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KHUPHUIII (dpancada noxkropu (PhD) nuccepranmusicd aHHOTAMACH)

Juccepranuss MaB3yCHHUHT 10J13ap0Jjuru Ba 3apypartu. JKaxoH MUkEcuaa
oJin0 6opmiIaéTran Kymiuad wiMHii-aMaliuid TaKUKOTIIAp, U3JaHUIIapaa aKCapusT
XOJUIap1a MUKPOJAYHENA KEYAETTaH KapaCHIIAPHUHT WIMUKA MOJEIJIApU Kapaaaau.
Muxkponyné xoaucajgapuHd TaBCU(IJIOBUM KBAHT MaiIOHJIAp Ha3apUSCUHUHT
PUBOKJIAHHIIM KBAaHT MEXAaHMKACMHUHT BYXKYJra kenumura acoc 6ynau. Ksant
MEXaHHMKAaCHJark Xap KaHJai CUCTEeMaja SHT MyXUM (U3UK MUKIOpJapliaH Oupu
Oy sHeprusianp. DHeprus oneparopu, spHU Lpénunrep onepaTopuHUHT CIIEKTpal
XOCCaJapuHU TaxJIMJ KWIMII KBAaHT MEXaHMKACHMHUHT aCOCU MacalalapuaaH
oupunup. [lamxapanaru 3appavanap cucteMaliapura MOC HEPIusi OepaTopu xam
HKCIIEPUMEHTAJ Ky3aTHUIIJIADHUHT Ha3apuil acocu cudartuaa xuzmat kKuiagu. [y
cabalbnu KaTTUK >KUCMJIAp (PU3MKACH, KBAHT MEXAaHUKACH Ba CTaTUCTUK (pU3MKaTA
yuypaurad — TaHXkapaJard — 3appadajap — CUCTeMallapura MOC — DHEprus
ONEpATOPJAPUHUHT JTUCKPET Ba MYXUM CIEKTpUra OWJl TaJKUKOTIApHU
PUBOXIAHTUPHUIIT MyXUM Bazudanapaan oupu 0Yirbd KoIMOKIa.

XO03Upru KyH/a *axoH MUKECHIa KyOMK MaHXapajaard OUp Ba MKKU KBaHT
3appadajid  CHCTeMa TaMIJIbTOHMAHJIApUra MOC DOHEpPrus  omeparopiap
OWUJIAJIADUHUHT CHEKTPHUra OWJI MyaMMOJApHU Xall ITHUII MaTeMaTuK (QHU3nKajaa
MyXUM axamuar kacO »TMmokna. JKymmanaH, OMp Ba WKKH 3appadaid JAUCKPET
[Ipeaunrep onepaTopiaapu yuyH OOFJIaHTaH XoJiaTjap MaBXKYyMJIMTUHU UCOOTIIALL,
YHUHT MYXHM CHEKTPH YPHUHHU TOTHUII XamJa MyXHM CHEKTPUIaH TallKapuaard
X0C KUHMAaTJIapy MaBXyIJIUTH Y4YyH IIapTJIapHU TOMHINTa OWJ TaJAKHUKOTIApPHU
PUBOXIIAHTUPHUII aMalui-Ha3apui >KUXATJAaH MYXUM WIMHH TaJKUKOTIapaaH
xXucoOaHaIu.

Mamakatumuzaa GyHaamMeHTan GpaHIapHUHT WIMHM Ba aMajuidl TaaOWKHTra
ara Oynra” fon3ap0 WyHamuIuIapura »»THO0p sHajga Kydatupuinu. by Gopana
MaMJIaKaTUMH3 OJIUMJIapX TOMOHHJAH KyOWK TMaHkapajaru OHp Ba HWKKH
3appadalii  CHCTeMa JHEpPrus OIepaTOpJApUHHUHT CHEKTpal Ha3apUsSCUHU
PUBOXJIAHTHPHUINTA alloXuaa dJbTHOOp Oepunmoxma. Ilamkapamarm WMKKd
3appavdaiyd CUCTeMa DHEPTrHUsl Oneparopiapu y4YyH MYXUM CIEKTpJaH TallKapuia
OOFNaHTaH XoJarTiap MaBXY/UINTH Ba YyJIApHUHT COHUHHM aHUKJAIIra O
Ce3ujiapiid  HaTWXKajlapra HSpulIMiagyd. “AnreOpa Ba YHHMHI TaTOMKJIApH,
muddepeHnran TeHrIaMajgap Ba YHHMHI TaTOMKJIApH, YW3MKCU3 THU3UMIIAp,
JUHAMHUK TH3UMJIAp Ba YJIAPHUHT TATOMKJIAPWHU MAaTEeMaTHK MOJCIUIAIITHPHIIL,
CTOXACTHK TaXJIHJI, THOOHiT-OM0ornK nHPOPMATHKA, XHCOOIAI MATEMATHKACH
(baHTapUHUHT YCTYBOp HyHaIUIUIapy Oyinda Xaiakapo CTaHAapTiap Japa)kacuia
WIMHUI TaAKUKOTIap onnb Oopuin maremarnka (GaHUHUHT acocHil Bazudaiapu Ba
baomusaT WyHamMmImapu 3THO Oenrunanau. By Kapop WXpOCHHM TabMHUHIIAIIIA

1 ¥36exncron Pecniybmukacu Hpesunertuamar 2019 jinn 9 mongaru ITK-4387-con “MaTemMaTiKa TabInMH Ba
aHIapHHK HA/IA PUBOXKITAHTUPHIIHY 1aBIAT TOMOHHIAH KY/Ia0-KyBBaT/Iall, IIYHUHIIEK, Y 36€KHCTOH
Pecniybnmukacu @annap AxagemusicnauHr B.M.PoMaHOBCKuit HOMuIarn MatemaTnka HHCTUTYTH (PaoJIMATHHA
TyOJaH TAKOMIIIIAIITHPHUII Y0pa-TagOoupIapu TYFpUcHIa” TH KapopH.



KBAaHT MAaWJIOHJIAp HA3apusACH Ba YHU3UKIM OIEPATOPJAPHUHI  CIEKTPAJI
Ha3apUsICHHU PUBOKJIAHTUPHUII MYXUM axaMHsTIa 3ra.

V36ekucron Pecnyonukacu Ilpesunentununr 2017 itun 7 deppangaru [10-
4947-con «Y36ekucton Pecny6uumkacHMHM sHAja PHBOMKIAHTHPHII OyiiHua
xapakatiap crparerusicu Tyrpucuaay dapmonn, 2019 wun 9 uronnaru 11K-4387-
coH «Maremartuka TabJIMMH Ba (PaHIApUHU SHA/la PUBOXIAHTUPUIIHU JaBiaT
TOMOHHIAH KyIUIab-KyBBaTIIalll, IyHUHTEK, ¥Y30ekucTon Pecry6nukacn danap
Axkanemusicununr  B.M.PomaHoBckuii HOmmumarm MareMaTuka  HMHCTUTYTH
daonuaTHHN TyOJaH TaKOMWLIAIITHPHIN Yopa-TaaOupuapu Tyrpucuga» Ba 2020
nun 7 wmaiimarm [IK-4708-con «Marematnka coxacuaard TabiuM CUGATHHA
OLIMPHUII Ba  WIMHI-TAAKUKOTIAPHA  PUBOXIIAHTHPUII  4YOpa-TaaOupiiapu
TYFpUCHIIA»TH Kapopiapu xamaa Ma3Kyp (GaoiusiTra TETUILUIH OOIIKa HOPMAaTHB-
XYKYKHM XyxokaTiapaa Oenrwinanrad BasudanapHu amaira OIIMpHINAa Yoy
JYccepTalns TAAKUKOTH MyailsiH Japaxaaa Xu3Mar Kujaaiau.

TagkuKOTHHHT pecny0auka (GaH Ba TEXHOJOTHAJIAPH PHUBOXKJIAHHUIIN-
HHUHI YCTYBOp HyHaJIuNLIapura Mocjuru. Maskyp TaaKUKOT pecrnyoOsuka Qan
Ba TEXHOJOTWsJap puBOXJIaHumMHUHT [V. «MaremaTtuka, MeXaHHMKa Ba
uH(pOpMaTHKa» YCTYBOP UYHAIUIIM JJOMpacHia OakapuiraH.

MyaMMOHMHI YpraHwirawjvk Jaapasxkacud. busra wmabiymku, Oup
3appavanu auckpet lpénunrep omeparopiapy KOMOMHATOPUK JIarlacCMaHIIAp Ba
KBaHT Trpadiapu coxacuja MyXUM YpuUH TyTraaud. by coxanmarm 0ab3u CYHru
Hatwkanap I'.bepkonauko, O.[loct, E.KopotsieB, A.I'puropssin, H.CabypoBa Ba
®.UyHr kaOM OJMMIIAPHUHI WUUIApUAA Y3 AaKCHMHHM TONraH. XyCycaH, JAMCKPET
[lIpénunrep omeparopiapu MOTEHIHMAUIApU JAeibTa (PyHKUMsUIap Oyinranga Oy
omeparopiaap xoc KuitMmatinapununr ysrapuimu C.AnsoeBepuo, I1.dapua ne Bera,
X.Mynec-bangec, K.benuccapn, @.Xupommuma, C.H.JlakaeB, X.Xasmmu,
1.Bo3opoB, 3.MymuHOB Ba V. KyIKOHOBIAPHUHT HILIAPHIA MyXOKaMa KUIMHIAH.
By coxamarm 0ab3u HaTWXKaJIApHU WKKW 3appadanu y3nykcus I[Ipémunrep
orneparopiapu yuyH HpioroH Tabkumiad ytran Ba X.Tamypa sca b.Caitmon
TOMOHH/IAaH OJIMHTaH HaTWXanap €paamMuia ucOoTiaraH.

