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CV3 BOIIN

Kynmuaruzgarn ymly Kuto0, MyalmudIapHUHT Typiad WWUIapAa Yol
stuirad «Onuii MaTeMaTHKaJaH aMalliid MAallFyJioTjiap» HOMIM TYPKyM YKYyB
KYJUTAaHMQJIApUHUHT TYPTUHYHCH OYIMO XuCoOIaHa M.

VKyB Kymiaumazna, 6Up apryMeHT/IH (yHKIMSHUHT HHTETPal XHCOOH, HKKH
apryMeHT/IM QyHKUMSHUHT guddeperiman xucoobu xamaa oaauid nuddepeniman
TEHTJIaMaiap Kabu MyXUM MaB3ynap EpUTHITaH OYiauO, ynap aMaiuii MalFyaoT
Japciapy y4yH MYJDKAJIaHTaH.

Mag3ynapuu épurunina, Y36ekucton Pecniybnnkacu Ommii Ba ypTa Maxcyc
TabauM Ba3zupiauru TOMOHHAAH TEXHHKA OJIMM YKYB IOPTIApUHUHT OakajgaBpiap
Taiépnam Oopacuiard oJMii MaTemMaTuka ¢daHu OYilMda TacIUKJIAHTaH JacTypu
acoc KWIHO OJIMH]IY.

Xap O6up MaB3yra JIoup MHCOJI Ba Macajlajap CUMJIUIINAAH OJJINH KEepakiu
Hazapui TymyH4Yauap xamzaa gopmynanap kKuckada 0aén stuinaau. lllyHunrnek,
xap Oup mMaB3yra JIOMp MYCTaKWJI €YUl YUyH MHCOJI Ba Macajanap Xam Oepuiiras.

SI’KyB KYJUlaHMa/laH HadakaT TeXHUKaBUN WYHanMMIgara Tainadanap, Oaiku
UKTUCOAMET HYHANUIIM OYinya Taxcuwil OJjlauraH Tajabanap Xamaa akaJIeMHUK
JuIeinap Ba KacO- XyHap KOJUISKJIAPUHUHT YKYBUMJIApH XaM (hodgamaHuIIapu
MYMKHH.

Myannmudnap, npodeccop 3. PaiizndoeB xamaa aoueHt X. Paxmarosara,
yJnap KATOOHM CHUHYMKIA0 yKuO y3 (ukp MyrnoxaszamapuHu OWJIAMpraHIMKIapy
YVUYH Y3JIApUHUHT aJIOXUJa MUHHATIOPUYWIMKIAPUHU OUIAUpaIuiIap.

VYKyB KyJJlaHMaJa allpyuM XaTo Ba KaMYMWJIMKIAP ydpamu TaOuuid. YnapHH
Oaprapad stuin 0opacunaru 0apya TakaudIapHu MyaudiIap MaMHYHUAT OWsIaH

KaOyJ1 Kuiaauiap.



BUPUHYUA BOb

AHWKMAC UHTErpajuiap
1.1. Bonurasrud dyHKIUI BAa AaHUKMAC WHTErPal
TYIIVHYACH, XOCCAIAPH.

Acocuii nHTErpauiap KaaBajiu.

1. Tabpudmap. Arap (a; b) opanmkma Oepwiran f(X) pyHKIUS yaIyH
F'(x) = f(x) éku dF(x) = f(x) kabu myHocabaT ypurnu 6yica, F(X) byHKIUIHN y
opanukaa f(X) dbyHkius yuyH Oomuianrud ¢GyHKIUS e opuTwiIagu. bepuaraxn
f(X) GyHKUUSHUHT Xap KaHgald HMKKUTa OolLIaHFUY (YHKIHUSIApU OHp-OMpHaaH
uxtu€puil y3rapmac coH Ownan ¢apkimaHamgu. Arap F(X) dyskmms f(X)
yHKuMsHMAT Gomutanruy QyHkuuacu 6yiaca (x e (a;b)), y xomma F(x)+C (6y
epana C- wuxtuépuit ¥y3rapmac coH) ¢yHkuusuiap xam f(X) dyskmms yuayH
oonutanruy Qynknus Oymamgu Ba yiap f(X) dynkumsaunr (a@;b) opamukmarm
aHUKMAacC UHTETpasiu Jed ataiaau Ba y Kyluaaruya ¢3usaim.

[f()dx=F(x)+C

by epna: J' - 6enrucy, f(X) — uaTerpamnanyBun Gynkiwus, f(X)dX — uaTErpa

oenrucu octuaaru udoma, X — MHTErpaianl y3rapyBIUCHIND.
OYHKIMSHAHT aHUKMAC WHTEIPAIMHU XUCOONAIHN YHA WHTETpaJlIaI jaeo
IOPUTUIAIN.

2. AHMKMAac MHTETPATHUHT aCOCUM XOCCalapy Kyiujaruia €3uiaau:

21 [ f00dd = F (),

2.2. [ f0dx] = eoax,

2.3. jdf(x):f(x)+c,

2.4, j af(x)dx:aff(x)dx (a- bI32aPMAcCcoH ),

2.5. j[fl(x)i f,(X)£..+ fn(x)]dx:j fl(x)dxij fz(x)dxi...ij f (x)dx.

WNurerpannam  HAT)KACUHUHT  TYFPWIMIMHM — TONWITaH  OOIUIAHFUY
byHKUMSHY TU(epeHnramian OpKaiu TeKIIUPUIaan, SsbHH:

(F(X)+C)' = f(x).
1. Acocuii nHTerpauiap yKaJaBajiun




1. [dx=x+C, 11. Id)z( = —ctgx+C,

sin“ X
. Xa+1 f (X)
2. Ix dx:a+1+C (a=-1), 12. I (%) dx = In|f (x)|+C,
3. [¥ =In|x/+C, 13. | de 5 “Lartg® s,
X a“ +x a a
dx 1. |la+Xx
4, =arctgx+C, 14. — In—3+C,
'[1+x2 d jaz—x2 2a |a-—x
=arcsinx+C —arcsm +C

5. | X , 15. |[-——
BV a2
6. jexdx:eX+C, 16. j\/zizln‘xm/x J_rk‘+C,
X© +

7. [a¥dx=2—+C, 17. [ Intg
Ina sin x
8. [sinxdx=-cosx+C, 18. _ax Intg( j+C’
COS X 4
9. [cosxdx=sinx+C, 19.  [tgxdx=-Incosx +C,
10. | d>2< =tgx+C, 20.  [ctgxdx=Insinx|+C,
cos? X

+yiliua  KeNTUPWIAJAWTaH  MUCOJUIApAard  aHUKMAac HHTErpaJlyIapHU
xucoOmaniia aHMKMac MHTETpajUIapHUHT JKaJBald XaMJla YHHHT XOccallapujaaH
doitnananamus.

1 - Muconn. _[(x +2x+x)dx_jx dx+2jxdx+j =g X +In[x/+C.

/ 3

2 - Mucon. J(\/_+\/_}1X _[J_dx+j§/_dx jxydx+_|.xydx_ / % +C =
2

e 3xt
= + +C
3 4
3 - Mucon. I( )3 I 3\/_+3‘/— “Lix= j\/_dx BJ‘dx+3J‘x 2dx j

=§\/X_—3x+6x/;—ln|x|+c.

cos2xdx cos? x —sin® x dx dx
I - e

cos x-sin?x ° cos’® x-sin® x sin?x 7 cos® x

4 - Mucon. = —ctgx—tgx+C.

5 - Mucoun. Jsm —dx _[1 COSX =—Idx——jcosxdx—§—5i¥+c.




X
6000 LC

6 - Murcon. j 3°45% dx = [ (3- 47 -5° ) dx = [6000*dx =

In 6000
7 - MycouL. J J-(X 1+1)d —J(X +1)(X —1)d I dX2 _
1+x 1+ X2 1+ x° 1+X
3
2 X
= | x“dx—|dx+ =— —X+arctgx+C.
= [P~ [x] 73 g
MAIIIKJIAP
+yUAaaru HHTErpauiap Xuco0JaHCHH.
10x° +5 1—sin’ x
1. J. x4 dx 9 Imdx
2 2 2
2. j(x D 10. j&dx
x? x*(1+x%)
3 I L_L . 11, ,[ cos 2xdx
N cos 2 xsin?
4 | x-1. 12. [(2°3% +3sinx+ )dx
3y? 1-x2
. 7 13.
5. j7 (1+\/x_3de Im
5 14. Cos 2xdx
6. J.ag dez J.cosx+sinx
3—-2ctg"x dx
7. % = d .
I cos’x 15 J~25+x2
2 X dx
8. Icos de ]_6_]‘ s

1.2. AHUKMAC UHTErPAITHHU VPHUTA KYWHIN VCVIU OWJIAaH UHTErpaJlJIall

Arap x=o()pyHkuus y3nykcu3 auddepeHnuaianyBun Oyica, y xoJja

j f (X)dxHu xap moum y3rapyBuu t ra HUCOATaH Y3rapTHPUIT MyMKHH OYIaIu:

[fdx=[flo(x)] ¢’ (Ot

By epaa, YHr TOMOHJIaru MHTErpajl XMcoOJAHTaHAAH KEWHH XOCWJI OyiraH
HATWXKaJa aBBAJITH X Y3rapyBuMra KauTwiaan. AHUKMac HHTETPAJIHA Ma3Kyp yCyll
OunaH xucoOiall yCyJIuHU YpHUra KyHuin €Ky Y3rapyBUYMHH aIMAIITUPUIL YCYITU
ne0 IOpUTHIIAIH.

Tabkuanam 103uMKH, X = @(t) anmamrupum G6axkapunaérranaa, o(t) sa f(X)

GYHKUMSUITADHUHT aHUKJIAHUII coXajapu opacujia y3apo Oup KUWMATIM MOCIHK
mryHnai Oaxkapwimim Kepakkd, ¢@(t) GyHKIUMS, x HUHT Oapya KuMaTiIapuHU

KaOyJ1 KWJIHIIY JIO3UM OYTIaau.



AlipuM xoJIIap/ia aHMKMac WHTETPpAJIApHU XHUCOOIaMI KapaéHuaa HHTErpal
oenrucu octuaaru uboAaTapHUHT alpuM KucMiapuHu nuddepeHunman Oenrucu
ocTUTa KHUPUTUO, YHIAH KEHWWH WHTETPATHUHT WHBAPHAHTINK XOCCACHIaH
doiitaaHuII JIOZUMITUTUHN XaM ACIaTHO KeTaMu3.

3
1-Mucou. J.Sln \/;dx XUCOOJIAHCHH.
3 [x2

Eummmmu. x =t° gecak, dx=3t’dt 6yum6, mHTErpan sca _[3t sin’

dz=3jsmtdt

KYpPUHUIITA KeJNaau. YHU e4aMu3: 3J' sintdt =-3cost +C. }KaBo6zLa, t HUHT ypHUTa

YHUHT 3/x KUUMATUHU KYSIMH3.
sin ¥/x
3/X2

2-Mucom. [@Bx—1)"dx :%j(:sx ~1)%dBx-1)=

dx =—3cos3/x +C.

[IIyHuHT yuyH: J

16

Gx=D e,
48

By wunterpannum xucobOmamga udomanu auddepeHnran Oenrucu OcTUra
KUPUTHII yCyIuaaH o 1aTaHuIIIH.

3-Mucos. jx2\/x3 —7dx XACOOJIAHCHH.

Eummmmm. x° —7 =t2 necak, 3x%dx = 2tdt, x%dx= %tdt, JIeMakK,
[xex = 7dx = ft%tdt =§jt2dt =2t +C _—1/(x 7 +C = (x3 —Wx -7 +C.

ey
4-Mucos. Imdx XUCOOJIAaHCHH.

X

Eunnumm. 3Inx-5=t, 3%—dt %:% Oynapnan

X X

E\3
J-(3Inx 5) dx _J-tzdt It dt== t3 C:(Blnx 5) +C
X 9
5-Mucoi. | ————— XHucOoOJIaHCHH.
’[x\/3x+5
2
Eummnmm. 3x +5 =t? necak, 3dx = 2tdt, dxz%tdt, xamaa x=t OynraHu yqayH
J‘ J~ 3tdt J' t—\/_| \/3x+ \/_ i C By
xV3x+5 3 (¢’ 5)t t* -5 2\/— t+\/_‘ 3x+5 -

unterpai (14) gpopmysara kypa XUcoOIaHIH.

d
6-Mucour. J. xax XUCOOJIAHCHH.

x* +2x* +10
Eummnm.  x* +2x? +1O:(x2+1)2+9, x? +1=t, 2xdx=dt mapra kypa,
2
[ % = L % 1arctg +C_1arctgx 1
+2x2+10  ° 2(t? +9) 2712132 6 6

7-Mucon. [x*(1-2x*)’dx XuCOGIAHCHH.

+C.




Eummumm. 1-2x* =t, —8x%dx=dt, xdx =-% japra acoca,

J.x3(1—2x4)3dx:_ljt3dt:_it4 +C=—i(l—2x4)4 c.
8 32 32

MAIIKJIAP
+yiluaru MHTErpamuIap XucooJaHCUH

1. I3\/5—6xdx 8. I\/1+sinxcosxdx x"dx
a’ +x
2 J‘ 9. Iesmx cos xdx
V3x+5 16. Ix“ﬂl—xdx
3. J‘ ez’“dx 10. I# )
1-3e o 17, [4rsinads
[ 2
oS X 4 dx I=x
4. I dx 11 I
12sinx "3 i 2xd
18 I sin 2xdx
_odx 3x—4 1+sin? x
I 12.j dx
x(1+1nx) 24
1 \dx
Vx 19. || nx+— | —
6. [“—ar 13. | xdx I( lnxj x
Jx Va4 —x*
2
x2dx sm\/_dx 20. M
7' '[3(1+x3 14 I J.4lx3+3x_6

1.3 bynaknabd uHTerpauiam yeyiu

bynakna® wunTerpamiam ycyiau, Oynaknad uHTerpamiam dopmynacu aed
aranypun  ymoy [ud9=ud— [ Idudopmynara acocnanran 6ymb, y epma

u=u(X)Ba ov=v(x)map y3nykcu3 auddepeHInaTIaHyBYH (QYHKIUSIAPIUP.
Maskyp yeyaan, X< sinax, x€ cosax, x“e®, x" In® x, x*chax,
x“shax, a” sinax, a cosax, arcsinx, arctgx (6y epma: n, kK — GyryH wMyc6ar

connap, a,fcR) xabu Ba Oomka (QYHKUMSUIAPHUHT aHUKMAac WHTErpaJUlapuHU
XUCOOJaI y9yH KyJIIall TaBCHUs ATHIIA]IH.

AlipuM Xxosutapaa Oymakmna® wHTerpamuiam ¢GopMmyilacuHu Oup Heda mapTa
KYJUTaIll XOJ/UTapY XaM YUYPAIIWHA TabKUIIA0 YTHII 5KOU3IHP.

1-Mucoun. J. X sin xdx XUCOOJIAaHCHH.

Eunnumm. u =X, do=sinxdx mapmad du=dx, v =—C0SX



Ixsinxdx=—xcosx+Icosxdx=—xcosx+sinx+C.

2-Muicou. Ilnxdx XMCOOJIAHCHH.

dx
Euynnumm. u=Inx, do=dx napgan du=—, v =x
X

Ilnxdx:xlnx—fx%:xInx—J'dx:xInx—x+C:x(lnx—1)+C.
X

3-Mucoi. Ixzexdx XHUCOOJIAaHCHUH
Eummnmm. U = x2, do =e*dx mecak, du = 2xdx, v = e*
I x2e*dx = x%* — 2_[ xe*dx. OXupru WHTErpajHd XucoOjaml ydyH sHa Oyiakiad

WHTErpajulail ycyiauaad doinananaMus.

u=Xx, do=e"dx Japaad du =dx,v=e"
Ix2exdx=xzex —2(xe” —Iexdx) =x’e" —2xe* +2e" +C=e"(x* —2x+2)+C .

4-Mucou. jarcsin xdx XUCOOJAHCHH.

. dx
Eunnmumm. u=arcsinx, dvo=dx mapaan du=——, v =X

1—x?

=xarcsinx +vVl—x* +C.

) ) xdx

jarcsm xdx = x arcsin x — J—
V1-x?

5-Mucou. je*’ sin xdx XMCOOJIQHCHH.

Eunnmumm. u =e*,do =sinxdx gecak du=e*dx, v =—cosx

jex sin xdx = —e* cos x — j e” sin dx. Oxupru MHTETPAITHU sTHa oynaknabd

uHTerpauaivmus. U=e*, do =cosxdx mapman du=e*dx, v =sinx

[e*sinxdx=—e* cosx+e*sinx—[e*sinx, Gymman, 2[e"sinxdr=e"sinx—e" cosx

X
: e’ .
SIbHU. Ie" smxdx=?(smx—cosx)+C.

YMmymaH, Ie” sin bxdx, I e” coshxdx KaOW WHTETpa/NIapHU IOKOpHUIATH

MUCOJIarura yxman uyn Ouian uHTerpaial, KyiuaarmiapHu €31 MyMKUH:

Ieaxsin bxdx =

ax

S (asinbx—bcosbx)+C,

ax

(bsinbx +acosbx)+C.

Ieaxcosbxdx: —
a“+b



MAIIKJIAP
+yiiuaru MHTErpaIIap XucooJaHCUH

L [xin(x—T)dx 10. I% L. I%
2. | x“; cigdx 11. [arcig2x—ldx 20. {'sin xIn(cos x)dx
3. Isjﬁx x 12. [ sinxdx 21. fe" In(e" +1)dx
4 J-ari:/slin_xdx 13. Ix23xa’x 22. 'fx“ In xdx
. j]nz x;xx 14. J.e*/;dx 23. _[arccos 2xdx
o 15. Ixz In? xdx 24, jx3 cos xdx
6. .f xX'e “dx In xdx In(cos x)dx
7. [In(x® +Ddx 16. | NP 2. IW
8. Icos(m x)dx 17. Iez" cos xdx
9. Iex cos xdx 18. Isinx(lnx)dx
2- bOb

NaTerpasjaanyBun GQVHKIMAJIAPHUHT acocud cuadbJIapu
2.1. DHr coana panmoHaa KacpjJapHU WHTErpaIall

DHT cojiia paliioHan kacpiap e Kyhuaaruiapra anTuiaaau:

A Ax+ B
1. 3. -
xX—a x"+px+gq
2. A , (k=?2Ba0byTyHCOH) 4. 2AX+B , (n=2Ba0yTyHCOH)
(x—a)k (x"+px+q)

p2

by epna: A, B, a, p Ba ( map xakukuii cornap 6ymm6, D = s q<0.
buprHYM Ba MKKWHYY TypJard KacpjaapHU HHTETpaJIJIalll OCOHTMHA JKa IBalT
WHTETpajuiapyura KeJITUPUIIaIu.
A_dX — AJ'M = A|n|x_a|+C,
X—a X—a
—n+1
(x—a) LC A

J. Adx — +C
—-n+1 A-n)(x-a)"t

(x—a)"
+yHugaru MUCOJUTAPHU KYPUO YNKaAMU3.

=Al(x-a)"d(x-a)=A

dx
x—3

1-Mwucoun. I =Injx-3+C.



2-Muconj I :—]n|x 5+C=In L e,
x-35
3-Mucou. j = j _f1n|3x—1|+c.
3x—1
4-Mwuco. I IM —§1n|4—7x|+C.
4—-"Tx 7
-2
5-Muconj 3 —3j ~2)7d(x-2)= 3M+C=—%+C.
-2 2(x—2)
-3
G-MI/ICOJIJ. =—J. 2x—1) d(Zx—l)le+C:—;3+C
(2x-1)* 2 -3 6(2x —1)
7-Muco. |2 = 5{(4-3x) *dx = [(4-3x) *d(4-3x) -
(4- 3x
:_§&+C:;5+C
3 -5 3(4-3x)

YyuHuM TypJard KacpHM HWHTErpaulall  y4YyH KAaCpHHMHI CypaTura
MaxpaKHUHT XOCHJIACH 2X+ p €3WJIaJ Iy Ba allHUI alMalITUPUIIUIAD OPKAIN 2X + P

A
naH AX+ B HE XOCHJI KMJIMHAIU, SBHU: Ax + B =(2x + p)g +B-2P

2
VY xomnna:

é(2x+ p)+| B _Ap
J‘(Ax+B)dx_j‘2 2 ) 4y AJ‘(2x+ p)dx [B_&jj dx
X2 + px+q X% + px+q 2J X2+ px+q 2 )) x2+px+q
WuTerpannapaad OMpUHINCH ]n‘x2 + px + q‘ ra TeHr. VIKKWHYN WHTETPATTHUHT
2 2
Maxpakuja 3ca, TyJa KBaJpaT aKpaTaMu3. x° + px +gq :(x - gj +q _pT , Oy epna

2 2
q- pT > (0, YyHKH LIapTra kypa D= pT — ¢ <0 514. JleMak, UKKUHYUA UHTETPaJl XaM

JKaJIBaJI MHTerpaiaura kenaau. FOkopuaaru Mmysoxasajnapra acocaH:.

d(x+pj
J‘Ax+de J‘ x +px+q (B_&jj 2 _
X+ px+q 2J x*+px+q 2 (X+pj2+q—p2
2 4
p
X+
:élnx2+px+q+ A #arctg 2_,cC.
2 2 2 2
q- q-
4 4

Tabkugnam xousku, arap wokopuna A=0 Oynca, cyparaa MaxpaXKHUHT
XOCWJIACUHU @XpaTUII IIapT 3Mac, Maxpaxzaa AapXoJsl TyJjla KBagpaT a)XKpaTHIL
JIO3UM.

OcyiarMa: Arap UKKUHYM TYp KaCPHUHT Maxpakuaaru X% + pX-+(Q KBaapaT y4
XaJ ypHUIa ax? +bx+c (a=0) xabu KBagpaT y4 XaJ KaTHaIITaHIa XaM IOKOpHuaa



0aCH >TUITaHJIap aCOCH/IA Wl FOpUTUIaan, papku myku, Oy epaa KodhOUIMEHT a

HU KaBCJIaH TalllKapura YuKapuiaim.

1-Mucou.
3 21

j‘ (3x + 4)dx :j(2X+7)2+4_2dX=§j (2x+7)dx 13

X2 +7x+14 2 x2+7x+14 2

X2 +7x+14
d(x+7)
, — X+ -
3 d(x +7X+14)—E 2 :Eln(x2+7x+14)—Eiarctg 2,C=
2 2 J7

_5..‘ X% +7x+14 ZI 72 7
X+— | +-— .
2] T4 2 2

3 2X+7+C.

3 (.2 1
=—In{x* +7x+14 |- —=arctg———

2-Mucour.
5
(2X+3)§_7 J‘d!x +3x+8?_§J‘ dx B
2 3)? 9
j +8——

dx 3
x> +7x+14

.“(5x—7)dx _J‘
x® +3x+8 x? +3%+8 x® +3x+8 (x
+7
2 4
29 d(“ij 29 1 s
In(x +3x+8)——j 5 In(x +3x+8)———arctg 2,C-=
"2 2 ( 3) 23 2 2 J23 V23
X+ | +— — —
2 4 2 2
5 2 29 2X+3
=—In|x" +3x+8)- arct +C.
ol e
dx d(x+3) 1 X+3
3-Mmucor. j :j = arctg——+C.
x> +6x+19 J (x+3)2+10 10 J10
4-Mucoi.
j‘ dx _lj‘ dx _lj' dx B
3x?-11x+17 3J 2 U 17 3 11)° 17 121
e L
3 3 6) 3 36
d X—E X_E
—EJ. 6 _1d arctg—6+C—iarcth+C
3 (X 11)2 g3 383 /83 /83 /83 '
—_—— +7 _ -
6 36 6 6

TypTvHUM Typaaru KacpHH HMHTErpajUlall XaM YYHWHYM TypJard KacpHU

WHTEerpajuiaiira yximaii oauo oopuiaau:



e e ey

:?J‘(XZJFpx+q)_nd(x2+px+q)+(8—%jj dx -

d(x+pj
S N T
2(1—n)(x? + px+q)"* { 02 0? n
X+ | +]q-"r
o) o]

2
Arap UKKWHYU MHTETpaNJIa x + g =z Ba ¢-— pT =m’ 1e0 Oenrmiam KupuTcak

p’ dz
(uykr ¢-+->0 »omau), y wuHTErpaix I, = J-ﬁ HU HMHTETpajuIalira
4 (m*+z7)"
KeNTUpUIaaun Ba y [, = z 273 ;. katum PEKYPPEHT
" 2(n=Dmi(m® +zH)"" 2(n-Dm® "
dbopmyna Ounan xucoOnaHaau, Oy epaa: I, :j(zdﬁ by dbopmyna 6yiinua
m’ +z

I, ,H1 [, , opKamu, cyHrpa [, ,HA [, , OpKanu udojamaiimu3 Ba X0ka3o. by

dz 1 z
5 5 =— Cll"Ctg —+C HHU X0CUJI KHHHHFYHI/I"Ia JaBOM 3TTI/IpI/IJ'IaI[I/I.
m°+z m m

(1 +x° )3

FOxkopuaaru pexkyppeHt gopmysara OMHOaH,

_ X N 2-3-3 X 3 |
23-DA+)? 26-D) 1 4exd)? 47

OHau pekyppeHT dopMynaHu /, Ta KyJulaiMus.

JKapaéH I, =I

XUCOOJIAHCHH.

1-Mucou. I, = I

I3

X 3 X 1 X 3x 3
Iy =———5+-— —+—1 |= G —+-1,
4(1+x7) 41201+x7) 2 4(1+x7) 8(1+x") 8

d
Arap I, =I1 al - =arctgx + C DKaHJIUTUHU MHOOATTa OJICaK,
+Xx
1
]3:I dx23:_ xzz+g x2+§arctgx+C.
A+x7) 4d+x")" 8 1+x" 8

2-Mucour.

I dx _J‘ dx _1J‘ db+g) g 6 .
2 2~ ) 279
(BX“ +x+7) 32(X2 +g+;)2 9 ‘:(X+1)2+83} 9 2.83.[()(4_1 2+83:|



+C.

1 J‘ d(“) 6xX+1 12 6x+1
(

2% +1)2 83 ~ 83(3x% + X +7) 83\/_ \/_

X
36 6 36
3-Mucou.

3
j‘ (3% + 5)dx :J‘(Z“z)z*zdx_ J‘d(x +ox+4) J‘ d(x+1)  _
(x2+2x+5)*  J (x? +2x+4)* (x% +2x +4)* [(x+1)2+22]4

1
- 2(x2 +2X+ 4)3

+21y,.

DHau [, HU peKyppeHT dhopmya EpaaMuaa XUCOOTaiiMus3:

(x+1) 5 X+1
2 3t I3 = 2 3
2-3-4(x° +2x+5)° 2-3-4 24(X° +2X+5)

|4:

5 X+1 3 X+1 5(x+1)
+— 5 >+ I, |= +
241 2.2.4(x* +2x+5)* 2-2-4 24(x% +2x+5)°  384(x% +2x +5)?
15 x+1 15 1 J‘ d(x+1) x+1 5(x +1)
+ + = +
3842.4.(x? +2x+5) 3842-4) (x+1)?+4 24(x*>+2x+5)° 384(x% +2x+5)?
5(x+1) N 5 retg X—+1+C
1024(x? + 2x +5) 2048
MAIIKJIAP
dx 2dx * (2x —3)dx
L sz—l /. J.(4x—5)6 13. J x? +4x+5
2dx 6dx * (4x+5)dx
2 J.x—13 8. J.(5—6x)4 14. J 3x? —-5x+4
4dx 7dx r (5—3x)dx
3 I15—3x o I(1—8X)2 15 J4x% + x+5
3dx dx (6x — 5)dx
4 J.3—8x 10. Ix2—2x+5 16. (3x* +4x+5)°
dx dx (4x +13)dx
> J.4)6—9 11 ".7+X+X2 17. v (X2 —6X+10)3
4dx dx r (3x—11)dx
6 J.(XJr3)5 12. J‘Bx2 —5x+3 18. | (x? +8x +18)?



2.2. Kacp-panmonan GVHKIIUSJIADHA HHTErPaIAILl

1. Masaymkn, P,(X)=a,x" +a, X" +..+ax+a, kabu QyHKIML, N-
Jnapaxkanu Kynxaja aedwnanu, Oy epaa ag, &g, ..., a, Jlap Xakukui coHnap Oyiuo,

yJap KymxaaHuAT Ko PuImeHTiapuaup, N-qapaxa KypcaTKudm.
Wkku kyTIxaaHUHT HUCOATH Kacp-panroHan GyHKIHs KU parroHal kacp aeo
IOpUTUIIA/IH, SHHU:

R(X) ZM. Arap m<n Oynca, yHU TYFpW palydoHanx Kacp, arap
Pn
m=n 0yiica — HOTYFpH parroHai Kacp JAe0 alTHiIa u.

