi teoremasi

1<c, <2, 2<¢,<3

o’'inlimi?

Yechish: Bunda Koshining shartlari buzilgan [f'(x)]* +[9'(X)]* #0 x e[-11] da.
X=0 da esa [f’(0)]* +[9'(0)]* =0

Lopital qoidalari

Agar lx) nisbatdan iborat funksiyada surat va maxrajdagi funksiyalarning

g(x)

ikkalasi ham x, nuqtaning biror yaqgin atrofida aniglangan va x—x, da cheksiz
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kichik yoki cheksiz katta bo‘lsa, g yoki i ko‘rinishdagi anigmasliklarga ega
o0

bo‘lamiz. Bu anigmasliklarni ochishda oddiy usullar bilan bir qatorda Lopital
goidalari deb ataluvchi hosila yordamida ochish usuli ham mavjud.

Teorema. Agar f(x) va g(x) funksiyalar x, nugtaning gandaydir yaqgin

atrofida aniglangan uzluksiz va differensiallanuvchi hamda g 1x)=0,
lim f(x)=lim g(x)=0 bo‘lib, lim ;,Ex; limit (chekli yoki cheksiz) mavjud bo‘lsa,
X—>Xq X—>Xg X—>Xp X

jim 16 _ iy £0) (1)

X—>Xg g(x) X—>Xg g’(x)

Agar teorema shartlari bajarilsa, (1) o‘rinli bo‘lib, uni x—>x, da % anigmaslikni

ochishda Lopital qoidasi deb yuritiladi. Xuddi shunga o‘xshash, x—c0 da ham %

anigmaslikni

L G B §(C)

Eremsie

tenglik yordamida oxirgi limit (chekli yoki cheksiz) mavjud bo‘lganda ochish

mumkin.

1—cosx

> limit hisoblansin.

3. Misol: lim

x—0 X

Bu yerda % anigmaslikka egamiz. Surat va maxrajdagi funksiyalar O

nuqgtaning gisga atrofida yuqoridagi teorema shartlarini ganoatlantiradi.
fix)=1-cosx=f1x)=sinx, g(x)=x>=g (x)=2x, g (x)=0(x =0);

lim f(x)z Iim(l—cosx)zl—lzo, Iim0 g(x): Iimox2 =0;

x—0 x—0

i 6 _ g SIX L sinx 1,1
x—0 g’(x) -0 2y 2 x>0 x 2 2
Demak, fimi=co _1
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4. Misol: "mln_x ni hisoblang.

-1 ]—x
f)=lx,  gl)=1-x  lim Ihx=lm (1-x)=0
1
/_1 ' f,(X)_ ; . 1_
=g gb)=-b lim =l % =l 1
jim X =
-1]l—x

5. Misol: lim xInx ni hisoblang.

x—>+0

x—+0=x'Inx—0 oo - anigmaslikka egamiz.

. . Inx
Iim xInx = lim —

x—>+0 x—+0 1

ko‘rinishga keltirsak,
x

fx)=inx, gix)=L=lim f(x)=c0, lim = =oo;
X x—>+0 x—>40 x

, . o . 0. .
ya’ni, — anigmaslikni olamiz.
o0

Demak, Iim0 xIn x=0.

6. Misol: lim 6—2 ni hisoblang.

X—>+0 x

f(x):ex' g(x)=x2; lim e* =, im x“ =00 ;

x—+© x—>+0

f'(x)=e", 9'(x)=2x; lim ;'}3 = JLTwz_x

Yana =2 anigmaslikni oldik.
o0
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" X " _ . H f”(X)_ 1 ex —
f (X)—e y g (.X)—z, leerg”—(x)—JLr?w?—Oo
lim (x) = lim (x) = lim f ”(x)
+00 g(x) X—>+00 g (X) X—>+00 g”(_x)

=00,
X—>

x

Demak, lim —=oo o‘rinli bo’‘ladi.

X—>+00 x

Agar lim [f(x)P"™ limitni hisoblashda

X—)X

lim f(x)=lim p(x)=0 bo‘lsa, 0°;

X—>Xg X—>Xg

lim f(x)=1  lmgp(x)=w bo'lsa, 1%

lim f(x)=co,  lim go() 0 bo‘lganda esa, oo ko'rinishdagi

anigmasliklarga ega bo‘lamiz. Agar f(x)>0 bo‘lsa, [f(x)['" =" '™ ayniyat

yordamida ularni 0" oo ko‘rinishdagi anigmaslikka keltirish mumkin.

