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Abstract: A non-integer lattice model of radiative decay (so-called spin-boson model) of a two level atom and at most one photon is considered.
The number and location of the eigenvalues (bound and ground states) of this model are studied.

INTRODUCTION

In the theory of solid-state physics [1], quantum field theory [2] and statistical physics [3,4] are arise the problems
related with the standard or "truncated" spin-boson models. In a well-known model of radiative decay (the so-called
spin-boson model) it is assumed that an atom, which can be in two states - ground state with energy - ¢ and excited
state with energy & - emits and absorbs photons, going over from one state to the other [4-7].

For a fixed h >0 we define the set Tr? as the d -dimensional torus, the cube (—%;%]d with appropriately

identified sides equipped with its Haar measure.

Let L2 (T, rf') be the Hilbert space of square integrable (complex) functions defined on Tr? :

We recall that the energy operator of model of a spin-boson model with at most one photon is given by the
(formal) expression

qeEs

A1 A
and acts in the Hilbert space
H=c2eFR@Lmdy).
Here matrix elements A;j are defined by
2ot =t (P, ot = [ v 1T @yt
T
(P FONK) = (e + W) O W), ={f ([} o=s3eH,
c2 is the state of the two-level atom and Fb(z)(Lz(T r? )=C&® LZ(T hd) is the two-particle cut subspace of the
symmetric Fock space for bosons:

Fo(L2(Ty ) =CoLahe M @hHe..e M EhMe. .,
where LSZym ((Thd )n) is the Hilbert space of symmetric functions of n variables.
We make the following assumptions: & >0 the dispersion of the free field w(-) is an analytic on Tr? and

has a unigue zero minimum at the point 0 eTﬁI ; V(-) is a real-valued analytic function on Tr? ; the coupling constant

a >0 is an arbitrary. Here av(k) means the coupling between the atoms and the field modes. In general, the
dispersion relation w>0 and the coupling function v are fixed by the physical of the problem.
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We notice that this model is bounded and self-adjoint, and can be considered as a non-integer lattice analog
of the truncated spin-boson Hamiltonian. In the "algebraic” sense, a non-integer lattice spin-boson Hamiltonian is

similar to a standard one with only the difference is that 2 does not act in the Euclidean space RY but on a torus ThOI .
We write elements F of the space C2®Fb(2) (Lo (T, hd )) in the form F ={fo(0), fl(a)}, and a discrete

variable o=+ The normin C2® Fb(z)(Lz(Trf| )) is given by
2
2
IFI2= 5 |18+ ‘fl(a)(k)‘ ok |
o=* Thd

It is easy to see that transformation U c2® Féz)(Lg (TrfI ) — Fb(z)(Lz (T hd )@ Féz)(LZ (T, k? )) defined by
U f0(+) f1(+) f0(+) fo(—)

) [] £ O[]+
fo 7)1 fr7)h
is a unitary operator and block-diagonalizes the model 1, i.e.

U*_avu=diagfa "™/, 17},
where the operator matrix

*

(o)
Ao1 A
acts in the truncated Fock space Féz)(Lz (T, hd )) . The matrix elements of (%) are given by

KD 1o =ty Aorty —a [ VO, O,
Ty

(AL £ )K) = (e +w(k) |y (), | ={Fy. f; Te FP (LTd)

A(0) ;[/%3) Am}

For each s== we consider the model ﬁéo) acting in the Hilbert space Fb(z)(Lz (TtgJI )) as

One can show that the essential spectrum of a model ﬂ(a) coincides with the essential spectrum of ﬂga) :
that is,

Oess (ﬂ(a)) =Ogss (ﬂ(ga)) =[-og,—ce +Mp], Mp = max w(k) .
kETh
One of the main result of the paper is the following theorem. It describes the spectrum, essential spectrum,
point spectrum of the model 2 and gives the information about the the lower bound of the essential spectrum.

Theorem 1. For the the spectrum, essential spectrum and point spectrum of the model 7 the equalities hold:
o) =c(a)yue(a);
Oess(A) = Tess (ﬁ(+)) U Oess (ﬁ(_)) ;

op()=op(A)Lop(a0)).
Moreover,
min oegs (A) = —¢

Remark 1. Since the part of the set O'disc(ﬂ(a)) might be subset of O'ess(ﬂ(_a)), the assertions are hold:
odisc(A) = O'diSC(ﬁ(+)) Uddisc(ﬂ(_)) :

odisc(A) ={O'disc(/'4(+)) UO'disc(ﬂ(_) )\ Oess(A).
Moreover,
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odise (D) = U {odisc (A9 \ oegs (1)

G:+

We note that the models ;4(0), o =1, have a more simple structure than the operator _4, and hence,
Theorem 1 plays an important role in the subsequent investigations of the essential spectrum of 7.

Theorem 2. For any « >0 the operator 4 at least one and at most four eigenvalues (bound states).
Moreover, two of them are smaller than - ¢ and other two of them are bigger than My, +¢.

Remark 2. In Theorem 2, the eigenvalue Eq of 4 which exists for any « >0 and h >0 is usually called

ground state. The corresponding eigenvector-function has a form F = (f0(+), fo(_), f1(+), fl(_)), where

av(k) f{)

(+) _ ) _ ey 0
fo 0, fy const =0, "7 (k) s+ w(k) - Eg

19 k) =0.

We remark that the spectral properties of similar models to ;4(0) , o =1, are studied in many papers,
see, for example, [8-13].
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