Hotyfpu panmonan kacp GyHKUMSIHUHT CypaTUAArd KynxaJaHu MaxpaKugaru
Kynxaara Oynum iynum OunaH yHH Kymxaa OWiIaH TYFPU paldOHATl KaCPHUHT
WUFUHIMCH makiuaa udonaanam MyMKUH Oynanu. Jlemak, xap KaHJail Kacp-
pauuoHasl (PYHKUUSHUA HHTErpajuilall Xap JOMM KYNxajd OWIaH TYFpHU paluoHal
KACPHU MHTErpajuiallra KeaTUPHIIaIu.

2. Arap x=x, 1a P (x,)=0 0¥ynca, X, HU P (x) KyIXaJHUHT Wigu3u aed
aTanaau.

a) Arap X, Xy, ..., X,comnapu P (x) KYNXaJIHUHI WIAW3JIapu Oyica, y
XOJila YHU Kyhiuaaruda udoganai MyMKUH:

Pn(x) = an(‘x_xl)(x_x2)(x_x3)"'(x_xn)

by éhnnvana X-X; KynmauTyBYuM OMp MapTa KaTHaIlca, X; HU OJIUN W3,
arap y o, Mapra KaTHalica, X; Hi ¢, KappaJld WiAu3 1e0 aTanajiu.
Arap X;, P (X)HMHT ¢« Kappaia, X,, , Kappalu Ba XOKa30o X, 3ca q,

o (04 a .
Kappalu WIau3n Oyiica, P ()=a (x-X) 1(x—x2) 2...(x—xk) k ne6 &é3um MymKuH. by

b) Arap P (x) kynxax HadaxkaT XaKUKUN HIAM3Iapra, Oaiku y3apo Kylma
OYnraH KOMIUIEKC COH WJin3japra Xam ara 0yica, yHu

Py (X) = @ (X = X0) ™ (X = X2) *2 (X = X, )™ (X° + pyx+0y) *)

(X% + PoX+ )2 (X2 + px+ 0, )k

Kabu udoganam MyMKHuH, Oy epaa & +a, +...+a, + 26, + 20, +...+ 25 =n.

. X) o
Teopema. Xap kanmai R(X) = ?3’“(()) TYFpU palMoHall KacpHUHT Maxpaxku (*)
' (x
kabu €innmara sra 6ynca, yuu |, I, 11l Ba IV Typmaru sHr comna kacpiaapHUHT

WUFUHANCH KypUHUITUAA Udo1a STUIT MyMKUH. byHna:



[E—
.

(*) €iimnmanuHT (X-X;) KYpUHHIIArK KymaityBuucura l-typmaru Outta

Kacp MOC KeJaJy;
X—X,
2. (*) éimnmanuar (X-X;)” xkabu kymairyBumncura | Ba |l Typaaru o mona
Kacp MMTMHAMCH MOC KeJau:
A
A A A A

(x—x)*  (x—x)*" (x—x)“‘2+'" X—X
1 1 1 1

3. (*) éHmnMaHuHr  X° 4+ pX+Q Kabu kymaiiryBumcura Il Typmaru
Ax+B .
————— Kacp MOC KeJllajy,
X° + pxX+q
4, (*) éitmnmanunr (x° + px+q)” xabu xymaitrysuncura |11 Ba IV Typgaru

B moHa Kacp HUFUHIUCH MOC KEJIaJIN:

5 +— St — .
(2 +px+q)? (X% + px+q)~- X2 + pX+q

Tyrpu panmoHan KacpHHUHI JHI COJJAa pPalMOHAI Kacpyiap HUFUHAUCWTA
Oynran €HUIMACUHUHT CypaTH/ia KaTHAITYBUM KOAGOUIIMEHTIAPHU aHUKIAIIHUHT
COH KUHMATIapHH YpHUTA KYHUII Ba HOMAbIyM Kod(pduimeHtiaap ycyiud ned
aTalyB4d yCyJulapu MaBKYyZ.

3. Wlynpaii kwimO, TYFpu palMoHa Kacp (QYHKIUSHM HHTerpaam, 4
XWIIaTH DHT COAJAa KacpJIapHM HHTETpajulallira KeJITHpHUiap skad. Tyrpu
panuoHasl Kacp (YHKUMSUIApHU MHTErpajuialll MacajlacUHU KyWHuaa KeITUpPUITaH
MUCOJUTApHU euuill xkapacHuga ypranamui. Iy makcaana kyiumaru 4 XO0JIHU
Kypub yTamus:

bupunuu xon. Tyrpu parmonan kacp QyHKIUS Maxpaxugaru Kymnxan dakart
XAKUKUH Xap XU Wian3iapra ara OyJICcuH.

(2x+3)dx
1-Mucon. [————
x —=Tx+12
Bumymimn. x° —7x+12 = (x —3)(x —4) Oyarannuru yuyH
2x+3 2x+3 A B

xP=7x+12 (x-3)(x-4) x-3 " x—4
Ba Oy TEHITIMKHUHT Xap UWKKaja ToMOoHMHH (X-3)(X-4) ra xymaitupuoO,
2X+3=A(x-4)+B(x—-3)au xocun kwiamu3. Homabaym kodddurmeriapau
aHUKJIAll YYyH XyCYCUI KUUMATIIapHU YpHUTA KYHUUII yCynuan poiganaHamus.
Arap x=3 0ynca, A=-9 Ba X=4 06ynca, B=11
Jlemak,



(22x+3)dx :J. (2x+3)dx :—gj. dx +11j dx =-9In|x -3 +11In|x-4/+C =
X% —7x+12 (x=3)(x—4) x—3 x—4

(X 4)11

(x-3)°
2 -MICOLL J‘x“—3x —11x* +4x+15
5x?—X+5
Eunnumm. MHTerpan wumopacu ocTHAa HOTYFPU paldoHall Kacp (QyHKIuS
KaTHAITAHJINTH YIyH CypaTJard KyInxaaHd Maxpaxkjaard Kymxaiara 0yiau0, yHUHT
OyTyH KUICMUHH akpaTamu3. Maxpax 3ca:
x3-5x%-x+5K(X+1)(X-1)(X-5)

=In +C.

dx

x* —3x* —11x* +4x+15 X+5
3 5 =X+2+ ,
X®—=5X"—=x+5 (x+D(x=1)(x-5)
X+5 _ A, B C

(x+1)(x-1)(x-5) - x+1Jr Xx-1 x-5

naH X+5kA(X-1)(x-5)+B(x+1)(x-5)+C(x+1)(x-1).
Arap Xk-1 Oyica, A:%; Arap Xkl Oyica, Bz—% Ba arap XKk5 Oyica,

_ S
12
HaTI/I)KaI[a'

4 a3
I(x —3x% —11x?% + 4x+15)dx .[(x 2)dx+ - I ) _:
x3_5x2 _x_5 x+1 4 X— 1 12

(“22) 1n\ +1\——1n\x 1\+—1n\x 5+C .
3-Mucon. (2X —Ix+8)dx _ (2x* ~7x+8)dx XUCOOJIAHCHH.
x* —10x% +9 (X=D)(X+D)(x-3)(x+3)
2x* —T7x+8 A B C D
Eunnuimm. = + + + aH.

(x=Dx+Dx-3)x+3) x—1 x+1 x-3 x+3

2x° =Tx+8=A(x+1)(x* =9+ B(x—1)(x* =9) + C(x +3)(x* = 1)+ D(x = 3)(x* = 1)
by epna xam A,B,C Ba D nmapuu anukmam y4yH Xycycuil KuiimMaTiap Oepwiil
ycynuaad (Qoinananamus (yMyMmMaH, arap Maxpax (akar XakuKuid Ba Xap XHJI
WIIIU31apra sra 0yiica, Ma3Kyp YCYJIHH KYJIIalll 9HT MaKcaara MyBoGHUK yCYIIIUD).

3 17 5
Arap Xkl Oynca, A=——; Xk -1 na B=—; Xx3 ma C=— Ba
P XK Yy 16 K pi | 16 K> X 48

x=-3 Ba D—-ﬂ
48

Jemak,



I(2x —7x+8)dx
—10x* +9

WkkuHYM X0JI. Maxpaxaaru Kyr[xaz[ (baKaT XAKUKHAH I/IJII[I/ISJIapFa ara 0yimo,
ylapJiaH apumiIapy Kappaji Wianu3inap OYICuH.

———ln‘x 1‘ ln‘x+1‘+—ln‘x 3‘ 1n‘x+3‘+C

2 J—
1-Mucou. (x2+x—1)dx XUCOOJIAHCHUH.
X“(x—2)
x>’+x-1 A B C
Eunmummn, ————=—+—+ ——nan

x2(x=2) x> X x-2

|
x’+x—1=A(x—2)+Bx(x—2)+Cx’ Hu &amus. Arap Xx0 Gynca, A= i Ba

o 5 .
Xk2 Oynca, C =ZHI/I aHuKIaiiME3. B KOOQOHUIMEHTHHE aHMKIAIT YayH X

oJiauAaru Ko3(pPpuuueHTIapHy TEHIIAIITUPAMU3:

1=B+C, B:I—C:I—éz—l; B:—l.
4 4 4
Hatwxkana:
(X* +x-1)dx Ddx _ J'dx 1J'dx 5 :—i—lln|x|+§ln|x—2|+c.
x%(x—2) 2x 4 4
2-Mucour. J- XUCOOJIAaHCHH.
(x—1)2(x+4)2
1 A B C D
Eunnuimu. = + + + naH

(x=D*(x+4)? (x=-1)° x-1 (x+4)° x+4
1=A(x+4)’ + Bx—=1)(x+4)* + C(x 1)’ + D(x —1)*uu
EKU
Ax? +8AX +16A+ Bx3 + 7Bx? +8Bx —16B + Cx? —
—2CxC + Dx3 + 2Dx? = 7Dx+4D =1

Homabiym koaddunmentnap ycyaura OMHOAH X HUHT Japakajapura Kypa,
TEHIVIMKHUHT Xap WKKala TOMOHHUJA Yyiap OJAuAard Kod3(pQGUUUEeHTIapHHA
TEHIJIAIITUPAMU3:

x%: B+Dx0,

x*: A+7B+C+2Dx0,

X: 8A+8B-2C-7D«x0,

x’: 16A-16B+C+4Dx1

Yoy cuctemanu eund, 4 =C = S , B= L D= 2 JapHU TOMaMu3

25 125’
VY xonna:



dx 1 dx 2 dx 1 dx
I I J

2 2 "5 2~ T 2 T
(Xx=D°(x+4)° 25" (x-1° 125" x-1 257 (x+4)
2 | x__ 1 2 In|x—1] - : +iln|x+4|+C:
1259 x+4  25(x—1) 125 25(x+4 125

_ 2 In|x+4|_ 2x -3
125 |x-1| 25(x% +3x—4)
(x? —x+14)dx
(x—4)*(x-2)
x? —x+14 A B C D
= + + +
(x—=4)}(x-2) (x=4) (x-4)°* x-4 x-2
X*-X+14kA(X-2)+B(X-2)(x-4)+C(x-2) (x-4)*+D(x-4)° Hu xu
Ax-2A+Bx?-6Bx+8B+Cx>-10Cx*+32Cx-32C+Dx>-12Dx*+48Dx-64Dkx*-x+14 Hu
¢3u6 onamus. bynnan :
x3: C+Dk0,
x*: B-10C-12D«1,
x: A-6B+32C+48Dx-1,
x’: -2A+8B-32C-64Dx14  Ba
Ak 13; Bk -3; Ck 2; Dk -2 napHu XOCHJI KHJIaMU3.

+C.

3-Mucon XUCOOJIAHCHUH.

Euvmimm.

aH

Hatuxana:
2_
(x x3+14)dx:13 dx 3 dx 2+2J‘ dx 5 dx
(x—4)"(x-2) (x—4) (x—4) X—4 (x=2)
__ B8 omx—4-2mx—Z+c-——2 3 op*4c
2(x—4)%  x-4 2(x—4)* x-4 1x—2|

Yuunun xon. Tyrpu pamumoHanm kacp QYHKIUS MaxpaXuaard Kymxani
WIIU3JIapy OpacHia XaKUKUN WIIHU3IapAaH Talkapu Oup-oupura TeHT OyimaraH
KOMITJIEKC UIIAN3TIap XaM MaBxKy1 OVIICHH.

1-Mucou. J. dx

XUCOOJIAHCHH.
x4 -1

Eunnumm. x'=1=(x*=-D(x*+D) =(x-D(x+1)(x* +1) Oyaranu  y4yH
I _ A B  Cx+D
x'=1 x-1 x+1 x*+1
1=Ax+D)(x* +D)+B(x-1D)(x* +D)+(Cx+ D)(x* —1) éxu
Ax’ + Ax* + Ax+ A+ Bx’ —Bx* + Bx—B+Cx’ + Dx’ —Cx—D =1
x%: A+B+Cx0,
x*: A-B+Dx0,
X: A+B-Ck0,
x’: A-B-Dx1.

1 1
byunman: A=—; B=——; C=0 Ba D=-—.
Y 4 2

Ba



Jlemax:

dx _1fdx 1) dx 1p dx |x ]4--|n|x+]4——arctg+C—
xA_1 4)x-1 4)x+1 2)x211 4

=In 4‘/X—_1 —larctg +C.
X+1 2

2-Mucorn. | fdx XHCOOIaHCHH.
x +1
3x = )g -4, §x+ C XkAX?-Ax+A+Bx*+Bx+Cx+C
x+1 (x+Dx"—x+1) x+1 x —x+1
x%: A+Bx0,
X: -A+B-Ckl,
x°: A+Cx0.

1 1 1
byunman: A=——; B=—; Ba C=-—.
Y 3 3 3

Hatwxkana,
_[ xdx _ 1p dx + (x+1)dx
x3+1 3 x+1 3Jx2-x+1
_——In|x+]J+ ((2x 1) +3)dx _1 | ﬂ* J‘d(x —x+1)
x> —x+1 X+1
1 1
+—J.—2:——In|x+]j+—ln‘x —x+ﬂ+ arctg 2,C=
2 _£)2+§ \/_ \/_
4 2
_lln\/xz—x+ 1 arctg 2X=1 2x-1,
3 X+1 \/_ \/_
d
3-Mucou. [— al - XHUCOOTAHCHH.
(x"+D(x" +4)
1 Ax+B Cx+D
Eunnummu. = + Ba

(x> +D(x*+4) x*+1 x*+4
AXC+BX*+4AX+4B+Cx*+Dx?+Cx+Dx1

x%: A+Cx0,
x*: B+Dx0,
X: 4A+Ck0,
x%: 4B+Dxl
bynman: A=C=0 Ba Bzé; D:—é.
dx 1 1 X
= =~ arctgx — ~arctg — + C.
Jlemax: I(x +1)(x ) 3]1 x2 3 . arctgx — < arctg - +

Typrunun xon Tyrpu pamuoHan kacp (QYHKIUS Maxpakuaard Kymxai
WJIIM3JIapu Opacuaa XaM Kappaiau XakKMKUKA XaM KappaJid KOMIUIEKC COH WIIIUA3JIAp
MaBXyJl OYJICHH.




1-Mucou.

I dx
XUCOOJIAHCHH.
(x=D?(x* +4)?
1 A B Cx+D Ex+F,
= +—t + :
(Xx=D?(x*+4)*> (x=-1)> x-1 (xX*+4)° x*+4
A(X* +4) + B(x+D)(x* +4)° +(Cx + D)(x +1)* + (Ex+ F)(x=1)*(x* +4) =1

Euvuim.

25 125 125 125 125 125
VY xonna:
dx 2 . x®+4  71x%® +41x+88 7 X
I > 5 = In i 5 — arctg —+C.
(x-D(x“+4)° 125 (x-1)* 1000(x—1)(x*+4) 2000 2
2
2-Mucour. j (5x” —12)dx XUCOOJIAHCHUH.

(x* —6x+13)°
Eunnumm. Maxpaknaru kBagpar y4 xaj X*-6X+13 HuHT WIIIA3JIapU UKKU Kappayiu
KOMILJIEKC COHJIap OYJTaHINTY yU4yH
5x7 =12 Ax+ B Cx+D
= + Ba

(x> —6x+13)* (x> —-6x+13)> x*—6x+13

Ax+B+Cx*+Dx?-6Cx*-6Dx+13Cx+13Dx5x*-12

x%: Cx0,

x%:-6C+Dx5,

x: A+13C-6Dx0,

x%: B+13Dx-12
bynnan: Ax30, Bx-77, Cxk0, Dxb5.

VY xoinna:
(5x% —12)dx (30x — 77)dx 5dx 13x-159 53 X-3
> 5= . 2+J. 5 =— +—arctg——+C.
(x“ —6x+13) (x“ —6x+13) X —6x+13 8(x°-6x+13) 16 2

OHAM panudoHalnl Kacp (YHKIUSJIApHU UWHTErpajUiailira JOUp apajaill

MUCOJUIAPAAH AMPUMIIAPUHUHT €UMUIUIIMHNA KYpUO yTamus.
5

1-Mucour. I X3 dx XUCOOJIAHCHH.
X~ —8
x°dx 5, 8x?

Euvmiimm.

X TCHIJIUK x°dx = 2 8’ dx =
3 = 3 TaH 3 =|(x°+ 3 )dx =
X —8 X" -8 X° -8 x° -8
2 3
:J.xzdx+8J‘X3—d);:X?+§In‘x3—8‘+c.
X —

3
2-Mucour. I(X2+1) dx XuCOOJIAaHCHH.

X“ =X
3 3
Egnnumm. (X:l) =X+4+ 7;“ raK}”lpa,J‘—(x;l) dx:J‘xdx+4J‘dx+_[7;(+1dx.
X" =X X" =X X= =X X< —X
x+1 A

AL B A1, B8

byHnpnan: -
yRAat X(x-1) x x-1



X+1 1 8
Hemak == to—
x2 — X X x-1
2
I(X+1) dx = J.xdx+4‘[dx—J. I—:—+4x In|x|+8In|x—1]+C.
X< =X
3-Mucour. x*+2x+6 dx XHUCOOJIaHCHH.
(Xx=1)(x—2)(x—4)
2
Euvmimm. X" +2x+6 dx = A + B + C oan :

(X=D(x—2)(x—4) x-1 x-2 x-4
X+ 2X+6KA(X-2) (X-4)+B(X-1) (X-4)+C(x-1)(x-2),
X2+ 2X+6A(X°-6X+8)+B(X*-5x+4)+C(x*-3x+2),
X*+2x+6x(A+B+C)x*+(-6A-5B-3C)x+(8A+4B+2C).

bup xun papaxkanu X JapHUHT KO3GUITMEHTIApUHN TaKKociaad, KyWuaaru
TEHIJaMajiap CHCTeMAaCHUHHU XOCHJI KUJIaMHU3 Ba YHU €4aMu3.

A+B+C=1,
—-64-5B-3C =2, A=3, B=-7, C=5.
84+4B+2C =6,
_ x*+2x+6 3 7 5
Hemaxk: = — + _
x-D(x-2)(x—4) x-1 x-2 x-4
2
HaTI/DKaI[a:j X +2x+6 dx=3j£—7f dx +5J. dx _
(x—-D(x-2)(x—4) x—1 x—2 x—4
3l — 1|~ 7l 2]+ Stnfy -4+ € = ETD Ao
-2 |
dx
4-Mucou. [— - XHCOOTaHCHH.
X (x=D(x" +x+1)
1 A B C Dx+FE
Eunnnimm. =—+4+—+ + JIaH.

Xx-DE*+x+1) x* x x-1 x*+x+1

1KkA(X-1) (X +x+1)+Bx(x-1) (}*+x+1) +Cx*(x*+x+1) +(Dx+E)x*(x-1),
gxn 1kA(C-1)+B(X*-x)+C(x*+x3+x%) +Dx*+Ex*-Dx3-ExX%.

0 Ba 1 conmap MaxpakHUHT Wigusiapu oynaranau yayH X0 na 1x-A, spHU AK-
1; xx1 na 1x3C, spau Cx1/3.

X, X, X njapHMHr KO3(p(QUUHUEHTIAPUHU TaKKOCiad, TeHriamauap
CUCTEMACHHU Ty3aMU3:

B+C+D=0,
A+C+E-D=0,
C-E=0.
Cucremanu eucax, Bk0, Dk-1/3, Ex1/3.
1 1 1 x—1
JleMak, =——+

=D +x+1) x* 3(x=1) 3G +x+1)



) dx x—1
HaTI/DKazLa.I 5 5 =—|— j — | ————dx
X< (x =1)(x +x+1) X "3l 3 X2 +x+1
2X+1 3
:—+—I| - ——I x=14l Inx +x+1‘ I
X2 +x+1 X
1 1. (x- 1) 2X+1
~+=In———+—arcty +C.
X 6 X2 +x+1 \/_ V3
MAIIIKJIAP

+yinaard MHTerpauiap XI/ICO6J'IaHCI/IH.

2
1 I3)6 +2x— 3a’ 8 I ?Z;x+ ix 15 J.
x —X 2x  +x-3
2_
2 [Ty e - 16 |
x —=2x"+x x -8
5x—1 xdx
3 Imdx 10 I(xz +2x+2)2 17 J.
2x% 4+ x+4 x*+1
4 dx 11 dx 18
Ix3+x2+4x+4 I(95—1)3(95"‘3) I
d 3 2
5 | 3x 12 Ix +3x2 +5x+7dx 19 |
x +8 x +2
x+1 xdx
6 —d 13 20
‘[x4+4x2+4 g I(2x+1)(x—3) J
d
7 a 14 [

(x* —9)(x* +2) x+1

(2x+3)dx
x'—16

(x* +x+2)dx

(x-3)(x—-4)

(x> +x+5)dx

x(x+3)(x—2)
(x* +x—1)dx

x’(x=2)°

(3x — 7)dx

x'+x’+4x+4

xdx

xt+x? =2

2.3. TpuronoMeTpuk GVHKIUIAP KATHAINTAH WDOTAIapHH MHTErPAJUIALLL.

1. [SinmxCosmdx, [CosmxCosmxx ea [SinmxSinmdx KkaGu wMHTErpamiapHu

XucoOjam y4yH TPUTOHOMETPUK  (PYHKIUSIAPHUHT

WUFUHANTA KeITUPUI popMynanapuaad GoiianaHuiaam:

SinmxCosnxdx = %J'[Sin(m +n)x + Sin(m — n)xJdx
CosmxCosnxdx = % j [Cos(m + n)x + Cos(m — n)x]dx,

[ Sinmxsinnxdx = %J.[Cos(m —n)x —Cos(m + n)xJdx

KyIanTMaaapyuHu



+yiiiaru MHTEerpauiap XucoOJIaHCHH

1. [SinBxCos7xdx, 3. [sin3xSin7xdx,
2. [Cos4xCosoxdx, 4. [ Sin2xCos5xSingxdx .
Eunmnapu.

1. jSinsxcos,?xdx: ljSin15xo|x+1j5inxo|x= 1(—icosﬁx}r
2 2 2\ 15

Coslb5x  Cosx
— — +

1
+=(~Cosx)+C = C.
’ 30 2
2. J Cos4xCos9xdx = %J.Cosledx + %ICOS5XdX _ Sind3x + ST(?X +C.
3. [sin3xsin7xdx = _1 [Cosaxdx— 1 [ Costxdx = - Sin4x _Sinlox .
2 2 20

4. [Sin2xCos5xSingxdx = %I[Sin?x— Sin3x]Sin9x =
= 1jSin?xSiandx—ljSinSXSinQde:
2 2

= leostdx— le0516 xdx — 1jCosBxdx+ ijcole xdx =
4 4 4 12

=18in2x—£8in16x—i8in6x+iSin12x+C.
8 64 24 144

2. J‘Sinmeos”xdx KYPUHUIIIATH ~ UHTETpAUIApHU  XUCOOJaIl  y4yH
Kyiugara 3 X0JaHU Kapad yTaMus.
1-xos1. Arap mx2k+1 kabu OyTyH MycOaTt TOK COH OYJica,
jSin2k+1xCos”xdx = JSin”xCos”xSinxdx = —J (1— Cos?x)* Cos"xd (Cosx),

SbHU MHTETpaJl Aapakain QyHKIUIAD WMFUHIMCUHN UHTETpaJilalira
KEJITUPUIIIN.

Arap KOCHHYCHUHT Japaxxachu xaM OyTyH wMycOaT TOK COH OVica,
IOKOpUAarura yxiai ycyyijaad ¢poiiganaHuiaam.

Mucoinap:
1).[Sin5xdx = ISin“xSinxdx = —J- (1—Cos?x)*d(Cosx) =

= —J. (1—2Cos?x+Cos*x)d (Cosx) = — J d (Cosx) + ZJ.Coszxd (Cosx) — j Cos”*xd (Cosx) =

= —Cosx+§Cos3x—%C055x+C.



2)_[Cos7xdx = I(l— Sin®x)*d(Sinx) =
= Jd (Sinx) —3jSin2xd (Sinx) + 3JSin4xd (Sinx) —jSinSXd (Sinx) = Sinx — Sin3x+gSin5x —~
“Lsinxsc

-

3) | Sin*xCos®xdx = J.Sin4XCOSZXCOSXdX = '[Sin“x(l— Sin®x)d(Sinx) =

- Sin“xd(Sinx)—J‘Sinﬁxd(Sinx):%SinSX—%Sin7x+C.

4) | Sin®xCos’xdx = jSin“xCosszinxdx = —j(l—Coszx)ZCoszxd (Cosx) =

= —jCosZXd (Cosx) +2 j Cos*xd (Cosx) — J- Cos®xd (Cosx) =

= —%Cossx+§C035x—ECos x+C.

5 J’Cos3xdx _J‘Cos xCosxdx (1-Sin®x)d(Sinx) _ [ d(Sinx) _ [d(Sinx) _

Sin®x Sin®x Sin®x Sin®x Sin“x
= _15 + _13 +C
5Sin°x  3Sin°x
6)_.. Sin®xdx _J‘Sin“xSinxdx _ [ (@—Cos*x)*d(Cosx) _
Cos*x Cos*x Cos*x
_ 2 4
:—I (L—2Cos X+C?S x)d(Cosx) =— j Cos*xd (Cosx) + 2 j Cos *xd (Cosx)—jd(Cosx):
Cos™x
1 1

—Cosx+C.

T 3Cos®x  2Cosx
7 J- Sin®xdx j Sin®xSinxdx (1—Coszx)d(Cosx) J‘d(Cosx) d(Cosx)
Cos°x Cos®x

Cos®x Cos®x Cos®x
11

= +C.
4Cos*x 2Cos?x

2-xon. Arap m+ng-2k (k>0 ea 6ymyn con) 0yiaca, tgxkz €xu Clgxkz xabu
AIMAIITUPUIIUIAD OpKAJIM Kapana€TraH WHTErpain Jaapaxanu (QyHKIUsuIapHU

HHTCTpalIalira KCJITUPUIIaau.

. A
SiNX = ——,

by epna: tgxkz Oyica, dx=—- az
1+ 1+2°

72’

6a ctgx =z Oynranma dx = _ dz Sinx =

1 1
V1+ 72 1+2% Vi+22 V1+ 72

JJapHH MHOOATra OJINII JIO3UM.

Cosx =




Muconnap:

) J' Sin* xdx ma M=4,n=-8 Bam+n=-4; tgX = Z aMawTyp Ui 1aH YoiifataHaM u3 :
Cos®x

. 4 4 5 7
J‘Sm xdx:J‘ z"dz :Iz4(1+22)dz:%+27+cZ%tgstf%tg?XJrC'

Cos®x 1 4 )
\/_2 @+z9)
1+z

Z)ICOS “xx fctgzx =ctgx = 7| = z 2 ! az > = jz (L+2°)%dz=
Sin8x sin® x ( 1 )6 1+z
1+ 22
2 4 6 2 2.5 7' 1.3, 2 5 1 7
=—[z2°%dz-2[z2%dz - [z°dz=——-=2> - —+C=—Zctg x—=ctg°x —=ctg 'x+C.
3 5 7 3 5 7
dz
, _
S)J‘CoiS ;(dx :jctg3x dxs = [ctgx :z|:J‘231;22:—JA23(1+ 2%)2dz =
Sin®x Sin®x ( 1 e
V1+2°

4 8
=—Jz3dz—zjzsdz—jz7dz __ 126 :—lctg4x—1ctg6x—lctggx+c.
4 3 8 4 3 8

I(1+z)dz— _[dz 3j 2olz—3j 2%dz7 — jzﬁdz=

dx 1+7°
4 = t = = - = &
),[ Sin®x |C o Z| I( %
N1+ 72

= —Ctgx —ctgsx—gctgsx—%ctg7x+c.

5)I

:z+323+125+c :tgx+—tg3x+—t95x+C.
3 5 3 5

=[tgx = 2| = INH_Z) dz j(1+ 7%)%dz =jdz+2jzzdz+jz4dz:

(1+2%)

dz

6)] ————— =|tgx=2|= | 1+ 2° :I(1+22)4dz: (L+2°)°dz _

Sin®xcos® x ( 13( 1 % 23(1+2%) /3

V1422 1472

0z az 8 1 32,14 1
(2 3( % 3[zdz+ [22dz=—— +3In[z[+ 222+ > 2% +C = 3In|t

Iz3+Iz+JZ z+[z°dz Tt n|z|+22 +2 - o nftgy +
+§tQZX+%tg4x+c.