[Tanxapanaru 3appadaiiap cucteManapu 3Heprus onepartopaapu [.C.Matrtuc
Ba A.ll.MorunbHepnap TOMOHUJAH Haszapuili ¢usnka Macaigacu cudaruga
ypranuirad. [lanxkapanmaru Illpenunrep omnepartopiiapuHu KaTbUW MaTEMaTHK
MabHOAA TaAKUK dSTulga y3nykcu3 Ipeaunrep oneparopiapunard kaOu
MyaMMoOJiap yuypailjau, sSbHU, [AacTiiad Oup, HKKM Ba XO0Ka30 3appadaliv
orepaTopiapHu ypranuin tanad stunagu. Mkku 3appadanu y3i1yKCU3 Ba JUCKPET
[peaunrep omnepatopiapu OOFJIaHTaH XoOJATiIapu OHHEPrUs caTXJapu y3apo
TabCUP JOMMUNCH Y3rapuiliv HaTHXKacuaa y3JIyKCU3 CIEKTPHUHT Kyiu Oycaracura
SKUHJIAIIAd Ba TabCUpP JOMMHUNUCHUHUHT 0ab3u KUMMaTIapuia y3IyKCH3 CIIEKTp
Kyl Oycaracu OusiaH ycTtMma-ycT Tymanud. by Oycara kuiiMatra GofjiaHraH XoJsat
€KM BHUpTyald XOJIaT MOC KeJWIIMHM aHukiam Macanacu b.Caiimon, JIx.Payx,
H.AdaeB, M.Kmmayz Ba C.H.JlakaeBinap TOMOHMIAH YpraHWiIraH. Y3JIyKCHU3 Ba
nuckper HlpenuHrep oneparopiaapy yuyH XOC KHMMAaTHUHT MaBKyJIMTH Ba y3apo
TabCUP Y3rapMacHUHUHT OycaraBuii KHUMaTHIaru X0C KUUMaTHUHT



acumnrotukaimapu M.Knay3, [[.SdaeB, b.Caitmon, X.Tamypa, A.Cobones,
C.®accapu, C.H.Jlakaes, III.XonmaroB, A.M.Xonxyxaes Ba II.C.JlakaeBnap
KaOu oJuMJIap TOMOHMJIAH TaJKUK KUJIMHTaH. Y4 yIuaMiu MaHxapaaarud xydr-
KypTH OWIaH ¥3ap0o KOHTAaKT MOTEHLIMAN EpAaMHaa TabCHUPJIAIlyBYUM HKKUTA
0030HIIM cucTeMara Moc MKKH 3appadaiu auckpet Llpeaunrep omnepatopu y4dyH
KBa3UUMIYJIbCHUHT Oycara s>¢dekt, spHu HoMaHpuit Illpenunrep omepatopu
MyXHUM CHEKTPHUHI KyWM uerapacuja BUPTyall caTxra €Ku Xoc KuilmaTtra sra
Oynca, Kapama€TraH omneparop, KBa3MMMITYJIbCHUHT HoOJgaH (apkian Oapua
KUiiMatinapuga, MyXUM CHEKTp KyWHM uerapacujaH MacTja XOoC KuiMarra sra
oynmumm xoaucacu aactinad C.H.JlakaeB ToMmoHUAaH NCOOTIAHTaH.

Keitmauanuk C.AnGeBepno, C.H.JlakaeB, K.Makapos, 3.MymuHoBIap
TOMOHHJIaH YJIYaMHM WKKHJAH KaTTa OyiraH mamkapaiapaa XypT-xKypTu OwiaH
KHCKa Macodaaa TabCUPJIANTYBYA UXTUEPUN UKKHU 3appavyalid CHCTeMara MOC UKKHU
3appavanu peaunrep onepatopu yuyH Oy 3((GEKTHUHT MaBXYUIMK IIapTiapu
OTEPATOPHUHT JUCHEPCUOH (PYHKIMsIapU KEHT CHUH(PH Y4YyH KYpcaTHIIraH.
C.H.JlakaeB, II.KO.XonmaroB, A.M.Xonxyxae, II.C.JlakaeB wunuiapuaa
Vymuamnapu Oup, WUKKM Ba y4 OYiraH Mamwxkapaiapja TOPTUIIYBYM KOHTAKT
MOTEHUHANI €pAaMuIa TabCUPJAIIyBUM MKKUTA KBAaHT 3appayajd CUCTEMara Moc
nuckpet IlpeauHrep ornepaTopiapUHUHI MYXUMM CIEKTPAAH MAacTia SroHa XocC
KUIMaTH MaBXy[JIUTH HMCOOTIaHTaH, XaM/Jla X0C KMMMaT y4yH acUMITOTUKAJIap
naHxapajiap yiadamiiapu, y3apo TabCUp JOMMHUNCH Ba KBA3UUMITYJIbCTa OOFJIMK
X0JI71a TONUJITaH.

Juccepraums TAAKUKOTUHUHI JUCCepTAlMs Oakapuiaérran oJmi
TabJAUM MYACCACACMHUHI WJIMMUA-TAAKMKOT MWILIAPH pexajaapu OujiaH
oorsnukaurn. J{uccepraums Tagkukotu CamapkaHj JaBjaT YHUBEPCUTECTUHUHT
WIMHN-TAIKUKOT  WIUIApU pexacura MyBO(UK OT-d4-66-pakamiu
«ITanxkapagaru 4YeKJIM COHJArd 3appadaiap CHUCTEeMacu MOJEIUIapu. ODHeprus
OIEPATOPIAPUHUHT MyXUM Ba JUCKpeT crekTpiaapu»(2017-2020 ii.) maB3ycumaru
dbyHIaMEHTAI TAIKUKOT JIOMUXAcH Joupacuaa OakapuiraH.

TaakKMKOTHUHT MaKcaaM aHXxapajaari oup Ba ukku 3appavdanu lpeaunrep
OTIepaTOPIAPUHUHT MyXHUM Ba JUCKPET CIEKTPJIAPUHU TAJAKUK KWIHIIIAH HOOpaT.

TaakukoTHUHT Bazudagapu Kyiiugaruiapaad noopar:

oup 3appauanu lllpenunrep onepaTtopuHUHT MYyXUM CHEKTPUAAH KyHHa XOC
KUUMaTJIapHUHT MaBXyJ €KU MaBXKyJl AMACJIWTMHUA TOTEHIHMAJra Ba TMaHXapa
Ynaamura OOFIMK X0J1/1a UCOOTIal;

oup 3appavanu lpeaunrep onepaTopu MyXUM CIIEKTPUHHUHI Kyl Oycaracu
peryinsip €KM CHHTYJS)p HyKTa OyiraHia Ba KHYMK Ky3Faluluiapja MYyXUM
ciektpaan kKywuna [penuHrep omnepatoOpyHUHT XOC KUKMMATH MOC paBUIIAA
naiio 6yaMaciuru €ku nauao OyauimmHu ucOoTal;

WKKHU YIdaMiIu naHxkapajaarua oup 3appadanu lllpenunrep omepatopu Tamiku
TabCUp JHEprusick W, A € R mapamerpiiap opkKaiu Oepuiranjga yHUHT MYyXUM
CHEKTPHUJIAH TallKapuJard XOC KUWMATJIApHUHI aHUK COHUHHM Ba KOillallraH

(V)

YPHUHU TONULI;



WKKH YIT9aMJIM MaHKapagaru ukku 3appavanu llpenunrep oneparopu tabcup
Heprusicu U, A € R mapameTpiap opKajiu OepuiraHja KBa3UMMITYJIbCHUHI HOJIb
KMIMaTU/1a, YHUHI MyXUM CHEKTpUAaH TAIKapUIard XoC KMMMAaTiIapd COHHMHHUHT
y3rapummau (4, A € R mapamerpriapra OOFINK KYpCaTHIIL;

WKKH YIT9aMJIM aHKapagaru ukku 3appadanu Llpenunrep oneparopu tabcup
sHeprusicu U, A € R napameTpiap opKajiu OepwiraHaa yHUHI MyXUM CHEKTPHIIAH
TaIIKapUIaru Xoc KMAMaTIapUHUHT COHUIA ONepaTop KBa3UUMITYJIbCUHHUHT Oapua
HOJIMAc KUMMAaTJIapuaa aHuK 0axo OJIMILL.

TaakKMKOTHHHI 00beKTH KyOMK NaHXapajard OUp Ba HUKKU 3appaydaliu
cUCTEMaap SHEPrus onepaTopiapuaH Hoopar.

TanKuKOTHUHT NpeAMeTH Tamwkapajaru Oup Ba UKKH 3appaydaiiu
[Ipeaunrep onepaTopJapUHUHT CIEKTPAJT XOCCAaJapHHH TAAKUK KUJIUIIJIAH
ubopar.

