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KHUPHUI (10KTOPJIHK JUCCEPTALHUACH AHHOTALMACH)

Jduccepranuss MaB3yCHHHHI [J0J3apOauru Ba 3apypatu. Kaxonzaa
KEUMKYBUM aprymMeHTin auddepeHinan TeHrjamaiap Ba Kacp-TapTUOIU
nuddepenian TEeHriaaMajapHd V3 HUMra OJdyBYM XoTupainu auddepeHiyan
TEHIJIaMaylap Tabuuil (aHiap Ba TEXHHMKAJaru peay kapaéHJIapHU MaTeMaTHK
MOJICTIAIITUPUILIA KEHT KYJUlaHa&TraH TyIIyHYalapAaH Oupuaup. XOoTHpasH
mubdepeHnan  TeHrnamanap — OWOJIOTMK — MOMyJsiusiap  AMHAMHUKACH,
AMUACMHUOJIOTHS, WMMYHOJIOTHS Ba (DU3UOJIOTHSIAA OpTaHM3MAArd OHOXUMHK
*KapaHJIapHM  MOJCUIAIITHPUIN Ba MaTeMaTHK  MOJCJUIAIITHPUIN  Kabu
coxajapjard  TaAKAKOTIAPHUHT  OOBEKTHUAMp. KeumkyBYM  apryMeHTIH
muddepeHnan TeHTIamManap OHOJOTHK, KUMEBHUHM jkapaéHIapHH Ba HEWPOH
TYpAapuHU MOJACIUIAIITUPUIIAA XaMa MCUXOJOTHK KacCaJTMKIApHU aHUKJIaIIa
Ba JAaBonamga acoc cudaruga xuzmar kunagu. Iy cabGabnum  kedukyBiu
muddepeHnran TeHrIamMaiap Ba Kacp-TapTuOau nuddepeHiuan TeHriamaiap
opkaiii udojanaHyBUd MaTeMaTHK MOJEIUIAPHU TAJIKUK ATHUII TEXHUKA, KUME,
OuWoJoTHs Ba IKOJIOTHS KaOW COXaJapHUHT MyXuM Bazudanapunan Oupu 0Ymuod
KOJIMOK/JIA.

Xo3upru KyHjaa jkaxoHjaa TUOOWET, OHoNorMs Ba OMOTEXHOJOTHUS KalOu
coxajapjia ydpauauraH Kymiald oskapa€HJIApHUHT MATeMaTHK MOJEIapUHU
TaCBUPJIOBYM OYTYyH Ba Kacp TapTUOIM KEYMKYBUM apryMeHTIH auddepeHiman
TEHIJIaMajlap y4YyH KYWWIraH 4YerapaBui MacajapHd COHJIM C€UMII XaMJa
BU3yaJUIAIITUPHUILL  J10J13ap0  Macananapaad Oupu xucoOnaHagu. MaremaTuk
MozenHu udonanoBun aquddepeHnyan TeHriamana oup €ku Oup Hewya mapamerp,
XyCycaH, HOMabiIyM (YHKIUSUIAp Ba YIAPHUHT XOCHJIajdapu KUHMaTIapUHUHT
BakT Oyinuya KeyrMkuO KATHAIIWIIMA aMajiuil HyKTaul HazapaaH TaOuui Xxojuca
O0ynu0, Oy KUXATHU XUCOOTa OJUII MOJICTHU aCIUATIa SKUHIAIITUPUIINTA UMKOH
Oepuiin OuilaH MYXUMIUpP. XyCyCaH, KEUUKYBIU apryMeHTIn nuddepenmman
TEHIJIaMaJlap Ba Kacp-TapTubOau nuddepeHnuan TeHrIamaizap Ouojorusaa
NOMyJSIUSASIap  JWHAMUKACUHU  YpraHuijga, THOOMETAA  SIUIEMUOJOTHS,
UMMYHOJIOTHSI Ba (u3MoNoOTHsiIa OpraHuM3Maard OUOXUMHUK KapaCHIIapHU
MOJCIJIAIITUPHUIIAA, TEXHUKaga HeHpoH Typiapu kabu auddepenunan
TeHIVIamMayiap OwiaH wudoaaTaHyBYM  CHUCTEMaJapHH TaJAKUK OTUIIAA KEHT
KyJUTaHWIMOK1a. KeunkyB mMmapamMeTpiiapuHy TaHJall 3Ba3ura MOJCIHU TaOuui
Kapa¢Hra SKWHJIAMITHPHIN, MYyalsiH Japakajlia YHH OOIIKApHIN MaKCaJId HIMUAN
TaAKUKOTJIApAaH XUCOOIaHAIH.

Bupnamran Apa6 Amupnukiapu  Ba  Y30eKHCTOH —PecryGnmkacmia
byHaameHTasn (QaHIApPHUHT WIMHUN Ba amMaivid TaTOMKUTa sra OYiraH SKOJOTHUK
xKapa€HJIapHU MOJAC/UIAIITUPUII Ba OoliKapuil, Kyn (azanu aUHAMHKa Ba
MaTeMaTUK MOJICJUIAIITUPUIIIHUHT J1013ap0 HyHanunuiapura ajaoxuja bTHOOP
Kydaiitupuigu. by Oopama Ouonormk Ba KUMEBHM jkapaéHiap, TCHUXOJIOTHK
KacaJUIMKJIApHU J1aBoJjall KaOu Mypakkad oObeKTIap yuyH KEUUKHUIITa 3ra Oyiaran
JUHAMUK cucTemManap Ba (yHKmuoHan auddepeHiman TeHraaManap makiuaard
MaTeMaTUK MOJIeJUTap KypwinO, yIapHUHT XOCCAJIApUHU aHUKJIAIIIa CaTMOKIN
HaTWxkanapra spunmiai. «OyHkironan ananus, nuddepeHiuan TeHriiaManap Ba
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MaTeMaTHK (U3MKA, aMalliidi MaTeMaThKa Ba MaTeMaTUK MOJJEIUIAIITHPHUIID
(baHmapyUHUHT YCTYBOp HyHanMIapu OViinya Xajakapo CTaHIapTiap Aapakacuja
WIMHI  TaJKUKOTJIAp oJaub Oopuil amMaiuii maremMaTuka (aHUHUHT aCOCHM
Basudanap Ba (GaoNHUAT HYHAIMIUIAPH STHO Oeiarwiani . Kapop MKpOCHHH
TabMUHJIANIIA  FOBAaK-3JJACTUK  MYXUTJIApJard  skapaHiapHH  MaTeMaTHUK
MOJICJUTAIITUPUIIT Ba COHJIM TAJKHUK STUIIHU PUBOXIAHTHPUII MYXHM axaMusTra
ara.

V36exucron Pecry6mukacu ITpesumenturuar 2017 #un 17 ¢eppanmaru
[1K-2789-con «®annap akamemusicu GAONHITH, WIMHA-TAIKUKOT HWILUIAPUHA
TAIIKWJI 3TUII, OOIIKAPUII Ba MOJUSUTAIITHPUIIHHU SHAAAa TaKOMUJUIAIITHPHUII
yopa-tagoupiapu tyrpucuaantu Kapopu Ba 2017 #tun 8 despangaru [1D-4947-
COH «Y36EKHCTOH PecniyOnukacuHu siHaja pUBOXIIAHTUPHUIN OYiiMYa xapakatiiap
ctparerusicu Tyrpucuaantu ®apmonu, bupnamran Apad Amupnuknapu Onuit
TabJIMM Ba WIMHUK TaakukoTiaap Basupmaurunudr 1992 iunpgarm Ned Denepan
KOHYHM XamJla Mas3Kyp ¢aonustra TEeTulUiM OOIIKa HOPMATUB-XyKyKUN
XyXoKaTiapja OelruiaHran BazudanapHu amaira OIIMpHUINTa YOy auccepTarus
TAIKUKOTH MyalsH Jlapakaia Xu3Mat KUJIaJIu.

TaagkMKOTHUHT pecny0/juKa (paH Ba TEXHOJOTHSJIAPH PUBOKJIAHUIIN-
HUHI YCTYBOpP HyHAJMILIAPUIra OOFJIHMKJINUIH. Ma3kyp Taakukor bupnamraxn
Apa6  Amumpmukmapuauar  2010/096  «AHuK  Qanmap» Ba  Y30eKHCTOH
PecnyOniukacu ban Ba TEXHOJIOTUSUTAPUHU PUBOKITAHTUPUTITHIHT
IV. «Maremarnka, MeXxaHMKa Ba HWH(POpMATHKa» WIMHU-TEXHUK JAcTypiiapu
YCTYBOp UyHaNIMIILUIapU Joupacuaa OakapuiiraH.

Jucceprauus MaB3ycd Oyiu4Ya XOPHKMHA WIMHI-TAAKUKOTIAPD mapxnz.
BbyTyH Ba kacp TapTubaM xamaa xotupara sra AuddepeHuuan TeHriaManap ouiian
ndoaanaHyBud MaTeMaTUK MOJEJUIAPHUHT CHU(pAT XOCCAIAPUHU COHJIU TATKHUK
ATUIN  Oyiinya WIMUANA W3JaHUNUIAD KAXOHHUHT €TaK4Yd OJIMH  TabiIuM
Myaccacajapd Ba WIMHE Mapkasnapu, xymiangan, Bath, Cambridge, Salford,
Manchester, Reding, East Anglia, Norwich, Liverpool, Oxford, Edinburgh, Uecrep
yauBepcuteiapu (bytok bpurtanus), Orlando, Florida, Las Vegas, Nevada
yauBepcuteiapu (AKII), BAA yuuBepcuretu (An-Aiin), Cynton Kobyc
yHuBepcutetd, Maptun Jlotep ynuBepcuretu (I'epmanus), American University
of Sharjah (PAA), Mmnaus Texunka yausepcutety (Typkus), (Bupnamran Apad
Amvupnukinapu CTpaTeruk W3JIaHUILIAP Ba TaaKUKOTIap Mapkaszu. (AOy-/labm),
Orei, Kapnosaccu, Camoc ynusepcutetinapu (I'penust), Zayed University (BAA),
Amsterdam University (Hunepnanaus), Melbourne, Queensland yauBepcureTinapu
(ABctpanust), Poccust @AHUHT xucoOnam maTteMaTtukacu MHCTUTYTH (Mocksa),
Vkpanna @Anunr B.M.I'nymkoB Homumarn kuOepHetnka MHCTUTYTH (Kues),

' ¥36exucron Pecny6imkacu Basupnap Maxkamacuuuar 2017 iun 18 maiinarn “V36ekucron PecnyGimkacu
danyap akaJAeMHUACUHHUHT SHTUAAH TAIKWI 3TWITAH WIMHH-TaIKUKOT Myaccacajaapy (aosUsATHHH TaIlKWI THII
TYFpucuaa’ T 292-COH KapopH.

? luccepranys MaB3ycu OyifMua XOPWXHIl MIMHHA-TAIKMKOTIAp wmapxu www.eriez.com, docs.lib.purdue.edu,
www.cargocaresolutions.com, www.sciencedirect.com, www.link.springer.com, www.iccm-central.org,
www.digitimes.com, www.ihs.com, www.webofknowledge.com, www.scholar.google.com Ba Gomka manGanap
acocHAa UIIa0 YNKWITaH.
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Poccuss ®AHuHr VYpan OynuaMacuHuHr Ilepmp wnamuit mapkasu  (Ilepmsb),
benopyccus Mwnuii akaieMUsiICMHHUHT OupJamirad uH@opMaTuka MyaMMoJjapu
uHCTUTYTH, (MUHCK), V36exnucron ®Anmar B.J.PomaHOBcKHMi HOMHMIaru
MateMaTuka MHCTUTYTH, ByX0opo JaBiaT yHuBepcUTeTH 1a 0JIM0 OOPUIMOKIA.

Keuukumra »sra Oynaran JuHaAMUK  cUCTeManap Ba  (YyHKIMOHAI
muddepeHnian TEHIIaMallapHU — €uull, ylap Y4YyH KYHWwiIraH uerapaBuid
MacajaJlapHd COHJIM €YUl YCYJUIAQpUHM WIUIA0 YMKUIIra OWJ >KaxOHJa OJu0
OOpwiIraH TagKUKOTIAp HaTW)KacUAa KaTop, KyMJIaJaH, KyHuUJarn WIMHA
HaTWKalap OJMHTaH: OWOJIOTMK Ba KUMEBHMM Kapa€HJIApDHUHT MAaTEMaTHK
monesnapu Kypuiran (Manchester University, bytok bpuranus); iupux tnoOmii
KJIMHUKaJIapJa WUFWIraH MablyMOTiaap 0a3acu acocuia aBoJiall >KapaéHUHUHT
MaTeMaTUK MOJEIUIapyd Kail Japaxkaaa aciusTra SKWHIWTH —AaHHUKJIAHTaH,
KEUYMKYBUM Ba 4YETJIalTyBIu AudQepeHnran TeHIJIaMaJapHUHT Oy >KuXaTaaH
aJIeKBATIUTH Ypranuirad (XucooOai MaTeMaTUKacH UHCTUTYTH, Poccust); MHCOH
taHacugaru CD4 nuMQponUTIapUHUHT UMMYHUTET TaHKUCIUTU Bupycu (human
immunodeficiency virus) OwsiaH 3apapiaHuIl >KapaéHUHU MOJEIUIAIITUPYBYH
KeuuKyBiu guddepennuan TeHriamana Xomnd Oudypkanuscu Xamaa THKIHK
CUMMHUHI TYPFYHJUTH aHUKJIAHTAH Ba aMalldidi TaBCUsJIAp MIUIA0 YUKWITaH
(Gandhigram Rural wunMuit-TagKuKoT uHctutyt, Deemed University,
Xunaucton); D6ona (Ebola) rpunmu  TapKaJMIIMHUHT  JMHAMHAKACHHH
MOJEJJIAIITHPYBYHM Kacp TAPTUOIH XyCYyCHIM XOCHIaIN KEUMKYBIU AuddepeHunan
TEHIJIaMa TaKIU( KUJIMHUO, YHUHT €4UMJIapu TYpFyHIurHu, Xond oudypkauusicu
TaAKUK KWIMHIaH XamJla TakKpuOWili eduin MeToajapu €pAaMuaa cucrema
napamMeTpJapuHUHT  0ab3u KUHUMaTiIapu Y4YyH TpPaeKTOPHSUIAPHUHT cudar
xoccanapu anukjianran (Bharathiar University, XuHaucTon).

Hynéna TUOOMET, 5KOJIOTHS, OMOJIOTHS Ba OWOTEXHOJIOTHS COXalapujiard
MaTeMaTUK MOJEIJIApHH AaCOCHHHM TAIIKWI A3TyBUM OYTyH Ba Kacp TapTHOIU
KeUrKyBud auddepeHiman TeHriiaManap yayH Kyimiran Komm xamua yerapaBuit
MacajaJapHy €4HIl Ba aMaluérra TaTOMK STUII YCYJUIapU, BOCUTAIAPUHU HIILIA0
YUKWl Oyiinya OMp KaTop yCTYBOp HYHanuuuiapja WIMHE TaaKUKOT HUILIApU
om0 OopwIMOKIa, >Kymiagad: OyTyH Ba Kacp TapTUOIM KEUYHKYBYH
muddepeHnran TeHTJIaManap KYPUHHUIIMIArd MaTeMaTUK MOJIEJUIAPHUHT KEHT
CIEKTPUHU TAJAKUK KWIHII Ba YJIapHU XOTHpacu3 nudQepeHiman TeHriiaManap
OwJiaH TakKKocjiall,; JIWHAMHK CcucTeMa cudaruga MyKaMMalpoK MaTeMaTHK
CTpyKTypara 53ra JKaHJUTMHM KypcaTull, KEYMKYBJIM Ba Kacp TapTHOIU
muddepeHnran TeHriaamanap €YMMIIAPUHUHT TYPFYHJIIMTHM YYyH SHTUA €Tapiiu
miapTiaap OJMII Ba TaKpUOWM €4MIll yCyJUIapUHM MOuiad YMKMII; OyTyH Ba Kacp
TapTUOIM KeuuKyBuM auddepeHian TeHriamanap y4yH KyWuiraH derapaBuid
MacajalapHyd COHJIM €YUII aIrOPUTMIIAPUHU KypHUII Ba JACTYpUH BOCHUTAJIAPUHU
SpaTUIII.

MyaMMOHMHI YpraHuaraniuk aapaxkacu. Keunkummra sra nuddepenmnuan
TEHTJIaMaJIap y9yH €YUMHUHT MaBXY/JIUTH, STOHAIUTH Ba OONUTAHFUY KUITMaTIap
Oyiinua y3mykcusnuru Oy HazapusHuHr acocumnapu B.Bombsreppa, XK. Xeiin,
H.H.KpacoBckuii ToMoHMnaH ypHatunrad. Kenrpok cundmap ydyH OyHuai
Hatmwkamap L.W.Neustadt, A.H.Tuxonos, G.Jones, M.A.Cruz, C.V.Coffman,
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J.J.Shaffer, J.A.Yorke, J.Dugundji, A.Halanay TomoHmman onwHran. Yum3ukiu
KeUMKyBUM IuddepeHuan TeHriamanap aHukca arpoduinua ypraHuirad. by
nynanmumaaru acocuid Hatwkanap A.J[.Mumkuc, R.Bellman Ba K.L.Cooke, J.Hale
Ba K.R.Mayer, D.Henry, A.M. 3Bepbkun, I'.A.Kamenckunii, C.b. Hopkun Ba
JL.D.Onbcroae, W.R. Melvin TtOoMOHMmaH onuHrad. Ywusukiu OyiaMaraH
TEHIVIAMAIAPHUHT TEXHUKara TaTOMKJIapHuaa €YMMHHM JaBOM STTUPHII Macajiacu
MyxuM poib yiHaigu. J.Hale Ba Hastings, W.M.Oliva, J.C.Lillo eunm uekcus
JaBOM ITTHPWJIUIIN MAPTIAPUHN aHUKJIaraH.

Keunkumra sra auddepennuman TeHrnamanap Hazapusicura OHJ KYymiiad
TaIKUKOTIAp oyn0 OopunaéTranwra Kapamaii, Oy coxama Xaia JITHJIMai KOO
kemaéTran Macamamap xamd kyn. KeuukyBum guddepeHnman TeHTIIamaiap
Vpradumna OolnnIaHUIIATa OMPUHYNA HaBOATIA aMalIMil SXTHUEKIAp TYPTKH OepraH.
Cyurru 6up Heua YH WAJUTMK JAaBOMHIA KOMITBIOTEP TEXHOJIOTHSIIAPY 3aMOHABHMA
Oouonorusa, kum€, THOOMET Ba OOIIKa coxajlapra kauaial Kapub Oopumu
MyHocabatu OuiaH XoTupaiu audQepeHnran TeHrIaMaJapHUHT TaTOUKUIN
axamusTH opTuOd, Oy coxaja xap oija r031a0 Makoanap YbJIOH KHWIMHA OOIUIa IH.
byHnait TankukoTiIapHUHT MyadssH KucMu H. SmithHuHT muiMuil TagkuKoTIapua
aKC STTUPUIITAH.

byrynru xynga kymiad wiMuil Mapkaziapja Kacp TapTHOIM KEYMKYBYH
muddepennvan TeHrIamanap Oyinya WM TagkUKOTIap oaubd OOpHIMOKIA.
Z.Wang e4yuMHHM TakKpuOMN KypUIl Y4YyH COHJIM METoJjiap Takiud »dTras,
S.Bhalekar OyHnaif TeHrinamanap ydyH TYpFYHJIUK Ba OuQypKaius MacaialapuHu
Vpranran, F.L.Chen kacp Taptubnu keunkyBun auddepeHnnan TeHriaMmalapHUuHT
nuckpetnamral cxemacuu kaparaH, G.C.Wu Ba D.Baleanu ®bropXoJCTHUHT
JOTHUCTUK TEHIJIAaMAaCHHM Iy HYKTaW HaszapaaH Ttekwmuprad, D.Wang Ba J.Yu
JOTUCTUK  TEHTJaMajgap CHCTEMacHIa XaoTHK TPACKTOpHUsIAp  MaBXKYy.l
OYynUImUHUHT TmapTuHu TomraH. A. Si-Ammour, S. Djennoune Ba M. Bettayeb
OorIKapyB MacajlaCMHM euuin ycyaunu Takiud stran, S. Bhalekar, V. Daftardar-
Gejji, D. Baleanu Ba R. Magin kacp Taptubnu brnox TeHriamacuma KEUHKyBYH
aprymMeHT TabcupuHu Tagkuk HTrad, Y.Li, Y.Q.Chen, Ba 1.Podlubny JlsmyHoB
GyHKUMSUIIapU METOIUHU KYJIIaraH.

Jnuccepranmsi MAaB3yCHHUHI JHUCCEPTALMA 0axapuIaéTraH MMM
TAAKUKOT MHCTUTYTHHMHI WIMHH-TAAKUKOT UILIAPH peKacu OujiaH
oormKaurn. Jlucceprauys TAAKMKOTH Y30ekucToH PecryGmukacu dawiap
akanemusicn Maremarnka WHCTUTYTHHHHT OT-P4-84 pakammm “llonuHomMpuan
cuUcTeMaap y4yH JUCKPET-COHJIM METOJ Xam/a YHUHT ITUKIIUK Ba OOIIKApHITyBYH
*apaéuiaapHu Moze/utamtupuira Tatoukaapu’ (2017-2020) Ba bupnamran Apad
Amvupnuknapu yHuBepcutetTuHUHT SQU/UAEU “Delay Differential Models of
Immune Response With Viral and Bacterial Infection in an Organism” (2017-
2019), UPAR “Mathematical Models for Kinetics of Coronavirus Infection in
Humans” (2015-2017), NRF “Delay Differential Models in Immunology and
Infection Diseases in an Individual” (2011-2016) ¢ynaamenTan noiuxasapu
noupacuaa OaxxapuiraH.



TaakuKOTHHUHrT Makcaaum OyTyH Ba Kacp TapTUOIM  KEYMKYBYH
muddepeHnran TeHrinamanap KYpUHHUIIUIATH MAaTeMaTHK MOJIEJUIApHU KYpHII,
KEUMKYBIIM Ba Kacp TapTtuOiau nuddepeHnnan TeHTIaManap eYUMIApUHUHT
TYpFYHJIUTH YYyH SIHTU €Tapiid IIapTiap OJIMII Ba TaKpUOUN COHJIM EYHII
yCYJUIAQpUHM WIUIA0 YUKHUII XaMJa COHJIM €YHII JacTypuil BOCHUTalIapUHU
spaTulIIad uoopar.

TaagkuKoTHUHT Basudaapu:

KeunKyBud auddepeHman TeHTIaMaaap CSYNMIAPUHUHT TYpPFYHIUTHHU
ucboTam Ba OudypranusiapuHu TOMHIIL

KeuuKyBuH AuddepeHnnan Tenraamanap yuyH Ko macanacuiau TakpuOuii
CUHII YCYJUTAPUHU WUIUTA0 YUKHIIT;

napamMeTpii KeynKyBYM AuddepeHian TeHTJIaMaJapHUHT CE3TUPIUTHHU
OaxoJiant;

aifHaH Oup >kapaCHHUHT OJTMN Ba KeUWKyBud AuddepeHIman TeHriiaManap
OpKaJId MOJIEJUVIApUHU ¥y3apo TakKKociIad, Ky3aTyBjiap/la OJMHTaH MablyMOTIIap
acocuja 6axoJiallr;

KEUMKYBUM Ba Kacp TapTubOiu muddepeHnnan TeHriaMagap e4uMIapUHUHT
TYpPFYHJIIUTUHU ~ TAJKUK OTUIIHUHT JIAMyHOB  (QYHKIMOHAIJIAPU  YCYJIUHU
PUBOXJIAHTUPUII;

TPUIIN TapKAJIUIIW, CAPATOHJIA YCUMTAJIAPHUHT YCUIIl TUHAMHUKACH, TE€NaTUT
KACAITATHHUHT KCYMIIA KaOW >kapa€HIapHM KEYMKYBIM Ba Kacp-TapTHOIN
nuddepeHman TeHriIaManap BOCUTaCHIa MaTeMaTHK MOJICTTUHY TY3HUIII Ba yJIapHU
TaXJIAJT ATHIII,

KEUMKYBUM Ba Kacp TapTtuOnu auddepeHunan TeHrIamMalapHu HEUpoH
TYpJIApUHU MOJICIUTAIITUPHUINTA TATOMK THIII.

TaagkKMKOTHUHT 00beKTH XOoTHpanu auddepeHunan TeHrjiaManap OpKalu
MOICIIAIITUPUIIAANTAaH OUOJIOTHS, DKOJIOTHsI, THOOMET coxanmapuaaru xapaéniap
Ba HEUPOH TYpiiapuaad ubopar.

TaagKMKOTHUHT NpPeIMeTH KEYHKYyBYM Ba Kacp TapTtuOmm auddepennnan
TEHTJIAMAJIApHUHT cudaT Ba MUKIOPUN KUXATIapy Ba yJIapHUHT TaOuuii Qanmap
Ba TEXHHMKara TaTOMKJIapuIaH uoopar.