3-xon. Arap |[Sin"xCos"xdx ma m+nk0 6ynca (M Ba N nap GyTyH coHIap),

Cos™xdx

Ma3Kyp MHTErpai, €Ku _Itgmxdx (m>0), €xu I Sin
X

= Ictg "xdx (n>0)



KaOu MHTETpaJUIapHU WHTETpaJIaIira KeITUPUIAIUKA, yiaap Moc paBuiaa gxXkz
€kM CIgXKZ anMaInTupHUIIap OpKajlu XucoOJIaHaIu.

Mucomnnap:

dz 1 z° 1
1) | tg*xdx =ltgx = z :J‘z4 :I 722 -1+ dz=-"-—z+arctgzC = =tg3x —tgx +
)Jg 9 ‘ 1+ 722 ( 1+zz) 3 g 3g g

3

+arctg(tgx)+C=tg X—tgx+x+C.
zdz
Z)ICtg xdx =|ctgx = z| = ,[(Z_ -)dz = J-zdz jl :——+—In‘1+z ‘+C—
+7°
:——ctg x+—|n‘l+ctg x‘+C———ctg x+§lnS +C_——ctg x — In|Sinx|+ C.
in?

4. Arap [Sin*"xdx Ba [Cos™xdx (n>0 — GyryH coH) &éku [ Sin*"xCos™ xdx

(m>0, n>0 — OyryH comHJilap) KaOW HMHTErpa/UIapHH XHUCOOJAm JI03uM OYIca,
., 1—Cos2x , 1+ Cos2x .
Sin“"x = — Cos'x=—— KYpHUHUIIJATH dhopmynanap
KYJUTaHWJIaIH.
Maskyp popmynanapHu Kyjulail HaTHXKACHUJla MHTETpal UILIOPAcH OCTHUJIard
TPUTOHOMETPHUK (HYHKIHMSITAPHUHT apakalapyd OMpMyHYa Tacasiay.

Mucoiunap:

1)_[C°S4de = _[(Coszx)zdx _[ <m

Idx += jCostdx += 1 ICos 2xdx =

:—+ S|n2x Il+COS4X =1x+35in2x+£x+i8in4x+c:§x+18in2x+
4 4 8 16 8 4
+i8in4x+C.
16
Z)J'Sinzxdx=jﬂdx=1jdx—1jC052xdx=1—£Sin2x+C.
2 2 2 2 4

3)jSin2xCoszxdx = %J‘SinZZde =
=— 1J.(l—Cos4x)dx = 1J‘dx—lj‘Cos4xdx =§—é8in4x+c.

4) ICos xSin 2 xdx = Ism XC0s 2XCos 2 xdx = 4J’sm 2xCos2x =

= Zjl_ Cosdx1+Cos2x —I(1+ C0s2x — Cos4x — Cos2xCos4x )dx =

2
:ix+ism2x—i8m4x—i —(Cosz+Cos2x)dx—
16 32 64 16J 16

:ix+isin 2x—iSin4x—i18in6x—i£Sin2x+C =
16 32 64 326 322

= ix+isin 2x—iSin4x—iSin6x+C.
16 64 64 192



4. Arap dakar TpUroHOMETpHK (YHKIMsIIapra parMoHal paBHIIAa OOFIUK
oyaran udoma, spaM SinX Ba COSX HUHT pamuoHan ¢yHkiusacu oyaran R (Sinx,
CosX) HUHT aHUKMAac WHTErpasiu f R(Sinx,Cosx)dx ©u XxmcobOmam Jio3uMm OyJca,

X
yHJIa YHHMBEpCal TPUTOHOMETPHUK aJMalITHPUIN 1e0 aTaxyBuu tga =z JaH

doitnananunaau. Yynku, 6y anmamrupuin Epaamuaa R (Sinx, Cosx) ¢pyHKIus xap
JIOUM Z ra HucOaTaH paruoHan QyHKIUS KYPUHUIINTA KEATUPUIIA N,

g 1-1g* "
, g 2z €5 1-2° «x
by epna, Sinx = = , Cosx = = , —=arctgz
1+¢ 2 X 1+2° 141 2 X 1+z° 2
g g )
N 2dz
&ku XK2arctgz nan dx = . HHU MHOOATTra OJICAK,
+z
52
_‘-R(Sinx,Cosx)dx:J.R(lizzz 'i+;jlidzzz =J.R1(z)dz HA XOcwil Kuinamu3. by epna,

R (z)- y3rapyBum Z ra HUCOATaH panoHas (QyHKIIHS.

Tabkuanam J03UMKH, aManuéTaa Oy aTMalITHPUIN KYTIMHYA aHda Mypakkao
pauuonan ¢yHkuusiapra onubd kemaau. Ily cabGabnu, Oab3aH yHIaH
dbolimananMaciaH aHya cojja YpHUra KyWuIl Yycysulapaad (oiiianaHnuiaiy.
+yiinga Ou3 3 XONMHU KypuO YTaMHU3KH, Yy €pAa YHUBEpcal TPUTOHOMETPHK
AIMAIITUPUIIUTAPCU3 U FOPUTHUIIT MyMKHH.

1-xo1. Arap R (Sinx, Cosx) ¢ynkius SinX ra HucOaTaH ToK Oyica, seHU R (-
Sinx, Cosx)k - R(Sinx, Cosx) 6ynca, y xomma zkCosx, dzk-Sinxdx xabu ypHura
Kyhuin 0y GyHKIHMSIHY pallMOHAJUIAIITHPA/IH.

2-xon. Arap R(Sinx, Cosx) ¢yukuus Cosx ra HucOataH TOK OViica, SAbHU
R(Sinx, -Cosx)k -R(Sinx, Cosx) 6yica, y xomaga zkSinxX, dzkCosxdx kabu ypHwura
Kyhuin 0y GyHKIMSIHY pallMOHAJUIAIITUPAIH.

3-xos. Arap R(Sinx, Cosx) ¢pynkuus Sinx Ba Cosx ra Hucbaran xy¢dt 0yica,

spau R(-Sinx,- Cosx)x R(Sinx, Cosx) 6yica, y xomma Zktgx, dx=1 - Kabu
+z
ypaura  Kyvum Oy — QYHKIUSHA  panMoHayutamtupaad. by  epna,
1g’ ? 1 1
Sin’x = gJZ == — uu Ba Cos’x = —= - JIapHM MHOOATra OJIMII
l+2g'x 1+z l+tg'x 1+z
JIO3UM.
Mumucoiutap.
dx X .
1. f . HU XyucoOJaniia th = 7z aJIMAIITUPUIIIAH (porganaHamMus.
in’x
2z ) 327° 2d
Sin’x = ( z ; j = —22 - HU Ba dx = Zz HH MHOOATra 0JICaK,
l+z (1+2z7) 1+z



J‘ dx 1 (@+z%* 1J'1+422+62“+4z‘3+z8
—— = ——dz=— 5 dz =
Sin°x 16 z 16 z

2 4
1 d—§+lj‘d—§+— az 1jzdz+—J 2%z = - 14—%+§In|z|+z—+z—+c.
16 4)z2 8J)z 4 64z 8z° 8 8 64

.. X
€KU Z HU th OWJIaH aTMaITHPCAK,

dx X X 1, ,X
=——(>ctg* +2ct ——6Int 2g° = —-=tg* 2)+C,
Sin®x 16(4 J J J 2‘ 97572972
(2 + Sinx)dx X o N )
_ HHU XpcoOJalla XaM /g — = z aJMAallTHPHUIINHA KYJIaiMu3:
Sinx (4 + 3Cosx) 2
2 21
J‘ (2+sinx) 2 2dz _s (zz+z+1)dz_zz+z+1_é+Bz+D
sin x(4 +3cos X) 3(1 z) 2z 1+17° 2(22+7) 2(2*+7) z P47

(a+= ;
+2° "1+z
naH, Ak 1/7, Bk 6/7 Ba Dkl napuu tonamms. Y xoija.

2aSigdn 2[0S [ 20 4o 9 i+ Siniz? + 1+
T+2° 7 7

(4+3Cosx)S|nx Z°+7
2 tg 2
\/_arctg\/_ =7Intg In(7+tg —)+farctg(\/_)+c
3. j Hu xucoOmamga COSXKz aJIMalITUPHUIIHN KYy/UlaiMu3, dyHKH (-
Sin®xCos?x
Sinx)*k -Sin®x. Sinx = J1—Cos’x =+J1—z> mm Ba-Sinxdxxdz mam dx = — 1dZ -
-z

HKaHJIMKIIApUHU WHOOATra OJicak, Kyhuaarura sra 0yiamus:
dz

I dx :I ﬁ :—J dz

Ba
Sin®xCos®x  * (J1-72)322 1-2%)%z?
1 Cosx 3
I — > —Intg
Sin®xCos“x Cosx 2Sin°x 2

HHU XOCHJI KMJIaMH3.

Cos’ xdx . .
4, j S; HU XpcoOmtamaa SINXxZ anMamTupuiaan GoigaranaMus.
in'x
Cos xdx Cos2xCosxdx 1-z )dz dz .dz 1 1
= = j — =5 +-+C
Sin*x Sin*x 24 z 3z z
=— L +—£—+C.

3Sin3x  Sinx



dx
" J (1+Sin®x)Cos®x
uaTerpan Oenrucu octumark (yskmms SinX Ba COSX ra HucOataH Kyt
byHKIHASIAP.

HU XpcoOmamaa (gXxZ aJIMamTUPUITHN KYJIaiMu3, YyHKH

dx
dx Cos?x dz Q+z%)dz 1 1¢ dz
= = = = — d — —
(1+Sin®x)Cos®x  J 1+ Sin®x .[ z° 1+ 277 2-[ T 2.[1+ 27°
1+ 722
:%z +% 1i222 =§+%%arctg %+C :%tgx+garctg(\/§tgx)+c.
2 J2 V2
MYCTA+WJI EYUI YUYH MUCOJIJIAP
1. | sinexsin7xdx 21 | Sinxdx [
J Cos’x CosxSin’x
- 3
2. | Cos3xCos9xdx 22. | % 42, [tg°xdx
J inx
3. | sin2xsinsxax 23 | C;_Sfdx 43, [1g*xdx
J in’x
7
4. [Sin 3 Cos X dx 24, ICos—jcdx 44.  [ctg*xdx
4 4 Sin"x
5. [SinxCos2xCos3xdx  25. | Cos—3xdx 45, |[ctg’xdx
' ' ~ Sinx '
Cos’ xdx 4
6. f CosxCos 2xCosSxdx  26. —_— 46. jSm xdx
A Sin’x
x Sin’ xdx e s
7. Sin5xSin— dx 27. 47. | Cos~xSin" xdx
I 2 J. v Cosx I
8. j'Sin%SinSZxdx 28. fC0S5x3\/ Sin’xdx 48. _fSinéxdx
3
9. ICostosfdx 29. ICos—m’x 49, fCos“xSin“xdx
2 3 Sin’x
10. fSin3xdx 30. j d)z 50. jSin4xC056xdx
Sin”x
dx dx
11. | Cos’xdx 31. 51.
I I Cos*x I Cos’x
12. [ Sin’xdx o 52. [
Sin®x Sin’ x
13. [ Cos’xdx 3. dxg 53. | dxs
Cos’x Cos’x



. 7
14. JCosszin3xdx 34. J-Sm—)m’x 54, J dx
Cos"x Sin’x
4 5 +9Sinx)d
15. fSin4xCos7xdx 35. ICos—m’x 55. I ( mx).x
Sin’x Cosx (2 +3Sinx)
4 d
16. | Sin’xCos’xdx 36. ICos—m’x 56. | ol
Sin®x Cosx(1— Sinx)
d
17. jSinsz0s3xdx 37. IL 57. j 5 al
Siin*xCos °x Cos*x(1+ Cosx)
5
18. | Sin’xCos"xdx 38. IL 58. jCos—m’x
Sin’ xCosx Sin'x
. 3
10, ISm xdx 30. dx 5o, J- dx
Cos’x SinxCos’x Sin’xCos’ x
.3 d
20. j—S’” xdx 10, [—F— dx 3 60. s
Cosx Sin"xCos” x (1+ Cos"x)Sin"x

2.4. AnreOpank upparmoOHAJUTMKIAPDHU HHTErPAJUIALL.

1) fR(x“,xﬁ ,-..,X" )dx Kabu MHTEerpauiapHu xucoOmam jo3uM OyicuH. by epna:
a, f,....,y- Kacp panuoHan coujap Oyiu0, jR(x”‘,xﬂ ,...,X') 2ca, ¥3

aprymeHTJIapura Hucobaran pauuonan pyHkuusaup. by xunnaru

MPPALMOHAIIIMK XKZ", dxxnz"dz Kabu aJIMaLITUPMILL OpKaIH

paumoHaymamTupunaan. byepgaru n, «, fB,...,y Kacp coHiap MaxpakJIapHUHUHT
SHT KUYMK YMYMHI Kappaaucuup.

ax+b ax+b ax+b

2) [ R[x,( ), ( ), ) Jdx TypJaru HUHTETPaJIHU
cx+d  ox+d cx+d
panmoHauTanTupui yayH (0y epna xam «, f3,...,y Jap Kacp panyoHay COHJap Ba
R, ¥3 aprymeHTinapura HucOaraH paruoHal  (QyHKIUs) e +2 =z"
cx +

anMamitupuiaan  ¢oigananamus. Xycycas, HUHT VpHUAA ax+b

cx+d
KaTHAIlTaHaa XaM ax+b =z" anmamtupuin Kyiaanwiaada (N- «, f,...,y CoHuap
MaXpaKJIapUHHUHT SHT KHYUK YMYMHU KappaTuCHIND).

X =z°
3/xdx 3dx z°6z°dz z'dz
1-Mucoa. I\/_ 0 I ~ = |dx = 62°dz _Iz3—z4 :6.[23(1_2):
X2 X3 z=8/x

4 3 2
z

4
=—6I 2 dz =—6J-(23+zz+z+l+i)dz=—6 —+Z—+Z—+z+ln|z—]j +C=
z-1 4 3 2




C R R LR |

6

X=12
dx 6z°dz dz
2-MucoJ. =z =% - -6 _
JW(&+3&) Z &5 Iz“(23+z2) jz(z+1)
dx =6z°dz
6
_ppirz-ndz_ j ~6]-%% —6In|z|~6In[z+1]+C =6In| 2| +C =6ln|_*— L
z(1+2) 1+72 z+1 8/x +1
x—1=22
2 .2 2 12
3-Mucon jx o _x=2"+1 =1M=2j(24+222 +1)dz =
x—-1 |dx=2zdz z
Z=+/x-1
Z5 2 3 2 2 4
::ﬂ?;+§z +z)+C:—{x—D VX—1+§(X—DVX—1+C=
= 24X {(X 12 4(x 1)+1}+C
N2x-3=12
I 2x—3=1°
4-MI/ICOJI.I 2X =3y - 1 _2‘[ _2‘[2 33 =
X x==(3+12% 3+17° 3+17°
2
dx = zdz
—Zfdz q[ arctg — -+C:2V2x—3—jiam@—21:§+c.
(Jg +17° J_ J3 J3 J3
Rl+x=1z ] ,
dx 6z°dz z°dz
5-Mucoa. =l+x=2°% |= -6 =
SR I§/(1+x)2—m d:fezZSdz _[24_23 Iz—l

2 2
=6Iw=6-‘-(z+l+i)dzz6 Z—+2+|n|z_1| +C=33/1+X+66 T+ X +
z-1 z-1 2
+6m@1+x—q+c_

X—].: 2
X+1
2 2 2
6-Mucoi. j ld><:><=1+22 :Il ZZZ 4Zd222=—f : z dz2 _
x+1 1-7 1+z° (1-2°) (z° +1)(z° -1)
dx = 4zdz
(L1-2%)?



7%dz
'"AIa—na+na2—D'

Wuterpan Genrucu octuaard GyHKIUSHE SHT COIA Kacpiiapra aKparaMus:
z° A B Cz+D

(z-D(z+1)(z* +1) T2 741 2711
z=Az + Az" + Az+ A+ Bz’ — Bz —B+Cz’ +Dz* —Cz —

1
2:A+B+C=0| A=y
22 A-BD =1, B__1

= 4’
z:A+B-C=0, C=0

0. _
z°:A-B-D=0 D:%

1 /x-1 dz dz 2dz
I[eMaKs = [—dx=— + — 5 =
X\ x+1 z-1 z+1 z2°+1

Z—Jrﬂ —2arctgz+C =

=In|z+1—Inz-1 - 2arctgz +C =In ;

x—1
T
:lnL—Zarctg . +C = m\/x_1+\/x+1|—2arctg1/x—_l+C:
/x—l_1 x+1 \/x—l—\/x+1‘ x+1
x+1
=In‘x+\/x2 —1‘—2arctg‘/x—_1 +C
X+1

3) jR(x, Nax® +bx+c)dx xabu MHTErpaUIapHU XMUCOOJAIIHMHT alpuM
XOJIJTApUHM KYpUO yTaMu3.

dx o o
a) Arap J-— KYPUHHUIIJIATH UHTETPAIHU XHcoOall Jio3uMm Oyiica, y
Vax? +bx+c

eplla KBaJpaT YyuyXaalaH Tyjia KBaJapaT aXpaTWiraHIaH CYHT, Ma3Kyp
MHTErpall )KaiBaJl UHTErpajiura KeaTUPUIIaIu.

:In‘(x+3)+\/x2+6x+25‘+c.

1-Mmucos. j d = J‘ X
J%+ﬁx+25 .Ju+3f+16
dx

2-Mucomn. j I I =I ox =
VE—x?—ax ¥ - (P +4x-5) J-|x+2)?-9] 7 9-(x+2)?

=arcsin X%Z +C.

Ax+ B .
dx KYpUHUIIJATW WHTETPAJHH XHUCOOJaml y4yH

b) YVm6
) Y j\/ax2+bx+c

aBBAJIO, CypaTja KBaJpaT YUYXaJHWHT XOCWIAcH 2ax+b HU axXpaTWIalu,
KeMMH y WKKATAa WHTETpall HUFMHIWCUTA aXpajdaau. YjapjaaH Owupw,



napaxkand (QYHKIHSJIAH OJIMHTaH WHTErpall OYnuO, MKKUHYKMCH a) OaHmua
KapajraH HHTEeTPIIUp.

(3x+8)dx (6“1) Yo 1.dGx +x+9)

N3xP+x+9 _I N3xXP+x+9 I N3XT+x+9

+% o :\/3x2+x+9+15 In|(x+ )+‘/(x+ ) +1I;)_67+

15

3-Mucou. |

2
o b 7] f
6 36
+C:\/3x2+x+9+¥ln(x+%)+‘/x2+%x+3+C~
10X -13)(— =) ——
4-Mucon. (5x—3)dx __ C X ) 2dx_
V1-13x —5x° \/1—13x—5x
__lj'd(l—13x—5x2) 19 dx B
VJ1-13x-5x* 2 , 13
—5(x Ex——)
X+
=—4/1-13x-5x —/1-13x—5x2 — arcsin +
J1-13x—5x% — dx = J1-13x—5%? 19V5 _ sin- 10
f \/189_( 10 V189
100 10
C =—+/1-13x-5x? —19\/— arcsin 10X+13+C-
10 /189

dx 1
MHTErpATHA XUcOoOJall y4yH

C) +yitumaru
'[(x—a)"\/ax2+bx+c X—a

AIMAIITUPHII OpKaJU YHU (a) OaHIIa KYpPHUIITaH) HHTETpalira KeATHPHIIAIH.

=Z

dx 1 i
5-Mucoi. HU  XucoOmamma ——=z €ku x—1=— pgaH

J.(x—l)\/1+x—x2 x-1 z

doinananaMus. Arap x:1+l, dx:—E V1+x—x2 \/1+1+1—1—Z—i
z

Z2 ! 7 7 Z2

2°-z7-1 o .
= — = SKaHJIMKJIApMHU UHOOATTa 0JICaK, KyWHIarMHU XOCUJT KWJIaMU3:
Z

d(z——)

dx _
JA(x—l)x/m j 2Nz -z7— J‘\/Z -7- ‘[ /( _ ) _

i—l_i \/(_) x—1

1 1, 5
(Z_E)+ (Z_E) "2

n3—x+\/1+x—x2|

N
2(x—1) \

+C=-In 1j+C =

I
|
=]




-4 «
6-Muco. IL—15+3X _15+i =j z’

X215 + 3x° 13622 +1)

2

V15 + 3x2 _—“152+ z z

ijz—dz ———jd(SZ +l):—1i2\/5z2+1+cz—i > i14C=

J5z2+1 3107 5,241 310 53\ x?
RS Lc 1 \/15+3x

5./3x T 15 X
4) Dumu, ~ax® +bx+c ra pandoHan OOFIMK OYarad yMyMU#l KYpHUHHIIIArd
jR(x, Nax® +bx+c)dx Hn Kapab umkamus. Keajpar yuxaquad Tyia KBaapar

. ) b., b*-4ac
aXpaTuiraHjaH CYHT, SI'bHHU, ax“ +bx+c=a(x+ 2—) "
a a

Ja

b
X+o—=1, dx=dz ne0 Oenrmnanuiapuu kuputamus. HaTwkana, nactiaOku
a

uaTerpan a Ba (b°-4ac) HUMHT MImopanapura GOFIHK XOJIa HHTErpaiapiaH
OMPUHU TOIUINTA KESITHPUIIA]IH:

a) Arap a>0 Ba b®-4ac<0 6yuca, y xomnmga

[R(x,"ax® +bx+c)dx =R, (z,Nm* +n’z*)dz, Oy epna a =n’ b —4ac_m2.

4a
Ma3zkyp wuHTErpan z =Etgt aNMaIITUPUII  OPKaJu le (Sint; Cost)dt Ta
n

KCIITHUPpHUIIAIN.

b) Arap a>0, b?-4ac>0 Oyica, y xolaa

JR(X,\/axz+bx+c)dx=IR2(z,\/n222—mz)dz kabu 6yim6 (6y epma:  axn’,

, b?—4ac
m- =
4ac
aIMAIITUPHIIIAH (oiaaTaHIIaIH.

), yHHU J R,(Sint;Cost)dt Ta  KEATUpPUII  YYyH z="sect
n

c) Arap a<O0, b%-4ac>0 Oynca, y xoiua J-R(x,\/ax2+bx+c)dx:

=[R,(z,Nm* —n’z’)dz pma z=—sint(éku z=-—Cost) aIMAIITHPHUIL
n n

b? —4ac
4a

KymraHan. By epna : n°kx-a, m? =— >0.

FOxopuna 0aéH STWUATAaH aIMAIITUPUIILIAP, OJATIA, WPPANMOHATUTUKIAPHU
WHTETpajuiallljia TPUTOHOMETPUK aIMaIITHPUILIap 1e0 OpUTHUIIAIH.



1-Mucou. j \/7 HU XxucoOmamga Xx2tgt anMmamTupumHu Kyutanmus. Y
(4+x
xoJaa: dx = 2dt g =
' Cos’t’ Cos’t’
3
I dx :J.COS t2dt J.Costdt —Slnt+C ——Sln(arctg )+C
/(4+ x?)® Cos’t8
: X X
Arap Sin(arctg 5) = —=———SKaHJIMTMHU Ha3ap/ia TYTCAK, HATHXKa/a:
4+x
I = 1 X +C.
J@+x?)?  4Ja1x?
X=2Sint
2-Mucon. I o = =J' 2(3205dt :_I =—t t+C.
(4-x*)Wa—x> |dx=2Cosdt| J 4Cos“t2Cost Cos’t 4

. X - 2 2
Arap Smt = E Ba Cost=+/1-Sin’ :\/ _XI = \/12 X skasnmiruHn HOGATTA OJICaK,
dx

X Jlemak I —1L+C
4-x* "ot Wa-xr AJa-x?

tgt =

3-Mucoa. j o ma  x=-/10Sect &ku X= @ aJIMalITUPUII
(x> —10)v/x? -10 Co
~10Sint 10Sin’t y -
Oaxxapwiianu. Arap dx = Ba x’ —10= ! —— JIapHHU YpHUra KyWuica,
Cos’t Cos“t
KYWMJAruHA XOCHJI KAJTAMU3:
dx 1 [Cosdt 1 [d(Sint) 1 1 X
=~ | === | =5 t=—-——+C=-"—"__+C.
x> —10)Wx?—10 10J sin’t 10]) Sin’ 10Sint 10 /x2 _10
X+1=4tgt
4-Mucou. I _[ 4dt =
V(X2 +2x+17)° /|(x+1) +16 |
4dt
= =—|Costdt =—Sint+C=—Sint+C=———+=+C=
64 16 16 16 6 /1+1g%
Cos’t
X+1
1y 1 x+#1
16 1+(x+1) 16\/x +2X+17

4

5-Mucoui. J\/—xz+6x+7dx:J‘\/—[(x—3)2—16de=j 16— (x—23)%dx =




B x—3=4Sint

=16 Cos’tdt = 8[ (1+ Cos2t)dt = 8t + 4Sin2t + C =

dx = 4Cosdt
Sint:X;3
4
| _ 2 _ _ | _ 2
:Cost:m:BarcSinX 3+2X 3V7+6X—X +C=
4 4 4 4
t:arcSinX—_3
4

=8arcSin

X—3 (X—=3)W7+6x—x*
2 + 3 +C.

X+l=——
6-MuicouL. J' (X + 4)dx :J' (x + 4)dx _ (_Zost _
VX2 +2x-8 ¢ \J(x+1)% -9 dX:3SIntdt
Cos’t
( 3 N 3Sintdt
Cost Cos’t J‘(1+Cost)dt J' dt J' dt Tt
= - =3 =3 +3 =3tgt +3Inftg (— +-=)|+C.
I 3Sint Cos’t Cost ' Jcost 0 9G )
Cost
. Vx?+2x-8
by epna Cost—i Sint—M tg(£+£)—1+8int_l+x+1_
Y ’ x+1' x+1 74 2"  Cost 3

X+1

_)c+1+\/)c2 +2x—8

3
xucoOJ1aHamIu.

JapHU IbTHOOpPra oOJcak, Ma3Kyp HHTErpajl OXupHuraya

2 —
(x+4)dx m+3ln|(x+1)+\/;< +2x-8

—_—= |+C.
VX®+2x-8 ‘ ‘

» Ocnamma. buz 0y epoa ancebOpaux uppayuoHAIIUKIAPHU UHMEPAITAUHUNS
Dunep armawmupuwinapu, ougpgepenyuan OUHOMAAPHU —UHMESPATLIAWL,
2UnepoOIUK armawmupuwiiap 6a oowxa ycyiiapru épummaoux. Kumoodxon
yuby 6a OowKa YCYINapHU OaUll MamemMamuxaza Oa2UuuLiaHean KyneuHd
aoabuémaapoan MyCmaxui pasuiod yYpeaHuiy MymKuH.

MYCTA+WJI EYUIT YYYH MUCOJIJIAP

d
1 jﬂ 21. | 2HY a [—=
Ux? —x 2—x V8 —3x—2x°
3 _ 2x+5)d
2. jﬂ 2 [P . [ BT
x(\/;+3\/; 9—-5x V7 +8x—11x°
dx 1—x (Bx—"T)dx
3. [——F+ 23. — 7y 43,
I\/;+3x/; J (1+x) 5x7 +8x+1



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Jxdx
V;3+1

J

,[ dx
Jx(1+4/x)’
J(I—G\/;fdx

I(J;+%G;+V;yh
I $xdx
x(Vx +4/x)
fxdx
Il+\/—
I(\/_+\/_)dx
Yx' —8x"
I(x+\/_+§\/_)dx
x(1+¥/x)
I(J— 1)dx
Yx +1

xdx
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I dx
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J\/1—2x —41-2x
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J. x3
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26.

27.

28.

29.
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32.
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34.

35.

36.

37.

38.

40.

I(x 2) 1+x

J
J

(2+\/x+ )dx

(x+1)° =vx+1
B++x+4)dx

(x+4) —J/x+4
dx

'[4\/(1+x)3(1—x)

dx

I%/(x+l)2(x—2)4

Ja

x_de

x—1
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—d
jx x+1 *

dx

J\/7x2+5x+4

dx

j\/14x2 +9x+1

dx

jx/5+13x+8x2

dx

j\/11+5x+6x2

dx

'[\/5+3x—x2

J

dx

NI—x—x7

dx

I\/11+9x—7x2

dx

J‘\/3+2x—5x2

xdx

I\/2x2 +5x+3

J

(2—-3x)dx

NAxP —x—-17
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50.
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52.

53.
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S7.
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59.

60.
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Jx\/S +x°
dx

'[xZ«/7—x2

dx

I(x—2)3\/3x2 —8x+5

J (Bx+2)dx

NxTHx+2
dx

J.9x+1)5\/x2 +2x
dx

'[(x+1)3\/x2 +3x+2
j dx
(x> —14)Jx —14
,[ dx
B-x’)W3-x’

J. dx
JI-x*(4+x%)

J dx
JA6+x?)?

| x’dx
J@+x*)

V16 —x°
[———dx
X

(5x+4)dx

NP +2x+5
j\/xz —2x+2 dx

[vVx* —4dx

,[ dx
(x—=DV/x*=3x+2

2.5 'nnepbonunk GyHKIMSIIApHU MHTETrPAJUIALLL.