TaakuKoTHUHT ycysuiapu. J(ucceprauusaga MaTeMaTHK aHalU3, KOMIUIEKC
aHain3, (PyHKIMOHAJ aHaJIW3, MaTEMAaTUK (U3MKa, ¥3-y3ura Kyuma ornepaTopiiap
HazapusacH, bupman-llIBunrep mnpunuunu, OpearoasM AETEPMHUHAHTHHUHT
ACUMNTOTUKACUHU aHUKJIAII yCyJlapuaH (poijanaHuiraH.

TanKuKOTHUHT WIMHH SIHTWJINIH Kyiugaruiaapaad noopar:

oup 3appaudanu Lllpeaunrep onepaTOpUHUHT MYXUM CHEKTPHUIAaH KyHHJa Xoc
KMMMaTJIIapHUHT MaBXyJ €EKM MAaBKyJ 5SMaciMIyd IOTEHLWaara Ba IIaH)Kapa
yiyamura O0FIIMK Xo0Jia UCOOTIIaHTaH;

oup 3appavanu llpeaunrep onepaTopu MyXUM CIIEKTPHUHHUHI Kyiiu Oycaracu
peryisip €Kd CHHIYJSlp HyKTa Oyiranja Ba KHYMK KY3FalMILIapia MyXuM
CreKkTpaaH Kyuunaa llpenuHrep omepaTOpHMHMHI XOC KHMMAaTH MOC paBHUILIA
naigo OynIMacauru €Ky naiao OYIuiM ncOOTIAHTaH;

WKKHU YIyaMiu naHxkapajaaru oup 3appavanu llpenunrep oneparopu Tamku
TabCUpP JHEPrusick U,A € R mapaMmerpiap opKaiu OepwiraHaa YHUHT MyXHM
CIIEKTPUJAH TallKapUJard XOoC KMMMATJIApHUHI aHWK COHU Ba >KOWJIAIITAaH YpHU
TONWJITaH;

WKKH YIT9aMJIM aHXKapajgaru UKku 3appadain Llpenunrep oneparopu tabeup
dHeprusicu Y, A € R mapameTpiap opkKaiu OepuiraHjia KBa3UUMITYJIbCHUHT HOJIb
KMIMaTHIa YHUHT MyXUM CIEKTPUJAH TallKapuaard Xoc KuiMatriapu COHHMHHHT
y3rapuiim wAER napamMerpiapra OOFIINK KypcaTUiral xamjaa
KBa3UUMIYJbCHUHI Oapua HOJIMac KuiMaTiapuaa Xoc KUWMaTIapUHUHI COHHra
aHUK 0ax0 OJIMHTaH.

TagKUKOTHHHT aMaJIMil HATHXKAJIAPH KyHuaaruiapaad noopar:

Ooup 3appavanu lpeauHrep omnepaTOPUHUHI MYXHM CIEKTPUAAH KyWuja
OOfJIaHraH XOJIATIAPHUHT MaBXKyld €KM MaBXKyJ SMAaCIUTd TOTEHIMaira Ba
naHxapa yiyamura OOFJIMK SKAHJIMTHMHU KYpCaTUIl YCyJUJIapu MmapaMeTpra OOFiIuK
yMyMJlaliraH (QyHKUUSHAHT MEpOMOp(d JaBOMHJArd OUPUHYM KyTOHU TOMMII
MMKOHUHHU Oepras;

muckper IllpenuHrep onepaTOpUHMHI MYXUM  CHEKTpJaH FOKOpHIA
KOMIalrad XOoC KuiMaTiap COHMHM AaHMKJIAIl yCyJUIapu MYXHM CIEKTpJaH



IOKOpYAA JKoWjamrad ymywmuamran @Opuapuxc MOJEIMHHUHT XOC KUHWMATJIApU
MaBKYAJIUMTUHU UCOOTIAIl UMKOHUHU OepraH.

TagkuxkoT HATHKAJTAPUHUHT HIIOHYJINJIUTH. MaremaTtuk
MyJIOXa3aJapHUHT KATBUWIMIM Ba MATEeMaTUK aHAJIA3, KOMIUIEKC aHalu3,
GbyHKIMOHAT aHAIU3, MaTEMATUK PU3KKa, ¥3-Y3Ura KyliMa onepaTopiap CreKTpas
Hazapusicu, bupman-llIBunrep mnpuHumnu, @OpearoabMm JIeTEPMUHAHTUHUHT
ACUMITOTUKACUHU aHUKJIAI YCYJUIAPUHUHT KYJUITAHUIUIIHN OUJIaH acoClIaHaIu.

TagKUKOT HATWKAJIAPMHUHI WIMHHA Ba aMajMd axamMMATH. TaaKukKOT
HATW)KAJAPUHUHT WIMHUKA axXaMUSITH Vy3-y3Ura KylniMa oOIepaTopiiap CHEKTPa
Ha3zapusICHIa, KBAaHT MEXaHUKACH Ba KATTHK >KHCMIIAp (HU3MKacuIa MaH)Kapaaaru
WMKKHA Ba y4 3appadajy CHUCTEMa JHEPTHsl ONepaTropiapu CHEKTPJapy XaMaa XOcC
KMIMaTH MaBXy[UIMTMHU KypcaThUIl OwiaaH OOFJIMK MacalajlapHU Xal 3THUILIA
doiinamaHuin MyMKHUHIATH OWIaH W30XJIaHAIH.

TagkMKOT  HATWKANAPUHUHT  aMalWil  axaMUATH  OJIMHTaH  WIMHI
HATMKAJIAPHUHT  KATTUK OKUCMJap (U3MKACM Ba KBAHT MeEXaHHUKacuia
HKCIIEPUMEHTA TAJKUKOTJIap YTKAa3uIl Ba KyJUlalira Hazapuili acoc cudaruia
XU3MaT KWIKIIK OWJIaH U30XJIaHaIH.

TaakuKOT HATHXKAJAPUHMHI KOpuid Kuaumnumm. [lamkapanaru Oup Ba
ukkua 3appadyanu llpénuHrep omnepaTrOpuHUHI MyXHM Ba AUCKPET CHEKTpJapu
Oyiirua OJIMHTaH HATIXKaJap acoCUIa:

oup 3appavanu lpeauHrep omnepaTOPpUHUHI MYXHUM CIHEKTpUIAH Kyhuzaa
OOfJIaHraH XOJIATIAPHUHI MAaBXKyJd €EKM MaBXKyJl 53MAclurd IOTEHIuaara Ba
nmamkapa yiadamura OOFIHK JKaHIUTHHH Kypcatumn ycyutapugadn OT-D4-69
«'apMOHHMK aHaJIM3, Japakajlld TEeOMETpUs Ba YJIapHUHI MaTeMaTuK (Qu3nka
Macajanapura TaTOuMKJIapu» MaB3ycuaaru (yHAaMeHTan JOoWHXajga TapMOHHK
aHanu3na TeOpaHyBYaH WHTETPATHUHT TEOpaHUIIU KYPCATKUYMHU TOMUIIIA
doitnananunran (Camapkana nasnat yHuBepcuteTuHUHr 2021 itwn 23 HosiOpaaru
10-4721-con  MabiayMOTHOMAcH). WaMuii  HaTWKaJTapHUHT  KYJUTAHWJIHIIHN
napameTpra OOFIuK ymMmymiamrad GQyHKIUSHUHT MepoMopd TaBOMUATH OUPUHYN
KYTOHHU TOIUIII UIMKOHUHU OepraH;

auckper lllpeaunrep onepaTOpUHUHT MYyXUMM  CHEKTPAAH KOKOpUAA
YKOWJIALLTaH X0C KuMMartiap COHUHHU AHUKJIaII yeyJulapuaaH
ERGS/1/2/2013/STG06/UKM/01/2 pakamiu XOpuXUH TpaHTAA KY3FalIWIIl PaHTU
Oupra TeHr OyiaraH ymymutamraH @OpuUapuXC MOJCIUHHUHT SrOHA XOC KUHWMATH
MaBXyMJIUTUHU ~ ucOominamyga  govpananmwiran  (Manaiisus — Kebanrcaan
yHuBepcuTeTUHUHT 2021 #iun 24 wHosOpnarm MabiaymMoTHomacH). Wnmuit
HAaTWKAJIAPDHUHT  KYJUIAHWIWIIA MYXHM CIEKTpPAAaH IOKOpHAAa KOMIallraH
ymymiamrad Opuapuxc MOACIUHUHT X0C KUUMaTIapyu MaBXYUTUTHHU WCOOTIAlI
WMKOHUHU OEpraH.

TagkukoT  HATWKAJAPUHMHI  anpoldamusich.  Maskyp  TaaKUKOT
HaTWXalapy, 7 Ta WIMUNA-aMaliuid aH>KyMaHJIap/a, xKymiiaaad 2 Ta Xajlkapo Ba 5 Ta
pecry0iiMKa UIMHI-aManuil aHKyMaHIapuia MyxokaMaaaH yTraH.

