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Kupu (10KTOPJIHK JUccCepTalUACH AHHOTALUACH)

Juccepranus MaB3yCHHUHT 10J13ap0Juru Ba 3apypartu. XKaxon Mukécuaa
WIMHUN-TEXHUK TApAKKUETHUHT Te3 CypbaTiiap OWIaH pUBOXJIAHUIIM (yHIAMEH-
Tajdl TaJKUKOTIAPHUHT SIHTW YCYJUIADUHU SPATHUILl Ba OJUHTAH HaTWXaJlapHU
amManuérra Taa0WK KWIWIIHU Tajiad 3TMOKAa. AManuér TtanabiapujaH Keiaub
yukn6, auddepeHman TeHraaManap Ba JuddepeHnran TONOJOTUSHUHT TyTalll
coxacuna ¢paHily3 OJUMIApU TOMOHHMIAH KaTJlaMalld KYNXWUIMKIAp Ha3a-
pUSICHHUHT (QyHIAMEHTAJl acocliapu sApatwiau. KommakT —KatjiaMaJapHUHT
TypFYHJIUTH, KaTJaMJIADHUHT JIMMHAT TYIUIAMJIADH WHBAPUAHT  TYTUIAMITUTH
ucOotnanau. Katnamanu KynXWIITMKIAPHAHT TOTIOJIOTHK Ba TEOMETPUK XOccanapu
TaIKUK STWIAAUTaH KartiamanapHuHr cudarmii Hazapusicu AKII Ba Poccus
oMMJIap¥ TOMOHHUAAaH Tankuk KwmHad. Iy Owman Oupra, KaTiamaiu
KYIIXWUIAKIIAP HAa3apUsACUHU aManéTra Taa0WK JTHUII TECOMETPUSHUHT MYXUM
Bazudanapuiad oupu 0yind KOIMOKIA.

MycTakW/uMK Huuiapuga MamilakaTUMu3aa TaOuuii Ba aHWK (aHjapra
bTHOOP  Ce3WIapiM  Japaxkajga  KydyaWTUpWIIM, XyCyCcaH  Karjiamasap
HA3apUACUHUHT METOJIJIap Ba HATIKAJAPUHU ONTUMAJ OOIIKapyB Xam/1a JUHAMHUK
cUCTEMalap Hazapusulapura TaOWK KWIMINTa ajoXyja YbTUOOp Kapatuiiu. by
coxaga OOIIKapyB CHUCTEMaJlapd YYYH TYPFYHJIUKHUHT €TapJIJIUK IIapTiiapu
OJIMHJU, STPWIUTK HOMaHui daszonapna pumMaH cyOMepcHusiapu XOCHJI KUJITaH
KaTJaMaJJapUHUHT CEKIIMOH ASTPWIMKIAPH HOMaH(PUH JKaHIUTH HUCOOTIAHIN Ba
BEKTOP MAWJIOHJIAPHUHI TE€OMETPUSACH TaAKUK OTHII OyilMya CcaJlMOKIU
HaTWXanapra dpUITUIIH.

byryHru xyHzaa skaxoHja om0 OopuiiaéTrad KyNXWUIMKIA Oepuiran BEKTOp
MaWJOHJIap OWJIACK OPOWTACHHHUHT TEOMETPHUSACH WYHAIMIIHUIATH TaJAKUKOTIap
JMHAMHUK TOJIMCUCTEMAJIap Xamja ONTUMall OOIIKapyB Ha3zapusacH OuslaH OOFJIUK
TaIKUKOTIApJAa MyXUM axaMmusTra sra. by Oopajga Makcaaid UIMUN TaIKUKOT-
JapHH, JKyMmJIaJlaH Karjamajap Hazapusicu OViuda OJMHTaH HaTWKaJapHU
KYTIXWUIMKJIApAaru JMHAMUK ToJIMCUcTeManap xoJatiap Ga30CHHUHT CTPYKTypa-
CHUHU aHUWKJAIIra KeHI TaTOMK ATUII MyXuM BazudanapjaaH Oupu XucoOJaHaIH:
KarjaManap Ha3apUsACUHHUHT YCYJUIADUHU JIMHAMHK TOJUCUCTEMAsap, ONTUMAI
OoIIKapyB Ha3zapusick Ba OOIlKa COXAJIAPHUHT TYpJIM Macajajgapura TagouK
KWIWII, PpUMaH KYNMXWUIMKIapujaa OepwiraH cyOMepcusiiap XOCHJ KHTyBYU
KaTjiaMajap T€OMETPUSCHHU TaJAKUK KHJIWII, HOMaH(HWA CEKIIMOH STPHIIMKKA 3Tra
OynraH cupTiapja puMaH KaTjamajaapd FeOMETPUSICHHHM Taakuk 3Tuil. FOxopuma
KSJITUPWITAH  WIMHH-TAAKUKOTIIAp  WyHaymmuaa  Oaxkapwia€TraH  WIMHUN
W3JIAaHUTIIAp Ma3Kyp JUCCepTaIis MaB3yCHHHUHT JOJI3apOIUTHHA H30XJIai a1,

V36ekucron Peciy6imkacu Ipesunentununr 2006 i 7 aBrycraaru
[1K-436-con «®aH Ba TEXHOJIOTHSUIAPHU PUBOKIAHTUPUILIHA MYBO(QUKIAIITUPULL
Ba OOIIKAPWIITHU TAaKOMWUIAIITUPHIN Yopa-Taadupiapu Tyrpucumanru Ba 2014
piun 8 mrommaru ITK-2204-con «Y36exucton Pecry6Gimkacu danmap akageMUscH
Ty3WJIMACHHU SHaJa MaKOYJUTAIITUPHUIN Xamjaa pecnyOiuka akaJeMuK uiM-(anu
Ba OJUH TAabIUMHUHT WHTETPANMSICHHN MyCTaxKamJjall dYopa-Taadupiapu
Tyrpucuna»ru Kapopnapuaa xamaa Maskyp (aonuarra Teruuui 0omka MebEpuii-
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XYKYKHM XyXokaTinapAa OenruiaHraH Basu(ajapHd amMaira OIIMpHUINra Yoy
JYccepTalns TAAKUKOTH MyailsiH Japa)xaa Xu3MaT KAJjJaau.

TagKuKOTHUHT pecnyOinka ¢GaH Ba TEXHOJOTMAJIAPU PHUBOKJIAHUIIN-
HUHI YCTYBOp HyHaJumuIapura OOFJIMKJIUIU. Ma3kyp TaAKUKOT peciyOinKa
dan Ba TexHoyorusuiap puBoxIaHUIMHUHT V. «MaTtemaTuka, MexXaHUKa Ba
nH(pOpMaATHKa» YCTYBOP UYHATUIIM Ioupacuaa Oa)xapuiiraH.

JAuccepranmsi MaB3ycH OyiiMya XOpMKMH WIMHNA-TAAKUKOTIAP mapxnl.

Karnamanap Hazapusicu, acocaH KaTjlaMaJapHUHI TOIIOJIOTHK Ba TE€OMETPHK
Xoccajapu TaaKUK ATHIAIUTaH KaTJaMaJapHUHT cU(paTUi Ha3apusACH, KOMIIAKT
KaTJaMJIapHUHT JIOKal Ba Ti00al TypFYHJIHKIApH, TYPFYHJIUK Teope-MalapuHU
KOMIAKT OynaMmaran Karjamjiap Y4YyH YMyMIIAIITHPHUIN, CHHTYISp pUMaH
KaTiiamanap, TYJIMK TI€OJE3MK Ba PUMaH KaTIaMalapu T€OMETPHUSICH, KOYJI4YaMH
Oupra TEHI KaTjamayiap TOMOJOTHUACH OYinYa WIMHI U3JAaHUIUIAP €TaK4Yd XOpPH-
KWW JTaBIATIADHUHT WIMHI Mapkazjapy Ba OJMWA TAabJIUM MyaccacajapH, KyM-
namaH, CtpacOypr yuuBepcuteTs (Ppanius), ['penoon yausepcureru (Opanims),
[Mapmx yauBepcutetn (Opannus), Montnemiep yauepcuretu (Ppanmus), Wiu-
Houc yHuBepcutetu (AKI), Kanudopuus yausepcuretn (AKIL), Muaunana yHu-
Bepcutetn (AKIL), IMpuncton yumBepcutetu (AKII), Yopuk yHuBepcuteTH
(bytox  bputanwus), Jlowmon yuuBepcutetn (Byrok Bpuranus), Tokuo
yauBepcutetd (Slnonus), Toxoky yHuBepcutetn (SAmonwus), Kuoro yHusepcureTu
(Anonus), Mocksa naBnat yauepcuteTiapuaa (Poccust) o6 6opriaMokia.

KarnamanapHuHTI TONOJIOTMK Ba TEOMETPHUK XOCCalapH TaAKUK ITUIAAUTAH
KaTJaMaJapHUHT CH(ATUH Ha3apusCH Ba CHHIYJSIp pPUMAaH KaTjaMajlapUHUHT
XOCCAJIapUHU TAAKUK OJTHUINra Ouj AyHENA oyinbd OopunaéTran TaJAKUKOTIap
HaTIWKacHAa KaTop 10y3apd macananap e4yuirad, >KymjajaH, KyHuJaard uiIMun
HATWKaJlap OJIMHTaH: KaTJIaMaJapHUHI KOMIAKT KaTJIaMJIapUHUHT JIOKAJI Ba
riodan TypFyHJIMKIapH, Xamjaa KuuMHr BEKTOp MailIOHJIapUHUHT OpOUTaiapu
CUHTYJISIp pUMaH KarjaMaJapuHu XocuJl Kwmin ucootinanran (CtpacOypr yHu-
BepcuteTH, [ peno6n ynusepcurety, [lapux yauBepcuteTn, MoHTIENIEp YHUBED-
cutet, Opannus); KaTiama cyoMepcus €paamuaa XOCU KWJIMHTaH Oyiica, yHUHT
yayH DpecMaH OOFJIaHMIIM CyOMepcHsl yuyH DpecMaH OOFJIaHUINU TYyIIyHYacura
HKBUBAJICHTJIUTH HMCOOTIAHTaH, Xamja TYJIWK Te0/Je3WK Ba pUMaH KaTjiamaiapu
Opecman OofnaHummra 3ra Oynumu kypcatwirad (MimuHoMC yHUBEpCUTETH,
Kamudopuus ynuepcutetu, Muauana yHuBepcutreT, [I[pyHCTOH YHHUBEPCUTETH,
AKII); cwuMK BEKTOp MaiJIOHJap OWIAJApUHHHT Xap OWp OpOUTACH CHIUTHK
KYIXWUIMK OYIUIIM XamJa KYNXWUIMKHUHT opOuTanapra OYJIWHUIIN CHUHTYJIAP
KarjamMa Xocwi Kuiaumu ucoornanran (Yopuk yHuBepcutetd, JloHIoH
yHUBepcuTeTH, bytok bputanus); yu yadyamiu KYOXWUIMKIArd Koyadamu Oupra
TEHI KaTjlaMa KOMIIaKT OYyJMaraH XoOC KaTJIaMUHMHI JIOKaJl TYPFYyHJIMTU
uCcOOTNaHTaH, KaTiamiap TYIJIAMAHUHT KUCMaH TapTUOJIAaHTaHJIMTY Ba KaTJIamiiap

! Jucceprarnus MaB3ycu 0yiinda xoprkuil unmuii-ragkukoriap mapxu: Actualite Sci. Indust.; C.R.Acad. Sci. Paris;
https://www.math.uni-muenster.de/u; Proc. Fifth Canad. Math. Congress; Ann. of Math.;Ycnexu maremarnueckux
Hayk, Www.mathnet.ru/umn; Maremarudeckue 3amerkd, Www.mathnet.ru/mz; www.ams.org/bull; Progress in

Mathematics; https://projecteuclid.org/euclid.ijm; Ann. Math.; Topology; http://link.springer.com; Journal of
mathematical Physics, analysis, geometry; http://www.foliations.org man6anap acocua HuLUIa0 YUKUITAH.
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TOMOJOTHACH opacuaaru Oormukmuk ypHatwirad (Tokuo ynuBepcutetu, Toxoky
yHuBepcuteTH, Kuoto yHuBepcutetd, SAnonus); yd VYmuamau cdepagaru
KOYyJuaMu Oupra TeHr Xap Oup KaTiiama KOMIMAKT KaTjiamra Srajiurd ucOOTIaHraH
(MockBa naBiat yHUBepCcHTETH, Poccus).

JyHnéna OyryHru KyHAa, puMaH KYOXWUIMKIapuaa OepuwiraH KaTjiamald
KYIIXWUIMKIJIAp TE€OMETPUSICH Ba TOTIOJOTUACUHM TAJKUK ATUII OYinda Oup Katop,
KyMIIaJlaH: HOMaH(HUM CEeKIMOH JrpwiMKKa dra OYyiraHn cuptiapjia pUMaH
KaTjaMajapyd TIEeOMETPHUSICHUHM TaJKUK KWIHIL, KaTiaMald KYIXWUIUKIap
W30METPUSIIApU TPYIIIACUHUHI CTPYKTYPAaCHMHHU YpraHulll, pUMaH cyOMepcusiiapu
XOCHJI KWITaH KATJaMaJapHUHI T€OMETPUK XapaKTepUCTUKAIAPUHU, KaTIaMalld
KYIXWUIMKIArd TEOAE3UK UM3UKJIAPHUHI XOCCaJapHHU aHMKJIAIl, JUHAMHUK
cUcTeManap Ba ONTUMaJl OOLIKAapyB Ha3apHsulapua KaTiiamallap F€OMETPHUSICHHU
KYJIIaIl, SpUIllyBYaHIMK (OOLIKApHIIyBUAHIINUK) TYTUIAaMIQPUHUHT T€OMETPUSICUHU
Xama Kyn KUUMaTIId akCIaHTHpUII cudatuia BakIra y3iayKCU3 OOFJIMKIUTUHU
TaAKUK S3TUII KaOu yCTyBOp HyHanuuuiapja WIMHMH-TQAKUKOT HIUIApU OJIUO
OOpUIMOK/Ia.

MyaMMOHMHI YpraHWJIraHjukK aapaskacu. KaTimamanap Ha3zapusacuHU
makutantupuin Ba puBoxkiantupuiaa C. Ehresmann, G. Reeb, H. Lawson, P.
Molino, A. Haefliger, R. Langevin, H. Rosenberg, G. Lamoureux xabu ¢paniry3
MaTeMaTUKJIapu KaTTa Xucca Kymyawiap. Karnamanap Ha3apUsICHHUHI acOCYHM-
napunan oupu XK. Pubnunr (G. Reeb) acocuii mnmuil niapu KatiaaMagapHUHT
cudatuil Hazapusicura Oarunuianrad. JK.Pub TomMoHMmaH, arap KOMMOakT KaTjiam
yekJiM (pyHIaMeHTan rpymnmnara sra oymuca, y xojijga 0y KaTJIaMHUHT yHTa quddeo-
Mopd Oynran kamiamiapgaH uOopar atpodu MaBXKYMJIUTH HCOOTIAHTaH.
I.9pecmannunr (C. Ehresmann) unuiapuga sca, Tyjaa puMaH KyNXWUIMTHAArA
pUMaH Ba TYJia reoJIe3UK KarjaMa JDpecMaH OOFJIaHUIINIa STAJIUTU KYpCcaTHIIraH.

Katnamanm KynXwuldKgarda HM30METpUsIap TPYNNAacCUHUA TaAKUK KHIIWII
KaTJIaMaldu KYNXWUIMKIAp Ha3apUsCUHUHT SHrU Macanacuaup. Karnamanu
KYTIXWUIMKIIAp U30METPUsICH TylryHuacu npodeccop A.Sl. HapmanoB TomoHuian
kupuTUiIrad. KarinamamapHUHT MabiyM OWp CHUH(PHU yUyH KYNXWIUITMK H30MET-
pusicu OyIMaiIurad KaTiaMalid KYTIXUUTUK U30METPHSICH MaBXKYIJTUTH UCOOTIaH-
rad. Katnamanu kynxujmmkiap u30MeTpUsUIapy IPyIIacy KaTiaMald KYIIXAJIIUK-
nap nuddeomopbusmiiapu Tpynmnacura KucM rpymnmna  Oymagu. Katmamanu
kynxwuiakiap guddeomoppusmiapu rpynnacu C.X. ApaHCOHHMHT WIJIMHUN
uniapuaa yprauwirad. Y TOMOHHIaH OyHaai nuddeoMopdusMaapHUHT TOIOIO-
MK KylIMa OYJMIIMHUHT 3apypuil Ba €TapiWIMK IIapTiapyd onvHrad. Kommakt
KYIXWUIMKIAp yuyH auddeomopduamiap TrpynmacUHUHT TYypiId XWI KUCM
rpynnanapu P. L. Antonelli, D. Burghelea, P.J. Kahnnap tomonuman ypra-
HUJITaH.

3aMOHaBHI TEOMETPUSHUHT aCOCH MacalajapuiaH OupH TeOIe3UK
YU3UKJIAPHUHT JIMMUTUHA TaJKUK KWIUIIIaH wuoopar. Puman Kynxwimuru
reofie3uK  YM3UKJIAPUHUHT  JIMMHUTH TEOAE€3UK UM3UK OYIuIIM  puUMaH
TE€OMETPUSICHHUHT KyJIpaTid Kypoiauaup. Karmamanu KYNXWUIMKHUHT TEOJE3UK
YU3UFH KaTJiaMja ETUIIN Ba KeITUPWITaH pUMaH MeTpUKacura HucOaTaH reoie3uK
yu3uK Oynranu yuyyH Oy macana KaTJiamMaid KYNXWUIMKIAp YU4yH KUWWHIAIagn.
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C. XenracOHHMHI HIUIApHAa TEOJE3UK YM3MKIAp Ba pUMaH KYNXWLIHKIApU
M30METpUsIIapU TPYNIAcu Xakuaa akoinbd teopemanap ucOoTianrad. XycycaH, y
TOMOHHMJIAaH pUMaH KYNXWUIMTA M3OMETPUSJIapU TPYNNacd KOMITAKT-OYUK
TOTIOJIOTHSIIa TOMOJIOTHK TPYIMa SKaHIUTH UcOOTIaHTaH. byHmaH Tamkapu, y
pUMaH KYOXWIIUTHAA OepuiiraH W30METpUsIap KeTMa-KeTIWru Oup HyKTaaa
SKUHJIAIICA, Iy KYNXWUIMKHUHT OUpOp  HM30METPHSICUTa  KOMIIaKT-OYUK
TOTIOJIOTHSI/Ia SIKMHJIAITYBYM OepUIIraH KeTMa-KEeTIMKHUHT KUICMUN KETMa-KETIUTH
MaBKyJINTUHU UCOOTIIAraH.

Cunrynsp pumal Karinamanapu tymryHdacu P. Molino TomoHnaH KupuTui-
rad, xamaa A.fl. Hapmanos, H.W. XykoBa Ba 6omka Myamiuduap TOMOHUAAH
CUHTYJISIp pHUMaH KaTJaMacMHUHI TE€OMETPUK Ba TOMNOJOTHK XOCCaJlapH
yprauunrad. P. Molino cuHrynsp katiiama puMad Katjaamacu Oyiica, y XoJjaa Kym-
XWUIMKHUHT PUMaH METPUKAcH HOpMall KaTJaMaHUHI Xap Oup KaTiiamuja
TpaHCBEpCcal METPUKA XOCHJI KWIUIIIUHUA Kypcatrad. Tya KynXuuimkiap yuayH Oy
mapT CHUHTYJSp KarjamMa puMaH OVIMIIMHUHT 3apypvil Ba €Tapiu IIapTyh dKaH-
muru A.S. HapmanoB ToMoHUAaH UCOOTIIaHTaH.

[lyara kapamaciaH, KYNXWUIMK KOMIAKT OYyJiIMaraH XoJjja YHUHT
mudeomopduzmiiap rpynmnacu, KarjiaMaiu KYIXUUIMK U30METpUsUIapy rpyIinacu
KOMITaKT-OYMK TOMOJOTUSTa HUCOATaH TOIOJIOTHK TpyIa OYIuIM, KaTiamald
KYIIXWUIMK TE0JE3UK YM3UKJIApU KEeTMa-KETJIMTUIAH JUMHUTAArd KaTJIaMHUHT
TCOJIC3UK YM3WFUTA SKUHJIANTYBYM KHCMHH KETMa-KETIMK aKpaTHII MYMKHHIUTH
ucOoTIaHMaraH xamjJla KaTjaMalyd KYOXWUIMK — KaTiiamiapuHuHr  ['ayce
ATPUIMKIIApH Y3rapMac Oyaaauran KatjiaMaiap CMH(GU TOMUIMaraH 37u.

JAuccepranust MAaB3yCHHHMHI JMCCEPTANUS 0aKAPWIAETIaH OJIMH TABJIUM
MYacCaCaCUHMHI WJIMMH-TAAKMKOT HILJIAPU OUIaH OOFIMKIMIU. [(nccepranus
TAJKUKOTH Y30eKHCTOH MM yHuBepcutetnHmET 1.0.1.1.9 «DKcTpeman
OOIIKapyBIap, SPHUIITYBUAHIUK TYTUIAMIAPUHUHT (YHKIIMOHAT Ba TOMOJOTUK
Xoccallapy Ba TYJIHK OOMIKApUIYBYM CHCTEMallapHUHT TypryHaurm» (2003-2007),
OT-®1-096 «/luHaMUK MoJMCHUCTEMANap Ha3apHsICH MacajajlapyuHU €YUl YYyH
T€OMETPHK Ba TOMOJIOIMK METO/Iap MIUTa0 YuKuI Ba spatuim» (2007-2011),
D4-04 «Katnamanu KYOXWITHKIAPHUHT T€OMETpUsick Ba TomoJsiorusicu» (2012-
2016) maB3ynapaard HIMHR-TaIKMKOT JOHUXAIapy JoMpacuaa Oaxkapuiras.

TagKMKOTHUHT MaKcaaM KaTjaMald KYNXWUIMKIAPHUHT TE€OMETPUSICH Ba
TOMOJIOTUSICUHM, KaTJlaMall KYXWUIHMKIAP U30METPUsUIaApU TPYNIACUHUHT CTPYK-
TypacHMHHM Ba CEKLMOH ATPWJIMIH y3rapmac OYiraH KaTjiamMald KYNXWUIMKIapHU
TaIKUK KWIMII XaMmJla OJJMHTaH HaTWXajlapHU OOLIKAPYB CHUCTEMAaJIAPUHUHT 3pU-
IIYBYAHJIMK TYTIJIAMJIAPUHH TaJIKUK KHJIUIIIA Ba SPUITYBUAHIMK TYTIJIAMIIAPUHIHT
OOlIJTaHFUY HYKTara y3;JayKcu3 OOFIUKJIUTMHYA UCOOTaIIIa Kyyulaiiian uoopar.

Taagkukor Bazudanapu:

KaTjJaMalli KYNXWUIHKIAp TEOJe3UK YU3UKIAPUHUHT aCOCHH XOCCallapuHU
aHUKJIaIT,

KOMITAKT KYNXWIUIMKIAP roMeoMopdu3mMiiapd TpPyNmacu YYyH MablyM
Oyiran KjJacCUK HaTHXKaHU KOMITAKT OyJIMaran KYNnxwuIMKiIap yu4yH HcOOTall;

KaTjlaMalli KYMXWUIAKIAP HW30METPUsIIapy TPYNIACHHUHT TEOMETPHUSICUHU
SHTH F - KOMIAKT-OYMK TOMOJOTHIA TAAKUK KUJTHIIL,



KaTlaMaJapHUHI  KarTiaamjapu — ysrapmac  laycc  asrpwmruara  ora
KYIIXWUIMKIapAaH uoopat OYIUIIMHUHT [IAapTIapUHHA TOHIII,

pUMaH KYIOXWIIUTHAA OepuiiraH BEKTOp MaWJOHJIAp CHUCTEMACH JSPUIILYB-
yaHIMK (OOIIKapYBUAHIIUK) TYTUIAMUHUHT CTPYKTYPACUHU aHUKJIAII.

TagKUKOTHUHI 00bEKTH KaTjaMalld pUMaH KYNXWUIMKJIApH, KaTiaMaiu
KYNIXWUTUKJIAPHUHT T€0/IE3UK YM3HUKJIapH, CUUIMK BEKTOP MalOHIAp OUJIACUHHUHT
opOuTanapv, IUHAMHUK CHCTEMAJIAPHUHT SPUIIYBUAHJIMK TYIjaMud Ba OOIIKa-
PUWIYBYAHJIIMK COXaJlapy, pUMaH CcyOMepcHsiiapd XOCHJ KWITaH KarjaMajaplaH
ubopar.

TagKMKOTHUHI NMpeAMeTH KaTJaMald KYNXWUIMK U30METPUSUIApU TpyIINa-
CH, KaTjamMalld KYTXUUTUK TEOMETPUICH Ba TOMOJIOTUACH, CYOMEpPCHUST XOCHIT KUJI-
raH KarjiaMa, BEKTOp MailJJoHIap opOuTasapu reOMETPHICH Ba CUHTYJIAp KaTjiaMa-
Jap TaAKUKOTHAAH HOOpar.

TaagkuKOTHUHT ycysuiapu. TagkuKOT UIIMAA JOKal Ba HoJokal nuddepen-
A1 TEOMETpHs, KaTiaMajiap TONOJIOTHUCH, KaTjiamajap Ha3apusCyh Ba JUHAMUK
cucTeMaap Ha3apHsCMHUHT T€OMETPHUK XaM/la TOTOJIOTHK yCyiuiapuaaH Goigana-
HUJITaH.

TagKMKOTHUHT WIMMIA SIHTWJINTM KyHugaruiapaad uoopar:

UXTUEPUN CHIUTMK KYNXWUIMKHUHT ToMeoMopdu3mMiap rpynnacu KOMIaKT—
OYHK TOIOJIOTHS/Ia TOMOJIOTUK TPYNIAIUTY UCOOTIIAHTaH;

KaTJaMaJIM  KYyOXWUIMK ~ W30METpUsUIapu  TPYNIIACH  KOMITAKT—OYHUK
TOMOJIOTHS/1a TOMOJIOTUK IPYIINa XOCHJ KWIHILIK UCOOTIIaHTaH,

KaTjlaMalii KYIXWIIMK U30METpUsIapu KeTMa-KETIUTH Xap Oup KaTiiamjiaru
OuTTazaH HyKTaJa sSIKMHJIAIICA, Y X0JiJla Oy KeTMa-KeTIMKIaH F — koMmakT—o4uk
TOMNOJIOTUSAIa KAaTJaMaJIl KYNXWJIMK W30METPUSIIApUTra SKUHJIAITYBUM KUCMHI
KETMA-KETJIUK aKPaTUILl MyMKUHJIUTY KYypCaTUJITaH;

KaTjiaMa puMaH cyOMmepcusicu Ounian Oepwiran Oyica, y xonna Oy KaTiama
Karnmamiapu [aycc orpunmura  y3rapmac — KYNXWUIMKIapJaH HMOOpaTIvru
UCOOTIaHTaH,

KaTlaMaJIl KYNXWUIMKHUHT T€0JIe3UK YMU3UKJIApU JIMMUTHU T€OJE3UK UYU3UK
OYnuIIM KypcaTuiraH;

KaTjaMajal KYIXWUIMK W30METPUSICH MaBXyJ OYnuO, JEKWH KYMXUIUTHK
MU30METPUSICH OYIIMalIuTrad KaTJIaMaHUHT MaBKyJIUTH UCOOTIIAHTaH,

MaxCyC KYPUHHUIIIATH BEKTOP MAWJOHJIAP CUCTEMACH YUYH SPHUIIYBUYAHIUK
TYIUIAMUHHAHT KOMIAKTJIMIU Ba KYII KHUMATIU «HYKTa-3pUIIYBYAHIIUK TYIUIAMID)
aKCIAHTUPHIL cudaThia y3IyKCU3IUTH UCOOTIaHTaH;

MabJIyM KUAMAaTJaH OIlIMaraH BaKTAAarv 3PUIIYBUYAHIMK TYIJIAaMU EUFUHUHT
KOMIMAKTJIWUTY Ba MabJiyM CHH(] BEKTOp MalJIOHIapH YUyH IPUIIYBUAHIIUK TYTLIA-
MU BaKTIa y37ayKCU3 OOFJIMKIIUTH KYpCaTUIITaH,

YU3UKJIM CHUCTEMAaJlap YUYH DPUITYBYAHJIHMK (OOIIKAPMITYBYAHIINK) TYTIJIaM-
Japu OWp XWJ YIdaMiId TEKHCIUKIAp OWiIaH ycTMa-ycT TYIIUIIMHUHT IIapTiapu
TOIWJITAH.

TagKMKOTHUHT amMajuii HATHXKACHM HOMaH(PUI OSTPWIMKIN  KYTIXWI-
JUKJIApAard  JUHAMHUK  CHUCTEeMajap Xojamwiap  (a30CHHUHT  ATPUJIIUTHHH
aHUKJIANIa, XaMmaa OOIIKapyB CHCTEMAIAPUHUHT SPUIIYBYAHINK TYTUIAMIIAPU
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XOCWJI KWITaH KaTJIaMAIAPHUHT TEOMETPUSICMHM YpraHvumja KyJUIAHWUIUIIN
MYMKHUHJIUTHIaH HO0parT.