TaagkKuKOTHUHI Yycysuiapu. Jluccepramusa uwmpaa 3aMOHAaBUM MaTEMaTHK
MOJICIJIAIITUPHI, JUHAMUK CHUCTEMaJapHUHT cudar Hazapusicu, Oudypranusiap
Ha3apusICH, WHTETpall TeHrjamaiap Haszapuscu, JIAmyHOB (QyHKIMOHAIApU
MeToau, [TOHTpATHHHUHT MakCHMMyM NpUHIWNH, Kommm macallacMHM €YUITHWHT
connu ycymnapu, Pynre-Kyrra meroan yuyn batdep xaaBannapu, kacp TapTHOIH
xocuia Ba uHTerpamiap, Jlotka-BomeTepp Typuaaru mopeniap, KOMIbIOTEpAa
MOJICJUTAIITUPHUII Kabu ycyJutapuiad (oiigaraHuiras.

TaaKMKOTHUHT WIMMIA SIHTWINTH KyHuaaruiapaad noopar:

OnocucreManap IWHAMUKACHHHU TaxJIMJIW YYyH OJJUNA Ba TaKCHMJIAHTaH
KeUnKyBud nudQepeHnuan TeHraManap, Kacp TapTHOIu oaauii xamjaa Kacp
TapTUOMM XYCYyCHM XOCHWJIaJu TEHIJlaMajap BOCHTAcHIa SHTH MaTeMaTHK
MoOJIeIIap KypuiTaH;



BaKT OYyinM4a KEUMKHUII XMCOOTa OJMHTaH MAaTeMaTUK Mojesiap Oy OMUIHH
XMcoOra ojamaraH MaTeMaTHK MoOJeJulapra HucOaTaH jKapaéHIapHU aHUKPOK aKC
STTUPHILIN KYpPCATUIITaH;

KEUUKYBIH U pepeHan TeHriiaMalapHi eUUIIHUHT caMapaly yCyJulapH,
KyminanaH, Pynre-KyTra mMeToaum yuyyH HOOIIKOp cXeMajap HMIUIA0 YUKUIITAH;
COHJIM METOJIap TYPFYHJIUTHHHA TAbMHUHIIOBYM SIHTH KpUTEpUIIap TONUITaH;

MaTE€MaTHK MOJEJUIAPHUHI NapaMmeTpiapyd Ky3raTWiIrasia Ba "OK IIOBKUH'
Tap3uAard Tacoguduil yeTiamuiniapra Hucbatan Ce3rupIUruHu Oaxoiaml yCcyinu
nmiad YMKUJIran;

MeMOpanann BAM-HelipoH TYpiapu, KOMIUIEKC KHMMATIN HEUPOH TYpiapH,
Koxen—KpoccOepr HelipoH Typaapu xamaa Kacp XOCHUJIaId HEHPOH TYpJjapH y4yH
CUHXPOHJIAIITUPHUII, TYPFYHJIMK Ba JUCCUNATUBIMKHUA TEKIIUPUII YCYyJJIapH
HIn1ad YUKWIray,

Koxen-Kpoccoepr BAM-HelipoH TYypinapuHu TypryH Oyiamaran Xosjaa
CTaOMJUTALITUPUII AJITOPUTMHU KypHJITaH.

TagKMKOTHHHT amMajuii HaTWKaJapu XaBhiau YCMalapHUHT YCHUII Ba
IOKyMJI KacaJUIMKJIap SNUACMHUSACUHUHI TapKaJull JUHAMUKACU AHMKJIAHTaH,
“UnpTKUY-yiKa” MOIYIAIMOH I'€HETHK TH3MM JIMHAMHUKACH KaOW GHMOJOTHK Ba
THOOUN KapaHIapHUHI TaKOMWUIAIITaH MaTeMaTHK MOJEIJIapu KypHIIraH,
BUPYCJIH KaCAJTMKJIAPHU AABOJAIIHUHT ONTUMAJ PEKUMIIAPU XUCOOJIaHTaH.

TagkMKOT HATWKAJAPUHUHI WIIOHYWIMIMrd. Hazapuii HaTmxamap
TeopeManap Kypunuiuaa udoaananud, KaTbuid ucOoTIap OuilaH TabMHUHJIAHTaH,
JUCCEpTALMS XAKMUHUHT aCOCMM KHUCMHMHM TallKWJI 3TYBYM XOTUpAIU
muddepeHnran TeHraMaiap BOCUTacu1a TaKIM( STUITaH MOJIEIUIAp aMaIUETIaH
OJIMHTaH MAabIyMOTJap acocuja TaxXJui KWJIMHUO, KIAaCCUK MAaTeMaTHK
Mojelapra HucOaTaH aciausTra KYyOpoK aJeKBaT OVYIMIIM KYpCaTUIraH.
XKymnanaH, KacaJuIMKIaApHUHT JHUHAMMKACHTA OWJ MOJEUIAPHUHI WINOHYJIWIUTH
KJIMHUK TagKUKOTIAp HaTWXKajapy OwinaH KUECHH TaxyiWuiap  OpKaju
JANIWIJIAHT aH.

TaagKUKOT HATHKAJAPUHMHI WIMHMH Ba aMajimil axamMMATH. TaIKAKOT
HaATIKAJAPUHUHT WIMUN aXaMHUATH UKKU (a3zaiy FOBaK MyXUTIap OKMUMJIApUHU Ba
OyHaa xocusl OYIyBUM HCCHKJIMK-Macca ajJMallMHYBU > Kapa&HJIapUHUHT
MaTeMaTHK MOJEJUIApUHM TaKOMMJUIAIITHUPUII Ba acocjlalliaH TOPTUO, KOHKPET
amanuil HeT Ba ra3 MEXaHMKACU MacaJllaJlapuHU €YUl Xama TaxJ M KAJuIiraya
OynraH TaJAKWK MIUIAPUHU CaKJAHWII KOHYHJIApW, METOIJIapu Ba Kyn (azanu
MYXUTIIAp MEXaHUKACH TEHIJIaMallapy OuiaH Ouprajiuka amajira OUIMpUIl OusiaH
M30XJIaHAIH.

TaakMKOT HaTWXKaJapUHUHT aMaluid axamMusiTh HeT Ba ra3 caHoaTu
MacajajlapuHd €UYUII, HCCUKJIMK HHEPreTMKacuaa, WHHOBALMOH TYJIKUHIU
METOJUIapHU HWIUIA0 YHKHUII, EPUK-FOBAK KOJUIEKTOPJIAPHUHT (DUIBTPALIUsIN-
CUFUMJIM XYCYCHUATIApUHU Oamopar KWIMOI Ba YJIAPHUHT HII PEKUMIAPUHU
ONTHUMAJLTALITHPUII XaM/a YIJIEBOJOPOIH KOHJIAPHHU UIUIATUIIHUHT TEXHOJOTHUK
Kapa€HJIapy MOJIEJUTAPUHN TAKOMUJUIAIITHPUIT YIYH XU3MaT KUIA/IH.
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TaagkukoT HATWKAJIAPUHUHT sJKopui KWJIMHHUIIHA. Xotupanu
muddepeHnran TEeHrJaMalapHUHT cu@aT Ba MUKAOPUM IKUXATJIapu XamJa
KEeUMKyBUd nuddepeHian TeHriamainap yuyH KyHuiran yerapaBuii MmacanaiapHu
COHJIM €YHMILTa OUJ OJIMHIaH WIMHM HATHXKalap acocuja:

YU3UKJIA OYIIMaraH KeuyukyBud AuddepeHiyan TeHraaMaiapHi COHIM €UrIIn
yeytapu 301 pakamiuu “Simulation of Radiation Effects in the Central Nervous
System”  rpaHTt noluxacuaa —KeyukyBYM  auddepeHndan - TeHIJamalnap
CUUMJIAPUHUHT  TYpFYHJIMTMHU  ucOornamga  Qoigananmwiran  (Koxupa
yauBepcutetuHuHr 2018  #iwnr 1 anpenmarm  MabiiymoTHOMacw). Mmmwuii
HATIDKAJAPHUHT KYJUTAHWJIUIIA CUJ OWJIaH OFpUraH Oemopiapaa (U3HOJIOTHK
*Kapa€H KeYUKUIITNHY IMPOTHO3 KWJIMII YCYJIMHU SIPaTHILTa UMKOH Oepras;

MaTeMaTUK MOJIEJUIAPHUHT TapamMeTpiapu Ky3raTWiIrasaa Ba "OK IIOBKUH"
Tap3uAard Tacoguduil yeTnamuniapra Hucbatan ce3rupaUruHu 6axoamnl ycyiu
2009/2010 pakamiu “Epidemiology of Swine flu HINI1 pandemic” rpanT
joinxacuga C rematutr BUPYCHM JMHAMHUKACUHU MapameTp OViimya Oaxosnaiiga
kyutanuwirad (bupnamran Apad Amupnukiapu yHuBepcuTeTHHUHT 2018 tinn 14
Maiaru MabiyMoTHoMmacH). Mnmuit Hatxkanapausr Kymanwmimu HIN1 tummm
MaHJIEMUK OKYMJIA TPUIIHUHT TapKAJIWIIN >KApa€HUHU TMPOTHO3 KWIMII YYYyH
TErUIIUIA TaBCUSIIap UIILIA0 YUKUII UMKOHUHU Oepras;

MeMOpaHaiu BAM-HelpoH TYpiapu, KOMIUIEKC KHHMATIN HEHUPOH TYpiapu,
Koxen—KpoccOepr HelpoH Typaapu xamaa Kacp XOCUJIaIH HEUPOH TYpJapH YUyH
CUHXPOHJIAIITUPUIN, TYPFYHJIHMK Ba JAUCCUIIATUBIMKHHM TEKIIUPHUII YyCYyJIapu
UMMYH >Kapa€HJIapHU MaTeMaTuK Mojesutamtupuiaa (organanwiran (Poccus
@dannap akagemusich XucoOnaml MaTeMaTUKAacH WHCTUTYTHUHHHT 2018 i 13
anpenmard  10256/75-con MabiaymoTHOMacu).  MiMuii  HaTHXKaJapHUHT
KYJUIAHUJIMIIM KJIMHUK KypcaTyBllap HATWKACHAA TYIUIAHTAH MablIyMOTJIAp
0azacuHu TacHUDIAI UMKOHUHU OepraH;

Koxen-Kpoccoepr BAM-HelipoH TypinapuHu TypryH OVyiMmaran XoJjia
CTAOWJITAIITUPHUINT ~ AITOPUTMH  XOpWXKMM uiamuil  kypHautapaa (Hindawi,
Complexity, Volume 2017, Article ID 6875874, 13 pages; Neural Processing
Letters, Springer, 2018, pp. 1-19; Journal Neural Networks, vol. 98, pp. 223-235;
Numerical Algorithms, vol. 79, issue 1, 2018, pp. 19-40; International Journal of
Dynamics and Control, 2018, pp. 1-9) uMnyabciu Ba KEYMKYBYH Kacp TapTHOJIH
Puman-JInyBunsn BAM ruOput HEHpOH TYpiiapu €YMMUHUHT MaBXYyJJIUTHMHU Ba
ro0ank aCUMOTOTHK TYPFYHJIUTMHU ucOoTiamga doigananunrad. Wnmuit
HaTxanapaad ¢oitnananuin BAM rubput HeWpoH TYpIIapUHUHT apaMeTpiapura
OOFJIMK MYBO3aHAT €YMMHUHUHT TJI00aJIb aCUMOTOTUK TYPFYHJIUK KPUTEPUSIAPUHU
UIU1a0 YMKUIITa XU3MaT KUJIraH;

ovocucreManap JMHAMUKACUHUHT TaXJIWJIM YYyH OJIMM Ba TaKCUMJIAHTaH
KeUnKyBud nudQepeHnuan TeHramamap, Kacp TapTHOIuW oaauid xamja Kacp
TapTUOIM XYCYCHMH XOCHJIAIM TEHIJIaMallap BOCUTAcHAa KypwWJiraH MaTeMaTHK
MoOJeNIapiaH XOopwkuil unmui okypHawiapaa (Applied Mathematics and
Computation, Vol. 293,2017, pp. 293-310; Journal of Inequalities and
Applications, 2014, pp. 1-14; Communications in Nonlinear Science and
Numerical Simulation, vol. 39, 2016, pp. 396-410; Applied Mathematics, NeS§,
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2017, 1715-1744) xacp TapTuOIM KEUYMKYBYM apPTyMEHTIN “HUPTKUY-YIDKA™
CUCTeMAaCUHUHT Oudypkanusuiapyau Oomkapuiiga Qoipananwirad. Mnmui
HATWKAJAPHUHT  KYJUIAHWIWIIKA — “HUPTKUY-YIDKA® cucTeMacu yuyH Xord
OoudypKanusIapyuHu caMapajiy OOIIKaApUII HMKOHUHHU OepraH.

TagKMKOT HATHKAJAPUHUHT anpodauusicu. TaaKUKOT HaTwkanapu 32 Ta
XalKapo Ba 36 Ta MUHTaKaBUi WIMHI-aMaluii aHwXKymaHiapja MyXOKamaJlaH
yTkasuwnarad. Jluccepranys HaTHXajgapu Oyinda V36ekucron Pecny6nukacu
@annap akaaemusicn B.M.PomaHOBCKMII HOMHMIArM MaTEMAaTHKAa WHCTUTYTUHUHT
“Anrebpa Ba (¢QyHKIMOHAN aHanu3”’ Ba “J[MHAMHK cuUcTeManap Ha3apusch’
OYIMMIIADHHUHT OMpJAINraH WIMHHA CEMHHApHAA Xamaa Y30eKHcToH Muniwii
YHUBEPCUTETUHUHT “MartemaTuk (¢u3nka” WIMUKA CEMHHApHUIa MyXxoKama
KWJIMHTaH.

TagkuKoT HATHKAJAPUHUHT JIbJOH KWIMHraHJauru. Jlucceprarus
MaB3ycu Oyitnua kamu 102 Ta MMM WMII YOIl STHITAH, IIyJapiaH Y30eKHCTOH
PecniyOonukacu Onuit Atrectanus KoOMUCCUSCHHUHT TOKTOPJIMK JUCCEPTALMSIIAPU
acOCHl WJIMHIA HaTWXKaJapUHU YOI TUIII TABCUSI STUJITaH WIMUN Hampiapaa 33 ta
WJIMUHN MakKoJja Hallp THIITaH.

JluccepTanMsiHUHT XA’KMH Ba TY3WJaMiM. Jluccepranus WHIIU3 TUTUAA
WIMUHN Mabpy3a makiuaa Taiépiaanran 0ynuob, 76 caxudanan ubopar.

JIUCCEPTAIIUSIHUHI ACOCUM MA3ZMYHHU

Xotupanu nuddepeHnran TeHrjgamanzap JeraH yMyMHil HOM OepuiiraH
KEUMKYBIIM apryMeHTIu auddepeHnuan TeHramansap Ba Kacp TapTHOIu
muddepeHuran TeHraamazap IMHAMUK JKapa€HJIApHU aclMsITra SKMHPOK Tap3aa
MOJCJUTAIITUPUITHUHT ~ 3aMOHABUM  BOCHUTAajlapura  auJIaHTaH. AliHnKCa,
MOMYJISIIUOH ~ AKOJIOTHSI, SMUAEMHOJIOTHS, HMMYHOJIOTUS, HEHpOH TYypiapu
Hazapuscu KaOW COXQJapHUHT TpeaMeTH OynraH OWOJOTUK Ba  (UBHK
KapaéHJIapHU MaTeMaTWK ycy/ulap OwinaH Ypranumpga OyHnail Typaaru
auddepeHnran TEHIVIaMajap MaTeMaTHK MOJIE/UIapHU Ce3WIapiid Japaxaja
MYKOOMJUTAIITUPUILITAa UMKOH Oepajiu.

buonoruk Ba MyXaHAMCIMK TU3UMJIAPUHUHT MYTJIAK KYHMUUIUTUOA
CUCTEMaHUHT JUHAMUKACUHH OENTHIIOBYM MYailsiH apaMeTpJIapHUHT KUMAaTIapu
XKapaCHHUHT KEUMILINTa KEYUKHO — MabJIyM BaKTJaH CYHI TabCUP YTKA3UIIU SKKOJI
Ky3aTwiaau. by KkaOu TU3MMIIapHU XOTHUPANIH, SbHU KEUUKYBIH EKHU Kacp TapTUOIU
muddepeHnran TeHrIamMalap BOCHTACHIla MOJIEJUIAIITUPHUIN XOTHUpa XucoOra
OJIMHMaWuran Mojeiuiapra HucOataH Oup Karop ad3auiMkiapra sra. XycycaH,
Kymaabd MareMaThK MoJeiap/ia KeYMKYBHM MHOOATra Oonuil €KUM Kacp TapTHOIu
xocwnasm auddeperuan TeHriama OriaH udojanmam HaTHWKachuaa SYUMHHHT
TYpFyH OYIUIIM MapTiaapy SXIIAIaHAIN, MO alpuM MXKOOH Xoccanap OuiaH
Oomuiian. MacanaH, HOTpUBHAJI €YUMIIAPH YEKCU3 YCYBUM CUCTEManapaa KeUHKYB
OMMJIM XMCOOTa OJMHUIIU Ty(ailini eYUMHHUHI YerapajaHrad, TYpFyH Ba JaBpHii
Oymumura spumuim MyMkuH. LyHUHrOek, mareMaTtuk (U3UKaHUHT aBBajJaH
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Yypranu® KeJIWHTaH TEHIJIaMaliapu >kapa€H KedaauraH (Pa3oHMHT JIOKal KUCMHU
OwnanrvHa OelruiiaHca, Kacp TapTUONMM Xocujanu auddepeHnran TeHriamaaa
(da30HUHT T7100aJ]1 TABCUPU AKC ITATH.

Huccepranuss HMIIMHUHT  acOCHMM  Ma3MyHM TaOUMi  >kapaHJIapHUHT
MaTeMaTUK MOJeNu cudaThaa KUPUTWITaH KEYMKYBYM Xamja Kacp TapTHOIH,
XycycaH, OMp malTaa xaM KeYUKYBIIM, XaM Kacp TapTubiu 6yiaran quddepeniman
TEHIJIAMAJIADHUHT cudaT HyKTau Ha3apHuJaH XOCCAIIApUHU YPraHuIll Ba YJIAPHUHT
xotupacu3 AuddepeHnnan TeHraamanapra HucbaTan OONpPOK Xoccajapra ira
SKaHJIUTUHU 04N0 Oepulian nbopar.

JluccepTalys Uiy KAPHII KUCMHU, 5 Ta 600 Ba SIKyHHI XyJocanap KUCMUIaH
Talmkui TomraH. 1-000ma kednkyBum oiawii nuddepeHnman TeHTIaManap Ba
yIapHUHT TaTOMKJIAapH Kapajirad. 2-600 kacp TapTuOiu keunkyBuH auddepeniman
TEHIJIaMaylapra  OarunuiaHraH.  3-0007a  KEYMKYyBYH nuddepenmman
TEHIJIAMAJIADHUHT HEWpPOH TYpllapu Hazapusicura TarOukura owuj cudar
Macajanapy TaakKuK HTwirad. 4-606ma xotupaiu nud@epeHiman TeHriaMmaiapHu
TaKpuOWM eyull yuyyH MIapTCU3 TYpFYH XucoOusaimn cxemacu OepuiraH. 5-0001a
XoTupanu auddepeHnran TeHriaManap eduMiIapuHuHT JISmyHOB MabHOCHIATH
TYpFYHJIUTH IIApPTJIapyu VpraHwiraH Ba TapaMmeTpiap Y3rapuiiura HucOaTaH
CE3rUpJIUK Y4YyH Kpurtepuiiap Takiud ostwiarad. Jluccepramus HHUXOsCUAA
XyJocanap KeJITHPUIITaH.

®dusuk Ba OMONOTHK >kapadHiap MyTIaK KYMUMWINK X0J/1a YU3UKIN OyImMaran
Mypakkab nuHaMuKara sranuru Ouiad axpanuO typaau. LlyHuHT yayH ynmapHUHT
TypFYHJIUTH Ba  OuypKalMsUIapUHU  YpraHWil  peadl  CUCTEeMaJIapHUHT
OapkapopiuruHu  KadonaTiami, TEXHUK KypWIMaJapHUHT  XaBQCHU3IUTUHU
TabMUHJANA JA0N3ap0 Macamagup. Mucon ydyyH OHOJIOTMK >Kapa€HHHUHT
MaTeMaTHK MOJENMHU Kypuinga OyHmal jkapaéHra KJIacCUK TypAaru JUHAMHK
x)apacH cudaTuaa Kapaii xap T0MM XaM Mak0yJ Oymaiau, 0aiaku pecypciapHUHT
TUKJIAHUII JABPU, TUPUK MABXYAOTIAPHUHT KYTAWHII aBpH, TAIIKA MYXUTHHHT
KECKMH Y3rapulluiapura ajanTaius JaBpu KaOW OMIIJIApHU YBTHOOPTa OJIUII
Myxumaup. byHpalt omwiiap HOUM3MKIM Tabuartra sra Oynumm Oapobapuia
cUCTeMajia TapaMeTpJIapHUHT KOpUW BaKTIaH aBBaJITH JaBpJard KAWMAaTIapu
JKOpUMU BaKTAAru KUUMaTIapura TabCUpP YTKa3UIIM peal KapaCHIAPHUHT
tabuatura xocaup. lllyHuHrmek, xotupanu Ba Kacp TapTuonu nuddepeHiman
TEHTJIaMalapAa KymuM4a HapaMeTp MaBXKyIUIUTH, SSbHH KEYMKYB KaTTaJUTH Ba
Kacp XOCHJIAaHUHT TapTHOU KapaEHHUHT MaTeMaTHK MOJICTIHH
MYKOOMJITAIITUPHUILTA UMKOH Oepaju.

Xotupanu quddepenHnnan TeHraiaManap acocaH

y'(t)= f(t,y(t),y(a(t,y(t))),.[_twK(t,s,y(t),y(s))ds), t>t, (1)
KYPUHHUIIIATY KEUUKYBIIHM orepatopiau audQepeHIuan TeHraaMaTapHUHT XyCycuit
xonuaup (6yHaa a(t, y(t)) <t — BakT Oyiinya keunkys wapru, y(t) =y (t), t<t,—

OonuTaHFUY MIAPT). AUTHIT MYMKUHKH, XOTUpaiu auddepeHIan TeHriaManap
onnuii  nuddepenuuan TeHriamanap OwuiaH onepatopiu  auddepeHiman
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TeHrmamanap opanuruna éraau. [y Ounan 6upra (1) TeHTIIaMaHu YeKCHU3 YITIOBIN
($a3zoja aHUKJIAHAUTaH IMHAMUK cUcTeMa cudaTuia XaM TaJKUH STUI MyMKHUH.
(1) Tenrnamanap CHH(GUHUHT XyCyCHUH X0JIH OYyIraH

y'(0)=f(ty(©).y(a(ty®)) v(BLy() o)

KYpUHUIILIarK HelTpan Typaaru nuddepeninan TeHriiaManap Ba

y'(t)=f(ty(®).y(a(ty(1))), a(ty(®)st )

KYPUHUIIIArd KEYNKYBIM AudepeHnnan TeHriamManiap amMaliuid TaTOWKiIapaa
acocud ypuH Tyragud. by epparu a(t,y(t)), ,B(t,y(t)) apryMEHTJIap KEYHKHO

TabCUP ATUI OMIJIMHA Homanaiau. Tallma MUCOT TapuKacha KEUUKYB IOKYyMIIH
KaCAILTMKHUHT WHKYOAI[MOH JTaBpuaH HOopaT OYraH MOJCITHHA Kapall MyMKHH.
JluccepranMOH W@ XOTUpara j3ra OyiraH kapa€Hnap Mojeiuiapuja
KEUMKYBYM BaKT IapaMeTpH OUJiaH Kacp TapTUOJIM XOCHIIAJApHUHT POJIM Ba ¥3apo
OofiaHMmudra ajgoxuga IbTHOOP  KapaTwiraH, XoTdpara odra Oyiarad
muddepeHnran TeHraIaMaIapHUHT cudat Ba MUKIOPUHN KUXaTIapH YpraHuiras.
JluccepTalMsiHUHT YpraHuii O0bEKTH:
|. Tlapamerpra OOFJIMK KEUUKYBIIU

V()= (L0, y(a(v). Y (@) ot u(A(0).p). t21

y(t)=y(t.p), y'(t)=y'(t.p), u(t)=@(t) t=<t,
muddepenman TeHramanap yuyH Ko Macaiac €UMMUHUHT TYpFYHJIMTH Ba

OudypKausIapUHA TaJKUK THILL
Il. Kyitngaru kypuHumaarua

X(t)=f(t,x(t),x(t—7),v(t)), te] Ot, ] (5a)

KEUMKYBJIU qudPepeHnnan TeHriiaMa yuyH

(4)

x(t)=9¢(t), te[-,0], (5b)
OOLITaHFUY IIAPT,
x(t)zc te|0t, |. (5¢)
XoJiatiap Oyinda mapt Ba O01IKapyB QyHKIUSICUTA
a<v(t)<b, te|0t, | (5d)
nrapTaa
ty
maxJ(x,v)z‘I’(x(tf))+J'O L(t,x(t),v(t))t, (5€)

dbyHkunoHan OwunaH OepwiraH onTUMal OOIIKApyB MacajlaCUHU YPTaHHWIIL,
xycycaH, [IoHTpSITMHHUHT MaKCUMYM MPUHIUIIMHA KYJJ1a0, ONTUMAJ PEXUM YUyH
3apypuii mapTIapHU KEATUPUO YUKAPUIIL.