TagKuKoT HATHKAJAPUHUHT JbJOH KHJIMHranauru. J[luccepranus
MaB3ycH Gyiuua sxamu 12 Ta WIMMIL MII 9O 3THIITAH, IIyJapAaH, Y36eKHCTOH
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PecnyOnukacu Onuii  ATTecTanusi KOMHUCCHACHHHMHT AHMCCEpTAlMsUIap acoCuil
WMWK HATW>KAJIAPUHU YOII STUII TABCUS STWITAH WIMHAM HALIpJIap pyruxaTtuaa S5 Ta
MakoJia, ®KymiiajaaH, | Tacu XOpwxuid Ba 4 Tacu peciyOiMKa )KypHajulapya Halip
ATUITAH.

JuccepTauMAHUHT TY3WIHIIH Ba Xa)KMH. [[uccepranusi KUpUII KUCMH,
yara 000, Xynoca Ba (QoipanraHwiran agaduériap pyhxatugaH ubdopar OViauo,
JTUCCEePTAMSIHUHT XakMHU 98 OeTHM TallIKuiI TTaH.
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JIACCEPTAIIUSIHUHT ACOCUM MASMYHH

Kupum kucmuaa aumccepranus MaB3yCHHUHT J0J3apOJIUTd Ba 3apypaTu
acocllaHraH,  TaJKUKOTHUHT  pecnyOiuka  ¢aH  Ba  TEXHOJOTHUsIIAPH
PUBOKJIAHUIIMHUHT YCTYBOp MYyHaJIMIUIApUra MOCIUTH KypCaTWUITaH, MaB3y
Oyiinya XOpWXKUU WIMHU-TAAKUKOTIAp IIApX{, MYaMMOHMHI YpraHWUJTaHJIMK
Japakacu KEeNTUPWIraH, TAJKUKOT Makcalu, Bazudanapu, oObeKTH Ba MpeIMETH
TaBCU(JIaHTaH, TAAKUKOTHUHI WJIMUN SHTWJINTH Ba aMajuil HaTuxanapu OaéH
KWIMHTAH, OJIMHTAaH HATWKAJapHUHT Ha3apuil Ba aMaluid axaMmusaTH O4HO
OepwiiraH, TaAKUKOT HATHUKAJAPUHUHT KOPUM KWIMHUIIM, HAILP STUJTaH UIIJIap
Ba JHCCepTALMs] TY3WIHIIN OYHHNYa MabIyMOTap KEITUPUIITAH.

HucceprauusiHUuHr  OupuHYM 000M «bBoOLLIaHFUY MabJayMOTJap Ba
naHkapajgaru OMp Ba MKKH 3appavaii CHUCTeMa raMHJIbTOHUAHJIAPH» 11e0
HOMJIAHTaH Ba OyHJAa acoCHUil HaTWXajdapHU OaéH KWIUII Y4yH 3apyp OYirax
TyLIyHYajlap Ba HaTWkKajlap, XKyMJIQJaH YerapajlaHraH y3-y3ura KyliMa
orneparopiap CHEKTpall HA3apUACHHUHT 3apyp Teopemanapu KEeJITUPWIIraH, XaM/a
Oup 3appayaiu Ba UKKWATa OUp XUl 0030HIap CUCTEMACH TaMIJIbTOHUAHIAPUHUHT
KOOpAMHATA Ba WMIYJIbC KYpPUHHUILIApUAA YerapajllaHraH y3-y3ura KylmMa
oneparopiap cudaruga Moc ruisoept dazonapuna xapairad. Mkku 3appauvanu
CUCTEMa TYylla KBa3MMMIYJIbCH  KUPUTUIUO, MKKM OO30HIM  CHUCTEMa
ramwibToHnanun ®on-Heliman unTerpanmura &imnran. Harmkana mkku 0030HIIN
CUCTEMa TaMWJIbTOHMAHU CIEKTPUHU YpraHull Macajach KaBaT oOIeparopiiap,
apHU nuckper peauHrep omneparopiapy CHEKTpall XOCCAJIAPWHU YPraHMII
MacaJlaCura KEITUPHUIITaH.

HucceprauustHuar  uUkkuHuM  000u  «llan:kapagarm  Oup 3appayvaiu
IlpeauHrep omnepaTOPpUHUHI CHEKTPU XaKuAa» 1e0 HomiaHran OynuO, Oy
000xa Oup 3appavyanu IpenuHrep onepaTOPpUHUHI MYyXHM CHEKTpUAaH Kyhuaa
OOFJIaHTaH XOJIATJIAPHUHT MaBXKyJl €KM MaBXKyJ SMACIUTH TOTEHIMAIra Ba
namxapa ¥yiauamura OOFIMK DJKaHJIUTH KypcaTwiraH. byHmaH Tamkapu HKKA
Vymuamnu mamxkapaaara Oup 3appadanu lllpenunrep omepaTopu Tamku TabCUP
sHEprusacu W, A € R mapameTpiap opKaiu OepuiraHia YHUHT MYXUM CIEKTpUIaH
TAIIKAPUJIArd XOC KUMMAaTIapHUHT aHUK COHM Ba JKOWJIAIITaH YPHU aHUKJIAHTaH.

dapas xumaimk, Z° — d —ymaammn xy6uk mamkapa sa (2(Z°) - Z%ma
aHUKJIAaHTaH KBaJpaTu OWjiaH *KamJjlaHyBud (pyHKuusuiap ruibdept (azocu xampaa
Kl(Zd)— Z% na anmkmanrax kamjlanyBun (yHkuusuiap banax dazocu OYicuH.
Ilynuaraex, (29 Ry) < (M(Z°) —xamnanyBun HOMycOaT ByHKIMAIAP TYILIAMHA

A

Oyncun. bup 3appavanu Hpexunrep omeparopu H,; HAHI KOOPAMHAT TacBMpPU

(*(Z°) runsbept dbasocuaa Kyitnmaru bopMya GHIAH AHHKTAHTAH:
H, =Ho+V.

by epna H, oneparop ypama tunugaru oneparop 0yauo,
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(HoP)()= D é(x=9s)f(s), fer?z,

sez¢
bopmyna Gunan anukmanras. bynna, £()eA(Z°). Ilymunr 6unan 6Gupramukia
£(s)=£&(-s), seZ%, mapTHH KAHOATIAHTHPCHUH.
V oneparop ¥ € /1(Z*;R;) dyHKimsTa KyIaiTHpUII OnepaTopy cudaTuaa
AHWKJIAaHTaH, S’IbHU
V) =) f(x), fer*(Z).
T'- d —ymuamnu Top, Sehu (-, 7] xy6, dp- T¢ TOpJla aHWUKJIAHTaH Xaap

YII4OBH, SIBHU Jdp =1 pa L? (Td) —~T%1a anukiaHraH Kkeajpatd OWIaH
Td
WHTETpa/UlanyBun  (QyHkuusuiap rtwidept ¢azocu OYyncuH. bup 3appadanu
IIpeaunrep onepatopu Hy, munr ummync tacsupn L2(T?) rums6epr dasocuna
Kyhnaara popmyra OvIaH aHUKJIaHTaH:
H, =H,+V.
Ky3ranmac H, omneparopu L° (Td) dazona g() ¢yHKUIUATA KYTAWTHPUII
oreparopu 6yuo0,
(HoF)(P) =&(p) f(p), fel’(T%),
dbopmyia Ounan aHuKjIaHraH. byHna,
e(p)= D e"Mé(x), peT,
xez!
XAKUKUH KHAMATIN y3ITYKCU3 KYPT PyHKIHS.
V §3apo tabeup (ky3ratum) onepatopu L2(T?) dazoma xyitunarn dopmyna
OWJIaH aHUKJIAHTaH:
(VF)(P) = [V(p—a)f(a)da, fel®(T?).
Td
bynna,
v(p)= > ePN(x), peT’.

xeZzd

V' xommakt oneparop okanwmurugan I'.Bein teopemacura acocan H,
OTNEPATOPHUHT MYXHUM CIEKTPH I-AI0 OTIEPATOPHUHT MYXHUM CHEKTpH OHJIaH ycTMma-
yCT TyWIaAH, SbHU
Gess(H\i) = Gess(HO) = G(HO) = [gmin ’gmax]’
OyHna
Emin = min £(P),  Emax = max ().
peT peT

®apas  xwnaimk, C"(TY), n=012.. T%ma n wmapra ysmykcus

muddepenunanianyBun GyHkiusiapHuHar banax gaszocu 0YIcuH.
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1-mapr. (i) Jucnepcuon myHocabat £(-) € C*(T?) xakukuil KuimMatim xyQr

GyHKIMA Xampaa py,...p; € T¢ (p,=0¢€ T¢ )HyKTanapja ailHUMaraH MHUHUMYyMTa

Ira.
(il) Atinan HOJ OYaMaraH HomycOaT V (pyHKIUS aOCONIOT KaMJIaHyBYH, SIbHU

veM(Z;Ry), d=>3.
1-tabpud. Papa3 kuwiailnuk, d > 3Ba 1-mwapt Ypuriau OYiacuH. YMymiiamrad
Bupman-Illeunrep oneparopu B, (g, )mn  { 2(Z"Yna wnrerpan omepatop

cudaTuia Kyiinaarnia aHuKIaiMus:
1 1

[By (e J71(x) =V 12 Ro(emin) IV 12 171(x)
2-tappu¢d. Dapaz kwnammk, d >3 OynacuH. Arap 1 conm ]f%\; (Emin)
OIepaTop YUyH XOC KuHMar OyimMaca (Xoc KuiiMat Oyiica), y X0i1a MyXHM CIEKTp

A

O (Hy )HHHT Z = £, 6Ycaracn H,; onepaTOPHUHT MyXHUM CHEKTPHUHHHI PETYJIAP

(cuHryssip) HyKTacH ACHUITIAIN.
1-teopema. ®apa3 xunaimk, d >3 Ba l-mapt ypunmu O6yiacuH. bupop

A

V, e M(Z%;R;) yayn &, Gycara Hy, omepaTopHuHI MyXMM  CIEKTPHHHMHL

perynsip Hykracu Oyiacus. Y xonna VyHuHr myHgaid U (V) < fl(Zd;Ra) arpou
mapkyaku, 6apua VeU(V,) yuyn & 6ycaraman Kyiinna I:|\; OIIEPAaTOPHUHT XOC
KUMUMAaTIapu COHU y3rapManu.