7. Misol: lim x* hisoblansin.

x—+0

xlnx

Bu yerda 0° anigmaslikka egamiz. x* = e

1
. In x . .
lim (xInx)=lim === lim —2%— = lim (- x)=0.
x—>+0( ) x—>+0 1 x—>+0 1 x—>+0( )
X x2

lim x* =e’=1.

x—>+0

Auditoriyada bajariladigan misollar.

1.1. f (x) = x* —4x+3funksiyaning ildizlari orasida funksiyaning hosilasi ildizi
joylashishini tekshiring. Grafik yordamida izohlang.

1.2.  Poll teoremasi f(x)=1—§/7 funksiyasi uchun [-1;1] kesmada o’rinlimi?
Grafik asoslang.

1.3. f (x) = x* funksiya uchun [a;b] kesmada Lagranj formulasini yozing va ¢
ni toping.

1.4. [-1,2] kesmada Lagranj formulasini 4 va 1-3/x? funksiyalar uchun
X

o’rinli emasligini ko’rsating.
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2.7.

2.8.

2.9.
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f(x)=x® va ¢(x) =x? funksiyalar uchun Koshi formulasini yozing va c ni

toping.

f (x) = arctgx funksiya uchun [0;1] kesmada Lagranj formulasini yozing.

f(x) =sinx funksiya uchun [0;1/2] kesmada Koshi formulasini yozing va

c ni toping.

Lopital qoidasini qo’llab anigmasliklarni oching:

. et -1
lim =

x=0 5ln 2X
lim

x—0 X

3

li -
x>0 X —Sin X

1-cosax
x>0 1 —cosbx

aX _ I X
x—0 tgx

1-2sin x
H% C0S3X

. e¥

lim —
X—)ooX

. X—=sinx
lim -
x>0 X +Sin X

1+ X +Sin XCoSX

X —arctgx

im fgx—sinx

x> (X +Sin xcosx)e

lim (7 — )tg g

lim (sin x)'*
x—0

L
lim x>

x—1

Uy vazifasi uchun misollar.

1.1. [1,4] kesmada
yozing va c ni toping.

1.2. [0;1] da f(x) =arcsinx funksiya uchun Lagranj formulasini yozing.

1.3. [O;g] kesmada f(x)=cosx funksiya uchun Koshi formulasini
yozing.

e —e
x=>0  Sin X

2.1.  lim

COP00000 0000000000000 0000000000000099090909%9%9%9%

sin x

f(x)=~/x funksiya uchun Lagranj formulasini

bx
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2.2. mnilﬂfé
X (2ax—17)
2X
23, lim_S_~1
x>0 [n(2x +1)

2.4. Iing(l—ezx)ctgx

1
2.5. nq@“+@?

26, lm(—~ 1
x>0 XSINX X
1
2.7, lim(3T9¥ye
x—0 X

Teylor va Makloren formulalari.
Teylor formulasi

()= 1o ) Mgy v 1@y v ()

1 2! n!

ni olamiz. Bu f(x) ning a nugta atrofidagi Teylor formulasi deb ataladi, R,(x) esa
uning qgoldiq hadi deyiladi.

Bu qoldig had uchun turli ko‘rinishlar mavjud bo‘lib, bu yerda ulardan
ikkitasini keltiramiz:

(n+1)
1. R,(x)= f(n+1(;)(x_a)n+l - Lagarnj shaklidagi (ko‘rinishidagi) qoldiq had

deyilib, bu yerda ¢ giymat a va x lar orasida bo‘lib, a nugtaning gandaydir
atrofida f(x) funksiya (n+1) marta differensiallanuvchi deb talab gilinadi.

£ (a)+a
(n+1)

deyilib, bu yerda a. miqdor x—>a da cheksiz kichik migdor bo‘lib, a nuqtada f(x)

. R,(x)= x—a)"™ - Peano shaklidagi (ko‘rinishidagi) qoldiq ha
2 m haklidagi (ko‘rinishidagi) qoldiq had

funksiyaning chekli (n+1)- tartibli hosilasi mavjud deb talab gilinadi.