1. Kacp xycycuiil xocunanu BakT Oyinya KEUMKYBIU

%zF(t,u(x,t),Su(x,t),u(x,t—r)),XGQ,tZO,0<a£1, (6)
mubdepeHnan TeHTJIaMaHU Tangkuk HTuin (0y TeHrnmamaga F —  y3mykcus

dyHkuums, t—7<t; KeunkyB mnapamerpu 7 ysrapmac Oymmmm, éku 7(t) Bakr
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byHKIUACH, EKU r(t, y)K}”/pHHHmnam byHKUIMS OYIUIIN MyMKUH, 3 — (a30BHi

KOOpJIMHaTanap Oyinya 3/UIUITUK OTepaTop).
(6) TeHrmamayiiap OWIACHHHHT MYXUM XyCYCHH XoJUulapuaan Owpu Oy —

KeuuKyBiH 1u¢dy3us TeHTIaMacuanp:
o%u(x,t o%u(x,t
( ):a (2 )+bu(x,t—‘r),a,beR (7)
ot* OX
Arap (7) Tenrnamana =1 6yica, KEUUKYBIU NMapabOIUK XyCYCUI XOCUIAIN
nuddepennian TeHraama Owian Oepunagurad auddy3uroH skapaCHIApHUHT
KyHH1aru MoJieura ara OyJImHaIu:
ou(xt o’u(x,t
( ):a (2 )+bu(x,t—r),t20,
ot OX

U(X,t)=l//(X,t), Xe[O,L], te[—r,O].
(6) Tenrmama Ttoudacura MaHcyO, UM3UKIM OYiamaraH Mucos cudaruga
XAaTCOH TEHIJIaMacu Kapasaju:
ou(x,t)  ofu(xt)
P +u(xt)[1-u(xt-7)]. ©)

(8)

By TeHrnama X03upru 3aMOH MAaT€MATHK KOJIOTUSAA KOHUBOpJAP TYPUHUHT
MyalssH MyXUTard Kynaiuiy y4dyH 3BOJIIOLIMOH MOJETHHU udoaanaiiu, yHaaru
HOMabJIyM U (X,t) (yHKUHS )KOHUBOPJIAPHUHT 3UYINTH, MycOaT & CoHM TUPQy3us
ko>(UIMeHTH, T 3ca KeunkyB mapamerpuaup. Amamga U(X,t) eunm ydyH

TETUIIUIA YeTapaBuii apTiap Ba OONUIAHFUY MIAPT KyHHIaIH.

V. Kacp tapTibnu Ba K€UMKYBIIM HEHPOH TYPIAPUMOIEIIH:
X(t)=-Cx(t)+ Af (x(t))+Bg(x(t-7))+H, t=0. (10)
By Tenrnama yuyH OolIIaHFUY IIAPT
x(s)=¢(s), se[-7,0], (11)
Oy epaa xam 7>0 keuumkyB mapameTrpu, B = (bij )nxn — XaKUKdid MaTrpuiia.

g (X(t - r)) = [gl(x1 (t — T)) N S (Xn (t — Z')):IT BEKTOP-(QYHKIMS KEUYMKTHUPUIITAH

y3apo TabcupHu upomamaiinu. (10) cucrema yuyyH OoNUIAaHFUY IIApT
¢(S) = [¢51 (S) o @, (S)]T y3ayKcu3 (GyHKIMS —Tap3ujga OCpWIMIIKA  JIO3HM.
EdaumHMHT TYpFYHJIUTUHU ypra"ranga OonuaHFuy byHKIHsIIap
1¢] = SupSE[fz',O]Z::l|¢i (s)| Hopma Gunan Gaxonanay.

IOxopuaa TabKuAaHTaHUJEK, XaM KEUYMKYB OMMIIM, XaM Kacp TapTHOIH
Xocuja KaTHamrad Aud¢epeHnnan TeHIJIaMaaap MaTeMaTHK —MOJEIUIapHU
MYKOOWJITAIITTUPHUINAA MYXUM VpuH TyTamu. [uccepramusiga OyHpmall Typnaaru
TEHTJIamMasiap cCuHpUTa MaHCYO

Dx(t)=-Cx(t)+ Af (x(t))+Bg(x(t—7))+H, t=0 (12)
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HEUpOH TYpiapu Mojenu ypranmwiradn. by epga D” — Kamyro mabHOCHAarn Kacp
TapTHOIIM Xocuia 6ynuo, muccepTanusaga Gakar o € (0,1] Oynra" X0J KapajraH.
V.
X(t) = Dx(t)(—Cx(t) + Af (x(t))+Bg(x(t—7))+H), t=0 (13)
TEHTJIaMa Ba
x(s)=¢(s), se[-.0], (14)
Oonutanruy mapt O6wnan O6epunanuran Koxen-Kpocchepr Heiipon typu mopenu
ypranwirad. by cHCTEMaHUHT yII4OBU N y3apo TabcupAa KapaJlaJUuraH HEMPOHAp

COHMIa TEHI, N>2. X(t) = [Xl (t) yerer Xy (t)JT TYP XOJIATUHU aHIJVIATYBYH BEKTOP
¢yskumsa, D ( X(t )) = diag {d1 (%),....d, (X, )} —aMIumiuKanys QyHKIMUIcH 1e0
aTamyBuyM auaroHan marpuia, C ( X(t)) = (Cl ( Xl) ..... C, (Xn ))T X0JaT (PYHKIMSICUHH,
A= (aij )nxn HEHPOHJIAPHUHT ¥3ap0 OOFIMKIMK Ky4MHU U(OAAIOBYM CaAIMOK

MaTpunacu, B= (bij ) 7 KCUHMKHII [mapamMcTpura ora TapMOKJIapJaru

nxn
HEWPOHJIAPHUHT Y3apo OOFIMKIMIUHU UdoaanoBun Marpuua. Keunkys napamerpu
T ¥y3apo TabCUpAArd HEUPOHJAPHUHI KEeIUMO TyIIraH CHrHajira peakuus
OopajuFuiaH nbopar.
Kacp Taptubam Koxen-KpoccOepr keunmKyBIIM HEHPOH THU3MMIIApPH MOJAEIU
cuH(pU KylHJaru TeHriama Ouian oepuiaau:

D“x(t) = D(x(t))(-C(x(t))+ Af (x(t))+Bg(x(t—7))+H), t=0, (15)
Oy epma TtaptuOim D? Kamyro wmabHOCHmarm Kacp TapTHOIM XOCHIIA,
nuccepranusiaa GpakaT o € (0,1] OyIraH X0J1 KapayiaJiy.

VI. Ukkn ToMoHnama accoumatuB xotupanud (BAM) wHeiipon Ttypnapu
MO/ICITH:

u(t)=-Cu(t)+Af (v(t))+Bf(v(t—7))+H,
V(t)=-Cu(t)+ A f(v(t))+B,f(v(t—7))+H,,

OoIIJTaHFUY IIapTIa

(16)

x(s)=¢(s), y(s)=®(s), se[-,0], (17)
6y epma  u(t)=[u(t)...u, ()] va  v(s)=[v(t)...v,(t)]  opkamn

HEWpoHJapHUHT  OHMH  Xomatu  Oenrmanrad.  C, =diag (Cf ..... Cﬁ) Ba

C, =diag (Cf,.. CZ) — jguaroHan Marpumnanap, C, >0 Ba CJ? >0 , ymapy3-y3ura

1

TeCKapu ajloKaJld Ba3H MaTpulaliapu JIerusiaju. Aiz(a;)n o A, :(aﬁ)n _Ba

_(hl _(h2 o o <
B, —(bij )nxn, B, —(bij )nxn MOC PAaBHIIJA Y3ap0 TabCUPAATH HEUPOHJIADHUHI OHUU

Ba K€UYUKKaH XOJIaTJIIapuHU OOFI0BYH MaTpunaiap,

fvO)=[6MO)- L0O)]  m g(ut)=[o(u(0)-0 (1))
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byHKIMsIap HEUPOHJIAPHUHT t BAaKTJaru baomnurunmy,

f(v(t—2))=] f,(w(t=2)) F, (v (t=2))]
g(u(t—r))=[g1(u1(t—f)),...,gn(un(t—r))]T bynknusnap s3ca t—7 BakrTaaru

T T
daomwmuruan udonanaiimm, H, :[hll,...,h;] Ba H, :[hf,...,hz] BEKTOpJIAp TYpra

n

TalIKU TAbCUPHU U(POIATOBYH KATTATUKIAPIUD.

TaaKUKOTHUHT MaKCaJIu:

Oxopuna cananran guddepeHnnan TeHrIaMalapHUHT cudar HyKTau
Ha3apuJaH TaxJIuiH;

KEUMKYBJIA MOJIEJUIapAa KEYHMKYB [apaMETPUHUHI €4YHMIa TabCHUPUHU
Yprasuu,

MaTE€MaTUK MOJEJUIAPHUHT TUHAMHUK TaOMaTHHU TAJIKUK THII;

MOJIENIb  XYCYCUSATIAPUHUHI [apaMeTp Y3rapuiiura TabCUPYAHIUTUHU
ypraHum Ba IIy acoca MOJElIb MyaissH MabHOAA 3HI camapajiu Oyiaaurax
napameTpJIapHUHT KHMATUHU aHUKJIAI;

Kacp TaptuOau auddepeHnran TeHTJIaManap MapaMeTpiIapyuHyd  TETHIILTH
Me30HJap Oyinya G6axonail y4yH camapaiud Ba MYKOOWJ €HOIIYBIAPHU TAKIUM
ATUIII,

OepuiraH  SKCIEPUMEHTAl  MablIyMoTJiapra  MYBOPHUK  CHUCTEMaHUHT
napameTpiiapuHi aHMKJIAll YYyH caMmapaiyd Ba MYKOOWJ EHIIONIYBIApHU TaKIUM
ATUII (TECKapu Macaa);

CapaTOHHU JIaBOJalll Kapa€HUHUHT MaTeMaTUK MOJENIA cu(aThaa KEYUKyBIU
Ba Kacp TapTuoiu nuddepeHnyan TeHriaMmaiapHu KyJulal,

Kacp TapTUONM Ba KEYUMKYBIM Jud@epeHnman TeHrjamaiap BOCHTacHaa
HEHUPOH TYpJapUAMHAMUKACUHU TAJKUK 3THILJIaH HOOpaT.

KeyukyBun auddepeHuuan TeHIVIAMAJAPHUHTI OMOJOTMK TH3MMJIApPra
tatoukaapu. KeunkyBun auddepeniuan TeHrIamMazap Xakuaa yMyMUi
TyIIyHYaJIap KeJITUPUIAIN Ba YIAPHUHT TATOUKJIApU TYFPUCUAA TYXTAIHO YTamMus.
XycycaH, KeUWKyBiu  auddepeHman  TEHIJIaMaJlapHUHT  XOTUpPacH3
TEeHIJIaMayiapra HucOaTaH ad3a/uIMrUHU  acOCIIOBYM  XYCyCHSITJIapu  O4HO
oepunaau. by 600HMHT Ma3MyHH 7 Ta MaKOJIAHU ¥3 UUUTA OJIAJIH.

1. “buochepana coHnu MoneIAMITUPHUILIA KEeUUKyBiu auddepeninan
TeHrTamManapaad  Qoiinananum’. by wmma  xotupanm  nuddepenmman
TEHIVIAMAJIADHU ~ MaTeMaTUK MOJEJUIAIITHPUIITa TaTOMKH  METOAOJOTUACH
MyXOKama KWJIMHTaH, KEHI' TaTOMK Joupacura sra xyjiocajnap 0a€H KWJIMHTaH Ba
ylap TypJid MHCOJUIAp BOCHTacHaa acociaHrad. Mertonmonorusira ou (QUKp Ba
MyJoxazanap MKopuja Oa¢H KWJIMHraHd ydyH Oy VpuHIa 11y H30X OuiaH
YeKJIaHAMU3.

2. «OITV undexnusicu wokkan CD4 + T xyxaiipanapu ycumTacu Ba UMMYH
peaxiusi TMHAMUKacu Y4yH KeuMKyBIu nuddepeniuan moaens». by nmga “onam
uMMmyH Takumiaurun Bupycu” (OITV) Ounan xacramaHraHyiap OpraHU3MJIaru
JTUHAMUK >KapaéHIapHUHT OJINH (SIbHU XOTUPACcU3) Ba KEUMKYBIU nuddepermuan
TEHTJIaMaJIap Tap3uaa MOJEIUIapH YPraHWITaH:
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dT

=T O-KE(-7)T (), (18)

(jj_ltE:rzT(t)+a—ylE(t—T)—Ile(t)E(t—T)— w9)

—E(t—7)V (t)—KE(t—7)I(t),

S HGE (=Y () +KE(t=)1 (6)- 441 (1), (20)
‘fj_\t/: NST(t)-cV (t) (21)

MonenHuar cudar xoccajmapu TaAKUK STuiarad. JKymiagaH, cTanuoHap
XoJaTIapHUHT JISIMyHOB MabHOCUArd aCUMIITOTUK TYPFYHJIUTUHU Ka(OI0TIOBYH
miapTiap KenaTupuOd yukapwiraH. AManuil TaTOMKIap dXTUEKUIAH Keaud 4ukuo,
pean Kapa€HHU pPaKAMIM CUMYJBSIOUSA KWIYBYM KOMIIBIOTEP MOJENM TaKIUM
ATUJTAaH Ba Ha3apui Myn OWIaH OJIMHTaH HATHXXKaJapHUHT pean xKapacHiapra
eTapJii aHUKJIMK/Ia MyTaHOCUOJIUTH KYpCAaTHIITaH.

CyHr MOzienHN 4yKyppOK YPraHUII MaKcaauaa Kynuaari CoaIagaliTUPUITaH
MOJIEb KAPAJITaH:

L RT()-KE(-7)T (1), (22)
(Z_E:rZT(t)+a—,ulE(t—r)—lle(t)E(t—r). (23)

By cucrema nkkuTa Mmaxcyc Hykrara sra. Ymaapaan oupu — (0, 0) HykTa
TypryH sMac. Mkkunancu S’ ne6 Genrmnancud. by HyKTaHHHT TYpFyHJIHTHAA

J— * 2
=L arccos (r22 I5) T o — |
o) (16 +1KT") @} +(r,=15) k2 (T7)

KaTTAJIMK XaJl KWIYBYM DPOJIb YHHAWIM YHIA @, — YU3HUKIU SKAHJALIXAIL XOC

(24)

COHJIAPUHUHT MaBXyM KHUCMH.
Xocca 1. (22-23) cucremana r, —Ir, > 06yncun. Y Xonaa Ke4nKyB KaTTalIurd

0<7<7 mApTHU KAHOATIAHTHPCA, S MAaxXCyc HyKTa JIOKAJT aCHMITOTHK TYPFYH,
aKc X0JIJ1a HOTYPFyH Oyaau.

Hamuorca.t =7 na Xond 6udypkanuscu pyit epai.

By HaTmxa BocuTacuaa Kylniaru XOCCaHu YpHATUII MyMKUH OYJIIu:

Xocca 2. (18-21) cuctema r, > |, imapTHU KaHOATJIAHTHUPCUH. Y X0JI1a

(@) rk, <k, 6ynrangaS” = (T*, E*) Maxcyc HykTa (22-23) cucteMa yuyH
TypryHiauruaat (18-21) cucrema Maxcyc HyKTacu TypFYHJIUTH KeIHO YMKaIU;

(b) rk, >k u, O6ynranma, akcumnva (18-21) cucrema Maxcyc HyKTacH
TYypFyH Oyiamaiau.

3. <<§’CMa—I/IMMyH TU3UMUJATA y3ap0 TabCUpP >KAPACHUHUHI KEUYUKYBIU
MOJIeNH: I100all AMHAMUKa, mapaMeTpliapHu 0axoJiall, Ce3TUpIuK TaxJawin». by
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MakoJjiaga 3¢ deKkTop Xyxaiipamap OwiaH ycma Xyxkalpaiapu ypracumard y3apo
TabCUP TUHAMUMHUKACU YUYH KyHUIard MOJCTb TAKIU( STUIITaH:

di—gt):ﬁ pErgt;TT()tT_(tr)_T) ~ HE(t=7)T(t-7)-5E(t),
dT (1) (25)

—5 =T (=T (O)-EQT (1)

Mogenb IMHAMHKACH XaM Ha3apuii ycyiuap OMJIaH, XaM COHJIM YCyJiap
OMIaH TajgKMK OSTUITaH, >KyMJIaJaH, MaxcyCc HyKTajaap aHHKJIAHHO, yJIapHHUHT
JNoKal TYpFYHIMTH Ba Xomnd Oudypkanusnapy ydyH Oaxonap OJNUHTaH. EHr
KUYMK ~KBAJpaTHK SAKWHIAIIMOUIAD YCYIMHH Kyanad, KIMHHK Ky3aTyB
MabIIyMOTJIapH Aacocu[a CHCTEMa IapaMeTpIapMHH aHWKJIANl MAacagacd Xal
STUIITAH XaMmJa JaBOJalll YCYIHMHHHI JABPUIAIMIU Ba OGApKapopIMIH KEYHKYB
napaMeTpura Kail Tap3aa OOFIMK OYIIMIIN TaAKUK STUIraH. (25) CHCTEMaHH COHIIH
e4n0 OJIMHTaH MabIyMOTIIAP KIMHUK SKCIEPUMEHTIIAp HATHKAIAPUTa SKUH OYIIH0
YUKUIIY TaCAUKIAHTaH.

By MoJenb MyXHM aMaluii axaMusTra sra OyaraHu ydyH OatadCHIPOK
Tyxtanamus. (22-23) cucrema TYpTTa Maxcyc Hykrara ora: E; (i=0,1,2,3).

Cuctemanu Oy HyKTajap aTpoduaa YM3UKIAIITUPUIIT HATHKACH:
X(t)=AX(t)+AX(t—1), (26)
6y epaa X =(X., X,)

(=5 0

Ai:(—T.* a—ZaﬂTi*—Ei*j'
Li*_ T PEi**_ PET
T+T (n+T,)
0 0

Maxcyc HyKTJIApHUHI TYPFYHJIUTMHU aHukiamra JisnyHos-KpacoBckui
byHKUMOHATM TaTOMK OATWwiad. byHuHr yuyH wmatpunanap yuyH [yp
TYJIIMPYBUYUCH TYIIYHUYACUAAH (poiinanaHuIa n:

Jlemma 1 (ILllyp mynoupysuucu xaxuoa). Moc ymdoBmm Q,Q, Ba Q,

2 _IUEi*

y3rapmac Martpunanap Oepunrad Ba Q) =Q,, Q) =Q,>0 6yncun. Y xonaa
Q,+Q10'0Q, <0
MaTtpuia MaHGUi aHUKJIaHTaH OYIUIIN Y9yH
Q  Q -Q, QO
! ° |<0éknu ? *1<0
* ) * Ql

mapT 3apyp Ba erapiu (0y epaa “*” OUpop CUMMETPUK MaTpHUIlaHU OeNTHIIai Iy,
Q>0 , Q<0 TeHrcusnukiap Moc paBuiga () MaTPUTIAHUHT MycOaT EKu
MaH(pUH aHUKJIAaHTAaHUHU OWUJITUPaIn).
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Jlemma 2 (HMencen nemmacu). Xap Kanpmaii mycbat cummerpuk M e R™"
matpuna, 7>0 ysrapmac Ba X (s)eR" Bexrop GyHKIHS y4yH HHTErpajiap

AHWKJIAHTAHJIVMK [apTUIA
t 1/ ¢t T t
-] XT(s)MX (s)ds < —;(J'H X (s)ds) M (L_ X (s)ds)
TEHTCU3JIUK YpUHIU OYiaau.
Teopema 3. Arap cuMMETpPUK

PA +A'P+W,-W, PA +W, 7AW,
* -W,-W, AW, |<O0. (27)
* * _\N2
TEHICU3JIMK ypuHiu Oynanuran mycoar P, W,BaW, marpunanap maexyn Oyica,

(26) cucrema riaoban aCUMOTOTUK TYPFYH Oynaau.

4. Tubbuér coxacuaa MaTeMaTUK MOJACIUIAIITUPUIIHUHT  J10713ap0
MyaMMoOJIapuJiaH Oupu — onTuMal OomkapyB Mmacanacuaup. KacamnmukiapHu
JaBOJIAIll KapaéHu OOLIKapuilyBUM cucteMa Oymuiuu paBmad. LIlyHUHTr yuyH ¥3-
V3uIaH JaBosiall kapaCHUHM ONTHMall OOIIKapyB Macajacu o3ara KenaJu.
YMyMaH onraHaa, onThMai OOIIKAPYBHUHT MAaBXKY/UIMTHHH HCOOTIAIl Ba YHHU
u3nad TONMMIN YYyH 3apypuil mapriapHu Kypuiira [IOHTpSTMHHUHT MakCUMyM
NPUHLMIIMHU KYJUTalll MyMKHWH, aMMO OYHHUHT Y4yH, OMpMHUYUAAH, OOUIKapUITyBUU
MOJIETTH UMKOH KaJap aJeKBaT KypHIl, UKKUHYMJIAH, MaKCcaJl (PYHKIUSHHU TOIIMII
JIO3UM.

Juccepranusra Kupral maxoJjanapAaH OUp TYpKyMH CapaToH Ba IOKYMIIH
KaCaJUIMKJIApHU JaBOJIall >KapaHUHUHT OOIIKApUIYBUM MOJEIMHM KypHII Ba
onTtuMain OOIIKApyBHM TONMII Macanacura OarumaHrad. byHpa wmopenra
CapaTOHHM JaBOJIAIIHUHT aHbaHABUW XUMUOTEPAIusl YCYJINHA UMMYH CUCTEMaHH
Ky4alTUpHILI OMIaH KYyInO amanira OlUpHUIl acoC KHIUO OJIMHIN.

BYMOHGHBdE—(t):O-+pE(t_ )T(t-7) CUE(t—)T(t—7)-
dt n+T(t 7) (28)
~SE(t)- ey (1-¢")E (1),
de_Et): T(1)(1- AT (1))~ nE (V)T (1) =N ()T (1) — ay (1-€ )T (t), (29)
PN - 0)-eTONO (- )ND, @)
B0 o )-au(t) @

KednKyBiId AuddepeHnyan TeHrIamManap cucreMacuian uGopar 66, v(t) —

OomkapyB mapamerpunup. UYeksoBnap xaMm  OOlIKapyB  IapaMeTpura,
XamxoJariapra Kyuuiaau:
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O<o(t)<u,, <o te|0t], (32)
k(N)=N-07520, te[0t, ] (33)
Makcan ¢hyHkiusicu cudartuia

i B
W)= [E(t)—T(t)—?[u(t)]ﬂdt (34)
KypuHuIIgary (QyHKIMOHAN TaHJaHraH. YHaa B, paBomampma xumuortepanus

xuccacuHu udonanaiian. bomkapys mapamerpu y3nmykcu3 Oynakiu GyHKUIUsIIAP
cuHpuaan onuHaau. (32) uyeknoBmard U, ~KATTAIMK XUMHUOTEPAIUSHUHT

MaKCHMaJl XuccacuHu Genrmiaiinu, v(t)=0 TeHMIMK 3ca TYIMK MMMyHOTEpArus
Kyanumuay ounaupann. [ysaaait kunuo, skou3 Oomkapysiaap cuHbu

V4 ={ue Lw([O,tf},R), ‘ OSU(t)SU < 0, ‘v’te[O,tf}}.

TYIUIaMIaH ubopar.

Teopema 4. a) Kous Oomikapysiap cuHbu OV SMac, KaBapuK Ba EMUK
Ty1uiaM. 6) OnTuman 6omKapyB MaBKyJl Ba SITOHA.

[ToTpSITMHHUHT MaKCUMyM TMPUHIMIIM acOCHUJa XUCOOJAHTaH ONTHUMAJ
JaBOJIall  CTpaTerwsicM aMalnuéTna KyJJlaHTaHaa ycMa XyKalpajJapuHUHT
Kamaiinimm Ba 3¢QdekTop XyKalpadapUuHUHT YCUIIU Ky3aTWIIA Ba CapaTOHHU
JaBOJalllla XUMUOTepanusd OWjlaH HMMMYyHOTepanus KymuO oxaud Oopriuiim
camapajiop dKaHJIMTHHHA WIMHHA acOCIIaHIH.