V3apo tascup ¥ € 1(Z;Ry) yayn

U> (%) ={V e 1(Z%;Ry):
U7 (V) ={V e /(Z%Ry):
U5 (%) ={V e 1(Z%;Ry):

KUCM TYTUIAMJIAPHU aHUKJIANMH3.
2-teopema. dapas kwnaiinuk, d >3 Ba l-mapt ypunmiu OyncuH. bupop

B\7 (gmin ) > 1}’
v _VOHfl(zd ‘Rp) <7 ‘B\/ (5min) =1}

V_\?O“fl(zd;Rg) <V B\7 (€min )| <1}

Zl(Zd ,R(_)) < 7/1

Hosmac V, € Az Ry) GyHkuuns yuyH Hé\io (&min)

=1 TeHrauK YpuHIH OYJICUH. Y

xonaa mwyHaail ¥ >0 con MaBxKyaku, KyWnaarunap YpuHiIn Oynamm:

() Bapua VeU (V) yuyn ﬁv OIepaTop &, OycaramaH KyWuaa Z, XOcC
KuiiMaTra sra 0ynanu;

(i) d=3,4 6yncun. bapua VeU; (V) yayn &y, 6ycara I:I\; oreparop y4yH
BUPTYaJ caTx Oymanu;

(iii) d =5 6yncun. bapua VeU (V) yayn &, 6ycara I:I\; OTIepaTOPHUHT XOC

KuiiMaTu Oymanu;
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(iv) Bapua VeU (V,)yuyn &, 6ycara I:I\; OMEPATOPHUHT  MYXHUM
CIIEKTPUHHUHT PETyJsp HyKTacH OViaaW Ba UIYHHHT Y4YyH I:|\; OIepaTop &,

OYcaragaH KyWuJa Xoc KuWMartra xaMm sra Oynamaiam xampaa &, Oycara I:I\;
OMEepaTop YUyH BUPTYyaJ caTX Xam OyIMaiiiu.

dapaz  KUIAWIMK, Lz’e(Tz) — T2 Ja  aHUKJAHTaH KBaApatu  OwuiaH

WHTETpa/UIaHyBUl KydT GyHKOUSIApHUHT Tuiaoept daszocu OyncuH. bup
3appauanu guckper lpeaunrep omepatopu H ,, HUHT umIync TacBUpH L%¢(T?)
rub0epT hazocuaa Kyiugaru Gpopmyiia OuIaH aHUKJIAHTaH:

H,=Hy+V,.
by epna H, omeparop Lz‘e(TZ)Q)aC&ozLa £() byHKUMSra KYMmauTUpHUII ONepaTopu
0ynuo0,

(Ho F)(p) = &(p) £ (p),

dbopmyiia OunaH aHuKJIaHTaH. byHna,
2
g(p) =) (L-cosp,).
i=1

XaKUKAH KUAMATIIN Y3ITyKCHU3 KyDT QYHKITHS.

Vv . MHTErpall onepaTopu Kyhugaru gpopmyiia OuinaH aHUKJIAHTaH:
2
Vu F)(P) = [vau(p—a)f(a)da= [ (u+2) cospcosq)f(a)da, fel>(T?).
T2 T2 =1
bynna,
v(p)= D €PN, peT’,
xeZz¢
Oy epna,
#, [s[=0,
A
V(xX)=<—, |[S|=1,
(=15 I
0, |s>1.

V,, OICPATOPHUHT PAHTH yd4ra TEHI, IMyHHHr y4dyH ['.Beiin Teopemacura
acocan H , omeparopHuHT MyxuMm crieKTpu H, ONEpaToOpHUHT CreKTpH OunaH

yCTMa-yCT TYLIAJH, IbHUA
Oess (H,u/l) = O-(HO) = [8min 7‘9max] = [0’4]
Ky#innaru OenrunanuiapHd KUPUTAMA3:

_ dg _  cosg;dg _ ¢ cos®gdq
“”'iz—dm’ “”'iz—dm’ qn-i;faan
_ rcosgcosq;dq . . o
d(z)—TJ‘2 1 o) Lj=12, 1#].
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3-teopema. (i) Arap u >06¥nca, y xonna H ,omeparop (4,+00)unteppania

srona ¢ (1) xoc Kuiimarra sra 6y1au;

(i) Arap p<06ynca, y xomma H,, omepatop (-o0,0) mHTepBansma sroHa
¢ (1) xoc xuiimaTtra sra 6ynanu.

4-treopema. (i) Arap A>0 6yaca, y xomma H,, omeparop (4,+0)
uHTepBaina srona ¢ (A1) xoc kuiimarra sra 6y1anm;

(ii) Arap A<0 6¥ynca, y xonma H,, omeparop (—0,0) unrepsanma srona
¢ (1) xoc kuiimaTra sra 6y1aau.

1-matmka. A(u,A,2Z) AeTepMUHAHT Y49yH KyWHJard acHMIITOTHKAIAp
VPUHIIN:
(i) z € (4,+) Oyncun. Y xonga Z — 4+ yuyH Kyiujgarura sra 0yaamus:

A1, 2,2) =[C73 (11, 2) In(z — 8) + C5 (11, DIIA(C(4) — d (4)) ~1] + o(z — 4),
Oy epaa
CY (2 = o @Ak =), G5 2) =5 (2+22= ).
VA

(ii) z € (—0,0) 6yncun. Y xonga Z — 0— yuyn xyiugarura sra 6ynaMus:
A(p, 4,7) =[C (1, A) In(=2) + Cq (11, )][A(c(0) - d(0)) - 1] +0(-2),
Oy epna
CoiA) =~ @2+ 2 Cylud) = (220~ ).
Acocuii TeopeMaHy 0a€H KWW YUYH KyWHIard COXajlapHU KUPUTAMM3:
Gy, ={(u,4) eR*:Cly(1,2) <0, <2},
G,, ={(u, ) eR*:C"(11,4)<0, 0<A<4, 2<u or Ci(u,A)>0, A>i}
G, ={(,A) eR*:CH (1, 2) >0, A<},
Gy ={(1A) eR?:CH(1A) <0, A<, u<2
Ba
Gy ={(uA) eR?:C (1, A) <0,  Jg > A},
G, ={(u.A)eR*:C(1,2)<0, A <A<0, u<-2 or C,(mA)>0, A<i}
G,_={(mA)eR*:C5(1,2)>0, 2>},
Go_ ={(u,A) eR*:CL(11,A) <0, A>14, -—2<u}
5-Teopema. (i) ®apas kunainuk, (u,4) € Gy =G, ,. Y xonma H ; onepatop

MyXUM CHEKTpJIaH KyHHJa XOC KuUMMarra sra 3Mac, aMMO MYXHUM CIEKTpJIaH
IOKOpHU/Ia KyWugaru MyHOcCa0aTIapHU KaHOATJIAHTUPYBYH yuTa

2 (i, A), z,(u,A) e6a z3(A) xoc KuiimaTiapra ora:

4< 251, 2) < i (1 A) < Cme (. A) < 7 () 60 4<25(A).
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(i) ®apas xunaimak, (u,4)€Gy, =G, G,,. V xomma H , oneparop

MyXHM CIHEKTpJaH KyWHJa XOC KuHMaTra sra sMac, aMMO MYXHUM CIEKTpJaH
I0OKOpHUaa KyWHJIaru MyHOca0aTIapHH KAHOATJIAHTUPYBYHU UKKHATA

2 (u,A) e6a z,(u,A) xoc kuiimMatiapra sra:
4< 25 (1, A) < i (11, A) < S (1, 4) < 77 (11, ).

(i) ®apas xunaitmuk, (14,4)eGy =G, G;,. ¥V xonma H,, oneparop
MyXHUM CIIEKTpJIaH KyHWuJa XOC KMHMaTra sra sMac, aMMO MYXHM CIIEKTpIaH
rokopuza srona z; (1, A) xoc Kuiimarra sra.

(iv) @apas xunmaiimuk, (4,4)eG; =G, (G . V xomma H, oneparop

KyWHIard MyHOca0aTapHu KaHOATIAHTUPYBUM WKkuta Z; (1, A) e6a 7 (u,A)
XOC KMMMaTjiapra ara:
2 (1, A)<0 sa  4<z/(u,A).