TagKUKOT HATHKAJTAPUHUHI HINOHWIWJINIHM KaTJIaMaldd KYIXUUIMKIIAp
rEOMETPUSICH Ba TOMOJOTHUACH XamJia BEKTOp MaHJoHJap OpOUTaTapUHUHT
FEOMETPUSICUHHA ypraHuma KaTjlaMmajiap Ha3apusICu, pPUMaH TE€OMETPHSCH,
muddepeHnran TONOJOTUSHUHT TeOpeMallapu Ba YCyJUIapUHHM KYyJulaml OuiaH
aCOCJIaHTaH.

TagKMKOT HATHXKAJTAPUHUHI MJIMHMHA Ba aMaJiMil axamMusITH. TaaKuKOT
HATWKAJAPUHUHT WIMHH axaMHSITA BEKTOP MAWJOHJIAP YYYH 3SPUIITYBYAHIIUK
TYIUITAMHHWHT KOMITAKTJIMTH Ba KYN KUUMATIM aKCJIaHTUpUII cudartmma
Y3IyKCU3IIUTH OYyirdua OJMHTAH HaTIKajlap AUHAMUK CHCTeMaiap XoJiaTjap
(ha30CHHUHT ATPUIINTUHNA aHUKJIAITa UMKOHUAT SPATUIITN OUJIaH U30XJTaHA TN,

TagKUKOT HATWKATAPUHUHT aMalldii axXamMusaATH TaAKUK KWIMHAETTaH
oOBeKTIIap CUH(PUHU Ce3UJIapiii paBUIlJla KEHraluIlyi YU3UKIM CUCTEMAJIap yU4yH
APUITYBYAHINK (OOIIKapUITYBUAHIUK) TYIUIAMIIApH CTPYKTYpPaCHHU aHUKJIAIITa
XU3MaT KWJIaIu.

TagKuKOT HATHKAJIAPUHUHT KOPUH KWINHUAIIK. J[UccepTanus TaAKUKOTH
Kapa€HU/la OJMHTaH WIMHUNA HaTWXanap Kylujgard HyHalnunuiapjaa aMalnérra
YKOPUI KWJIMHTaH:

BEKTOpP MaWJIOHJIAP YUYH SPUIITYBUAHIMK TYTUIAMUHUHT KOMITAKTJIUTH Ba KYTI
KUIUMATIN akcIaHTUpUIL cudaTtuaa y3JIyKCU3JIWTUM OYiW4Ya ONMHTaH HaTHXaiap
Poccust Tabnum Basupnuru Ba Poccust depepanusicu ganu Ba dyHAaAMEHTAI
tagkukornap ¢ouauHUHT 12-01-00195 pakammm «JleTepMHHHK Ba CTOXACTHK
KapaéHjap JAWHAMUKACHHM TO3UIMOH OOIIKapuIll Macajajgapu Xamaa KyI
UIITUPOKUMIN JuddepeHnnan ViluHIap» WIMHA JOWMXAaCHHU Oakapuuiia
JUHAMHUK  CHUCTeMajap TPACKTOPUSUIADUHMHT Ba  XoJjaTiap  (Pa3oCUHHUHT
CTPYKTYpPacHUHU YpraHuil UMKOHUHHU Oeprad (Y IMypT naBiaT YHUBEPCUTCTUHUHT
2016 #wmn 25 aBryctmarm 7873-8965/20 con wmabaymoTHOMacu). Mimwuii
HATMKAHUHT  KYJUIQHWIMIIKA ~JUHAMUK CHUCTEeMajap XoJjariap (Ha3oCHHUHT
STPUJIMTHHM aHUKJIAITa Ba OOMIKAPWIYBUYM CHCTEMAIAPHUHT HPUIITYBYAHIHK
TYIJITAMAHHUHT T€OMETPUSCUHY YPraHUIITra XU3MaT KUJITaH;

y3rapmac laycc Srpuiukiau Tyjla pUMaH KyIXWUIMKIApUAard Karjiama
pUMaH cyOMepcHsICHIaH XOCHJ KIJIMHTaH OyJiica, y XoJija Oy Katiiama KaTiamiapu
Vy3rapmac ['aycc SrpwMkiIv KYyOXWUIMKIapAaH uOopatiurd Oyiuda OJIMHTaH
Hatxkanap Poccus @enepanusacu @annap AKaAeMUSICUHUHT WIMUANA TaAKAKOTIap
dbonaununr 1.3.1.3 pakamnu «Spatum ycymnapu, Ep Xakugarm maremaTHk
MOJICJUTADHA TAJKUK KWIHII Ba WICHTUPUKAIUSIAND WIMHN JIOWUXACUHU
Oaxapuiga AUHAMUK CHCTeMajap XoJiatiap (Pa30CHUHMHT CTPYKTypacUHU
ypranuim uMkoHMHU Oepran (Poccust @enepanmsicu dannap AkaaeMUSCHHUHT
Cubup Oymumm XucoOjamr MaTeMaTHMKacd Ba MaTeMaTUK  reodu3nka
uHctuTyTHHUHT 2016 #iun 24 aBryctaaru 15301/12-2711 coH MabliyMOTHOMACH).
Nnamuii HaTWKaHUHT KYJUIAHWIMIIA HOMAaH(UH STPWIMKIA KYTXWUIMKIApAard
JTUHAMUK CHUCTeMajap Xoiariap (pa3oCHHUHT CTPYKTYpPaCHHU YPTaHMIITa XU3MaT
KHWJITaH.
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TaagkMKOT HATHXKAJIAPUHUHI anpodauuscu. TagKUKOTHUHT HATHXKaJIapu
WIMHR-aManuii aH)XKyMaHjap/ia MyxokaMa KWIMHraH, xymuanas: «['eomerpus
Oyiinua  MakTaO-CeMUHAp» (Abpay-ropco, Poccusi, 2006), «Em
MaTeMaTHKJIApHUHT sHrH Teopemanapu» (Hamanran, 2006, 2009), «/lunamuk
cucTeMaljap Has3apuscu Ba HOKOPPEKT Macalaliap/iar sSHTH WYHaauuuiap»
(Camapkanna, 2007), «MaremaTuka, MeXaHHKa Ba HH(POpPMATHKAHHUHT
3aMoHaBuii  Mmyammonapu» (Tomxkent, 2008), «Karmamanap, auHaMHuK
cucreMasiap Ba maxcyciukiap Hazapusicn» (Camapkann, 2009), «CupTiapHUHT Ba
KYNEKJIUKIAPHUHT MeTpuk reomerpusicu» (MockBa, Poccusa, 2010), «Jlokan
anamutuk reometrpus» (Jlaxop, Ilokuctron, 2012), «Amanuii MatemaTuka Ba
UHGOPMAIIMOH TEXHOJOTHSIIAPDHUHT 0J13ap0 Myammodapu —ain-Xopasmuid 2012y
(Tomkent, 2012), «I'eoMeTpussHUHT 1013apO MyaMMOJIapH Ba YHUHT TaJ0UKIapH»
(Tomkent, 2014), «OXxTHUMOJUIap HAa3apUACHHHUHI JUMUT T€OpeMajapu Ba YHUHT
tanouknapuw» (Hamanran, 2015), «bomkapyB Hazapusichk Ba MaTeMaTHUK
MOJICJITAITUPHUIIDY MaB3ycujaru Ywmympoccusi koHpepenuuscuna (Mxesck,
Poccusi, 2015), «MaremaTuk (Qu3uka Ba 3aMOHABUN aHAJIM3HUHT TYPAOII
macananapu» (byxopo, 2015), «AHanu3HuHT a0a3ap6 mMyammouapu» (Kapiiu,
2016), «3amoHaBHi1 TOMONIOTUA MyaMMoJIapu Ba Tanoukiapuy (Tomkent, 2016)
Kabu amXXKyMaHiapjaa Mabpy3a KypuHUIIMAa Oa€H  HJTWiIraH  xamja
anpoGanusanal yTkasuiarad. TaJKUKOTHUHT HaTWKalapd Y30ekucTtoH Mummii
YHUBEPCUTETUHUHT «['€OMeTpusi Ba TOIOJIOTHUSHUHT 3aMOHABUH MyaMMOJIapH»»
(2000-2016), «®dynknuoHanm aHanmW3 Ba YyHHHT TaTtomkmapuw» (2014-2015),
«KoMmIieke  aHajau3HUHT 3aMOHaBMi Macanmamapu» (2015) kabw  wimMuid
CeMHHapapuia, Y30eKHCTOH MUIINK yHMBEpCHTETH Kommjard MaTemaTuka
UHCTUTYTHHUHT «Onieparopiap anreOpaiapy Ba yJapHUHT Tagoukiaapu» (2015)
WIMHUN ceMuHapuaa, Hamanran MyXxaHIWCIIHMK-TIENAroruka WHCTUTYTH «Oinil
maTeMatuka» kadeapacuauar (2016) wimuii ceMuHapuaa Myxokama KAJIHHTaH.

TaagkMKOT HATHXKAJAPUHUHI JbJOH KWIMHMIIM. J[Mccepranus MaB3ycu
6yitnua xkamu 43 Ta WIMMH MII 4YON OSTWITAH, IWIyJapiaH Y36EeKHCTOH
Pecniy6nukacu Onuit aTTecTausi KOMUCCHSICUHUHT JTOKTOPJIMK JUCCEPTALMSIIApU
acoCHil WJIMUN HATWKAJApPUHU YOT ATUIIl TABCUS dTUJITaH WIMHUN Hampiapaa 16 ta
MakoJia, xymianaH 6 ta xopwkuii Ba 10 Ta pecnyOnuka >KypHa/ulapuga Hamip
ATHUIITaH.

Juccepranms Ty3WIHIIU Ba XaxMu. [{uccepraius TapkuOu KUpHIL, TYPTTA
000, xysnoca Ba doiiganaHuirad agabuérnap pyixaruman ubopat. Huccepranus-
HUHT XaXKMH 161 OeTHM TallKWiI dTraH.
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JUCCEPTALIMSIHUHT ACOCHUI MASMYHH

Kupum xucMmuga yTkazwiraH TaJAKUKOTIAPHUHT J10J13apOJIMTH Ba 3apypaTu
acocllaHraH,  TaJKUKOTHUHT  pecnyOiuka  ¢GaH  Ba  TEXHOJOTHsIIAPH
PUBOXJIAHUIIVMHHAHT YCTYBOp WYHAIMIIIAPUIa MOCIMIHA KypCATWITaH, MaB3y
Oylinya XOpWXKHUI WIMHI-TaIKUKOTIAp MIApXH, MYaMMOHHUHI YPraHWJITaHJINK
Japa)kacll KeNTHUPUJITaH, TaIKUKOT Makcaau, Basudaiapu, OOBEKTH Ba MPEAMETH
TaBcu(IaHTaH, TAAKUKOTHUHT WIMHHA SIHTUJIWTHM Ba aMajuil HaTwkamapu OacH
KWIMHIaH, OJIMHTaH HAaTWKAJapHUHI Ha3apuil Ba aMalldid axXxaMHATH OYHO
OepuiraH, TaAKUKOT HAaTHWKAJTAPUHHUHT KOPUA KUJIMHUIIM, HAIIp 3TUJITaH UILIAp
Ba JUCCEPTALMS TY3WINIIN OYinYa MabIyMOTJIAp KEITUPHUIITaH.

JluccepTallUsIHUHT «AcocMid TymyH4Yajgap Ba épaamMuu daxrtaap» 1e0
HOMJIaHTaH OupuH4YM 600uM Epmamuu Xapakrepaa OYnuO, auccepTaius MaB3yCH
Oyiuya acocuil TynryH4a Ba €pamMun (pakTiap KeITUpHUIIra OaFuiuiaHrad. ¥ ydra
naparpadiaH TalKuiI TONaH.

bupunun 000HUHT OMpUHYM Naparpadua CUUIMK KYIXWUIMKIAp Ha3apusCcH
KHCKa Oa€H 3TWirad, AUccepTalysaa HIUIaTHIAAUraH CUUIMK KYIXWIJUIMKIAapra
noup 3apyp Tabpudnap Ba Epaamun  gakmiap keartupuiaradH.  CHIUIMK
KYIIXWUIMKIJIApra Ba KUCM KYTIXHWJIIMKIIApra MACOJUIAP KENTUPHUIITAH.

WkknHun mnaparpadia CWUIMK KYNXWUIMKIApAArd BEKTOp MaiIoHIIap
HazapusacH KHUCKa OaéH STWIraH, BEKTOpP MailoHJap OpOUTAJIApUHUHI aCOCUU
xoccajap kenTupwirad. bapua TymyH4yanap Mmucosiap OuinaH EpUTHIITaH.

YuyuHun maparpad kariaamanap Hazapuscura OWj acoCuMi TyLIyHYaiap Ba
épnamun (dakmimapra Oarunuianran Oynu0, yHIA KarjiaMmanap Ha3apusicura OuJl
TabpudIap Ba U3JIAHUIIAPHUHT HATHKAJIApU KeITUPHUIITaH.

busra ymuamm N ra tenr O6ynran C' cuHdra termmum cwutik M
KYIXWUTMK Ba Oy KYNXWIIMKHUHT CTPYKTYpacMHH aHHUKJIOBYM A— Makcumal
atiac 6epuiran 6yicus, Oy epaa r>0. Arap 0<s<r myHocabat ypuHiau Oyca,
M kyoxwomk C° cundra xam terunwmm Oymamu. C° cuapra terummm M
KYTXAJUTMKIATH JIOKal KOOpIUHATAIap cucTeMacuan A’ OuiiaH OenruimaimMus.

OHmu 0<K <N TEHrCU3IMKHU KaHOATJIAHTHPYBYH OYTYH K COH Kapaljuk.

Tavpug 1. bepunaran M KYNXWUIMKHUHT YW3UKIM OOFIAHMIILIM KHUCM
tymiamnapugan  uoopar F ={L_;xe€B} owuna xyiiugaru yuta IApTHU
KaHOaTJIaHTUpCa:

(FR): U Ly =M;
aeB
(F,): a# [ mapTHH KaHOATIAHTUPYBYM Oapua o, €B HHACKCIAp YUYYH

Ly NLg =< mynocabar ypurm;

(F,): xap 6up peM mykra yauyn (U,, @;)eA®, peU, mynzaii jnokan
KOOpJIMHATaJapHU TaHjJall MYyMKHUH Oyicaku, arap Oupop aeB yuyH
U,nL,#< wmyHocabar ypurm 6yica, y xomma ¢, (U; NL,) tymmamMHUHT

YU3UKIUM ~ OOFJIAHMIUIMIIMK ~ KOMIIOHEHTaJIapHHU {(Xl, x2..., Xn) cp;(U,):
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Xt =c"", X

k+1 _ k+1 k+2:Ck+2,...,Xn=Cn} KYPHHHIA &3MII MYMKHH Oyica, M

KYIXWUIMKIA K yomdamim CWUIMK Katiama OepwiraH jaekmiaaud, Oy epna
Ck+1 Ck+2 ch

COHJIAp.
Kapanaérran L, Ttymmam F karnmamanuHr kamiamu aedwiagu. YmoOy

COHJIap 4YM3UKIM OOFIAHMIUIMIMK KOMIIOHEHTJIAapAa Yy3rapMac

xomataa K ymuamimm C° xatimama Koyiadamu (=N —K ra tenr 6yaran C° Kariaama
xam gaevmnaan. FOkopwmarm (F,), (F,) mapmiap M KYOXWDIMK ~y3apo
KEeCHUIIIMaiIMraH KaTjiaMmiapaadn noopammruny, (F,) mapT sca Katjiamiap JoKall
MabHOJIa Mapajule]l TEKUCIMKIApra yXIIaml >KOWJIAIraHIUTMHU aHriaartagd. Arap

(F,) mapt 6axapunca, (U, ¢;)e A® koopaunaranap atpoduiapy KaTJamIaHIaH

Aeitnnany, O6apya KaTiamllaHraH KoopAuHaTanap arpoduiapu Tymiamu A OuiaH

OesruiiaHa Iy Ba KaTjaMJIaHTaH KoopAuHaTanaap atpodiapu cucremacu Aeiumnaau.
Cummmk M xynxwimukna F katnama Oepuniran Oyiica, OyHIal KYTIXUJUTHK
KaTJIaMaiu KYIXWUIMK AeHuIaan Ba (IVI , F) Kabu OenrniaHaIn.

CyOMmepcusinapiad XOCH KWIMHIAH KamiaMmajgap CUH(QU KaTjJaMaJapHUHT
MyXHUM CHH(IIapuaH OMpu XucoOJaHaaH.
Tavpug 2. Panrm makcuman Oynran muddepennuamuianypun f:M — B

aKCIAHTUPHIIL YYyH N>M mapT Oaxapuica, y cyOMmepcus aeiunanu, Oy epja
M, B ymuamnapu Moc paBuiiza N Ba M ra TEHT OYJIraH CHJUIUK KYTIXWLIHKIIAP.

['eomeTpuk HyKTau Hazap/aH, Tyja reo/ie3uK Katjamanap Ba Puman (MeTpuKk)
KaTJIamajapy KaTjaMaJapHUHT MyXUM CUH(U XUCOOIaHaIH.

Tavpugh 3. bepunran M - Puman kynxuumMrudiHr N KUCM KYTIXUJUIMTUATA
ypuHyBYM M KYNXWUIMKHUHT Teoae3uk um3uru N kynxwiukaa érca, M -
Puman kynxuwimuruHuHr N KHCM KYNIXWUIUTH TYJa T€OJE3UK KYNMXUIUIMK JIehH-
Jaau.

Tavpug) 4. buzra M - Puman kynxwumrugara F katmama Oepwuran
OyncuH. bepuiran KaTiamMaHUHT KaTJlaMHra OMTTa HYKTaJa YPUHYBUH T€OJIE3HK
YM3UFU 11y KaTiamana €rca, sS’bHM Xap OMp KaTjiaMm TyJa TEOJIe3UK KHUCM
KYIIXWUIMKaH uoopar 0yinca, F karmama Tyna reoje3uk aeunnaiy.

Kputuk wykramapra sra Oynmaran auddepeHimamuianyBu (QpyHKIUsIap
caTX CUPTJApU XOCHJI KWJITaH Karjamanap cuH(U Koyiryamu Oupra TeHr Oyirad
KaTJaMaJapHHHT MyXUM cuHGuIup. Amepukanuk npodeccop Ph. Tondeur M"
Puman kynxuwimuruaa rpaiMeHTUHUHT Y3YHIIUTH Xap OUp caTx CUpTH/A y3rapmMac,

KPUTHUK HyKTasnapra sra 6ynmaran f:M" — R' QyHKUMAnapHUHT caTX cHpTIApH

reOMETPUSCUHU YpraHraH. byHmail QyHKusiap catx CUpTIapu XOCWJI KWJITaH
Karnamanap Puman (MeTpuK) KaTiiaMacu OYJIUIIMHA NCOOTIIaraH.
Tavpugh 5. I'pagueHTH Y3YHJUTU caTX TYTUIAMJIAPUHUHT OOFIaHUILIUINK

KOMIIOHEHTAcH1a y3rapmac OYiraH CZ(M,Rl) cuara termuwm f:M —>R!

GyHKIHS METPUK (QYHKITUS JEHUTa N,
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Tavpugp 6. buzra M Puman kynxwudruaa aHukjaHradH F  katmama
Oepunran OyicuH. bepwiran F  karnmamaHuHr Katiiamura OUpOp HyKTaja
oproroHan OynaraH M KYNXWUIMKHUHT TEOJE3UK YW3UFU Y3UHUHT Oapua
HyKTanapuga F KarjmamaHuHT KaTiamiapura oprtoroHan Oyica, y xonga M
Kynxwuinkaa 6epwirad F karnama Puman katiiamacu nedunaim.

Huccepranustauar  «Katinamanm KynxXuwuUIMKIap reoMeTpusicw» €0
HOMJIAHTaH HMKKUHYM 000U KaTiamanM KYNXWUIMKIAp TeOMEeTpHsicu, cyOMmepcus
XOCWJI KWJITaH KaTjamaliu aTjacilapHu TaJKUK KWJuIIra OaruluiaHraH. Puman
cyOMepcusicuiaH XoCHJl OYJTraH KaTjlaMaJapHUHT Kariaamiapu yirapmac [aycc
STPUIMKIIN  KYNXWUIMKIAp OYIUIM, KaTjaMald KYNXWUIMKHAHT TeO0JIe3UK
YU3UKJIApU JIMMUTH, KaTJaMaHUHT JUMUTIArd KATJIAMUHUHT T€OJE3UK YU3UFU
oYUM Xamaa TYPT YIdaMiId COTKYIXUUTTHHU Oer YiraaMin eBKiIua (a3zocura
M30METPUK I0KIa0 OYIMaciuru ucOOTIaHTaH.

CyOmepcusuiap XOoCWI KWIJITaH KatjaMajiap CUH(PHU KaTjaMajJapHUHT MYXHM
cundu xucobmaHaau. PaHr xakugard teopemara kypa Xap kanmait f:M — B

cyomepcus M KYIXWUIMKAA — Katiamiapu L= f*(p),peB kucm
KYIXWIUIMKIapAaH uoopar K=n—m Yymyamnu F karnmamanu Xocun Kuiaau, Oy
epaa N,M moc paumga M, B kynxummuknapHuHT ymyamiapy Ba N> M.

busra M xymxwimmkaa K ymaamnm crummk F o katiiama Oepwiiran OYJICHH.
L( p) opkanu F KaTnamauuHr P HyKTagaH YTyB4M Kariaamudu, T L opkamu
L(p) xatmammuer p Hykracugarm ypuama ¢asocunn, H(p) opkamn T L
ypuHMa (GazoHuHr M KYNXWIUMKHUHT P HyKracugard ypuama T M,peM
dbazocuraua opToroHan TYJIAUPYBUMCHUHU Oenrunaimu3. Hatmwxkana TM  ypunMma

karnamanuir TM =TF @ H wmyHocabar Vpunim OynaguraH HWKKUTA KUCM
KaTinamMainapu [F = {T pL: peM }, H= {H (p): peM } (CHJUTMK TaKCHUMOT) Maijo
Oynmamu, Oy epma H kammama TF karnmamanmar TM  garm  oproroHal
TynaupyBuncuaup. by xomma xap Oup X eV(M) BEKTOpP MAalJIOHHH
X =Xy + Xy, KYpUHMIIH[A TacBUpJall MYMKHUH, Oy epaa Xy, Xp- BEKTOp
MaiJloHJIap MoC paBuiga X BeKTop MaijmoHHuHr [F,H mgarm oproronan
POSKIUSIIAPUIUD.

Bepunran X Bektop Maiinon yuyn X €V(F) mynocabar (ssmu X, =0)
Ypunim 6yica, y BEpTUKaAT BEKTOp MaioH Aevmianu. Arap Oepwiran X BEKTOP
maiinon yuyn X €V (H) mynocabar (seHu X, =0) ypunnum Oyiica, y ropu30HTANI
Maijon nedunaau. Cyomepcusuiap munaa Puman cyomepcusiiapu e aTainyBYu
CUH(UHU aJIOXUAa aXpaTUIl MyMKHH.

Tavpugp 7. bepunran f:M — B cyomepcusaunr auddepenmany  df
TOPU30HTAJl BEKTOPJIAPHUHT Y3YHJIMTHHHU CaKJIaraH XOJJa akCIaHTHUpca, y Xoja
Oy cyomepcus Puman cyOmepcusicu nevunaim.

bupunun  maparpapma  Puman  cyOmepcusuiapy  XOCWJI  KWJITaH
KaTJaMaJlapHAHT CEKIMOH JSTPWIMTH TaAKUK KWIMHTaH, XymJjanaH, Puman
cyOmepcusanapy XOCHJ KWITaH KaTJIaMaJlapHUHI TEOMETPUSCUHU H(OIaIOBUU
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Teopema ucOoTIaHraH. Puman cyOmepcusicuaad XOocui OyiraH KaTiiaMajJlapHUHT
KaTJIamiiapu y3rapmac ['aycc srprIMKiIn KYTXUUTHKIIAp OYIUIN KYpcaTUiraH.
Ph. Tondeurnunr® wummpga xap Oup BepTUkan X BEKTOp MaiIoOH y4yH

X([gradf ‘2): 0 mynocabat ypunnu OynmaauraH QyHKIUSIAP caTX CHUPTIAPUHUHT
TE€OMETPUSICH YpraHUIraH.

buz f:M — B cybmepcustiapan B Kynxwmivk Oup yiadamiad OyiaraH xoiga
KapaiiMus, anukporu, f:M — R cwmmk ¢yakuusau kapaitmus. Arap Crit{f} -
Kapanaérran f QyHKIUSHUHT Oapya KPUTHUK HyKTalIapH TYIUIaMu Oyiica, y xoJjia
M\ Crit{f} xymxwimmkna karmammapu f GyHKOMSHHHT caTtx cuUpTiIapuaaH
nbopar N—1 ymuamiuu (€ku KoyimuamMu Oupra TeHr OynaraH) F kaTiiama Xocui
oynasu.

Teopema 1. buzra M - ¥y3rapMac 3TpUIMKIH TYJIa PUMaH KYINXWUINTA Ba
f:M >R' puman cyOmepcusicu Oepwiran OyicuH. Y X0Ijga, pHMaH
cyomepcusicu ( f QyHkmms caTx cupTiapu) XOCHJ KwiraH F KaTiamMaHUHT Xap
oup karnamu ["aycc srpunuru y3rapmac KYynxuwiuk 0yiaau.

NkxrHun O0OOHMHT MKKUHYM Taparpady KaTiaMalid KYIXWLUTUKIAp Ie01e3UK
YU3UKJIAPUHUHT T€OMETPUSICUHU TaJAKUK dTUIITA OaFUIIUIaHTaH.

Puman KynXwuidrd KamiamMaid KYOXWUIMK OynraH XoJijga, YJIapHUHT
reo0JIe3UK YM3UKJIApU KaTiiamjia €TUIM Ba yJap KaTjiamJard KeJITupuiran Puman
MeTpUKacura HucOaTaH reoie3uK YM3uK OyIuiy Oy MacajgaHyd KUHUHIAIITHPAIH.

Kynmxunmikmarn TEOoAe3WK UYW3WKJIAPHUHT JIMMHTH XaKAJard KJIACCHK
TEOpPEMaHUHT yMyMJalIMacu Oyiran Kyiujaaru TeopemMa ucOOTIIaHTaH.

Teopema 2. buzra n ymuamimu M — CHIUIMK Tyna puMaH Kynxwuiaraga K
Vayamiu (O <k< n) Katyiama Oepuiiran OyJcuH. Y xoJi1a

1) xenTupwiraH puMaH METpUKAcu OujaH xap OMp KarjaMm Tyia puMaH
KYTIXWUTATH OV1aau.

2) arap L, katnamnapaa y, :(a,b) > L, reomesuk 4un3uKIap KeTMa-KETJIUTH
Oepwiran OyimO, Oupop S,<(a,b) yayn mM—>oo Oymranmma y, (S,)— P,
7.(S,) >V Oaxapwmica, y xonna y,, kerma-kemmk L(p) katimammaru S=S, 1a P
HYKTaJlaH V BEKTOp HWyHalIWIIuaa 4uKyBum Oupop 7 :(a,b)— L(p) reonesuk
YU3UKKA HYKTABUU SIKWHJIAIIA]IH.

Kyiingaru teopemana 2 - TECOpeMaHUHT UKKUHYY KUICMUHH Ky4alTUpamMus3.

Teopema 3. buzra n ymuamu M — cWUHMK TYiaa puMaH Kynxwuiuruaa K

ymaammn (0<k <n) katmama Gepuiran 6ymeun. bupop s, eR' yayn m-—>oo
oynranpa y,,(S,) — P MyHocabat Oaxapunanura, L, xaTmammapaa KenTHPHITaH
pUMaH MeTpuKacura Hucbarad y, :R'—> L — reoie3uK Ynu3uKIap KeTMa-KeTIUIU
Oepwiran OyncuH. Y xonma L(p) kammamparm S=S, 7a P HYKTaJaH YUKYBYH
6upop 7:R'— L(p) reomesuk YM3MKKA HYKTaBUil SKWHIAIIAJAUTAH y, KETMa-
KeTJIVKHUHT ), KHCMHH KETMa-KETIUIH MaBiKy.

! Tondeur Ph. Foliations on Riemannian manifolds// Springer Verlag, — New York, — 1988.
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Puman ¢azonapunu esxnun ¢dazonapura €ku 6upop Oomika puman (azocura
U30METPUK OoTHpHII Oy (pa30JapHUHT STHTU KM3UKapJIM TEOMETPUK Xoccajiapra 3ra
KUCM KYOXWUIMKJIAPUHU KypHIl ycyinapujaaH Oupuaup. Kynxunnuknapau
eBKJIUJ Ba Oomika (asojapra M30METpPUK OOTHPHILI Ba KOMIAITHpUIN HadakaT
muddepeHnran reOMeTpUsIHUHT, Oanku PuMaH reoMeTpUsICMHUHT XaM MapKazui
MyaMMoJapuiaH Oupu XucobimaHuO, Oy coxaiapia Typid HYKTaW HazapAaH
Ypranuiau.

W3omerpuxk OOTHpUIN Hazapusicd YH3UKIUW Oynmaran auddepeniuan
TEHTJIaMalap CUCTEMACHHH €YUl MacajacH, Xamja TOMOJIOTUK MyaMMoJap OusaH
OOfNMMK OYynmO, yHJa KEHI MHUKECAAa MaTeMaTUK YCyJUIapHHM KyJulaml OwliaH
Oupranukaa siKKoJ TEOMETPUK FOSUIAp XaM HILLIATHUIIA/IH.