5. “Xorupara o23ra Oynaran OHOJOTMK CHUCTEMAJApPHU  KEYUKYBJIHU
muddepeHnran TeHraamanap €pAaaMuaa COHIM MoAeiamThpuin”’. by Makonana
OMOJIOTMK cHUCTeMaiap: XyXaipa VCHIIM, HHOUIESMHUOJOTHUS, (U3UOJIOTHS,
UMMYHOJIOTHSIIa KapajaJurad >KapaCHIapHH MOACIUIAMITUPHINAA XOTHPAIU
nudhepeHIran TeHrIaManap caMapagopIIury KypcaTuiran. YcMa Xyskaiipaaap Ba
UMMYHUTET peakius Xyxkaipanapu opacuaard y3apo TabCcupHU udojanam ydyH
KEUMKYBIIM CHUCTEMaJIap acocuaa OOMIKapuiIyBun Mojenb Kypwirad. lllyHmait cyHr
KEUMKYBIIM CUUMJIAPHUHT TYPFYHJIUTH TaxJIMJ KWIMHTAH Ba MapaMeTpiiapHU
Oaxomam Macanmacu Yypranwiran. KapamaértraH MoJIeNnHU TabCUPUYAHIUTHHU
TEKIIUPHUII, CTPYKTYpaBHM Y3rapTUpuIIapra HUCOATaH TYpPFYHJIUK MyaMMOCH
amMauil TaTOMKJIap yuyH 10a3ap0 Oyiranu ydyH anoxuaa 3bTubop Oepuirad. by
VpuHaa OUOJIOTUK cHCcTeMasapaa OOIIKAPHUII MacaiacH KyJa KaM YpraHuJIraHuHU
KA1 3TUO YTUII YPUHIIH.

u(t) OolIKapyB mapaMmeTpura 3ra M-— ymyamin KeuukyBiau nuddeperman

max

TCHI'JIaMaJIap CUCTCMACHU
y'(t)=f(y(t).y(t-7).y(t-7,),....y(t—z,).u(t).t) (35)

KypuHHIIAA OYnaau. YMyMuid Xoaaa Makca QyHKIHUSICH
ty

3o (u) =@y (y(1)+ [F(y(t).y(t=7). y(t =),y (t—=74).u(t).t)clt, (36)

0
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Tap3uga OJMHANM. Makonana KypuiaraH MoJe/uIapaa OOIIKapyB MapaMeTpura
a<u(t)<b wuwexmanmm, xomar ysrapyBunmcura sca 0<y(t)<C dgekmaHuuI

Kyluarad (0apya TEHICU3IUKIIAp KOOpAUHaTaIap Oyiinya 1e0 TyIIyHUIaan).
E (t)— addexTop XyKaipanap MONyJSIUsICH KaTTaIuruHu, T (t)— ycManmaru

XyXaiipagap monyssiusacd  kattanuruad, N(f) — Hopmanm  Xykaiipamap
HOMYJIAIUIACHHNA OenrmiaacuH. Xumuorepamus canmoru U(t), MMMyHOTeparus
canmoru W(t) 6yincun. Ilonynsaiusiaap OUp JKUHCIHA TYKAMa XOCHJI KHJIaIU JeraH
dapaszga Mosienb KyHuaaru KypuHuIaa oyiaau:

dEd—St) =0+ 'DETEtJr_TT():_(tT)_T) ~uE(t-7)T(t-7)-

~SE(t)-a(1-e)E(t)+ o(t)s,,

de_E‘): T ()(L— AT (1)~ NE(OT (6)- N (OT (6) - ey (10T (1),
aN(t) LN (1)(1- AN (1) =c,T ()N (t)—ag(l—e_“(t)) N (t), (37)

W) _ ) —du(t)
dt
OnTtuman OOLIKApYB MacallaCHHU KYWHII Y4yH MakcajJ (DyHKIIMOHAIWHU
taiimanam  jgo3uMm. Kapanaértran wmogenna OyHuaid (yHKIMOHAM AaBoJall
xKapaCHuIa Yycma XyKapamapuHu KamMauTupuil, 3¢QdexTop XyxahdpalapuHu
KymaTupuin kabu mynoxaszanap acocuaa Kypuiauimu tabuuit. [llynnait dhapasznap
acocusia Makcaja (pyHKImoHanu cudaruaa

Jwo)=[" (E 1 {%[U(t)f +%[w(t)]2Ddt, 38)

KATTAJIMK TaHJaHAu. SIpHU, onTuMan OomkapyB (38) (yHKUMOHanNra »HI KarTa
KuiimMaT OepyBuM OOIIKapyB PYHKIUSIAPUHM TaHJIAIIIaH HOOpaT:

J(U*,a)*)=maX{J(U,a))Z(U,a)) eW}, (39)

Oy epna
W = {J (0,0):(V,@) 0<V(t) SV, <®,; 0<@(t) <@, <x, Vie [O,tf ]} (40)
— Oomkapys Tymmamu. By mozmenna omrmman Gomrkapys v (t) Ba @ (t)

GYHKIMSUTADUHUHT MaBXYJIUTH ONTHUMa OOIIKAPYB HAa3apUSICHHUHT TETUILIH
TeopemMasiapugaH OeBocuta kenmuO uymkamau. OnTuman OomkapyB (yHKIusiapu
[ToHTpSITMHHUHAT MAaKCUMYM MPUHITAIINA aCOCUA TOMUIIAIH.

Teopema 5. Qcoxana J (u (t) , a)(t)) HM MMHMMAaJUIAIITUPYBYH O (t) BA @ (t)

ontuMan (yHkuusmap xydpraurn mapxya. OnTuman Oomkapysiap Kylumaru
KyIIMa cucTeManuHr y3nykeus A, ,1=12,3 4, eanmnapu
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A{(t)=—1+ﬂ1(t)[5+a1(l—e”*)}+
+/12(t)nT*+ﬂ»l(t+T)l|:0’tf _TJ{'UT*_ ,OT**}

n+T
A, (t)=1+ ﬂz[—rz +2r, 8T +nE +¢N +a, (1—e‘”* )}+

*

PN+ [0, —7 |4 (t+7) (;’f;)z_npi (41)
A1) = 20T = | k=26 BN =T —ay (1= )| -7,
Z()=-2(t)ae E + 2, (t)ae ™ T + 4 (t)ae™ N + 4,(t)d,
Ba TpaHCBECAIHK MApTIAPH
4(t)=0,i=12348a z,, ;= Liftefot,.] (42)

24110 otherwise

OpKaJIu aHWKJIaHaau. byHaaH Tamkapu, KyWuaara xoccajaap YpruHId Oyaau:

v =min umax,ﬁ , @ =min comax,ﬁ : (43)
BU BCU

KeuyukyBan kacp taptubam auddepeHuuan TeHriamagap. Xo3upru
3aMOH MaTeMaTHKacuja Kacp Taptudiu nuddepeHnuan-uarrepai xucoo, aifHuKca
Kacp TapTuOnu auddepeHnuan TeHriaManap kaaajl puBoXIaHaéTral coxanapiaaH
Oupu OYAMO tTypuOmu. By YHMHI TEXHHMKa Ba MaT€MaTHK MOJEUIAIITHUPUILIA
Ky11a0 TaTOMKJIIap TOMaéTraHu OMIaH M30XJIaHA/IH.

ByTyHn Taptrbiau Ba kacp TapTubiIM XOocuiagap opacuaa acocuit papk — Oupu
JoKan TaOWaTiu, UKKMHYKUCH 3ca Iodan Tabuarinu skaHuga. bytyH TapTtubiau
xocuia GU3MK KaTTATMKHUHT KAYUK OpajfK Ba coXajapJard Y3rapuildHU Y3uaa
akc »TTupca (sbHM JOKan Tabuatiu OVyica), kKacp TapTubiu Xxocuiaga Oy
KaTTAJIMKHUHT OYTYyH coxajaru y3rapumuiapu OuiaaH OOFIUKAUp (SIbHH Ti100at
tabuaTiuaup). [y cababnu usmk, XUMHUK Ba OMOJIOTHMK (PEHOMEHJIAPHU AHHK
MOJCIJIAIITUPUIIAA Kacp TapTtubnu auddepeHman TeHrJaMall Mojesuiap
KYIIPOK MyKOOUJI XHucoOIaHaIu.

by 0600 Ma3MyHWHU KEUMKYBIM Kacp-TapTuO Xocwianu auddepermman
TEHJIaMasiap CHHGY TAAKUK STUITaH MaKoJIajap TAIIKI dTraH.

“Il Typnarn XouMHT (YHKIIMOHAJ PeaKlusara sra Kacp-TapTuOian KeYUKyBIU
Vasca-uupmkuy CUCTEMallap” Makojacuja MaTeMaTUK OWOJOTHSHUHT acOCUi
oObeKTHapuaaH Oyiran “yaosca-uupmruy” CUCTEMACH Kacp-TapTUOIM KEUUKYBIIU
muddepeHnran TeHrnamManap opkKajid yMyMIAIITHPWITaH BapUaHTAA YpraHWIIH.
Kacp xocuna taptubu 0 < o < 1 opanukaa Oynranjua, cTaidoHap XoJjaTjiap Ba
YJIAPHUHT JIOKaJ Ba I100an TypFYHJIMKIApY KEYUKHII TapaMeTpura Yy3rapuiimra
Kapab Ttekmmpuiaaun Ba Xond Oudypkanusacu TaaKUK KWIMHAA XaMmaakacp
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TapTHOAN KEUMKyBIM auddepeHuan TeHTIamanap eYMMIIApPHUHT TYPFYHIIHK
[IAPTJIAPUHM SXIIWJIAIIN Ba MOJEIb JMHAMUKACUHU OOMUTUIIN aHUKJIAHIH.
“Ymxa-MupTKUY CUCTEMACH YUYH Ma3Kyp MOJEIb

S PR CI TS,
K 1+ ox(t)

(44)

Dy (t) =2 ’;(i);’f(t(t‘)f) _ay(t), 0<a<Lt>0

TeHrnaManapiaan uoopar. Borwtanrnu kuiimariaap X(0) >0 Bate[-7,0] yuyn

y({t)=w(t) >0 (6y epna w(t) cummuk dyukuus). CYHr, MOAENb IUHAMUKACUIATH
KCUUKHUII [apaMeTpd 7 Ba ¢« Kacp-TapTHOHMHT MOJEIra TabCHPH TaJKUK
KUIMHAW. YKYBUUra KyJailluK y4yH TEMMILIA TabpuIIapHy KEATUPANIIHK.

f(t) ysxkuusaaunr o € R™ tapTnOnam unTerpann

1£ (1) =$ﬁ (t—7)* f (0)dr

dhopmyIta OuilaH aHUKJIAaHAH.
f (t) pysxmusauar Kanyro MabHOCHIAru o TapTHOIIM XOCUIIACH

D*f (t) = ﬁ [ -0t i@,

dopMysa Ounad anukIanany, Oy epra N—l<a<neZ’.

(44) cuctema Ky3raamac HyKTaJIapUHUHT TYPFYHJIUTHHU YpraHUIl YIyH
macraBBaj HojmaH (apkim Kysranmac HykTacu X (1) =X(t)—X°, yt)=y()-y"
AIMAIITUPUIIT  OPKAJIM  KOOpJAWHATa  Oommra onu0O  KeIWHAAW,  CYHT
YU3UKJIAIITAPHIIA]TH:

Dx(t) = mx(t) + m,y(t —7) (45)
D*y(t) =nx(t) +n,y(t) +ny(t—7) 0<x <1,
Oy epna
m1=r—2X __PY —+ O-ﬁxzz,
K 1+ox (+0oX)
__ P By oBXy
mZ - * 9 nl - * *\2 0
1+ oX 1+ox” (l+oX)
px
n,=-a, n,= .
? * l+oX
(45) cucremaHuHT Xap UKKA TOMOHMra Jlamiac anMamTHpyInyg KysuiaHea,
0
$“X,(8) =M X (8) + 5“7, (0) + mye ™™ (X, (s) + f e, (t)dt) (46)

57X, (5) =X, (8) + 1, X, (8) +57,(0) + e (X, (8) + | e, (B)ct).

anreOpank cuctema xocun Oymamu, oynmaa X(t) =g (t) Ba Y(t) =¢,(t), te[-7,0]
OomnutanFuy maptiap. (45) cucrema BEKTOp-MaTpuliaiap TUIuaa
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AGS) X, ()21 (K (s)(22) n
X,(8) ) | k()

KYpuHHUIIIA E3u1aau, Oy epaa

A(S) :{

s“—m, —m,e—s
_r‘ll Sa_nz_nse—Sf

Ba
k(8)=5""0,(0) +me™ [ ep,(t)cl,

0
ky(5) =5" ", (0) + e ™ | e o, (t)dlt.

Keunkysnn auddepenipan TeHrmaMmanap Hazapuscura kypa, detA(s)=0

XapaKTEPUCTUK TEHIJIAMAHMHI Oapya WIAHW3IapU KOMIUIEKC TEKUCIMKHUHT Yall
APUM OYMK coXacura Teruiuim, sbuu Re(s) <0 6yiica, HOIb ednuM TYpFYH OVIMIIN

MabJIyM.

“Monoa-XonaeiH  (yHKIMOHAN  pEaKkIuscura MOC  Kacp-TapTUOIH
KEUUKYBIU “‘Vroca-uupmyuy’ CHCTEMAHUHT TYPFYHJIUTH MAaKOJIaCHla Ma3Kyp
MOJICJTHUHT sTHa OMp BapuaHTH TaJAKUK dTWIraH. by Xonaa rerunum cucrema

u X(t ox(t)z(t—r

Dx(t) = px((L- ) - XWAZD),

o+ pX()
cox(t)z(t - r)
D7y (t) = — (& + 1)y (0), (48)
@+ px(1)
D“2(t) = kY(t) - 1,2(t),

kypunuira sra oynamu (X(0)=x,>0, y(0)=y, >0, z(s)= y(s) >0, se[-7,0]-

oouutanruy maptiaap, y(S) cuwumk ¢ynknusa, D Kamyro mMabHOCHIArd o -Kacp
TapTuon xocuina,0 < o <1. Cucrema napaMmeTpiapy yHUHT TapKUOUA Ba TUHAMUK
KypcaTKuuiapuHu udoaanaiim.

Teopema 7. Xap 6up (Xo, Yo»Zo) eQ:{(x, y,z) e R®:max{| x|,| y .| z|< K}}—
yuyH (48) cuctema ()coxaja siroHa e4umra sra.

(48) cucTteMa KeuMKyBCH3 MOJIENIaH (papKiu paBUIlAa ydTa Maxcyc HyKTara
sra: tpusuan E,(0,0,0) maxcyc Hykra, uptkuwiap conu (0 OynraH xojira Moc
abrcca yxuma érysum E, (K,0,0) maxcyc HykTa Ba 9HT KM3HK XOJI OYJIraH HYKH

M2

E,(x",y",z") mMaxcyc HykTa: y* = , X"Ba 2"

2 p((p+ﬁ(><))(1——) By ——K g,
(K + 1) 14,

KBaIpaT TEHIJIAaMaHUHT MycOaT mwigusnapu. E,(X",y”",z") Mmaxcyc HyKTaHUHT

ACUMITTOTUK TYPFYHJIUTH IIAPTIAPU KEATUPUO YMKAPUJIITaH.
Heiipon Typaapu OwiaH OOFJIMK Ke4yMKYBJM AupdepeHnnan
TEHIJIamMaJiap. XO03UPru BakTAa HEMPOH TypJjapu Ha3apUsCH KaJaall Cypbaryiap
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OunaH  puBOXJIAHAETraH  coxanapaaH  Oupumgup.  HeliponTtypnapuontux
AJIIEKTPOHUKA, TACBUPJAPHU KalTa UILIAI, KBAHT KypuiIMaiapu, MabIyMOTIapHU
¢bunpTpiail,  NCUXOJOTMK  HEWPOH  CHUCTEMAJapUHU  CIIATHOTEMIIOpal
aHaMM3McoXajlapuaa KeHI KyJulaHwiaérraHu cababmum Oy coxara KU3MKHUII
myTTacuii optub Oopmoxaa. Helponmap ypracuaa curHan aaMalIwirasja
KEUUKHUIIT MyXUM (akTopiapjaHn Oupu XxucobOjaHaau. Mwucon ydyH, Oupop
MOJieNiTa KEUMKYBIIM TabCUpP TETUIUIM CHCTEMaJa Xaoc €KUM TypFyH Oyiamarad
Xxapakartra kentupu0® uukapum MyMmkuH. Iy ca®abnm, KeyukyBiIM HEHPOH
Typiapuaa TYpPFYHJIMK MacajacH MyXHM axaMusiT kacO stamu. Kacp-taptubim
MoJeUIapHu OyTyH TapTHOIM Mojeiutap OuilaH CONMINTHPraHia, yiapAa YeKCu3
XOTUPAHUHT MaBXKYAJIUTH yIapHUHT acocuil ad3ammuruaup. Oxupru Huiapaa
HEHUPOH TYPIApUHUHT Kacp-TapTUONM Ba KEUYMKYBIM JHUHAMHUK CHCTEMAacu
Oupranukaa Kapajiral MOACIUIApUHU YPTaHUIIIMYXUM HaTHxkanap OepMoK/a.

Huccepranusina pean (U3MK Ba OHMOJNOTMK >Kapa€Hiaap MOJCIIAPUHUHT
TYpFYHJIMK, CHHXPOHJMK, JUCCHUIATUBIMK Ba OOLIKAa MyXUM Xoccajapu
Ypranuiajiu.

“KeunkyBnu Koxen-Kpocoepr BAM HeiipoH TYpiaapuHUHT TYpPFYHIUTH €0
HOMJIaHTaH 000Ja 4YeKCH3 BaKT Opajufyuja TYPFYHJIUKHH KagosaTIoBUU
HaTWKajap ojuHraH. byHnaJlanyHoOB (yHKIMOHaIM Ba ajreOpaHUHI OMp Heua
teopemacunan (Qoigananmiran. KeunkyBiun Koxen-Kpocoepr BAM welipon
TYpaapu Mojenu cudaruaa KyWnaara cuctemMa KapajiraH:

(0 ==, O4 O 06 )~ 3. 1 (7, @) = D5, (v, -, )
= = (49)

n n
y;(®) =—P;(y; ©OXQ;(y;) - Z R;i9: (X (1) — Z S;gi(x(t—o;))}
i1 i=1
oy epma i, j =12,...,n, X (t) Ba Y, (t)— moc paBumina t BakTmarm F, coxanwHr
i —Typnaru Ba F, coxamunr j—T¥ypraru xonar Qynkumsnapu, p;,P; —abctpakt
ynkumsnap Ba (;,Q; — Tesnuk Qynkumsmapu. f; Ba g; nap moc pasumina t
BakTaaru F, marm | —wHeiipon Ba F, maru i— HelipoH axTuBaius (GYHKIUSIIAPU.
(49) cucremana OGonutaHFUY KUHMMaTIIap Kylduaarnda aHuKIaHaIu .
X (8) = Vi (s), Yi (s) =, (s), se[-7.0].

By epma y=MaX..,.0{7.0;) Ba w;(). ¢() nmap [-7,0] opamina
AHUKJIAHTaH XaKUKU KUAMaTIM y3iykeu3 GyHKuusiap. (49) cucrema eyumiapura
MOC MaJieNl TypFYHJIUTH YUyH €Tapiiv MIapTiap KeATHPUO YUKApPHUIITaH.

Xorupaau aupepeHHAT TEHIIAMAJAPHU COHIM e4yuul. XOTUpailu
auddepeHnran TeHraManapia KeYnkyB KaTHAITaH!, ITYHUHT Y9yH OOIUTaHFIY
KUiMaT QYHKOUS KYpuHUIIMAA Oynranu cabaOiau, COHJIM €YUl Xallu-XaHy3
HUCOaTaH KyJa KaM TaJKUK OSTWITaH coxajapaaH Oupu Oynmbd KOJIMOKIA.

Huccepranusina xotupanu guddepeHran TeHrjamanap e4uMHra COHJIU
AKAHJIAIINIUUIAPHUA TONMIN Y4yyH Hoowkop Pynre-Kyrre wmeromunm Kysain
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METOJIOJIOTUSCHA PUBOKIIAHTUPWIITAH XaMJa Oy METOIHUHT TYPFYHJIMK XOCcaJlapu
YpraHuiIraH.

Kacp-taptubnu muddepennnan TeHrnamMalapHu COHJIM €4MIlra KeJjicak, Oy
MyaMMoO ¢dakaT CYHITH HWIIapJaruHa KyH TapTHOWra 4ukau. by HyHamuiina
X03Upua aupuMm ycyiiapruHa Takiud >Twiad. TaakukoTiaap MIyHU KYpPCATAMKH,
Kacp Taptubmu auddepeHnuan TEHrNIamanap €KUM  yMyMaH  HHTErpo-
muddepeHnran TeHriaMalapHid COHJIM €4YHIIl KOMIBIOTEpAaH KyJa KaTrTa XoThpa
tanab staau. Ly cababmm MMKOH Kajap caMapalid TaKpuOWM e4uil yCyJUIapHHU
unuiad yukum aon3apd Macananup. by 606ma xoTupanu, sbHU Kacp-TapTHOIHN Ba
KeunKyBIuaudpepeHnran TeHTIaMaJlapHd COHJIM CUUIITHUHT IapTCU3 TYPFyH
yCcyJjulapu Takiaug sTunagd. by ycymnmap TypFyHJIMK COXacH derapacura SKUH
KOWJAIraH HO3WK TaOMaTaM Macajajapra KyJlam Y4YyH XaMm  KyJlaujaup.
buprvnun waBOatna Bonreppa Tummmarn KEUYMKYBJIM WHTETpo-auddepenmman
TEHrJaMajlap YYyH COHJIA €UUIIHUHT SHTUM TEXHUKACH KUpUTWiIaAu. by TexHuka
TEeHIJIAMaHUHT auddepeHman KucMu yuyH Hoomkop Pynre-Kyrre mertonuuu
KyJUlall, WHTErpall KUCMU YYyH 3ca bynb KBaapaTypa KOHMJACHHU KYyJulallra
acocyaHrad. Xap MKKM KHCM XaM Y3 XOJu4a €Tapiiiya YpraHwiras, KymiaJa,
TYPFYHJIMK IapTiapu Axmu MabiyM. llyHra KapamacnaH, paBIIaHKH, yJIAPHUHT
KOMOUMHAIMSCH aJIOXU/A TAAKUKOT Tanad Taju.

[Iynnait Kuauo,

y'(t)=f(ty(),y(t _T)’J:(t) g(t,s, y(s))ds), fort=>0,
y(t)=¢(t), t<0,

uHterpo-nuddepenunan tenriama yuyH Ko macanacu Oepuiiran OyicuH, Oy
epaa 7 y3rapmac mycoar con. @opmynanaru unrerpan a(t) =0 6yaran xonma (50)

(50)

TeHIraMa derapananmarad keunkysid, a(t) =t—7 Oymramma sca uerapajiaHran
KeunKyBIu 16 roputwiaagd. f,J ¢ydkuusiap Oapua aprymeHTIapu Oyitnua
erapinya cuutiK Ba @(t) bonutanruy GyHKIUS y3nykens 1e0 dapas KuruHaau. (2)
TEHIJIaMaHU COHJIM €Yull yuyH HadakaT KapajaéTraH TYp HyKTajlapuia €4MMHU

t
SKUHJIAIITAPUIN, Oaaku, ynapJaH Talmlkapujaardn HyKTajlapia L(t) g(t,s, y(s))ds

uarerpan xagau Ba Y(I —7) xeuukyBiaM XagHM SKUHIAIITHPHIIL JO3UM OYiaw.

(50) macananu COHJIM €UUITHUHT Oy epna Takiaud STuinaéTraH TeXHUKAcHra Kypa
JacTaBBall

h+chy
L=[""" gt.s.y(s)ds

a(ty+cchy)
WHTErpajra KBajaparypa GopMyinacH KyJjaaHaau, CYHT
A={0<t <..<t, <..<t =T} typra mMoc Pynre-Kyrra MeTOIUHHHI HOOIIKOp
CXEMacHura MyposkaaT KAJINHA/IN:
S
yn+1 = yn + hnz brKr:+19 (51)
r=1

Oy epma K! ., xoaddurieHTIap
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r-1
Kra=f(t, +ch,@=V,) Y, +V, Yo + 0D XKLLy, +ch —7),1).  (52)

-1
dbopmyna OnsiaH aHWBUTAHAIH.
AManué€Taa SHT KT KYyJJIaHaIuraH TYPTUHYN TapTHOJIN (S = 5)III/ICerT HOOILIKOP

Pynre-Kyrra cxemacu kyiunaru batdep »kanBaiu OuiiaH aHUKIaHAH:
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KOxopuna Tabkugnanranujek, (50) macanaHu COHJIM €YUII YYYH JUCKPET
Hoomkop Pynre-Kyrra cxemacu erapmm smac. Makcaara spUIIMIn y4yH Typra
KHUpMaiiIuraH HYKTaJIapHU XaM Kapaml Kepak. by kyHupmaru >xajgsan OwuiiaH
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1

b,(0) = —2—2849(120093—2714492+1785¢9—228),
b,(0) = L 2120007 — 20860+ 843),
228
b,(0) = 2 020406 — 860 + 49), (53)
171
b,(0) = _ 2 02400 — 740 + 31)
‘ 171 ’
b(0) = —%92(29—3).