['unepbonuk  dyHKIUsAIapra  HucOaTaH  palnudoHal  OOFJIAHMINJIArd
GYHKIUSUTApHU ~ MHTETpA/UIalll  XaM aiHaH TPUTOHOMETPHUK  (YHKIUSIApHU
UHTEeTpaJamra yxmam omub Oopwnaau. by epma, KyhWuaaruimapHd wHoOaTra
OJIUIII MaKcara MyBOQHUKIUD:

_X
X

e' —e

shx = (rumiepOOoJIMK CHHYC),
e +e

chx = 5 (rumepOOoJIMK KOCHHYC),
hX X _a X

thx=>x & ~€ (rurnepOOoJIMK TAHICHC),

chx X 4e*
chx e +e
cthx = = (runepOOoJIMK KOTAHT'CHC)

—X

shx " _p

chzx—shzx:l, ch2x+sh2x:ch2x,

sh?x = % (ch2x —1),ch®x = % (ch2x +1), Sh2x = 2shxchx

[ITynuHraex,

2 2
Arap thf =t 0¥ca, shx = t2 © chx = L+ Ba dx = 2dt
2

11—t 1-¢ 1+12

1-Muco. Ichzxdx = %J‘(chZX +1)dx = lj.dx+%%J.Ch2Xd (2x) :%x+%sh2x+c .

TIp.

2
2-Mwucoun.

3
[ sh®xdx = [ sh®xshxdx = [ (ch®x—1)d(chx) = [ ch®xd (chx) — [ d(chx) = ChTX —chx+C.

3-Mucos. |sh®xch?xdx = 1J.sh22xdx = llj(ch4x—1)dx L hax-txico
4 42 8

84
:1(15h4x—x)+C.
84

2 2
4-Mwucoil. j de - =J(Ch xz—shzx)dx:J' d>2< —j d)z( = —cthx —thx + C .
sh xch®x sh xch®x shx ch°x

shx sh? xshxdx B I (ch?x —1)shxdx B
ch3x ch3x ch3x

shxdx shxdx d(chx) >
! chx ) ch®x -] chx = Jeh™xd (ch) = Injchx| +

5-MucouL. jth3xdx = dx =

+C.

2ch?x
dx

shx + 2chx
2t 2427 2P +t+1)
+ =

-7 1-¢° 1-¢°

X . .
6-Mucoi. j HU XHCoOJamnaa, thEZt AIMAlITUPUIITHU  KYJUIaiiMu3.

Arap shx +2chx =

HHU MHOOATra OJICaK, HaTH)Kaja.



I 2 g
shx+2chx “t24t+1 ° /3 1, 3
—+(t+>)
4 2
2th;+1
=—arctg—=—+C.
BT

1. _fch3xdx
2. [ch’xdx
3. [ch*xdx

4. jch3xchxdx

dx
5.
J‘sl’fzxchzx
6. jcth3xdx
7. jth“xdx
8. _[cth4xdx
9. .[ 2 dx 2
sh™x+ch x
10. J‘L
2shx + 3chx

2t+1

3

+C=

MVYCTAKII EYUIIT'A JOUP MHUCOJIJIAP:

1 J. shxdx
' \ch2x
1 I Sizxchxd)zc
sh™x+ch ™ x
13. fsh3xch3xdx
14 sh~/l1—x
' VJ1—x
dx
15.
I chxsh’x
dx
6. [—
3shx + 4chx
dx
17. |
6 —5Schx
18. f xthx*dx
19.
x’dx
Sy -
sh2(4x” +9)
3 5Ob
AHUK UHTET'PAJLUTIAP

[(10x +7)sh(5x” +7x +9)dx

3.1. AHUK HHTETrpaJI TYINVHYACH. AHUK MHTErPAITHUHT AaCOCUU XOCcallapyd Ba

VHH XHUCOOJIAIII.

1. Avrainuk, f(X) dynkuus [a,b] kecMana aHuKTaHTaH Ba y3IyKCcH3 OYJICHH.

IIly xecmanun a=x

X, , X

097V 9V 9000y

x _,x, =b(x, <

n—12

X, <...<Xx,)

HYKTaJ1ap OpKaJH



ysynmara Ax, =X, — X, (K =1,n) Gyurad N Ta GyIaKIapra HXTHEPHA paBHILIA

oym6 yukamus. Xap Oup [xk_l;xk] KecMazga ?;k HYKTaHU UXTHUEPHUI TaHiao,
byukiusauar  [a,b] kecma OVitmua N-wHTErpan HWUFMHIACH J¢0 aTanyBud

S = if(é‘,k)Axk HU TY3aMH3.
k=1

Tavpud. Aeap [xk_l Xy J(k =1,n) KecManap uuuoazy dHe Kamma y3yHauKKa 92a

OY12aH KeCMAaHUHe Y3YHAUSU HO2A UHMUN2AHOA, Sy UHMeSPal UUSUHOUHUHR YeKIU
aumumu Maeaxicyo oyaubd, y aumum [a,b] xecmanune 6ynaxnapea oynunuwt ycyauea
6a &, Hykmanapuume mawaanuiuwuea 6oenux Oyimaca, y xonoa y aumum f(X)

b
@yuxkyusinune [a,b] xecma Oyuuua anux ummeepanu 0e6 amanadu 8a I f(x)dx

Kabu beneunanaou, AvHu mavpughea Kypa,
b

[ f()dx=lim zn;f(gk)Axk
a max Ax, —0 | 1

by epna: [a;b] — maTerpammam kecmacu, a Ba b jmap Moc paBuIIIa aHUK
WHTETPAJHUHT KYHHU Ba FOKOPH Yerapajapy, X 3ca HHTETrpaJuIall y3rapyBUUCHIUD.
2. Dumn f(X) Ba ¢@(X) byHKUMAIapHU KapamaéTraH [a;b] kecmanma
UHTErpajulanyBun (yHkuusuiap Aed ¢apa3 KuimO, aHUK WHTErPATHUHT acOCUM
XOcCCaJlapuHu caHad yTaMus:

b b
1. ij (x)dx=C f f(x)dx (C=const), spHHU ¥3rapmac KyauTyBUYNHU aHUK

MHTErpaj OCJIrMCU/IaH TalllKapura Yukapuo €3usau.
b

b b
2. I[f(x)igo(x)]dx:J-f(x) J_rj.qo(x)dx, SbHM HMKKUTAa (QYHKIOHS anredpauk

WUFUHIMCUHUHT aHUK WHTETPaIH, KYIIWITyBYNUIap HHTETPATUHUHT aJlreOpank
WUFUHOIUCUTA TEHT.

a
3. I f(x)dx=0. Arap aHMK MWHTETpPaJHUHI KyHHM Ba IOKOPH wYerapaiapu
a
¥3apo TeHr OyJcanap, aHUK MHTETPATHUHT KUWMAaTH HOJITa TEHT.
b a
4, j f(x)dx = —j f(x)dx, aHWK wuHTETpajd dYerapajapuHUHT YpUHIAPH
a b

aIMalITUPUIICA, YHUHT KMMMATH TECKAPU HUILIOpara y3rapaju.
S. Arap c¢,[a;b] marm uxtuépmii Hykra 6yica, y Xonma KyiuIarn TEHIIIMK
Xap JouM YpuHIuaup (AaHUK UHTETPATHUHT aJIMTHBIIMK XOCCACH):

j‘ f(x)dx = j. f (X)dx + j). f (x)dx.

6. AHMK WHTETpaJHUHI KUHWMAaTH HMHTETpaUiall  y3rapyBUYMCHHUHT

KYpPUHUIIIITA OOFIIUK dMAac: T f(x)dx = i f()dy = f[ f(dt=...= T f(a)da



7. Arap [a;b] xecmama @(X)<f(x) 6ymu0, a<b Oynca, y xonma xap moum
b b
f o(x)dx < f f(x)dx mup.

b
8. Arap [a;b] xecmama f(x)>0 6yau0, a<b Oyica, y xomma I f(x)dx>0
p.
Q. Arap f(X) ¢yukums [a;b] ma y3aykcus Oyau0, a<b Oyica, y xoinna,

b
m(b—a) < j f(x)dx<M(b-a). By epna, m Ba M map f(X) dbyHKIUIHUAHT

[a;b] marm mMoc paBuia SHT KMYKK Ba SHT KaTTa KAHMATIapUIUD.

10. Arap f(x) dyuxuus [a;b] kecmana y3aykcu3 Oyiica, y Xonaa my KecMazia
Xeu OyyiMaraHja IiyHai OWTTa Xxc HyKTa MaBxynaku (a<c<b), xap moum
KyHU1ard TeHIJIUK YPUHIIN OYI1a/iu:

f f(x)dx = f(c)(b—a) (ypra KHMIIMAT XaKUAara TeOpeMa).

3. Arap F(X) ¢pynkius [a;b] ma f(X) QyHKUMAHMHT GoIIAHFUY (YHKIUSACH
Oyinca, y xonaa aHuk uHTerpai, HerotoH-JIeitonun dopmynacu ned aranaguraH
Kyhnaaru popmysa opKaiau XUcoOJaHaIu. :

j.f(x)dx: F(x)b

~F()-F(@)

DHIM  aHUK  MHTETPAJIHMHT  Xoccajapu  xamaa  HproroH-JlenOHuUIl
GOpMYyJIaCHHUHT  KYJJIAHUIIIATA JIOUP aWpuM MHUCOJUIAQPHUHT  CUWUJIUIITHUHU
KEJITHPAMU3.

U4 u

1-Mucon. | Sin2xdx = —% Cos2x| = —%(Cosn — Cos0) = —%(—1 _1=1.
0 0

2
= arcSin d arcSin % —arcSin0 = g .

0

2-Mucon. j
0416 —x°

2
X ,0<x<1
3-Mucon. Arap f(x)= r
Jx ra,1<x<2

Egynnunm. AHUK I/IHTeraJIHI/IHF aI[I[I/ITI/IBJ'H/IK xoccacura OMHOaH,

kabu Gyica, | f(x)dx xucoGmaHCcuH.
0

( ( ( Clt 2% 1 42 2 1
If(x)dx:.[f(x)dx+Jf(x)dx J‘zdx+J‘\/_dx—— +3x2 :§ 3 T3° (4\/_ 1).
0 0 1 !

V3 g e
4-Mmucon. I X2 =arctgx| =arctg+/3 —arcth=z.

1+Xx 0 3

[ dx fda :
5-MI/ICOJ’I.I X :j (+X)=In|1+x| =In2-In1=1In2.

O1+x 1+x 0

1
6-Mmucoun. _[\/1+x4dx 0axOJIAaHCHH.
0



Edunuimuy. Ypra KuiiMaT Xakuaara reopeMara OuHoOaH,

1
[VI+x*de=41+C", 0<(<1
0
1
AmMo 1< /1+E* <~/2 uru yayn 1<I\/1+x4dx£\/§;1.414
0

KYUUIATY AHUK UHTETPAJIJIAP XUCOBJIAHCUH

-1 A 1%
1. L 16. Cos’xdx 31. ¢ Cosxdx
3
511+ 5x) 0 0 2+ Sinx
x ¢ o NG
xdx
2. [sin® Zdx 17. jS’”(m) dx 2. [——
g 2 1 X [V} sz -1
z 4
d % X
3 j x"dx 18. [ 33, [SinZdx
0 1+ x? 3X° —3x+2 0 3
o dx 3.5 dx %"
4, 19. 34, il
'!xlnx '!- 54+ 4x—x2 .([Coszdx
1 1 b
g T
S I : )zcx 20. ,[Chx‘lx 35. feS[”xCosxdx
0 1+e 0 0
1 3 7 1%
6. [2& 21 [shixdx . [
o 1+x 0 o Cos*3x
% In3 d.x TEJI‘Z dx
7. I\/Cosx— Cos’ xdx 22. I > 3. 4 . ,.w
_% 1n2€h X Sln (g x)
2 4 5
8. [ +i4)dx 23. j”*/; 38 [(4—x)dx
X 2
1 1 X 4
7 Lox’dx 2 dx
9. [Sin’xdx 24. | 39. |
0 o/ x® +4 1 vS5x—1
7 Sin(V))dx 2 5oy
10. I X 25.  [(x*—1)*xdx 4. | ol
A x’ 1 09 —x’
" -T dx 26 2 Axdx n 3 dx
o 33x+1 Coa(x =1 BN e
1 242 3
dx xdx
12. 27. —_ 42. A3x—1dx
!x2+4x+5 £\/3x2+1 {
-2 1 1
d 2
13. _[ a 28.  [e" xdx 43, [(2x* +1)"x’dx
_3x2 1 0 0



6 /2 4 dx

14. Nx —2dx 29. \3Sinx +1Cosxdx  44. _
J; '[ ! V16 —x7
8 A .

15 [Qfx +V20)dx 30, f.Sinxdx
0 03— Cosx

3.2. AHUK MHTErpaJIHy MHTErpaJIAIl YCYIUIAPH.

b
1. Kynunaua j f(x)dx HuHT XucCOOJIaHMII XKapaCHWHHU COITAIAMITUPHUII

a

Makcaauaa x = @(f) kadu aJIMalITUPUII KyJUIaHAIH:

[ £ odx = flok'(t)de

by epna : 1) f(x) ¢yukuus [a;b] na y3nykcus; 2) @(f) QyHKIUS Ba YHUHT
¢'(¢) xocwnacu [a,B ] na y3nykeus; 3) a =@(a) Ba b = @(3) TCHIIMKIAp YPUHIIH,

4) xxo(t) dyukuus [o;B] ga MoHOTOHIUD, ABHH, @(t) QYHKIMSIHUHT Oapua
KuiiMatTiaapu [@;b] ma xoiinamran OYViumm Kepak.

Ocnamma. Anux ummezpanda y3eapysuuHu aiMAwmupud unmespaiiaul

yeeapanapu y3eapmupuieaHoan CyHe YHU Xucobaawioa 9CKU - yzeapysuued

KAUMUWHUHS X0HCamu tUyk.
4

1-Mucon. | xdx
11+ \/;
WHTETpaJUIall YerapajapuHu aHuKIanmMu3: XK1 1a zk1 Ba x4 na zk2,
VY xomnna:

‘I‘ Jxdx I 2%dz ?
11+ \/; l +12 1

=1+2(In3-1In2) :1+In%.

HU XHucoOaamaga XKZ2 aIMAIITUPUII KAPUTAMU3. SIHTH

2

2
+2In|1+z|
1

2 2
1+1d - 2j(z—1)dz+2j£= (z-1)2
1 11+Z 1

X+6=22
10 x=2°-6 4 4
dx 220z dz
2-M .j—:d — 220z |= =2j _
el o e st e e o e
x=10:z=4
2=V In 7| 3=V7]| 3], [23-8V7| | [16-6v7||
2f \z+ﬂ|3 4+ﬂ \3+ﬂ \ 9 | \ 2 ||

n|2:206+5V7)| (16+5\/_j

1
_ﬁ 9(166[)7\ 04 | 7



3
3-Mucou. j\/9—x2dx Hu xucoOmnamaa xk3Sint Ba dxx3Costdt ammamTupuin
0

T
o6axxapu0, Xk0 na tk0, X3 na ¢ = 5 SKAHJIMTUHU MHOOATra OJICakK, y XOJI/Ia:

%:

; 7 072 9. 1
[Vo—x*dx =9 | Cos’tdt == [(L+Cos2t)dt == (t += Sin2t)
0 29 2% 2 ,

=9[——0+ L Sinz— oj o
2 4

2\ 2
1+ X2 =127
V3 2
2Xdx = 2zdz 512,312
4-Mucout. J.x3\/1+x2dx: :J'(z?_l)zzdzzz_ L
4 x=0:z=1 1 51 31
x=+3:2=2
1 1 31 7 _58
==(32-D)-=B8-D)=———
5( )3( )= 5 3 15

%

dx X o
5-Mwucou. I ———  Hu xucoOuamiaa tgz = z anMaImTupuIIad ¢oiganaHaMus.

' 3+ 2Cosx
2dz 1— 22
by epna : dx = ,Cosx = . Xk0 ma zx0 Ba x =", na zkl. Harwxkana.:
1+ 22 1+ 22 A
j X =2 dz rctg— arctg —
) 3+2Cosx 4 5+ 22 f f 0 f f

1. Avraiiink, Uku(X) Ba VKV(X) ¢dyHkmumsuap [a;b] kecmana y3mykcus
nudepeHmauianyBuu GyHKIusuiap OyacuH.

b
Yoy I:udv :uvz - j vdu dopmynanu Oynakiiad mHTerpamuiam (Gpopmynacu

ne0 IOpUTUIIAAN Ba YHUHT KYJJIAHWIMIIKA aHUKMAac MHTErpajijaru Moc ¢popmMyrara
YXIIamamp.

U=arccos x |dv=dx

1-Mucour. jarccos xdx = du — dx = X arccos x

V1-x2 V=X

=1-arccosl—0-arccos0—+1-X

1 Coxdx

+
> V1—x?

1
21" —1,
0

2-Mucou.



u=In?x u=Inx
e e e e
J'Inzxdx:du:ZInx%:xlnzx —ZIInxdx=e|n2e—2jlnxdx:du=%:
1 X 1 9 d X
dv=dx,v=x V= X
e | e
eZ{xlnxlj.dx]e2{elnelln1xl}e2(ee+1)e2.
1
3-Mucour.
7 u=Xx,du=dx ) -
ijosxdx =|dv = Cosxdx |= xSinx A - ISinxdx _Z + Cosx A = z—1.
0 v = Sinx 0 0 2 0 2
4-Mwucou.
. u=x2:du = 2xdx L u =X, du = dx
Ixzexdx= dv = e*dx = x2e* O_ZI xe*dx = |dv = e*dx =
° v=ge" 0 v =ge"
1 1
=e—2| xe"| —[e'dx|=e—2le—¢" —e—2e-e+l)=e-2.
0 o 0
5-Mwucou.
u = arctgx
dx
1 du = 2 2 1.2
1+ X X 1 1¢x%dx 1 11 1
Ixarctgxdx= ="——arctgx| —= ~==arctgl-=x_+=arctg
. dv = xdx 2 0 291+x 2 2 10 2 0
X2
V=—
2
iz 1 1lz n 1 _7n-2
24 2 24 4 2 4

dx = dx

1 j /1_—xd 11 j ax 21 jarcSinxdx
A * Coox (x4’ %
f
1

Lox

2 12. S 22, [ x> In xdx
£1+J} !5—2Cosx
A ¢ %

3. A 13, [In® xdx 23. [ x’Sinxdx
2 (4x +1)/x i g



4 j dx y a e ” jarcsmxdx
| 01+J} ' IS”“ vax "o Jltx
5 1 1
5. 15. arctgxdx 25. arcSinx)” dx
Py Jaretg | (areSinz)’
50 d % -
6. | X 16. | de 2. J.xSmxdx
ST —=2x 7, SIn"x s Cos’x
1 1 e
7. f xdx 17, [xIn(1+x*)dx 27. | xlin®xdx
3-2x 0 1
B dx ' 2
. —X _ —3x
8. {1 Simx 18. {(x e "dx 28. { (3—2x)e "dx
4
1 2 n xdx .
9. 19. 29.
1[1+x) '1[ e !Cos\/;dx
I 7'54 , n 3
10. { 20. j xtg” xdx 30 { x~Cos3xdx
0

3. Kyiinga aHMK WHTErpajuilapHd XUCOOJIAIIHU EHTUJUIAIITHPAJUTraH O0ab3u
OMp OMWIIIAPHU KENTUPAMU3.
a) Arap f(X) ynkuus [-a; a] xecMana xxydT OViica, y Xomaa

[ £ )y =2[ f(x)dx
—-a 0
b) Arap f(X) ynkuus [-a;a] kecMana Tok Oyiica, y Xoiaa

[ f(x)dx=0

1
1-Mucon. [|x|dx xucoGnaHcuH.

-1

Eunmumm. WaTterpan Oenrucu octumard  ¢yukmus f(X)x|X|- xydr dyHKIms

1 1 1
o 1
Oynrannuru cababmy, J-| x| dx = 2J.| X|dx = ZJ- xdx = x* 0 =1
_ 0 0
% v5Qin2
X”Sin“xadx o
2-Mwucour. J- i1 gy HHT KHHAMATH HOJITa TEHT, YyHKH HHTErpas Oenrucu octuaa
x* +2x
TOK (PYHKITUSI HIITHPOK STMOK/IA.
% I+x
3-Mucon. | Cosx -ln(l—)dx HU xucobnam jo3um Oyincun. by epaa Cosx xy¢t
y —X

bynkuus, f(x)= 1n(1+—x) sca TOK (PYHKIUSAIUD.

Xaxukaran xam: f(—x) = 1n<—> m(”—x> =—1n(”—x>— ()



Jemak, wuHTerpan Oenrucu ocTtuaa KypT Ba TOK (DYHKIMSIIAPHUHT
KymanitMacu — TOK ¢yHKIUsA mMTHUPOK dTMokaa. Iy cababmu, wmaskyp
MHTETPAJIHUHT KUIIMaTH HOJIra TeHT Oyiaau.

2 2x7 +3x" —x' —6x" +x

4-Mucod. f .
) x =2

UHTETpaJl HWUFUHIUCU KypuHUIIMAA udonadaiMu3Ky, yiapjaaH Oupu TOK

(GYHKIHUSHAHT, HKKHHIUCH 3¢a )KYDT QYHKIUAHUHT HHTErpaiy OYJICHH, SIbHU:
V2 2 V2

2X° +3x* = Xx—6X% + X 2X° = X3+ X 3x* —6x?

dx= | ———dx+ | ————

2 2 2
i X =2 7ﬁx2 7ﬁx2

V2, 002 V2 3| f
=0+2IM22)dx=6J'x2dx=6-%02=2(\/2)3=4\/§.
X —
0 0

dx HuU XucoOnam y4yyH YHU IIyHAAN UKKUTa

dx =

MYCTAKWJI EYUII YYYH MUCOJUIAP
1. Arap f(X)—kxydr ¢yHkuus Oyica, T f(x)Cosnxdx Owunan T f(x)Sinnxdx

JApHUHT KAAMAaTIapyi HUMara TeHI?
2. Arap f(x)-tox ¢ynkums Oynca, [ f(x)Cosnxdx OGuman | f(x)Sinnxdx

JApHUHT KUMAaTIapy HUMara TeHT?

3. TCosf (x*)dx = ZI Cosf (x*)dx un ucboTIanr.

x4 Sinx
4. ———— dx HU XUCOOJIaHT.
% Sin'x
7 o » o
5. je dx = 2je “*dx HM MCOOTJIAHT.

-1
5 0

T

6. J'SinnxCosmxdx HHU XUCOOJIaHT.

-7

7. jTESinxf (Cosx)dx M XECOOIAHT.

dx HY XUCOOJIaHT.

jx“Sinx
Sxt+4

3.3. AHUK MHTErpaUIapHA TAKpUOMI XUCco01all yVCyIIapu.

MabiiyMKH, Hazapud JKUXaTAAaH KapaliraHJa Xap KaHJah Y3JIyKCH3
GYHKIUSSHUHT OONUIAHFUY (PYHKIIUACH MaBXKyJl Oymap sau. AMMo, amania dca,
KYTIMHYA y3IyKCU3 (DYHKIUS y4yH YHHHT OONIIAHFUY (DYHKITUSCHHU dJICMEHTAp
byukusnap opkanu udoganam MyMKUH OYiaBepMaiinu. byHmail xomnapaa aHuK
UHTErpainHu xucoonam yuyyH Heroron-JIeiOnun dopmynacuHu Kysuiall MyMKWH



Oynamarannuru cababiu, yHH XucoOjamijga TakpuOuii Xucobnamn ycysuiapuaaH
dbolnananuaaIm.

1. TVrpu TVYpTOYPUYAKIIAD VCVIIH.

Maskyp ycyiana HHTerpaiaml KecMach [a,b]JHU  Xoka<X;<Xp<...<Xp.1<XnkD
HyKTajap OpKajiu N Ta TeHr Oynaknapra OynuHaau. Xap Oup OYIakKHUHT Y3YHJIUTH

h =

a o
ra TeHr OYn0, YHM MHTErpaljall KajjaMu 1e0 IpUTHIaIN.
n

Xap Oup OVyIMHWII HyKTacujaa WHTerpautanyBun QyHkmus f(X) HuHT
kuiimMatiaapu  (Xo),f(Xy), ...f(xn-1) XucobOnaHamw.

b
J' f(x)dx wm Takpubuii xXumcoOjam ydyH Kylwaarn —¢opmysiaaaH

dbolnananunagm:
j‘ b—a
f(x)dx;T[f (%) + F(x)+ T () +.t+ T(x,,)]

Maszkyp Qopmyna Epnamuaa aHUK WHTETPAIHU TaKpUOMN XucoOall
YCYJIMHU TYFpU TYpTOypUaKIap ycyiau Aed aTanaau.

2. Tpanenusiiap yCVJIn.

By xonma xam [a@;b] opamukan N Ta TeHr Oynaknapra OYauHaaIM Ba TAaKpHOWH
uHTerpasuiail GopMyaacy Kyiuaarnya é3uiaiu:

jf(x)dx;%{f(xoh f(x,)+2[F(x)+ F () +.+ T (x,)]}

3.Ilapabomgamap éku CUMIICOH VCVIIN.

Ymly ycynma HHTErpaiam KeCMacHHHU XgKa<X;<X,<...<Xp,.2<Xon.1Kb KabOwu
HyKTajap opkajgu 2N xy(dT COH MHUKIOpUIAru TeHr Oyiaknapra OynuHamu. Arap
WHTCTPAUIaHYBYM  (QYHKIUSHUHT Oy HyKTaldapiard KdaUMatiapuHd Yo, Vi,
2 , Yo2n-2,¥2n-1,Y2n 1€0 Oenrunacak, aHMK MHTETPaIHU TaKpHOHWM MHTErpaIIaIl
dopmyrnacu Kyuummaru CumricoH ¢opMmymnacu ne6 aramyBun (opmyna OuiaH
amajira OnIMpuIaIu:

b b_
[ f(x)dx = 2—;[(% +3,,)+ 40 4y, ot v, )20 v+ L))

Tabkuaiam JO3UMKH, Ma3Kkyp dopmyiia aBBairu (opmynaiapra HucOaTaH
IOKOPHPOK JapakaJard aHMKJIMKHA TabMUHIANIH.



1
Mucos. j V1+10xdx Hu roxopuaa 0aéH KWIMHTAH Xap yddaia ycyijaa Xam
0

TakpuOuit XxucoOaancuH. by epaa, uaTerpamiam kecmacu 10 kucmra OV IHMHCHH.
Euwnuwu. a) Tyrpu  TyprOypuakiap  ycyad  OWiIaH  e€daMus.
_b-a 1-0
n
XoK0; X1x0.1; X»x0.2; X3k0.3; X4k0.4; Xsk0.5; X5Kk0.6; X7K0.7; Xgk0.8; X9x0.9
VY xonna:

= 0.1 6ynrannuruaas, OYIMHUII HyKTaJapu:

f(x,)= J1+10-0 =1
F(x)=~1+10-0.1=+2 =1.414
F(x,)=~1+10-02 =3 =1.732
F(x,)=1+10-03=/4=2
F(x,)=~1+10-0.4 =/5=2.236
F(x)=1+10-0.5 =/6 =2.449
F(x)=~1+10-0.6 =/7 =2.646
F(x,)=1+10-0.7 =/8 =2.828
f(x)=~1+10-08 =/9 =3
F(x,)=~1+10-0.9 =10 =3.162

> =22.467
1
Hartmxana, j N1+10xdx = 0.1-22.467 = 2.2467 xocun Oynau.
0

0) Tpanernusutap popMyIacuHH Ky1ad eqammus.
—4_ 1 005
2n 20

by epna, b

f(x,)=f(0)=+1+10-0 =1
f(x) =) =1+10-1=~11=3.317

S =4317
FO)+ £+t f(x,)=21.467

1
VY xonga : I«/l +10xdx = 0.05(4.317+2-21.467) =0.05(4.317+42.934) =
0
K0.05-47.251=2.36225

B) DH1u Cumincon Gopmynacuaan GoiaiaHamMus.
by epna, 2nk10 éku nk5



h: = —
6n 30
y, =1+10-0 =1
=J1+10-1=+11=3.37
> =4.317
=1+10-0.1=1.414 y, =+1+10-0.2 =1.732
=J1+10-03=2 v, =~14+10-0.4 =2.236
=J14+10-0.5 =2.449 Y, =+1+10-0.6 =2.646
=1+10-0.7 =2.828 v, =1+10-0.8 =
> =11.853 2.=9.614

VY xonpa: I«/1+10xdx = %(4.317+4-11.853+2-9.614) = .['\/1+10xdx =
0 0

3

1 1 2 3

= Lias1om aa+10m =01 L oo Ly 02 2 1viT-1)-
10% 3 3 3

2

= %(4.317 +47.412+19.228) = % .70.957 = 2.3652

Arap I0KOpUIArd WHTETPATHUHT aHUK ednMH 2.3658 skaHIMruHu wHOOATra
osicak, CUMIICOH yCyiu OWIaH XOCWJI KWIMHTaH TaKpuOWi KUHMATHUHT KyJa
SXIITM AaHUKJIUK/IA XUCOOTaHTaHIUTHHY KYpaMu3.