Yunnun maparpad KYOXWUIMKHH €BKJIHJ (pazocura OOTUPUII MyaMMOCHHH
TaJKUK Kwimira Oarunuianrad. JKymiagan, TYpT ymdamiau Sol* KYIXWLTUTHHU
Oew yuamiu eBKIUA (pa3ocura U30MEeTpUK OOTUPHUIL XaKUIark Macaja Kapajiaiu.

Typr  ymuamm Sol* KYOXWUIMTHAQ  YallMHBAPUAHT  METPHUKA

ds® =e ' (dx* + dy*) + e*dz® + dt* popmyna 6Gunan Gepunanmy.
Kylingaru reopema ucOOTIaHTaH.

Teopema 4. Typt ymuammn Sol* kymxummuruau 6erm ymaammu R® eBkmmz
(dazocura n3o0MeTpUK OOTUPUO OYIMaANAN.

XaKuKAid d3JIE€MEHTIM Ba JeTepMuHaHTH | ra Tenr Oymran 2x2
MaTpuLagapaad uoopat yu yauamiu Jlu rpynmnacu

a b a b
SLR= eGL(Z,R)det =1
c d c d

KaOHu, yHUHT yHHBepcal Komiamacu 3ca SL,R Onnan Oenrunanagyu. MabiryMku,

SL,R Tymnam xam JIu rpynnacuHy Tallkuil KWJIaaX Ba YHIA Yal KynaiTMara
HUCOaTaH MHBApPUAHT OYIraH MEeTpUKa KUPUTHII MyMKHH.
Onan SL,R kynxummkHu

, _ dx? +dy? + (dx + ydt )’
2
y
YanuHBAapMaHT METPUKA OWIaH TYpT yauamuu R* eBkmmz asocura H30METPUK
OOTHpHUII MacalaCUHU TaJKUK KWIaMU3.

ds

Teopema 5. Yu ynuamnu SI:ZR KYOXWUIMK TYPT yauamiu R* eBxma

¢dazocura n3oMeTpuK 60TUPUO OYIMaNAN.

Hucceprammsianar  «KaTjaamanaum — KYNXWTHKIApP  M30MeTPHUsUIapH
rpynnacu» 1e0 HOMJIAHTaH YYHHUM O00H;a KarjaMalid KYNXUJUTMKIAPHUHT
WU30METPUSATIApU TPYIACH TAAKUK KWnHTaH. JKyMmianaH, KatiaMaid KYTXUJUTHK
MU30METPUACH Ba KaTJaMalW KYMXWUIMKHUHT Oap4ya M30METpHsUIapu TYTIamMuaa
KarjamMald KOMIIAKT-OYMK Tomoyiorus ¢€ku  F -KoMmakT-o4nK  TOmosiorus
TyHIyHYQJIapWU KUPUTUIATN, KaTilaMald KYNXWUIMKHUHT Oapya W30MeTpusiapu
TyIIaMu F -KOMITakT-OYMK TOTMOJIOTHSAIa CAaHOK/IM Oa3ara sra Oynran Xaycaop®d
dazocu DKAHIUTH, CWUIMK YEeKIW ViI4amid, OOFIAHWILIN KYNXWUTHKHUHT
romMeoMopu3MIap TPYIMIAach KOMIIAKT-OUYMK TOIOJIOTUATAa HUCOATaH TOMOJOTHK
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rpymnmna Oynuim, KarjamManu KYNXWIITUKHUHT 0apua W30METpHUsIIapuIaH uoopar
KUCMIpyIia XaM M1y TOMOJIOTHsAAA TOTOJOTHK TpyImanap OVIHIM, KariamMaid
KYIXWUTMK HM30METPHsIapy  KeTMa-KeTJIUTH Xap Oup Kariamjard OuTTanaH
HyKTaJa sKUHJIAImca, y Xoima Oy KeTMa-KeTMKnaH F — KoMImakT—ouuK
TOTOJIOTHSIa KaTIaMald KYMXWIIUK H30METPHUsUIapUTra SKUHJIAITYBYH KHCMUN
KeTMa-KeTJIMK aKPaTHII MyMKHHIIUTH HCOOTIIaraH.

YuyuHur OOOHMHT OWpuHYM maparpaguaa KaTiamMald KYNXUJUTMKHUHT
m3omerpusicu Ba G (M)nma karmamamm KOMIAKT-O4MK Tomoyiorusti €km  F -

KOMITaKT-O4MK TOIOJIOTHs TYUIyHUYAJIapu KUPUTWIAAU. Arap KaTJIaMaHUHT YI4aMu
KYNXWUIMK yIyaMura TeHr Oyica, KUPUTWITaH TOMOJOTUS KOMIIAKT-OYHMK
TOIOJIOTHUA OWJIaH YCTMa-yCT TyIIaau. Arap KaTJaMaHUHI KOYIYaMM KYIXUIIHK
Yymdyamura TeHr 6yica, Oy TOHOJOrMAAard SIKMHJIAIIMIIN HYKTaBUN SIKMHJIAILIHII
Owtan 6up xui Oyiaau.

busra k ymuammu F, F, xatnamanap Onman (M : Fl) Ba (N,FZ) KaTJaamMaJlu

KYIIXWUIMKIAp Oepuirad OYIJICHH.

Tavpugh 8. bupop ¢:M —-N — C'- muddeomopdpusmaa F; karimamamaru
uxtuépuii L, xarmamuauar ¢(L,) akem F, xatmamanmHr Katiamm Oyica,
Oepuiiran (M : Fl) Ba (N,FZ) xyhrmukmap C'- muddeomopd melimmaau Ba
(M,FR) =~ (N,F,) xabu Genrunanamm.

bepunran (M : Fl) KYNIXUUIMKHU (N : F2) KYIIXWUIMKKA aKCIAHTUPYBYHU @
aKCIAHTUPUII KaTiamanu cakjioBun C' - mguddeomopdusm neiimnann Ba
@:(M,FR)—(N,F,) kabu é3unamu.

Arap M =N Ba F =F, wmyHocabarmap ¥ypunmu O¥yica, KaTJiaMaju
KYTIXWUTMKHUHT 1uddeomopduzmu 6epuiran 1eduin MyMKHH.

Tavpugp 9. Katnmamanmu (M, F) xynxwommk @: M — M auddeomophuszmu-
Huar @ L, — ¢(L ) kKartmamparm kentupmiraHd W3oMeTpHsgaH ubOopar Oyica,
@M —>M akciaantupum Karidamand (M,F) KYOXWITHKHUHT H30METPHSCH
JNeUnIIaau.

Busra xap Gupn F karnamasuHr 6upop Katiamupa éramuran {K | Gapua

KOMMAaKT Tyriamiap ouwiacu Ba M kynxwuiukna {U ﬂ} Oapua OYMK TYTUIamiap
onnacu 6epuiran Oyiacun. Xap oup K; < L, Ba U 5 xydrmuk yayH f(K 2 ) cUg,
MyHocabaT ypunnu Oymaguran Oapua f € G.(M) akcmantupuuuiap TymiIaMuHHA
KapaiMu3. by akciianTupunmiap TyrjaiaMuHu
[K,Ugl=1f 1M 5> M |f(K;)cU |

kabu Oemrunaiimus. Ymby [K,,U,] KypuHMmaard TYmiaMIapHUHT —YEKIH
coumard kecummacugaH wubopar Gp(M) TYmiIaMHUHT KHCM TYIjiamiapu
ouJlaCMHM o Ouial OenruiaiiMus. Mabiaym KpuTepHiira’ kypa G- (M) tymnamna
o owa 0a3a Oyiaguran TONOJIOTHS MaBXyJl Ba Oy TOMOJIOTHS siroHa Oynamu. by

! Bakenbman .51, Beprep A.A., Kautop b.E. Beenenue B nuddepeHIMaIbHy0 TEOMETPUIO «B LEIOM». — M.
Hayka, — 1973, — C.440.
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TOTIOJIOTUSIHM KaTjaMaldl KOMIIAKT-OYMK €K F — KOMITakT-o4uK TOmoyiorus aed
aTanmus.

Teopema 6. F -xommnakt-ounk tomonorust Owian G. (M) tymnam caHOKIH
0aszara sra 6ynran Xaycaopd dhazocu Oymanu.

Mabnymky, arap KYOXHWUIMK KoMmakT Oyica €k R" Owmiman ycrma-yct
Tymica, y xomaa M xynxummukauHr auddeomopdusmnap rpynmacu Diff (M)
KOMIIAKT-OYMK TOTOJIOTHATa HUCOATaH TOMOJOTHK Tpynma Oymamu. Kyiinmaru
TeopemMa  ymlOy  HATIKAHUHT  UXTUEPUA  CHIUIMK  KYOXWUIMK  Y9yH
yMyMJIaIIMaCHTUD.

Teopema 7. busra cumuk 4Yekiu Yymdamid, OornaHunum M KYIXUIIHMK
Oepwiran OyncuH. Y Xoina yHUHT romeomopdusmiap rpymmacu Homeo(M)
KOMITaKT-OYMK TOMOJOTusAra HucOaTaH TOMOJOTUK Tpynmna OVmamau. XycycaH,
Diff (M), G.(M) kucMm rpymnmanap Xam Iy TOIMOJIOTHs1a TOMOJIOTHK rpymnaiap
oynanu.

Kartmamamu kynxwumkanar  Go (M) wu3omeTpusuiap Tpymnmacu yMyMui
xonaa KynxwuMKHUHT G (M) u3oMeTpusiiap rpynnacHHUHT KHCM TPYIIACH SMac,
Ba akcWHYa, KynXWwiIMKHUHT G(M) wu3omerpusiap Tpymnmacw XaMm KaTIaMaid
kynxwumkHUHT G (M) wu30oMeTpusiiap TpyNIacHHUHT KHUCM TPYIIAcH dMac.
Jlexun, anbarra, Oy rpymnmamap Oym OyiamaraH KecuiMara »9ra, SbHH,
I eGF(M)ﬂG(M);«t@. TaOuwniiku, caBon  maimo  Oymagu: — aitHMiA
aKCIaHTUpUIIIAH (apKiIu KarjaMaid KYNXWIUIMK W30METpHUsIapu TpyInacura
TETUIUIA, JIEKUH KYNXWIUIHK HW30METPUSICH  OYyIMalauran  akCIaHTUPHII
MaBKYJIMH?

bu3 ToMoOHMMU3MAH KaTiamalld KYNXWIIUK M30METPHsUIapH TPYMITaCUHUHT
DJIEMEHTH Oynaaurad, JeKWH KYNXWIDIMK W30METPHUsUIapy  TPYIACHHUHT
AJIEMEHTH OYIMaiIurad KaTJaMaHUHT MaBXYy/JTUTH UCOOTJIaHTaH.

Teopema 8. bepunran (M : F) KaTiamany  KynxwumkHuar - G (M)
WU30METpHUSIIapA TPYMIACH, (M,g) puman kynxwuimk G(M) wusomerpusiapu
IPYNIACUHUHT 3JEMEHTH OYyJIMaiaurad, »JJI€eMEHTHH Y3 MYMra OJaJuraH
f :M — B cyOmepcus MaBxKy/I.

Ky#ingarn mucon kypcaTtud TypuOIMKH, Teopema MIApTUHUA KaHOATIAHTH-
PYBYH COJJTa MUCOJUIAP KYPHIIl MyMKHH.

Kynxunnmuk cudaruaa nkku ymgammm M = R? TeKHMCIIMKHH, YHJIAru Katjama
sca

f(x,y)=x*-y
GYHKIUSIHUHT CaTX, YA3UKIAPHUIaH XOCHI KHJIMHTaH OYIICUH 10 OaifiuK.
Katnamanm KynxuumK H30METPUsACH
(xy)=(xy+2(xy))
dopmyna Owmman Oepuwiran OYyincuH. Arap A— y3rapmac coH Oynca, Oy
AKCTIAHTUPHII TEKUCIUKHUHT XaM KaTJIaMaJd TEKUCIUKHUHT XaM H30METPUSICH
oynmamu. Arap ﬂ(x, y)=—f(x, y) MyHOcabaT YypuHiMu Oyica, ¢ aKCIaHTHPHII
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TEKUCITUKHUHT U30METpUsCH OYIMaiau, JEKUH KaTjiaMald KYNXWJUIMK HU30MeT-
pusicu 6yaau.

Xakukara, arap (X,Y) Hykra X’ —y=C napabolaja STHIIM MabiyM Oyica,
y xoijaa (X, y+l(x, y)) HYKTa X% — y =2C mapaboinana éragu. by akciaHTupuin

napabosiagaru YM3uKIap y3yHIUKIApUHU CaKIaiIu.

Yuunun OOOHMHI WKKUHYM maparpaduga sHru F  -KoMImakT-o4mk
TOIIOJIOTHANA  KaTjaMajlyd  KyNXWUIMKHUHT  W30METpHsUIap  TPYNITACHHUHT
T€OMETPUSCH TAJAKUK KAJIMHTaH.

Katnamanm Kynxwimmkiap y4yH KyduJaara JeMMalap Ba Teopema
UCOOTIIAHTaH.

Jlemma 1. busra Ac L, Tymiamaa HykraBui skumiamysun {f }e GE (M)
KeTMa-KeTIMK Oepwirad OyicuH, Oy epna L, — Kapana€rran KaTiaMaHUHT OMpOp
Kariaamu. Y xonza {f,} KeTMa-KeTauk A TYIulamMaa XaM HYKTaBUM SAKMHJIAIIYBYU
oymamu (A — A TymaMHuMHT L, KaTiaammard Enurn).

Jlemma 2. buszra f_(p) KeTMa-KeTIIMKHUHT SIKWHJIAITYBYN f, (P) KHCM KE€TMa-
KETJINTU MaBXKyJ Oynanuran L, Katjiamaard P HyKrajap Tymiamu A Oepuiiran
oyncuH. Arap A tymnam Oym O6ynmaca, y xonga A=L, MyHocabaT YpuHIu
oynanu.

Oxopuna kentupwiran JiemMMmanap KyWujaaru TeopeMaHu HcOOTaIn

UMKOHUHU Oepajiu.
Teopema 9. buzra n ymuamiam M CWUIMK Tyla KYOXWiukaa k ymauammau

cwumk F katmama Ba f eGl(M), r>0, m=123,.... keTMa-KeTIMK Oepuiaran
oyncun. Xap 6up L, xarmampa myHpgait o, € L, Hykra maBxyn 6ynu6, f (0,)
KEeTMa-KeTJIMK SIKUHJIalyBun OyicuH ne0 Qapa3 kunainmuk. Y xonga f . xerma-
KETJIMKHUHT F -KOMITaKT-04HK TOIOJIOTHsIA SIKMHIalyBan Oyiran f— xucmuii

KETMa-KETJIUTU MaBXKY/I.

Katnamanap Hazapusichk JHMHAMUK CUCTEMalap Ha3apusiCcH, JAUHAMUK
NoJIMCUCTEMAJIap Ha3apusCcH Ba OOIIKApYyB Hazapuslapuaa KEHI TaJOMKjapra sra.
BekTop MalgoHJIap OWJIACMHUHT OpOWTamapu Xonaarjiap (a30oCHHU CHUHTYJISIP
KaTjama Jied atamyBuM KaTjiamiiapra akpaTaiu.

OpullyBUYaHIMK TymamMu (OOMIKapyBUAaHJIMK TYIlamMu) Ba OOIIKapyB
TU3UMJIADUHUHT WHBApUaHT TYIUIaMJIapd ONTUMal OOIIKAPYBHUHT cHU(aTUN
Hazapuscujga MyXUM OOBEKTIap xucoOmaHaau. bolkapyB TH3UMIIAPUHUHT
WHBApHUaHT TYIJIaMJIapU CUCTEMaHHMHI YHT KUCMHU EplaMuia aHUKJIAHTaH BEKTOP
MaiI0HJIap OMJIACHHUHT OpOUTaIapy OMJIaH yCTMA-yCT TYIIA U,

Huccepramustauar «BekTop maiigonjap opOuTanapu reoMeTpusicu» ed
HOMJIAHT@H TYPTUHYM OOOW BEKTOpP MAaMIOHJIAPHUHT OpOUTATAPUHU TaIKUK
KWIdira OaFunuianrad. Maxcyc KYpUHUIIIard BEKTOP MalJIOHJIAp CHUCTEMacu
VUYH DPUIIYBYAHJIHMK TYIMUIAMUHUHT KOMIIAKTIUTM Ba «HYKTa-3pUIIYBYAHIIUK
TYIIaMU» Ky KUHAMATIW  aKCIAHTHUPUIIHUHT Y3JIYKCU3JIUTH, MabiIyM BakKT/IaH
OLIMAaraH BaKTJArud SpUIIYBYAHIUK TYTUIAMHU ENUFUHUHT KOMITAKTIUTH Ba MabllyM
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CMH(} BEKTOp MAaWIOHIApU YYyH ODPHUIIYBUAHIMK TYIJIAMH BaKTTa Y3ITyKCHU3

OOFMMKIUTH HMCOOTIAHTaH, XamjJa YW3HKJIA CHCTEMajap YYyH JPHUITYBUYAHIIHK

(OomKapMITYyBYAHIIMK) TYTUIAMIIAPUHUHT TypFYH OYIUIIN IIapTIapy TOMUIITaH.
TYypruHuM 000HUHT OMpUHYM naparpaduga

X, (x) = f,(X)+ i f.(x)u’ (1)
KYPHHHUIIIATH BEKTOP MaiI0HIap BpI/IIHYB‘{aI:J]I/IK TYTIIAMJIIAPUHUHT TEOMETPHUSCH
TaJKUK KWIMHTaH, Oy epaa ‘ui‘ <1, 6apua 1=12,...m gjap yuyH
fo(x), f.(X),.... fo(X) - Gapua xeR"™ mHykramap ydyH ‘fi(x) ‘SI\/Ii IIAPTHU
KaHOATJIAHTUPYBYM BeKTOp-GyHKuMsAnap, M, — y3rapmac connap.

(1) rtenrmama OwWjaH aHHMKJIAHTaH BEKTOp MaWOHJapra KyHuaaru
KYPUHUIIKMIATH OOLIKAPYB CUCTEMATIapU MOC KeNau:

X= 1,00+ 1,000’ 1) @
i1

Yoy

X(t) = f,(x)+ D fi(x)u'(t) (3)
i=1
muddepeniman TeHrmamanap cuctemacu yuyH [0;T] kecmama aHukiaHraH
OOILIaHFUY IMAPTIAPHU KAHOATIAHTUPYBYHM CUYMMH MaBXy[ OYaaauraH yIdoBIIN
u(t) = (u'(t),u(),...,u™(t)) BekTop-QyHKIMS MaBKym Oyiaca, X  HyKTa X,
HYKTaJaH T BakKTAa JPUIIUII MyMKHH 1e0 aWrtamu3, OyHaa x(T)=x, ‘ui‘sl,
vt €[0; T |mynocabarnap ypurm 6namm.

R" dasonuHr X, HykTamaH T BakTIa SPHIIHUII MyMKHH OYJraH HyKTajaapH
tymiamuan G, (T) kabu Genrmnaiivus. Tabpudra xypa Gapua T map ydyH
X, €G, (T) MyHOCabaTHU XOCHII KUIaMHU3.

By maparpadaa (1) cucrema yuyn G, (T) OSpHIIYBYAHIMK TYIIAMHHHHT

KOMITAKTIIUTY Ba T Ta y3IyKCH3 OOFIMKJINTH NCOOTIIAHTaH.
Kyiinaaru Teopemanap ucOoTianrad
Teopema 10. bapua T >0 nap yayn G, (T) Tymmam KOMIaKT Tymiamaup.

Teopema 11. Xap 6up T >0 nmykrama T -G, (T) aKcmaHTupui Xaycaopd

METPHUKACH/IA y3ITYKCH3.
TypTuHun OOOHMHT WMKKUHYM mMaparpaduaa SPUITYBYAHINK TYTJIAMUHUHT
CTPYKTYpacH TaJIKUK dTHIIA]IH.
Kyinnaru kypunuigaru
x=f(x,u), xeR", ueU cR", 4)
OomkapyB cuctemacd Kapanamd. by epma U tymram R™nga xommakr Gyiran
tymaam. Kapamaérran f(X,u) Bexrop maiizon xap oup ueU nma C” cundra
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ternnu Ba f akcmaHTHpum Oapua apryMeHTIapu OYVHW4YA Y3JIyKCH3 OYJICHH.
byHmaH Tamkapu, CACTEeMaHUHT YHT TOMOHHU
| f(x,u)[<M |x]|+N,V(x,u)eR"xU, (5)
IIapTHYU KaHoaTIaHTHpUIHM Tanad kuaumHaay (M Ba N -y3rapmac karranmkmap).
Ymby G, (<T) Ba G (T) TynnammapHHHT XOCCaTapUHU YPTaHHII ONTHMAI

OOLIKApyBHUHT cu(aTUil Ha3apusCUIa MyXUM YpUH Srajljlaiau.
Macanan, G, (S T) TYIJIAMHUHT ENUKIUTH (€KW KOMIMAKTIWTU) ONTHUMAal

OOLIKAPYBHUHT MAaBXKYIJIUTH XaKUJard TEOpeMaJapHUHT UCOOTHUIIa acOoCUM
dakropnapman 6upu  xucobmanamm. Ymyman omrawga, G, (<T) Ba G (T)
TVyamiap Enuk OYIMacaIurd MyMKHH.

Kyiingaru teopema ypuHin.

Teopema 12. Ymby G U(ST) Ba GU(T) TYIIaMiiap KOMITAKT TYTuIamiaapaup.

Masbnymku, R" dasonunr xommakr kucMm Tyruiamiapuaan uoopar K(R")
tyiam  Xaycnopd wmerpukacu Ounman  Mmetpuk  (azomup. Tenrmamanap
CUCTEMACHHUHT YHT TOMOHHU (D) MIApTHU KaHOATIAHTHpCA, KyWHUIaru Teopemaiap
VPUHIA

Teopema 13. Ymby T —>G, (<T) Ba T -G, (T) akcnamTupuiLiap
Y3ITYKCH3IHP.

Teopema 14. Xap 6up T 20 yuyn G, (T) TYIUIaM KOMIIAKT OyJjca, y XoJjaa
G, (ST) TYTIaM XaM KOMITaKTIHP.

Hamuoca 1. (3) tenrnamanap cucremacu yayH G(<T) Ttymuiam kommakt

TYTUIaMIUD.
by maparpada
X=Ax+Bu, xeR",ueR", (6)
KYPUHHUILJIATY YU3UKJIM CUCTeManap Xam Kapaiaau. by epma A— nxn Yyiauamim
matpuia, B — nxm ymuammm marpuna. JKows Gomkapysmap Uu:[0;T]—>R",

0<T <+o0 — YmyoBnM yerapananran GpyHkusiap Oyiacun ne6 dapas Kuaaniuk.
BomikapyBHMHT Makcaau cucteMann Oupop 77€R" TaiimH xomatra
KEJITUPUIIJIaH nbopar.

R" (aszona aHWKIAHraH aHAJIUTUK BEKTOP MaMIoHIap TYyIiamuuu V KaoOu
oenrmnaitnuk. Mabiaymku Oy tymnam Jlu anrebpacu Oynaam, Oynma X Ba Y
BEKTOp MalJOHJApHUHT KymaiWTMacu cudaruga ymnapHuHr Jlu KaBcu [X,Y]

omuarad. X, (X) = AX+ BU BekTop mMaimoHIapHU Kapaiuk, {Xu ‘ue Rm} BEKTOD

Maigonnap tymiaMmuad D Ounan, D ownaHu §3 muMra oJyBYM MUHUMAal KUCM
JIn anre6pacunn A(D) Gunan Genrunaiiux.

Oxkopunaru (6) cucreManuur X Hykragan yryBud L(X) opburacm R"
dha3oHUHT

Y =X (X5 (X3 (X)) (7)
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KYpUHUIIMAArd Oapya HyKTaJapu KaOw aHuKiaHaaw. by epma Oapua i=1,2,...,1
nmap yuyn X, eD,t —xakukumii commap, t—>X'(X) sca X eD Bekrop

maiimonanar t=0 nma X HykragaH VYTyBum wuHTerpan umsuru. Arap (7)
MyHocabaTnaru t, jmap mycOar coHnapiaH mbopar Oyica, y Xojaa Yy HyKTajgap

TYmiaMu MycOat opoutann xocui Kuaaan. JKous u=u(t) Gomkapysiap Oyaakiu
y3rapmac ¢yHKumstapaan noopar 6yica, y xonna G, mycbar opbuta 6ynaau Ba
urynuHr yayn G, < L(7) mynoca6ar 6apya 77 € R" nap yuyn ypunnu 6¥nanu.

Arap U =u(t) yerapananran yi4oBiu ¢pynkus, X(t) (6) cucremara x(0) = X,
GOLLTAHFUY IIAPT OWIAH MOC KeIyBYH TPACKTOPHS Oyiica, y XOIga HIma’,
kypcarmiranuaek, f(x(t),u(t)) Bekrop wmaiimon L(X,) KYIXWTUKKa Jespiiv
Oapua HyKTajap/a ypUHaIH, IIyHUHT YIyH X, € L(77) Hykraman unkyBuu moc X(t)
Tpaekropus L(7) na €ramu. Harmkana, ymuosnu sxous Oowkapysnap yuyn G,
SPUILYBYAHIMK TYIUIAMHUHUHT KUCM Tyruiamu Oynaau. FOxopuparu (6) cucrema
yuyd G, tymiam L(77) Ounan yctma-ycr Tymam.

Bapua xeR" map yuyn A (D) :{X (x): X e A(D)} oyncun. Y xonma
A(D)— Jlu anre6pacu 6ymrammurugan, A (D) — Bektop MaiIoHnap TymiamMu X
HYKTaJaru BeKTOpiap (pa30CMHUHT YM3MKIM KHCM (asocu Oynmaau. XKXymuanaw,
xap 6up U< R"™ Ba 6apua x € R" yuyn X, (x)e A (D) myHocabar ypuriu Gy1amm.
PaBrranku, Gapua X € R" map yayn 0<dim A D <n myHocabaT Gaxapuia .

HaOatnaru reopemana xap 6up opOMTAaHUHT TEKUCIUK OYIIUIIN yUyH eTapiu
mapTiaap TOMUJITaH.

Teopema 15. Bapua X € R"nap yuyn dimAK(D):k (O<k<n) 6yncun ned
¢apa3z kwnaiimk. Y xonma Gapua 77€R" map yuyn G, Tymmam K Ym4oiu

TEKUCTUK OYaau.
Masbiymkn, (6) cucremanuar G, OOLIKapyBYaHIMK TYIUIAMH COXa OYiuiim

yuyH
n.

rank(B,AB,...,A“‘lB)

HIAPTHUHT OaXKapUJIIUILIN 3apyp Ba eTapiiu.
Ymby daktHu »brHOOpra onubd 15-treopemanaH Kyiuaaru HaTuxka Keiuo
YUKaIU

Hamuoica 2. Bapua X € R" nap yayn rank(B, AB,...,A"'B)<dim A (D)
MyHOca0aT YpUHIIH.
Teopema 16. Kyitmnaru (B,AB,...,AHB) MaTpHUIIAHUHT paHrd N—1 ra TeHr

oyncun ne6 dapas xwiaiiuk. Y xonga Oapua opOutanap (3pUITyBYAHIUK
Tymiamu) N—1 ymyamnm Tekucnukiap €ku xonatiap (a3ocu ydra OpOMTaHUHT

! Arpaues A.A., Caukos FO.JI. [eomerprdeckas Teopust yrpasieHus. — M.: ¢pusmariur, 2005. — 392 c.
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Oupnammacuaan ubopat: opbuTamapaaH UKKUTACH N YIyamiu, KOOpAWHATanap
Oommaan yragurad opouta 3ca N—1 Yr4amian TEKUCITHK.

bomkapyBHUHT cudaTii HazapusicuAa CHWUIMK KYNXWIIHMKAArH OOILIKapyB
CHCTEMAaCHHUHT OOIIKAPMIIYBUN TYTUIAaMH (€KH SPUIIYBUYAHIMK TYTUIAMU) OYIIakiu
y3rapmac OomkapyBiap cUH(HIa OONIKapyB CHCTeMacH OWJIaH STOHA paBHILAA
aHUKJIaHAJUTaH BEKTOP MaWJoHIap OWJIACMHUHT MaHbuil (MycOar) opOuTacu
OusaH ycTMa-ycT TyIIaH.

P. Stefan xamimama TymIyHYacHHUHT yMyMJamiMacu OVITaH CHHTYJISIP
Karjama TYIIyHYaCHHU KHUPHUTAW Ba opOuTanmap OUpOp CHUHTYISIp KAaTJaMaHHHT
KaTiaamiiapu Oynummnau kypcatau. bapua opbutanap Oup xun yauamiau Oynranna
KYIXWUIMKHUHT OopOuTanapra OYIMHHUINM KaTiamaaaH ubopar Oymamu. By sca
KaTjamayap Ha3apHsCHHUHT METOJJAPUHU CUUIMK CHCTEMaJapHUHT opOuTaiapu
Ba OOWIKAPYB TYIJIAMIAPHHHUHT XOCCAJApWHU YpraHWINTa KYJaml HWMKOHWHU
oepanau.