Taxnaud >TUATaH COHIM €YUl METOAM TYpPFyH Oymuiu, macana Oupk (stiff)
OyiMaran xoJuiapaa XxaM KOHUKapJiM HaTWkKa Oepullr Oup Heua Mucojga cuHad
KYpWJITaH.

“Kacp TapTuOnIM KEUYMKYBIM MapabOIMK TypAarn XyCyCHUH XOCWJIalld
nuddepenennran TeHriaManap yuyH Xxuco0Jaiil MeTojiapu’”’ MaKoJiacuia

o“u(x,t)
——>>=F(t,u(xt),Lu(x,t),u(x,t - 7)), xe Qt>0, O<a<l (54)
KYpUHHUILIATM TEHIJIaMa Kapairad, Oy epaa F y3mykcu3 ¢yHkius, t—7z <t Ba L
(da3zoBuil KOpauMHaATanap OylnYa SJUIMIOTUK OINEpaTop, KEUYMKYB MapaMeTpu 7
ysrapmac, € Bakr (ynkmmsacu 7(t) éku xarro xomarra Gormuk 7(t,Y) GyHkims

OYIUIIM MYMKHH.

Mucoun tapusiacunia ONJ] Bupycu roktupuiran CD4+T Genrunu xyskaripanap
OwyiaH OOFJIHMK CapaTOH-UMMYH CHUCTEMAaCHHUHT Kacp TapTuomnu auddepeHiman
TEHIJIaMa KYPUHMIIUJIATH MOJIETTM COHJIM TaxJIMJI yCylu OwiaH ypra"wirad. by
ycyn Kamyto MabHOCHMIaru « TapTUONIM Kacp XOCHJIa Ba HOOIIKOp Jiiep
SAKAHJIAIIMIUIAPA BOCUTACK/IAa aMaJira OLIUPUIITaH.

KeuyukyBan nuddepeHunan TeHrjiamMaaap y4yH mapaMeTpuk OaxoJiamn
Ba CE3rUPJMK aHAJAU3U. by OVIuM Ma3sMyHU XyJau Iy HOMJArd MakojajaH
Tamikui Ttomrad. by epna ram auddepeHunan TeHrjiamanap Ha3apUsSCHHUHT
TeCKapu Macajacu yctujaa Oopanu: y jauddepeHnuan TeHIJiamMa e4uMu
TYFpUCHAAT MYyalssH MabJIyMOTJap acocujia TEHIJaMaJard mnapameTpIapHUHT
MOC KUWMATHHU TONUIN Macaiacuiaup. bynna tabumii paBuimiga nuddepenunan
TEHrJaMajiap Y4yH CE3TMpJIMK XOCCacH ko3ara YuKaau: mapameTpIapHUHT KUYHK
V3rapuim Kaid Japakajia TEHIJIamMa Xoccajapura TabCUp KWIMIIMHU OaxoJialll
go3uM Oymammu. Jluccepranusanma Oy wacamamap KeukyBiau auddepeHmman
TEHrJaMaliap y4yH YpraHuiiras.

[yngait kunub, mapaMmerpiapra OOFIMK TaWWH TEHIJIAMallap CUCTEMAacH
Ooepwiran ne0 ¢dapa3z kunaimmk. CuctemManu Ky3aTuO, MyailstH MabIyMOTJIap
TYIUTaHIU. ATap MabIyMOTJIap MYTJIaK aHUKJIUKIA WUFUITaH OYIica, Macaia aHda
comna Oymamu. AMMO Xap KaHmail ymdamn TaKpuOWil OYnmuIm, yidam skapaéHura
TYpJIM OMIJIJIAP TabCUP KWIMIIM XM MabiayMm. Kynunua Oy omusiap Tacoauduit
Tabuatiau OYau0, yJapHUHT yadalira TabCUpPU TaKCUMOT (DYHKIUSICH OWUJIaHTHHA
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Oepunumu MyMKWH. by OMWIHM X#MCOOra OJUIN CTOXaCTHK KEYHKYBIIH
muddepeHMan TeHriama TyIryH4acura oiauo Keau:

y'(t) =f(t,y®).,y(t-7);p), te[0,T]
y(t) = l//(ta p)’ te [_Ta 0]
By cucreMa cuum TS"FpI/ICI/II[a JKaMJIaHT'aH {t j ,Y ji }JN:]_ Ky3aTyBJap Ma)XMyacHu

(55)

acocuzia p € R" mapameTp xuiiMaTHHM 6axoaml MacanacH ydyH MoJelb 6ia
onamu. (55) cucremana f BexkTop QpyHKIMs Oapya apryMeHTIapu Oyirda eTapimda
cumuk, Y(t) e RY, y(t—7)eR", peR".
Magxxya €HanmyBiapal OMpy — €4UM KUIMATUHU YiT4all HaThKajJapu
Y; =Y,;(t) + o8 (56)
Kypunuiiga ned dapas Kummigan udopar, OyHna &; — l'ayce Takcumorura sra

Vy3apo Oornuk Oynmaran tacoauduit karranukiap (“OK MIOBKUH). DXTUMOJIUN
MAaKCHMYM IPUHIIMIIUTA Kypa

LI 13 [yj(ti;p)_Yij]z
@d(P) :izﬂ:gi . (0)e, EN;; 261-2 :

Oaxonaml GyHKUMSICUHU P OYlirnya MUHUMAJUIAIITUPUIL, SbHU

®(p) =mind(p) = max L (p) (58)
Macana xocun Gymanm, 6y epra L(p) =[exp(—¢; / 207)]/ (2707 .
Slna Oup €nmamrysra kypa (57)
133 2
. (p) =2 2. [log y, (t.p) ~log¥, [/ 207 (59)

i=1 j=1

(57)

6axomnam dyskiuacy onmuHamy (6ynma y' (t,p) >0 meran mapt Kyinmamm).
®(p) pyHKLMSA MUHUMYMH MAaTEMATHK ONTUMAUIAIITHPHIIAA KYJJaHaIuraH

ycyJulapian Oupu OuiaH TONWIMIIM MYMKHH. TErMuuid MUHUMYM HYKTacu
Kapana€Trad MacaJlaHUHT €4UMH OVI1aiu.

“KeunkyBIM AMHAMUK CUCTEMAJIap YUYH CE3THMPJIMK TaxJIMIIK Makojacuia
IOKOpUJAard MAacaJaHUHT JaBOMHM — CHUCTEMaHUHI TMapameTp Yy3rapuuuiapura
HUcOaTaH Kail Japaka/ia peakiusi KNI Ypranuwirad. byHaa mapaMerp TepMUHH
OJIaTHAruJlaH KeHIPOK Tap3/a TYIIYHWIWIIA MYMKHUH: TEHIJIaMaJa KaTHAIIyBYd
COHJIM TapaMmeTpiap, OOIIKapyB TMapaMeTpiiapd, KEYHKyB IapaMeTpu Ba
oowmkanap. “byHnaii mapaMeTpIapHUHT KUYUK Y3rapuilld CUCTEMaJla KaHIail aKc
3Taau?’”’ JeraH caBoOJ KaTTa amajvuid axaMUTra 3ra SKaHJIUTHU paBlIaH. MaKoJIaHUHT
0ol Makcaid — KEYUKYB IMapaMeTpUHM Y3 H4YMra oOJIaJuraH MaTeMaTHK
MOJCIIJIAPHUHT CE3TUPJIMIY TYFPUCUAA YMYMUN Ha3apusHU 0a€H KWJIMIILAMD.

Kyiiuparn nuddepenunan Ttenrnama OunaH TaBcuIaHAAUTaH MOJEIb
KapaJiaJin:

y' () =ft,yt),yt-o).ut).utt-o),p), 0<t<T, (60)
y®) =¥ (t.p), te[-7.0). y(0)=y,eR’ (61)
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u(t)=d(t), te[-o.,0), u(0)=u,eR", (62)

by epma f Bextop-dyHkums erapimua cmnmk, Y(t)eR" |, y(t-7)eR",

ut)eR™, ut—-o)eR™, peR', rBa omycOar connap; V() Ba @(t) - Oepunran

y3nykens Qyakmusiaap. (60) remrmamana U(t) Gomkapys mapamerpu cudaTtga

KatHamuo, [—o,T] opamukaa aHUKIAHTaH Y3JIYKCH3 KHCMIIM  (YHKIHMsIIap
cuH(pura mancy6. Maxkcan QyHKIIMOHaIN

J(u) = Fo(y(T)) + Jj F(ty(0),y(t—7),u(t),u(t - o),p)dt, (63)

KYpUHUILA TaHIaHUO, YHUHT MUHUMYMUHH U3J1all Macanacu Kyiunaau (F, Ba F

— y3ayKcu3 QyHKIUsIIap).
Makosnana (60—62) cucteMaHUHT ce3rupiuK KoddpuimeHnT cudaruaa

o (1)
Sij (t) = Ta (64)
j
KaTTaJIuK TaKJII/I(I) 9THJITaH, 6yH11a (04 i CUCTECMAaHUHTI pj ImapamMCcTpu €K KCUYHUKYB

napamerpu 7; , €ku Y;(0) Gommanruu KuiimarinapHu KaOyn Kunamu. SIkyHumii

Ce3rMpJMK Japakacy dca Y:(t) HuHT TYIMK Bapuanuscuian uoopat Oymaiu:

oy, (t)
Sy (t)=> =126a, +0( al). (65)
T Oa

by dopmynaga OomkapyB MapaMeTpJIapUHUHT  Y3rapuiiy  xucoora
OJIMHMAaraH. CHCTeMa CGBFI/IpJII/IFI/IHHHF 6y KHUCMHU Kyﬁw:[amqa 6aXOJIaHI/IHII/I
MYMKI/IH:

pen =28 e (66)
Uj
SIKyHUI Ce3rupiuK gapaxacu

Sy (t) = Zjo %&j(t)dt, t<t". (67)
J j
TYJIHK Bapualus OuiaH 6axoaaHaau.
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XVJOCA

TaaKUKOTHUHT acOCHUii HaTWXKajlapu KyluaaruiapjaaH noopar.

1. buocucremanap AMHAMUKACUHM TaXJIUJIU YYyH OJJIMHA Ba TaKCUMJIAHTaH
KeUMKyBUM nud@epeHiman TeHriaMaiap, Kacp TapTHOIu oaauid xamja Kacp
TapTUOJIM XYCyCHl XOCHJIaJli TEHrjamajap BOCHUTacHaa SIHTM MaTeMaTHK
MojIeIIap KypHUIiraH.

2. Bakr OVyiimua KeyuKuIl XucoOra OJIMHIaH MaTeMaTHK Mojeiap Oy
OMIJIHM XHCOOra oOJIMaraH MaTeMaTHUK Mojeiiapra HucOaTaH >KapaéHIapHH
AHUKPOK aKC STTUPUIIH KYpCaTUJITaH.

3. KeunkyBmu nuddepennman TeHrIaMaiapHd EUYHUIIHUHT  CcaMapaiu
ycymnapu, kymiamad, Pyare-Kyrra metonu ydyH HOOIIKOp cXemanap wWiniad
YUKWAJTaH, COHJIM METOMJIap TYPFYHJIWTHHU TabMUHJIOBYM SIHTH KPUTEPHIAIAP
TOTIMJITaH.

4. MaremMatuk MOJCJUIAPHUHT TIapaMmeTpiapu Ky3raTwira€ga Ba '"OK
IOBKMH" Tap3ujard Tacoauduil dYernamumnuiapra HUCOATaH CE3TUPIIMTUHU
Oaxosaiil ycyau UIiad YMKUJITaH.

5. MeMm0Opananiu BAM-HelpoH TYypiapu, KOMIUIEKC KUWMATiId HEHUPOH
typrnapu, Koxen—KpoccOepr HelpoH Typiapu Xamaa Kacp XOCHJIANKW HEHPOH
TYpJIapy Y4yH CUHXPOHJIAIITUPUII, TYPFYHJIUK Ba JUCCUMATHUBIMKHU TEKITHUPHUIII
yCyJulapy Uiuiad YMKUJITaH.

6. Koxen-Kpoccoepr BAM-HelpoH TypiapuHu TYpryH Oyimaran XoJjaa
CTAaOWIITAIITHPHII AJITOPUTMH KyPHJITaH.

7. KeunkyBmu ontumal 00mkapyB mMacanagapu [[OHTpATHHHUHT MaKCUMyM
MIPUHITUITMHYU KYJUTaIll OPKAJIA CYUJITaH.

8. VcHMTa-MMMyH  CHCTGMACHHHHI  XHMHO-UMMYHOIOTMK  TEpaIus
HaTWKACUJaru JTWHAMHUKACH YYyH KEYUKYyBIW sauddepeHnnan TeHTIaMa
BOCHTACHIa MaTEMaTHUK MOJEIJIap KypUJITaH.

9. Kacp-taptubiu  capaToH-UMMyHHTET cuctemMacu Ba  Salmonella
UHDEKIUACH JIUHAMUKACH YYYH Kacp-TapTubiu auddepeHnuan TeHriamanap
Hoomkop Pynre-Kyrre meronu €épaamuia COHIM €UUIITaH.

10. 'enmatutr C BUpycH AMHAMHKACH YYYH MapaMeTpUK OaxoJiall macaiacu
CUMJITaH.

11. KeuukyBnu Kacp-TapTuOIu “YIpKa-UMpTKUY CHUCTEMACUHUHT
TYPFYHJIUTH TEKIIAPHUIITaH.

"
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INTRODUCTION (abstract of the DSc thesis)

Actuality and demand of the theme of dissertation. In the world differential
equations with delay argumentation, including differential equations of fractional-
order, are concepts widely used in mathematical modeling of natural sciences and
real processes in technology. Differential equations with memory are the object of
research in the field of biological populations, modeling and mathematical
modeling of biochemical processes in organisms in epidemiology, immunology
and physiology. Differential equations with delay arguments serve as the basis for
modeling biological, chemical processes and neural networks, as well as
identifying and treating psychological illnesses. Therefore, the study of
mathematical models, which are expressed by delay differential equations and
fractional-order differential equations, remains one of the most important tasks of
such fields as technology, chemistry, biology and ecology.

The study of mathematical models in the form of differential equations with
all the major processes in the world such as medicine, biology and biotechnology
is one of the pressing issues. In a differential equation representing the
mathematical model, one or more parameters, in particular, the delay involvement
of the unknown functions and their derivatives, are practically natural phenomena,
and this is important because it allows the model to be approached to the original.
Differential equations with delay argument and fractional differential equations are
widely used in the study of the dynamics of populations in biology, in the study of
systems representing differential equations such as neural networks in the field of
epidemiology, immunology and physiology in modeling of biochemical processes
in organisms and techniques. Due to the selection of delay parameters, the model is
to be brought closer to natural processes and some extent it is a scientific study
aimed at controlling it.

Particular attention was paid to the modeling and management of ecological
processes in the Republic of Uzbekistan and United Arabic Emirates, which have
scientific and practical application of fundamental sciences, actual aspects of
multidimensional dynamics and mathematical modeling. In this regard,
mathematical models in the form of delayed dynamical systems and functional
differential equations for complex objects such as biological and chemical
processes, psychological illnesses have been built, and significant results have
been achieved in determining their properties. Scientific research at the level of
international standards in the areas of "Functional analysis, differential equations
and mathematical physics, applied mathematics and mathematical modeling" is
defined as the main tasks and areas of practical mathematics. Mathematical
modeling and quantitative analysis of processes in porous elastic environments are
crucial in the decision-making process.

The Low of the President of the Republic of Uzbekistan dated February 17,
2017 "On Measures for Further Improvement of the Academy of Sciences,
Management and Finance of Research Work, the low published February 8, 2017
with No. PF-4947 and the Federal Law No. 4 of the Ministry of Higher Education
and Research of the United Arab Emirates in 1992 and other normative-legal
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documents relating to these activities. This dissertation research will serve to a
certain degree to accomplish the tasks.

Dependence of research to priority directions of development of science
and technologies of the Republic. This study was conducted 2010/96 "Actual
sciences" in the United Arab Emirates and IV. Scientific-technical programs
"Mathematics, Mechanics and Informatics” in the Republic of Uzbekistan.

Review of overseas scientific investigations on topic of thesis. Research

on the qualitative properties of mathematical models with differential equations
with fractional order and with memory is going in leading world higher education
Institutions and research centers, including Cambridge, Manchester, Liverpool,
Oxford University of Charleston, Edinburgh, Chester Universities (UK), Orlando,
Florida, Universities (USA), University of BAA (Al-Ayn), Sultan Qobus
University (Oman), Martin Loter University (Germany), American University of
Sharjah (UAE) Yildiz Technical University (Turkey), United Arabic Emirates
University (Abu Dhabi), Aegean, Karlovassi, Samos (Greece), Zayed University
(BAA), Amsterdam University (Netherlands), Melbourne, Queensland Universities
(Australia), Russian Institute of Computational Mathematics (Moscow), Institute
of Cybernetics (Ukraine), Perm Scientific Center of Ural Branch of Russian
Academy of Sciences (Perm), Institute of Integrated Informatics Problems of the
National Academy of Sciences of Belarus (Minsk), Institute of Mathematics,
Bukhara State University (Uzbekistan).
As a result of worldwide research on the solution of delayed dynamical systems
and functional differential equations, the development of methods for solving the
boundary problems for them, a number of scientific findings have been made:
mathematical models of biological and chemical processes (Manchester
University, UK) ; The basics of the mathematical models of the treatment process
on the basis of the database gathered in the large medical clinics were studied and
the adequacy of delayed and discrete differential equations was studied Institute of
Computational Mathematics, (Russia), and developed practical recommendations
for late bifurcation and cyclic solutions in the latent differential equation that
simulates the process of human CD immunodeficiency virus infection (CD4
lymphocytes) Grandhigram Rural Research Institute, Deemed University, (India).
A distinctive fractional equation for modeling the dynamics of the distribution of
Ebola fluctuation has been proposed, and its solutions have been studied, the Hopf
bifurcation has been investigated, and the properties of trajectories have been
determined for some values of the system parameters using the alternative solution
methods (Bharathiar University, India).

Research is being carried out in a number of priority areas in the field of
Differential Equations with memory, which form the basis of mathematical models
in the fields of medicine, ecology, biology and biotechnology, in a number of
priority areas for the development of methods and means of solving and
implementing boundary problems, including:
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to investigate a wide range of mathematical models in the form of
differential equations with the whole and fractional delay, and to define them
unmatched differential equations comparison;

to show that it possesses an excellent mathematical structure as a dynamic
system; development of methods for solving new problems and solving new
solutions for the stagnation of solutions of delayed and fractional differential
equations;

to construct algorithms and software for solving boundary value problems
for delay differential equations with integer and fractional-order.

Degree of scrutiny of the problem. The existence, uniqueness, and
continuity of the solution for differential equations with delay are investigated by
the founders of this theory: V. Walterra, J. Hail, and N. Krasovsky. Such results for
larger classes were obtained by L. W. Neustadt, A. Tixonov, G. Jones, M.A.Cruz,
C.V.Coffman, J. Shaffer, J.Yorke, J. Dugunji, A.Halanay. Linear differential
equations with time delay are especially well-researched. The main results in this
direction are investigated by A.Mishkis, R.Bellman and K. L.Cooke, J.Hale and K.
R. Mayer, D.Henry, A.M. Zverkin, G.A.Kamensky, S.B. Norkin and L.E.Elsgolts,
W.R. Melvin. Continuing the solution in the application of nonlinear equations to
the technique is learned by J.Hale and Hastings, W. M. Oliva, J. C.Lillo.

Despite numerous studies on the theory of delayed differential equations,
there are still many unsolved problem in this area. The delay in starting the study
of differential equations has primarily caused practical needs. Over the past few
decades, the application of computer technology in modern biology, chemistry,
medicine and other fields has been gaining momentum, and hundreds of articles
have been published monthly in this field. Some of these studies are reflected in H.
Smith's scientific research.

At present, in many scientific centers are being investigated research on
differential equations with memory. Z. Wang proposed numerical methods for
construction an approximately solution, S.Bhalekar studied the problem of stability
and bifurcation for these equations, which examined the discrete scheme of
differential equations with Chen’s fractional-order, G.C. Wu and D. Balianu
studied Fyurxolst's logistic equation, Wang and J.Yu have found chaotic
trajectories in the logistic equations system. A. Si-Ammour, S. Djennoune and M.
Bettaib proposed the method of solving the control problem, S. Bhalekar, V.
Daftardar-Gejji, D. Balenu and R. Magin, investigated the delay argument in
fractional-order Blox equation, Y.Q. Chen, and |. Podlubny were applied
Lyapunov function methods.

The connection of the topic of the thesis with research work of the
higher educational institution, in which the thesis is carried out. Dissertation
research is carried out by the Institute of Mathematics of the Academy of Sciences
of the Republic of Uzbekistan (OT-d4-84) "Discrete-method for polynomial
systems and its modeling in cyclic and control processes™ (2017-2020) and SQU /
UAEU "Delay Differential Models of Immune Response With Viral and Bacterial
Infection in an Organism "(2017-2019), UPAR" Mathematical Models for Kinetics
of Coronavirus Infection in Humans "(2015-2017), NRF" Delay Differential
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Models in Immunology and Infection Diseases in an Individual "(2011 -2016)
within the framework of fundamental projects.

The aim of the research is to construct mathematical models in the form of
delay differential equations with integer and fractional-order, to obtain new
adequate conditions for the stability of the solution of delay and fractional
differential equations, to develop numerical methods and to design computer
programs.

Tasks of the research work:

to prove the stability of the solutions of delay differential equations and to
find bifurcations;

to develop numerical methods for solving the Cauchy problem for delay
differential equations;

to estimate the sensitivity of differential equations with delay parameter;

to compare the models of a particular process using a simple and delay
differential equation, based on observations;

to develop the Lyapunov functional method for analyzing the stability of
solutions of delayed and fractional-order differential equations;

to develop and to analysis of the mathematical model of influenza
distribution, growth dynamics of cancerous tumors, transmission of hepatitis using
delay and fractional-order differential equations;

application of delay and fractional-order differential equations to modeling
of neural networks.

The research object consists of processes in biology, ecology, medicine,
and neural networks modeled with differential equations of memory.

The research subject of the study is qualitative and quantitative aspects of
delay and fractional-order differential equations and their applications to natural
sciences and techniques.

Research Methods. In the thesis we have used modern mathematical
modelling, theory of dynamic systems, theory of bifurcation, theory of integral
equations, methods of Lyapunov functions, Pontryagin’s maximum principle,
numerical methods for solving the Cauchy problem, Batcher tables for the Runge-
Kutta method, the fractional-order derivatives and integrals, Lotka-Volterra
models, computer modeling.

The scientific novelty of the research is as follows:

New mathematical models have been constructed using ordinary and
distributed delay differential equations, ordinary fractional-order and fractional-
order partial differential equations for the analysis of dynamics of biosystems;

It is shown that mathematical models, which are considered with delay
parameter, are more accurately reflective than the mathematical models, which do
not take an account of this parameter;

effective methods for the solution of delay differential equations, including
the implicit schemes for the Runge-Kutta method are constructed;

new criteria to provide the stability of methods are found;
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a method of assessing the mathematical models’ sensitivity to the
perturbation of the parameters and to the "white noise" random errors are
developed,;

methods of synchronization, stabilization and dissipation analysis for
membranous VAM neural networks, neural networks of complex value, Kohsen-
Crossberg neural networks and fractional derivative neural networks are
developed,;

algorithm for stabilization of unstable Kohsen-Krossberg's VAM-neural
networks are constructed.

Practical results of the research were used to determine the dynamics of
growth of dangerous tumors and the spread of infectious epidemics, the creation of
advanced mathematical models of biological and medical processes, such as
populations of "predator" populations genetic system, and the calculation of
optimal treatment modalities for viral diseases.

The reliability of the results of the research. Theoretical results are
presented in the form of theorems, strictly proved and the differential equations
with memory, which are the main part of the dissertation volume, are analyzed on
the basis of the data obtained from the practice and are more adequate to classical
mathematical models. In particular, the reliability of the patterns of disease
dynamics has been proven by comparative analysis with the results of clinical
trials.

The scientific and practical significance of the results of the research.