(v) ®apas xunaiimuk, (4,1)eG, =G, 1G,,. YV xomma H, oneparop
KyWnaaru MyHOCa0aTIIapHu KaHOATJIAHTUPYBYH ydra
z (i, A), 7 (1, 1) sa z,(u,A) xoc kuiimariapra sra:

2y (1, A) <0 6a 4<z; (1, A) < Gin (10, A) < G (11, A) < 77 (11, 4).

(vi) ®apas xunaiimuk, (u4,4)€Gy =G, (1G;,. ¥ xomma H, oneparop
KyWuaaru MyHOCa0aTIapHU KaHOATJIAHTUPYBYH y4Ta
z (i, A), z,(u,A) ea 7 (u,A) xoc Kuiimatiapra sra:

2y (1, A) < i (1 A) < e (10, A) < 2, (1, 2) <0 6a A<z (1, A).
(vii) ®apa3 kumaiimuk, (14,4)€G =G, _Gy,. ¥V xomma H, onepatop

MyXHM CIEeKTpAaH Kyiuma siroHa Z; (4,A) Xoc KHAMaTra sra, aMMO MYXHM
CIIEKTPJIaH FOKOPHIa XOC KMHAMATra 5ra 3Mac.

(viii) ®apas xunaiimuk, (u,4)€Gy =G, NGy ,. ¥V xonma H,, omepatop
MYXHMM CIEKTPAaH Kyiuaa Kyinaard MyHocabaTIapHy KaHOATIIaHTUPYBYM HKKHTA
2, (u,A) ea z,(u,A) xoc kuiimMatiapra sra:

2y (14, A) < i (14, A) < G (11, 4) < 25 (14, 4) <0,
aMMO MYXHUM CIIEKTp/IaH FOKOpH/Ia XOC KHIMaTra sra smMac.

(ix) ®apas xunaidmnk, (u,4)€Gy =G; . V xomma H,, omepatop myxum
CIIEKTpJAH Kyimga Kyiugarn MyHocabaTIapHH KAaHOATIAHTHPYBYM — ydTa
Z (1, A), z,(u,A) ea 1z3(A) xoc kuitmaTiapra sra:

zy (1, A) < Crin (1, A) < Qe (11, A) < 25 (11, 4) <0 6a 25(2) <0,
aMMO MYXHUM CIIEKTP/IaH FOKOpH/Ia XOC KHIMaTra sra smMac.
JlvccepTauusSHUHT y4uHYM 000uM «BHp TyryHga Ba JHr SIKHH KYIIHH

Tyryniap Omjian rabcupra 3ra bo3ze-Xa00apa moaessiapu: AMHAH eYHJIUIIH
MYMKHH OVJaral Xxo/»» 1e0 HomsilaHraHn Oynu0, Oy 0o001a WKKA Yidamiiu
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naHXxapanarua ukku 3appadanu [peguarep oneparopu Tabcup sHEprusicu U, A € R
napameTpiiap opKaJid Oepwiranja, KBa3uMMITYJIbCUHUHT HOJIb KUMMATUIA, YHUHT
MYXHUM CIIEKTPUJIaH TalIKapUJard Xoc KUiMartiapyu COHUHUHT Y3rapuiu U, A € R
napaMeTrpiapra OOFIMK KypcaTWiraH. byHAaH Tamikapy HWKKH —YiIdamiid
naHXxapaaard ukku 3appadanu [peguarep oneparopu Tabcup dHEprusicu U, A € R
napameTpiiap OopKajlii OepuiiraHja YHUHI MYXUM CHEKTPHUAAH TalllKapuJard Xoc
KUMMATIIapUHUHT  COHUIa OIepaTop KBa3WHUMITYJILCMHUHT Oapya HOJIMac
KUiiMaTiiapuga aHuK 6axo OJIMHTaH.

Vkku Go30HIM cucteMara Moc juckper Ilpemunrep omeparopu L2¢(T?)
ruboepT gaszocua Kyuaaru popmysa OuiaH aHUKTaHTaH:
H,,(K)=H,(K)+V,, KeT?

2
y K.
Oy epna H,(K) x¥y3ranmac omeparop & (p)= ZZ (1- COS?' COS p;) QyHKIHsITa
i-1
KYIa#THPUII oniepatopu cudaThIa aHUKIAHTaH.
Ky3ramum oneparopu V, Kyﬁm[amqa AHMKJIAHTaH:

(V.. F)(p) = ;cosq) f(a)dg,  feLl™(T?).

(2) i=1

V,; OTICPATOPHUHT paHrH yura TeHr Oynranum yuyH [.Beiin teopemacura
acocan H ,(K) oneparopuunr myxum crnekrpu H,(K) onepatopHunr criekrpu

OulaH ycTMa-ycT TyLIaau, SbHU
Tess (H 11 (K)) = o (Ho(K)) = [gin (K), £ (K],

Oy epna
K.
Emin (K) mln 8K(p) 22(1 COS?)>0 €min (O)
peT
Emax (K) 1= max £ (P) = 22(1+ COS—') <8= £ (0).
peT

6-Teopema. Papa3 KUIANITUK, 6Hp0p AR yayn H ., (0) omeparop Myxum
CIEeKTpJIaH Kyiuaa (rokopujaa) N Ta xoc KuimMartra sra OyicuH. Y xoijaa xap oup
K e T?yayn H 4 (K) oreparop Myxum criekTpian Kykiuaa (rokopuaa) kamuaa N

Ta XOC KUiiMaTra sra Oyinaiu.
(1, A) — TeKUCITUKIa KyWHIard TYKKU3Ta TYIUIAMIIAPHU aHUKTaiMHK3:

7 3
-7

Sy ={(u, 1) eR*: 4> 2

T
Spo ={(u,A) eR*| A< 1 h
— T

S, ={(u, ) eR?: 1< 4” 1,
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Cy ={(it, ) eR*: Au—4A—-2u>0,1 <2},

C={(it,)) eR*: Au—41—-2u <0},

Cy={(t,A) eR?*: Au—42-2u>0,1>2},

Co ={(1,A) eR* : Au+4A+2u>0,A>-2},

C, ={(it, ) eR*: Au+44+2u <0},

C, ={(u,A) eR*: Au+4A+2u>0,1<-2}.

®apas  xumaimk, N, (H,,(K)) (n_(H,(K)), H,(K) oneparopuunr
MYXUM CHEKTPHUJIaH IOKOpHIaru (KyHuaaru) Xxoc KuiiMatiapu COHH OYIJICHH.

7-Tteopema. ®apa3 kuiaitmuk, K e T? Ba (1, A) € R? oyncuH. Y xoa

(1, A)eC; NSy = n.(H,(K) =3

(1,4) e C;ASy, = n,(H,,(K) =2,

(1, A) e Ci NSy = N (H,,(K)) =1,

(1) eCy = n,(H,(K)=0,
Ba

(1, A)eCo NS,y = n(H,(K)=3

(1, A4) € CAS,, = n_(H,(K)) =2,

(1, 2)eCr\Syy = n (H,(K)) =1

(1) eCy = N_(H,(K)=0

MyHOcabaTiIap YpuHIu Oynaau.

8-Treopema. ®apa3 kunaitnuk, K =0 OyncuH. Y Xonaa 7-teopemanaru 6apya
TEHICU3JIUKJIAP YUYH TEHIVIMK YpUHIU OYIaau.

bynnan Tamkapu

L2€5(T%) ={f e L"*(T%): £ (Pr, p2) = F (P2 P). 1 P, € T}
Ba

L*#2(T%) ={f e L**(T*): f(py, p,) =—F (P, P). Py, P, € T}
CUMMETPHMK Ba aHTHCUMMETPUK Ky(pT dyHKkuusanap paszocu 6ynuo, ynap H ,(0)
orepaTopra HICOAaTaH MHBAPUAHT XaMAa Ky HHUAary TaCAUKIAp YPUHIN:

(1) Arap (u,1) € Sy, 6Ynca, y xomma H ,(0) omepatop myxum crekrpuan

TaIllKapu/a aHTUCUMMETPHUK OOFJIaHTaH X0J1aTra 3ra dMac.
(ii) Arap (u,4) €Sy ((11,A) € Sy) 6¥1ca, y xonna H ; (0) oneparop myxum

CIIEKTPIAH roKopua (Kyinaa) sroHa aHTUCUMMETPUK OOFIAHTaH X0JIaTra dra.
(iii) Arap (u,A4)eC; ((u,4)eC;)6ynca, y xomma H ,(0) omepatop

MyXHM CHEKTpJaH Iokopuja (Kyhuaa) allHaH HMKKUTa CUMMETPUK OOFJIaHTaH
xoJarra ara.
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(iv) Arap (u,A4)eC;/UOC, ((i,4)eC; UOC;)6¥nca, y xomna H ,,(0)

OTepaTop MYXHUM CIEKTpJaH IoKopuaa (Kyiuma) sroHa CUMMETPUK OOFJIaHTaH
xoJiarra ara.