+VUNJIATU UHTETPAJJIAP XAP YUYAJIA TA+PUBUN YCVIIJIA XAM
XUCOBbJAHCHUH

(uHTerpayutam kecmacu Nk 10 TeHr Oynakka OYJIMHCHH)

2 dx p dx
1. — 8.
'1[ X ! 8+ x°
0.8 3 dx
2. jCosxdx Q. f
0 ovTx+3
' arctgxdx +odx
3. 10.
{ £ 9+ x’



S

T 1
4, e dx 11. | —
{ ?[1+x
%2 Sinx r_dx
5. 12.
‘([ X dx £1+x2
1 4
6. [-4 13. [e'dx
ol+x 0
4 7 dx
7. [V2+x'dx 14, |
0 12+1gx

3.4. XocMac HHTErpauiap.

b
Mabnymku, I f(x)dx anmk wWHTETpad TYNIYHYacH KUPUTHITAHIA,

MHTErpauiall kecMacu [a;0] HUHT 4eKITH SKaHIUTH Ba HHTETPAJUIAaHYBYH (DYHKIIUS
f(X) HuUHT Maskyp kecMana y3IyKc3Wrd (apa3 KWIMHTaH daM. Arap ymoy
miapTiapaaH  Oupopracu  Oaxkapwimaca, «OJaTHarujeK» aHuK HWHTErpal
TyllyHYacuHU KupuTuO Oynamanau. Illy mabHOma kapanranga Oy XoJjaru
MHTETpaJ «oJaTaarueK OyiIMaran» sbHU XOCMac HHTErpal 1e0 FOPUTHIIAIH.

+yiinaa yJIapHUHT MKKU XUJIHHA KYpUO YMKaAMM3.
Yerapanapu 4eKCU3 XOCMac HHTErpasiiap.
Avraiinuk, f(X) dyakmus [@; +oo0) ma y3iaykens OyiacuH. Y Xoiiga MasKyp

+00

(GYHKIUSHUHT [@; +00) Jark XOocMac HHTErpajiu I f(x)dx, xylumaru TEHIJIUK

OMJIaH aHUKJIaHAIH.
+00 b
If(x)dx:blim j f (x)dx

Arap ymOy TEHIJIMKHMHI YHI TOMOHHUJArd JJUMUT MaBxkyn Oyiica, y Xoiaa
XOCMac WHTErpaj SKWHJIAIlyBYM JEeWWIaau Ba JIMMHUT WHTErPAaJHUHT KUUMAaTH
cudaruaa Kadys KHIMHAIY.

Arappa KypcaTwiraH JHMHT MaBXKyJ Oyiamaca, XocMmac HMHTerpan
Y30KJIAITyBYH JEHIIA/IN.

f f(x)dx xabu xocMac WHTerpaJl XaM alHaH IOKOpUIarura YXIiam

—00

aHUKJIaHAH.
jf(x)dx = Cyg)ojf(x)dx

lyuunaraek, arap f(X) ¢ynkmms (-o0;+00) ma y3nykcu3 Oyica, y xoiia
yMyMJIAIITaH XOCMAac MHTErpal KyiHunarnia aHuKJIaHa .

T f(x)dx = j f (x)dx + T f (x)dx.



Yy TEHINIMKHUHT YHT TOMOHMJArd Xap HMKKaja XOCcMac MHTErpan Xam
SKUHJIAIIyBYM Oyica, y XoJija dYarm TOMOHZArh XOocMac UHTErpaig Xam
SKUHJIAIIYBYU OYnajau. AKCHHYA, arap YHT TOMOHJArd XOCMac HHTerpajuiapaaH
Xxed OynMaranjga OupopTacd y30KJIallyBuM Oyica, YHT TOMOHJArd XocMac
MHTErpajl XaM y30KJIallyBuH OVI1a/iu.

dx 1b

1-Mwucos. I—z lim —lim = 1
1

—Ilm(——l) 1-—=1-0=1. Jlemak, Ma3Kyp
o0

b+ J X b—+o0 X [1 b—>+oo

1
X0CMaC UHTCIpaJl AKUHJIAITYBYN Bad KHﬁMaTH 1 ra TeHr skaH.

-1
2-Mucour. jL—hmjd—xz ]jmlarctgx—Jrl
X +2x+5 e (x+1) +4 =2 2

1 1 x
== I|m arctg0—arctg——) = —arctgoo=—-— =
(arctg 9 ) Harctgeo=—-2

a—>—o

b

+00 b
3-Mmucoi. | Cosxdx = I|m Cosxdx = I|m Sinx 0= |Dlim (Sinb — Sin0) = bIim Sinb.
0

AMMO, OXUPIY JUMUT MaB:Kyl dMac. [IlyHUHT ydyH Ma3Kkyp XocMac MHTErpal
Y30KJIALTYBYHIHP.

+00
4-Mucoi. [xe™ dx XuCOBIAHCHH,
Eunmu. Tavpudra acocas,
+00 0 0 b 1

_[xe dx—J.xe dx+Ixe dx = lim _OOJ.xe_xzdx+lim xe ¥ dx=——lim e

a—>+o 0 2 a—>-w

—» a

T o 1, .
:_E[hm(l—e )+ lim (e —1)} ~S-e” e -1 =0,

a—>-©

1.
2. 1. Yeeapanaumazcan (uekcus) yHKYusIapHuHe X0CMac uHmMezpaiiapu

Arap f(x) dynkius (c; b] apum oumk opanuMkaa y3nykcu3 OYiInO, XKC yar
yerapaBuil HyKTaja aHUKJIaHMaraH €ku 2-Typ y3WIMIIra sra Oyica, MasKyp

b
GYHKIUSIHUHT XOCMac WHTErpaiu I f(x)dx xabu O6enrunanud, y Kydnuaaru TEHTIIUK
OMmJIaH aHUKJIAaHAIU.
b b
j f(x)dx= lim j F(x)dx

Ym0y TEHTTTUKHUHT YHT TOMOHUAArd JUMHUT MaBxXy[ Oyiica, y Xoyga xocMac
MHTETpaJl SKUHJIAIIYBYHU ASUNINO, aKe X0J1/1a 3ca Y30KIallyBUH JTeHUIaIu.



Arap f(x) dynkumsa [a;C) sSpuM OYHMK OpaluKIa y3IyKcH3 OYiauO, XKC YHT
yerapaBuil HyKTaJa aHUKJIaHMaraH €Ky 2-Typ y3WIHuIlra sra 0yJca, YHHHT XOocMac
UHTETPaIM XaM FOKOPHIATU/ICK aHUKJIAaHAIH.

[ reads= tm | (s

Ymymas, [a;b] kecmanuHT OMpOH OUpP XKC OpaMK HYKTacH1a aHUKJIaHMaraH
¢k dekcn3 y3wmmra sra Oymran f(X) (yHKOUSHMHT XocMac WHTErpaiu
KylHarnda aHuKJIaHa i

j F(x)dx = j F(x)dx + i F(x)dx

By xocMmac WHTErpaJlHMHT SKUHJIAIIYBYM OYJIUINIM y4yH TEHTJIMKHUHT YHT
TOMOHHUJArd Xap HWKKalla XOCMac HWHTerpalap XaM SIKHHJIANIYBUW OYIUILIapH
J03UM, aKC XOJJa, SbHU yhapJaH Xxed OynMmaranjga OMTTacu y30KJalryB4M Oyica
XaM Ma3Kyp XO0CMac MHTETpall y30KJIallyBuu Oyiaau.

Icnamma: Ooamoa, l-6anooa xapanean xocmac unmeepannapuu l-myp
xocmac unmezgpannap 6a 2-oanoda xapaneaunapuu |\l-myp xocmac unmeepannap
xam 0eb 1pumuiaou.

+y17mz[arn MHconnapz[a Oepuiran 2-Typ XO0CMac WHTErpajijiap TEKITUPUIICHH.

J.\/_ aa+0 d>_36!Lr?0?{/_ _3llm(\/_ 3{/_) 3\/_

Hemax, I/IHTeI‘paJ'I AKAHJIAITYBYUIUD.

1-Mucomn.

2-MuwucoJr.
3 b
. . b
i= lim J‘£=— lim In|3—x|
3—x b-o30J3-x b—>3-0 1
1 1
- HHTErpaJl y30KJallyBYH DKaH.
’7

3-Muco. j— Kabu 2-Typ XOocMac WHTETpaNJaru WHTETpaIaHyBUM (YHKIUS
Sinx

2

=—b|igjo[|n |3-b|-In2]=In2-IN0=In2+ 00 =00,

Xk0 nma anuknanmarad. [IIyHMHr y4yH yHM HMKKUTa XOCMAac WHTETPaJUIAPHHUHT
HuruHavcH makiauaa udoganad ogaMus:

[ = NS
Tcsm X «SINX o Sln x
2 2
S;HF TOMOHAArnu XxocMac MHTCrpaljiapHu TCKH_II/IpaMI/I?;:
o dx . x(|0 . a
—— = lim j = lim Ihjitfg—| = lim |n0—Injtg—| |=—.
=SIN X a—>—5+0 a S]n X a—>—§+0 a a—)—ngO 2

2



WKKkHYM XOCMac MHTETPAIHU TEKIIUPHUIIHUHT X0XKaTH WYK, YyHKH OMPUHYH
KYIIWIYBYM XOCMAac MHTETpal Y30KJIallyBuM »3KaH. Jlemak, Maskyp Xocmac
MHTErpajl XaM y30KJIAIlyBUUIHP.

4-Mwucou } —j dx 9+} dx = lim i dx + lim } dx
o 4—X2 0 I4_x2 > /4_x2 baZ—OO /4 X a—2+0 /4 X
xb . x|3 b
= lim arcsin—| + lim arcsin—| = arcsin— —arcsinQ |+
b—2-0 2 O a—2+0 2 a b—2-0 2
2

a—2+0

. .3 . a : .3 . 2+0 .3
+ lim | arcsin— —arcsin— | = arcsin—— +arcsin— —arcsin—— = arcsin—.
2 2 2 2 2 2

+apanaéTran xocMac MHTErpasl y30KJallyBuM, YyHKH arcsinl,5 MaBxyn

sMac.
MYCTAKWJI EUYHNII YYYH MUCOJUJIAP

2 dx = dx Ldx § d

1. ; 6. ; 11. | —; 16. X .
e.[xmz.x :[04"‘)(:2 !).\/; ‘[COSX,
wo dx = xdx todx < dx

2. _; 12. ; 17. ;
7[ox2—6x+10’ !3+x2’ '<[ 4—x !x%/lnx
o0 0 2 1 6 d

3. [xsinxdx; 8. [= dx 13. [ D [
0 2x” +9 01— x 23/(4—x)
T odx T Xxdx 2 odx odx

* !xi1+x2 ] > ! (x+1)"" H !xhlx’ o Iz 9—x>
= xdx = Jxdx 1 2 xdx

5. > 10. ; 15. In xdx; 20. 5
L/(xz +1) !(l+x)2 {x e { (x> —4)

2. Takkocnai TeopeMagapu.

Arap f(X) ¢yHkumsra OonmtanFrud (QyHKIUSHA TOMMIN KAWUH OYiica, E€Ku
yMyMaH TOIMHII MyMKHH O¥yiMaca, y XoJifa XOCMac MHTETPaUIapHHU TEKIIMPHIII,
TaKKOCJIAIl TeopeMaiapy OPKaIH Xajl KAWIMHUIINA MYMKHH.

1. Arap f(xX) Ba @(x) ¢ynkuusiap [a;+oo)na 0< f(x)<o(x) mapTHU

KaHOATIaHTUPHO, j(p(x)dx SKUHJIANTyBYMd  OYJica, j f(x)dx  xam

SKUHJIAITYBYM Oynaau, akCWH4Ya, arap j f(x)dx y3oxnamryBunm Oyica,

a

j(p(x)dx XaM y30KJIalTyBYH OYI1aju.



2. Arap f(X) ¢yHkumssHMHT [a@;+00) ma wWImopacu Y3rapyBuu Oyica, y Xoua

+00 +00

I f(x)dx HUHT SKUHJIAUTyBYM OVIHUIIN Y4yH j| f(x)|dx sxunnamryBun

+00

oymumm mo3uM. byraa J' f(x)dx HUA MYTIIOK SKUHJIAITYBYU €0 FOPUTHIIAIH.
Arap I f(x)dx sxuamamyBum OyIuO, j| f(x)ldx y3oxnamyBun OVica,

j f(x)dx HU mapTIN SKUHIIANTYBYHU 10 aTanaau.

a

b +00
FOxopuna 6aéH stunran Teopemalap j f(x)dx, Ba ymyman f f(x)dx xabu

UHTEerpayiap yuyH Xam ypunnuaup. UlyHuHrAex 2-Typ XocMac WHTETpaiapHU
TEKIIUPHUII YIYH XaM Ma3Kyp TaKKOCJAaIll TeopeMallapuaan Qoii1aJaHuiaiu.

Amanuéraa Takkocaam QyHKUusnapu cudaTtuaa KymuHYa KYPCaTKUUIH e
Ba Jlapaxkanu x " QyHKUUSIIap KYJUTAHWIAIN.

2 Cosxdx
1-Mucon. [——— TEKIIHPHICHUH.
x

0

Cosx

x2

Euvimu.

I _. "¢ dx .
— Oyarannuru Ba jT SKAHIIAIIYBYM OVIITaHIUTH y4YyH
X X
0

Ma3Kyp XocMmac HHTCI'pal Ha(b aKaT SKAHJIAITyBYH, Oanku MYTIIaK

SKUHJIAITYBYUIHP.
= x’dx = xdx x’ X
2-Mucoa. j —~ HM TEKIIMPUII YIyH j ~ HH TEKIIMPaMM3. -2 ;
04 +x 04 +x 4+x° 4+x
. = xdx
OyirannWrugaH Ba j P HUHT Y30KJAIlyBYaHJIWTHIAaH, Ma3Kyp XOocMac
o4+ X

MHTETPAI XaM Y30KJIAITYBUUIHD.

+VI>1HI[3FH XO0CMacC MHTCTpalyiap TCKIMNPHUJICHH.

= Cosxdx =Cosx
o 1+Xx 0o X

5 +j3“ Sinxdx . T\/}dx
01+x2 1+ x

3. T %dx
X

0

4 - BOb



AHU+ UHTET'PAJIHUAHI TATBU+JIAPU
4.1. Slccu GurypanapHUHT FO3JapUHU XUCOOJIaIL.

1. Masbaymku, arap [a; b] kecmama f (x)z 0 Oynca, Ma3Kyp
(GYHKIUSHUHT Ma3Kyp KecMma Oylin4a aHUK WHTErpaid TeOMETPHUK JKUXaTHaH XKa
Ba Xkb TYrpu umsukmap,OX Vku xamma y = f(x) orpum umsukmap Oumanm
yerapajaHraH STpU YU3UKJIM TPANCHUSHUHT I03MHU Udoaanap 3/u.

V4 y=r(x)>0

0 a b X

Arap [a; b] xecmama f(x)<0 6¥nca, MasKyp Srpu um3MKIHM Tpamemus OX

b
VKHAaH TacTaa >KOWamaad Ba YHUHT 103U S = j ‘ f (x)(dx dbopmyna opKaIH

XUCOOJIaHA .

Va
L a b
0 X

<<
>
<
Il
—h
—~
X
[
N
o

L%

S

Arap y=f (x) orpu um3nK, OX Vku Ba Xxa, Xkb Tyrpu uusmknap Ounan
yerapananrad ¢urypa OX yKumaH 10KOpHAa Ba MacTAa JKOWjamran 0yica, yHHHT

o3 §S=5,+8, = j' f (x)dx + f” f (x){dx dbopmyna Ounan XxucoOaaHaAH

Arap Xxa, Xkb TYFpum umsmkmap, y = f (x) BA y= fz(x) OIpU YU3UKJIAP
(f.(x)< f,(x)) Guman gerapamanrad 03aHM XHCOGJIANT JO3MM GYyca, YHH ymGy

S = T[ 1. (x)—= £, (x)kHx hopmyna Gunan xucobnanam.



Ya
y=f2(x)

voy=fi(x) R
0 a b X

1-Mucon. Tenrnamanmapu Yx2X, Yxk0 Ba Xx3 OYynran TYFpu UYM3UKIap OWIaH
qyerapajiaHTaH (PUTrypaHUHT 103U XUCOOIaHCHH.

3 3 3
Eummumm. S = j2xdx = 2] xdx =x’ 0 =9 KkB.0.
0 0

y=2X

X=3

2-Mucon. YxC0SX, Yxk0 wuyum3uknap OunaH uyerapajaHraH (UTypaHUHT O34
XucoOIaHcuH, OyHIa x € [O; n].

Euvauimm.

S=8§+8, = fcosxdx +ﬂcosx‘dx =sinx
0 b

2

Ya

1

%&R/Z T
0 % X
-1

3-Mucon. yx0 Ba Yk-X*+4 unsuknap GuiaH derapananrad QUrypaHUHT 031
XUCOOJAHCHH.
Eurmnin. By epia XHCOGIaHHIIN J1031UM GyiIraH 103a Yx4-X° mapaGona 6mman OX
VK opacupa xoitnamrad. Arap Yx0 0yica, Xk72.

T
Aﬂsinx‘
0

T

=1+1=2xs.6.
I
%




y=4-x

y=0
2 0’ 2 X

2 2 372
S=J(4-x e =2f(4-x Jx =2 dx " | = 2(8—§j =2 102 8.6,
-2 0 3 o 3 3 3
4-Mucon. Tenrnamanapu ykX° Ba Yx2X 6yiiras mapaGona Ba TYFPH 9M3HK OPACHAA

YKOMITaIlTaH 1032 XUCOOJaHCHUH.
Eqptumm. YKX° Ba Yk2X TeHIIaMalapHi OHpPralikia e4u6, mapaboa GHiiaH TyFpu

YU3WKHUHI KCCUIIIUIT HYKTaJIapUHHUHT a6CI_II/ICCEU'IapI/I X1]§O Ba X2]§2 JIApHHU TOIIaMU3.

2 *\2 8 4 1
S=[(2x—x>Hx = xz—x— =4——=—=1-xB.0.

O C LS

yA

y=2X
4l
Ly
0 > i

2. a) Arap oSrpu YM3MKIM TpamneuusHuHr o3u  XgX(t), yxy(t) xabu
napaMeTpuK IIakiaga OepuiraH Srpud 4YHM3WK, Xka Ba Xkb Tyrpu
yn3ukiiap xamaa OX Yk Owinad yerapananran Oyrca, y ro3a Kydujarua

dbopmyiia OuiaH XucoOIaHaIH

S = ?y(t)x'(t)dt 6ynna o <t < p Ba x(a)=a, MB)=b

A




6) Arap (p;0) KyT6 KOOpAMHATIAPH CHCTEMAcHAa OMpPOpP Y3ITYKCH3 3IpH
unsHK Y3uHUHT p = p(0) xabu Tenrnamacu opkanu OGepwiran Gyica, y Xonjaa
O=a,0=p xyr0 Oypuakimapum Xamjaa O3rpu 4u3uKHUHT AB ¢&iinm Ounan

B
yerapananran AOB cekrtop 1o3u S = % j p2d6 dopmyna 6unaH XucobnaHau.
(24

»P
x2 2
S-Mucon. — + y_z =1 ayunc OWIIaH yerapajaHTaH 1033 TONUJICHH.
a
Eunm. OITUIICHUHT napaMeTpuK  TEHIJIAMAaCHUHH €3ub OJIaMHM3!
x=acost, y=bsint .Y xonna
2z 2r 2z .
: : : ab ab| sin2t27 27
S = [ esint(-asint)dt = -ab [ sin®tdt = = [ (cos2t —1)dt == —t| |=
9 0 2 21 2 1|0 0

= —zab. S = ‘— 7Zab‘ = mab xe.0.

6-Mucoa. p* = 2co0s201eMHrCcKaTa OMIaH YerapajaHra 103a TOMUICHH.

, . T
Euum. M3nanaérran ro3aHuHr TypTaan Oup kucmmra 0 <0 SZ Oypyak MoC

17 A
kenaau. Llynunr yuyn S = 5 _[200529518 =2sin 26/ 4 =2 xB.6.
0 0

MYCTA+WJI EYUIT YYYH MUCOJIJIAP

'

Y4




10.

11.

12.

13.

14.

15.

+yHiuaru Yu3uKiIap OmJIaH yer apajJaHTaH r03ajJaap XI/ICO6J'IaHCI/IH.

y=0,y=3-2x+x"; 16. x+2y—=0,y=0,x=-3,x=2;
x=e,y=0,y=hhx; 17. x=2,x=3,y=0,y=x%;
y=0;xxl, y=x"-2x; 18. y =x,y=20,x=1x=4;
y=x+4,y=x"+4x 19. y=sinx,y=0,x=0,x=m;
y=0;y=4x—x%; 20. y=-6x,y=0,x=4;
x=0,y=8y=x"; 21. p=2cosy;

y=—x;y=2x-x"; 22.  p=3cos2p;
x=Ly=e",y=¢e; 23. p=cos3y;

x+y=3,y=1+x"; 24.  p=2cosdo;

x=4,y=0,y=3x"-6x; 25 p=2,p=2(1-cosO);

y=0,y=x"+6x+5; 26.  p=3/2c0sH,p=3sinb;
t t?
x=1,x=2,y=2x% 27. x:§(6—t),y=§(6—t)
SIPU YU3HK CHPTMOFH
3
x+y=4,xy=3; 28. x:tz,yzt—g;
3
y=3x,"=9x 2. x=t,y=t-"7;

Ox yxu Ba X =2(t—sint), y = 2(1—cost)

=0,y =x"—4x; 30.
7 d UMKJIOUAAHUHT OUp apKacH.

4.2. Drpu YN3UK EMUHWHT V3VHJIMTHHN XUCOOJIAIIl.

Arap Tekuc 3rpu 4n3uK y3uHHUHT YKf(X) TeHrimamacu Owman Oepuiran O0yiuo,
¥ = f'(x) xocuna ysnykcus 6¥7ca, y Xoiaa orpu YM3HKHUHT [a;h] kecmara

b
MOC KEIyBYM EUMHUHT  Y3YHIIUTH lzj 1+y”?dx ¢opmyna Ounan

XUCOoOJIaHaIN.
Orpu um3uk Y3uHuHT XkX(f) Ba Yxy(f) xabu mapameTpuk MmaKIIard
TeHrnamacu Ounad 6epunran 6yncun. Arap x'(¢) Ba y'(f) xocunmanap [o;f]

KecMaja y3iaykcu3 Oyicanap, MasKyp SrpU YHM3HUKHUHT [oc; B] KecMmara Moc



KeNyBUM EHUHUHT y3yHIUTH [ = ?\/ x'z(t)+ y'2(t)dt dbopmyna opkanu

xucobnanaau. by epma: o <t <.
3. AWTalnmK, 3Tpy YM3UKHUHT TEHTJIaMacH KyTO KOOpAWHATaIapy CUCTEeMacH Ia
p= p(@) TeHIJIaMa OwiaH Oepuiran OyncuH: Y Xonaa yHuHr Oupop AB

B
EHVHUHT y3YHIUTU [ :j1/p2 +p"?d0 Qopmyna Ounan xucoOnanagu. By

epmaru aBa [ map KyrO OypuakimapuHuHr AB &i1 yumapura moc kemyBum
KUUMAaTIapUaup.

1 1
1-Mucon. y=-x"——Inx ¢yHkuus Owinan OGepuITaH SIPH YM3UKHHHT

2

abcuuccanapu Xx1 Ba Xx2 OynraH HyKTajgapu opacuaard EMMHHUHT Y3YHJIMTH
XUCOOJIAHCHUH.

Eunnumm y'—lx—i Ba y'% = 1y 1, 1 OVraHIMruaad
' 27 2x 4 2 4x? Y ’

” x 1Y
I+y" = 5+5 JlaH UOOpaTAup.

VY xonna:
f X 1 x2 1 2

I_J. 1+y?dx = I( de: 2 +ZInx
2 2 4 2 1

2-Mucon. Tenrnamacu y° = x’6yiran spuMKyOUK napaboIaHUHT

=1+ —I 2—£:§+1In2
2 4 4 2

(0; 0) Ba (4;8) HykTanap opacuaard HMHUHT Y3YHIMTHA XHCOOIAHCHH.

Eunnumu. bepunran Hykramap |-dyopakiga sKoMJIalUTaHJIMKIApU — YYYH

y=x




3-Mucon. p= 2(1 + cosG) kapauouganuir 0<O<m ra MOC KeIyBUH

CHMHMHT Y3YHJIUTH XHUCOOJIAHCHH.
Ednmnmm. p' = —2sin @ nuruaas,

I:j\/4(1+cos¢9)2 +4sin20d9:I\/4[1+20039+00520+sin26?Jd6? -
0 0

T

:2J‘1/2i1+coseid¢9:4J-cos§d9:83ingo
0 0

=8.

MAIII+JIAP

+ylugaru TeHriaamaigap OopKajiu OepuiiraH Srpy YM3UKJIAPHUHT KYpcaTUiTraH
EHITapUHUHT y3yHIIUKIIAPH XHUCOOTaHCHH.
y= 2+/x; x =0 gau x = 1 raua;
yzlnx;xzx/gz[aszx/graqa;
y=4-x"; Ox YK OMIaH KECUIIMII HyKTaJapu OPaCHIaru KUCMU;
X5+ y%
X = 4(t —sin z‘), y = 4(1 - cost) IMKIOMIAHUHT GUp apKacH;

= /4 NUKJIOUTaHUHT OYTYH Y3YHIIUTH;

y zl—mcosx;x:OAaszgraqa.
p=2sin’ 5 HUHT OyTYH Y3YHJIUTH;

X = gt Bay=2— Zt gapauHr OXx YK OWIaH KECUIIMII HyKTaJlapu

opacuaaru Oynaru;

X = (t2 —2)sinz+2¢cost, y = (2—t2)cost +2¢sint wurr ¢, =0Bat, = rraya
oynaru.

p =30 Apxumen CHUpaTUHUHT OMPUHIH YPAMH.

4.3. AlinanMa CUPTJIAPHUHAT FO3UW Ba alJIaHMA KUCMJIADHUHAT XAKMIIADUHA
XHcoOJIan.

Atitaiinuk, srpu umsuk Yxf(X) TeHrmama opkanu Oepwiran OyiicuH. Arap Oy
bynkus [a;b] kecmanma ysnykcus auddepeHnuaianyBun 0ynub, srpu
YU3UKHUHT [a;b] Ta Moc kemyBun AB &t OX VK arpodwuna aitnantupusica, y

b
XOJ1a XOCHII Oy1ajuras aiianMa cupTHUHT 031 S, = 27[ f (X )W1+ 17 (x)dx

dbopmyna OunaH XxucooOIaHaau.



Arap srpu uM3HWK OOIIKa XWJAaru TeHrjaamanapu OwnaH Oepwiran Oyica, y
X0J/1a Ma3Kyp I03aHH XHCOOJaml ydyH oKopuaard Qgopmyiaaard xap Oup
X0JITa MOC KEITyBYH aJIMAIITHPHUIIIIAPHU Oa)KapHIll eTapIHIup.

a) Arap srpu un3uKan Tpareius Yxf(X) srpu uusuk Xxa Ba Xkb BepTHKAI TYFpU
yusukiaap xamaa OX Yk Ouian yerapananrad oyincus. Y xomnaa yau Ox Ba Oy
YKiaap atpoduaa aiaHTUPUIIIAH XOCHI OyIaaurad ailaHMa >KHCMIIAPHUHT
Xa)KMJIApU MOC paBHIa Kyiuaaru popmynanap OuinaH XHUCOOIaHAIH.

b

Vo= thl yidx; V, =2 xydx.

By epna xawm, arap srpu 4m3uk y3uHUHT Yxf(X) kabu TeHrmamacuman Oomrka
XWIIard TeHraamanapu Ouinan Oepuiran Oyica, okopuaaru Gopmynana Kepakiu
alIMalITUpUIILIAp Oaxkapuiiaiu.

6) Arap y, = f.(x) Ba y, = £,(x)(f,(x)< f,(x)) srpu umsukmap, xxa Ba Xxb

TYFpU 4M3uKJIap OwiaH uerapananrad gurypanunr OX Ba Oy yxmapu atpoduna
allTaHUIIKIAH XOCKJI OYJraH aifijlaHMa KUCMIIAPHUHT XaKMJIapH MOC paBUIIIA.

b b
V.=mf (yf —y2)ix Ba V,=2n[x(y, -y )dx xabu dopmynanap Ounan
XUcoOIaHaIu.
1
1-Mucoi. Tenrnamacu y = 5\/ 4x —1 Oynran srpu 4u3uK EMMHUHT X, =1 1aH

x, =9rava O6ynran kucmMu OX arpoduaa alylaHUIINAAH XOCWIJI OyiraH aiiaaHMa
CUPT 103U XMCOOJAHCHH.