The scientific value of the research results is based on the improvement and
justification of the currents of the two-phase porosity and the mathematical models
of the processes of heat-mass metabolism, and the laws, techniques and mechanics
equations for the preservation of research works before and after the analysis of
specific practical problems of oil and gas mechanics joint implementation.
The practical significance of the results of the research will serve to solve the
problems of oil and gas industry, development of heat energy, innovative wave
technologies, forecasting of filtration properties of hole collectors and optimization
of their process, and improving the models of technological processes of
hydrocarbon deposits.

Implementations of the research results. On the basis the results of the
qualitative and quantitative aspects of differential equations with memory and
numerical solutions of boundary value problem for delay differential equation:

Numerical methods for solving nonlinear delay differential equations used to
prove the stability of solutions of delay differential equation in the “Simulation of
Radiation Effects in the Central Nervous System” under the number 301 (Cairo
University Version 1, 2018). The scientific results give an opportunity to construct
the method for casting a physiological delayed process of patients diseased with
tuberculosis;

mathematical models, and the method of assessing the vulnerability to
"randomized"” behavior in the form of "white noise™ was used for the parametric
evaluation of hepatitis virus hepatitis virus in the "Epidemiology of Swine
influenza HIN1 pandemic” grant project 2009/2010 (United Arab Emirates, May
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14, 2018). The use of scientific findings has allowed the development of
recommendations for predicting the spread of HIN1-type pandemic influenza.
The synchronization, stability and dissipative methods is used for mathematical

modeling of the immune process for VAM-neural networks, complex-valued
neural networks, Kohsen-Krossherg’s neural networks and fractional-order neural
networks (the Institute of Computational Mathematics of the Russian Academy of
Sciences, No. 10256/75 of April 13, 2018). The use of scientific results allows
classifying the database as a result of clinical trials;

algorithm for stabilization of Kohsen-Krossberg VAM-neural networks in foreign
scientific journals (Hindawi, Complexity, Volume 2017, Article ID 6875874, 13
pages, Neural Processing Letters, Springer, 2018, pp. 1-19, Journal Neural
Networks, vol. International Journal of Dynamics and Control, 2018, pp. 1-9,
Numerical Algorithms, Vol. 79, Issue 1, 2018, pp. 1-9) Riman-Liuvill VAM with
impulsive and delay fractional-order used to prove the existence and global
asymptotic stability of hybrid neural network. The use of scientific results to the
development of global asymptotic strenuousness equilibrium solutions based on
the parameters of the VAM hybrid neural network;

differential equations for simple and distributed delay for the analysis of biosystem
dynamics, mathematical models constructed by simple fractional-order ordinary
and fractional-order equations in foreign scientific journals (Journal of Inequalities
and Applications , 2014, pp. 1-14; Applied Mathematics, No. 8, 2017, 1715-1744),
Nonlinear Science and Numerical Simulation, Vol. 39, 2016, pp. 396-410) used to
manage the system's bifurcation. The use of scientific results has enabled effective
control of Hopf bifurcation for the predator system.

Approbation of the research results. The results of the study were
discussed at 32 international and 36 regional scientific and practical conferences.
The dissertation was discussed at the joint scientific seminar of “Algebra and
Functional Analysis” and “Theory of Dynamical Systems” sections of the Institute
of Mathematics of the Academy of Sciences of the Republic of Uzbekistan and at
the scientific seminar "Mathematical Physics” of the National University of
Uzbekistan.

Publications of the research results. On the topic of the dissertation 33
articles are published, included in the list of scientific publications proposed by the
higher attestation commission of the Republic of Uzbekistan for the defence of the
doctoral dissertations.

Volume and structure of thesis. The dissertation is prepared in the form of
English scientific lectures and consists of 76 pages.

MAIN CONTENT OF THE DISSERTATION

Differential equations with memory such as delay differential equations
(DDEs) and fractional order differential equations (FODEs) is a class of

differential equations that have received considerable attention and been shown to
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model many real life problems, traditionally formulated by systems of ordinary
differential equations (ODESs), more naturally and more accurately. Such classes of
DDEs and FODEs are widely used for analysis and predictions of systems with
memory such as population dynamics, epidemiology, immunology, physiology,
neural networks and other biological and physical systems.

In most of biological and engineering systems, time-lags or time-delays exist
intrinsically. Therefore, modeling of such systems by differential equations with
memory, represented by time-delay or derivatives with fractional-order, has more
advantages than models without memory. The presence of time-lags (time-delays)
or/and fractional-order in the differential model improves the stability of the
solutions and enrich the dynamics of the model. The fractional-order derivative is
related to the whole space for a physical process, while the integer-order derivative
describes the local properties of a certain position.

The central aim of this work is to provide a wide range of delay differential
equations with integer and fractional-order derivatives, and show that they have a
richer mathematical framework (compared with differential equations without
memory) for the analysis of dynamical systems. This dissertation consists of 7
chapters, organized as follows: In Chapter I, we give a briefer introduction for the
dissertation. In Chapter Il, we study qualitative analysis of delay differential
equations with applications in biosciences. In Chapter Ill, we discuss delay
differential equations with fractional-order and their applications. In Chapter 1V,
we study qualitative analysis of delay differential equations with neural networks.
In Chapter V, we provide unconditionally stable numerical schemes for differential
equations with memory, which are suitable for stiff and non-stiff problems. In
Chapter VI, we study parameter estimations and sensitivity analysis of differential
equations with memory. In Chapter VII, we conclude.

Originality of the Work. Physical and biological systems have complex
nonlinear dynamic behaviors, and studying stability, bifurcation properties, are
essential for ensuring safe applications in the real world. The time-delays should be
incorporated into biological systems to describe resource regeneration times,
maturation periods, reaction times, feeding times, gestation period, etc. However,
time-delays and fractional-order gain the model greater degree of freedom and
consistency with the reality of the interactions due to its ability to provide an exact
description of the nonlinear phenomena. Through mathematical modeling and
theoretical investigation of the underlying dynamic behaviors of physical and
biological systems, effective control schemes can be designed and validated.

To provide realistic mathematical models for problems with time-lag or after-
effect, we should consider retarded functional differential equations (RFDEs), in
place of ordinary differential equations (ODES), such as:

y'(t)=f (t, Y. (et y®). [ Kt.s.ye). y(s))ds), t=t, 1)

where «a(t,y(t)) <t and y(t)=w(t),t<t,. Such retarded equations form a class of

equations which is, in some sense, between ODEs and time-dependent partial
differential equations (PDEs). These equations generate infinite-dimensional
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dynamical systems. RFDEs (1) where the integral term is absent are usually called
delay differential equations (DDESs) and they assume forms such as

y'(t) = (ty(), y(at, y(1)), et y) <t (2)
Neutral delay differential equations (NDDES) are defined by equations of the form
y'(t) = T (L y(©), y(e(t, y©)), Y (BE yO), 3)

where «(t,y(t)), At y(@t)) <t . The introduction of the “lagging” arguments
a(t,y@t), B(t, y(t) is to reflect an “after-effect”; consider (as an example of a time-
lag) the gestation period in population modelling.

The concern in this work is to study the role that time-delay and fractional-
order of time derivatives play in modelling systems with memory. The main aim is
to show that the differential equations with memory such as DDEs have a richer
mathematical framework (compared with ODESs) for the analysis of biosystem
dynamics, and display better consistency with the nature of the underlying
processes.

Problems Addressed:

We study qualitative and quantitative features of the following types of differential
equations with memory:
I- Parameterized DDEs:

y (1) = (ty@), y(a®), y'(a®).ut).u(Bn). p).t >t

y(t) =y (t,p), y(t) =y'(t, p).ut) =d(t) t<t, )
Here y(t) = y(t, p,u), a(t)<t, B(t)<t.
[1-  Optimal Control Problem Governed by DDEs:
max J (x,v) =¥ (x(t,)) + .[;f L(t, x(t), v(t))dt, (5a)
subject to the DDEs
X'(t) = f(t,x(t), x(t—7),v(t)), te[0t,] (5b)
x(t) = ¢(t), te[-7,0] (5¢)
with control constraint(s)
a<v(t)<b te[0t,] (5d)
and state constraint(s)
x(t)>c te[0t, ] (5e)

J is called objective functional and the integrand, L(,) is called the Lagrangian of
objective functional. Furthermore, a and b are called the lower and upper bounds.
The function v(t) is called an admissible control iff it fulfills the inequality
constraints (5d).
I1l-  Time-Fractional Delay Partial Differential Equations:
o”“u(x,t)
ot

where F is a continuous function, t—z <t (the condition on t—z—>w as t >x),
and L is elliptic in the spatial-direction. = could be a constant, a function of time,
z(t), Or even state dependent, z(t,y).

= F(t,u(x,t), Lu(x,t),u(x,t—7)), xeQt>0, O<a<l (6)
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Specializing the right hand side of (6), gives a time fractional diffusion
equation with a delay argument
o“u(x,t) _ du(x,t)
=a
ot ox’
Taking a=1 in (7), yields the classical model of delay parabolic partial differential
equation (DPPDE), with positive constant time-lag ¢,

+bu(x,t—7),a,beR, (7)

ou(x,t) _ a o°u(x,t)
ot ox?
u(x,t)=w(xt), xe[0,L], te[-z,0]
This equation can be considered as reaction-diffusion equation with delay in the
reaction term. For a nonlinear example, one may consider Hutchinson’s equation

+bu(x,t—7),t >0,

(8)

2
WD s D 4 enia-utet -0, (9)
to model the evolution of a population in mathematical ecology with density u(x,t),
where ¢>0 is the diffusion coefficient. In all cases u(x,t) must be subject to

appropriate boundary and initial conditions.
V- Neural Networks Models with Fractional-order and Time-delays:
X(t) = —Cx(t) + Af (x(t)) + Bg(x(t— 7)) + H,t >0 (10)
with initial condition

X(s) = #(s), s e[~7,0], (11)
where 7>0 is the transmission delay. B=(b),,<R™ represent a delayed
interconnection weight matrix. g(x(t-7))=[g,(x(t-7)),---,9,(x, (t-7))] eR" is the
delayed neuron activation function at time t—z. ¢(s)=[#(s),"--.4,(s)]" eR" denotes
the real-valued continuous functions defined on [-7,0] with the norm

141=5UP.p_.p 20, | 95) |-
The fractional-order neural networks model with time delay is defined as
D“x(t) = —Cx(t) + Af (x(t)) + Bg(x(t—7))+ H,t >0 (12)
with initial condition

X(s) = ¢(s), s €[-7,0], (13)
where D denotes the Caputo derivative with fractional order «, a<(0,1]. The
other parameters of (12) have the same meaning as described in (4) and (10).

V- Cohen-Grossberg Neural Networks Models:
X(t) = D(x(t)) (—C(x(t)) + Af (x(t)) + Bg(x(t—7))+H ),t >0, (14)
with initial condition

X(s) = ¢(s), s €[-7,0]. (15)
The number of neurons is n>2. x(t) =[x(t),---,x (t)]' eR" denote the neuron state
variable.  D(x(t)) =diag{d,(x),---,d,(x,)} is an  amplification  function,
C(x(®)=(c,(x),--c,(x,))" eR" represents an appropriately behaved function.
A=(a),, € R™ indicates the strength of the neuron interconnection weight matrix.

nxn
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B=(b,),, €R™ indicates the strength of the neuron interconnection within the
network with time delay « . f(x(@))=[f,(x@®), - f (x )] €eR" denotes the
activation function at time t. g(x(t—r7))=[g,(x(t-7)),---,g,(x,(t—7))]' €R" represent
the activation function at time t-z. H=[h,---,h ]' eR" is a constant input vector
from outside of the network.

A class of fractional-order Cohen-Grossberg neural networks model with
time delay is defined as follows:

D“x(t) = D(x(t)) (—C(x(t)) + Af (x(t)) + Bg(x(t—7))+H ),t >0, (16)
where D* represents the Caputo fractional derivative with order «, a (0,1]. The
other parameters of (16) have the same meaning as described in (14).

VI- Bidirectional Associative Memory (BAM) Neural Networks Models:
u(t) =—Cu®)+ A f(v(t)+B,f(v(t-7))+H,
V(1) =—C,v(t) + A,g(u(t)) +B,g(v(t—7)) + H,,
with initial conditions

(17)

X(s) =¢(s), y(s) = @(s),s €[-7.0], (18)
where u(t) =[u,(t),---,u, ()] and v(t)=[v,(t),---,v. ()] denote the neural states.
C, =diag(c},--,c’)eR™ and C, =diag(c’,---,c’)eR™ are (the positive diagonal
matrices ( ¢ >0,andc;>0 )) self-feedback connection weight matrices.
A= (aﬁ)nxn eR™, A= (a,f)nxn eR™ and B, = (bﬁ)nxn eprR™, B, = (b”?)nxn e R™ indicates
the strength of the neuron interconnection weight matrices and delayed neuron
interconnection weight matrices respectively. f(v(t))=[f,(v, (), - f.(v,®)] eR",
and g(u))=[g,(u,®),--- g, ()] eR" are the activation functions at time t .
f (v(t—2)) =[f,(v,(t 7)), -~ f. (v, t—7)]" €R" , and
gut-1))=[o,(ut-7)).---.g,(u, (t-7)]" eR" represents the activation functions at
time t—-z. H, =[h,---,nt]" eR" and H, =[h?,---,h’T" eR" are the external input vector
from outside of the network.

Objectives:

Throughout this dissertation we address the following:

Qualitative analysis of the above mentioned differential equations;

Analyze the role that delay terms plays in basic time-lag models;

Study the dynamical analysis of biological systems;

Investigate the sensitivity analysis and determine the most effective
parameters to improve the predictions and properties of the model and model
selection;

Present efficient and suitable approaches for the numerical treatments of stiff
and non-stiff delay and fractional-order differential equations;

Present suitable numerical approaches to find best-fit and meaningful
parameters when given experimental data (inverse problem);
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Apply delay and fractional-order models for cancer-Immune System with
external treatment and Optimal Control,

Dynamical analysis of Neural Networks with fractional-order and Time-
delays;

We briefly discuss the results of each Chapter:

General Introduction to the Dissertation. In this chapter, we briefly show the
actuality and demand of the theme of the dissertation; Review of scientific
researches; Originality and aim of the work.

Delay Differential Equations with Applications in Biosciences. This Chapter
provides an overview about delay differential equations in bioscience. We remark,
therein, how delay differential equations have, prospectively, more interesting
dynamics than equations that lack memory effects; in consequence they provide
potentially more flexible tools for modelling real phenomena.

This Chapter includes 7 publications, | only give summary of some of them:

1. Numerical modeling in biosciences using delay differential equations. In
this work, we investigate models of phenomena in the biosciences that are based
on differential equations with memory of the form:

y'(t)="1 (t, YO, (et yO). | K(t.sy), y(s))ds), t>t,, (19)

wherein «a(t,y(t)) <t and y(t)=w(t),t<t,, form a class of equations which is, in

some sense, between ordinary differential equations (ODESs) and time-dependent
partial differential equations (PDEs). Such retarded equations generate infinite-
dimensional dynamical systems. RFDEs (25) where the integral term is absent are
usually called delay differential equations (DDESs) and they assume forms such as
y'(®) = f (£, y(t), y(a(t, y(t)))) with a(t, y(t))<t. The introduction of the “lagging” or
“retarded” argument a(t, y(t)) is to reflect an “after-effect”.

We show that there are prima facie reasons for using such models: (i) they
have a richer mathematical framework (compared with ordinary differential
equations) for the analysis of biosystem dynamics, (ii) they display better
consistency with the nature of certain biological processes and predictive results.
We analyze both the qualitative and quantitative role that delays play in basic time-
lag models proposed in population dynamics, epidemiology, physiology,
immunology, neural networks and cell kinetics.

2. Delay differential model for tumor-immune dynamics with HIV infection
of CD4+ T-cells. In this work, we introduce ordinary and delay differential
equations to describe the interactions between a malignant tumor and the immune
system in vivo in the presence of HIV infection of CD4* T-cells. In the delay
model, we take into account the time-lags required by the healthy effector cells
components to recognize the pathogens and tumor cells. The models consist of
four populations: tumor cells, healthy effector cells (CD4* T-cells), effector cells
infected by HIV viruses and free viral particles. The presence of delay term in the
model leads to a notable increase in the complexity of the observed behavior. We
investigate the qualitative behavior of the models and find the conditions that
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guarantee the asymptotic stability of the steady states. Numerical simulations are
provided to illustrate and extend the theoretical results. The obtained results are
consistent with the real phenomena and give a better understanding of cancer
Immunity and viral oncogenesis.

We studied the qualitative behaviour of DDEs of the form
dT

5= TO-KEE-)TO). (20a)

‘jj_'tz =0T (t)+ - pEt—7)—ekT()E(t-7)—k,E(t—2)V () -kE(t-7)I ),  (20b)
%: KE(t— )V () + K, Et — 7)1 (t) — s, (t), (20c)

‘L—\t/ = NSI(t)-cV (1) (20d)

In the absence of the HIV viral infection, we also consider the two-variables
system

%—I =rT(t)-kE(t—7)T (1), (21a)

C;—Ifz LT(t)+o—wEt—7)—ekT(H)E(t-7), (21b)

We are interested in studying the stability of the steady state S*, since the steady
state S, is unstable. We arrive at the following Proposition.

Proposition 1. For System (20a-20d), if s* exists and r,—er, >0, then it is

locally asymptotically stable for all values of 0<z<z* (and unstable otherwise),
where

* 2
" =iarccos[ frzz_frl)le I Zj. (22)
Wy (1 +ekT7) wy +(r, —en)ky (T7)

When r=7", a Hopf bifurcation occurs; that is, a family of periodic solutions

bifurcates from S as r passes through the critical value z*.

Proposition 2. For system (19); if r, >er, and if rk, <k, , then if S"=(T",E")
Is stable as a steady state in the two-variable system (20a-20d), then S, is stable as
a steady state for system (19); if rk, >k, , then S, is unstable.

3. A time delay model of tumor-immune system interactions: global dynamics,
parameter estimations, sensitivity analysis. In this work, we present a delay
differential model to describe the interactions between the effector and tumour
cells. The existence of the possible steady states and their local stability and
change of stability via Hopf bifurcation are theoretically and numerically
investigated. Parameter estimation problem for given real observations, using least
squares approach, is studied. The global stability and sensitivity analysis are also
numerically proved for the model. The stability and periodicity of the solutions
may depend on the time-lag parameter. The model is qualitatively consistent with
the experimental observations of immune-induced tumour dormancy. The model
also predicts dormancy as a transient period of growth which necessarily results in
either tumour elimination or tumour escape.
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Given the model

dE(t) pE({-0)T(t-7) _ A
o D) UE(t—7)T (t—7)—SE(t), 23)

% =aT (t)(1- AT (1)) - E@T ().

(We consider T,=E,=10° and the analysis will be performed on model (22).)

To study the global stability of the equilibria E’ (i=0,1,2,3), we use Lyapunov-
Krasovski functional to the linearized system. By letting X,=E-E  , and
X,=T-T," where X, and X, are small perturbations about E" and T, respectively,
system (22) is linearized and takes the form

X (t) = AX(t) + A X (t—7) (24)
where X =(X,,X,),
_ | -0 0 _ L oy P . pEiT*i ;M5
As A,=| n+T, n+T, (77+Ti) .

=T a—2apT-Er )

0 0

We then investigate the delay-dependent stability of the system (24). In order to
derive our main results, the following lemmas are introduced.
Lemma 1. (Schur Complement) Given constant matrices Q,, Q, and Q, with

appropriate dimensions, where Q; =Q, and Q) =Q, >0, then
Q+0QI0'0, <0

if and only if

_Qz Qs

%

<0.

* —

Q Qr
{ ! 3]<0,0r

2 1

where ’+’ denotes the symmetric matrix and the expresion Q>00rQ <0 denotes
that the matrix Q is a positive definite or negative definite matrix, respectively.

Lemma 2. (Jensen’s Lemma) For any positive symmetric constant matrices
M eR™ , scalar >0, vector function X(s)eR" such that the integrations
concerned are well defined, then

[/ XT(S)MX(s)dSS—l(J-t X (s)ds) M (| X (s)ds).
t—7 T t—7 t-7

Now, stability analysis of delayed system (24) is given in the following theorem.
Theorem 3. For given scalar >0, system (24) is globally asymptotically
stable if there exist symmetric matrices P>0, W, >0 and W, >0, such that the
following LMI holds:
PA+AP+W,-W, Pap+W, 7AW, (10
W, -W, 7AW, (11) <0. (25)
* -W,(12)

4. Delay differential model for tumor-immune response with chemo-
immunotherapy and optimal control. In this work, we investigate a tumour-
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Immune response model using a delay differential dynamical system. By
combining chemotherapy and immunotherapy treatment strategies, they invoke
optimal control to identify the optimal treatment strategy that can minimize the
tumour cells while keeping the number of normal cells above a given rate of their
carrying capacity. The delay is incorporated to take into account the time required
to stimulate the effector cells. The authors begin by studying the qualitative
behaviour of the model without external therapy; they show that the model
displays a tumour-free steady state, a dead steady state and a coexisting steady
state. They analyze the stability of these equilibriums. On the other hand, they
analyze the optimal control problem in two cases: with only the chemotherapy
control variable and with a combination of chemotherapy and immunotherapy
treatments with two control variables. The existence of the optimal control and
optimality conditions are established by invoking Pontryagin’s maximum
principle. The numerical results show that the optimal treatment strategies reduce
the tumour cells and increase the effector cells. We conclude that the performance
of the combination therapy protocol is better than that of the standard protocol of
chemotherapy alone.
Our main objective is to optimize the functional

max J (v) = j; [E(t)—T(t)—%[v(t)]z dt (26a)
which subject to underlying DDEs

@ . PEA-7)T(t—7) _‘uE(t_Z_)T(t_Z_)_5E(t)_a1(l_e—u(t))E(t)’ (26b)

dt n+T(t-7)

O 1 0a- 51O -rEOTO-eNOTO -2,0-e T, (26¢)
PO N OE- AN -eTONO-2,a-e N, (26d)
% = v(t) - dyu(t) (26e)

with control constraint
0<v(t)<v,,, <o te[0t,] (26f)

and state constraint

k(N)=N-0.75>0, te[0.t,]. (269)

Here, B, is a weight factor that describes the patient’s acceptance level of

chemotherapy. We choose the control parameter as a class of piecewise continuous
functions defined for all t such that 0<v(t)<v__, <o, where v(t)=v__ represents the

maximum chemotherapy, while v(t)=0 represents the case where there is no
chemotherapy. Thus, we depict the class of admissible controls as

Ve ={ve " ([0.t, LR).|0<v(t) <V, <o, Vt[0,t,]}.

We prove the exitance of the optimal solution of the underlying system (25).
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Theorem 4, There exists an optimal solution
(x",v') eW>*([0,t, , R*)x L*([0,t, ],R) for the optimal control problem (14) such that
J(v') =max J(v) (27)

where x* =[E",T",N",u’]" if the following conditions are satisfied:

The set of admissible state is nonempty.

The admissible set Vv, is nonempty, convex and closed.

The right-hand side of the state system is bounded by a linear combination
of the state and control variables.

The integrand, L(E,T,v)=(E(@t)-T(t)-2[v(t)]"), of the objective functional is
aconcave on V,,.

The exist constants h,, h; >0 and b>1 such that L(E,T,v) <h, —hy(|v])".

5. Numerical modeling of biological systems with memory using delay differential
equations. In this work, show the consistency of delay differential equations with
biological systems with memory, in which we present a class of mathematical
models with time-lags in immunology, physiology, epidemiology and cell growth.
We also incorporate optimal control parameters into a delay model to describe the
interactions of the tumor cells and immune response cells with external therapy.
We then study parameter estimations and sensitivity analysis with delay
differential equations. Sensitivity analysis is an important tool for understanding a
particular model, which is considered as an issue of stability with respect to
structural perturbations in the model.

We provide many problems in biosciences (such as epidemics, harvesting,
chemostat, treatment of diseases, physiological control, vaccination) which can be
addressed within an optimal control framework for systems of DDEs However, the
amount of real experience that exists with optimal control problems (OCPs) is still
small.

Consider DDE with an m—dimensional control term u(t)

V(0)=fO@), y(t—1), y(t = 7,),.0 (E = 74),u(0),7) (28)
and a suitable objective functional (measure): J,(u)

Maximize.,(u) = Do (Y(T) + [ F0), y(t = 7). 70 =7, vt 2 )out).0)dt, (29)

and subject to control constraint a<u(t)<b, and state constant y(t)<c, where a
and b are the lower and upper bounds. The integrand, F(;) is called the Lagrangian
of objective functional which is continuous in [0,t;]. Additional equality or
inequality constraint(s) can be imposed in terms of J,(u).

OCPs using DDEs were studied in connection with immune responses to
infections. Assume that E(t) represents effector cells population, such as CD8* T
cells and T(t) is the tumour cells population. We provide a competing model in
terms a system of DDEs, in which we add extra variables namely chemotherapy
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variable, u(t), normal cells, N(t) and two control variables v(t) and w(t). We also
assume a homogeneity of the tumour cells, then the model takes the form

d - _
% o+ pE;tJrTT()tT_(tT) ) —uE({t-7)T(t—7)-SE(t)—a,(1-e™")E(t) + w(t)s,,

IO _ 1 @) AT @) - nEOT 1) - N AT (1) -y (1— e “O)T (),
(30)
PO _ N AN -CTOND -a,a-e )N,
dut) ..
T_v(t) du(t).