(v) Arap (u,4) € C_O+ (e, A) € C_O_) oynca, y xonna H ,(0) oneparop myxum

CHEKTpAaH IKopuaa (Kyiuaa) CAMMETPHUK OOFJIaHTaH X0JiaTra 3ra AMac.
1-nemma. Kyiingaru TeHMIMK YPUHIIM:

O'(HM(O)) :O'(H;SM)UU(H/?),

Oy epna
H;/1 = H0(0)+V:/1 8a H; = HO(O)+Va,

xXamjaa

s _ MU A
(V5 £)(p) =25 [ f(@)dg+ "5 (cos py +cosp,) [ (cosq +cosa,) f (a)dg
4 8
LA Vs 2
Ba

V2P) = 57 c08 , —cosp) | cosg, —cosay)  (a)ca
T
oneparopnap H ,; (0) nunr L2®5(T?) Ba L*®“(T?) (asonapmaru KUCMH.
9-teopema. ®ukcupnanran (u, 1) € Rzyqu KyWujaruiaap ypuHiIu:
(i) Arap 24+ 1> 0 6¥mnca, y xonna H,,; onepatop 8 naH kaTTa kamMuaa 6urTa
X0C KUiMaTra ara.
(i) Arap 24+ <0 6ynca, y xonna H;, oneparop kamuna OutTa MaHpuii

XO0C KHUiiMaTra Jra.
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XYJO0CA

HMuccepranms WM MaHxapagaru Oup Ba UKkU 3appadanu [pegunrep
ONEPATOPJIAPUHUHT MYXUM Ba JUCKPET CIHEKTPJIAPUHM TaJKUK KHJIMILITra
OaFvIUTaHTaH.

Acocuil TAAKMKOT HATHXKAJIapu Kyluaarnjapaan uéopar:

Ooup 3appavanu IlpeauHrep omnepaTOPUHUHI MYXHUM CIHEKTpHUIAH Kyduaa
OOfJIaHraH XOJIATIAPHUHT MaBXyld €KM MaBXyJ SMACIUTH MOTEHIMaIra Ba
namxapa yrgaMmura OOFIuK X0Ji1a HCOOTIaHTaH;

oup 3appavanu lpeaunHrep onepaTopu MyXUM CIIEKTPHUHHHI Kyilu Oycaracu
perynsip €KM CHUHTYJSIp HyKTa OYnranja Ba KHYMK Ky3Fajluluiapia MyXUM
crekTpaan Kyhuna llpenuHrep omepaTOPUHUHI XOC KHMMaTH MOC paBHUIIIA
naio 6yaMaciuru €ku nanao 6yaunm ncOoTIaHTaH;

UKKHM YI4aMiu naHkapajaaru oup 3appadanu llpenunrep omepaTopu Taliku
TabCUpP HHEprusick U,A € R mapaMmerpiap OpKaiu OepwiraHia yHUHT MYyXHUM
CIEKTPHUJIAH TAIIKAPUAArH XOC KUMMATJIIAPHUHI aHUK COHM Ba YKOWJIAIITAH YPHU
aHUKJIAHTaH;

WKKH YIYaMJIM MaHkapagaru ukku 3appavanu Llpenunrep oneparopu tabcup
sHeprusicu Y, A € R mapameTpiap opkKanu Oepuiranga KBa3UUMITYJIbCHHHT HOIb
KMIMaTUIa YHUHI MyXUM CIEKTPHUJAH TAalIKAPUIAru XOC KUHAMaTIapu COHWHHUHT
y3rapumu y, A € R mapaMmeTtpiapra O0FIUK KypcaTuiraH;

WKKH YITYaMJIM MaHkapagaru ukku 3appavanu Llpenunrep oneparopu tabcup
sHeprusicu U, A € R mapameTpiap opKaiu Oepuirania YHUHT MyXUM CHEKTPHIAH
TalIKapUJaru Xoc KUAMaTIapUHUHT COHUTA ONlEepaTop KBa3sUUMITYJIbCUHUHT Oapua
HOJIMAc KUHMaTJIapuia aHuK 6axo OJMHIaH.
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INTRODUCTION (Annotation of Doctor of Philosophy (PhD) dissertation)

Actuality and demand of the theme of dissertation. Many scientific and
practical studies conducted around the world are devoted to scientific models of
the processes occurring in the microworld. The development of the theory of
quantum fields describing the phenomena of the microworld was the basis for the
emergence of quantum mechanics. One of the most important physical quantities
in any system of quantum mechanics is its energy. The analysis of the spectral
properties of the energy operator i.e., Schrodinger operator is one of the main
problems of qguantum mechanics. In this regard, the particles systems of the energy
operator on the lattice serve as the theoretical basis for experimental observations.
Therefore, the development of research on discrete and essential spectrum of the
energy operators corresponding to particles systems on the lattice remains to be
important in solid state physics, quantum mechanics, and statistical physics.

The solution of problems related to the spectrum of families of energy
operators corresponding to the gamiltonians of one- and two-quantum particle
systems on a cubic lattice are important in mathematical physics. In particular, the
development of the research to prove the existence of bound states of one- and
two-particle discrete Schrodinger operators, to find the location of the essential
spectrum and to determine sufficient conditions for the existence of eigenvalues
outside the essential spectrum are very demanding.

In our country, a lot of attention is being paid to fundamental sciences which
have scientific and practical applications. The spectral theory of the energy
operators associated with systems of one and two particles moving on lattices have
quite wide range of applications in various fields, therefore its development is of
special importance. For the energy operators associated with systems of two
particles moving on lattices, number of interesting results were obtained on the
existence of bound states which is located outside of the essential spectrum and
for their number under various conditions. Conducting research at the level of
international standards in the priority areas of “Algebra and its applications,
differential equations and their applications, linear systems, dynamic systems and
mathematical modeling of their applications, stochastic analysis, medical-
biological informatics, computational mathematics™* is identified as one of the
main tasks of the scientific researches. To ensure the implementation of the
decision, it is important to develop theory of quantum field and spectral theory of
linear operators.

The subject and object of our dissertation are in line with tasks identified in

the Decrees and Resolutions of the President of the Republic of Uzbekistan of
February 7, 2017, PF-4947, “On the strategy of action for the further development
of the Republic of Uzbekistan”, PQ-4387 dated July 9, 2019 “On state support for

! Decree of President of the Republic of Uzbekistan at the “On state support for the further development of
mathematics education and science, as well as measures to radically improve the activities of the Institute of
Mathematics named after V.I.Romanovsky of the Academy of Sciences of the Republic of Uzbekistan” PQ-4387
dated July 9, 2019.
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the further development of mathematics education and science, as well as measures
to radically improve the activities of the Institute of Mathematics named after V.I.
Romanovsky of the Academy of Sciences of the Republic of Uzbekistan™ and PQ-
4708 of May 7, 2020 “On measures to improve the quality of education and
research in the field of mathematics™ as well as in other regulations related to this
activity.

Connection of research to priority directions of development of science
and technologies of the Republic. This work was performed in accordance with
the priority areas of science and technology development in the Republic of
Uzbekistan IV, “Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. The one-particle discrete
Schrodinger operators have attracted considerable attention due to the practical
applications and their impotance in other fundamental sciences; for some recent
summaries refer to the works of scientists such as E.Korotyaev, A.Grigor'yan,
O.Post, N.Saburova, G.Berkolaiko, F.Chung and others. Particularly, eigenvalue
behavior of discrete Schrodinger operators were discussed by H.Hayashi,
S.Albeverio, H.Schulz-Baldes, J.Bellissard and are discussed in the works of
P.Faria da Veiga, F.Hiroshima, S.N.Lakaev, |.N.Bozorov, Z.E.Muminov and
U.Kuljonov when potentials are delta functions with a single point mass. A
continuous version of the two-particle Schrodinger operator were mentioned by
R.Newton and proved by H.Tamura using a result of B.Simon.

The energy operators corresponding to systems of particles on a lattice were
studied within the theoretical physics by scientists A.l.Mogilner and D.S.Mattis. In
studying the Schrodinger operators on lattices in the mathematical sense the same
problems arise as in the case of continuous Schrédinger operator. Namely, it is
necessary to study the one and many-particle operators. It is known that with the
decrease of the coupling constant, the energy of the bound state of the two-particle
system energy operator approaches to the edge of the continuous spectrum, and in
finite value of the coupling constant reaches to the edge. The problem of whether
the threshold is a bound state or a virtual level was studied in the works of
B.Simon, J.Rauch, D.R.Yafaev, M.Klaus and S. N.Lakaev. For continuous and
discrete Schrodinger operators, the existence of an eigenvalue and expansion for
the eigenvalues on the threshold value of the coupling constant were studied by
scientists D.R.Yafaev, M.Klaus, H.Tamura, S.Fassari, B.Simon, A.Sobolev,
S.N.Lakaev, Sh.Yu.Kholmatov, A.M.Khalkhuzhayev and Sh.S.Lakaev. In the
works of S.N.Lakaev for two-particle discrete Schrodinger operators on a three-
dimensional lattice associated to a system of two bosons, the threshold effects of
the quasi-momentum was studied, it was shown that if the nonnegative
Schrodinger operator has a virtual level on the left threshold of the essential
spectrum, then for all nonzero values of the quasi-momentum the operator has an
eigenvalue lying below the bottom of essential spectrum.

