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Abstract: A non-integer lattice model of radiative decay (so-called spin-boson model) of a two level atom and at most one photon is considered. 
The number and location of the eigenvalues (bound and ground states) of this model are studied. 

 

INTRODUCTION 

In the theory of solid-state physics [1], quantum field theory [2] and statistical physics [3,4] are arise the problems 

related with the standard or "truncated" spin-boson models. In a well-known model of radiative decay (the so-called 

spin-boson model) it is assumed that an atom, which can be in two states - ground state with energy -   and excited 

state with energy   - emits and absorbs photons, going over from one state to the other [4-7]. 

For a fixed 0h  we define the set d
h

T  as the d -dimensional torus, the cube d

hh
];(


  with appropriately 

identified sides equipped with its Haar measure.  

 

Let )(2 d
h

TL  be the Hilbert space of square integrable (complex) functions defined on d
h

T . 

We recall that the energy operator of model of a spin-boson model with at most one photon is given by the 

(formal) expression 
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and acts in the Hilbert space 
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Here matrix elements ijA  are defined by 
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2C  is the state of the two-level atom and )(:))(( 2
2

)2( d
h

d
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TLCTLF   is the two-particle cut subspace of the 

symmetric Fock space for bosons: 
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where ))((
2

nd
h

sym
TL  is the Hilbert space of symmetric functions of n  variables. 

We make the following assumptions: 0  the dispersion of the free field )(w  is an analytic on d
h

T  and 

has a unique zero minimum at the point d
h

T0 ; )(v  is a real-valued analytic function on d
h

T ; the coupling constant 

0  is an arbitrary. Here )(kv  means the coupling between the atoms and the field modes. In general, the 

dispersion relation 0w  and the coupling function v  are fixed by the physical of the problem. 
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We notice that this model is bounded and self-adjoint, and can be considered as a non-integer lattice analog 

of the truncated spin-boson Hamiltonian. In the "algebraic" sense, a non-integer lattice spin-boson Hamiltonian is 

similar to a standard one with only the difference is that A  does not act in the Euclidean space 
dR  but on a torus d

h
T . 

We write elements F  of the space ))(( 2
)2(2 d

hb
TLFC   in the form },{

)(
1
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0
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ffF  , and a discrete 

variable .  The norm in ))(( 2
)2(2 d
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TLFC   is given by 
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is a unitary operator and block-diagonalizes the model A , i.e. 

}diag{U
(-))( A,AAU 
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where the operator matrix 
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acts in the truncated Fock space ))(( 2
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TLF . The matrix elements of 

)(A 
 are given by 

00
)(

00
ffA 


 ,  

d
hT

dttftvfA )()(
1101  , 

)())(())((
11

)(
11

kfkwkfA  


,  ))((},{ 2
)2(

10
d
hb

TLFfff   

 

For each s  we consider the model 
)(

0A  acting in the Hilbert space ))(( 2
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One can show that the essential spectrum of a model 
)(A  coincides with the essential spectrum of 

)(
0A


, 

that is, 
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One of the main result of the paper is the following theorem. It describes the spectrum, essential spectrum, 

point spectrum of the model A  and gives the information about the the lower bound of the essential spectrum. 

Theorem 1. For the the spectrum, essential spectrum and point spectrum of the model A  the equalities hold: 

)()()( )()(   AAA  ; 

)()()( )()(   AAA essessess  ; 

)()()( )()(   AAA ppp  . 

Moreover, 
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Remark 1. Since the part of the set )( )( Adisc  might be subset of )( )(  Aess , the assertions are hold: 

)()()( )()(   AAA discdiscdisc  ; 

)(\)}()({)( )()( AAAA essdiscdiscdisc    . 

Moreover, 
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We note that the models )(A ,  , have a more simple structure than the operator A , and hence, 

Theorem 1 plays an important role in the subsequent investigations of the essential spectrum of A . 

Theorem 2. For any 0  the operator A  at least one and at most four eigenvalues (bound states). 

Moreover, two of them are smaller than -   and other two of them are bigger than hM . 

Remark 2. In Theorem 2, the eigenvalue 0E  of A  which exists for any 0  and 0h  is usually called 

ground state. The corresponding eigenvector-function has a form ),,,,(
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We remark that the spectral properties of similar models to )(A ,  , are studied in many papers, 

see, for example, [8-13]. 
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