The general goal is to keep the patient healthy while killing the tumour. Since our
model takes into account the toxicity of the drug to all types of cells, our control
problem consists of determining the variables v(t) and w(t) that will maximize the
amount of effector cells and minimize the number of tumour cells and the cost of
the control with the constraint that we do not kill too many normal cells. Therefore,
our objective is to maximize the functional

J(v,w):jo” [E—T -

%[v(t)]z +%[w(t)]zudt, (31)

where B,, B, are, respectively, the weight factors that describe the patient’s
acceptance level of chemotherapy and immunotherapy with a constraint

k(E,T,N,u,E_,T,v)=N-0.75>0, 0<t<t,. (32)
We are seeking optimal control pair (v',w") such that

J(v',w") =max{J (v,w) : (v,w) e W}, (33)
where W is the control set defined by

W ={(v,w) : (v,w) piecewise continuous, such that
O<v(t) v, <o,;0<w(t)<w, . <o, Vte[0,t, ]}

The existence of optimal controls v*(t) and w*(t) for this model is guaranteed by
standard results in Optimal Control Theory. Necessary conditions that the controls
must satisfy are derived via Pontryagin’s Maximum Principle. The optimal control
problem given by expressions (29)-(33) is equivalent to that of minimizing the
Hamiltonian H :

(34)

H(tET,E,T. uv,wA)=E-T- B, [v(t)]Z_
B dE aT du (39)
WL + 4= 2+ %E”’ o T

and y >0 with y(t)k(t) =0, where

B 1 if N(t)<0.75,
o otherwise
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A standard application of Pontryagin’s Maximum Principle leads to the following
result:

Theorem 5. There exists an optimal pair v'(t) and w(t) and corresponding
solutions E*, T*, N* and u= and that minimizes J(u(t),w(t)) over Q. The explicit
optimal controls are connected to the existence of continuous specific functions A
for i=1,2,3,4 satisfying the adjoint system

A =-1+ 40| 5 +a,0-e) |+

. . pT
+/12(t)nT +Al(t+T)Z[0,tf‘r]|:/’lT _77+T*:|’

AL{t) =1+ 4, [—rz +2nL,AT +nE" +c,N” +az(1_e-u*)]+

(36)
; pET” pE” ;
+4C,N +/1/[0,tff‘r]/’ll(t+r) n+T) - DT +uE }
K1) = 20T = (1 - 26BN —¢,T" —ay(1-e™)) -7,
A(t)=-A()ae " E" + L (t)ae T+ A4(t)ae™ N*+4,(t)d,,
with transversality conditions
o _[1 ifte[0t, —7],(10)
ﬂ’l(tf)_oal _{:L29394} and Z[O,tffr] _{O Othel'Wise. (37)
Furthermore, the following properties hold
V= min[vmax,ﬁj, W= min[wmax,ﬁ]. (38)
BV BW

Delay Differential Equations with Fractional-Order. The subject of fractional
calculus (that is, calculus of integral and derivatives of arbitrary order) has gained
popularity and importance, mainly due to its demonstrated applications in
numerous diverse and widespread fields of science and engineering. There are two
main differences between integer-order derivation and fractional-order derivation.
Firstly, the integer-order derivative indicates a variation or certain attribute at
particular time for a physical or mechanical process, while the fractional-order
derivative is concerned with the whole time domain. Secondly, the integer-order
derivative describes the local properties of a certain position, while the fractional-
order derivative is related to the whole space for a physical process. Accordingly,
accurate modelling of many physical, chemical and biological phenomena may
require fractional-order differential equations (FODESs) models.

In this Chapter, we provide a class of delay differential equations with
derivative of fractional-order and applications.

As an example in “Fractional order delayed “predator-prey” systems with
Holling type-II functional response” we provide a fractional dynamical system of
predator-prey with Holling type-11 functional response and time delay is studied.
Local and global stability of existence steady states and Hopf bifurcation with
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respect to the delay is investigated, with fractional-order 0 <« <1. It is found that
Hopf bifurcation occurs when the delay passes through a sequence of critical
values. Unconditionally, stable implicit scheme for the numerical simulations of
the fractional-order delay differential model is introduced. The numerical
simulations show the effectiveness of the numerical method and confirm the
theoretical results. The presence of fractional order in the delayed differential
model improves the stability of the solutions and enrich the dynamics of the model.

In this paper, we extend the derivatives of to an arbitrary order to investigate
the combination of both fractional-order formulation and time-delay, so that

Dax(t) — rX(t) (1_ X(t) j _ ﬂX(t) y(t — T)
K 1+ox(t)

(39)

D“y(t):%—ay(t), O<a<lt>0

with initial conditions x(0)>0 and y(t) =w(t) >0, when te[-7,0], Where y(t) IS a
smooth function. We next study the impact of the fractional-order and time delay
z in the dynamics of the model.

Definition 1. The fractional integral of order « <R* for a function f(t) is

described as
a 1 t a-1
| f(t):@jO (t-7)“f(r)dr.

Definition 2. The Caputo derivative of fractional-order « for the function
f(t) is defined as
1

D“f(t):r(n_a)

j; (t—7)" £ (r)dr,

where n-1<a<neZz”.
To study the global stability of the equilibrium points of (38), we linearize the

system into the form
Dx(t) = mx(t) + m,y(t—7)

O<a<l. (40)
Dy (t) = nx(t) +ny(t) + nyy(t—7)

where

K 1+ox (+ox)?’

B By apXy

m=r-—

m. = =
2 1+ox ' 1l+ox (l+ox)?’
n,=—-—a, n,= ﬂX*

270 1t4ox

If the linear fractional differential equation has non-zero equilibrium point, we can
shift equilibrium point to the origin. Put x(t)=x(t)-x", y(t)=y({t)-y", then the
equations (39) becomes

D“X(t) = mX(t)+m,y(t—7)

O<a<l (41)
Dy (t) = nX(t) +n,y (1) + n;y (t—7)
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In order to study the stability of system (38), we take Laplace transform on both
sides of (40). Then we have

57X,(8) =M, X, (8) + 57, (0) + me ™ (X, (8) + [ e ¥p, (t)dlt)
i oo : (42)

%X, (8) = 1, X (8) + 1, X, (8) + 577, (0) + g™ (X, (s) + f e ", (t)dt).
Here, it should be mentioned that the initial values x(t) = ¢, (t) and y(t) = ¢,(t) with
te[-7,0] . Also, X,(s) and X,(s) are Laplace transform of x(t) and y(t) with

X,(s) = L(X(t)) and X,(s)=L(y¥(t)). The system (41) can be rewritten as follows

AGs) X1 (8)(21) ) (ki(s)(22) (43)
X,(8) ) ky(9)
in which
AGS) = [ s“—m, ~ —me-
-n,  s*—n,—ne=
and

(5)=5""0,(0)+me ™ [ &g, (t)dt

y(5) =5"0,(0) +ne ™ [ e ¥p, (t)dlt.
A(s) is considered as characteristic matrix of system (38) and detA(s) as its
characteristic polynomial. Therefore the distribution of the eigenvalues of the
characteristic polynomial determines the stability of system (38). In other words, if
all roots of the characteristic equation have negative parts, then the equilibrium of
the above fractional-order PP system is Lyapunov globally asymptotical stable if
the equilibrium exists. If we multiply both sides of (42) by s, we have
A(S)(le(S)(24)J _ (Skl(S)(25)j (44)
sX,(s) sk, (s)
Therefore, if all roots of the transcendental equation detA(s)=0 lie in open left
complex plane, i.e., Re(s) <0, then we consider (43) in Re(s)>0. In this restricted
area, system (43) has a unique solution (sX,(s),sX,(s)), so that
lim sX,(s)=0,i=12.

s—0,Re(s)=0
From the assumption of all roots of the characteristic equation detA(s) =0 and the

final-value theorem of Laplace transform, we get
limx(t)= lim sX,(s)=0,

t—+o0 s—0,Re(s)>0

and tIim)‘/(t)s lim sX,(s)=0.

s—0,Re(s)>0
It implies that the zero solution of the fractional-order PP system is Lyapunov
globally asymptotically. Therefore, we arrive at the following result.

Theorem 6. If all the roots of the characteristic equation detA(s)=0 have
negative real parts, then the positive equilibrium points (x",y") of system (38) is
Lyapunov globally asymptotically stable.

In “Stability of fractional-order prey-predator system with time-delay and
Monod-Haldane functional response” we study the dynamics of a fractional-order
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delayed prey-bH“predator system with Monod-bH*“Haldane response function. The
model describes the interaction between prey and two populations of predator
species: immature or juvenile and mature or adult predator. A single time delay is
incorporated in the model to justify the gestation period of adult predator. The
existence of solutions, steady states, and sufficient conditions to ensure the
asymptotic stability of the steady states are investigated. Global stability around
the interior equilibrium point by constructing the suitable Lyapunov functional is
also investigated. The system displays Hopf bifurcation depending on the
conversion coefficient (prey to immature predator) and time delay. The fractional-
order derivatives in the model develop the stability results of solutions and
improve the model behaviors.

We consider a fractional-order prey-predator model with delays and Monod-
Haldane functional response of the form
u x(t) ox(t)z(t— r)

Dx(t) = px(t)1-—=) - ot (D)
u c5x(t)z(t r)
Dy (t) = A — (& + 1)y (), (45)
D*z(t) = Ky(t) — ,2(t),
with initial conditions x(0)=x, >0, y(0)=y,>0, z(s)= (s) >0, se[-7,0], and x(s)
Is smooth function. Here, D“ is the Caputo fractional derivative of order 0<a <1.
The parameter p is the biotic potential that the prey species grow logistically

without any predator species. k represents the environmental carrying capacity. &
Is maximal prey population uptake of mature predators. g denotes the inverse

measure of inhibitory effect and ¢ is half saturation constant. ¢ defines the

conversion co-efficient (conversion of prey to juvenile predators) and x represents
the transition rate on the evolution of juvenile and adult predators. x and g,

denote the natural death rate of juvenile and adult predator populations,
respectively.

Theorem 7. For every (x,Y,,2,) €<, then there exists a unique solution
X =(x,y,z) e Q of system (45), where Q={(x,y,z) e R®: max{| x|,| y|,| z|< K}}.
System (45) has a trivial equilibrium point E,(0,0,0), axial equilibrium point or
predator-free equilibrium point E (k,0,0) and an interior equilibrium point

E,(x*,y",z"), where y* = #

* * X* * C 5 *
2 = 2o+ p)N-"), A o X 4 =0,
o k (x+ )1,
Herein, we investigate the local and global asymptotic stabilities of fractional-order

delayed prey-predator system (45).
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Delay Differential Equations with Neural Networks. In this Chapter, we study
and analyze delay differential equations with different types time-lags and
fractional orders for modeling neural networks.

Neural network is a growing field of research and has attracted interest due to
its widespread applications in various fields of optoelectronics, imaging, quantum
devices, computer version, filtering, speech synthesis, remote sensing, and
spatiotemporal analysis of physiological neural systems. Time delay is an
unavoidable factor during the signal transmission between the neurons because of
the finite switching speed of neurons and amplifiers. The impact of time delay in
the model may lead to some complex dynamical behaviors of the whole system in
terms of instability, chaos, periodic, and poor performance. Especially, stability
research on delayed neural networks has gained significant progress. An advantage
of using fractional-order models compared with classical integer-order models is
that the fractional-order systems have infinite memory. Therefore, it is necessary to
investigate the impact of fractional-order on the dynamics of neural networks.
Recently, a combination of fractional-order and time-delays in the dynamic
systems of neural networks has received much more attention to many researchers.

We also study stability analysis of such dynamic behaviors, which include
steady state conditions, synchronization, dissipativity and stabilization, is essential
for ensuring safe application of physical and engineering systems in the real world.
The synchronization studies for the neural network model based on suitable control
techniques are important in both theoretical and applications sense. Stabilization
results dealing with chaotic system is to control the states of the neural network
model to someequilibrium points or periodic orbits.

In “Stabilization of delayed Gohen-Grossberg BAM neural networks” we deal
with finite-time stabilization results of delayed Cohen-Grossberg BAM neural
networks under suitable control schemes. We propose a state-feedback controller
together with an adaptive-feedback controller to stabilize the system of delayed
Cohen-Grossberg BAM neural networks. Stabilization conditions are derived by
using Lyapunov function and some algebraic conditions. We also estimate the
upper bound of settling time functional for the stabilization, which depends on the
controller schemes and system parameters. Consider the delayed CGBAMNNSs of
the form

(0) =P, (6 0N, (5 0) = D1, (v, )= D5, (3, (=)

"Zln "Zln (46)

yj(t):_Pj(yj'(t)){Qj(yJ'(t))_Zl:Rjigi(xi(t))_zl:sjigi(xi(t_Uji))}a

for i, j=12,..,n, and x(t) and y,(t) are the state variables in the i" neuron field F,
and j" neuron field F, at time t, respectively. The functions p,,P, denote the
abstract amplification functions, while, g;,Q; denote the behaved functions (self-
excitation rate functions). r;,R;.s;.S; are the connection weights, which denote the
strengths of connectivity between the cell j in F, and cell i in F, at time

tt—-7,,t—o;, respectively. f; represents the activation functions of the j" neuron

ij° ji?
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from F, and g, represents the activation functions of the i" neuron from F, at
time t. The initial values of system (45) are
X()=w;(s),  y(6)=p(s), se[-r.0]
Here, y =max,,..;..{7;.0; } and v;(),¢ () denote real valued continuous functions
defined on [-y,0].
The main goal of this paper is to stabilize the CGBAMNNS (45) in finite-time

based on state and adaptive-feedback control techniques, where controlled system
of CGBAMNNSs(45) takes the form

(1) =P, 04O 06 ) D1 T, (,0) - 28, T, (3, (t= ) }+u, (0
= & (47)
yj(t) = _Pj (yj (t)){Q, (Yj (1) _Z Rjigi (% (1) _Z Sjigi(xi (t _O-ji))}+vj (t).

The controllers u,(t) and v, (t) will be defined, later on, according to the concepts

of state-feedback and adaptive control techniques.

Numerical Treatments of Differential Equations With Memory. The
numerical treatments of delay differential equations and related issues due to the
presence of the time-delays still remain a relatively unexplored area of research.
Herein, we adapt Mono-Implicit Runge-Kutta schemes for numerical
approximations of delay differential equations. The schemes are developed to
reduce the computational cost of the fully implicit method which combine the
accuracy of implicit method and efficient implementation. Numerical stability
properties of the schemes are investigated.

There are also some important challenges in numerical approximations of the
fractional-order differential equations. Fractional differential equations are integro-
differential equations, and the numerical solution requires large computer memory
and long runs of numerical simulations which makes it very difficult to investigate
general properties of fractional dynamical system. As a consequence, accurate
approximation and suitable numerical technique are playing important role in
identifying the solution behavior of such fractional equations and exploring their
applications and the references therein). In this Chapter, we provide
unconditionally stable numerical schemes for differential equations with memory
(delay differential equations without and with fractional-order). The methods are
suitable for stiff and non-stiff problems.

In “Numerical treatments for Volterra delay integro-differential equations™ we
present a new technique for numerical treatments of delay differential equations
and Volterra delay integro-differential equations that have many applications in
biological and physical sciences. The technique is based on the mono-implicit
Rungesb”’Kutta method for treating the differential part and the collocation
method (using Boole’s quadrature rule) for treating the integral part. The efficiency
and stability properties of this technique have been studied. Numerical results are
presented to demonstrate the effectiveness of the methodology.

In this paper, we consider a scalar VDIDE of the form
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y'(t) fty),yt- T)’J.:(I) g(t,s,y(s))ds), fort>0, (48)

yt) = g(t), t<O0,
with fixed 7 >0 and the integral term in (47) introduces either unbounded time-lag
i.e. a(t)=0 or bounded time-lag i.e. a(t)=t—z. The functions f,g are assumed to
be sufficiently smooth with respect to their arguments, and ¢(t) is an initial
function which is assumed to be continuous. To solve (47) numerically we need
not only approximation to the solution at the proposed mesh-points but also to
create the solution at the non-mesh points to produce dense-output of the solution
in order to approximate the delay term yt-z) and the integral term

.[;(t)g(t,s, y(s))ds . The proposed technique is based on Continuous Mono-Implicit

Runge-Kutta (CMIRK) method to treat the differential part, and Boole’s
quadrature rule to treat the integral part.

Mono-implicit Runge-Kutta scheme is used to solve the VDIDE (47) on the
defined mesh A=/0<¢ <..<t <..<t, =T} as follows

yn+1 = yn + hn z br Kr:+1’ (49)
r=1
where stages are defined by
r-1
Kr:+l = f (tn + Crhn’ (1_Vr)yn +Vr yn+l + hnz er Knj+1’ y(tn + Crhn _T)’ In) (50)
j=1

Here | = J':(:i:h : g(t,s, y(s))ds is evaluated numerically by Boole’s quadrature rule.
The fourth order (s=5) discrete MIRK scheme is defined by the tableau

00 0O 0 0OO
11 0 0 0O00O0
1 .29 361 19
%mm—mo 00
19 3971 _19 361
%mm—mo 00
14 1 267 25 25 ()
2 16 32 608 684 36
43 43 25 25 1

228 228 57 57 2

The discrete solution at the mesh points obtained using discrete MIRK scheme is
not enough to solve the VDIDEs. Dense output solution is needed at non-mesh
points as explained earlier, using fourth order CMIRK scheme (with s*=5), such
that

000 0 0O 0 O
110 0 0 0 O
waw wo “wo 0 0 0
waw woo e 0 0 0
11 1 261 25 2 0

b, (6) b, () b,(6) b,(0) b, ()
where
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1

b(0) = —2—289(120093—271492+17859—228),(6)
b,(0) = %02(120002—20866?+843),(7)
b,(0) = %02(4092—86¢9+49),(8) (51)
b,(0) = ——0*(400%* -746+31),(9)
171
b,(0) = —%92(29—3).

This numerical method is unconditionally stable and suitable for stiff and
non-stiff problems.

In “Computational methods for delay parabolic and time-fractional partial
differential equations” we also provided unconditionally stable numerical implicit
schemes for solving time-fractional partial differential equations with time-delays
of the form

o”“u(x,t)
ot
where F is a continuous function, t—z <t (the condition on t—7 —>w as t >x),
and L is elliptic in the spatial-direction. = could be a constant, a function of time,
z(t), or even state dependent, z(t,y).

The numerical technique have been used for a class of fractional-order
differential models of biological systems with memory, such as dynamics of
tumor-immune system and dynamics of HIV infection of CD4+ T cells. The
method is based on Caputo fractional derivative of order « and implicit Euler’s
approximation. The numerical simulations confirm the advantages of the numerical
technique and using fractional-order differential models in biological systems over
the differential equations with integer order.

Parameter Estimations and Sensitivity Analysis for Delay Differential Equations.
In this Chapter, we present suitable numerical approaches to find best-fit and
meaningful parameters when given experimental data (inverse problem). We also
investigate the sensitivity analysis of delay differential equations.

Parameter identification problem, to estimate the values of the parameters
which appear in model equations, is considered as an inverse problem. We assume
that we have observed our system and collected data; we then wish to determine
the unknown parameters by fitting the model equations to the data. Consider a
general form of predictive DDE model

y'(t) =f(t,y(t),yt-7);p), te[0T],
y(t) = l//(ta p)a te [_Tv 0]
This model is parameterized by p e R" which are estimated using a given set of
observations, {t;Y/}!, . We assume that, in (52), the vector function f is

sufficiently smooth with respect to each arguments; y(t) eR", y(t-7)eR", peR",

and r eR" is positive constant lag, which may have to be identified as a parameter
58

= F(t,u(x,t), Lu(x,t),u(x,t—7)),xeQ,t >0, 0<a<l (52)
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(L'<L, M'<M). w(t) is given continuous function. Our concern is to fit the given
data to the system. The model-fitting problem is then select a value or a set values
for p for which the function y(t;p) provides a ‘best’ fit, at arguments t=t,, to the

given set {Y,}', (1<i<M ). The key part in fitting a model to data is the
formulation of the objective function to be optimized that depends on the
stochastic features of the errors in the data.
We assume that the data Y, satisfy the following observation equation

Y = yj(ti)+o-jgij (54)
where o, >0 measures the variance of the noise associated with the j th
component and is related to the scale of the expected magnitude of the j th
component, |Y,(t)|. The &; are independent and standard Gaussian distributed
random variables. The principle of maximum-likelihood yields an appropriate cost
function which should be minimized with respect to the parameters p to yield an
approximation, p to the true value. We define the cost function or objective
function by

cp(P):i.sfa;i(a)gi z%iiw (55)
i=1 i=1 j=1 O;
We seek p that satisfies
®(p) =: min ®(p) = max L(p). (56)

where L(p) =[exp(-&. /252)]/ /27 is the likelihood function.

If we adapt the Log Least Squares (LLS) approach, the objective function
may take the form

M N
@L(p)=%_§1:;[|og yj(ti,p)—logyijf/zc;f. (57)

i i
The choice of LLS in model-fitting problem may decrease the exponential
nonlinearity of model predictions with respect to p. (It is assumed that y’(t,,p)>0.)
Another significant feature of the LLS approach is that small relative changes in

large data values can be unduly weighted.

The methods for minimizing @(p) are iterative in nature. We start with a

given point p, known as the initial guess, and proceed to generate a sequence of

points p,,p,,... which we hope that they converge to the point p at which ®(p) is
minimum. In practice, one terminates the sequence after a finite number k of
iterations, and one accepts p, as an approximation to p. The vector

é‘i =Pi.a P (58)
is called the ith step. We wish each step to bring us closer to the minimum. Since
we do not know where the minimum is, we cannot test for this condition directly.
In a sense, however, we may consider the ith step to have “improved” our situation
if

D, <D, (59)
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where @, =®(p;)(j=12,..). We call the ith step acceptable if equation (58) holds.

An iterative method is acceptable if all the steps of its procedures are acceptable.
We shall only consider acceptable methods. The methods we consider are then
based on following scheme:

Set i =1. An initial guess p, must be provided.

The model solution values {y(t;,p,)} are obtained numerically.
Determine a vector v, in the direction of the proposed ith step.
Determine a scalar p, such that the step
8 =pV
Is acceptable. That is, we take
Pia =Pi AV, (60)

and require that p, be chosen so that equation (58) holds.

Test whether the termination criterion
|pi+Lj _pi,j < €; (j:]aza---aL),
where p,; is the jth component of p;. If not, increase i by one and return to

step 3. Otherwise, accept p,,, as the value of p.

In “Sensitivity analysis for dynamic systems with time-lags” we study the
sensitivity analysis for dynamic systems with time-lag. Many problems in
bioscience for which observations are reported in the literature can be modelled by
suitable functional differential equations incorporating time-lags (other
terminology: delays) or memory effects, parameterized by scientifically
meaningful constant parameters p or/and variable parameters (for example, control
functions) u(t) .1t is often desirable to have information about the effect on the
solution of the dynamic system of perturbing the initial data, control functions,
time-lags and other parameters appearing in the model. The main purpose of this
paper is to derive a general theory for sensitivity analysis of mathematical models
that contain time-lags. We use adjoint equations and direct methods to estimate the
sensitivity functions when the parameters appearing in the model are not only
constants but also variables of time.

We consider a class of systems modelled by delay differential equations
(DDEs) of the form:

y'(t) =f(t,y@),y({t—7),ut),ult—o),p), 0<t<T, (61a)
y®)=¥(t.p), te[-70), y0)=y,eR" (61b)
ut)=d(t), te[-o,0), u@©)=u,eR", (61c)

where the vector function f in the right-hand side is sufficiently smooth with
respect to each arguments; y(t)eR", y(t-7)eR", u(t)eR", u(t-o)eR™, peR", and
reR” and o eR" are positive constant lags (r’,r <r, n"'<n, m'<m). ¥() and
@(t) are given continuous functions. We note that u(t) in (61a) can be viewed as a
control variable, defined on [-o,T], that gives a minimum to the objective
functional
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J(u) =R (y(T)) +IOT F(ty(t),y(t-7),u(t),ult-o),p)dt, (62)
where F, and F, are continuous functionals.

Definition 3. For the given DDEs (61a)-(61c):
The sensitivity coefficients, when the parameters are constants, are defined by the
partial derivatives

i
where «; represent the parameters p,, the constant lags z;, or the initial values
y;(0). Then the total variation in y,(t) due to small variations in the parameters «;

is such that
Sy, (t) = Z%@aaj +0( aP). (64)

Thus Eqg. (62) estimates the sensitivity of the state variable to small variations in
the parameters «; .