Typrunun OOOHMHT yuuMHYM maparpaduaa YM3UKIA CHCTEMajap Y4yH
OOIIKApYBYAHIIMK TYIUIAMUHUHT OOIIIAHFUY HYKTara Yy3JIyKCHU3 OOFIMKINTU
macanacu Kapanamd. Kyn kuiimarin 77— G, QYHKUMSHUHT  y3IyKCU3JIUIH

OamkapyB HaszapuscHaa Tyjga OOIIKapyBYaH CHCTEMAJIAPHUHT TYPFYHJIUIH
MacaJJaCHHU TaJIKUK STHIIIa MyXUM YPHH TYTaJIH.

Xycycan, yii0y naparpada arap Yu3uKiId CUCTEMaHUHT OpOUTAIapd XOCHII
KWIraH Karjamajgap peryasip Oyica, y Xonga OONIKapyBYAHIMK —TYIJIaMH
OOIIJTAaHFUY HYKTara y3JIyKCU3 OOFJIMK SKaHJIUTH UCOOTIaHTaH.

Tavpugh 10. Uxtuépuii € >0 Ba uxtuépuit R >0 yuyn mynmait 0 >0 con

MaBxKyJ 0YIH0, p(n,n0)<5 MyHOcabaTaaH
d(G, NBx(m).G,NB, (1)) <
TCHICH3JIMK YPUHIWIMNIA Kenmb 4ukca, 77—>G, aKkCIaHTUpHIN 7, HyKTajaa
KyHUJaH IpuM y3IyKCU3 Aeimianu, 0y epaa Gﬂ Tymiam G, TyriaMHUHD R" maru
énnru, By (no)—MapKasﬂ 1, HyKTaja paanycu R ra teHr Oyiran €nuk map.
Tavpugh 11. Nxtuépuii € >0 Ba uxtuépuit R>0 yuyn mynmait 6 >0 con
MaBxyx 0yu6, p(n,7,) <5 MyHocabaTiaH
d(G, NBy(1,).G,, NBy(m))<e.
TCHICH3JIMK YPUHIWIMIA Kenub uukca, 7—>G, aKkCIaHTUpHIN 7, HyKTajaa
IOKOPUJIAH SIPUM Y3IIYKCU3 TCHIIIaTu
Tavpug 12. bepunran n —>677 AKCIIAHTUPHUIL 77, HYKTaJa XaM KyHuJaH Xam
IOKOPUJIaH SpUM Y3iIyKcu3 O¥yica, Oy aKCIaHTHUPUII 7], HYyKTaja Y3JIyKCHU3
JIeuniIaau.
n )
Jlemma 3. Xap O6up neR" Hykrana n—G, akcnaHTHpULl KyHuJIaH
SAPUMY3ITYKCH3.
Kyiingarn Tteopemana Kapana€TraH aKCIAHTUPHUIIHUHT FOKOPHAAH SPUM
Y3IyKCU3 OYJIHINY y9yH €Tapiu MIapT TOTHIITaH.
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Teopema 17. bapua xeR" map yuyH dimAK(D):k oyncun, OyHma
AK(D):{X(X):XEA(D)},O<k<n. YV xomnma 77—>G,7 akcmagtupum  R"

¢dba30HUHT Xap OMp HyKTACHIA y3ITYKCH3.

XakukaTaH xaMm, Oy TeopeMa opOUTaIap XOCHJ KWraH Kariama K ymaamiu
KaTjama, OOIKapyBUYAHIUK TYTJIaMHU 3ca Oy KaTJaMaHUHT KaTiamiiapu OYTUIINHA
kypcaranu. lllynnaii Kunub, Kyn KAWMATIH «HYKTa-KaTjaaM» 77—>G77 aKCJIaHTH-

PUII y3IYKCU3 aKCIAHTUPULLLIUD.

XVYJIOCAJIAP

Huccrepranysiia KaTjiaMald pUMaH KYNXWUIMKIAPUHUHT H30METPHsIIapU
rpynnajgapyu TaakuK KwinHrad. Kylniaran macananapHy €4MIll y4yH KaTJlaMaju
KYOXWUIMKJIAPHUHT TOMOJIOTUK Ba TE€OMETPUK XOcCcallapy YpHATWIraH Xamjaa
puMaH CyOMEpCHUSUIApUHUHI T€OMETpUsACH TaJKUK KuinHrad. Karimamara OOFmuk
OynraH, sHrM F -KOMIaKT-O4YMK TOMOJOrMs TylUIyHYacH KupuTwirad. Kartinamanu
KYOXWUIMKJIAp HM30METPHUsUIapu TPYIINAcH KOMIIAKT-OYMK TomoJjorusga Ba F -
KOMIIAKT-OYUK TOTOJIOTHsI/1a TAAKUK KUJIMHTaH.

TagKMKOTHUHT acOCUM HaTWKaJlapu KyhuaaruiapaaH uoopar.

1. Xap kKaHjai KYNXWUIMKHUHT roMeoMop(du3MiIap rpynmnaci KOMIaKT-04rK
TOMOJIOTHSI/Ia TONIOJIOTHUK Tpynna OYIUIIMHA TabKUJIAl MyMKHUH;

2. Katnamany KYNXWUTMKHUHT W30METPHsUIapU TPYNHacH KOMIAKT-OYUK
TOMOJIOTHS/1a TOMOJIOTUK IpyIna Oy UCOOTIIaHTaH,

3. Arap Kariamanu KYNXWUIMKHUHT H30METPHSUIApU KETMa-KeTJIUTH Xap
Oup KaTJlaMHUHT OUpOp HyKTacuja sIKMHJAIlyBuud OVica, y xojjga Oy KeTMma-
KEeTJIUKIaH F -KOMNAakT-OYMK TOMOJOTHsAA SIKWHJIAIIYBYM KUCMUN KETMa-KEeTJIUK
aXpaTHUIL MyMKUHJIUTH KYpCaTUIITaH,

4. Puman cyOmepcusicu ['aycc osrpwimru y3rapmac Oyiaran KatjiaMaiu
KYIXUJUTMKHU XOCUJT KWIMILMHYU TabKUJIAIl MyMKUH;

5. Karnamanu KynXWUIMK TeoJle3UK YW3HUKJIAPUHHUHT JIMMUTH JIMMUTAArud
KATJIAMHUHT T€0JIe3UK YN3UFH OYIIUIIN NCOOTIaHTaH,

6. Typr ymuamum Sol* KYynXWUIMKHH Oemn Yiauamum eBkiIua (aszocura
00THpHUO OYIMacIuru KypcaTuiraH,

7. Katnamanu KYyONXWJUIMK HM30METPUACH TPYNIACUHUHT AJIEMEHTH O0Yiuo,
JEKUH KYOXWIUIMK HW30METPUSICM TPYNIACUHUHT  JJIEMEHTH OynMaiauran
KATJIAMaHUHT MaBXKyJIUTH UCOOTIIaHTaH;

8. Mabnym Oup cuH(]ra TeruuuiM BEKTOp MaMJIOHJIAp CUCTEMACHUHUHT
SPUIIYBUAHJIMK TYIJaMH KOMIAKT OVJIMIIM Ba YHMHT BakITa Y3JIYKCHU3
OOFJIMKJINTH aHUK/IaHTaH,

9. YUnsukynu  OOLIKAPYB  CHCTEMACHHUHT  SPUINYBYAHIUK  TYIUIaMU
(OomIKapyBYaHIUK TYIUIAMH) TAMUH YI4aMiId TEKUCIUKIAaH HOopaT OYJIMIIN yUyH
eTapiu mapTiap TOMUJIITaH.

Myanmnud wnvmii  macmaxatuun  npodeccop HapmanoB  AGaurammap
SxyOoBrYra MyaMMOJIApHUHT KYWHJIUINK Ba yJIapHU MyXoKama KWJIUIIIa TOUMUIL
¢doiinany MacnaxaTiapd Ba KyJU1a0-KyBBaTJIAraHJIUIM YYyH Y3WHUHI YYKYp
MUHHATAOPYUIUTUHU OUIIUPAIH.
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BBE/IEHUE (anHOTAIMS TOKTOPCKO JUCCEPTAIMHI)

AKTYaJIbHOCTh M BOCTPe0OOBAHHOCTH TeMbl auccepranum. B cBsi3u ¢
OypHBIM pPa3BUTHEM HAy4YHO-TEXHUYECKOTO IMporpecca B MHpE, TpeOYyIOTCs
pa3pabOTKU HOBBIX METOJOB (yHIaMEHTAIBHBIX MCCIEIOBAaHUN U BHEAPEHUS
MOJyYEHHBIX PE3yJbTaTOB B MPAaKTHUKY. McXoas u3 moTpeOHOCTEeW MPaKTHKH, HA
CThike Ju(QepeHInanbHbIX ypaBHEHUNH U aud@epeHnanbHoil  TOMOJIOTHH
(bpaHIly3cKUMH YYE€HBIMH CO37aHbl (yHIaMEHTAIbHbIE OCHOBBI TEOPUH CIIOCHBIX
MHOTroo0Opasuii. JlokazaHbl yCTOWYMBOCTH KOMIIAKTHBIX CIIOEHUH U HHBap-
MAHTHOCTh MpENeibHbIX MHOXeCTB cnoeB. YueHbiMu CIIHA wu Poccun
UCCIICOBAHbl KAUYEeCTBEHHAs TEOpHS CIOCHHM, B KOTOPOMl MCCIEAYIOTCS
r€OMETPUYECKUE U TOIMOJIOTMYECKUE CBOMCTBA CIIOEHBIX MHOTrooOpasuii. Bmecte ¢
TUM MPUMEHEHHE TEOPUU CIOCHBIX MHOTOOOpa3uil Ha MPAKTUKE OCTAETCSI OJAHOMN
U3 BaXHEUIINX 3a/1a4 TEOMETPUH.

Ilocne mpoBo3IUIalIeHUss HE3aBUCUMOCTH B HAllleW CTpaHe BHUMAHHUE K
aKTyaJbHBIM HAINpaBICHUSIM B OO0JACTU €CTECTBEHHBIX M TOYHBIX HayK B
OLIYIIAEMOM CTENEHU YBEIUYUIOCh, B YACTHOCTH OCO0OE€ BHUMAHHUE YJEISAETCS
MIPUJIOKEHUIO METOJOB M PE3YJITATOB 3TOW TEOPUU K TEOPHUSIM ONTHUMAJIBLHOIO
VIOPABJICHUS U TUHAMHYECKUX cUCTEM. B 3Toil 00JacTH MOIy4YeHbl JOCTATOYHbBIE
YCIIOBUSI CTAOMIIBHOCTH ISl YIIPABIISIEMBIX CHCTEM, JOKa3aHa HEOTPULATEIbHOCTh
CEKLIMOHHBIX KPUBHU3H CJOEB CIIOCHUS, MOPOXKJIECHHBIX PUMAaHOBBIMU CyOMepCusi-
MH B IPOCTPAHCTBAX C HEOTPULATEIBHBIMM KPUBU3HAMH W IO HCCIEIOBAHUIO
r€OMETPUMN BEKTOPHBIX IOJIEN MOJYYEHBI BECOMBIE PE3YJIbTATHI.

Ha ceronssmselii AeHb UCCIIENOBaHUsA, IPOBOJAUMBIE B MUPE 110 I'€OMETPUU
OopOUT ceMelcTBa BEKTOPHBIX MOJIEH Ha MHOr000pas3uu, SBIAIOTCS Ba)XHBIMHU JJIs
UCCIICIOBAaHNUM, CBA3AHHBIX C TEOPUSAMM JAUHAMUYECKUX IIOJIMCUCTEM M OITH-
MaJbHBIX yIpaBieHHil. B 3Toil o0jacTu Ba)KHOUM 3amadeil SBISIOTCS IIMPOKUE
IIPUJIOKEHUS LEJEBbIX HAy4YHBbIX HCCIECIOBAHUM II0 TEOPUM CIIOCHUM I
OTpPENENEHUHN CTPYKTYpbl (PAa30BOro MPOCTPAHCTBA JAMHAMUYECKUX MOJIMCUCTEM:
IIPUMEHEHUSI METOJOB TEOPHM CIIOEHHW K TEOPUHM IUHAMUYECKHX IOJIUCUCTEM,
ONTUMAJIBHOTO YIOPABJICHMS;, K pa3JIMYHBIM 337ayaM B JAPYTHX OOJaCTAX;
UCCJIEIOBAHUE T€OMETPUU CIIOCHHM, MOPOXKIAECHHBIX PUMAHOBBIMU CYOMEpPCHIIMU;
UCCIIEOBAHUE T'E€OMETPUM PHUMAHOBBIX CIIOEHMHA HA TOBEPXHOCTIX C
HEOTPULIATEIBHOW CEKLIMOHHON KPUBU3HOM. BBINOIHAEMBIE HayYHbIE UCCIIEN0BA-
HUS B BBILICIIPUBEICHHBIX HANpPaBJICHHUSIX OOOCHOBBIBAIOT AKTYyaJIbHOCTh TEMbI
HACTOSAIIEH TUCCEPTALUH.

UccnenoBanuss NaHHOM AUCCEPTALMM B ONPEAECIEHHOW CTENEHH CIIy’KaT
pelleHnio 3ajad, 00O3HAauYeHHBIX B MocTaHoBleHUsX [Ipesupenta PecmyOnuku
V36ekuctan [111-436 ot 7 aBrycra 2006 roga «O mepax Mo COBEPIIICHCTBOBAHUIO
KOOPAWHALMN U YIIPABJICHHUs Pa3BUTHEM HAYKU U TEXHOJIOTHUW), 4 TAKKE
[111-2204 ot 8 wmrons 2014 roma «O Mepax 1O JadbHEHIICH ONTHMH3AIIUH
cTpykTypbl Akagemun Hayk PecyOnuku Y30ekucTan u yKperieHUI0 HHTETpaluu
aKaJeMUYeCKOM HayKd M BbICcIIero oOpas3oBaHusi PecnyOnuku» W B APYyrux
HOPMATUBHO-TIPABOBBIX aKTaX, OTHOCAIIMXCS K JAHHOM 00J1acTH NEATeITbHOCTH.
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CooTBeTcTBHE HCCIEI0BAHUS C TMPUHOPUTETHHIMH HANPABJEHUSIMHU
Pa3BUTHS HAYKH M TeXHOJOruil pecnyOauku. JlaHHOE uCCIEIOBaHUE
BBITIOJTHEHO B COOTBETCTBUMU C IMPUOPUTETHBIM HAINPABICHUEM PA3BUTHS HAYKU U
texHosoruii B PecnyOnuke VY3b6ekuctan V. «Maremartuka, MexaHWKa U
nHpopMaTHKaY.

0630p MEKIYHAPOIHBIX HAYYHBIX HCCIIEI0BAHMI 10 TeMe JHCCEePTALMH .

Hayunble uccnenoBaHus MO TEOPUM CIIOEHUW, KAYECTBEHHOW TEOPHUM CIIO-
€HUl, II€ B OCHOBHOM MCCJIEIYIOTCS TOMOJOTHMYECKHE U T€OMETPUUYECKHUE CBOM-
CTBa, JIOKQJHHON U IIOOATbHON YCTOMUYMBOCTH KOMIIAKTHOTO CIIOS CIIOEHHSI, 0000-
HICHUS TEOPEM YCTOMUYMBOCTH JJIsi HEKOMIIAKTHBIX CJIOEB, CHUHTYJISIPHBIM pUMa-
HOBBIM CJIOCHUSIM, TEOMETPHUM I'€0JC3MUECKUX U PUMAHOBBIX CJIOCHUH, TOMOJIOTUH
CJIOCHU KOPa3MEPHOCTH OJIMH, BEAYTCA B KPYMHBIX HAYYHBIX IIEHTpPax U BbIC-
X Y4EOHBIX 3aBEACHUAX MHUpPA, B 4YacTHOCTU: B YHuBepcutere CrtpacOypra
(Opannus), B Yuusepcutetre ['penodns (Opannust), B [TapuxkckoM yHUBEpPCUTETE
(Opannus), B Yausepcurere Mounnenbe (Opannus), B Yauepcurere Mumnorica
(CIIA), B VYuuepcurere Kamudopuus (CHIA), B VYuuBepcutere HWuamana
(CILIA), B Ilpuncronckom ynuBepcutete (CILIA), B YOopBUKCKOM yHUBEpPCUTETE
(BenukobOpuranus), B Yuusepcurere Jlonnona (Benukobpuranus), B Tokulickum
yauBepcutete (SAnonwus), B YHuBepcutere Toxoky (Smonust), B YHHUBEpcUTETE
Kuoro (Anonust), B MockoBckoM rocynapctBeHHOM yHuBepcurere (Poccus).

B pesynbrare uccinenoBaHui 10 Ka4ECTBEHHOW TEOPUM CIOCHUH, I'IIe UCCIIe-
JTYIOTCSl TOMOJIOTUYECKHE U T€OMETPUYECKHE CBOMCTBA CIIOEB, U CBOMCTB CHH-
T'YJSPHBIX PUMAHOBBIX CIOCHUW B MHpE, PEIICHBI PSJl aKTyalbHBIX MPOOJIEM, B
YaCTHOCTH, TMOJYYEeH CIEOYIOIIMI psal pe3yJbTaToB. JOKa3aHbl TEOPEMBI O
JIOKaJIbHOW U TJI00aJIbHOW YCTOWYMBOCTU KOMIIAKTHBIX CJIOEB CJIOCHUS, a TaKkKe
MOKa3aHO, YTO CEMEUCTBO OpOUT BEKTOpPHBIX Tosie KuuinHra nopoxaaror
CUHTYJISIDHBIE pUMAaHOBBI cioeHus (yHuBepcuteT CtpacOypra, YHUBEPCUTET
I'penoOmns, Ilapwkckuii yHHUBEpPCHTET, yHHBepcuTeT Monnense, Dpanius).
JlokazaHo, €clii CJIOE€HHE MOPOXKACHO CIOSAMU CyOMEpCHH, TO Ui HEro MOHSTHE
CBSI3HOCTH JpecMaHa SKBHUBAJIEHTHO M3BECTHOMY MOHSTHIO CBSI3HOCTH DpecMaHa
JUIsl CyOMEepCHH, a TakKe MOKa3aHO BIOJIHE T'€0JIE3MUYEeCKUE M PUMAHOBBI CIIOCHUS
o0naaroT CBSI3HOCThI0O Dpecmana (yHuBepcuteT UnnmHouca, Kamudbopuuiickuii
yHUBEpCUTET, YyHuBepcuter WMuauanel, yHuBepcuter IIpunctona, CIIA).
JIOKa3aHO, 4TO Kakaas opOMTa CeMEeHCTBa TJaJKUX BEKTOPHBIX IMOJIEH SBISIETCS
[IAJIKUM MHOrooOpasueM, W pa3OueHue MHOrooOpasusi Ha OpOUTHI MOPOXKIAET
CUHTYJISIpHOE cioeHue (yHuBepcuteT Yopuka, yHuepcurer Jlonnona, Benumko-
Oputanus). JlokazaHa, JIoKajbHasg CTA0MJIBHOCTh HEKOMITAKTHOTO COOCTBEHHOTO
CJIOSl CJOEHUS KOPa3MEPHOCTH OJMH Ha TPEXMEPHOM MHOT000pa3uu, MoKa3aHa
CBSI3b MEXKIY YaCTUYHOM YNOPSA0YEHHOCTH MHOKECTBA CJIOEB U TOIMOJIOTUH CJIOEB

! 0030p 3apyOeKHBIX Hay4YHBIX UCCIe0BaHui mo Teme auccepranuu: Actualite Sci. Indust.; C.R.Acad. Sci. Paris;
https://www.math.uni-muenster.de/u; Proc. Fifth Canad. Math. Congress; Ann. of Math.;Ycnexu marematinueckux
Hayk, www.mathnet.ru/umn; Matemarudyeckue 3amerkd, Www.mathnet.ru/mz; www.ams.org/bull; Progress in
Mathematics; https://projecteuclid.org/euclid.ijm; Ann. Math.; Topology; http:/link.springer.com; Journal of
mathematical Physics, analysis, geometry; http://www.foliations.org, tax:xe UCIONB30BaHbI U APYTHE UCTOYHHKH.

28


https://www.math.uni-muenster.de/u
http://www.mathnet.ru/umn
http://www.mathnrt.ru/mz
http://www.ams.org/bull
https://projecteuclid.org/euclid.ijm
http://link.springer.com/
http://www.foliations.org/

(ynuBepcurer Tokuo, yHuBepcuter Toxoky, yHuBepcurer Kwuorto, Anonwus).
JlokazaHo, 4YTO KaX/J0€ CIOCHHE KOPa3MEpPHOCTH OJIMH Ha TpexXMepHou cdepe
o0J1aziaeT KOMITAKTHBIM cjioeM (MOCKOBCKUI YHUBEpCUTeT, Poccus).

Ha M#poBOM ypOBHE OCYIIECTBISIETCA PSAJ HAYYHO-HCCIIEIOBATEIBCKUX
paboT B MPUOPUTETHBIX HAMNPABJICHUSIX MO TE€OMETPUU U TOIOJIOTHMH CIOCHBIX
MHOT000pa3uii, a UMEHHO: HMCCJIEIOBAaHNE T€OMETPUM PHUMAHOBBIX CIIOCHUN Ha
MTOBEPXHOCTAX C HEOTPULATEIbHON CEKIIMOHHOW KPUBU3HOM, U3YUYEHHUE CTPYKTYPhI
TPyONbl M30METPHUM CIIOCHBIX MHOT000pa3uii, OMpeleieHHe T'€OMETPUUYECKOM
XapaKTEPUCTUKN  CIOCHUW, TOPOXKICHHBIX CyOMEpCHUsIMM Ha pPHUMAHOBOM
MHOT000pa3nu, CBONCTB TIEOAEC3UYECKHX JIMHUWA CIOEHOTO MHOrooOpasus,
NPUMEHEHUE TEeOMETPUU CJIOCHHM B TEOpUSIX JAUHAMUYECKUX CHUCTEM U
ONTUMAJIBHBIX YIIPABJIEHUH, UCCIET0BAHUE T€OMETPUH MHOKECTBA TOCTUKUMOCTH
(YIpaBisIMOCTH), a TaK)K€ MCCIIEIOBAHUE HEMPEPHIBHOM 3aBUCUMOCTH MHOXKECTBA
JOCTHKUMOCTH OT BPEMEHH KaK MHOT'O3HAYHOT'O0 OTOOpaKeHHUSI.

Crenenb M3y4eHHOCTH MpPoOJiemMbl. B ¢popMupoBaHuu U pa3BUTUU TEOPUU
CloeHHs OOJbIION BKJIaA BHeCHH (paHIly3ckhue maremaThku Takue, kak C.
Ehresmann, G. Reeb, H. Lawson, P. Molino, A. Haefliger, R. Langevin, H.
Rosenberg, G. Lamoureux. OcHoBubie padotel XK. Puba (G. Reeb), omHoro us
OCHOBOTIOJIOKHUKOB TEOPHUH CIOCHUH, MTOCBAIICHBI 33Jja4aM KaueCTBEHHOW TEOPUU
cinoenuit. JK. Pubom nmokazaHo, 4TO €cClii KOMIAKTHBIN CJIOM MMEET KOHEYHYIO
(yHIaMEHTAIbHYIO TPYyMIy, TO CYLIECTBYET Takas OKpPECTHOCTh 3TOr0 CIoS,
KOTOpasi COCTOUT U3 cjoeB, auddeoMopdhHbIXx gaHHOMY clioo. B pabotax
[I.9pecmana (C. Ehresmann) moka3ano, 4To pUMaHOBBI M I'€0IC3HUCCKHUE CIIOCHUS
Ha MOJIHBIX PUMAHOBBIX MHOT000pa3usax 00J1a1al0T CBI3aHOCThI0 DpecMaHa.

HccnegoBanue rpynnbl H30METPHI CII0EHOTO MHOTOOOpa3ust sIBISIETCS HOBOM
3ajlayeil B TEOPUM CIOEHBIX MHOrooOpasuii. [loHsATHE H30METpUU CIOEHOIO
MHOTO00pa3usi 010 BBenmeHO mpodeccopom A.S. HapmanoBeim. M nmokasano,
4TO JUIsI HEKOTOPOTrO KJlacca CIOCHHWM CYLIECTBYET M30METPHUS CIOEHOTO MHOIO-
oOpazus, KoTopasi HE SBIAETCS M30METpueil MHorooOpasusa. ['pymnmna uzomerpuit
CJIOGHOTO MHOT000pa3usi SIBJISETCS MOATPYyNmou rpymmbl auddeomopdr3mMon
cloeHoro MHoroo6Opasus. I'pymnma guddeomMopdpu3MoB CIOCHOT0O MHOTooOpas3us
uzydyeHa B paborax C.X. Apancona. Mim mosryueHo HEOOXOAMMOE U TOCTATOUHOE
YCJIOBHUE TOIOJOTHYECKON COMPsDKEHHOCTH TakuX Auddeomopdusmon. s kom-
MaKTHBIX MHOT00Opa3uil pasziuyHble MOATPYIIbI, U Tpynnbl guddeomopdpruzmMoB
uzydensl P. L. Antonelli, D. Burghelea, P. J. Kahnowm.

B coBpeMeHHON TreoMeTpuM OJHMM M3 OCHOBHBIX 3a/lay SIBIISIETCA HCCIIe-
JIOBaHUE mpejena reole3sndecKux. MOIIHBIM OpYXKHEM PHUMaHOBOW I'E€OMETPUU
ABJIIETCSI TEOPEMA O MpEJeie re0/Ie3NUeCKUX JIMHUKM pUMaHoBa MHOTooOpasus. B
clly4ae CJIO€HBIX MHOTrooOpasuii 3Ta 3ajjaya OCJIOKHSIETCS TEM, YTO T€0Je3uyecKast
JUHMS CJIOEHOTO MHOT000pa3us JISKUT Ha CJIOE€ U SIBJISIETCS Te0/Ie3MUeCKOl OTHO-
CUTEJIbHO WHIYIIMPOBAHHON pUMaHOBOW MeTpuKH cios. B paborax C. Xenracona
JIOKa3aHbl 3aMeyaTelibHble TEOPEMbI O T'€OJIE3UUYECKUX U O TPYIIax HU30METPHil
puMaHOBa MHOTrooOpas3us. B dacTHOCTH, UM J0Ka3aHO, YTO TpyIMNa HU30METPUi
pUMaHOBa MHOT000pa3us SIBISETCS TOMOJOTHYECKOW TPYNIoOil B KOMIAKTHO-
OTKpBITOM Tomojiorud. Kpome 3TOro OH Jo0Ka3ajl, 4TO €CiId Ha PUMAHOBOM
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MHOT000pa3uu 3aJaHa IOCJIEI0BAaTEIbHOCTh W30METPUI KOTOPBIE CXOIATCA B
OJIHOM TOYKE, TOrAa CYILIECTBYET MOATIOCIIEI0BATENBHOCTh ATOM
MOCJEAOBATENBHOCTH, CXOIAIIAsCS B KOMIAKTHO-OTKPBITOM TOMOJIOTMH K
HEKOTOPOM U30METPHUH 3TOI0 MHOTO00pa3usl.

CuHTryJIsIpHBIE pUMaHOBBI clloeHus1 ObuM BBeAeHbI P. Molino, reomerpuyec-
KHE U TOMOJIOTMYECKHUE CBOMCTBA CHUHTYJISIPHBIX PUMAaHOBBIX CIOCHHMH TaKKe H3Y-
yeHbl B paboTtax A.Sl. Hapmanosa, H.M. XykoBoii u apyrux aBropos. P. Molino
II0KA3aJl, YTO €CJIM CHUHTYJSIPHOE CIOCHUE SBIIETCS PUMAaHOBBIM, TO PHUMaHOBA
METpUKa MHOTooOpa3usi MOpPOXKJIaeT TPAHCBEPCATIbHYI0 METPUKY Ha HOPMAJIbHOM
paccioeHnn Kaxjaoro cinos. s momHeix MHOrooopasuii A.Sl. HapmaHoBbIM
JI0Ka3aHO, YTO 3TO YCJIOBUE SIBISIETCSI HEOOXOAWMBIM U JAOCTATOYHBIM JJI TOTO,
YTOOBI CHHTYJISIPHOE CJIO€HHE OBLJIO PUMAHOBBIM.

Hecmotps Ha 3TO, OCTaeTcst OTKPBITBIM BOIIPOC O TOM SIBJISIETCS JIM TpyInna
mupheoMopPu3MOB HEKOMITAKTHBIX MHOT000OpPa3uil TONOJOTMYECKOW IpyMIoH, a
TaK)Ke SBJSETCS JIU TPyIIa U30METPUI CIIOEHBIX MHOTOOOpa3uil TOMOJIOTUYECKOM
IPyNION, OTHOCUTEIBHO KOMIIAKTHO-OTKPBITOW Tomnosiornu. Kpome Toro,
OCTaBaJICSI OTKPBITHIM BOIIPOC O MpeAeIie Te0I€3UECKUX CIOCHOTO MHOI000pasus, a
TaK)Ke BOIPOC O KPUBU3HE CIOCHUI, MOPOXKIEHHBIX PUMaHOBBIMU CyOMEPCHSIMH.