Eunnuimny. y’=£ 4 1 Ba 1+y"? =

2 2Jax—1 Jax—-1

N 1 2Jx
4x-1 +dx-1

JapHU UHOOATra oJicaKk
3o 104r

9
S, =27 I1\/4x 2% dx=2nj'&dx=2ﬂ§x21_ :
1

\/ x-1
2-Mncon. y> =4+ x mapabona éimHMHT abuuccamapu x, =—4 Ba x, =2

Oynran HyKTaJapu opacuja koimamrad OymaruHuHr Ox VKU artpoduna
alIaHUIIMIAH XOCWI OVaru ailllaHMa CUPTHUHT 103U aHUKJIAaHCHUH.

1 1
Eummmnm. y =~+4+x,y" = = ———— Jlapra acocaH

24 ’y 4+x)

—27r_|‘«/4+ 1+ dx 27zj,/4+x+—dx 2nj,/x+—dx_
4+ x)

%
=27 |2t dt=4—”t3j (125 1)_ dr-124 627 o6,

3 3.8 3
e P!

8




By unrterpamnu xucobnamga x +117 =1, dx = 2udt, % <t< % aNIMaIITHPULI

OaXkapuIIIu.

x’ 30
3-Muco. y:7 napaOoJaHUHT y:E TYFPU YM3HK OWJIaH KECHUJITaH

oynarmamar Oy VYK artpodwuma aimaHWIUIAH XOCWJ OYiraH CcupT [3u
XUCOOJIaHCHH.

Icramma. Aeapoa x:(p(y) cunukK sepu uyuzukuue éuu Oy yx ampoguoa

d
aunanca, auiauma cupmuune osu S, = 2m I xNV1+x"dy gpopmyradan monunaou.

c

Eaumnmm. x =./2y,x" = L,x’2 1 0<y S% Japru Kypa,

J2y 2y’

% 1 % 2 2 L2 2m 147
S, = 2n 2y [I+—dy=2n[2y+1dy =2n[t*dt = ~=1'| ==~ (8~1)="—~kB.6.
0 2_)/ 0 1 3 1 3 3
Oy wuHTerpanuu  xucobmamma 2y +1=¢>,dy =tdt,1 <1 <2anMamrupun
OaXkapHIIIH.
4-Mucon. x=acos’ t,y=asin’t actpoumanuar Ox Vku arpoduaa
allIaHUIIKIAH XOCKJI OYJIraH ailJlaHMa CUPTHHUHT F03U aHUKJIAHCHH.
Bummimn. x' = —3acos’ #sint, y' =3asin’ f cost.
7 y
S, =2 27;_‘.asin:“t\/9a2 cos*tsin®t+9a’sin*tcos’tdt =
0
7 7
= 4nafsin3tJ9a2 cos’ tsin?t(cos?t +sin?t Jdt =127a’ Isin“ tcostdt =
0

s 12
=127a’® Isin“ td sint = E;za2 sin®t

0

T 'a
A =2.47a° xB.0.
0

5-Mucos. p=+/c0s20 neMHUCKaTaHUHT (0 <0< g) KyT0 Vku artpoduma

alIaHUIITUIAH XOCHI OVIIraH aililaHMa CUPTHUHT 1031 XUCOOJIAaHCHH.
Eunnumm. y=psin0O OynraHmMruga”, y =sin 9+/cos 20 .

—sin20) do
dl =\1+y?dx=+p° +p'?’dd pgan oca, dl= \/cos29+(—j = HH
A/c0s20 A/c0s20

nHOOATTa OJICaK, Y XO0J/1a:

7 % 7
S, =27 [sin 0/cos 26.dl = 27 [ sin &0 = 27(~ cos 0)14 :2{-%4}:7:(2—&) .
0 0 0



2 2

X o .
6-Mucoi. EJF% =1 smmuncHuHr OX YKU aTpoduaa alaHUIIUIAH XOCHII

OYJIran KUCMHHHT XaKMH aHUKJIAHCHH.
Eunnviny. DIIMIC TEHIrIaMacuHu y°ra nucbaran edamms Ba yKO Ba x° =9,
X,, =x3 Oynranu yuyH
3
-3

3 3 3
3 3
V, :ﬂfﬂ(g—xz)dx 2, dex—szdx P
Jo 9" 47|73 3
7-Mucon. x° —y*> =4,y =12 uusukiuap OWiaH derapanaHra sccu (urypa
Oy ¥k atpoduaa aiimananu. AitaHMa >KUCMHUHT Xa)XMH aHUKJIAHCHH.
Euwmnnm. x* =4+y°, y, =—2Ba y, = 2napaan
2 p—
_2|

= g;z(27 +27-9-9)= gﬂ36 =167 kB.0.

2

2 2

2 3

Vv, = ﬂj-(4+ yz)dy _ﬂ[4jdy+jy2dy] = 7{4y‘_2+y—
-2 -2

3
-2

:ﬁ(8+8+§+§j:%1<y6.6.
3 3) 3

MAIII+JIAP

+yluard Spru  YM3UKJIAPHUHT alIaHUIIUIAH XOCWUJ OynraH aijgaHMa

CUPTHHHTI 103U XI/ICO6J'IaHCI/IH.
3

y:? KyOuk mapabonanuHr [-2;2] kecmara moc €im OX Vku arpoduaa

aliylaHazu.
x=t,y= gt(tz — 3) arpu un3uK cupt™Moru OX YKu arpodua aitanaau.

y =cosx HUHT OuTTa sipuM Tynkunau OY YK arpodua aitmanaam.

y =sin x HUHT OuTTa sipuM TYnKuHU OX YK arpodua aitmanagm.

y =2x Tyrpu uyn3ukHUHT XK0 Ba Xx2 raya O6ynran opanukaarua kecmacu Oy VK
aTpodua aimaHaIu.

p= 2(1 + cos@) Kapauoua KyTo Yku arpoduia aitianaau.

4x* +y* =4 s>nnunc Oy Yk arpoduia alinanamy.

: . T
3. Tenrmamacu x=e¢'sint, y=e¢' cost Oymran srpu uusukHuur txk0 mam = —

rava 6ynran 6ynaru OX yk arpoduia aiyianaau.

4. p=4sin06 srpu yn3KK KyTO VKU arpodua airaHau.

5. x=2(¢t—sint), y=2(1—cst) nmuknouaaHUHT GUTTa apKacu (0<t<27) Ox yK
aTpodua alaaHaIu.



+ylugarn  9M3MKIap ~OWIaH = dYerapajaHraH  sccu  (purypamapHUHT
allIaHUTIHMIaH XOCWII OYNITaH ailTaHMa KUCMIIAPHUHT X KMJIapy aHUKJIAHCHH.
3. xy=4,x=1x=4,y=0.0x ¥k arpoduna;

4, (y — a)2 =ax,x=0,y=2a. OX ¥k arpoduna;
5. y*=4-x,x=0.0y yk arpoduna;
6. y=x’,x=0,y=8.0yyk arpoduna;
7. y= 264 ,x* =8y.OX ¥k arpodua;
x +16

8. y’=(x-1)',x=2. 0Oy yx arpoduna;

9. y=2x—x’,y—0.0x VK atpoduna;

10. x*—y® =4,y =+2. Oy yk arpoduna;

11. y=x*, y=+/x. Ox yK arpoduna;

12. x=2cos’t,y =2sin’ ¢. Oy ¥k atpoduna;

13. y=3-x’,y=1+x". OX Yk arpoduna;

14, y=x"+3,x=4,y=0,x=0. Ox yk atpoduna;
15. xy=9,y=3,y=9,x=0. Oy ¥k arpoduaa;
16. y=10—x*,2x+y—4=0. OX yk arpoduna.

4.4. Aauk uaTerpai épaamMuia hu3uKa Ba MEXAHUKA
MacaJaJIapUHU €YUIII.

2)a) Arap V =1f(t) ¢yHKIMS MOMIMN HYKTaHUHT OUpOp 4YHM3HK O¥itnad
XapaKkaTUHUHT TE3JIUTMHA udojanaca, y Xxoiaa [tl;tz] BaKT MoOaiftHuAa 60cuo
YyTuiarad uyn S = I f (t)dt dbopmynacu opkaiu ndoaanaHau.

h
1-Mucon. Moaauii HYKTaHMHT XapakaT TE3IUru V = (6t2 +4)% ok oynca,
xapakar OonutanumuaaH Oomiad S5 cek. MmoOaitHupga Oocu® yTuinran Wy

XUCOOJIAaHCHH.

Eunnumm. [Mlaptra xypa, f(t): 6t% + 4, t;, =0Baz, =5.

; 5
S =[(6r> +4)dr = (207 +3¢ (=25 +4:5=250+20=270n
0

2-Mucon. JKACMHUHT XapakaT Te3qura V :(18t—3tz)f%ek Oyinca, yHHHT

XapakaT OONUIAaHWINUIAH TO XapakaT TyraryHra kagap Oocu0 yrTran Wynm
XHUCOOJIaHCHH.

Eunnumm. )KucMHMHT XapakaT OOIIJIaHWIIM Ba TYTallld MauTHIAard TE3JIUTU
HOJITa TEHI. Xapakar KauWCH IaWTaa TyrallMHUd AaHUKJIauMW3, YHUHI Y4yH

18t —3¢> = 0 Tenrnamanu evamus. Bynnan: 3¢(6—¢)=0Ba t, =0,¢, = 6.



6
S:f(lst—3t2)dt=(9t2 —t3*0=9-62 ~6’ =36-3=108x.
0

3-Mucosn. Arap XKUCM €p CUPTHHHHT 03aCHJIaH BEPTHKAJ XOJIaTAa IOKOpUra
TOMOH V = (29,4—9,8t)f% o TE3ITHK OwIaH OTWJITaH OYJica, y X0Ja )KUCM IHT KYTIH

OwJiaH Heya MeTp OanaHJIMKKa KyTapuiaan?

Eunnumm. XXucm 2Hr karra OanaHaiukka { BaKTHUHT ITyHAaW Oup manTua
spuIIaanKy, yima naitaa v =0 oynaau.

Hemak, 24,9 —-9,8¢ =0 nan t = 3cex.

3
S = f(29,4 —9,8¢)dr = (29,4t — 4,9¢° %0 =441m.
0

0) Adraiinuk, Moaauii HykTa y3rapyBuan F(X) kya tabcupuma OX Yk OVitnad
TYFPU YM3UKIM XapakaT KujgaérraH OYyicuH. Moaauii HyKTa Xxa XoJaTIaH

b
Xxb xonarra ky4ranma, ymoly Ky4HUHT OakapraH uimm A = fF (x)dx bopmyna

Ounan xucoOaaHaIu.

Icramma. Kyunune 6asxcapean uwunu Xucobrawea O0oup MacaiaiapHu
euuwoa, kynunua Iyk Kowynumune gopmynacu Fxrx oan ¢hotioananunaou (r-
NPONOPYUOHANTUK KOIDPuyuenmu).

4-Mucon. Arap npyxuna 60 H kyud octuaa 0,02m uy3wiaguran O0yica, yHH
0,12M uy3ui yuyyH KaH4ya Ul Oa)xapwIMIg Kepak 0ymnaan?

Eunnnimy. ['yk KOHyHUTa Kypa, Npy>KMUHAHU X M T'a 4y3yBuM Ky4 FxIrX. Arap
xk0,02 m 6Vnca, Fk60H. Jlemax,

r= % =3000 Ba F =3000x. Hatmxana:

b

0,12

0,12
A= [ 3000xdx =1500x o —1500-0,0144 = 21,6(K).
0

5-Mucon. Arap npyXuHaHUHT AacTiabku y3ywiauru 0,1 m ra teHr 0ynmo,
npyxunanu 0,01 m ra uy3um yuyn 20H kyu kepak 6yica, yau 0,12 m nan 0,14 m
ra 4y3uill y4yH KaH4a Wil Oakapuiil kepak 0ymanu?

Eupmnumm. k= % =2000 Ba F=2000x;0=0,12-0,1=0,02 Ba

b=0,14-0,1=0,04.
0,04 .

10,04
A= [ 2000xdx =1000x
0,02

0,02

=1000(0,0016 —0,0004) = 1,2(JK).

3) a) Maswnymku, Oupop | ykman r macodama OyiraH M maccaad MOIIHAN
HykTaHuHT | ykura HucOaTaH cTaTuk MOMeHTH 1e0, M, =mr MHUKIOpra
atunap oau. ®apaz kwmainuk, XOY KoopAMHATANAp TEKUCIUTHA
Tenrmamacu y = f(x) GYnran Mommui srpu uMsMKHMHT Oupop AB &ifu

a < x <bxapanmaérran OVicuH. YHHUHr Xap Oup HyKTacuja 3UWIHK 3cCa
Y= y(x) kabu yskiusa ounan udonanancud. Y xonaa AB Eitnunr OX Ba Oy



VKaapra HUCOAaTaH CTAaTMK MOMEHTIApH MOC XOoJjAa Kylunparu ¢opmynanap

Oowian xucoOaHaau:
b

M, =[y(x) y-1+y"dx,

Q

M, =iy(x)-x- 1+ y" dx,

XycycaH arap y(x)zy y3rapMac coH Oyica (3rpu 4YU3UK OHUp >KUHCIH
Oynranma), okopuaara Gopmynaiap Kyiuaarnia KypUHALIIUAA E3UIaauiiap:

M. = yiya’l,My = yixdl.

By epna, dl = \/1+ y"*dx - éli y3yHIUTMHUHT DJIEMEHTH.

0) Ilyuunarmex srpu um3uKHMHT AB éim ormpiauk mapkasu Py (XO; yo)
HYKTaHUHT KOOpJIMHATAJIApU Kyruaaru opmysa OuiaaH TOMUIAAN:

fy(x)- xdl Ty(x)- ydl
Xg == Yo = ab

: Ty(x)dl | [ ()

a

€ku arap y(x) =y y3rapmac coH Oyica

b xdl b ydl
xoz_[f_’ yoz.[i}
“jdl “jdl

B) Aifraitmuk, XOy koopauHaTamap Tekuciuruaa y = f(x) srpm umsuk, OX

Yk Ba Xka, Xkb Beprukanm TYrpu uu3uKinap OwWiiaH uerapajaHraH 3rpu
YUK Tparelys KapamaéTrad 6yiub, YHHHT 3HaiMra Xam sHa y = y(x)
Kalu y3iyKcu3 (pyHKIus OYJICHH.

VY xonma, ymoOy arpu un3ukiau TpanenusauAar OX Ba Oy ykimapra HucOaTtaH
CTaTUK MOMEHTJIapH KyHuaaru popMynaiapaaH aHUKJIaHAIM:

1 b b
M. = Ejy(x)yzdx, M, = [y(x)- xydx
Arap y = const # (0 0ynca, SbHU TPU YU3UKJIU Tparenus Oup>kuHciu Oyrca,
I0OKOpUJary popMynanap Kyiuaaru KypuHuUIaa €3umaiu.
y b b
M = Ejyzdx, M, =y[xydx.

r) IOkopuna KapajiraH Srpd YU3HUKIWA TPaNCUUSHUHT OFUPJIIMK MapKasu
P, (xo; yo) HYKTaHUHT KOOpJIMHATAJIApU KyHugarnya XucooaaHau:

b b
R
_a , yo —_ 2

Xo 2 v
[ 7(x)ydx

o

€ku arap y = const # 0 6yica,



zxydx . Zyzdx
oo =50
Iydx _[ydx

Xy =

6-Mucon. Tenrnamacu y = Jx oynran nmapabonaHuHr abimccanapu Xxk0 Ba

Xk4 OynraH HyKTajJapra Moc KelyBuM EMMHHUHT KOOpJAWHATa YKiapura HucOaTaH
CTATUK MOMEHTJIApPU XUCOOJaHCHH.

1
Eunnvnm. v =1 1e6 onamus y' = —— OYITaHIUTH yIyH

24/x

% (4x+1)30

_33 7 CamlP 17
16 8

:¥—2]n(33+8\/ﬁ);

/-Mucon. y=x,x=2,y=0 Tyfpu uu3uKIap OWIaH YerapajaHraH
ydOypuakHUHT  KOOpJIMHATa YyKjapura HUCOATaH  CTaTUK  MOMEHTJIapu
XHUCOOJIaHCHH. A

Eunnunm. y =1 neb onamus. y
- Y=X
2 2
Mx:ljyzdx=lj'x2dx=l-x— =f;
20 2% 2 310 3
2 2 312 8 x=0
M = [ xydx = [x*dx = =—;
= Jode=] 303
0 y=0 X=2




8-Mucon. Tenrmamacu x°+y° =4 Oyaran alJaHaHUHT FOKOPH SPUM

maJuraCu OrUPJIMK MAPKA3HUHUHI' KOOpAWHATAJIapH XI/ICO6HaHCI/IH

4)

5)

6)

7)

8)

Eunnumm. by epna xam vy =1 1e6 onamus. y aH

= M =\1+y
V= Ja—x* Ba 4—x2 \/7

2 2xdx
—2\/4 x’
J‘\/4 x’ _2_0
%0 =3 2dx x|2 -
I\/47 2arcsin
x —
) fz2dx 4 4
Yo T 2dx 2arcsinl  w

NF

9-Mucou. 7-mucongaru ya0ypuakHUHT OFUPIUK MapKa3u TOMHIICHH.

: X2 g ]2 209
2 . 2 I
o _!xdx_30 3 f _lxdx 60_5_2.
YWIUIIN. X, = = = 22_2_3,);0_ ! T Rt
dex X dex X
-2 210 -2 210
MAIII+JIAP

(9-Macanaman 6onutad, y =1 ne6 OJMHCHH)

JKuCMHMHT XapakaT Te3JIuru v=<3t2+2t—1)f% o, KOHYH Owian y3rapaim.
VYHuHr xapakat oouutanrasjgad cyHr 10 cek. moOaiiHuga 6ocud yTran Wynu
XUCOOJIaHCHH.

HykraHnuHr xapakaT Te3nuru u:(2t+8e_2 )f% ok OyJsica, yHUHT 2cCeK. Ja

6ocu0 yTran nynu XucoOJaHCHUH.
Arap >XUCMHHMHI XapakaT TE3JIUTU L = (24t —3t2)% o OYJICA, YHUHT XapakaT

OOIITAaHUIIIKMIAH TO TYXTaryH4a OynaraH BakT moOaiiHuga 00cubd yTraH Wynu
XUCOOJIaHCHH.
KvcMm ep CUPTHHHMHT 1o3acujaH BEpTHKad XoJjaTdaa HOKOpPUTa TOMOH

=(39,2—9,8t)f‘% Te3NUK OminaH oTwiau. XKucMm sHr kynu OunaH Hewa
cex.

MeTp OajaHJIMKKa KYTapuiliu.

[Ipyxunanu 0,05 metpra uysumm yuyH 80H kyd no3uMm. Arap npy>KMHaHUHT
y3yasaru 0,15 metpra Ttenr 0yica, yau 0,2 MeTpraya 4y3uil yuyH KaHJal v
OakapuIl kepak Oyiaau.



9)
10)

11)

12)

13)

14)
15)
16)

17)

18)

19)

20)

21)

22)

23)

[Mpyxunanu 0,05 metpra uyzum yuys 307K um 6axkapuin kepak 0ynaau. YHu
0,08 MeTpra 4y3uIl yuyH 3ca KaH4a Uil 0a)KapHIIl JTO3UM.

Arap npyxunanu 0,02 metpra uy3um yayH 162K um 6axapuii jgo3um Oyica,
1002K uir Gaxkapuiaranaa npyKuHa KaHda y3yHJIMKKa 9Y3uiIau.
[Tpyxunanunr y3yunauru 0,1 metpra tenr 6ynu6, yau 20H kyud 0,01 metpra
uyy3a onagu. IIpyxxunanu 0,12 merpaan 0,14 Merpraua 4ys3uin ydyH KaHJau
U1 OaxkapuIln kepak 0yiaau?

y=2—X TYFpU YM3UKHUHT KOOpAMHATA YKJIapH opacuaard kecMacuHUHT OX

Ba Oy YKiapra HucObataH CTaTUK MOMEHTJIapH XHUCOOJIaHCHH.

T T on o
Yy =COSX HHUHT |:—E,E:| KeCMara MOC KCJIYBUHN CHHHHI Ox YKKa HHCOaTaH

CTaTHUK MOMEHTH TOIHUJICHH.
2 \/_ o

y=Xx" Ba y=+/x mnapabonamap Xxocwi Kwirad ¢urypanuar OX VKka

HUCOATaH CTATUK MOMEHTH TOIMJICHH.

y? =2x mapa6onanunr Xk0 nan Xx2(y>0) raua 6yaran opamkga édHuEr OX

Ba Oy yKyapra Hucbaran CTaTUK MOMEHTJIApU XUCOOJIAHCHH.

y? =4xnapabona, Xxk4 tyrpu umsuk Ba OX VKnap OwWIaH uerapajgaHrad
(GUrypaHUHT OFUPJIMK MapKa3UHUHT KOOpJMHATATIapU XUCOOIAHCHH.
y=2x-—x" 6mwran OX VK derapamaran (QHUIyPaHUHT OFUPIMK MApKa3H
TOTIHJICHH.

x2 y2

o “=—=1 osumncHuHr [-4yopakmgarn KUCMUHUHT OFUPJIUK MapKaszu
TOTIHJICHH.

y=6—x" mnapabona, Yx2 TYFpPU YM3HKJIAp wYerapajaral (pUIypaHHHT
OFUPJIMK MapKa3u XUCOOJIAHCHH.

VKX TYFpU 4M3MK OWiIaH y =x  —2x mnapabonia dverapanarad ()UIypaHHHT

OFUPJIMK MapKa3u XUCOOJIaHCHH.

. s o
Y =SIN X CHHyCOUJAHUHT [O; 5} KecMara Moc KelyBYH OVJIarMHUHT OFUPIIMK

MapKa3sUHUHT KOOPJAMHATAIAPH TOHJIICHH.
Tenrnamacu x =2(t —sint), y =2(1 —cost) 6yaran MMKIOWTAHUHT OUPHHYUM

apkacura Moc KemyBun &iim (0 < 7 < 271)HHHT OFUPIHK MapKa3H TOTIHJICHH.
Tenrnamacu 9x* +16y° =144 6yaran smmnc, OX Ba Oy koopauHara YKIapu
OunaH derapajaHraH Qurypa (x >0, y> O)HI/IHF OFUPJIMK  MapKacu
XUCOOJAaHCHH.

5 —bOb

KVII V3T APYBUMJIN ®YHKIUIAJIAPHUHT JUODEPEHITUAJ XUCOBU

5.1. Kym y3rapyBunin QpyHKUMsIapra A0Mp aCOCHM TylryH4Jasiap.



5) Tavpug. Aeap oupop D mymnammnune xap oup ocygpm (X;y) Xaxuxutl
COHNlapuea bupop KOHYH éKu Kouoa époamuda b6owka oup E myniamoarn sieoua z
XaKuxuii Con Moc Kuaub Kyuuneau oynca, y xonoa D myniamoa ukku XaKukuil X 6a
Y V3eapysuunapuure QyHKyusacu anukianearn oed6 amanaou. by epoa x ea y apxiu
yzeapyseuunap €xku apeymewmiap, z 3c¢a 3pPKCu3z yseapyeuu exu Qyukyus 0ed
OpPUMUIAOU.

Uxku  yzeapysuunune — ymyuacu  z= f(x;y),z=z(x;y)ea  xaxoso
Kypunuwnapoa o6eneunanaou. lllynuneoex, D ea E napnu moc pasuwoa ukku
V3eapyeuunu YYHKYUAHUHE aHUKIAHUWL 8a Y3eapuul coxanapu oed amanaou. Mxkxu
apeymenumau Gyuxyuanune avukianuw coxacu D, XOY mexucnuxnume oupop
YUBUKIAp OUNAH Yeeapananazam Kucmu cugamuoa ugooa smuiadu xamoa azap

yuzuknap D coxaoa emca ynu énux coxa 0e6 amanub6 D o6unan oOeneunanaou,
akcunya D nu ouux coxa o0eb rmopumunaou. bupop z=f (x; y) @yHKYUAHUHE

epachueu Oeuuneanoa ¢azodacu wiynoau M (x; y;z) HYyKmanap myniamuoau

MAWKUL ~ MON2aw  Cupm  mMYUWYHUIAOUKYU, )y  cupmoacu  HYKMAalapHUHe
koopounamanapu 7= f(x;y) menznamanu xanoamaianmupaou.

Nkku aprymeHTIM GQYyHKIUSHUHT Tabpu(UHM Y4 Ba YHAAH OPTUK XaKUKUN
V3rapyBUMIapHUHT (QYHKOMSUIAQpU YYYH XaM OCOHJIMKYa yMYMJIAIITHUPUIIH
MYMKUH.

Kyn aprymenTiu pyHkuusaapra q1oup OyHaaH OyéHru TynmryH4aJapHu
(akaT MKKHM apryMeHT/ M PyHKIMsJIaApra mocjad 0aéH yrTaMu3, YyHKH
YVJApPHH Y4 Ba YHAAH OPTHUK Y3rapyBuMjid QyHKUUSAIAPra Ky4upHIl Xed
KaHIail KHHMHYUIMKIAPCU3 aMAJITa OLIUPUJIATIH.

6) Tavpug. Aeap onoundan 6epuncan ucmaneanya kuuux € >0 coH yuyH
wynoau oup kuwux O>0 coun masdxucyo 6Y1UO, ‘x—xo‘<8 6a ‘y— Vo <8‘

MEeH2CUTUKAAPHU KAHOAMIAHmMupysuu obapia X 6a y Jaap Y4yH ‘ f (x)—A‘<8

meHeCcu3IuK ypurau oyaca, y xonoa A conunu z= f (x; y)qbyHm;u;mqu ManuHIU
M (x,;y,) Hykmadazu numumu 0e6 amanadu 6a ynu Kyliudazua é3unaou:

A=lim f(x; y)
Yy—=Yo
Tavpug. Aeap z=f (x; y)qbymcuuﬂ oupop Mo(xo; yO)nymada 8a YHUHZ
ampoghuoa anuxnanean 6yauo6, A=Ilm f (x; y): f (xo; yo) oynca, y X010a Maskyp
)/_)y(:)
dyukyusnu M 0(xo; yo) HyKmaoa y3nykcus ¢yukyus o0eb amanaou. bupop D
COXaHUuHe Oapua HyKmanapuoa y3iykcuz o0ynean @QyHKYusHu y coxaoda Y3IyKCU3

Oeuunaou. z=f (x; y) DYHKYUS YUYH YINYKCUBIUK WAPMAAPU OaXCapuimMazan

HYKMANApHU  V3uluuwl HyKmanapu o0e6 amanub, @YHKYusaHu 3ca MAasxyp
HYKmManapoa y3uauwed 32a 0euunaou.

dcenamubd ymamusku, UKKU Y32apy8uuHUHe QYHKYUALIapu aupum HyKmaiapoa
EKu OYmyH OUp Yu3UKIapoOa Y3uiuued 22a OYIUUIapu MyMKUH.



1-Muco. z = ln(x2 +y? = 4) (YHKIMUSHUHT aHUKJTAHUIIT COXACH TOTMJICHH.

Eunnmuim. Maskyp GYHKIMSHUHT aHUKJIQHHUII coXacH IryHnmad (X; y) xkydr
COHNapiaH uOOpaTku, yaap ydyH x +3°—4>0 éxu x> +y’ >4 mapr
Oaxapunumi gapkop. by aca reomerpuk skuxartaan mapkasu (0, 0) HykTama
oymu6, pagmycu 2 maH wuOopar OynraH powpanaH Tamkapuma EryBuum XOy
TEKUCJIMKIATd HyKTajap TYIUIaMUHU H(oaa dTau.

A

// i
// 27

2-Mucon. z= \/ 9—x" + \/ 4 — y2 (YHKIUSHUHT ~ QHUKJIAHUIT ~ COXAacH

;'J

TOTIHJICHH.
Bupymmu. By QyHKUMSHMHT aHMKIaduin coxacu 9—x° >0 Ba 4—3° >0
TEHTCU3JUKIAPHU KaHOATJIAHTUPYBYM Oapua KypT (X, y) COHJapaaH ubopar,
apHU: —3<x<3,-2<y<2.
Jlemak, pyHKIUs x=+3, y=+2 jap OujaH yerapajiaHrad TyFpu TYpTOypUakaa
aHUKJIAHTaH DKaH. 4

2

// 7R
N

x’+yi-1 -2
Xn\,OFHaHCI/IH.

3-Mucoin. 4=Ilim

ZoAxt+yt =1

Eunauimm.

22 2. 2 2 2
X2+y? -1 (\/X +y —11\/x +y +1)_. ( RN )_
A= lim o g B 7 1)
y—0 X“+y y—0 X“+y y—0

1
4-Mucon. z = ———— (QYHKIUSA y3TyKCU3IMKKA TEKIIUPUICHH.

x°+3y

Eunnnimmu. YmOy ¢yskuus tekucaukHudr O(0,0) HyKTracugaH Tamikapu
Oapua HyKTanapnaa ysiaykceus 0ynu6, O(0,0) ma y3wimira sra (4yHKH (yHKIUS,
0(0,0) na anuk1aHMaraH).