The functional derivative sensitivity coefficients, when the parameters are
functions of time, are defined by

oy (t7) .
Bt = O t<t" (65)

Then the total variation in y,(t") due to any perturbation in the parameters u, (t) is,
denoted by sy, (t"), such that

Sy (t) = j ay(Et))au (tdt, t<t". (66)

Thus the functional derivative sensitivity density function gyi(zt)) measures the
i

sensitivity of y,(t) at location t* to variation in u,(t) at any location t<t". It is then

noted that the sensitivity density functions inherently contain and provide more

information than the sensitivity coefficients.

Conclusion

The main focus of this work was in studying Qualitative and Quantitative
Features of Delay Differential Equations (Models with Memory) with
Applications. We have conducted research in the following areas:

(i) Qualitative analysis of differential equations with memory (time-delays);

(if) Dynamical analysis of Neural Networks with Time-delay;

(iii) Dynamical analysis of biological systems.

We established strong research groups in the following points of study:

Numerical mathematical modeling using differential equations with memory;

Inverse problems, parameter estimations, sensitivity analysis with DDEs;
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Mathematical analysis of an SIS model with imperfect vaccination and
backward bifurcation;

Numerical method based on extended one-step schemes for optimal control
problem with time-lags;

Delay Differential Model for Tumour-Immune Response with Chemo-
immunotherapy and Optimal Control. Pontryagins maximum (or minimum)
principle and Incorporate optimal control parameters into a delay differential
model to describe the interactions of the disease response cells with external
therapy;

Dynamics of Tumor-Immune System with Fractional-Order; Fractional SIRC
Model with Salmonella Bacterial Infection;

A fractional-order delay differential model for Ebola infection and CD8+ T-
cells response: Stability analysis and Hopf bifurcation;

Fractional-order delayed predatorprey systems with Holling type-Il functional
response;

Dynamics of Hepatitis C Virus Infection: Mathematical Modeling and
Parameter Estimation; Jacobian matrix, Eigenvalues method, Routh-Hurwitz
criterion, center manifold theorem, norm form method, and Lyapunov functional;

Stability of fractional-order prey-predator system with time-delays and
monod-haldane functional response. Fractional calculus, linearized techniques and
stability theory.
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BBEJEHMUME (anHoTamusi 10KTOpcKoii nuccepTanun (DSc))

AKTYaJIbHOCTh M BOCTPe0OBAHHOCTh TeMbl Auccepranmu. [lo mepe Bce
OOJBIIET0 BHEJIPEHUS COBPEMEHHBIX KOMIIBIOTEPHBIX TEXHOJIOTHM, B TEXHUKE H
€CTECTBO3HAHMU  OCOOYI0  aKTyaJbHOCTh Hauajo NpuoOpeTaTb  METOJIbI
MaTeMaTuyeckoro wmojaenupoBaHus. [lpm 3TOM BakHOE 3HAYEHHE UMEET
aJIeKBaTHOCTh MOJENU C JACUCTBUTEIbHBIM  MOJAEIUPYEMBIM  MPOIECCOM.
Oxa3anocb, 4YTO MaTeMAaTUYECKUE MOJEIHM IOCPEACTBOM  KJIACCHUYECKUX
JUHAMHYECKHUX CHCTEM HE BCErja OTBEYaroT 3TOMY TpeOoBaHM0. OQuH U3 myTeil
o0ecrieyeHnsl aJleKBaTHOCTH COCTAaBJISET YUET BO3ACHCTBHS Ha TEKYLIUI Ipolecc
3HAYEHUs] NapaMeTpoB B MPOLUIOM. ODTOT (PAKTOp SBISAETCS CYLIECTBEHHBIM B
OPUJIOKEHUSAX MAaTEMATUKU B MEAMIIMHE, OMOJIOTMH M TEOPUH HEMPOHHBIX CETEH.
JuccepTanys NOCBSIEHA MAaTEMAaTUYECKOMY MOJIETUPOBAHUIO TAaKUX IPOLIECCOB
nocpeacTsoM AuddepeHInanbHbIX YPAaBHEHUH C 3ala3AbIBAIOIINM apTyMEHTOM U
mudpepeHInanbHbIX YpaBHEHUH  APOOHOrO MOpPsSAKA, KOTOPHIX B HACTOSAILEE
BpeMs IIPUHATO HA3bIBaTh JUPPEpPEHIINATbHBIMA YPABHEHUSMHU C TAMATHIO.

Henabro uccjeq0BaHusl SBIAIOTCA pa3palOTKa, MU3YYEHHE U IPHIOKEHUS
MaTeMaTUYeCKUX MOJieNiel B OMONOruu U MeauuuHe B popme auddepeHumanbHbIX
YPaBHEHHU C AMSITHIO.

3agaum uccjie10BaHUA:

[IocTpoeHne MareMaTHYeCKMX MOJEJIEH MPOLECCOB TEPANMH PAKOBBIX
OIyXOJIEH, paclpoCTpaHeHUs MH(EKIHOHHBIX 3a00JIeBaHMM, MpPOLECC IMeperadu
CUTHAJIOB B HEHUPOHHBIX CETAX HAXOXKICHHE KPUTEPUEB YCTOWUYMBOCTH
COOTBETCTBYIOLLIUX CHCTEM, pa3pabOTKa METOAOB YHUCIEHHOTO PELICHUS
nudepeHnnanbHbIX u uHTErpo-auddepeHImaTbHbIX ypaBHEHUI c

3ama3JblBAaHUEM, KPUTEPHUEB YYBCTBUTEIBHOCTH MOJEIEH K HW3MEHEHUIO
IapaMeTpoB.
O0beKT HCCICA0BAHMS. JuddepenunanpHbie YPaBHEHHUS c

3ama3fplBalOUIMM  apryMeHToM, auddepeHuranbHble  ypaBHEHHUS  JpOOHOro
nopsika,  MaTeMaTHMYeCKhe  MOJAENM  JAWHAMHUKH  PAaKOBBIX  OITyXOJICH,
MaTeMaTHYECKUE MOJENH pPACIPOCTPAHEHHUS BUPYCHOTO TeMaThTa M TpPUIIa
D005a, HEHPOHHBIE CETH.

Hayuynas HoBHM3HA uccienoBaHus. [IpennosxeHbl HOBble MaTeMaTHYECKHUE
MOJIENIA, HCIONB3YIONMe OOBIKHOBEHHBIC Au(depeHIInanbHble YPaBHEHUS C
3ara3/IbIBaHUEM, C pacnpeesIeHHbIM 3aras3/ibIBaHUEM, a TaKKe
nudepeHnranbable  ypaBHEHUS APOOHOTO TOpSAKAa W JIPOOHBIE YpaBHEHUS B
YaCTHBIX MMPOU3BOJHBIX C 3aMa3bIBAHUEM I aHAIM3a TMHAMUKHA OHOCHCTEM.

[TokxazaHo, 4yTO yueT 3ana3bIBaHusl MPUBOJIUT K MOJEISIM, OoJiee aleKBaTHO
OTIMCHIBAIOIINM peaTbHBIE CUCTEMBI, YeM 0e3 ydera 3ama3abiBaHus. PazpaboTaHsl
3¢ deKTUBHBIE YNCICHHBIE METOBI AJIsl PEIICHUS YPaBHEHUH ¢ 3ama3/ibIBaHUEM, B
TOM YHCJIC HeSIBHBIE cxeMbl MeToia Pyrre-KyTThI.

HaineHs! HOBbIE KpUTEPUU YCTOMYMBOCTH YUCIIEHHBIX METOIOB.

Pa3pabotan MeTon WCCIeOBaHHUA YYBCTBHUTEIBHOCTH MAaTEMaTHYECKHX
MoOJIeJIel K MaJIbIM BO3MYIIEHUSM MapaMeTPOB U TPU CIyYalHBIX BO3MYIIICHHSIX B
BUJIE «O€TIOT0 IIyMay.
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HOCTpOGHBI MCTOJZIbl CUMHXPOHMU3AIlUH, a TAKKC aHalin3a YCTOﬁqHBOCTH n

JUCCUMIATUBHOCTU JUISI PA3JIMYHBIX MOJEJIEH HEUPOHHBIX CETEH, TaKUX Kak
MEMOpaHHBIX HEUPOHHBIX CeTel, KOMIUIEKCHO3HAYHBIX HEHPOHHBIX CeTeH,
HelipoHHBIX ceTeit Kosna-I'poccOepra u HEHPOHHBIX ceTel TPOOHBIX MOPSIIKA.

I[aHO OIIMCaHUC O6p3.THOfI CBA3M COCTOAHUA M IPCHIOKCH aJI'OPUTM

yIpaBJICHUS C IENbI0 CTAOMIM3allii HEYCTOWYMBBIX HEWPOHHBIX cereli KosHa-
I'poccOepra.

Pa3zpaboTan MHHOBAIIMOHHBIN MOJXOJ, OCHOBAHHBIM Ha TEOPUU MATPUUHBIX

U3MEPEHUN MJI1 U3y4YEHHUs JHCCUIATHBHOCTH KOMIUIEKCHO3HAYHBIX HEMPOHHBIX
CeTEH C BPEMEHHOM 3aJIEPKKOM.

66

BLIBO)ILI AUCCEePTALINMA.

Marematnueckne wmojenu B Buiae auddepeHnranbHbIX YpaBHEHUH C
MaMATBIO WIKW/M JPOOHOIrO TMOPSAKA MO3BOJISIIOT 32 CYET BHIOOpA 3HAYCHUS
napamMeTpoB 3ala3/blBaHus W Topsiaka JudPepeHIrpoBaHrs CO3AAHHUIO
0oJiee aJIeKBaTHBIX MATEMAaTUUYECKUX MOJIENEH.

VYyer 3ama3apiBaHus MHGOPMAIMU TP MAaTEMAaTUYECKOM MOJAECIHPOBAHUU
JTUHAMHYECKUX TMPOIECCOB B OUOJOTUM, MEIUIIMHE U TEOPUU HEUPOHHBIX
ceTell He TOJNbKO o0ecreynBaeT 0JIM30CTh MOJEIH K PEalbHOCTH, HO TAKXKE
CHOCOOCTBYET YIYUIIEHUIO KPUTEPUEB YCTOWYMBOCTH.

MaremaTuyeckue MOJENM AUHAMHUKMA PAKOBBIX OIYXOJIEM C Yy4YETOM
3ama3fpIBaHUsl OKaXyTcs OoJjiee aJeKBATHBIMU K OKCIEPUMEHTAIbHBIM
JTAHHBIM, CHATBIM C KIIMHUYECKUX HAOIIOACHUM.

MaremaTuyeckass MOJIeNb  Mpolecca JIEYEHUsT paka  COYETAaHHEM
XUMHOTEpANlMd U HMMYHOTEPANUU TO3BOJSET BBIYHCIUTH ONTHMATbHBII
PEXKUM COYETAHUS 3TUX METOJOB JICUEHUS.

Uucnennble MeTonbl penieHus AudQepeHImanbHbIX  ypaBHEHUM C
paccpeioTOUYCHHBIM  3amna3[blBaHuEM TpedyeT o0coObld MOAXOH, MpHU
KOTOPOM IMOMHMMO CXEMBI YHCIEHHOTO UHTETPUPOBAHUS IO OCHOBHOM CETKE
HEOOXOAMMO €Ill€ M MOJCETKAa WIM NPHUBJICUCHUE HESIBHBIX HEMPEPBIBHBIX
cxeM Metona Pynre-KyTTsl.

MareMaTuyeckue MOJEIM HEUPOHHBIX CETEd C YYETOM 3ara3J/iblIBaHus
MO3BOJIAIOT YJIYUIIUTh KPUTEPUH YCTOMYUBOCTH.



3AK/IIOYEHUE

OcHOBHOE BHUMaHHE€ B JTOH paboTre OBUIO YACIEHO H3YUYEHUIO
KaueCTBCHHBIX M  KOJIMYECTBCHHBIX  XapaKTEPHUCTHK AU depeHnnamIbHbIX
yYpaBHEHUU C 3ama3iblBaHUEM (MOJETH C MaMsThi0) C TMPUIOKEHUSIMH. MBI
IpOBENM HCCIENoBaHus B cienyromux obnactsax: (i) KadecTBeHHbIM aHanm3
nuddepeHInanbHBIX  YpaBHEHUH C TaMiaThlO (BpeMEHHBbIE 3ajepkku); (ii)
JlnHaMUYeCcKU aHajlu3 HEUPOHHBIX CeTeM C 3aJepXKodW mo BpeMeHwH; (1ii)
JuHamMuueckuid aHau3 OWOJIOTUYECKUX CUCTEM. MBI BHIEIH, YTO MOJEIH C
3aJIep)KKON pealbHBIX SBICHUM HMMEIOT OoJiee WHTEPECHYIO AWHAMHKY, YeM
ypaBHEHUs, B KOTOPBIX OTCYTCTBYIOT 3PPEKTHI MAMSTH.

CJ'ICI[YCT OTMCTUTDb HCKOTOPBIC MOMCHTHEI:

e @usnueckrue U OHOJOTMYECKUE CHUCTEMBI HMMEIOT CI0KHOE HEJIMHENHOE
JMHAMUYECKOE TMOoBeaeHUE. M3yueHne KauyeCTBEHHOTO IOBEICHUS B YCJIOBHUAX
CTAaOMIBHOCTH W OM(QYpPKAIMOHHBIX CBOMCTB HMEET Ba)XHOE 3HAYCHHUE IS
obecrieueHus1 0€30MMaCHOT0 MPUMEHEHHUS B PealbHOM MUPE.

* JlubdepeHuuanbuple MOJAEIU 3aJCPKKHU SBJICHUN peaJbHOM JXKU3HU HMEIOT
MOTEHIIUAJIBHO 00Jiee MHTEPECHYI0 AWHAMHUKY, YEM YypaBHEHHUS, B KOTOPBIX
OTCYTCTBYIOT 3(PEeKThl MaMmsATH: OHU OO0Jee KAUYECTBEHHO U KOJHUYECTBEHHO
COTJIACYIOTCSl C SIBJICHUSIMU TIpoJudepanuu KIETOK, YeM COMOCTaBUMBIE MOJIEIH
ony.

* 3a7epKK1 BPEMEHU ObLIM BKJIIOYEHBI B OMOJIOTMYECKUE CUCTEMBI JJIsl OMUCAHUS
BPEMEHU pEreHepaluyu pecypca, MNEpUOJOB CO3PEBaHUS, BPEMEHU pEAKIUH,
BPEMEHHU KOPMJICHHSI, Ieproia OEpEMEHHOCTH U T. .

* Hanuuue apoOHOro mopsiika ¥ BPEMEHHOM 3aepKKU B MOJCISIX YJIydlllaeT
CTAOMJILHOCTD pPElIeHU U 00oranaeT JMHAMUKY MOJCIIH.

* 3aJep>KKM BO BPEMEHHM CUUTAIOTCS BAXXKHBIM (DAKTOPOM, KOTOPBIM HAMPAMYIO
BIUSET HA MPOU3BOJUTEIBHOCTh CHUCTEMBbI, M Oudypkanus Xomnda TaKxKe
MPOUCXOJIUT, KOTAA 3aJIep>KKa MPOXOJUT YEpe3 MOCIEI0BATENbHOCTh KPUTUUECKUX
3HAYCHHUHU.

* AHaJIN3 YYBCTBUTEJIBHOCTH SIBJISIETCA BAKHBIM MHCTPYMEHTOM JUISi TOHUMAaHUS
KOHKPETHOM MOJENH, KOTOpasi paccMaTpuBaeTcs Kak mpobiemMa yCTOWYMBOCTH
OTHOCHUTEJIBHO CTPYKTYPHBIX BO3MYILIEHHUN B MOJEIH.

* OnTumasibHble  pe3yJabTaTbl KOHTPOJS  MPEACTABIAIOT  3(PPEKTUBHOCTD
MEIMKAaMEHTO3HOTO JIEYEHUS B IOAABICHWHM BUPYCHOM NPOAYKIUU U
MPEeI0TBPAIICHUN HOBBIX MH(EKIIHIA.

 Kectkue nmpobseMbl MOTYT BO3HUKATh B 00JIACTH TPUMEHEHUSI OMOMaTEeMaTHKH,
U HESBHBIE WU TOJYSBHBIC YUCJICHHBICE METONBI OOJIBbIIIE TOIXOMAT JJISI 3TOTO
THIIA MOJEJIEH, YEM SIBHBIE METOBI.
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* HennHeHHOCTh, YyBCTBUTENBHOCTh K MaJIbIM BO3MYILIEHUSIM B MapaMmeTpax (Wiu
IIYMOBBIE JIaHHbIE), UJIECHTU(DUIMPYEMOCTh U BBIOOP MOJENIU  SIBISIOTCS
npobieMamMu IpU YUCICHHOM MOJICIMPOBAHUU B OMOHAYKaX.

M HOJ’Iy‘-IeHHBIe pPE3YyJIbTAThl AAOT IIOHATH OouojoraM Al YIyYHICHHA CBOMCTB
MOI[GH@IZ 1 SKCIICPUMCHTAJIbHBIX JTaHHbIX.
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(NUMDIFF-15), 3—7 Septamber 2018, Martin Luther University Halle-Wittenberg
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3. Dynamics of Three Species Predator-Prey Delay Differential Model with
Allee Effect and Holling Type-II Functional Response, ICFDA’18 International
Conference on Fractional Differentiation and its Applications will be held in July
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4. Dynamics of Hepatitis C Virus Infection, 10th International Conference on
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Differential Equations, International Conference on Mathematical Methods &
Computational Techniques in Science & Engineering (MMCTSE-2017), February
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27. Numerical Treatments of Stiff Delay Differential Equations in
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Turkey.

28. An efficient Technique for Stiff 1VPs: Mono-implicit RK scheme, UAE
Math Day 2014, American university in Dubai, 19th April 2014.
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29. Delay Differential Equations with Biological Systems: Parameter
estimation and Sensitivity Analysis, 3rd International Conference on Mathematics
and Information Sciences (ICMIS), 28-30 Dec. 2013, Luxor, Egypt.

30. Delay Differential Equations in Biosciences: Parameter estimation and
Sensitivity  Analysis, The  Nineteenth  International Conference on
DifferenceEquations and Applications, Sultan Qaboos University, Muscat, Oman,
May 26 - 30, 2013.

31. A Mathematical Model of Salmonella Bacterial Infection in UAE, The
Nineteenth International Conference on Difference Equations and Applications,
Sultan Qaboos University, Muscat, Oman, May 26 - 30, 2013.

32. Global Bifurcation Analysis of Tumour- Immune System Dynamics with
Time Lag, The Nineteenth International Conference on Difference Equations and
Applications,SultanQaboos University, Muscat, Oman, May 26 - 30, 2013.

33. SIR Model of Swine Infuenza Epidemic In Abu Dhabi: Estimation Of
Vaccination Requirement, the 1st Arab World Conference on Public Health
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34. Fractional order differential equations in biosciences, International
Conference on Mathematics, Trends and Development ICMTD12, Cairo, Egypt,
27-29 Dec. 2012.

35. Scaling and Sensitivity Analysis of Delay Differential Model of Tumor-
Immune System Dynamics, International Conference on Mathematics, Trends and
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37. Fractional Order Differential Equations in Biosciences, 4th Internatonal
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38. Stiff Delay Differential Equations in Biosciences, 4th International
Workshop on Analysis and Numerical Approximation of Singular Problems
(IWANASP 2011), Chester, UK, 7-9 September 2011.

39. An Efficient Numerical Technique for Stiff Delay Differential Models in
Biosciences, 16" International Conference on MathematicaModelling and Analysis
(MMAZ2011), Sigulda, Latvia, May 25-28, 2011.

40. Delayed SIR Epidemic Model With Swine Influenza, 9th UAE Math Day,
UAE, April 2011.

41. Delay differential equations with infectious diseases, First International
workshop on Differential and Integral Equations with Applications in Biology and
Medicine (DIEBM 2010), Aegean University, Karlovassi, Samos island, Greece,
September 7-10, 2010.

42. Sensitivity of Best-Fit Parameters in Delay Differential Models with Cell
Growth Dynamics, International Conference-2010: The 6th Dynamical Systems
and Applications, Antalya, Turkey July 10-14, 2010.
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43. Delay Differential Models in Dynamic Diseases, 2nd International
Conference on Bioinformatics and Computational Biology (BICoB-2010),
Honolulu, Hawaii, USA, March 24-26, 2010.

44. Numerical Treatments of DDEs in Dynamic Diseases, 8th UAE Math
Day, April 2010, Zayed University, UAE.

45, Assimilation of Doppler Radar Winds Into a High Resolution
Atmospheric Model, International Conference on Renewable Energy: Generation
and Applications (ICREGA’10), Al-Ain, UAE University (UAE), 7-10 March
2010.

46. Variational Methods for Sensitivity Analysis of Neutral Delay Differential
Models, International Conference of Numerical Analysis and Applied Mathematics
(ICNAAM 2009), Crete, Greece, 18-22 September 2009.

47. Delay Differential Equations in Immunology and Infection Diseases, 10th
Annual UAEU Research Conference, UAE, April 13-16, 2009.

48. Sensitivity and robustness of delay differential models in cell growth
dynamics, One Day Conference in Cairo University 17 April 2008.

49. Delay Differential Equations in Biosciences, ICMTD 2007 Conference,
Cairo, Dec. 27-30, 2007.

50. Mono-Implicit RK method for Delay Differential Equations ICMTD 2007
Conference, Cairo, Dec. 27-30, 2007.

51. Assimilation of Doppler radial winds into 3D-Var data assimilation
systems ICMTD 2007 Conference, Cairo, Dec. 27-30, 2007.

52. Data Assimilation and Numerical Weather Prediction, One Day
Conference: Mathematical Methods, (Minia University, Egypt) 20 March 2007.

53. Solutions Of Some Non-Anticipative Equations In Modelling, Second
International Workshop on Analysis and Numerical Approximation of Singular
Problems (Samos Greece), 6-8 Sept. 2006.

54. Numerical treatments for delay parabolic partial differential equations,
International Conference on Mathematical Analysis and Its Applications
ICMAAOG, (Assuit, Egypt) 3—6 January 2006.

55. Impact of Assimilation of Doppler Radial Velocity on a Variational
System and on its Forecasts, 32nd Conference on Radar Meteorology/11th
Conference on Mesoscale Processes, (Albuquerque, NM, USA) 24-29 October
2005.

56. Assimilation of radar data in the Met Officemesoscale and convective
scale forecast systems, 32nd Conference on Radar Meteorology/11th Conference
on Mesoscale Processes, (Albuquerque, NM, USA) 24-29 October 2005.

57. On the impact of assimilating Doppler radar wind data into an operational
numerical weather prediction model, 6th Int. Conference on Hydrological Uses of
Radar, Melbourne, Australia, 2-4 February, 2004.

58. Errors in Doppler radial winds and their incorporation into 3D-Var data
assimilation systems, UWERN Annual Conference (Salford University,
Manchester, UK) 13-15 December 2004.
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59. Assimilation of Doppler radial winds into a high resolution NWP model,
Workshop: High resolution data assimilation: towards 1-4km resolution, (Met
Office, Exeter, UK) 15-17 November 2004.

60. On the assimilation of Doppler radial winds into a high resolution NWP
model, Third European Conference on Radar in Meteorology and Hydrology
(ERAD) (Visby, Island of Gotland, Sweden), 6-10 September 2004.

61. Data assimilation and Numerical Weather Prediction, New Frontiers in
Computational Mathematics: Inverse Problem (University of Manchester, UK), 10-
11 Jan. 2004.

62. Four-dimensional data assimilation for forecast models, Royal
Meteorological Society (RMS) Conference 2003 (University of East Anglia,
Norwich, UK), 1-5 September 2003.

63. Data assimilation and associated issues, Workshop on mathematical
techniques for improving forecasting of hazardous weather (University of Reading,
UK), 16-20 June 2003.

64. Computational solution of parabolic partial differential equations with
time-lag, Innovative Time Integrators for PDEs (Amsterdam, The Netherlands),
25-27 November 2002.

65. Numerical stability regions for neutral/ delay differential equations, LMS
supported One Day Meeting in Delayed Differential Equation (Liverpool, UK),
12th March 2000.

66. Numerical modelling with delay differential equations in cell growth: A
talk in the Minisimposium at ICIAM99, the Fourth International Congress on the
Industrial and Applied Mathematics (Edinburgh, UK), 5-9 July 1999.

67. Numerical treatment of parameter identification in delays differential
equations: A talk in the Minisimposium at FoCM’99, Foundation of
Computational Mathematics (Oxford, UK), 18-28 July, 1999.

68. Sensitivity analysis of models described by delay differential equations: A
talk in the Minisimposium at SCiCADE99, International Conference on Scientific
Computation And Differential Equations (Queensland, Australia), 9-13 August,
1999.

69. F.A. Rihan, E.H. Doha, M.l. Hassan and N.M. Kamel, Mono-implicit
Runge-Kutta method for delay differential equations, J. Egypt. Math. Soc., 17(2)
(2009) 213-232. (Impact Factor (IF) “Indexed”.)
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