Makloren formulasi

Agar Teylor formulasini 0 nuqta atrofida yozilsa,

f(x)=f(0)+ f;EO))H_ f;(!o)xz +..+ f(:!(o)x" +R,(x)
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ga ega bo‘lamiz. Uni Makloren formulasi deb ham yuritiladi.

Makloren formulasidan quyidagi beshta muhim yoyilmalarga ega bo’lamiz:

2 n

1. e =l+x+ 4.t +0(x")
2! n!

3 5 7 2n-1

2. sinx=x- 4% X 4 +(-2)m X +o(x?")
3 5 7 (2n-1)

2 4 6 2n

3. cosX=1—x—+x——x—+...+(—1)”x_
24w (

4. 1+x)" =1+mx+ +o(x")

m(m'—l) - m(m-1)...(m—n+1) "

n!
2 2n
5. |n(1+><)=x—’“7+...+(—1)”‘1 xn +o(x")

Misol 1: e ™*ni x ning darajalari bo’yicha yoying.

2 n

Yeching: e* :1+x+%+...+%+o(x")formu|ada X ning o'rniga —x almashtirish
2 3 _\N N

kiritamiz. e™ :1—x+x——x—...+( D'x +o(x")
21 3 n!

Misol 2: cosxni (x—%) darajalari bo’yicha yoying.

Yechish:

1 Ay N w7\ _ TN
5 f'() ==sin(;) = N F'(,)=—cos(,) =

() =sin(%) - %

()= %

Topilganlarni Teylor formulasiga qo’ysak,

i_i(x_f)_i(x_f)z+i(x—z)3+...
V2 2T 4T 227 4T 62 4

Misol 3 In xni (x-1) ning darajalari bo'yicha yoying

Yechish:
f()=In1=0 f'(l):%z f'@) =-1, f”'(%)=2

Topilganlarni Teylor formulasiga qo’ysak,
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(x—1)—%(x—1)2 +%(x—1)3 —%(x—l)“ o
Misol 4 sin10° ni 10°gacha aniglik bilan hisoblang.

Yechish: 10° radian hisobida % ~ 0.174533

bo’lganligi uchun, Makloren formulasinidan foydalabsak,

sin10° =£—1(£)3 +1(1)5 _l(l

)" +
18 3118 5118 71718

Birinchi ikkita had bilan chegaralanib, ushbu tagribiy tenglikni hosil gilamiz

Sinﬂzﬁ_l(l)i*»
18 18 618

Bunda biz absolyut giymat jihatdan tashlab yuborilgan hadlarning birinchisidan
kichik bo’lgan 5 hatoga yol goyamiz.

1(z) 1 s R
<=|—| <—(0.2><4-10
5118 120

Agar sin% uchun hosil gilingan ifodadagi har bir go’shiluvchini oltita ragam

bilan hisoblasak,

sin10° =0.173647
hosil bo’ladi.

Auditoriyada bajariladigan misollar
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1.e* ni (x—2) ning darajalari bo'yicha yoying.

2. X =2x? +5x~7 ni (x-1) ning darajalari bo'yicha yoying.
.cos* X ni (x+2) ning darajalari bo'yicha yoying.

4. cos(x+a) ni x ningdarajdari bo'yicha yoying.

5.sinkx ni x ning darajalari bo'yicha yoying.

6.sin” x ni x ning darajalari bo'yicha yoying.

7

S ni X ning darajalari bo' yicha gatorga yoying.
+ X

8. arctgx ni x ning darajalari bo'yicha gatorga yoying
9. c0s10° ni 0.0001 gacha aniglik bilanhisoblang
10.sin1° ni 0.0001 gacha aniglik bilan hisoblang
11.In5 ni 0.001 gacha aniglik bilan hisoblang.

12. yJe ni 0.0001 gacha aniglik bilan hisoblang.

Uy vazifasi uchun misollar:

1.e* ni (x+2) ning darajalari bo'yicha yoying.

2. x* —2x° =3x" —6x° +3x* +6x* —x—2 ni (x—1) ning darajalari bo'yicha yoying
3.tgx ni x ningdarajdari bo'yicha yoying.

4.e™™* ni x ning darajalari bo'yicha yoying.

5.3/30 ni hisoblang

6. lge ni 0.00001 aniglik bilan hisoblang
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