MAIII+JIAP

+yinnard QVHKIUIADHUHT aHUKJIAHUII COXaJapy TOOWICHH.




1 z=x’—-4y+4. 4. z=m(3-x)
J +x—y.
X

3. z:1/4—x2—y2. 6. <z =arcsin—.

2. z=,/x+). 5. z

y
+yiugaru TMMuUTIap XUCOOJAHCHH.
. Xy ) 1
1. hir(}— 3. hﬁ(}(lJFXJ/)_-
;4)0 1 - -X:y + 1 ;C):))O X
. sin : ) 1
> lim a4 4 hm(x2 +y2)s1nﬁ.
x—0 X x—>0 x4+ y
y—0 y—0

+yiunard QyHKIUSUIIApHUA Y3TYKCU3JIUKKA TeKITHPUIICHH.

L a= 1 . e x’+y?
L e ) LT @l —a)
1 1
> Z_sinzrcx+sin27ty' > Z_m'
1
_ 22 _ ‘
3. Z—ln(l X =y ) 6. =z Tty

5.2. Xycycui xocwiajiap Ba xycycui auddepeHnuamsiap

> Arap z=f(X,y) QyHKuMAary Y HE Y3rapuIicus KOJIMPHMO, Y3rapyBud X ra
oupop AX oprrupma Oepuiica, y Xoiaa GyHKIMS X Y3rapyBuura HucOataH

Xycycui oprrupma Aed aranyBum A,z  opTTMpmara ara  Oyiaaw.

Az =T(x+4xy)-T(xy)

AWHaH IOKOpUIATHACK, X VY3rapuiicu3 Kouaupwinb Yy ra Ay opTrupma
Ooepwica, y Xoiaga GYHKIUSHUHT Y Ta HUcOaTaH XyCyCUM OpTTUpMacu
Az =f(X,y+4x)- f(x,y) kaGu E3mnazm.

Arap lim Az E%Ez;s f/(x,y) Ba lim 4z _o z,

MX—0 AX  OX 4—0 Ay oy
IMMHUTIAp MaBxKyn 6¥ica, yaapau Moc pasuinaa z = f(x, )0 GyHKIUSHUHT X Ba

!

= fy(x,y) mex wexmm

y ¥3rapyBumiapra HucOaTaH XyCcycui xocunajiapu 1e0 aTanaiu.

Y4 Ba yHIaH OPTHK apPryMeHTJIH QyHKIUAJAPHUHT XYCYCH I
XOCHJIAJIAPH XaM aifHAH IOKOPHUIATrnieK aHUKJIAHA/IM.

Tabkuaaam :KOU3KM, OUP ApryMmeHT M PYHKIIUAHUHT ACOCHIH
audepeHnuaIam Kouaaaapu Ba GopmMyaaJapuHUHT 0apyacu UKKH Ba
YHIAQH OPTHK Y3rapyBuM/Ju PyHKUMAJIAPHUHT XYyCYCHH XOCHIATAPUHHI
XMco0JIall Y9yH XaM YpHHJIU Oy1aBepaau.

0 0
1-Mucoi. z = x®+3x*y —4xy* +5y° +2x -3y +1. a—Z Ba 8_2 Jap TOTHUJICHH.
X Y



Eunnumm. Y vu y3rapmac 1eo0, % =3x% +6xy — 4y’ +2.
X

OHIM X HU y3rapmac Xuco0jad, Tomamus.

0z
— =3x% +8xy —15y* - 3.
oy

— 0z 0z
2-Mucoi. zZ=Xxe Xy; — Ba — JIap TOIHJICHH.

ox oy
Eunnnimy.

—=xeY(-x)=-x%".

> (-x)

3-Mucon. z= In(x2 + yz) (GYHKITUSHUHT XyCYyCHIA XOCHJIaJIapy TOTIMIICHH.
0z 2x oz _ 2y

EqI/IJII/IHH/I.—:2 5 -
X X°+y° oy X +y

) ) ) 0z 0z
4-Mucoii. z =sin’(x+y)—sin®x—sin?y.— Ba — Jiap TOIUJICUH.
S-IVIMCOJI. y y o

% = 2sin(x + y)cos(x + y)—2sin xcosx = sin 2(x + y)—sin 2x = 2sin y cos(2x + y).

%: 2sin(x + y)cos(x + y)—2sin ycosy =sin 2(x + y)—sin 2y = 2sin y cos(x + 2y).

5-Mucoi. u=+/x*+y?+z° —xyz HAHT XyCYCUH XOCHJIaJapy XHUCOOJIAHCHH.
ou X

Eunnunmm, —=———— vz,
X+ Y2+ 72
8_u_+_xz
oy  x2+yi+7? '
ou Z

— e —Xy.
oz IX*+y*+7°

> Arap z = f(x,y) GyHKIMSHUHT 3pKJIH ¥3rapyBUMIapyIaH OUPUHHU Y3rapHIICh3
KOJIAUpUO, WKKUHYMCU Oyinua yHman nuddepennuan xucoOaaHAIUTaH
oynca, y muddepenimamiap onaarna GYHKIUSHUHT  Y3rapyBUwIapura
HucOaran xycycuit auddepeniuaniapu 1ed atanaiu:

d.z=f(xy)ddz=fxy)d.

by epma, dx=Ax Ba dy=Aynap spkiu ¥y3rapyBUMJIAPHUHT HUXTUEPHMA

opTTUpMaJiapu OYIuO, ynap 3pKiau y3rapyBuujaapHUHT nuddepeHunaiapu eo
IOPUTHIIAIH.



6-Mucon. z= %/( 2 - 3)2 HUHT Xycycuil nuddepeHmaniapy TOMUICHH.
4x

, 2 3
Eunnnmm. z) = 3(x -y )3 2X = —\/W Ba
, 2 L 2y° . Axdx
z :g( 2P )3 ( 3y’ ) —m Oyiranu  yuyH dXz:m

2
dyz— 2y'dy

7-Mucon. u = arcsin,/xy’z’ Gepwiras. d u,d uBad_u nap TONHICHH.

2 3

\/7 y\/_ dx

Egunumu. d,u=

J1-x%y? 2\/_J1 x2y*
2wz’ 3xy’z’ &
2’z WxZdy du—z 'z 3xzydz
\/1 xz 4,6 \/1 xz 4,6 > T \/1—x2y4z 2\/1 xz 4,6 ’
MUCOJUIIAP

+yinnard GVHKIASJIADHUHT XYCYCUN XOCHWIAJIapyu XUCOOJIaHCHH.

. X
1. Zz=arcsm—; 11. Z:/xz_yz;

Yy
2. s 2 z=2"2,
z=3 7 ' : xX+y
. zZ=Xx"; 13. u=z";
4, z= tgz(x —y); 14, u= (xy),
5. z= ]n(xy + ]nxy); 15, z= arctgz;
X
6. z=In(x—2y) 16, U=
. zZ = X V) . \/ma
7. z:e§+e%' 17. u:]n(sineryj;
’ zZ
8. z=(x3+y3)4; 18. uztgz(x—y2+z3},

9. z=cos (x+y) 19. u= arctg(ﬂj;



2+ 2
10. Z:xy+2; 20, u=In %;
X (x +Z)

5.3. TVma oprtupma Ba tvia nuddepernmman. Mypakkad Ba OIKOpMac

dbyHKIsuIapau auddepennuraian.

11. z=f(x;y) pyrkuuMaHuHr 6upop (X;y) HyKTajard Tyjia opTTUpMacu Jeo,
Az = f(x+Ax;y+Ay)- f(x;y) udonara aiitunaam.
Arap z= f(x,y) byskimsa (X,y) HyKTama y3IyKcH3 XycCycHil XOCHIanapra sra

0 1o

OyJsica, YHUHT TyJla OpPTTUPMACUHU Az =8—ZAx+a—xAy+8p KYpHUHUIIJA €3I
X y

MyMKHH, Oy eppaa, arap ,o=1/|Ax|2+|Ay|2 -0 nma &£—0. YmlOy TeHIIMKAAru

%Ax + %Ay uu z = f(x,y) yaxkuusaunr (X;y) HykTagara Tyna auddepeHnuand

ox oy
ne0 aranub, 0z opkamu OenrumiaaHagu. Arap Ax=dx,Ay=dy DSKaHJIUKIAPUHU
Hazapja TyTCaK, y X0J/a:
dz = a dx + a dy.
OX oy

TakpuOuii Xucobamnapaa Az = dz neb OJIMHA/IH. Hemaxk
f(x+Ax;y+Ay)z f(x,y)+ dz skaH.

12. Arap u=¢(xy) Ba v=¢(x;y) map Gepunran 6yacamap, y Xojiaa
z=f(u;0) nu X Ba y y3rapysumnapra HucOaTaH Mypakkab (QyHKIUs 1e0 aTasaau
Ba YHUHT XyCYCHU XOCHJIaJIapy Kyiuaaru ¢hopmysanap €paamMuaa XucooaaHaau:

& _odu v
X Oudx ov ox
G o

Xycycan, arap U=g(x), v=¢(x) Oyncanap, MKopuzaru Qopmyratapaan
dz ozdu ozdv . o

OupuHINCH — =—-—+—— JeK &3unn0, MKKUHUMCH 3ca aWHaH (O ra TeHr
dx oudx ovadx

oynanu.

Oxupru popmynaga u=x, V =y=e(x) 6yucanap, y xonaa:

dz o0z ozdy o o

—=—+—-2. Ymly udoaaHnu UKKH y3rapyBUWId TyJa QYHKIUSHUHT XOCHJIACH

dx ox oy dx

ned aTamaau.

13. Arap F (x; y) =(0 TeHrnama, oupop y= y(x) (GYHKIUSHA OLIKOpMAC
makiaa udonanaiauran 6ymumo, Fy’(x; y) # 0 6ynca, y xonaa

dy _ Flxy)

dc  F!(xy

N——"



Arap F(x;y)=0 Tenrmama, z=z(x;y) OGyHKIMAHM OIIKOpMAC KYPHHMIIIA
nudonanao, Fx’(x; y;z) # 0 Oynca, y xonaa

& _ Flxyz) oz Flxyz)
o Floyz) & Fluyz)
+
1-Mucon. z = arctg ) , dz XUCOOJIaHCHH.
X=y
| DA 050507000058 a__ 1 7 —2y2=_ zy 2
X 14 XFY (x-y) X +y
X-y
oz _ 1 o 2x X
oy L x+y) (x—yy xt+y*
X-y
xdy — ydx
oJija dz =———.
y X0l X 1y

2-Muicoi. z = ]112(x2 + yz), dz XUCOOIaHCHH.

Euvvimim. %=21n(x2+y2)- 22x 2
X x'+y
oz 2y
= = 21nlx? 2).
5)/ (x Ty ) x2+y2’
x*+y°

3-Mucoi. +/5¢"” +2,03° Hu TakpHOMii XHCOGIAHCHH.

Bumminy. M3nanaérrad coHHU +/5¢” + y* dyHkuusaunr Xk0, Y2 HyKraaapuaara
KUMUMATUHUHT OPTTUPMACH 710 KapaiiMus3.
Ax=0,02,Ay = 0,03,z _, =~/5¢" +2> =/9 =3.
y=2

QOYHKUMSHUHT TYJIa OPTTUPMACUHH TOITAMM3:

Az¢dz=§Ax+gAy: > AX+ 2y Ay =
X oy 2/5e* +y? 2./5e* + y?

_5:002+2:2:003_01+012_022_ .,
2-3 6 6

JleMak, 5" +2,03% ~3+0,037 =3,037. By MUCOJIHH eunmIa
f (x + Ax, y + Ay) ~ f(x, y) + dz popmynanan doiganaHIuK.

4-Mucos. (1,02)3’01 HU TaKpuOUi XHUCOOJaHCHH.

Eunnumu. WM3nana€tran coHHM z =X (QYHKIUSHUHT Tyjga OPTTHUPMACHIIAH
doiinanann6 xucobmanMms.
xklBayx3 ma z=1"=1,Ax=1,02-1=0,02, Ay =3,01-3=10,01.



dz=yx""'Ax+x" Inx-Ay nurupan, dz =3-1*-0,02+1° -In1-0,01 = 0,06.
Y xomna z = (1,02)"" = z +dz +1+0,06 = 1,06.

5-Mucon. Arap u=3x-2y,v=xy Oyica, z=cos(u-v) HUHI XyCyCHH XOCHIajapu
XUCOOJIAHCHUH.

%:—vsin(u-v)-3—usin(u-v)-y :—3xy-sin(3x2y—2xy2)—3xy—2y2 :

-sin(3x2y—2xy2)= —sin(3x2y—2xy2)- (6xy—2y2)
% =—vsin(u-v)-(~2)-usin(u-v)-x = 2xy -sin(3x2y— 2xy2)— (3x2 - 2xy)-
-sin(3x2y— 2xy2)= sin(3x2y - 2xy2)~ (4xy —3x2)

6-Mucon. Arap z =x+ y’ 6yau0, y =sinx 6yica, ? XUCOOJIAaHCHH.

X
Eunnummm. %:%+g-@:1+2y-cosx:1+2sinxcosx=1+sin2x.
dx Ox Oy dx
SR A o Ay
/-Mucoa. Arap x° -y~ +e’” +3 =0, 6yica, d—XI/ICO6JIaHCI/IH.
X

X X
Eunnuim. [xz —y3 +eA +3] X = 2x+1-eA Ba
y

X X
{XZ _y8 +eA +3J y =-3y? —iz-eA napiaan
y
X X
2X+£‘EA [ZXY"‘QA]y
dy __ y

dx X/ x/
—3y2—X2-eA 3y4+xeA
y

8-Mucon. Arap (xyz — x>+’ —zz): 0 6ynca, Z—Z Ba Z—Z Jap XUCOOIAHCHH.
X V
Bunninm. Arap (xyz X’ 4+’ —z%). = yz-2x,
(xyz—x2 +y? —22)y =xz+2yBa
()cyz—x2 +y° —ZZ)Z =xy—2z

oz vz —2x 0z xXz+2y
SKAaHJIMTUHU HHOOATra oJIcaK, — = — Ba — =— .
ox xy—2z oy xy—2z

MAIII+JIAP

+yVAUIAru OepuJIran (bVHKIMUSITApHUHT TViIa ndepeHIaAIIapu
XHCOOJIAHCHH.




13.

14.
15.

21.

22

23

24.

25

26

27

28

29

z=Ax"+)° 5. z:sin(x2+y2). 9.
4 6. z= ln(tgf). 10.
y
X .
z=2-% 7. z:e*(cosy+xsmy). 11.
Xy

y

z=xhy. 8. Z:ﬁ' 12.
X +y

+yiiuaaru udoaanap TakpuOnuii XucoOJaHCHUH.

Z=)C1IIZ.
X

X
z =arcctg —.
x+1

z=x"+3x"y—y’.

z=(x+y)e”.

X 1,02 - -
1,02*", 16 arcig . 19. /(4,05 +(2,93) .
In(0,09° +0,99°) 17. 3/1g1,05+n1,02. 20. (1,02)-(0,97)".
/1,022 +0,05°. 18. /sin’1,55+8¢""".
_ B . 0z 0z
Arap u=xsiny,v=cosx,z=+u’+v? Oepunran OVIca, ™ Ba % nap
X Y
XUCOOJIaHCHH.
. Arap u=xy,v= X = In(u3 +v3) O6epuiran Oyiica, o Ba o Jap XUCOOJaHCHUH.
y ox oy
y 2 2 2 Y 2 Oz
.Arap u=<,v=x*+y?,z=u’Inv Gepwiran 6ynca, — Ba — Jilap XMUCOOJIAHCHH.
X Ox oy
, , . 0z 0z
Arap u =In(x +y ),v= y’X,z=+u-v  Oepuiran Oyca, ™ Ba % nap
X y

XUCOOJIAHCHH.

.Arap y=sin+/x Ba z= z‘gz(x2 — yz) oyca, 2—2 XUCOOJIAHCHH.
X

0
.Arap y=e¢ " Ba z=arctg./x’ +y’ 6yica, 8_2 XHUCOOIaHCHH.
x

. Arap sinxy —x*> —y* =5 Oyuca, 2—2 XHUCOOTaHCHUH.
x

0z

.Arap x’y’z* +7y* —8xz* +z* =10 6¥uca, 2—2 Ba —— Jap XUCOOJIAHCHH.
x

Y
0z

. Arap sinz(xyzzz)+ 4xyz =0 Gynca, Z—Z Ba =~ Jap XUCOOIAHCHH.
x

v



30. Arap x’+y +z’ —xyz=2 6¥yuca, Z—Z Ba il JapHUHr M (111) HYKTaJaru

X oy
KHHMaTIapy XHUCOOJaHCHH.

5.4. FOxopu TapTdIM XYCYCHUI Xocuiaiaap Ba Tvia auddepeHmuamuiap

2. z=f(x,y) byHKUMSIAH ONMHTAH UKKMHYM TAPTUOIM XyCycHil Xocuanap

ned, YHUHT OMpHUHYM TapTHOIM XYCYyCHM XOCHUJANapHAaH Xap HKKaja
Yy3rapyBumiap Oyiinua OJMHTaH XYCYCHUW XOCWJajapra aiTuiaaau Ba yiap
Kylnaaruya oynaauiap.

o(é&z\ oz o(dz\_ 0z ,
a(ax) o = 1e o0} 5(&) oy =)
el 2(E)-Ti-rt0)

x\dy) Oyox oy\ay) o
YuyuHun Ba yHAAH IOKOpUM TapTHOJIM XyCYCHUH XOCWJallap XaM IOKOpUJarura
yX1amn aHuKJIaHaau Ba OeNTuiIaHa v, MacaiaH:

a 82 aZ " ' a 822 _ 632 o
a(asz _f ( ) ay(asz_axzﬁy_fm(x:y) Ba X0Ka30.

dakaT XOCHUJIACMHUHT TapTUOM OwiaH (apK KuilaJuraH XyCyCHil XOCHJIaJapHU
apaiail XyCycuid XOCWajlap Jelwniiaan. Apalaml XyCyCuid XOCHIIallap Y3JIyKCH3

0’z 0’z
OxOy 8y8x

QyHKIUMAnap Oyiacamap, y Xoija yjiap y3apo TEHT Oyiammiap:
o’z 0z 0z
Ox’0y  OxOyox  Oyox’

3. IOxkopu taptubnu tyna nuddepeHnusiuiap Kyiuaarnia xucobaaHaauiap
Ba OenruiaHaguIap:

Ba X0Ka3so0.

2 2 2
a7z =07 gy +262dxdy+azdy,
X’ Ox0y oy
3 3 3 3
d3z:afdx3+3 822 dx’dy +3 0z dxdy’ +6 dy’ Ba X0Ka30.
ox ox~dy ox0’ y oy’

YMyman onranna, d"z = (ﬁé dx + % dy] Z -CUMBOJIMK (opMya YpuHiau 0yimuo, y
X

OMHOMUHAJI KOHYH OYyiinya ounsiay.
1-Mucon. z=x"+x’y+y’ QYHKUMSHMHT YYUHYH TapTHONIM  XYCYCHiA
XOCHJIaIapH TOIUJICHH.

Oz ) oz , 0’z 0’z
Euynnumm, — =3x" +2xy, —=x"+3y", — =6x+2y, =2x,
ox oy ox oxoy
2 2 3 3 3 3 3
85:6)/,82:2)@8?:6, 622 o, o :2’622207 822 —0,
oy Oyox ox ox~ 0y Ox0yOx Ox0y oy~ Ox



0’z 0’z 5 0’z

=0, =2, =0.
oy’ oyox’ 0yoxoy

2-Mucon. z :arcth GYHKIUSHUAT WKKAHYU TapTAOIM XYCYCHH XOCHJIaJapu
X

TOTHJICHH.
y 0z X

Oz
Eunwmvnm., — =——; = =— ;
ox X +y oy Xx +y

0’z 2xy 0’z 0z  y'-x' 0z 2xy

b

axz - (x2 +y2)2 > 8x8y - ayax - (xz +y2)2 H ayz __(xz +y2)2 .
3-Mucon. z =sinxcosy (QYHKIUSHUHT UKKHHYU TapTHOIH TYna auddepeHnnaim
TONHJICUH.

oz /A : :
Egunumu. — = cosxcosy, — =—sinxsm y,
ox oy
0’z . 0’z . 0’z
=—sINXCOSY, =—cosxsin y, . ,
ox’ OxOy 0y’ =—sinxcosy

d’z =—sin xcosydx’ —2cosxsin ydxdy —sin xcos ydy”.
4-Mucon. z=x"y (QYHKUMSHMHI WMKKHHYM TapTubmu Tyaa mudepeHnuany
TOTUJICHH.

Oz oz 0’z 0’z 0’z
Eynnumm., — =2xy, —=x", —; , =2
ox oy ox™ =2y OxOy

d’z =2ydx’ + 4xydxdy.

MAIII+JIAP

3. z=x"+3xy* -2y’ OQyHKUMSAHMHT 4-TapTHOAM XYCyCMH XOCHIIAJapH

TONUJICHH.
4, z=xy+sin(x+y) ¢ysxmmanuar  3-TapTHOnM  XycycHwil  XOCHIalapH

TOTMUJICUH.
5. z=x’ ln(x + y) (GYHKUMSHUHT 2-TapTUOIN XyCYCUN XOCHIIaapyd TONMUIICHH.
6. z=xh 4 GYHKUUSHUHAT 2-TapTuOm Tyna qud@epeHimany TOmUICHH.

X
[. z=e" QyHKUusAHUHT 2-TapTHOIM TYIa AuddepeHnani TONUICHH.
8. =z= cos(x + y) GYHKUMSHUHT 2-TapTUOIM Tyna qud@epeHnnany TOnUICHH.
N . 0’z 0’z
9. z=e (xcos y—ysin y) GyHKIUSTHUHT P + pwe =0 TEHIJIAMaHU
X v

KaHOATJIAHTHPHUIITN UCOOTIaHCHH.
10. z= ln(x2 + yz) GYHKIUSHUHT 2-TapTUOM XyCYCUN XOCHIajIapy TOMUIICHH.



y GyHKIUSTHIHT 822+8zz
x 7 ox> Oy

UCOOTIAHCHH.

11. z=arcty

> = 0 TeHrizamMaHu KaHOATJIAHTUPUIIHN

12. Arap z=e¢"’ dynkuus Oepunram Oymca, z” (0;1) Ba z) (0;1) map

XMCOOJIAaHCHUH.
13.Cuptra ypuHMa TEKUCIUK Ba HOPMAJTHUHT TEHTJIaMaJIapy.

Tavpug. Cupmuune M, (xo, yo,zo) HYKMACUOAH YHUHZ XaMMa 32pU YU3UKIapued
YMKA3UA2aH YPUHMA MYPU HU3UKIAp €maoucan MeKUCIuKHu cupmuune M

HyKmacuoazu ypuHma mexkuciueu 0ed amaniaou.
M, HyKTajga ypuHMa TEKKUCIMKKA YTKA3WITaH MEPHEHIUKYISAP TYFPU YU3UKHU

CUPTHHMHI M , HyKTacuaaru HopMaiu ie0 aranaigy.
Arapna cupTHHHT TeHrnamacu F(x,y,z)=0 6epuaran 6ymu6, M, (x,,y,.z,)

HYKTaaa ox MO’i‘yF' Mo,aaj MO XYCYCI/Iﬁ XoCHJIaJlap 4YCKJIM Ba 6I/Ip BAaKTHUHI
5731/11121 HOJITa aﬁHaHMaca, CUPTHHUHT ]‘40 HYKTaCyugaru ypuHMad TCKHCIMKHHHI
TCHIJIaMaCHu

X=X, Y=V Z7Z,

= = KYpUHMILIA E3UIIA0H.

. (5. ()
ox M, ay " 1974 M,

Arap CUPTHUHT TeHramacu z = f(x,y) kypunumaa Gepuiran 6yica, ypuHMa
TEKUCITUKHUHT TEHTJIaMacu

1074 1074 .
z—z,=|—| (x—x,)+|=| (y—y,) XypuHHIIa, HOPMATHHUHTI TEHIJIAMACH
ox )y, v
X—X — z—z
aca 0o - VTN L kypuHHUIIA OYIaIu.

. (5,
ax M, 8)’ M

1-Mucon. z=x’+2y’cuprauar M, (1;1;3) HYKTacHUJaru ypuHMa TEKUCIWUTHA Ba
HOPMAJIMHUHT TEHIJIaMaJIapy €3UJICUH.

Eunmumm. (%) =2x
ox ),

dy y=1

TekucnukHuHr Tenrnamacu z-3=2(x—1)+4(y-1) &u 2x+4y-z-3=0

= 2,(@J =4 y‘ =4 napra Kypa, ypuHMa
X =
M,

x-=1 y-1 z-3
4
2-Mucon. x* +4y* +z* =36 cupTHHHT Xx+Yy—z=0 €KH CIMKKa Iapauien 6yiaraH

KypuHuiaa 6ynaau. HopManuHUHT TeHrinamacu sca, TTAD.

YpuHMa TCKUCJIUTH TOITHJICUH.



Eupnpum,  Cuptauar — Tenrnamacuan  F(x,y,z)=x" +4y’ +z° =36 =0
oF . OF oF

KypuHuiaa €3ub onamus. — 2x, — =8y, — = 2z. YpuHMa TEKUCJIMK OCpHIIraH
ox oy oz
TEKHUCJIMKKA TMapajuiesl OVIraHd y9yH YJIapHHHT HOPMAJUIAPUHUHT TPOSKIUSIapy
. . 2x 8y 2z . x 4y z
y3apo mpornopuroHan 6ynaau, ssHU TS T EKu T T TYFPH YU3HUK
OepwiraH CUPTHH WKKHTAa HyKTaJa KecuO YTaau. by HyKTalapHU TONHMII YIyH
4
x’+4y*+z° =36 Ba % = Ty = il TEHIJIAMAJapHU OUprajuKaa e€YaMus:
Z=—-X,2=-4y,
z° z?
2° thot 2> =36, &ku <z’ +X+22 =36,z" =16,z,, =14, x,, =F4,y,, =FL.

Jlemak, ypuHMa TeKucnukiap M, (— 4;—1;4) Ba M, (4;1;—4) HyKTaJapJaH yTaJu:
a) (x+4)+1-(y+1)-1-(z—4)=0 éku x+y—-z+9=0.

6) (x—4)+1-(y—1)-1-(z+4)=0éxu x+y—-2z-9=0

XaBob. YpuHMa TEKUCITUK UKKUTA SKaH: X+ Y —z =19.

MAIII+JIAP

3. z=x"—4xy+y*—x+4y cupraunr M, (1,1,1) HYKTaJlaTl YpUHMA TEKUCIIUTH
Ba HOPMAJIM TOTIHJICHH.

4, x*+2y°+3z° =11 cupramHr x+y+z=1 TEKHCIMKKA Napamien OyIran
YpUHMa TEKUCIUTH TOMUJICHH.

5. z=1+x’+y’ cuptHuar M, (1;1;3) HYKTaJaru ypuHMa TEKUCIIUTH Ba HOPMAJIU
TOTMUJICUH.

6. x’+2y° +3z> =21 cuprauar x+4y+6z =0 TeKHUCIMKKA Hapamien Oyiarax
YpUHMa TEKUCITUKIAPU TOMUIICHH.

7. z=sINXCOSYCUPTHUHT M (E;E ; lj HYKTaJlaTl ypWHMa TEKHUCIUTH Ba

442

HOpMaJI1 TOTHJICUH.

8. Hxkku V3rapyBuwim GVHKIMIHUHT YJKCTPEMYMH XaMIa JHI KHYHWK Ba DHT KAaTTa
KHUMAaTIIapu.

3. z=1f(xy) uxkku y3rapyBumwian GpyHkuus Ba M,(x,;Y,) HyKra Gepuiran OYICUH.
Arapaa M,(x,;y,) HYKTaHMHT eTapinya Kuuuk arpoduma f(x,;y,)> f(xy) mapr
Gaxapuica, f(xy) gyHkuus M, HyKraja Makcumymra sra 1e0 araiub, arapia
f(Xy; ¥o) < f(xy) mapr Gaxapuica, f(x;y) GyHkuus M, HyKTaga MUHEMyMIa 5ra
ned aTaiaau.

OYHKUUSHUHT MAKCUMYM Ba MUHUMYMMHM YHUHT DKCTPEMYMH JeHUIIaIN.



Arapaa auddepennmamianysun  z=f(x;y) Gynakuus  Mg(x,;y,) HyKTaaa

o (50 00) _ g (%0 00)

PKCTpEMyMTIa JpHIlica, y XoJjjaa = p =0 ¢&xu xycycuii
X v

xocuianapJian xe4d OynMmaranjga Oupopracu MaBxya OYiaMmaiau (3KCTPEeMYMHUHT
3apypPUIIIUK [LIAPTH).