CBsi3p auccepTAlMOHHON PpadoThl ¢ (PYHIAMEHTAJIBHBIMH H MPHK-
JAAHBIMH HCCJIEI0BAHMAMH, C MHHOBALIMOHHBIMH mNpoekTramu, L'ocymapcer-
BE€HHBIMHM HAY4YHO-TEeXHHYECKHUMH NPOrpaMMaMHu.

JluccepTallMOHHOE  HCCIIEOBAHUE IPOBOAWINCH B  pPaMKax HAy4YHO-
UCCJIEIOBATENbCKUX TrpaHTOB HanumoHanbHOro yHuBepcuTeTra Y30eKucTaHa
1.0.1.1.9 «DyHKUMOHAIBHBIE ¥ TOIMOJOTUYECKHE CBONCTBA JKCTPEMaIbHBIX
YIOPABJICHUM, 00nacTel JOCTUKUMOCTH U CTa0MJIBHOCTH BIIOJIHE YIPaBISEMBIX
cuctem» (2003- 2007), OT-®1-096 «Co3nanue u pa3padOTKa T€OMETPUUCCKUX U
TONOJIOTHYECKUX METOJAOB JUIsl PEIICHWA 3a7ad  TEOpUH JTHHAMHYECKHUX
nommcuctem» (2007— 2011), OT®-01-04 «['eomeTpusi U TOIOJOTHS CIOEHBIX
MHOroo0pasuii» (2012-2016).

Henbro uccaenoBaHUS SIBISIOTCS MCCIENOBAHUS T'€OMETPUU U TOIIOJIOTUHU
CJIOGHBIX MHOT000pa3uii, CTPYKTYpPbI TPYMIBI H30METPHI CIOCHBIX MHOTO00pa3uii
U TEOMETPUM CJIOCHBIX MHOT000pa3il MOCTOSIHHOW CEKIIMOHHOW KpPUBH3HBI, a
TAaK)K€ IPUMEHEHHE II0JYYEHHBIX pe3yJbTaTOB K HCCIEIOBAHUIO MHOYKECTBA
JOCTUKUMOCTHA CHCTEM YIPABIEHUS M B JIOKA3aTEJIbCTBE HENPEPHIBHOW 3aBHUCH-
MOCTH MHOKECTBA JOCTHKMMOCTH OT HAYAJIbHOW TOYKH.

3axaum uccjaeI0BaHus.

YCTAHOBJIEHHSI OCHOBHBIX CBOMCTB I'€0JI€3UNUYECKUX CIIOEHBIX MHOT000pa3Hii;

000011IeHHe KJIACCHUYECKOro pe3ylbTara o Trpynmne roMeoMophu3MoB
KOMITAKTHOTO MHOT000pa3us JjIsl HEKOMIAKTHBIX MHOTOOOpa3uid;

HCCJIEIOBAaHHE T€OMETPUHU TPYIIbl U30METPHUIl CIIOEHOIO0 MHOT000pas3usi B
HOBOM F - KOMIAKTHO-OTKPBITON TOMOJIOTHH;

HAaXOXJICHUS YCJIOBHMM, TNpPU KOTOPOM CIIOM CJIOEHOTO MHOT000pa3us
SIBJISFOTCSI MHOTOOOpa3HsiIMU TIOCTOSIHHOM ['ayccoBO# KpUBU3HBIL;
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UCCIIEIOBAHUE  CTPYKTYpbl ~ MHOECTBA  JOCTHXKMUMOCTH  (MHOKECTBa
VOPABISIEMOCTH) CHUCTEM BEKTOPHBIX IOJIEM, 3aJaHHBIX Ha PUMAHOBBIX
MHOT'000pa3usX.

O0beKTOM HCCIeIOBAHUS SBISIOTCS CJIOCHBIE PUMAaHOBBI MHOTI000pasus,
re0JIe3UUECKUE JIMHUU CIIOEHBIX MHOrooOpa3uid, OpOUTHI CEeMENCTBA TIAIKUX
BEKTOPHBIX TMOJEH, MHOXKECTBO JOCTHXKMMOCTH W O00JIACTH YINPaBISEMOCTH
JUHAMUYECKUX CUCTEM, CIIOEHUS, TOPOKICHHBIE PUMAHOBBIMU CYOMEPCHSIMU.

IIpeaMeTomM ucCaeI0BAHUA SBISIOTCA HCCICIOBAHUS TPYIIIBI U30METPHI
CJIOGHOTO MHOT000pa3usi, TEOMETPUS U TOTMOJOTHUS CIOCHOTO0 MHOT000pa3us,
CJIOCHUS, TIOPOXKIEHHBIE CyOMEPCUSIMH, F€OMETpPUs OPOUT BEKTOPHBIX MOJEH U
CUHTYJISIPHBIX CIIO€HHM.

Metoabl ucciaenoBanus. B auccepranuy NpUMEHSIOTCS METOABI JTIOKAIbHOU
U rio0anbHou nuddhepeHIanbHON TeOMETPUHN, METOAbI TEOPUU CIIOCHHM, a TAKKe
F€OMETPUUECKHUE U TOITOJIOTUUYECKUE METOIBI TEOPUU TUHAMUYECKUX CUCTEM.

Hayuynast HOBM3HA [HCCEpPTALlMOHHOTO WCCJIEAOBAHUS 3aKJIIOYACTCA B
CIIEAYIOLIEM:

JI0Ka3aHO, YTO Tpymmna TroMeoMOop(Hu3MOB JF0OOT0 TIaJKOTO MHOT000pa3us
ABJISICTCS TOIOJOTUYECKOU TPYIIIION B KOMIIAKTHO-OTKPBITOW TOMOJIOTUH;

JI0OKa3aHO, 4YTO TpyIIa H30METPUN CIOEHOTO MHOIro00pa3usi SBISETCS
TOIOJIOTMYECKOUN TPYIIIION B KOMIIAKTHO-OTKPBITOW TOIOJIOTUH;

JIOKa3aHO, YTO €CJIM TMOCJIEA0BATEILHOCTh U30METPUM CIIOEHBIX MHOT000pa-
3UM CXOMSTCA MO OJHOM TOYKE Ha KAXAOM CIIO€, TO U3 3TOM MOCIEI0BATEILHOCTH
MOKHO H3BJIEYb CXOJSIIYI0 MOAIMOCIEIOBATEILHOCTh K H30METPHUIO CIOEHOIO
MHOTroo0Opa3usi B F — KOMITaKTHO-OTKPBITON TOIMOJIOTHH;

MOKa3aHO, YTO €CJIU CIIOEHHE TMOPOXKICHO PUMAHOBOM cyOMepcueil, Toraa
CIIOM JTOrO CIIOEHUS SBIAIOTCS MHOTro0o0pasusiMu TOCTOAHHOM ['ayccoBoi
KPUBU3HBI;

JI0OKa3aHO, YTO TpeIesl T€OJE3UYECKHX CIOCHOTO0 MHOT000pasus, SIBISETCS
reoJe3UYECKON Ha MPEIEIIbBHOM CJIOE€ CIOEHUS;

JIOKQ3aHO, CYILIECTBOBAHUE CJIIOCHUSA, I KOTOPOTO CYLIECTBYET 3JIEMEHT
TPYNIbl  U30METPHUM CIIOEHOTO MHOTO000pasusi, HE SBISAIONIMICST HJIEMEHTOM
IPYINIbI U30METPUN;

JI0Ka3aHa KOMIIAKTHOCTh MHOXECTBA JOCTMKHUMOCTH, U HENPEPBIBHOCTH
MHOT'03HaYHOT'O OTOOPaKEHUSI «TOYKA - MHOXKECTBO JOCTHKHUMOCTH» CHUCTEM
BEKTOPHBIX TOJIEN CMIEIMAIBHOTO BUA;

JI0OKa3aHa KOMITAKTHOCTh 3aMbIKaHUSI MHOKECTBA JOCTUKUMOCTH 32 BpEMS HE
npeBocxosiiee GUKCUPOBAHHOE BpPEMsl, U HETIPEephIBHAS 3aBUCUMOCTh MHOKECTBA
JOCTHKUMOCTH OT BPEMEHHM JJIs1 BEKTOPHBIX TOJIEN OMPEAETICHHOr 0 KJIacca;

HaWJIEHbl YCJIOBUS ISl TOTO, YTOOBI MHOXKECTBA JIOCTHKUMOCTU (MHOXKECTBA
YIOPABJISIEMOCTH) COBMAAANN C TUIOCKOCTSIMH (DUKCUPOBAHHOW Pa3MEPHOCTU IS
JIMHENHBIX CUCTEM.

I[IpakTHYyeckue pe3yabTaTbl UCCIAEIOBAHUSA COCTOSIT B BO3MOXHOCTU MPU-
MEHEHHUS [JIsl OmpeJeieHUs] KPUBHU3HBI (Pa30BOTO MPOCTPAHCTBA JUHAMUYECKHX
CUCTEM Ha MHOTOOOpa3WsiX HEOTPHIIATEIIbHONW KPWUBH3HBI, a TaKXKE I HC-
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CIENOBAHUSI TEOMETPUU CIIOEHUS], MOPOKIACHHOTO MHOXKECTBAMHU JTOCTHKUMOCTH
CUCTEMBI YIIPABIICHUS.

JlocToBepHOCTH  pe3yabTaToB  HccaenoBanus. [lpu  ucciaegoBaHuu
T€OMETPUU W TOMOJOTUU CJOCHBIX MHOrooOpa3uii, a Takke MpU HU3YYCHUU
reOMETPUU OPOUT BEKTOPHBIX MOJIEH JOCTOBEPHOCTH OOOCHOBaHA MPUMEHEHUSIMU
TEOpPEM U METOJOB TEOPUHU CIOCHUH, PUMaHOBOW TeoMeTpuu U TuddepeHimaib-
HOU TOIIOJIOTUU.

Teopernueckassi HW  NpPaKTH4YecKas  3HAYUMOCTbL  Pe3yJbTAaTOB
ucciaenosanus. HaydyHoe 3HaueHHe pe3yibTaTOB MCCIEAOBAHUS 3AKIIOYACTCS B
BO3MOYKHOCTH MCITOJIb30BAHUSI KOMIIAKTHOCTH MHOXECTBA JIOCTHKUMOCTH U
HEIMPEPHIBHOCTh MHOTO3HAYHOTO OTOOpaKEHUSI JUIsl OMNPEACIICHHUsS] KPUBU3HBI
($ha30BOTr0 MPOCTPAHCTBA TUHAMHYECKUX CHCTEM.

[IpakTHyeckoe 3HAYEHUE TUCCEPTALMOHHOTO MCCIEHOBAHUS 3aKIHOYACTCA B
TOM, YTO pACIIMPEHUE KJIacCa HCCIEAYEMbIX OOBEKTOB IMO3BOJSET ONMPEICITUThH
CTPYKTYpPbl MHOKECTBA JOCTHXKUMOCTH (MHOXKECTBA YHIPABISIEMOCTH) IS
YIIPABIISIEMBIX CUCTEM.

Buenpenue pesyabraroB ucciaenoBanus. [loiyyeHHsle B Jauccepranvu
pe3ynbTaThl ObUIM HCIOJIB30BAHBI B CIEAYIOIIMX HAyYHO-UCCIEIOBATEIbCKUX
MIPOEKTax:

pe3yJIbTAaThl IIOJIYYEHHBIE O KOMIIAKTHOCTH MHOXECTBA JOCTMKUMOCTHU
BEKTOPHBIX MOJIEH W MO HEMPEPHIBHOCTH MHOTO3HAYHOTO OTOOpa)XKEHUsl, ObLIN
WCIIOJIB30BaHbl B HaydHoM TmpoekTe 12-01-00195 «3amaum MO3UITMOHHOTO
YIPaBJICHUS JACTEPMUHUPOBAHHBIMA M  CTOXAaCTUYECKHUMHU JUHAMHUYECKUMU
nporieccaMu U gudepeHanbHbple Urpbl CO MHOTUMU YYaCTHUKAMHU» IO
byHIaMEHTAIBHBIM ~ HCCIIEIOBaHUSIM MuHHCTEpCTBA 00pa3oBaHUsT M HAYKHU
Poccuiickonn ®@enepanuu, NPUMEHEHHWE ITUX HAYYHBIX PE3YJIbTATOB MO3BOJIMIIN
OMMKCATh CTPYKTYPY TPACKTOpUid U (Pa30BOTO MPOCTPAHCTBA TUHAMUYECKUX CUCTEM
(CnpaBka Ne 7873-8965/20 Y iMypTCKOTO TOCYAapCTBEHHOTO YHUBEPCHUTETA OT 25
aBrycra 2016 rona). [lpumeHenre HaydyHOTO pe3yJibTaTa MOCTY>KUIIO PEIIAIOIIM
bakTOM MO ONpEeNeNCHUI0 KPUBU3HBI (PA30BOTO MPOCTPAHCTBA JTMHAMHYECKHX
CUCTEM M MPHU HU3YYEHUH TE€OMETPUM MHOMXECTB JOCTHUKHMMOCTH YIIPABIISEMBIX
CUCTEM;

pEe3yJIbTAThI, MOJYYEHHBIE B JAUCCEPTALMU MOKA3BIBAKOT, YTO €CJIU CIOCHUE
MOPOXKJICHO PUMAHOBOM cyOMepcuel Ha MOJHOM PHUMAHOBOM MHOT00Opasuu ¢
MOCTOSIHHOM ['ayCCOBOM KPUBU3HOWM, TO CJIOM JTOrO0 CIJIOCHUS SABJSKOTCS
MHOT000pa3usiMU TMOCTOSIHHOM ['ayccOBOW KPHMBHU3HOM, 3TH PE3yJbTAaThl ObUIN
WCMOJIb30BaHbl B HAYYHOM TMPOEKTE B pPaMKax HAyYHBIX HCCICAOBAHHUM MO
rocynapcteeHHoMy rpanty HUP 1.3.1.3 «Meroapl co3manus, UCCAEIOBAHUSA U
UISHTU(PUKAIIMM MaTeMaTUYeCKuX Mojeneil o 3emiie», MNPUMEHEHUE OSTHUX
pE3yNbTaTOB  TO3BOJIUIM  HW3YYHTh  BO3MOXKHOCTH  CTPYKTYphl  (ha30BOTO
npoctpancTBa guHamuueckux cucteMm (Crnpaska Ne 15301/12-2711 WucthTyTa
BeraucnurenbHOW MaTeMaTHKM W MaTeMaTHdeckod reodu3ukun CHOHMPCKOTo
OTJIIEJICHUSI POCCUIMCKON akamemMun Hayk oT 24 aBrycra 2016 roma). [Ipumenenue
ATUX HAYYHBIX PE3YyJIbTATOB CIIOCOOCTBOBAJIO OIMPEACIICHUIO CTPYKTYPHI (ha30BOTO
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MPOCTPAHCTBA JTUHAMUYECKMX CHUCTEM Ha MHOTO00pa3usX HEOTPUIATEIHHON
KpPUBH3HBI.

AnpobGanus padorbl. OCHOBHBIE pe3yJbTaThl MCCIEIOBAHUS OOCYXIAIUCH
Ha HAYyYHO-TIPAKTUYECKUX KOH(pEpPEHIUAX, B TOM yucie: «B mkoie—ceMuHape 1o
reometpun» (AGpay-ropco, Poccus, 2006), «HoBbie TeopeMbl MOJIOIBIX
matemaTukoB» (Hamanran, 2006, 2009), «HoBble HampaBjicHHS B TEOPHUHU
JUHAMHYECKHX CHCTeM U HEKOppeKTHbIX 3amau» (Camapkanmg, 2007),
«CoBpemMeHHBIE TPOOJEMBI MaTEMAaTUKH, MEXaHUKH ¢ HHOOPMATUKN
(Tamkent, 2008), «Foliations, Dynamic systems and Singularity theory»
(Camapkann,  2009), «Merpuyeckas  TreoMeTpus  IMOBEPXHOCTEH U
mHororpaHHukoB» (MockBa, Poccus, 2010), «Locally analytical geometry»
(Lahore, Pakistan, 2012), «An-Xope3amu-2012» (Tamkent, 2012), « AKTyaJIbHBIC
BOINpOChl TeoMmeTpun U €€ npunoxeHus» (Tamkent, 2014), «IIpenenbhbie
TEOPEMBbI TEOPUHU BEPOSTHOCTEH U uX npuiokenus» (Hamanran, 2015), «Teopus
yIOpaBJICHUS W MarteMmatuueckoe wmonenupoBanue» (Mxerck, Poccus, 2015),
«Marematuueckasi (u3uKa U POJCTBEHHBIC 3a7a4d COBPEMEHHOI'O aHan3a»
(byxapa, 2015), «CoBpemennbie mpobiemsl ananuza» (Kapmm, 2016),
«IIpobniembl coBpeMeHHOU Tomojoruu u e€ npuyioxenus» (Tamkent, 2016)
BBICTYIUICGHUS ¥ JOKJIAJIbl TPOLUIM IIHPOKYI0 ampobOaruio. Pe3ynbrarhbl
UCCIeNoBaHUs OOCYKIAMCh B HAy4YHbIX CEMHUHapaXx Ha MaTeMaTUYeCKOM
¢dakynpTeTe npu HammonaneHOM yHuUBepcutTeTe Y30ekuctaHa «CoBpeMEHHbIE
npo0sieMbl reomeTpun U Torosiorum» (2000-2016), «DyHKIIMOHAIBHBIN aHAIU3 U
ero mnpuioxenus» (2014-2015), «CoBpeMeHHBIE TPOOJIEMBI KOMIUIEKCHOTO
anamu3a» (2015), B HayuHoMm cemuHape «OrmnepartopHble anreOpsl W UX
npunoxeHus» HMucrturyra Marematukn npu HamumonansHOM  yHHMBepcuTeTe
V3o6ekucrana (2015), B HayuyHoM cemuHape kKadeapsl «Bpicmias maTeMaThKay
HamaHranckoro uH>keHepHO-TeIarornyeckoro nHetutyta (2016).

Ony0JUKOBAHHOCTH Pe3yJbTAaTOB McciienoBanus. [lo Teme nuccepranuu
omyOnnkoBaHo 43 HaydHble pabOThl, U3 HUX 16 BXOIAT B MepeYeHb HAYYHBIX
W3JIaHUN, TPEUIOKEHHBIX Briciiel arrectanroHHON Komuccuel PecmyOnmku
V30ekuctan ais 3allUThl JIOKTOPCKUX JIHUCCEpPTaluid, B TOM 4YHuCIe 6 M3 HHX
OIMyOJIMKOBaHbI B 3apyOekHbIX kypHaitax M 10 B pecnmyONUKAHCKUX HayYHBIX
U3JIaHUSX.

Crpykrypa u 00beM auccepranuu. Jluccepramusi COCTOMT W3 BBEACHUS,
YEeThIpEX TIJIaB, 3aKJIIOUCHMS, CIIMCKAa HCIOJIb30BaHHON mauTepaTypbl. O0beM
nvccepTanuu coctapisier 161 crpanuil.

OCHOBHOE COJEPXAHUE JUCCEPTALIUUA

Bo BBegeHMM 00OOCHOBBIBAIOTCSI aKTyaJIbHOCTh W BOCTPEOOBAaHHOCTH TEMBI
JUCCEepTallUM, B  COOTBETCTBUM C  HCCIENOBAaHUSAMU B  IIPUOPUTETHBIX
HaIpaBJICHUSX Pa3BUTHUS HAYKU U TexHoJorui PecnyOnmuku Y30ekucrtaH, naércs
0030p MEXAYHApOJIHBIX HAYYHBIX HCCIEJAOBAHMM MO TeMe JuccepTalui,
pPAcKpBIBAIOTCSI  CTEMEHb M3YYEHHOCTH TPOOJeMbl M CBS3b C HAYYHBIM
HanpasiieHueM HalmoHaneHOro yHUBEpCUTETa Y30€KUCTaH, (OpMYIUpPYIOTCS
LENH U 3a/laud, a TaKKe OOBEKT U NMPEAMET HUCCIIEI0BAaHUs, U3J1araloTcs Hay4dHas
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HOBM3HA U TMPAKTUYECKUE pPe3yJabTaThl HCCIEAOBaHUSA, OOOCHOBBIBAETCS
JIOCTOBEPHOCTh IOJIyYEHHBIX pE€3yJIbTaTOB, PACKPBIBAETCS €€ TeOopeThdecKkas U
IPAKTUYECKass 3HAYUMOCTb, IPUBEIAECH CIUCOK BHEJIPEHHMH B MPAKTUKY
pe3yJIbTaTOB HCCIEAOBAaHUSA M ONMYyOJIMKOBaHHBIX padoOT, NAlOTCAd CBEACHUS 00
anpoOalyy NOJYyYEHHBIX PE3yIbTaTOB U CTPYKTYPE NUCCEPTALIUH.

IlepBas rnaBa auccepTauuu, Ha3BaHHas «(OCHOBHbIE CBeJAeHUSI M
BCIIOMOraTe/ibHbIe (PAKTbDY, HOCUT BCIIOMOTaTENbHBINA XapaKTep M IOCBSILIEHA
U3JI0’)KEHUIO OCHOBHBIX OTpEJENICHUH M BCIOMOTATElIbHBIX (DAKTOB MO Teme
naHHOM nucceptanuu. OHa COCTOUT U3 Tpex naparpados.

B nepBoM maparpade mepBoil TNaBbl KpaTKO H3JIOKEHA TEOpUs TIAJKHX
MHOT000pa3uii, MPUBEAEHbl HEOOXOAUMBIE ONPEIEICHUS M BCIOMOTATEIbHBIC
(bakThl, OTHOCSIIMECS K TIaJKUM MHOTOOOpa3HsIM, UCIIOIb3yEeMbIE B TUCCEPTALIUU.
[IpuBeneHsl MpUMeEpPHI MIAJKMX MHOT000pa3uil, HOJMHOT000pa3Hii.

Bo Bropom maparpade KpaTKO H3JI0KEHA TEOpUs BEKTOPHBIX MOJEeH Ha
IJIaJKOM MHOTrooOpa3uu, U IMPHUBEACHbI OCHOBHBIE CBOMCTBA OPOUT BEKTOPHBIX
noJsiel. Bee noHsATHE OCHAIIEHBI TPUMEPAMH.

Tperuit maparpad mNOCBSIIEH OCHOBHBIM IOHSTHUSIM M BCIIOMOTaTEIbHBIM
(daktaM Teopuu cloeHHH. B HeM NpUBOIUTCS oOmNpeAeneHus U pe3ybTaTbl
VICCJIEIOBAHUM 110 TEOPUU CIOCHHUSM.

[Tycte M —rnagkoe MHOroo0pasme pasmMepHOcTH N, A— MakCHUMaJIbHBIN

ariac, onpenensionmi Ha M cTpykTypy riaakoro MHOrooopasus kinacca C', rie
r>0. Muoroo6pasue M sBasercs Takxke mHorooopasuem C°, ecimu 0<s<r.
CucreMy JIOKaIbHBIX KPHBOJIMHEHHBIX KoopauHaT Ha C°- MHOrooopasuu M

0003HaunM yepe3 A°.
[Tycth Teneps menoe K yaosmeTBopsieT HepaBeHcTBaM 0 <Kk <n.
Onpeoenenue 1. CemetictBo F ={L_ ;o eB} nuHeliHO CBS3HBIX

MOJIMHOXKECTB M HaspIBaeTcss K — MEpHBIM CIIOCHHEM Kjlacca C", eciu oHO
YZOBJIETBOPSIET CIEAYIOIIUM TPEM YCIOBHSIM:

(FR): U Ly =M;
aeB
(F,): nnst Bcex a, feB ecnu o # 3, To 0ba3atenbHO L, M Lg = J ;

(F,): ms Besikodt Toukd P € M MOXKHO BBIOPATH JIOKAJIbHBIC KOOPAUHATHI

U, ¢,)€ AB) | p eU,, Takutonecu U, "L, #J nng mekotoporo « € B, To
KOMIIOHEHTHI JIMHEIHOM cBsi3HOCTH MHOXecTBa @, (U ; N L,) nmeror Bux

{(Xl,xz,...,xn) eEQ,; (Uﬂ): Xk+1 :Ck+1, Xk—f_2 :Ck+2,..., Xn :Cn} ,

k+1 k+2 n o o
raec yucia C ,C ,...,C TIOCTOAHHBI HA KOMIIOHCHTAaX JJUHCHUHOU CBA3HOCTH.

MuoxectBo L, Ha3biBaercs cioem cioeHus F . B ommcannoii curyamuu K

MCPHOC CJIIOCHHUC C® - cnoenue HasepiBaerca Takxke C°- CI0CHHEM KOpasMEpPHOCTHU
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g=n-Kk. VYcmoBus (F), (F,) o3Ha4aroT, 4T0 M COCTOMT H3 B3aUMHO
HeTepeceKaroIuXcs coeB. Y cioBue ( F,) 03Ha4aeT, 4To JOKAIbHO CJIIOM YCTPOCHBI
KaK mapajulelbHbIe IOCKOCTH. Eciu BhIMoHSEeTCsS yciaoBue (F,) KOOpIAWHATHBIC

S
okpectHoctH (U 5, @;) € Al ), HA3bIBAIOTCS PACCIOCHHBIMHU, @ COBOKYITHOCThH BCEX

PAcCIIOCHHBIX KOOPAMHATHBIX OKPECTHOCTEH 0003Ha4YaeTcst yepe3 A> Has3bIBaeTCs

CHCTEMOH PacCIOEHHBIX KOOPAUHATHBIX OKPECTHOCTEH.
Ecnu wa mHoroo6pasun M 3amano cnoenust F, To Takoe MHOrooGpasme
Ha3bIBa€M CJIOEHBIM MHOrooOpasuem, u 0003HauuM vepe3 (M, F). OxpectHocTh U

B ONpEICIICHUU HA3bIBACTCS PACCIOCHHON OKPECTHOCTHIO.

OpHMM U3 BaKHBIX KJIACCOB CIIOCHHUS, SIBIISICTCS KJIACC CIIOCHHA, TIOPOXKICH-
HBbIE CyOMEpCHUsIMU.

Onpeoenenue 2. Juddepenuupyemoe ortodbpaxkenue f:M — B wmakcu-

MajgbHOrO panra, rae M,B- rmagkue MHOrooOpasusi pasmepHocTH N,M

COOTBETCTBEHHO, TIPX N > M, Ha3bIBACTCS CyOMEPCHEH.

C reoMeTpuuecKo TOYKHU Ba)KHBIMHU KJIaCCaMU CJIOCHUM SIBJISIOTCS BITOJIHE
re0JIe3MUECKHUE CIIOEHUSI U PUMAHOBBI (METPUUECKHUE) CIIOCHHUS.

Onpeoenenue 3. lTlommuoroo6pasme N pumanoBa MHorooOpazus M
HA3bIBACTCS BIIOJIHE T'€OJE3UYECKUM, €CIIH Kak/as reojie3ndeckas MHOrooOpasus
M , kacaromasicst nogmuorooopasust N, conepxutcs B N .

Onpeoenenue 4. Crnoenue F Ha pumaHoBoM MHOrooOpaszuu M  Ha3zbI-
BAETCS BIIOJIHE TEOJIC3UUECKUM, €CIIM KaKasi Teoe3ndeckasi, KacaTellbHas K CIIOI0
cioenust F B ogHOM TOYKe, OCTAETCSI HA 3TOM CJIOE, T.€. KaXKJIbIi CIION SIBISETCS
BIIOJTHE T€0IE3NYECKUM MTOAMHOTO00pa3UEM.

BaxxHpIM KJIaccOM CJIO€HUN KOPa3MEPHOCTH OJIUH SIBJISIFOTCS CJIOCHMS,
MOPOXKICHHBIE TOBEPXHOCTSAMU YpOBHS nuddepeHnupyeMbix (QyHKIuin 6e3
KPUTHYCCKMX TO4YeK. AMepukaHckuii mpodeccop Ph. Tondeur paccmartpuai

yskumio f :M" — R’ 6e3 KkpUTHUECKHX TOYEK HA PMMAHOBHIM MHOr00Opasuu

M", anuHa rpagpeHTa KOTOPOi MOCTOSHHA HA KaXI0H IOBEPXHOCTH ypoBHs. J{is
Takux (PYHKIUA OH JI0OKA3ajl, YTO CIOEHHUE, MOPOKACHHOE MOBEPXHOCTIMH YPOBHS
TakoW (DYHKIIMH SIBISETCS PUMAHOBBIM (METPUYECKUM) CIIOCHUEM.

Onpedenenue 5. ®ynxkuusa f M — R' u3 xmacca CZ(M,Rl) JJIMHA Tpa-

JIUEHTA, KOTOPOW TMOCTOSIHHA HAa KOMIIOHEHTaX CBA3HOCTH MHOXECTB YPOBHS,
HA3bIBACTCSI METPUUYECKON (DYHKITHEH.

Onpeodenenue 6. Cnoenne F Ha pumaHoBoM MHOrooOpasmu M Ha3bIBa-
€TCSl PUMAaHOBBIM, €CIIA Ka)KJ1asi T€0Ie3NUECKasi, OPTOTOHAJIbHAS B OJHOM TOYKE K
cioto cioeHust F, octaérest opToroHajgbHOM K ¢llosiM F BO BceX CBOMX TOYKaX.