OYHKIUSHUHT ~ XYCyCHMM  XOCWJIAJapuHU  HoJra  €KM  aHMKMACIHKKa
allllaHTUpa urad, XamjJa YHUHT aHUKJIaHWII coXacuja ETaJauraH HyKTaJlapHU
KPUTHUK €KW CTAllMOHAP HYKTajJap JeUnIaan.

M (x,,,) vykta z = f(x,y) GyHKUMSHUHT KPUTUK HyKTacH OYJICHH.

+yiiugarnya OenruianuiapHd KUpUTaMu3:
(O on) g 2 xn) o0 (x,50)
ot ooy ot
VY xonpa:
4. AC-B?>0 Ba A<O0 maprunap Gaxapuica, f (x, y) (GyHkuus M, HyKrajga
MaKCHUMYyMTa SPUIIA/IN;
5. AC—-B’>0 Ba 4>0 maprmap 6axapunca, f(x,y) byskmus M, HyKkTana
MUHUMYMTIa 3pUIIaIu;
6. AC-B’<0 6yuca f (x, y) GyHKIHS SKCTpEeMyMra 3pUlManu;
7. AC-B*=0 6ynca f (x, y) GYHKIUS DKCTPEMYMIa SPUIIUIIN XaM MYMKHH,
HPUILIMACIIUTH XaM MYMKHH. (IIyOXaau X0J1).
1-Mucon. z=x>—xy+y’ +9x—6y +20 QYHKUMIHUHT SKCTPEMYMH TOIMIICHH.
Eunnviny. bupuHun TapTHONIM XyCyCUd XOCHIIaJIapUHU TOMIAMU3!

o =2x—-y+9, o =—x+2y—6. DHAM KPUTUK HyKTaJapUHHU TOMIAMHU3.

ox
2x—y+9=0
TeHIJIaManap cuctemacunan x = —4, y = I; M, (—4;1) sarona KpuTuk
x=2y+6=0
HyKTa. VKkuHUM TapTHONM  XyCycHMil — XOCWIaJapHUHI M, HyKTajaru
KUWMAaTIIAPUHHA TOTIAMU3:
2 1 2
4=92_5p=9% _ 4 =02y
ox Ox0oy oy
AC—-B*=2-2— (— 1)2 =3>0,4A>0 map Oaxapuiranjaurda ydyH Oepuiran
GyHkuua M (— 4;1) HYKTaJa MUHUMYMIa dpuinagu: z = —1.

2-Mucoi. z = y\/; —y? —x+6y QYHKIMSIHUHT SKCTPEMYMH TOIUIICHH.

f f Y
Z- 7 1,—Z——\/x—2y+6. 24x

o 2/x -
x Jx-2y+6=0,
cucreManu euuo, M, (4;4) KPUTHUK HYKTA TOIHAJIAIN.



c=9%_,

0’z 1
M, 4 &’

B ox’

1

M, 2Jx

oy 1 0’z
M, 4Jx* Oxdy

M, 8
3 1
AC—-B = 16 >0 BaAd= 3 <0 mapra acocan Oepunran ¢yrkimmsa M (4;4)

b

HyKTaJa MaKCUMyMra spumany: z,_ =12.

MAIII+JIAP

+yingarn GYHKIMSIAPHUHT DKCTPEMYMIAPH TOIMWICUH:

L z=x"+8y" —6xy+1. 6. z=(x-5)V+)y"+1.
2. z=2xy—4x-2y. 1. z=xy6—x—y.

3. Z:xyz(l—x—y). 8. z=2xy-2x" -4y’
4 Z=3x2—2x\/;y—8x+8. 9 z=x"+8y" —6xy+1.
S z=1+6x—-x"—xy—y°. 100 z=x"+y" =3xp.

4. Arap z=f (x; y) ¢yHKUMA ~ 4erapajiaHraH  €nuk D coxazna
mupdepeHunamianyBud  Oynca, V3UMHMHI O3HI KHYMK Ba OJHI  KaTTa
KUUMatiapura €ku D coxa numia €TyBYM KPUTUK HyKTajapaa €Ku YHUHT
yerapacuaa SpULLINAIINA MyYMKHUH.

YMymMmaH, z = f (x; y) (GYHKUMSHUHT YerapajgaHaral €nukK D COXamard 9Hr KHYHK

Ba DHI KaTTa KUMMAaTJIapUHU TOMUIN yuyH D coxa uuuja €TyBYM Oapya KPUTHK

HyKTajapjaa (QyHKIUSHUHT KUWMAaTiapu XucoOiaHuO, KeiimH 3ca [ COXaHHMHT
yerapacuna (QyHKIMSHUHT SHT KMYHK Ba DHI KaTTa KUAMaTIapu XUCOOJIaHaIH.
Tonuiran 6apua KuiMatiaap y3apo TaKKOCIAHUO, yliap UYKJIAH SHT KMYKUTY Ba HT
KaTTacy TaHJaHWIJIAIH.

1-Mucon. f=x>—-2y> +4xy—6x+5 Qynkumsauar Xx=0,y=0, X+Yy=23 Tyrpu
YM3MKIAp OMJIaH YerapajaHral COXaJard SHI KHYMK Ba DHI KaTrTa KuiMariapu
XUCOOJIaHCHUH.

% xtdy—6=0, y
ox

Eunnnmm. 5
& e 4y+4x=0
ox 0 X+y=3

JnaH x =1, y =1 napHu aHukIaiMus.



Hemak, (1;1) HykTa KpUTHK HYKTa JKaH: z, (1;1) = 2. +apanaérran ¢yHkusHu D
COXAHUHI Yyerapacuaa TeKIHpaMus.

OA xecmana y =0 Gyiranu yuyH z = x° —6x + 5.

By ¢pyHKIUSHUHT [0;3] KECMaJlary SHI' KWYMK Ba JHT KaTTa KUAMATJIAPHU TOIIAMM3:
z/ =2x-6=0,x=3Baz,(30)=—4.

OB kecmana: x =0Baz=-2y’ +5;z) =—4y =0 nan y=0. z,(0,0)=5

AB kecmana: x+ y =3. Y xomma z =-5x" +18x—13,

z/ =-10x+18=0 nan x:g Ba z{gjzﬁ.
5 5) 5

bapua TtomumiraH KudMaTIapHHU Y3apo TaKKOCIA0 SHI KUYHK 2(3;0):—5 BAa DHT
KaTTa Z(O;O) = SJIapHU XOCUJI KWJIaMH3.

MAIII+JIAP

+yiunarn QyHKIUAIAPHUHT KypcaTHIITaH coXajapJard HT KAYUK Ba OHT KarTa
KHIMaTJIapyu XHUCOOJIAHCHH.

. z=x"+y" =3xp, x=0,x=2,y=-1,y=2.

1. z=3x+y—x, Z_):yzx,x=0,y=4.
2. z=x"+2xy—y’ —4x, D:x=3,x—y=1.
3. z=x"y(4-x-y), D:x=0,y=0,x+y=6.
4. z=4-2x" -y, l_):y:x,yzm.
5. z=x"+2xy+4x—-)°, l_):x=0,y=O,x+y:—2.
6. z=x"+y" —3xp, D:x=0,x=2y=—1y=2.
1. z=xy—3x-2y, Z_):xzo,x=4,y=0,y=4.
8. z=x"+xy-2, D:y=0,y=4x" -4,
9 D

D

10. z=x"—y°, S

3. [llapTin 3kCTpEMYM.

Tavpugd). z=f (x, y) DyHKYyusHUHE wapmiau dKcmpemymu  0eo, (p(x, y): 0
wapmuu xucobea oaub monunean IKCmpemymuea aumuiaou.

[Maptnm sxcTpemymHn Tormml yuyH Jlarpamwxk QyHKIuscn ne0 artanaauraH
KyhHugaru €épaamMuu GyHKIUs Ty3uIaiau:

U (x, v, k) =f (x, y) + %(p(x, y), A -TOMWINIIIK Kepak OYiran y3rapmac KynauTyBUH.

Jlarpanx GYHKIUSICUHUHT JKCTPEMYMTIa SPUIIUAIIUHUHT 3apYyPHUILUIMK IIapTiapu
KyHuard KypuHuiaa 0yaaam.



a—u:ﬂ+ﬂua—(p:0,
OX OX OX
a—u:@+ﬂua—¢:0,
oy oy oy
¢(X1y):0'

By yura TeHriamanap cucteMacuHu €4u0 HObMayMiap X,y Ba A jap TONUIaIH.
1-Mwucon. XaxMu v Ta TeHT OyIraH TYFpuOypyUakiivi O4uK OaCCEeHHHUHT CUPTH SHT
KUYUK OYTHUINN yUyH YHUHT YIIYOBIApH KaHAal OYIuIIn Kepak?

Eunnumm. bacceiHHuHT OV, SHM Ba OajmaHaiurd X, Y, Z, Jap OpKaIH
oenrunaitmu3. Macana, S=xy+xz+2yz QYHKOUSHUHT  Xyz=Vv  LIapT
Oakapuiranjga MUHUMYMUHHU TONHINTa onu0 kenuHamu. Jlarpamwx (yHKIUSCUHH
Tonamus u(x,y,z1)= Xy +2xz +2yz + A(xyz - v).

VYHUHT XyCyCHil XOCWJIaJJapUHU TONIAMU3 Ba YJIApHU HOJTa TEHIIIAMU3.

6_u: y+2z2+Ayz =0,

OX

8—u:x+22+/1xz =0,

oy

8—u:2y+2x+/1xy:0,
oz

xyz —v=0.

By cucremanu euui ydyyH OUpPUHYM TEHIJIAaMaHU X ra, UKKUHYUCUHU Y Ta
YUYUHUYMCHUHHU Z ra KYMauTupuo KyliaMus:

Xy +2xz +Axyz =0,

xy+2yz+ixyz =0,

2yz+2xz +Axyz =0.
OHAM OMPUHYM TEHIJIaMaJlaH UKKUHYH TeHIJIaMaH! allupaMu3:
2xz—2yz =0 €ku (x—y)z =0,z >0 6ynranu yayn x—y =0, OyHIaH x = y.
Xyanu myHra yxmad, MKKMHYM TEHTJIaMa/laH YYUHUYMCUHU alupamus:

xy —2xz =0 éku (y—2z)x=0,x>0 Ooynranu yuyH y—2z =0, OyHaaH Z:%. X

Ba Z JIApHUHT KUMMATIapUHUA CUCTEMAJard TypTUHYM TEHTJIaMara Kyinuo Tonamus:
Y_
2

OynuiM yayH OYiin OuiaH HU TEHT OYnuIM, OajaH NIy d3ca 0Yin €Ku SHUHUHT
spMHUTa TEHr OyiummM Kepak 3kaH. CaBoji TyFujaau, HUMa y4yH aiiHaH X, Y,Z
JAPHUHT TONMUJITaH KUMaTIapuaa CUPT SHT KWIuK Oynaau? boimikada aiitranma S
byHkus MuHuMyMmra spumiaau? by caBonra jxaBoO Oepuil ydyyH T'€OMETPUK
HyKTau HazapaaH Mynoxas3a toputamu3. Papa3 kunaitnuk, arapna x — 0 &ku
y—0 Oaxapwica z —>oo, OyHAaH KYPUHAIUKA CUPT HUXOSATIA KaTTajgamuo

y-y- v,y =2v,y= 3/2v, 2=0,52v. JleMak OacCCEMHHMHI CHUPTH OHI KHYHUK

Keraau. AkcuHuya, arapaa z — 0 Oaxapuica, y xoijga X €Kd y Jap YeKCU3JIMKra



WHTWIQAW, JeMaKk cupT sHa  Karramamanaw. ysgait  xkuimb  cuprt
x=y=3/2v,z=0532v KuiiMaTiIapiarvHa SHr KAYKK OYIIa/H.

2-Mucoun. FO3u S ra tenr 06ynran 6apua Tyrpu Oypuakin yuOypuakiapJaH UryHaai
OMpY TOMWJICUHKH, YHUHT TUIIOTEHY3aCH SHT KUYHMK KUiiMaTra sra OYJICHH.
Eunnumu. W3nanaérran yuOypuakHUHT KaTeTjapu X Ba Y, THIIOTEHY3acu 3ca Z

y y x
oyncun. z> =x’ +y® Oynranm ydyH Macana x° + )’ (QYHKIHUSHAHT Ey =S mapr

OaxkapuiraHiaru SHI KHYMK KUHMaTHHU TOMMWINTa Kentupuianu. Jlarpamk
byHKIISICH u(x, y,l) =x"+y" + k(xy -25 ) HU Ty3aMHU3 Ba YHHHI XYCyCHH
XOCHJIaJIapUHH TOIIaMU3.

a—u=2x+7xy, a—u:2y+7\x.
Z 0z
2x+Ay =0,
OHmu {2y + Ax =0, cucremanu euuO z, Y, A JJapHU TOTIAMU3.
Y_s.
2

Bynunr yuyn x>0, y >0 napHu onu0 CUCTEMaHUHI OMPHHYM TEHIJIAMACHHH X
ra, UKKHHYMCHHU 3ca Y ra KYynautupuo aitnpamus:

2x° +dxy =2y Ay =0,2x> —2y* =0,x’ = y°, 6ynman x = y, L =—2.

[Mynnait kumubd, x =y = V28 , STbHU Y4OYpUaKHUHT KaTeTJIapu y3apo TEHTr Oyiica
TUIIOTEHY3a SHI KWYUK KUiiMaTra 3ra Oyiaau.

MAIII+JIAP

Tyna cuptu S ra TeHr OYATaH UMIMHAPHUHT XXMM HT KaTTa OYIUINN YIyH
YHUHT YI4OBJIapH (paauyc Ba OanaHAJIMIK) KaHal OYIUIIN Kepak.

x
z=x"+y’ QyHKUUSHUHT 2 +§ =1 mwaptaaru 3KkCTpeMyMHU TOIUJICHH.

Joupa wuura uus3wirad Oapuya ydOypyakJIIApHUHT IIYHIAHUHU TONHMHIKH,
YHUHT 1031 3HT KaTTa OYJICHH.
z=x+2y QYHKUMSHUHT x’ + Y’ =5 IapTAard 3KCTPEMYMH TOIHUIICHH.

z=xy’ QYHKUMSHUHT X +2) =1 IapTaark 3KCTPEMYMH TOIUIICUH.

6-bOBb.
BUPUHYU TAPTUEJIN OJINHN TIN®DEPEHIIMAII TEHT JIAMAJIAP

6.1. ludbdepernman TeHrmaMaiapra 10Mp aCOCUM TYIIIVHYAIAD.




OpKkau y3rapyBUWJIap Ba UIy OHpKIM Yy3rapyBumjapra OOFIUK OYnrax
HOMAbJIyM (YHKIUS XamJa YHMHT TypJad TapTuOgard xocwianapu (Exu
nuddepennpanaapu)iu  O0FJI0BYM MyHocabat auddepeHunan TeHriama aeo
IOPUTHIIA/IN.

Arap muddepeHiman TeHrjaMa TapKUOMAArn HOMablyM (GYHKIUS OUTTa
APKIM Y3rapyBuUMraruHa OofiuK O0yica, yHnaai auddepeHuan TeHraaMaHu oJiIui
maddepennyan  TeHriaama ge06 artanmb, arap auddepeHnyan  TeHriama
TapKUOUaru HOMabiIyM (PYHKIHS OUTTadaH OPTHK 3PKIN y3rapyBuuiapra OOFIUK
Oynca, y nmuddepeHnman TEHrIaMaHu Xycycud xocwnanu auddepenmman
TeHrIamMa 7e0 toputwiaan. buz OyHman Oy€éH dakar ommuii auddepeHuan
TEHTJIaMaJIapHUTHHA YpraHaMus.

Judepeniman TeHTIaMaHUHT TapTHOW NEWWITaHIAa YHUHT TapKuOWmaru

XOCHJIAJIJAPHHUHT HT FOKOPH TAPTUOU TYLIYHUJIAIH.

MacanaH, X2y" +5xy’ —y* =0— UKKUHYN TapTUOIH,

x(l+ y? )dx + y(l— G )dy =0 oca, OuwpumHum  TaptHOmum  auddepeHImaN
TEHIJIaMaJIapaup Ba X.K.

YMymaH, OupuHuM TapTHOIM udPepeHnran TEHTJaMaHUHT YMYMHI
kypunumm F (x; y;y") =0 kabu &wmnamu (0y epmaru F y3uHUHT aprymeHTIapura
HUCOAaTaH y3IyKcu3 QyHKIUAIUD).

Arap yHu y'ra HHUCOATaH e4uIll MyMKHH OYyica, eqn0, y' = f(x;y)HH XOCHI

KHJIAMU3.

Maskyp TeHIJIamMa Xxocwiara HUCOATaH €uYWiraH OWpPHUHYM TapTHOIU
muddepennuan Tenrnama ne6 oputwianu. lyaunrnek, P(x;y)dx+ Q(x;y)dy =0
HU audepeHnran makijgara oOupuHYM Taptudnu auddepeHuan TeHrnama aed
aTayaju.

bupvunun TaptuOnu auddepeHnuan TEHrIaMaHUHT €YUMH €KW WHTErpaiu
ne0, yHU ailHUsITra aiiJlaHTUpaauraH Xap Kanjaai nuddepeHunananyBun y = @(x)
KaOu (QyHKIUATA aWTHIagM Ba y €YUMHUHT TpaQUIrMHU HHTETpal 3TPU UYU3HUK
JIennIaau.

bupunun TapTubiu muddepeHiman TEHTJIAMaHUHT YMyMHUH €4uMHU Ji€0,
myHaai oup y=¢(x;C) ¢dynkumsra antuwnanuku (0ynga C-uxtu€puid y3rapmac
COH), y Kyiuiaru mapTtiapra oyicyHaau:

y uxtuépuit yzrapmac C HUHI Xap KaHJal KHMMaTUIa XaM TEHIJIaMaHH
KAHOATJIAHTUPA]IH;

OonutaHFuy maptiaap Aed ataiyB4YM X K Xo Oynranga y K Yo Oynaauran
Kymmumya mapriap kKaugail 6ynmacun C HUHT myHmad wmyaisH Cg
KAUAMaTUHU TONMII MYMKUHKH, y=0¢(x;C,) ¢yHKIMs Oepuiiran

OOITaHFUY MIAPTHUA KAHOATIAHTUPAIH, IBHU ), = O(x,;C,).

YMmymuit eaumaan uxtuépuii y3rapmac C HUHT MyMKUH OYITaH KAWMAaTiapuaa
XOCHWJI KWIMHAIUTAH €4ruMJIap XyCyCUM ednmiiap AeUuiIaau.

Arap ymymuii €KM XyCyCHH edMmiiap OImKopMac (YyHKIUsIap Xoiauaa
Oepuicanap, yJlapHH MOC paBUIa yMYMHUH EKH XyCyCHd HHTeTpaiap aed
FOPUTHIIAU.



YMymuii eyuM (€KM yMyMHW HMHTErpai ) reoMeTpuK jkuxartgaH ourtra C
napameTpra OOFJIMK HWHTErpajl 3rpU YM3UKIAp OWIack OWIaH TacBUPJIAHA]IU.
Xycycuih euuM (€kM XycycHM HHTErpajg ) Oy OWIAHHUHT MHTErpajl J3rpu
YU3UKJIapuaaH OUpuIup.

bupunun taptHOmM y' = f(x;y) muddepeHnuman TeHrIaMaHUHT OepuiraH

Y(Xo)KYo Kabu OONUTAHFMY MIAPTIAPHU KAHOATIAHTUPYBYHM XYCYCHH CYUMHUHH
TOMHMII MacanacH, ofarna Komm macanacu 1e 1opuTHiIaIn.

1-Mucos. xy' =2y TEHINIAMaHUHT €YMMH Y = 5x’ DKaHJIUTH KYPCATHIICHUH.

Bupmmmu. y' =10x 6Ynranmurugan, x-10x =2-5x° éku 10x* =10x7

2-Mucon. y = Ce" 3rpu 4YnM3UKIap OWIAaCHHUHT AuddepeHIuan TeHriaMacu
TY3WJICHH.

!

Eunnumm. y = Ce* Oynraniuruiat, Y =1 éku y'=y HHM XOCHJ KHJIaMU3.

y
Maskyp Tenrinamanu y = Ce’ KaHOATIAHTUPHUIIMHYA TEKIIUPHUIIT KUMHUH dMac.

3-Mucon. x> —y* = C kabu srpu unsuxiaap omwnacugan y(0) =35 GouuraHruy

HIApTIAPHU KAHOATIAHTUPYBYUHU ATPHU UYN3HK TOMUIICHH.
Eunnnmm. Xxk0 6ynranga ykS5 6ynrannmurunas, 0-25kC Ba Ck -25. YV xomnna,
y? —x* =25 xocun 6ynanuy.

+yhuga Oepwiran auddepeHMan TEHIIaMalap Y4YyH KypcaTuira
byHKUUsIIap eduM OYI1a ONUIILTUTH KYPCaTUIICUH.

1. y'=% y =10x;

2. y+y=0, y=3e"
, 6
3. w+y=0,y=—;
x
w+xy-3x'=0, y=x’
(x+y)y'=2y=0, y=x

+yiugarn TeHraamanap OwiaH OepuiraH 5Srpd YU3UKJIAp OWJIACUHUHT
muddepeHuran TeHraaMmanapy Ty3UJICHH.

3

1. y=Cx
2. y=Sin(x+C)
3. X +Cy’ =2y

4. y*+Cx=x’
5. x’+y’=C?



6.2. Y3rapysumiapy axpanagurad aubdepeHan TeHrIaManap.

Ymby  M(x)dx+N(y)dykO  Tenrmama, — y3rapyBUwiapd — axpaliras
muddepeHnnan TeHrnama Ae0 roputwianad. MasKyp TEHTJIaMaHWHT YMYMHN
WHTETPAIMHU TOIUII YIyH YHU Xaaa0 WHTETpauaiiMus3:

jM(x)a’x+I N(y)dy=C

by epmaru C Hum Oepwiran TeHrJIamMa Y4YyH Kynail OyiraH wucTairaf
KYPVHHILIA TaHJIAHAH.

d
1-Muco. xdx— 22 =0- y3rapyBuniapy aXXpaiaraH TEHIJIaMajaup. YHH

1+y2_

2
X
Xammad HMHTerpasacak, 7 — Eln(l +y)=C um xocun kuiaamu3. IOkopuma

. . 1
aiTuiaraH Mmyjoxaszara acocad, C HUHI ypHHra Eln Cu tannab x> =C(1+ y*)un

TOIIaMM3.

Arap xocuiara HHcCOAaTaH €YMITaH OWPHHYU TapTuOmm )’ = f(x;y) Kabu
TEHTJIAMAaHUHT YHT TOMOHHMIard (yHkmus (axaT Outra X €KM y y3rapyBumra
OofnmuK OYynraH (QyHKUUSJIApHUHT KymaiTmacu (€ku HUcOATH) KYPUHUILINA
Oepunran Oyiica, yHH Y3rapyBUHIIapu aXpajaJural TeHriama 1e6 atanaau, SbHU:

V' =0(x)-q(y)
by epna, y'=% Ba ¢(y)#0 »oKaHIUMKIaApUHU HSBTHOOpPra OJCak,

dy .
——=0¢(x)dx Hu Xxocun Kuiamu3. by 09ca, Vy3rapyBumiapu axpajiraH

q(»)
TEHIJIaMaJup. YHU HHTErpayao, j % :j @(x)dx+ C xypuHUIIIATH YMYyMUR
qly
MHTErpaJl TONUJIaIu.

+yiingaru fi0)- f,(»)dx+o,(x)-¢,(¥)dy=0 TEHIJIama XaMm
y3rapyBUMIapy axpaiaJuraH TeHrJIaMaaup. TeHTTMKHUHT Xap UKKajla TOMOHHHU

¢, (x)- f,(y)#0ra xagmad 6ynud 1000pud, y3rapyBUwiIapu axkpajiraH TEHIJIama

&dx+%—(y)dy =0 HM XOoCWJ KWIaMHu3. YHHM UHTerpauiad, yMmyMui
¢,(x) £y

HHTCTPAJIMHA TOIIaMM3.

2-Mucon. x(1+ y*)dx+ (1+x*)ydy =0 TeHriamMa e4niCHH.

Euminmy.  Y3rapyBUMIapHH apaTHIl y49yH TEHIIHKHHHT Xap HKKana
d. d

tomonunn (1+x?)(1+y*)#0 ra 6yam6 roGopamus: lx x2 + ly y2 = (0. Maskyp
+x +y

y3rapyBumiIapu aXxpajira TEHTJIAMaHU xaaad UHTErpaiao,




%]n(l+x2)+%ln(1+y2):C n éxu In[(1+x*)(1+y*)|=InC (6y epma, 2CkInC

ne6 ommuanm) HM Xxocun Kwiamms. bymman: (1+x°)1+y*)=C - ymymwuii
WHTETpaJl.

3-Mucon. xyy' =1—x’ TeHIIamMa e4mICHH.

1-x°
Eunnumm. Tenrmamann y'ra HucOataH edamus: ) = by »ca,
y ,_dy
y3rapyBuwiIapyu axpajiaJurad TCHIJIaMaup. ' = o AKAHJIUTH YbTHOOpTa OJIMHCA,
X

1_ 2 2 2

dx xocwn Oymamum. Y  xoina, y?:ln|x|—%+C &k

x’+y’=In(Cx?) xabu ymymmii materpan tommnamu (6y epaa 2CkInC ne6

ydy =

OJIMHAIN).

4-Mucon. y'tgx=y TEHIJIaMaHUHT y(gjzﬁ OOlLIUTAaHFUY  TIAPTHU

KAHOATJIAHTUPYBYHU XYCYCUIl €4MMH TOIUJICHH.
d . d .
Bumwmmm. 2 =2 éxu 2 = ctgxdx nan In|yl=In|Sinx|+InC uu Ba
dx tgx y
Oynaan y = CSinx xkabu yMyMUil €4MMHH TOTIAMU3.

X =§ Oynranma y = J2 OyJraHIuTUAaH, J2 = CSing EéKH gC =2,
bynnan sca, Ck2. [lemak, Xycycuil equM y = 2Sinx dKaH.
v'= f(ax+by+c) KYpUHHIIIaTd TCHIVIAMAHH Kapaimu3. YOy TeHTJIamaja

ax+by+c=z anmamTHpuin Kuputamu3. byHmaH, a+by'=z' Exm

!
, Z'—a

y:

Oynrannuru cababmmu, %(z’ —a)=f(z) €u z'=a+bf(z)un

XOoCcuJl Kuiamu3. by aca, y3rapyBuwiapu axpanaauraH TEHrJamMaiaup. YHU
eund, CYMMHHUHT KUWMaTUHU ax+by+c=z ra Kylcak, macTIabKu

TEHIJITAMAHUHT YMYMHNM €4UMHU €K YMYMHW UHTETPAJIA aHUKJIAHAIH.

1
x+2y

5-Mucoi. y' = TEHIJIaMa €UUJICHH.

1
Eummmmm., x+2y=z, 1+2y' =27, y' = 5 (z'=1) nmapuu wuHOOATra OJICAK,

1 ’ 1. ' 2 ' dz dz
—(z'=1)=— €xu z'=—+1HU XoCcWN KWiamMu3. z =—Jaurugad: — =1+—. by
2 z z dx dx z
epJa y3rapyBuMjapHu axxpaTud MHTErpaIaiMu3:

zdz = dx, jdz—Zj @ —Idx+C €k z -2l |z+2|=x+C

z+2 z4+2



z HU X+2y OwraH anmamTupuO, Oepunrad TeHriaamMaHuHr y—In|x+2y+2|=C
KaOu YMyMHI HHTETPaJINHU TOTIAaMHU3.

MUCOJUIAP

+yinaaru ,ZII/I(bd)GDeHHI/IaJ'I TCHIJIaMaJiap CUNJICHH

1. yx’=2y 6. 2xp =1-y’
2. (x*+x)y' =2y+1 7. 37Vdx—-4"dy=0
3. (1+x*)y'=1+y’ 8. ytgxdx+dy=0
4. (I=»)dx+(1+x)dy =0 9 de—xdy:0
5.y =2yhx 10. xy'=y’—y
, |

1. ' = % 2 V=
12. y'+y* =1 22. yY'(x+y)=1
13.  y'=2x"5x+12 23. ' =2P"
4. y'-y"=3y+4=0 24, y'=4x+3y
15.  xydx =(1+x*)dy 25. y'=2x+y+4
16. y’dx+(x—2)dy=0 26. y' =3-— 2

X+2y
17, (1+y*)dx—~/xdy =0 27. 7' =10""
18. Mdy—x 1-y*dx=0 28. y'=Cos(y—x)
19. (X —wx)dy+(y* +xp*)dx =0 29. y'=.4x+2y-1
20. x’dy—(2xy+3y)dx=0 30. y'—y=2x-3

+yiiunaru qudepeHnnan TeHriaManapHUHT Oepuiirad OOUUTaHFUY IIapTiaapra
OMHOAH XyCyCUl edyuMIIapu €KHM XyCYCHU UHTETpajsiapy TONUIICUH