Bropas rmaBa nguccepraunu, Ha3BaHHas «l'eomerpusi  CJI0EHBIX
MHOT000pa3uii» MOCBSIIECHA UCCICIOBAHUIO TEOMETPHH CIOCHBIX MHOTO0Opa3ui,
CJIOGHBIN aTjiac KOTOPOTO MOPOXKACH cyomepcueil. JlokazaHbl, 4TO CIIOH, CIIOCHUS
MOPOXKJICHHBIE  PUMAHOBBIMH  CYOMEpCUSIMHU,  SIBJIIIOTCS ~ MHOT000Opa3usiMu
IIOCTOSAHHOM ['ayCCOBOWM KpUBHU3HBI, NPEACH TE€OAEC3UYECKUX JIMHUM CJIOEHOIO
MHOT000pa3usi, SIBISETCS Ie0Je3UUYECKON JIMHUM Ha TMPEAeIbHOM CJIoe, a TaKke
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HEBO3MOXKHOCTh M30METPUYECKOTO TMOTPYKEHUS YETHIPEXMEPHOTO MHOTO00pa3ms
Sol naTMepHOEe eBKIMI0BO MPOCTPAHCTRO.

BaxHbIM KJIacCOM CJIOCHWH SBJSIETCSI KIJIACC CIIOCHUH MOPOXKIECHHBIMU
cyomepcusmu. Ilo Teopeme o panre Bcsikas cyomepcus f:M — B mopoxmaer

cimoeane F pasmeproctm K=n—m Ha MHOTOOOpasmm M , ciosiMu KOTOPOTO
SBJISIIOTCS  MOAMHOroo0pasus L = f*(p),peB, rae Nn,mM pasMepHOCTH
MHorooopasuit M, B cooTBeTcTBEHHO M1 N> M.

[Mycte F — rmaakoe cioenue pasmepHoctd K Ha M . O0o3HaYMM dvepes
L(p)— cmoit cmoenuss F, mpoxomsmmii wepes touky P, T L - kacaremsHoe
MPOCTPAHCTBO CJIOS L(p) B Touke p, H ( p)— OpTOroHaibHOe nonojHenne T L B
T.M,peM. Bo3HHKalOT JBa TOApAcCHOeHUs (IVAJKHE pACTpeeseHus)
TF = {TPL: peM }, H={H(p):peM} xacaremsHoro paccmoenus TM Takue,

yto TM =TF @ H, rne H sBasiercss oproroHanbHbIM fonojHeHueM TF . B atom
cTydae Kaxaoe BekTopHoe mome X €V(M) MoXHO mpejAcTaBMTE B BHJIE
X=Xy+Xp, toe Xy,Xn - oproroHaibHele mpoexkuun X Ha TF,H
COOTBETCTBEHHO.

Ecim X eV(F) (r.e. X, =0), To X Ha3zoBeM BepTHKaJIbHBIM InosieM. Ecin
XeV(H) (X,=0), to X Ha3oBeM TrOpu30HTAIbHBIM moyieM. M3 cyOmepcuit

0c000€ MOXHO BBIJICIUTH KJIACC TAKUX CYOMEPCHIl Ha3bIBAEMbIE€ PUMAaHOBBIMHU.
Onpeoenenue 7. Cyomepcus f:M — B HasbiBaeTcs pHMaHOBOH, eciu

muddepentman otodpaxenus df coxpaHser IIMHY TOPU30HTAIBLHBIX BEKTOPOB

B nepBoM maparpade wucciemyercsi CEKUMOHHbIE KPHUBHU3HBI CIIOCHHIA,
HNOPOKJIECHHOW pPHMAaHOBBIMH cyOMmepcusiMu. Jloka3aHO, UYTO €CIM CIIOCHUE
IOPOKIEHO PHMAHOBOM cyOMepcuell, Torga CJIOM HSTOrO CJIOEHHUS SBISIOTCS
MHOT000pa3usiMU IOCTOSSHHOM ["ayccoBOI KpUBU3HBI.

B paGore' u3ydeHa TeoMeTpHs IOBEPXHOCTEH YpOBHS (YHKIHiL, I

KOTOpBIX X ([gradf ‘2 ): 0 as KaXII0r0 BEPTHKAILHOTO BEKTOPHOTO MOJIs X .

Msr paccmotpum cyomepcun f :M — B, korma mHOroo0Opasue B siBisieTcst
OJTHOMEPHBIM MHOT000pasueM, a UMEeHHO Mankyl ¢yakuuio f:M — R. Eciu
Crit{f}- mMHOXecTBO KpuTHdeckux To4yek ¢yHkumu f, To Ha MHOrooOpasuu
M\ Crit{f} BosuukaroT cimoenme F pasmeproct N—1 (WiIM KOpa3MEpPHOCTH
OJINH), CJIOSIMUA KOTOPOTO SIBJISTFOTCSI TIOBEPXHOCTH YpOBHS QpyHKImuU f .

Jloka3pIBaeTCs TEOpPEMa, XapaKTEPU3YIOIIAasi F€OMETPHUI0 CIIOEHUS, MOPOK-
JIEHHOTO PUMaHOBO# cyOmepcueid. [loBepxHOCTH ypOoBHS (YHKIMA 3TOTO Kiacca
ABJISIFOTCS IOBEPXHOCTAMU MOCTOSIHHOM ['ayCCOBOUM KpUBU3HBI.

Teopema 1. TlycTh M —TIOIHOE PUMAHOBO MHOTOOOpasWe C MOCTOSTHHOU
xpusm3HOi 1 f M — R' pumanoBa cyOmepcens. Torna Kaxapli cioi cinoenus F

! Tondeur Ph. Foliations on Riemannian manifolds// Springer Verlag, — New York, — 1988.
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MOPOX/ICHHOW pPHMaHOBOM cyOMmepcueld (ToBepXHOCTh YpoBHsA QyHKiuu f)

SBJISIETCS MHOTOOOpa3ueM MocTossHHOU ['ayccoBO# KpUBHU3HBL.

Btopoii maparpad BTOpoil TJiaBbl TOCBSIIIEH HCCIEIOBAHUI0O T€OMETPUU
re0JIe3NYECKUX CIIOEHBIX MHOroooOpasuil. B pumMaHOBO reoMeTpuH BaKHBIM
ABJISICTCS N3YUYEHUSI CBOMCTB T'€OJIE3UUECKHUE JTUHUU. B 4acTHOCTH, M3BECTHO, YTO
€CJIM MOCJICJOBATEILHOCThL I'€OAC3UMUYCCKUX JIMHUM CXOJSITCS B OJHOM TOYKE, TO
CYIIECTBYET MNOAINOCIEA0BATENBLHOCTh MOCIEN0BATEIBHOCTA, KOTOPAST CXOAUTCA
MMOTOYEYHO K HEKOTOPOM re0AE3UYECKON JTMHUH B KQXKIOU TOUKE.

Jlokazana crenyromas —Teopema, KOTopas  sBJIsSIETCS  0000IIeHHeM
KJIACCUYECKON TEOPEMBI O TIpejieiie T€0Ie3NISCKUX JUHUNM Ha MHOTO00pa3usl.

Teopema 2. Ilyctb M —rmaakoe TmMOJHOE PHUMAHOBO MHOT000Opas3ue
pa3sMEpHOCTH N ¢ IIIaJKuM ciaoeHueM pasmepHoctd K, roe O0<k <n. Torma

1) Kaxnaplii cioid ¢ MHAYUUPOBAHHOM PUMAHOBOW METPUKOW SIBISETCS
MIOJIHBIM PUMAaHOBBIM MHOT000pa3ueM.
2) [lycts  y,_:(a,b) >L_ - mociaenoBaTenbHOCTh TE€OAE3UYECKUX

(OTHOCUTENBPHO WHIYIMPOBAaHHBIX PHMAHOBBIX METPUK) CloeB L Takas, dTo
7.(8)—>p, 7,(S,)—>Vv mpu M—>oco mua Hekortoporo S, €(a,b). Torma
TIOCJICIOBATEIBHOCTh ¥, TIOTOYEYHO CXOIUTCS K Treozae3mueckoi y:(a,b) — L(p)
crost L(p), BeIXOozsImast U3 TOYKH P MPH S =S, B HAIIPABJICHUHU BEKTOpa V .

B cnenyromieit TeopeMe yCHIMBAETCSI BTOPAsi 4aCTh TEOPEMBI 2.
Teopema 3. Ilyctb M — Tllagkoe TMONHOE PHUMaHOBO MHOTOOOpa3ue
pa3sMepHOCTH N ¢ TIagKuM ciioenreM pasmeproctu K, rne O0<k <n.

ITycte y,. - R} - L, — IOCIEI0BATEIBHOCTh I'€0E3UYECKUX (OTHOCHTEIHLHO
MHIYLIUPOBAHHBIX PUMAaHOBBIX METPUK) cioeB L. Takas, uro y,(S,) > P mpH
M —> 00 J1JI1 HEKOTOPOI'O S, € R'. Torga cymecTByeT IOANOCIEI0BATENLHOCTD Ym
IIOCJIEOBATEIBHOCTH ¥, , KOTOpas IMOTOYEYHO CXOIOUTCS K HEKOTOPOH

reozesndeckoii ¥ R' — L(p) crnos L(p), BBIXOAAIIAS M3 TOYKH P IIPH S = S, .

N3omMeTpuyeckoe MOrpy>KEHUE PUMAHOBOIO MPOCTPAHCTBA B EBKJIMIOBO
IPOCTPAHCTBO WJIM B JPYroe PUMAHOBO NPOCTPAHCTBO SIBISIETCS OJIHUM U3
CIIOCOOOB MOCTPOEHUSA MOJAMHOI000pa3sui 3TUX MPOCTPAHCTB, OOJATAIOLIUX
HOBBIMU UHTEPECHBIMU reOMETPUYECKUMHU CBOMCTBaMHU. [TpoGnembl
W30METPUYHBIX TOTPYKEHUU W BIOKCHH MHOT00Opa3uii B €BKIUOBBI U IPYTHE
OPOCTPAHCTBA  SIBJSIIOTCS OAHMMM U3 IIEHTPAJbHBIX NpoOieM Kak B
nuddepeHInaTbHON TeOMETPUH, TaK U B PUMAaHOBOM r€OMETpUH, U U3y4aloTCs B
ATUX JUCLUUIUIMHAX C CAMBIX Pa3HbIX TOYEK 3PEHUS.

Teopuss M30METPUUYECKHX MOTPYKEHHI CBsi3aHAa C TPYAHBIMH BOIPOCAMH
pa3pelnMoCTl HETUHEHHBIX cucTeM AuddepeHInanbHbIX YPpaBHEHUH, a TaKkXKe ¢
TOMOJIOTUYECKUMHU BOMIPOCAMH, B HEW HCMOJIB3YIOTCA M HAriIsAHbIE TEOMET-
pUYecKUe UAEH, HapsAay C NMPUBJICUYCHHEM HIMPOKOr0 apceHala MaTeMaTHYeCKUX
CpPEJICTB.
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Tperuit maparpad MNOCBAILIEH HCCIEIOBAaHUIO, MPOOJIEMYy O TMOTrPYKEHUU
MHOTrooOpa3uii B €BKJIHMIOBO HPOCTPAHCTBO. PaccmarpuBaercss BOIPOC O BO3-
MO>KHOCTH MOTPYKEHHUS MHOTO0Opa3uil B €BKJIMI0BO MPOCTPAHCTBO.

Ha uetsipéxmepHoM MHOT00Opa3uu Sol* IeBOMHBapuaHTHAs METPHKA
3amaercs GopMyIon

ds® =e ™ (dx® + dy?) +e*dz” + dt”.

Jlokazana cnenyromas

Teopema 4. Muoroo6pasus Sol* Henb3s MOrpy3uTh B NATHMEPHOE
eBKJIMJIOBO TIPOCTPAHCTBO.

Tpexmepnas rpynma JIu Bcex 2 x 2- MaTpuIl ¢ BEIIECTBEHHBIMHU 3JIEMEHTaMHU
U onpezenuTeneM 1 o603HayaeTcs yepes

a b a b
SLLR= eGL(Z,R) det =1,
c d c d
a SI:ZR o0o3HauaeT e€ yHUBEpPCAJIbHYIO HaKpbIBaIONIyt0. M3BecTHO, 4TO SI:ZR

TOX€ SABIISIETCA IPyNIon JIu u 1onyckaer METpUKy, MHBAPUAHTHYIO OTHOCUTEIBHO
JIEBOTO YMHOKEHHUS.
Tenepp nccneayeM BOIpOC O BO3MOKHOCTH HW30METPUUYECKOTO IMOTPYKEHUS

MHOT000pa3us SI:ZR C JIEBOMHBAPUAHTHON METPUKOU
, _ dx® +dy? +(dx + ydt)’

2 1

y

B YETBIPEXMEPHOE EBKJIMI0BO MPOCTPAHCTBO R*.

ds

Teopema 5. TpexmepHoe MHOrooOpaszue SI:ZR HEeJb3S TIOTPY3UTh B

YETBIPEXMEPHOE €BKIIMI0BO IIPOCTPAHCTBO.

B tpernen rnaBe guccepranuu, Ha3BaHHOM «I'pynma M30MeTpPHUil CJI0EHBIX
MHOroo0pasuii» uccieayercss Tpylnna U30METPpUMl CIOEHbIX MHOrooOpasuii. B
YaCTHOCTH, BBOJATCS TOHSTHS HW30METPUU CIIOEHOTO MHOroo0Opasuss M Ha
MHOXECTBE BCEX M30METPHUI CJIOEHOr0 MHOrooOpa3usi BBEIEHA CIOEHas
KOMITAKTHO-OTKPBITasi TOMOJIOTHSI WM F - KOMIAKTHO-OTKpBITash TOIOJIOTHS,
JIOKa3aHbl, YTO MHOYKECTBO BCEX H30METPHIl CIOEHOr0 MHOrooOpasus SBISETCA
XaycnophoBoM TIPOCTPAaHCTBOM OTHOCUTEIBHO F -  KOMIAKTHO-OTKPBITOM
TOIOJIOTUH, TPYyNIa roMeoMOP(PU3MOB TIaAKON CBA3HONM MHOT00Opa3vu KOHEUHOU
Pa3MEPHOCTH SIBJISIETCS TOIMOJIOTUYECKOW TPYINOW OTHOCUTEIBHO KOMIIAKTHO-
OTKPBITOM TOMNOJIOTHH, MOJArPYyNIa COCTOSIIIEW K3 BCEX HU30METPUM CIOEHOTO
MHOT000pa3usi TOXKE SBISETCS TOIMOJOIMYECKON TpYIION OTHOCHUTENIBHO 3TOM
TOMOJOTHH, €CIH TOCJIEI0BAaTeIbHOCTh H30METPUM CJIOEHOTO MHOroo0pasus
CXOJIATCS TIO OJJHOM TOUKE KaXKJIOTO CJIOSI CIIOCHHMS, TOT/Ia U3 HEE MOKHO BBIJIEIUTh
MO/IMOCTIEI0OBATEILHOCTh CXOISAIIYIO0 K H30METPHIO CIIOEHOTO MHOT00Opasus B F -
KOMIMAaKTHO-OTKPBITOM TOMOJIOTUH.

B mnepBom maparpade TpeTbeil TJIaBbl BBOJUTCS TIOHSATUE W3OMETPUH
CJIOGHOTO MHOT000pa3usi M MOHSITHE CIOCHOW KOMMAKTHO-OTKPBITOM TOMOJOTUU
win F - xommaktHO-oTKpbiTas Tomosiorus B G (M), kortopas 3aBUCHT OT

croenus. Ecim pa3MepHOCTh CIIOeHHUS COBMAAAET C Pa3MEPHOCTHI0 MHOT000pasus,
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TO 93Ta TONOJIOTUSA COBIAJAET C KOMIIAKTHO- OTKPBITOM TOIMOJIOTHEH, eciu
KOpa3MEpHOCTh CJIOGHUS COBMAJa€T C Pa3MEPHOCTBIO MHOroo0Opasus, TO
CXOJMMOCTb B 3TOH TOIOJIOTUH COBIMAAAET C HOTOYEYHOH CXOAUMOCTBIO.

ITycts (M,Fl) u (N,FZ) CJIOEHBIE MHOroo0Opasusi co cinoeHusmu F,F,

pasmepHocTH K.

Onpeoenenue 8. Eciu npu Hexkotopom C'- guddeomopduszme ¢: M — N
obpa3z ¢(L,) moboro cmos L, cmoenuss F; sBnsercs cinoem cinoenust F,, ToO
TOBOPST, YTO IaphI (I\/I : Fl) u (N : F2) C'- nubdeomopdusl u mumyr (M,F) =
(N,Fy).

Orobpaxenne ¢ u3 (M,F;) B (N,F,) naseiBaerca C' - mupdeomophusmom,
coxpansonmM cioenne u numrercs B suae ¢ (M, F) — (N,F,).

B cnyuae, xornra M =N u F =F,, roopsar o nudpdeomopdusme cioeHoro
muoroo6pasus (M, F).

Onpeodenenue 9. Judpdbeomopduzm ¢:M — M cnoeHoro mHOrooOpasus
Ha3bIBAaeTCSI M30METpuel cjaoeHoro MHoroobpasus (M,F), ecnu cyxeHue
oL, > @(L,) sBrseTcs n3oMeTpue.

Iycts {K,} - ceMelicTBO BCeX KOMIIAKTHBIX MHOMKECTB, rie Kaxnaoe K,
NPUHAIIIEKUT KaKOMy JMOO CJOK0 cioeHus F u mycTthb {U ﬂ} - CEMENCTBO BCEX

OTKPBITBIX MHOECTB Ha M . Paccmotpum g kaxzaou napel K; < L, u moboro
U, coBokynHocts Beex oToOpaxkennit f €G.(M), mist koTopsix f(K /l)c Ug.

DTy COBOKYMHOCTh OTOOpakeHU OynemM 0003HavYaTh 4epe3
[KiUgl={f :M > M [f(K;)cU ).

[Tycte o0 - cemectBO moamHOxecTB G (M), sBisromuxcs nepecedeHusMu
KOHEYHOro yncia Muoxects Buaa [K,,U ;]. Ilo ussectHomy kputeprio’ B G (M)
CYIIIECTBYET TOMOJIOTHS, ISl KOTOPOH CEMEHCTBO O SBISECTCS 0a3WCOM, MpUYEM
9Ta TOMOJIOTHS €IWHCTBEHHA. OTY TOIOJOTHIO OyaeM Ha3bBaTh CIOCHOU
KOMMAaKTHO-OTKPBITOM TOMOJOTHEN Wi F — KOMIaKTHO-OTKPBITOM TOMOJIOTHUEH.

Teopema 6. MuoxectBo G (M) ¢ F - KOMIakTHO-OTKPBITO# TOMOJIOTHEH
ABIISIETCS XaycA0P(HOBBIM MPOCTPAHCTBOM CO CYETHOM 0a30H.

M3BeCTHO, YTO €CaM MHOrooOpasde KOMIIAKTHO WM coBmazaer ¢ R", 1o
rpymmna auddeomopdpusmos  Diff (M) rmagkoro muoroobpasus M, sBiusercs

TOMOJIOTUYECKOW Tpynmnoil B KOMHOAKTHO-OTKPBITOM Tomosioruu. Crenyromas

Teopema sIBJIsieTCsl 0000IIeHneM dTOTO pe3yJibTara Jist IF000ro MHOTO00pasus.
Teopema 7. Ilyctb M - rnagkoe CBsA3HOE MHOTooOpasue KOHEUHOM

pasmepuoctd. Torma rpymma ero romeomopdusmo Homeo(M)  sBusiercs

TOMOJIOTUYECKON TPYNIIOW OTHOCHUTEIBHO KOMIIAKTHO- OTKPBITOW TOMOJOTWH. B

! Bakensman M.5L., Bepuep A.A., Kantop Bb.E. Beenenue B auddepeHnuaibHyt0 TEOMETPHIO «B IeoM». — M.:

Hayka, — 1973, — 440 C.
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vyactHocTr, noarpynmbel Diff (M), G (M) takxke SBASIOTCS TOMOJIOTHYECKHUMU
IPYIIIaMH B 3TON TOOJIOTHH.

['pynna usomerpwuii cioeroro muorooopasust Go (M) B oOmiem ciydae He
SIBISICTCS HOATPYIIOHA IPYIIB M30MeTpuii MHOroobpasust G(M ), u HaoGopoT
rpyrna usomerpuii MHorooGpasust G(M ) Toxe He SBISETCS HOATPYIIIOH IPYIITIBI
u3omMeTpuit cioeHoro muoroodpasus G.(M). Ho KOHEUHO 3TH TpyNIBI UMEIOT
Hemycroe nepecedctue, T.e. | €G.(M)(NG(M)=J. CienoBarensHo, BOSHUKACT

BOMPOC O CYIIECTBOBAHUHM OTOOpaXEHUI, KOTOPbIE BXOJUT B TPYIIy H30METpPUI
CJIOEHOTO MHOT000pa3Husi, HO HE SBISETCS U30METPUEN MHOT000pasHusl.

Hamu pokaszaHo, 4TO CyIIECTBYET CIIOCHHME, I KOTOPOTO CYIIECTBYET
3JIEMEHT TPYyNNbl H30METPUN CJIOEHOTO MHOrooOpasus, HE SBISIOMIUNACA
AJIEMEHTOM IPYIIIBI U30METPHM.

Teopema 8. CymectByer f:M — B cyOMepcus, Ui KOTOPOH IpyIina U30-
metpuii G, (M) croeroro MHOrOOOpasus (M : F) COJIEPKUT JIEMEHTHI, KOTOPBIE

HE SIBJIAIOTCS 3JIEMEHTaMH rpynnbl u3oMetpuii G(M) pumanoBa MHOrooOpaswus

(M.9).

CJ'IGIIYI-OIHI/If/’I IIpUMCP IIOKAa3bIBACT, YTO TaAKHC CY6MepCI/II/I MOI'yT OBITH
AOBOJIBHO IIPOCTBIMU.

PaccMOTpMM Ha eBKIMAOBOH mmiockocth M =R?® ¢ J1eKkapToBBIMH
KOOpAMHATaMHU X, Y ciioeHue F , mopokaeHHOe TMHUSMH YPOBHS (YHKIUU

f(xy)=x"-y.
MBI OCTPOUM M30METPHIO CIIOEHOT0 MHOT000pazus @: M — M 1o dpopmyne
o(xy)=(xy+2(xy)).

Ecnu A — mocTosiHHOE 4KCIIo, TO 3TO OTOOpaKEHHE SIBISIETCS U30METPUEi
IJIOCKOCTU U U30METPUEN CIOCHOU INIOCKOCTH. Ecin ﬂ,(x, y) =—f (X, y) , TO
0TOOpakeHHE ¢ HE SIBIISETCS U30METPHUEH IIIOCKOCTH, HO SIBJISIETCS U30METPHUEH
CJIOEHOTO MHOT000pa3us.

JIeHCTBUTENBHO, €CIU (X, y) nexuT Ha mapabome X —Y=C, TO TOUKa

(X, y+A(X, y)) NeXNT Ha mapabone X° —Yy=2C. DTO OTOOpaKeHHE COXPaHSAET

JUTMHY KPUBBIX Ha mapaboiie.

Bo BropoM maparpade TpeTheil TVIaBbl HU3Yy4aeTCS TEOMETPHsI TPYIIIbI
W30METPUN CJIOGHOTO MHOTOO0Opa3usi B HOBOW F - KOMITAKTHO-OTKPBHITON
TOIOJIOTUHU.

JI7ist cmoeHbIX MHOTOOOpa3nii JOKa3aHbl CICAYIONINE JEMMBI U TeOpeMa.

Jlemma 1. Tlpexnonoxum, uro {f, } e GE (M) - mocienoBarenbHOCTh, KOTOpas
MMOTOYEYHO CXOJMTCS HAa MHOXeCTBE Ac L, roe L, - HEKOTOPBIA CIIOW CIIOCHUS
F . Torma {f,} Taxxe motoue4no cxomurcs Ha A (rae A - 3aMBIKAHME MHOXKECTBA
ABL,).
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Jlemma 2. Ilycth A- MHOKECTBO TOUEK [ Ha clo€ L, Takux, YTO CYIIECTBYET
CXOASIIAsACSA TOANOCIEAOBATENBHOCTE f, (p) mocimemoBarenbHOCTH f (P). Torma

€CJIM MHOKECTBO A HCIIYyCTO, TO A=L,.

BrimenpuBegeHHbIE JJEMMBI MO3BOJIIOT 10Ka3aTh CIEIYIOUIYIO TEOPEMY.
Teopema 9. IlycTh M - TOJIHOE TJaJKOE MHOTI0O00Opasve pa3MEepHOCTH N C

riagkuM  cinoenmeM F o pasmepnoctn  k, f o eGL(M),r>0 m=123,...
[Tpenmnoyokum, 9T I KaKI0ro cjaos L, CyIIecTBYyeT TOYKa 0, € L, Takas, 4To
[I0CJIEA0BATEIBHOCTD f.(0,) CXOUTCH. Torna CYIIECTBYET
[IOJIOCIEA0BATEIBHOCTh f_ MOCIENOBATEIbHOCTH |

m
KOMIAaKTHO- OTKPBITOM TOMOJIOTHH.
Teopust cimoeHU HMEET MIMUPOKUE TPUIONKEHUS B TEOPUU JTUHAMHUYECKHUX
CUCTEM, TUHAMHYECKUX MOJMCUCTEM U Teopuu ympasieHus. CeMelcTBo OpOUT
BEKTOPHBIX TMoOJied oOpa3zyeT pazoueHue (pa3oBOro mMPOCTpaHCTBA HAa OPOUTHI,
KOTOPOE HA3bIBAECTCSA CUHTYJIIPHBIM CIIOEHUEM.

MHOX€eCTBO AOCTHKMUMOCTH (MHOXKECTBO YMPABISEMOCTH) U WHBapUAHTHBIC
MHOKECTBA CHCTEM YIIPABJICHUS SIBISIOTCS BaKHBIMU OOBEKTaMHU B KaU€CTBEHHOU
TEOPUU ONTUMAJIBHOTO ympaBieHUsA. LIHBapUaHTHbIE MHOXKECTBA CHUCTEM
YIOPABJICHHUS COBMAJAIOT C OpPOUTAMHU CEMEHCTBAa BEKTOPHBIX IMOJEH, KOTOpHIC
ONPEIEIIAI0TCA MPABOM YaCThIO CUCTEMBI YIIPABIICHHUS.

UYeTBepras riaBa qucceprauuu, HazBaHHas «I'eomeTpusi OpOMT BEKTOPHBIX
nmoJiein» TOCBSIIEHA MCCIEIOBAHUIO OpPOUT BEKTOPHBIX Toyieh. JlokasaHsl,
KOMMAaKTHOCTh MHOKECTBA JIOCTHXKUMOCTH M HENPEPHIBHOCTh MHOT03HAYHOTO
OTOOpaXEHUsSI  «TOYKa- MHOXECTBO JOCTHXKUMOCTH»  BEKTOPHBIX  MOJIeH
CIEIUAIBHOTO BHJIa, KOMITAKTHOCTh 3aMbIKAaHUE MHOXECTB JOCTHUKUMOCTH, U
HEMPEPHIBHOCTh MHOTO3HAYHBIX OTOOpPA)KEHUM, CTaBAIlas KaXIOMy 3HAUYCHUIO
BPEMEHU 3aMbIKaHHME MHOXKECTBAa JOCTHKMMOCTHM 3a BpeMmsi He Oosee ueM
(uKCUpOBaHHOE BpeMs [JIsi BEKTOPHBIX MOJIEW OMPENEIEHHOro KJacca, a TaKkKe
HaWJIeHbl YCJIOBUS YCTOWYMBOCTU MHOXXECTBA JIOCTHXKUMOCTH, JJIs JIMHEWMHBIX
CUCTEM.

B nepBoM naparpade ueTBepToii riaBbl HCCIAEAYETCS T€OMETPHSI MHOYKECTBA
JOCTHXKUMOCTH, CEMEUCTBA BEKTOPHBIX I1OJIEH BUIA

X, (0= £,(0+ > f,(u ®)

e ‘ui‘ﬁl st Beex  1=12,..,m, fy(x), f(x),..., T, (X)- rmagkume Bekrop -

cxomamiasica B F -

m?

(YHKIUU, C OTPaHUYCHUSIMHU ‘fi(x) ‘SMi, s Bcex XeR™, M. - mocTosiHHBIE

BEJINYUHBI.
BektopubiM mosisiMm (1) COOTBETCTBYET CHCTEM YIPABIEHUS CIIEIYIOLIETO
BHJIA:

K= 1,00+ f,00u () @
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Me1 6y,Z[eM TOBOPHUTH, YTO TOYKa X OOCTHXXHMMA U3 TOYKHU XO 3a BpEMi T )

eCITH CYILIECTBYeT m3MepuMas Bektop dyuxims U(t) = (u'(t),u’(t),...,u™(t)), Taxas,
uro 3amaua Komm s cucremsl quddepeHnnansHbIX ypaBHEHHI

X(t) = fo(x)+i f.(x)u'(t) (3)
¢ HavajgbHbIM ycioBuem X(0) = XOI UMEET pEIlleHHE OIpPECICHHOEe Ha [O;T]
npuyem X(T) =X, ‘ui‘ﬁl, vte[0;T].
MHoxecTBO Touek R", JOCTHXKUMBIX U3 X, 3a BpeMs T 0003HAYUM yepes
G, (T) . Ilo onpenenenuto momnydaem, 4to X, € G, (T) mustiseex T .

B stom Haparpa(be JOKa3aHbl KOMIIAKTHOCTb MHOXKCCTBA HJOCTHXHMMOCTH U
HCIIPCPBIBHAA 3aBUCUMOCTb MHOKCCTBA AOCTHKHMOCTHU GXO(T) OT BpCMA T JJIsA

cuctemsi (1).

JlokazaHbl ClEeIyIONHEe TEOPEMbI

Teopema 10. MuoxectBo G, (T) sBIsSCTCS KOMIIAKTHBIM MHOXKECTBOM JUIsL
Bcex 1 >0,

Teopema 11. Otobpaxenue T -G, (T) HEMpEephIBHO B MeTpuke Xaycaopda B
Kaxou Touke T >0.

Bo BTOpoM maparpade ueTBepToii riaBbl HCCIETYETCS] CTPYKTYpa MHOXKECTBA

JOCTHKHNMOCTH.
PaCCManI/IBaeTCﬂ CUCTCMaA YIIPpABJICHUA B4

x=f(x,u), xeR", ueU cR", 4)
rae U — kommaktaHoe moamuoxkecTBo R™. Ilpemmnosaraercss, uTo NpH KaKIoM
ueU Bektopuoe moie f(x,u) kmacca C”, a oroOpaxenue f sBmseTcs

HENPEPBIBHBIM 110 COBOKYITHOCTH NEpEMEHHBIX. KpoMe Toro mnpearnosaraercs, 4ro
IIpaBasi 4aCTb CUCTEMBI yIOBJIETBOPSET YCIOBUIO

| f(x,u)[<M |x]|+N,V(x,u)eR"xU, (5)
rie M u N - OCTOSSHHBIC BEJTUYHHEI.
Wsyuenne coiicte MuOkecTB G (<T) m G (T) sABIAloTCA BaKHBIMH

BOIPOCAMH B KAUeCTBEHHOI TEOPUH ONTUMAJILHOTO YIIPABIIEHHUS.
Hanpumep, 3aMKHyTOCTh (MJIM )K€ KOMIIAKTHOCTh) MHOxkectBa G, (<T)

ABISETCA OCHOBHBIM (DAKTOPOM B JIOKA3aTelIbCTBE TEOPEM CYIIECTBOBAHMS
ONTHMAJIBHOTO YIIPABIEHUA B TOM WM MHOM CMBICIE. B 001meM cirydae, KOHEUHO
e, MmooxkectBa G, (<T) u G, (T ) He 06s3aHEI OBITh 3aMKHYTHIMH.

Hmeet MecTa cieayromas Teopema.
Teopema 12. MuoxectBa G,, (S T ) u G, (T) SIBJISIFOTCSI KOMITAKTHBIMH.

H3BecTHO, UYTO MHOKECTBO K(R”) KOMIAKTHBIX TOAMHOXecTB R" ¢

paccrossHueM Xaycaopda SABISETCI METPUUYCCKUM  IPOCTpaHCTBOM. Ilpwm
BBITIOJTHEHUHU yCJI0BUsA (5) BepHa
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Teopema 13. Otobpaxenns T —G, <T) u T- G, (T) sBasrorcs

HENPEPHIBHBIMHU.
Teopema 14. Tlycts nust modoro T >0 mHoxecTBa G, (T) KOMITakTHBI. Torga

MHOECTBA Gn (ST) TAKX€E KOMITAKTHBI.

Cneocmeue 1. MuoxectBo G(<T) mms cuctemsl (1) SBISETCS KOMITAKTHBIM

MHO>KECTBOM.
Jlanee B 3TOM maparpade paccMaTpuBaeTcs JTMHEWHAs CHCTEMa BHJIA

X=Ax+Bu, xeR",ueR", (6)
rae A- maTpuiia pasmMepHocTd Nxn, B —wmarpura pasmepHoctn nxm.
JIOTTyCTUMBIMU  YIIPABICHUSMHU SIBJISIFOTCS U3MEPHMBIC OTPAHWYCHHBIC ()YHKIIHH
u:[0;T]>R", 0<T <.
Llenp ynpaBieHHs - TPUBEACHHUE CUCTEMBI B HEKOTOpoe (HUKCHPOBAHHOE
(ueneBoe) cocrosiHue 77 € R".
O6o3HaurM yepe3 V  MHOXKECTBO AHAIUTUYECKHX BEKTOPHBIX MOJEH,

onpenenennbix Ha R". VM3BecTHO, uTO0 MHOKeCTBO V siBisiercst anre6poit Jlu, B
KOTOPOM MPOU3BENCHHEM BEKTOPHBIX mojed X u Y CHOyXHT uUX ckoOka Jlu

[X,Y]. Homoxum X, (X)=Ax+Bu n oGo3Haumm depes D MHOKECTBO BEKTOP-
HBIX TOJEH {Xu ZUERm}, a gepes A(D) munmMManbHOrO momanre6py Jlu, comep-

)amyto D .
Opbuta L(X) cucremsl (6), mpoxomsias 4epe3 TOUKY X, OMPEAC/IIeTCs Kak

MHOKECTBO BCeX Touek Y u3 R" Buma
Y =X} (X5 (X3 (X)) 7
rne X, eD, t — neiicrButenbHble uwmcna, 1=1,2,..l1, t— Xt(x)—
WHTErpajbHas KpHUBas BEKTOPHOTO Mot X € D, mpoxopsias 4epe3 TOUKy X IpH
t=0.

Ecmu B (7) t. — MOJNIOKUTENBHBIC YHCIA, TO MHOXKECTBO TOYEK Y oOpasyer
MOJIOXKHUTEIIbHYI0 opOuTy. ECK JomycTHMBIE YIIpaBIEHUS - KYCOYHO-TTOCTOSTHHBIC
dynkuun, 10 G, SBIAAETCS MONOKHUTEIBHON 0pOHUTOH 1 mostomy G, < L(r7) mnst
Bcex n€R".

Ecnu u=uf(t) - OrpaHMYEHHas  W3MepuMas  (QyHKIHS, X(t) -
COOTBETCTBYIOIIas TpackTopusi cuctemsl (6) ¢ HavanbHbIM ycioBueM X(0) = X,, TO
KaK MokaszaHa B pabore’, BektopHoe mome f(X(t),u(t)) mourw Bcromy Kacaercs
MHOrooOpasust L(X,), moaroMmy coorBeTcTByromas Tpackropust X(t), mcxonsmas
u3 Touku X, € L(n), nexur B L(7). CnemoBarenbHO, s H3MEPHUMBIX
JIOTYCTUMBIX  yIIPABICHUH MHOXECTBO JIOCTHKUMOCTH G, Takke sBISETCS

! Arpaues A.A., Caukos FO.JI. ['eomerprdeckas Teopust yrpasieHus. — M.: ¢pusmariur, 2005. — 392 c.
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noamHoxectBoM L(77) . Hiwke nokasano, uro mns cucremsl (6) G, cosnanaer ¢

L(#7) .
ITycth AK(D):{X(X): X e A(D)} s Beex XeR". Torma, B cuny TOrO,
aro A(D) - amrebpa Jlu, muoxectBo BekTopoB A (D) sBisiercs nuHEHHbIM

HOAMPOCTPAHCTBOM I[IPOCTPAaHCTBA BEKTOPOB B TOYKE X. B wyacTHOCTH,
XU(X)EA‘D) npu kaxaomM UeR™ wu g Bcex XxeR". Scmo, uro

0<dimAD <n mus Bcex XxeR".

B cnepyromeit Teopeme MoaydeHbl JOCTATOUHBIE YCIIOBUS, MPU BBINOJIHEHUN
KOTOPBIX KaXk/1asi opOUTa ABJISIETCS IIIOCKOCTHIO.

Teopema 15. ITycth dimAK(D) =k mmsa Becex XeR", rne O0<k <n. Torma mis
Bcex 77 € R" MHOXecTBa G, ABISIOTCS K — MEPHOM IIOCKOCTBIO.
VI3BECTHO, YTO MHOXECTBO ympasmsieMocTd G, CHCTEMBI (6) sBmseTCs

06J'IaCTI)IO TOoTrAaa U TOJBKO TOraa, Koraa
rank(B, AB, ... A“‘lB) -n.

Hcnonb3ys 3TOT (hakT U3 TEOpeMsI - 15 moinyyum cieayroiiee:
Cneocmeue 2. IMeeT MeCTO ClIeIyIollee HEpaBEHCTBO

rank (B, AB,...,A"'B)<dim A (D)

n1s Bcex X e R".
Teopema 16. ITycTh paHT MaTpPUIIBI (B, AB,..., A”‘lB) paBeH Nn—1. Torga nu6o

BCE OpOUTHI (MHOXECTBA JOCTUKUMOCTH) SIBIISIFOTCS (n—l) - MEpPHBIMH

MJIOCKOCTAMM, JTHOO0 (pa3oBOE MPOCTPAHCTBO SBIIAECTCS OOBEIUHEHUEM TPEX OPOUT,
JIBE€ U3 KOTOPBIX N- MEpHBI, OAHa OpOUTa, MPOXOAIas Yepe3 HayaJlo KOOpAUHAT,
aBisieTcs N —1- MEepHOI TIOCKOCTHIO.

B kadecTBEeHHOW TEOpUM YMPABICHUS MHOXECTBO YIPaBISEMOCTH (WM
MHO’KECTBO JOCTHKMUMOCTH) CUCTEMbI YIPaBJIEHUS Ha IJaJIKOM MHOrooOpasuu B
KJIacCE KYCOYHO-IIOCTOSIHHBIX YIPAaBICHHUHW COBIANAET C  OTPULATEIBHOU
(TONOKUTENHFHOI) OpOUTOMN ceMecTBa BEKTOPHBIX IMOJIEH, KOTOPOE OMpPEAeIseTCs
CUCTEMOH yIIPaBJIECHUs OJHO3HAYHO.

P. Stefan' BBen moHATHE CHHTYIAPHOE CIOGHHE, KOTOPOE SBISETCS
00O0OIIECHNEM TOHATUSL CJIOCHHUSA, W TOKa3al, 4TO OpPOUTHI SBISIIOTCS CIOSAMHU
HEKOTOPOTO CHHTYJISIPHOTO cioeHusi. B ciydae, korma Bce OpOUTHI HUMEIOT
OJIMHAKOBYIO Pa3MEpPHOCTb, pa3OueHne M Ha OpOUTHI SBISETCA CIOCHUEM, YTO
MO3BOJISIET MPUBJIEYbh METOAbl TEOPUM CIOCHUM NJIsi M3Y4YEHUS CBOMCTB OpOUT U
MHOYKECTBA YIIPABISIEMOCTH TJIAIKAX CUCTEM.

B Tperbem mnaparpade dyeTBEepTOW TIJaBbl paccMaTpUBAaeTCsl BOIPOC O
HEMPEPBIBHOM 3aBUCUMOCTH MHOXECTBA YIPABIIEMOCTH OT LEIEBOM TOYKH, IS
JUHENHBIX CUCTEM ympaBieHus. HenmpepblBHOCTH MHOTO3HAYHOT'O OTOOpa)KEHUs

! Stefan P. Accessible sets, orbits and foliations with singularities// Bull. of AMS, — 1974. — Ne6. — V.80.
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n— G, urpaer BaKHYIO pOJIb IIPU HMCCICIOBAHMM 3aJa4 CTAOUIBHOCTH BIIOJIHE

YIPABJISIEMBIX B TEOPUHU YIIPABJICHHUS.
B uactHocTH, B 3TOM maparpade AOKazaHO, YTO €CIHU CIIOCHHE, MOPOXK-
JIEHHOE OPOUTaMH JIMHEWHON CUCTEMBI, PEryJISIPHO, TO MHOYKECTBO YIPABISIEMOCTH
HETPEPBIBHO 3aBUCHUT OT IEJICBOH TOUKH.
Onpedenenue 10. Orobpaxenue 77— G, Ha3BIBACTCS MOJNYHEIPEPHIBHBIM

CHHU3Y B TOYKE 7],, eciu Jist kaxmaoro & >0, u mis kaxmoro R>0 cymecrByer

takoe O >0, uto ecin p(17,17,) < TO UMEET MeCTO
d(C_i70 NBg(1).G,NBy (770)) <&,

rae Gn - 3aMblKaHne MHOXKecTBa G, B R", B, (770)—3aMKHyTLII”4 map paguyca R ¢
LEHTPOM B TOUKE 77,,.

Onpedenenue 11. Otobpaxenne 77— G, Ha3bIBACTCS MOIy-HEIPEPHIBHBIM
CBEpXy B TOUKE 7],, eciu Juia Kaxmoro &>0 u mis kaxmaoro R >0 cymecTByer

taxoe & >0, uro ecmn p(77,17,)< 5, TO IMEET MECTO

d (C_S,7 NBx(1,),G, NBg (770)) <e.
Onpeodenenue 12. Orobpaxenne 77—>G, Ha3blBaCTCs HENPEPHIBHBIM B

TOUKE 77,, ECJIA OHO MOJIYHENPEPHIBHO CHU3Y U CBEPXY B TOUKE 77, .
Jemma 3. Orobpaxenue 77— G, MOMyHENPEPHIBHO CHU3Y B KakIOH TouKe
neR".
[Tomy4yeHO JOCTaTOYHOE YCIIOBHUE TMOJYHEIPEPHIBHOCTH CBEPXY BBIIICYKA-

3aHHOTO OTOOpaKEHHUSI.
Teopema  17. Tlyere  dimA(D)=k ams Becex xeR", rme

A (D)= {X (x):xe A(D)},O <k <n. Torxa oroGpaxenue 77— G, HENMPepHIBHO B

Ka)K0# TouKe mpocTpancTea R".

B camom gene, sTa TeopeMa MOKa3bIBAET, YTO CIIOEHUE MOPOKICHHOE
opOutamu siBiiseTcsi K — MEpHBIM CIIOCHHEM, MHOXECTBA YIPABISICMOCTH
SBJISIIOTCSL CJIOSIMU ATOTO clioeHus. Takum 00pa3oM, MHOTO3HaYHOE OTOOpaKeHHE
«TOYKa - c1oii» 77— G, ABJIAETCS HENPEPBIBHBIM OTOOPAKECHHEM.
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3AK/IIOYEHUE

B nucceprauum ucciaeayroTCs TPYIIBI U30METPUM CIIOEHBIX PUMAaHOBBIX
MHOT000pa3uii. [ pemeHust MocTaBIEeHHbIX 337a4 U3y4YEHbl TONOJOTHYECKHE U
F€OMETPUYECKHE CBOWCTBA CIOEHBIX MHOroOOpa3uid, HMCCIEI0BaHa T'€OMETPUs
pUMaHOBBIX cyOMepcuil. BBelleHO HOBOE MOHSATHE, F — KOMIAKTHO — OTKPBITOM
TOIIOJIOTMH, KOTOpas 3aBUCUT OT CiOeHMs. MccrnenoBaHbl rpynnbel M30METpUid
CJIOGHBIX MHOTOOOpa3nii B KOMITAKTHO-OTKPHITOM TOIIOJIOTHU U B F — KOMITaKTHO-
OTKPBITOW TOITOJIOTHH.

OCHOBHBIE PE3yJIbTATHI UCCIECOBAHUS COCTOST B CIEAYIOIIEM.

1) ycTaHOBIIEHO, YTO TIpymma roMeoMop(dU3MOB JHOOOr0 MHOT000Opa3us
ABJISIETCS TOMOJIOTUYECKON IPYNIION B KOMIAKTHO-OTKPBITOM TOMOJIOTHH;

2) 10Ka3aHO, YTO TPyIa WU30METPUIl CIIOGHOTO MHOT000pa3ws SBIISETCS
TOMOJIOTUYECKOU IPYNION B KOMIIAKTHO-OTKPBITON TOMOJIOTHH;

3) YCTaHOBJIEGHO €CIHM  IIOCIEJIOBATEIBHOCTh  W30METPUIl  CIIOCHBIX
MHOTr000Opa3uil CXOAATCA IO OJHOM TOUKE Ha KaXJIOM CcJioe, TO U3 3TOHU
MTOCJIEN0BATENBHOCTH MOYKHO H3BJIIE€Yb CXOALIYIO0 IOIINOCIEAOBATEIBHOCT K
HU30METPUIO CIOEHOTO MHOT000pa3usi B F — KOMIAaKTHO-OTKPBITON TOMOJIOTHY;

4) mokazaHo, YTO PUMaHOBa CyOMepCHs MOPOXKIACT CIOCHOE MHOT000pasne
ITOCTOSTHHOM ['aycCOBOM KPUBU3HBI;

5) ycraHOBJIEHO TpeAeN TeoAC3UUECKUX JIMHUN CIOEHOTO MHOT000pasws,
ABJISIETCSA T€OAE3UUECKON JIMHUEN HA NIPEAECIBHOM CJI0€ CIIOEHUS,

6) mokazaHo, YTO YeThIpeXMEpHOEe MHOTo00Opa3us Sol* HeNb3sl MOrPY3UThH B
MATUMEPHOE €BKJIUJIOBO TPOCTPAHCTBO;

7) IOKa3aHO CYIIECTBOBAHHME CIIOCHUS, JJISI KOTOPOTO CYIIECTBYET JJIEMCHT
IpyNnbl U30METPUM CIOEHOT0 MHOrooOpasus, He SBISIOLIUICST 3JIEMEHTOM
IPYINIbI U30METPUN;

8) moka3aHO, YTO MHOXECTBA JOCTHIKUMOCTH CHUCTEMbI BEKTOPHBIX IOJICH
OINPEIENIEHHOr0 Kjacca SIBJIIETCS KOMIAKTHBIM, U OHO HENPEPBIBHO 3aBUCHUT OT
BPEMECHU;

9) HaiileHO JOCTATOYHOE YCJIOBUE ISl JIMHEHHBIX CHCTEM YIIPABIICHHUS, MPH
BBINIOJIHEHUH KOTOPOTO KaXJI0€ MHOXXECTBO JIOCTUKUMOCTH (MHOKECTBO
YIPaBJISIEMOCTH ) SIBJISIETCS MIIOCKOCTHIO (PUKCUPOBAHHOM pa3MEpPHOCTH.

ABTOp TNPHUHOCUT CBOIO DIYOOKYH0  NPHU3HATEIBHOCTh  HAYYHOMY
KOHCYJbTaHTy npodeccopy HapmanoBy AGauranmnapy SAkyOoBHUYYy 3a MOCTAaHOBKY
npoOseM, IIEHHbIE COBETHI M TIOJIC3HBIC KOHCYJIbTAlMM B OOCYXICHHH U
MOAJIEPHKKY.
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INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of dissertation. Due to the rapid
development of scientific and technological progress in the world, required the
development of new methods for fundamental research and implementation of the
results into practice. According to the demand of practice on the intersection of
differential equations and differential topology French scientists established
fundamental foundations of the theory of foliated manifolds. It is proved the
stability of compact foliations and that limit sets of leaves are invariant sets.
Scientists of USA and Russia investigated qualitative theory of foliations, in which
geometric and topological properties of foliated manifolds are investigated.
Moreover, an application of theory of foliations to practice is one of the important
problems of geometry.

After the declaring independence of our country attention to the actual
directions in the field of natural and exact sciences has been significantly
increased, in particular, especial attention is given to applications of methods and
results of this theory to the theory of optimal control and dynamical systems. In
this field are obtained sufficient condition of stability for controllable systems,
proved non-negativity of sectional curvatures of leaves of foliations generated by
Riemannian submersions in the spaces of non-negative curvature, besides are
obtained valuable results on investigating geometry of vector fields.

Nowadays, researches in the world in the area of geometry of orbits of vector
fields on manifold related to the theory of dynamical polysystems and optimal
control and very important for them. In this field, the essential task is a wide
application of targeted researches, in particular, applications of results obtained on
foliations, generated by Riemannian submersions, to determine the structure of
phase spaces of dynamical polisystem: application of methods of the theory of
foliations to the theory of dynamical systems, optimal control and to various
problems in other fields; investigation of geometry of foliations generated by
Riemannian submersions; investigation of geometry of Riemannian foliations on
surfaces of non-negative sectional curvature. Scientific researches on above-
mentioned directions justify the relevance of the theme of current dissertation.

Research in this thesis to some extent are the challenges identified in the
Republic of Uzbekistan Presidential Decree number PP-436 of 7 August 2006 «On
measures to improve the coordination and management of the development of
science and technology», as well as PP-2204 from July 8, 2014 «On measures to
further optimize the structure of the Academy of sciences of the Republic of
Uzbekistan and to strengthen the integration of academic science and higher
education of the Republic» and other normative-legal acts of fundamental sciences.

Connection of research to priority directions of development of Science and
Technologies of the Republic. This thesis was performed in accordance with the
priority direction of development of Science and Technologies of the Republic of
Uzbekistan 1V. «Mathematics, Mechanics and Informaticsy.
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Review of foreign scientific research on the theme of the dissertation’.

Researchs on the theory of foliations, qualitative theory of foliations, which
mainly investigated the topological and geometrical properties, local and global
stability of compact leaf of foliation, generalization of the theorems of stability for
non-compact leaves, singular Riemannian foliations, geometry of geodetic and
Riemannian foliations, topology of foliations of codimesion one are conducted in
major research centers and universities of the world, including: the University of
Strasbourg (France), the University of Grenoble (France), University of Paris
(France), the University of Montpellier (France), the University of Illinois (USA),
the University of California (USA), the University of Indiana (USA), Princeton
University (USA), the University of Warwick (UK), the University of London
(UK), the University of Tokyo (Japan), Tohoku University (Japan), Kyoto
University (Japan), Moscow state University (Russia).

As a result of studies on the qualitative theory of foliations, which examines
topological and geometrical properties of the leaves, and the properties of singular
Riemannian foliation in the world, were solved a number of problems, in
particular, it is received the following number of results: theorems on the local and
global stability of compact leaf of foliation as well as It is showed that a family of
orbits of the Killing vector fields generate singular Riemannian foliation
(University of Strasbourg, University of Grenoble, the University of Paris,
University of Montpellier, France). It is proved, if the foliation generated by leaves
of submersion, notion of Ehresmann connection is equivalent to the well-known
notion of Ehresmann connection for submersion, and showed total geodesic and
Riemannian foliations of complete manifolds have Ehresmann connection
(University of Illinois, University of California, University of Indiana, Princeton
University, USA). It is proved that a orbit of a family of smooth vector fields is a
smooth manifold and the partition of manifold to the of the orbit produces a
singular foliation (University of Warwick, University of London, UK). It is proved
the local stability of noncompact proper leaf of codimension one foliation on a
three-dimensional manifold, it is showed the relationship between the partially
ordered set of leaves and topology of leaves (Tokyo University, Tohoku
University, Kyoto University, Japan). It is proved that every foliation of
codimension one on a three-dimensional sphere has a compact leaf (Moscow
University, Russia).

At the global level, it carried out series of scientific-research works in priority
directions in geometry and topology of foliated manifolds, namely: the study of
geometry of Riemannian foliations on surfaces of nonnegative sectional curvature,
the study of the structure of the isometry group of foliated manifold, geometric
characteristics of the foliation generated by submersions on a Riemannian
manifold, the properties of geodesic lines of foliated manifold, the use of geometry

! Review of foreign scientific research on the topic of the dissertation: Actualite Sci. Indust .; C.R.Acad. Sci. Paris;
https://www.math.uni-muenster.de/u; Proc. Fifth Canad. Math. Congress; Ann. of Math;. Successes of Mathematical
Sciences, www.mathnet.ru/umn; Mathematical Notes, www.mathnet.ru/mz; www.ams.org/bull; Progress in
Mathematics; https://projecteuclid.org/euclid.ijm; Ann. Math .; Topology; http://link.springer.com; Journal of
mathematical Physics, analysis, geometry; http://www.foliations.org, also used other sources.
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of foliation theory in dynamical systems, and optimal control, the study of
geometry of sets of attainability (controllability), as well as study of the continuous
dependence of the attainable set from as multi valued map.

The degree of scrutiny of the problem. In the formation and development of
the theory of foliations great contribution made by the French mathematicians such
as C. Ehresmann, G. Reeb, H. Lawson, P. Molino, A. Haefliger, R. Langevin, H.
Rosenberg, G. Lamoureux. The main works of G. Reeb, one of the founders of the
theory of foliations, dedicated to problems of the qualitative theory of foliations.
G. Reeb proved that if a compact leaf has a finite fundamental group, then there is
a neighborhood of this leaf, which consists of leaves, diffeomorphic to the compact
leaf. In the works C. Ehresmann shows that the Riemannian and total geodesic
foliations on complete Riemannian manifolds have Ehresmann connection.

The research on group of isometries of a foliated manifold is a new problem
in the theory of foliated manifolds. The notion of an isometry of a foliated
manifold was introduced by professor A.Ya. Narmanov. He proved for a certain
class of foliations there are isometries of foliated manifold, which is not an
isometry of the manifold. The group of isometries of foliated manifold is a
subgroup of the group of diffeomorphisms of a foliated manifold. The group of
diffeomorphisms foliated manifold studied in the works of S.H. Aranson. He found
out necessary and sufficient condition for the topological conjugacy of
diffeomorphisms. For compact manifolds various subgroups and diffeomorphism
groups are studied by P.L. Antonelli, D. Burghelea, P.J. Kahn.

In modern geometry, one of the main objectives is to study the limit of
geodesic lines. A powerful weapon of Riemannian geometry is the theorem on the
limit of the geodesic lines of a Riemannian manifold. In the case of a foliated
manifold, this task is complicated by the fact that a geodesic line of foliated
manifold lies on the leaf and it is a geodesic with respect to the Riemannian metric
of the leaf. In the works of S. Helgason it is proved remarkable theorems on the
geodesic lines and on groups of isometries of a Riemannian manifold. In particular,
he proved that the group of isometries of a Riemannian manifold is a topological
group in the compact-open topology. He also proved that if given a sequence of
isometries which converge at one point, then there exists a subsequence which
converges to some isometry of the manifold in the compact-open topology.

Singular Riemannian foliation were introduced P. Molino, geometric and
topological properties of singular Riemannian foliations also studied in papers of
A.Ya. Narmanov, N.I. Zhukova and other authors. P. Molino showed that if a
singular foliation is Riemannian, then the Riemannian metric of manifold generates
transversal metric on the normal bundle of each leaf. For complete manifolds
A.Ya. Narmanov proved that this condition is necessary and sufficient for a
singular foliation to be Riemannian.

Although it remains an open question as to whether the group of
diffeomorphisms of non-compact manifolds topological group, and whether the
group of isometries of the foliation of a topological group with respect to the
compact-open topology. In addition, it left open the question of the limit of the
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geodesic lines foliated manifold, as well as the question of the curvature of the
foliation generated by the Riemannian submersion.

Connection of the theme of the dissertation with the research works of
the higher education institution, where the dissertation is carried out.

The dissertation research is conducted within the framework of research
grants from the National University of Uzbekistan 1.F.1.1.9 «Functional and
topological properties of extreme controls, areas of an attainability and stability of
totally control systemsy (2003- 2007), OT-F1-096 «Creation and development
geometric and topological methods for solving problems of the theory of
dynamical polysystem» (2007- 2011), OTF-01-04 «Geometry and topology
foliated manifolds» (2012-2016).

The aims of the research are the investigations of the geometry and topology
of the foliated manifolds, the structure of the group of isometries of foliated
manifolds and the geometry of foliated manifolds of constant sectional curvature,
and also application of the taken results for the investigations of the attainability
set and establishing of the continuous dependence on the initial point of the
attainability set.

Research problems of this work are following:

establishing the basic properties of geodesic lines foliated manifold;

generalization of the classical result of the group of homeomorphisms of a
compact manifold for non-compact manifolds;

study the geometry of the group of isometries of a foliated manifold in a new
the F -compact-open topology;

finding conditions under which the leaves of foliated manifold are manifolds
of constant Gaussian curvature;

investigation of the structure of attainability set for systems of the vector
fields given in the Riemannian manifolds.

The objects of the research work are the foliated Riemannian manifolds,
geodesics of foliated manifolds, the orbit of the family of smooth vector fields, the
attainability set and the domains of control of dynamical systems, foliations
generated by the Riemannian submersion.

The subject of the research work are the study of the isometry group of a
foliated manifold, geometry and topology of the foliated manifold, generated
submersions, the geometry of the orbits of vector fields and singular foliations.

Methods of research work. The thesis used methods of local and global
differential geometry, methods of the theory of foliations and geometric and
topological methods of the theory of dynamical systems.

Scientific novelty of the research work is as follows:

It is proved that any group of homeomorphisms of a smooth manifold is a
topological group in the compact-open topology;

It is proved that isometry group foliated manifold is a topological group in the
compact-open topology;

it is showed that if a sequence of isometries foliated manifolds converge on at
the point on each leaf, then this sequence can be extracted to a convergent
subsequence of isometries of foliated manifold in the compact-open topology;
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it is proved that if the foliation generated by Riemannian submersion, then
leaves of foliation are manifolds of constant Gaussian curvature;

it is showed that the limit of the geodesic lines of foliated manifold is a
geodesic line on the limit leaf of foliation;

It is proved the existence of the foliation, for which there is a isometry of
foliated manifold which is non-isomety of the manifold;

It is proved the compactness of the attainability set, and the continuity of the
multi valued mapping «the point - the attainability set» for a system of vector
fields of a special form;

it is showed compactness of the closure of the attainable set for the time does
not exceed a fixed time, and the continuous dependence of the attainable set from
time for a certain class of vector fields;

it is found conditions in order to attainable set (the set of controllability)
coincided with the fixed dimension planes for linear systems.

Practical results of the research are as possibilities for applications, to
determine the curvature of the phase space of dynamical systems on manifolds of
negative curvature, as well as for investigation of geometry of foliations generated
by the set reachability of control system.

The reliability of the research results. In the study of geometry and
topology of foliated manifolds, as well as in the study of geometry of orbit of
vector fields the accuracy is justified by the theory and methods of foliation theory,
the Riemannian geometry and differential topology

The scientific and practical significance of the research results. The
scientific value of the research results is the ability to use the compactness of the
attainability and the continuity of the multivalued mapping to determine the
curvature of the phase space of dynamical systems.

The practical significance of the research lies in the fact that the extension of
the class of the objects to determine the structure of the reachable set (the set of
controllability) for control systems.

Implementation of the research results. The results obtained in the thesis
were used in the following research projects:

the results obtained on the compactness of the attainability set of vector fields
and on the continuity of the multivalued mapping, have been used in the scientific
project 12-01-00195 «The tasks of positional control deterministic and stochastic
dynamic processes and differential games with many participants» for basic
research of the Ministry of Education and Science of the Russian Federation, the
application of these research results have allowed to describe the structure of the
trajectories and the phase space of dynamical systems (Certificate Ne 7873-8965 /
20 Udmurt state University on August 25, 2016). The application of scientific
result was the decisive factor to determine the curvature of the phase space of
dynamical systems and the study of the geometry of attainability sets of control
systems;

the results obtained in the thesis show that if the foliation generated by
Riemannian submersion on a complete Riemannian manifold with constant
Gaussian curvature leaves of this foliation are manifolds of constant Gaussian
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curvature, these results were used in the research project in the framework of
research on the state grant research 1.3.1.3 «Methods of creation, research and
identification of mathematical models of the Earth», the application of these results
allowed to explore the possibility of the structure of the phase space of dynamical
systems (Reference number 15301 / 12-2711 Institute of Computational
mathematics and Mathematical Geophysics, Siberian Branch of the Russian
Academy of Sciences, of 24 August 2016). The application of these research
results contributed to the definition of the structure of the phase space of dynamical
systems on manifolds of negative curvature.

Approbation of the research results. The main results of the study were
discussed at scientific conferences, including: «The school-seminar on geometry»
(Abrau-Durso, Russia, 2006), «New theorems young mathematicians» (Namangan,
2006, 2009), «New directions in the theory of dynamical systems and ill-posed
problemsy (Samarkand, 2007), «Modern problems of mathematics, mechanics and
informatics» (Tashkent, 2008), «Foliations, Dynamical systems and Singularity
theory» (Samarkand, 2009), «Metric geometry of surfaces and polyhedra» '
(Moscow, Russia, 2010), «Locally analytical geometry» (Lahore, Pakistan, 2012),
«Al-Khorezmiy 2012» (Tashkent, 2012), «Actual problems of geometry and its
applications» (Tashkent, 2014), «Limit theorems of probability theory and their
applications» (Namangan, 2015), «The control theory and mathematical modeling»
(Izhevsk, Russia, 2015), «Mathematical physics and related problems of modern
analysis» (Bukhara, 2015), «Modern problems of analysis» (Karshi, 2016), «The
problem of modern topology and its applicationsy» (Tashkent, 2016), speeches and
reports passed wide approbation. Results of the study were discussed on scientific
seminars on the faculty of Mathematics at the National University of Uzbekistan
«Modern problems of geometry and topology» (2000-2016), «Functional analysis
and its applications» (2014-2015), «Modern problems of complex analysis»
(2015), on scientific seminar «Operator algebras and their applications» of the
Institute of Mathematics at the National University of Uzbekistan (2015), on
scientific seminar of chair «Higher mathematics» Namangan engineering-
pedagogical institute (2016).

Publication of the research results. On the subject of the dissertation 43
research papers published, 16 of them are included in the list of scientific
publications, proposed the Higher Attestation Commission of the Republic of
Uzbekistan for Protection of doctoral theses, including 6 of them were published in
foreign journals and 10 in national scientific journals.

The structure and volume of the dissertation. The dissertation consists of
the introduction, four chapters, conclusion and bibliography. The total volume of
the dissertation is 161 pages.

54



MAIN CONTENT OF THE DISSERTATION

In the introduction the actuality and demand of the theme of dissertation,
connection of the research to priority directions of development of Science and
Technologies of the Republic is stated, review of foreign scientific research on the
theme of the dissertation and the degree of scrutiny of the problem are provided,
the aim and problems are formulated, the object and the subject of research are
described, scientific novelty and practical results of reseach are staded, the
theoretical and practical significance of obtained results is revealed, the
implementation of research results in practice, the list of published works and the
dissertation structure are given.

The first chapter of the dissertation, entitled «Understanding and
supporting facts» is auxiliary and is dedicated to the presentation of basic
definitions and supporting evidence on this dissertation. It consists of three
sections.

In the first paragraph of the first chapter in short form it is given elements of
theory of smooth manifolds, the necessary definitions and supporting evidence
relating to the smooth manifolds used in the thesis, examples of smooth manifolds,
submanifolds are given.

In the second section briefly described the theory of vector fields on a smooth
manifold, and basic properties of the orbits of vector fields. All notions are
equipped with examples.

The third section is devoted to the basic concepts and auxiliary facts of the
theory of foliations. It provides definitions and results of studies on the theory of
foliations.

Let M be a smooth manifold of dimension n, A— the maximum atlas

defining on M structure of a smooth manifold of a C" class, where r>0. The

manifold is also C®-manifold, if 0<s<r. System of local curvilinear coordinates

on C*-manifold we will designate through A°.
Let k be an integer, 0<k <n.
Definition 1. Let F ={L_; o € B} be a family of arcwise connected subsets L,

of manifold M. We say that F is a k- dimensional C" foliation of M if F
satisfies the following.

(F1): U Ly =M

aeB

(F):LynLs=L for a,peB with a=j;

(F;): for any a point pe M, there exists a chart (U, ;) e AL) about p
such that for L, with U, nL, #& , « € B each (arcwise) connected components
of ¢, (U, nL,) is of the form

{(xl,xz,...,x”) ep,(U,): XKL Z gkl k2 _ok+2yn :C”} ,
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where ¢“** ck*2 ¢ are constants determined by the (arcwise) connected

component.
We call L, a leaf of the foliation F. A k-dimensional C* foliation is also

referred as a C° codimension n—k foliation or a C* foliation of codimension

n—k. This is a more conventional term and so we shall call F a C® codimension
q foliation, where n—k =q. By the conditions (F,) and (F,), M is covered by

pairwise disjoint leaves, and by (F,) the leaves are locally arranged as parallel

planes. A chart (U,, ;)€ AL) which satisfies (F,) is called a foliated chart or
foliated neighborhood. The set of all foliated charts is called a foliated atlas and
denoted by A.

A manifold M coupled with a foliation is called foliated manifold and often
denoted by (M,F). The neighbourhood U in definition is called as the foliated

neighbourhood.

One of important classes of foliations is the class of foliations, generated by
submersions.

Definition 2. Let f:M — B be a differentiable map of maximal rank, where

M, B a smooth manifolds of dimentions n,m respectively, n>m. Such maps are

called submersions.

From the geometrical point of view, the important classes of foliation are
totally geodesic and Riemannian (metric) foliation.

Definition 3. The submanifold N of Riemannian manifold M is called totally
geodesic if each geodesic lines of M is tangentto N remains on this N .

Definition 4. The foliation F on Riemannian manifold M is called totally
geodesic if each leaf of foliation F is a totally geodesic submanifold, i.e every
geodesic is tangent to a leaf foliation F at one point, remains on this leaf.

Important class foliation are codimensions one foliation, generated by level
surfaces of differentiable functions without critical points. American professor Ph.

Tondeur considered function f:M" — R" without critical points on Riemannian

manifold M" for which length of a gradient is constant on each level surface. For
such functions he has proven that foliation generated by level surfaces of such
function, is a Riemannian (metric) foliation.

Definition 5. Function f : M — R* of the class CZ(M : Rl) for which length of

a gradient is constant on connection components of level sets is called a metric
function.

Definition 6. Foliation F on a Riemannian manifold M is called Riemannian if
each geodesic, orthogonal at some point to a leaf of foliation F, remains orthogonal
at all points to leaves of F.

The second chapter, entitled «Geometry of foliated manifolds» is devoted to
the study of the geometry of foliated manifold, foliated atlas of which is generated
by submersion. We prove that the leaves of the foliation generated by the
Riemannian submersions are manifolds of constant Gaussian curvature, the limit of
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the geodesic lines foliated manifold is a geodesic line on the limit leaf, and the
impossibility of an isometric immersion of four-dimensional manifold Sol into
five- dimensional Euclidean space.

An important class of foliations is a foliation generated by submersions. By
the theorem on the rank any submersion f:M — B generates a foliation F of

dimension k=n—-m on a manifold M, leaves of which are submanifolds
L, = f*(p),peB, where nm are dimensions of manifolds M and B,
respectively.

Let F be a smooth foliation of dimension k on M . Denote by L(p) a leaf of
the foliation F passing through the point p, by T L tangent space of the leaf
L(p) at a point p, by H(p) orthogonal complement of T L in T M,peM.
There are two subfibrations (smooth distribution) TF={TL:peM},
H ={H(p): pe M} of tangent fibration TM such that TM =TF @ H, where H is
the orthogonal complement of TF . In this case each vector field X V(M) can be
represented in the form X = X, + Xp, where X,,, X}, are orthogonal projections

of X onto TF and H , respectively.
If XeV(F) (i.e X,=0), then X is called a vertical field. If X eV (H)

(X,=0), then X is called a horizontal field. From submersions one can choose

the class of submersions called Riemannian.
Definition 7. The submersion f:M — B is called the Riemannian

submersions if the differential df of mapping f:M — B preserves the length of

horizontal vectors.

In the first section we investigate the sectional curvature foliations generated
by submersions. It is proved that if the foliation generated by Riemannian
submersion then leaves of this foliation are manifolds of constant Gaussian
curvature.

In the paper’ studied the geometry of the surface level of functions, for which

it holds X(]gradf \2):0 for each vertical vector field.

We consider a submersion f:M — B when B is one-dimensional manifold,
namely a smooth function f:M — R. If Crie{f} is the set of critical points of
function f, then on a manifold M \ Crit{f} there exists a foliation of dimension
n—1 (or codimension one), leaves of which are level surfaces of the function f .

We prove a theorem which characterizes the geometry of the foliation
generated by Riemannian submersion. Level surfaces of functions of this class are
surfaces of constant Gaussian curvature.

Theorem 1. Let M be a complete Riemannian manifold with constant
curvature and f :M — B Riemannian submersion. Then each leaf of the foliation

Fis generated by Riemannian submersion (level surface of function f) is a
manifold of constant Gaussian curvature.

! Tondeur Ph. Foliations on Riemannian manifolds// Springer Verlag, — New York, — 1988.
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The second paragraph of the second chapter is devoted to the study of the
geometry of the geodesic lines of foliated manifold. In Riemannian geometry it is
important to study the properties of geodesic lines. In particular, it is known that if
the sequence of geodesic lines converge at one point, there is a subsequence that
converges pointwise to a geodesic line at each point.

We prove the following theorem, which is a generalization of the classical
theorem on the limit of the geodesic lines on manifolds.

Theorem 2. Suppose that M is a smooth complete Riemannian manifold of
dimension n with a smooth foliation of dimension k, where O<k <n. Then

1) Each leaf with the induced Riemannian metric is a complete Riemannian
manifold.

2) Let y_:(a,b)—>L_ be a geodetic sequence (with respect to the induced

Riemannian metrics) of leaves L such that y, (s,)— p, 7,(S,) >V, m—ow for
some s,e(a,b). Then the sequence y_ converges pointwise to geodetic
y:(a,b) > L(p) of the leaf L(p) starting from the point p when s=s, in the

direction of the vector v.

The following theorem is amplified second part of theorem 2.

Theorem 3. Let M be a complete smooth Riemannian manifold of dimension
n with a smooth foliation of dimension k , where O0<k <n.

Let »,:R*—>L, be a sequence of geodesies (relative to the induced

Riemannian metrics) leaves L_ such that y, (s,)—> p when m—o for some
s, € R'. Then there exists a subsequence ¥ Of the sequence y,,, which converges

pointwise to some geodesic y:R"'— L(p) of the leaf L(p), starting from the point
pats=s,.

Isometric immersions of Riemannian spaces into Euclidean space or to
another Riemannian space is one of the ways to build submanifolds having new
interesting geometric properties. Problems of isometric immersions and
embeddings of manifolds into Euclidean space, and the other is one of the central
problems in differential geometry and the Riemannian geometry and studied in
these disciplines from many different points of view.

The theory of isometric immersions linked to difficult questions of solvability
of nonlinear systems of differential equations, as well as topological questions, in
this theory it is used and intuitive geometric ideas. along with a wide arsenal of
matematic means.

The third section is devoted to the study the problem of the immersion of
manifolds into Euclidean space.

On the four-dimensional manifold Sol* the left-invariant metric is given by
formula

ds® =e ™ (dx® + dy?) +e*dz” + dt®.

We prove the following

Theorem 4. The manifold Sol* can not be immersed into five-dimensional
Euclidean space.
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The three-dimensional Lie group of all 2x 2- matrixes with real elements and
a determinant 1 is denoted through
a b
det( jzl},
c d

SL,R ={[i gj eGL(2,R)

and SL,R denotes it’s universal covering. It is known that SL,R is a Lie

group too, and admits a metric that is invariant under left multiplication.
Now we investigate a question of the possibility of an isometric immersion of

the manifold SL,R with a left-invariant metric
dx® +dy® + (dx + ydt )’

2 )

y
into the four-dimensional Euclidean space.

Theorem 5. The three-dimensional manifold SL,R can not be immersed in

four-dimensional Euclidean space.

In the third chapter of the thesis, entitled «The group of isometries of
foliated manifolds» explores the isometry group of foliated manifolds. In
particular, it is introduced the notions of an isometry of a foliated manifold, and the
topology on the set of all isometries foliated manifold which is called foliated
compact-open topology, or F —compact-open topology, it is proved that the set of
all isometries foliated manifold is a Hausdorff space is relative F —compact-open
topology, the group of homeomorphisms of a smooth connected manifold of finite
dimension is a topological group with respect to the compact-open topology, the
subgroup consisting of all isometries foliated manifold is also a topological group
with respect to this topology, if a sequence of isometries foliated manifold
converge at one point of each leaf, then there exists a subsequence converging to
isometric of foliated manifold in - the compact-open topology, it is proved the
existence of the submersion for which there isometries of a foliated manifold,
which is not an isometry of the manifold.

In the first section of the third chapter is introduced the notion of an isometric
map of a foliated manifold and the notion of a foliated compact-open topology, or
F - compact-open topology on G.(M), which depends on the foliation. If the

dimension of the foliation coincides with the dimension of the manifold, this
topology coincides with the compact-open topology, if the codimension of the
foliation coincides with the dimension of the manifold, then the convergence in
this topology coincides with the pointwise convergence.

Let (M,F,) and (N,F,) are foliated manifolds with foliations F,F, of

dimension k.

Definition 8. If for some C"-diffeomorphism ¢:M — N the image ¢(L,) of
any leaf L, of the foliation F, is a leaf of the foliation F,, then we say that the
pairs (M,F;) and (N,F,) are C"-diffeomorphic foliated manifolds and are
denoted by (M,F)~ (N,F,). In this case the mapping ¢ from (M,F,) to
(N,F,) is called C" -diffeomorphism, preserving foliation and is written as

ds® =
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¢:(M,F)—>(N,F).

In the case where M =N and F, =F,, mapping ¢ is called a diffeomorphism
of the foliated manifold (M, F).

Definition 9. A diffeomorphism ¢:M —M of the class C" (r>=0),
preserving foliation, is called an isometry of the foliated manifold (M,F), if it is
an isometry on each leaf of the foliation F, i.e. for each leaf L, of the foliation F,
p:L, > @(L,) isan isometry.

Let {K,} be a family of all compact sets, where each K ; is a subset of some
leaf of the foliation F and let {U ;| be the family of all open sets on M . We

consider, for each pair K; = L, and U 4 the set of all maps f € G (M), such that
which f(K,)<U ,. This set of maps is denoted by

[KiUgl={f :M > M [f(K;)cU ).
Let o be a family of subsets of G_.(M)which are intersections of finite
number of subsets of the form [K,,U,]. According to well known criterion® in

G- (M) there exists a topology, for which the family o is the base, and this
topology is unique. This topology we will call the foliated compact-open topology
or, briefly the F -compact-open topology.

Theorem 6. The set G.(M) with the F-compact-open topology is a
Hausdorff space with countable base.

It is known that if a manifold M is compact, or M coincides with R", the
group of diffeomorphisms Diff (M) of a smooth manifold M is a topological group
in the compact-open topology. The following theorem is a generalization of this
result for an arbitrary manifold.

Theorem 7. Let M be a smooth connected and finite-dimensional manifold.
Then the group of homeomorphisms Homeo(M) is a topological group with
compact-open topology. In particular, the subgroups Diff (M), G-(M) are also
topological groups in this topology.

The group of an isometry of foliated manifold G- (M), in generally, is not a
subgroup of isometry group of the manifold G(M), and vice versa, i.e. the group of
isometries of the manifold G(M) is not a subgroup of the isometry group of a
foliated manifold G.(M). But of course these groups have non-empty

intersection, that is, 1 eG.(M)NG(M)=&J. Hence, one can put the question on

the existence of the maps which belongs to group of isometries of foliated
manifold, but it does not belong to the group of isometres of manifold.

We have proved that there exists foliation for which there exists an element of
group of isometries of foliated manifold, which is not an element of group of
isometries.

! Bakelman 1.J., Werner A., Kantor B.E. Introduction to differential geometry "as a whole" - M .: Nauka, - 1973, -
440 P.
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Theorem 8. There is a submersion f :M — B, for which the isometry group
G, (M) of a foliated manifold (M,F) contains a maps, which are not elements of
the isometry group G(M) of a Riemannian manifold (M,g).

The following example shows that such submersion can be simple enough.
We consider on euclidean plane with Cartesian coordinates x,y foliation F,

generated by level lines of function
f(x,y)=x"-y.

We will construct an isometry of foliated manifold ¢: M — M under the

formula
o(xy)=(xy+A(xy))

If A itis constant, this map ¢ is an isometry of a plane and an isometry of the
foliated plane. If A(x,y)=—f(x,y) map ¢ is not a plane isometry, but is an
isometry of foliated manifold.

Really, if the point (x,y) lies on the parabola x* —y =c, then the point

(X, y+4(x,y)) lies on the parabola X’ —y = 2c . This map preserving length of

curves on a parabola.

In the second section of the third chapter we study the geometry of the
isometry group of a foliated manifold in a new F -compact-open topology.

For foliated manifolds the following lemma and theorem are proved.

Lemma 1. Assume that a sequence {f,}e G{ (M) converges pointwise on a
set AcL,, where L, — some leaf of the foliation F. Then {f_} also converges
pointwise on A (where A is the closure of the set A in L ).

Lemma 2. Let A be a set of points on a leaf L, such that for each point pe A
there exists a converging subsequence f_(p) of the sequence f (p). If the set A is
nonempty set, then A=, .

The above lemmas enable us to prove the following theorem.

Theorem 9. Let M Dbe a complete smooth n —dimensional manifold with the
smooth k —dimensional foliation F, f_ eG.(M),r>0, m=123,..... Suppose,
that for each leaf L, there exists a point o, L, such that the sequence f_(0,) is
convergent. Then there exists a subsequence f, of the sequence f_ which
converges in a F -compact-open topology.

The theory of foliation has wide applications in the theory of dynamical
systems, dynamical polysystems and control theory. The family of orbits of vector
fields generates a partition of the phase space into the orbits, which is called a
singular foliation.

The set of attainablity (the set of controllability) and invariant sets of control
systems are important objects in the qualitative theory of optimal control. Invariant
sets of control systems coincide with the orbits of the family of vector fields, which
are determined by the right part of the control system.
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The fourth chapter of the thesis, entitled «Geometry of orbits of vector
fields» is devoted to the study of the orbits of vector fields. We prove the
compactness of the attainability set, and the continuity of the multivalued mapping
“point -the attainability set” for a system of vector fields of a special form,
compactness closure of attainability sets, and continuous-valued mappings which
associates each value of the time of the closure of the attainable set for no more
than a fixed time for vector fields of a certain class, and found conditions of
stability the set of attainablity for linear systems.

In the first section of the fourth chapter it is investigated the geometry of the
attainable set for the family of vector fields of the form

X, (0= 1,00+ X f,(u (1)

where ‘u“ﬂ forall i=12,...,m, f,(x), f,(x),

with restrictions |f,(x) [<M_forall xeR™, M, are constants.

f (x) are smooth vector functions

ey Iy

Vector fields (1) correspond to the control systems of the following form:
= fo(x)+ > f,(Qu' ©). (2)
i=1

We say that the point x™ is attainable from a point x, in time T, if there

exists a measurable vector function u(t)=(u'(t),u’(t),...,u™(t)), such that the
Cauchy problem for a system of differential equations

X(t) = fo(x)+ D fi(x)u'(t) (3)
i=1
with the initial condition x(0)=x, has a solution defined on [0,T] such that
x(T)=x, ‘u“sl, vte[0; T].
The set of points of R" which can be attaible from X, in time T denote by

X, €G, (T). By definition we set that x, G, (T) forall T.

In this section we prove the compactness of the attainablity set and the conti-
nuous dependence of the attainablity set G, (T) on the time T for the system (1).

We proved the following theorems
Theorem 10. The set G, (T) is a compact for all T >0.

Theorem 11. The mapping T —»G, (T) IS continuous in the metric of the

Hausdorff at each point T >0.

In the second section of the fourth chapter we investigate the structure of the
set of attainablity.

We consider the type of control system of the form

x=f(x,u), xeR", ueU cR", 4)
where U is a compact subset of R™. It is assumed that for every u<U the vector
field f(x,u) of class C*, and the mapping f is continuous in all the variables. In
addition it is assumed that the right side of the system satisfies the condition
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| f(x,u)[<M |x]|+N,V(x,u)eR"xU, (5)
where M and N are constants.
Studying the properties of sets G, (<T) and G, (T) are important issues in

the qualitative theory of optimal control.
For example, closedness (or compactness) of the set GW(ST) IS a major

factor in the proof of existence theorems for optimal control in one way or another.
In general, of course, sets G, (<T) and G, (T ) need not be closed.

The following theorem holds.

Theorem 12. The sets G, (<T) and G, (T ) are compact.

It is known that the set K(R”) of compact subsets of R" with the metric of
Hausdorff is a metric space. When the condition (5) holds it is true the following

Theorem 13. The mappings T —G, (<T) and T —G, (T ) are continuous.

Theorem 14. Suppose that for any T >0 sets GU(T) are compact. Then so
are the sets G, (<T).

Corollary 1. The set G(<T) for system (1) is compact.

The rest of this section we consider the linear system of the form

X=Ax+Bu, xeR",ueR", (6)

where A is a matrix of dimension nxn, B is a matrix of dimension nxm.
Bounded measurable functions u: [O;T] —R"™, 0<T <+00 are admissible controls.

The goal of control is to bring the system to a target condition 7 € R".

We denote by v the set of analytic vector fields defined on R". It is known
that the set v is a Lie algebra, in which the product of vector fields X and Y is

their Lie bracket [X,Y]. Put X,(x)=Ax+Bu and denote by D the set of vector
fields {X,:ueR"}, and by A(D) a minimal Lie subalgebra containing D.

The orbit L(x) of systems (6) passing through the point x is defined as the
set of all points yeR" of the form

y=X¢ (X5 (- XE (%)...)) (7)
where X, €D, t, are real numbers, i=12,...,1, t— X'(x) is the integral curve of

the vector field X € D passing through the point x at t=0.
If in (7) t, are positive numbers, then the set of points y forms a positive

orbit. If valid control are piecewise constant functions, then G, is a positive orbit

and thus G, c L(n7) forall neR".

If u=u(t) is a bounded measurable function, x(t) is the corresponding
trajectory of the system (6) with the initial condition x(0)=x,, then as shown in
the work™ the vector field f(x(t),u(t)) is tangent of L(x,) almost everywhere, so

! Agracev AA Sachkov YL Geometric theory of control. - M .: FIZMATLIT, 2005. - 392 p.
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the corresponding trajectory x(t) emanating from the point x, € L(77) liesin L(7).
Consequently, for measurable attainable set of admissible controls G, is also a

subset of L(7). Below we show that for the system (6) G, is the same as L(7).
Let A (D)={X(x):X eA(D)} for all xeR". Then, due to the fact that

A(D) is a Lie algebra, a set of vectors A&(D) Is a linear subspace of vectors at a

point x. In particular, X,(x)e A (D) for each ueR™ and for every xeR". Itis

clear that 0<dimA D <n forall xeR".

In the following theorem we obtain sufficient conditions under which each
orbit is plane.

Theorem 15. Let dimA,(D)=k for all xeR", where 0<k <n. Then for all

neR" sets G, are k -dimensional planes.
It is known that a set of controllability G, of system (6) is an area if and
only if
rank(B, AB,...,A"'B)=n.

Using this fact from theorem 15, we get the following:
Corollary 2. The inequality

rank(B, AB,...,A"'B)<dim A (D)

holds for all xeR".
Theorem 16. Suppose that the rank of the matrix (B,AB,...,A”‘lB) is n-1.

Then either all orbits (set of admissibility) are (n-1)-dimensional planes, or phase
space is the union of three orbits, two of which n-dimensional, one orbit passing
through the origin, is (n-1)-dimensional plane.

The qualitative theory of control controllability set (or attainable set) of
control system on a smooth manifold in the class of piecewise constant control
coincides with the negative (positive) orbit of the family of vector fields, which is
determined by the control system uniquely.

P. Stefan' introduced the notion of the singular foliation, which is a
generalization of the notion of the foliation, and showed that the orbits are the
leaves of a singular foliation. In the case that all the orbits have the same
dimension, partition M on orbits is a foliation, which allows attract foliation
theory methods for studying the properties of the orbits and the set of smooth
handling systems.

In the third paragraph of the fourth chapter it is considered the issue of the
continuous dependence of the set of controllability of the target point for linear
control systems. Continuity of a multivalued mapping 7 — G, plays an important

role in the study of the stability problems of complete controllability in the control
theory. In particular, in this section it is proved that if the foliation generated by

! Stefan P. Accessible sets, orbits and foliations with singularities / Bull. of AMS, - 1974. - Ne6. - V.80.
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orbits of linear system, is regular, then the set of controllability depends
continuously on the target point.
Definition 10. The mapping n» —G, called lower semicontinuous at the

point 7,, if for each &£>0, and for each R>0 there is such that 6>0 if
p(n,m,) <& it takes place

d(C_S,70 NBg(1).G,NBg (770)) <&,
where Gn - the closure of G, in R", B (77,)—closed ball of radius R centered at
the point 7, .
Definition 11. The mapping » —G, called upper semicontinuous at the
point 7,, if for each £>0, and for each R>0 there is such that 6>0 if
p(n,m,) <& it takes place

d (Gn N By (770),(170 N By (770))<g.

Definition 12. The map r—G, called continuous at the point 7,, if it is

lower semicontinuous and upper semicontinuous at a point 7, .
Lemma 3. The mapping r—G, is lower semicontinuous at each point
neR".
A sufficient condition for the upper semicontinuity of the above mentioned
map.
Theorem 17. Let dimA(D)=k for all xeR", where

A (D)={X(x):xe A(D)}, 0<k<n. Then the mapping  —G, is continuous at

every point of the space R".

In fact, this theorem shows that the foliation generated by orbits is k -
dimensional foliation, a sets of controllabity are leaves of this foliation. Thus, multi
valued map «a point - a leaf» is a continuous map.
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CONCLUSION

The dissertation examines the group of isometries foliated Riemannian
manifolds. To solve the problems studied topological and geometrical properties of
foliated manifolds, it is studied geometry Riemannian submersions. It is introduced
a new notion of foliated compact-open topology, which depends on the foliation.
We studied a group of isometries foliated manifolds in the compact-open topology
and in the foliated compact-open topology.

The main results of investigation are as follows.

1) it is established that the group of homeomorphisms of any manifold is a
topological group in the compact-open topology;

2) it is proved that the isometry group of a foliated manifold is a topological
group in the compact-open topology;

3) it is established that if the sequence of isometries of foliated manifold
converge on a one point on each leaf then this sequence can be extracted to a
convergent subsequence isometries of foliated manifold in the compact-open
topology;

4) it is proved that the Riemannian submersion produces foliated manifold of
constant Gaussian curvature;

5) it is established that limit of geodesic lines of foliated manifold is a
geodesic line on the limit leaf of foliation;

6) it is showed that the four-dimensional manifold can not be immersed into
five-dimensional Euclidean space;

7) it is proved the existence of the foliation, for which there is a Isometry of
foliated manifold which is non-isomety of the manifold;

8) it is proved that the set of reachable system of vector fields of a certain
class is compact, and it is a continuous function of time;

9) it is found a sufficient condition for linear control systems under which
each set of attainability (controllability set) is a plane of fixed dimension.

Author brings his deep appreciation to the scientific adviser Professor

Narmanov Abdigappar Yakubovich for posing problems, valuable tips and helpful
advices in the discussion and and support.
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