In the works of S.Albeverio, K.Makarov, S.N.Lakaev and Z.E.Muminov, the
two-particle Schrodinger operators, associated to a system of two arbitrary

particles were studied on a lattice for lattice dimensions greater than two. Certain
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conditions for the existence of eigenvalues, depending on the dispersion functions
were found. The discrete Schrodinger operators, corresponding to a system of two
quantum particles moving on a one, two and three dimensional lattices interacting
with the pair attractive contact potentials are considered in the works of
S.N.Lakaev, Sh.Yu.Kholmatov, A.M.Khalkhuzhayev and Sh.S.Lakaev. The
existence of a unique eigenvalue lying to the left of essential spectrum was proved
and asymptotics were found for the eigenvalue depending on the dimension of the
lattice, the coupling constant and the quasi-momentum.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation
researcg is done in accordance with the planned theme of scientific research
Samarkand State University of the fundamentional project OT-F4-66-number
“Models of systems with a limited number of particles on a lattice. Essential and
discrete spectra of energy operators”(2017-2020).

The aim of research work is to investigate essential and discrete spectra of
one and two particle Schrodinger operator on a lattice.

Tasks of the research:

to prove the existance or absence of bound states below the bottom of the
essential spectrum of the one-particle Schrodinger operator depending on the
potential and the dimension of the lattice;

to prove that if the lower threshold of the essential spectrum of the one-
particle Schrodinger operator is a regular point or a singular point, then
respectively it does not create or creates eigenvalue below the essential spectrum
under small perturbations;

to find the exact number and location of eigenvalues outside the essential
spectrum of the one-particle discrete Schrodinger operator on the two-dimensional
lattice with the external interaction energy u, A € R;

to show depending on the parameters u, A € R, the change in the number of
eigenvalues outside the essential spectrum of the two-particle Schrédinger operator
on the two-dimensional lattice with interaction energy u, A € R, for zero value of
the quasi-momentum;

to obtain the exact estimate of the number of eigenvalues outside the essential
spectrum of the two-particle Schrodinger operator on the two-dimensional lattice
with interaction energy u, A € R, for all non-zero values of the quasi-momentum of
the operator.

The research object is one and two-particle Schrodinger operators in the
cubic lattice.

The research subject is spectral study of one and two-particle Schrodinger
operators on a lattice.

Research methods: The research uses the methods of mathematical analysis,
complex analysis, functional analysis, mathematical physics, theory of the self-
adjoint operators, Birman-Schwinger principle, analytical continuity of the
Fredholm determinant.

The scientific novelty of the research is as follows:
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the conditions for the existance or absence of bound states below the bottom
of the essential spectrum of the one-particle Schrodinger operator depending on the
potential and the dimension of the lattice were proven;

if the lower threshold of the essential spectrum of the one-particle
Schrodinger operator is a regular point or a singular point, then respectively it does
not create or creates eigenvalue below the essential spectrum under small
perturbations were proven;

the exact number and location of eigenvalues outside the essential spectrum
of the one-particle discrete Schrodinger operator on the two dimensional lattice
with the external interaction energy u, A € R were found;

the change in the number of eigenvalues outside the essential spectrum of the
two-particle Schrodinger operator on the two-dimensional lattice with interaction
energy u,A € R, for zero value of the quasi-momentum depending on the
parameters u, A € R was shown;

the exact estimate of the number of eigenvalues outside the essential spectrum
of the two-particle Schrodinger operator on the two-dimensional lattice with
interaction energy u, A € R, for all non-zero values of the quasi-momentum of the
operator was obtained.

Practical results of the research:

the conditions for the existence or absence of bound states below the bottom
of the essential spectrum of the one-particle Schrodinger operator depending on the
potential and the dimension of the lattice were used to find the first pole of the
meromorphic parameter-dependent generalized functions;

spectral properties related to the number of eigenvalues, which are located
above the essential spectrum of the discrete Schrédinger operator were used to
prove the existence of a unique eigenvalue of the generalized Friedrichs model
with perturbation of rank one and to obtain its Puiseux series expansion.

The reliability of the results of the study. The results were obtained by
using the methods of mathematical analysis, complex analysis, functional analysis,
mathematical physics, theory of the self-adjoint operators, Birman-Schwinger
principle, analytical continuity of the Fredholm determinant, strict mathematical
proofs and the application of rigorous mathematical considerations. Our results are
published in several peer-reviewed papers where the proofs are carefully checked
by editors and the referees.

Scientific and practical significance of research results. The scientific
significance of the research results of the study lies in the fact that obtained results
can be used in the spectral theory of self-adjoint operators, quantum mechanics,
solid state physics, quantum field theory, in particular, solutions of problems
related to the spectrum of Hamiltonians of systems of two and three particles on a
lattice. Our work is fully fundamental and the obtained results are applicable in
different fields of science such as soled state physics and quantum mechanics.

Implementation of the research results. The results obtained in the thesis
for the essential and discrete spectra of the one- and two-particle Schrodinger
operator on a lattice were used in the following research projects:
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the conditions for the existence or absence of bound states below the bottom
of the essential spectrum of the one-particle Schrodinger operator depending on the
potential and the dimension of the lattice was used in the fundamental project OT-
F4-69 “Harmonic analysis, degree geometry and their applications to the problems
of mathematical physics” (November 23, 2021 reference from the Samarkand State
University, No. 10-4721). Our results were used to find the first pole of the
meromorphic parameter-dependent generalized functions;

spectral properties related to the number of eigenvalues, which are located
above the essential spectrum of the discrete Schrodinger operator was used in the
foreign project ERGS/1/2/2013/STG06/UKM/01/2 to prove the existence of
eigenvalues of the generalized Friedrichs model, which is located above the
essential spectrum (November 24, 2021 reference from the National University of
Malaysia) approved by Ministry of High Education of Malaysia (Malaysia). The
methods used to establish the number of eigenvalues for the discrete Schrodinger
operator on lattice enabled us to prove the existence of eigenvalues of the
generalized Friedrichs model, which is located above the essential spectrum. These
results have played an important role to prove the existence of a unique eigenvalue
of the generalized Friedrichs model with perturbation of rank one and to obtain its
Puiseux series expansion.

Approbation of the research results. The main results of the research have
been discussed in 2 international and 5 republican scientific conferences.

Publications of the research results. On the topic of the dissertation, 12
research papers have been published in the scientific journals, 5 of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the Doctor of Philosophy thesis, in
addition 1 of them was published in international journal of mathematics and
physics indexed in Scopus, and 4 papers published in national mathematical
journals.

The structure and volume of the dissertation. The dissertation consists of
introduction, three chapters, conclusion and references. The volume of the
dissertation is 98 pages.
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THE MAIN CONTENT OF THE DISSERTATION

In the introduction is given the actuality and relevance of the thesis topics
are described, the appropriate research priority areas of science and technology of
the Republic are determined. Moreover, we give a review of international research
on the theme of the dissertation and the degree of scrutiny of the problem,
formulate goals and objectives, identify the object and subject of study. The
scientific novelty and practical results of the research, the theoretical and practical
importance of the obtained results, information on the implementation of the
research results about the published works and the structure of dissertation are also
presented in this chapter.

In the first chapter of the thesis, titled “Preliminary notations and one and
two particle Hamiltonians on lattices”, the Hamiltonian of the system of two
identical bosons in coordinate and momentum representation are described as
bounded self-adjoint operator in a corresponding Hilbert space. We also introduce
basic notions and provide several necessary theorems of spectral theory of bounded
self-adjoint operators in order to describe main results. Two-particle quasi-
momentum, decomposition of the Hamiltonian of system of the two identical
bosons into a direct Von Neumann integral are also presented in this chapter.

In the second chapter, titled “On the spectrum of the one particle
Schrodinger operator on a lattice”, it is shown that the existance or absence of
bound states below the bottom of the essential spectrum of the one-particle
Schrodinger operator depending on the potential and the dimension of the lattice.
Moreover, the exact number and location of eigenvalues outside the essential
spectrum of the one-particle discrete Schrodinger operator on the two dimensional
lattice with the external interaction energy by the parameters i, A € R is found.

Let Z% be the d —dimansional cubic lattice and EZ(Zd)be the Hilbert space
of square-summable functions on 7%, Let El(Zd)be the Banach space of

summable functions on Z°. In addition, let /A(Z%;R;) = A(Z%) be the set of
summable non-positive functions. In the position space representation, the one-

particle Schrodinger operator H,; acts in r%(Z°) as
H, =Hy+V.
Here the operator I—AI0 is the convolution type operator given

(Ho )0 = D a(x=s)f(s), fer?(@),

sez¢
where £(-) € //(Z%). We also assume that &(s) = &(-s), seZ°.
The operator V is the multiplication operator by the function V € /*(Z*;R;):

VH(X) =) f(x), f er?@Y).
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Let T =(-x,z]° be the d-dimansional torus, equipped with the Haar

measure dp i.e., jdpzl and LZ(Td)be the Hilbert space of square-integrable
Td

functions on T®. In the momentum space representation, the one-particle
Schrodinger operator H,, acts in L2 (Td) as

H, = H,+V.
The unperturbed operator H, is the multiplication operator by the function £(.):

(Hof)(p)=&(p)f(p), fel’(T),
where
g(p)= Y ePYé(x), peT’

xeZz¢

Is a real-valued even function.

The perturbation operator V is defined in L2(T%) as
(VF)(p)= [v(p-a)f(a)da, fel*(T),
d

T
where

v(p)= > ePN(x), peT’.

xez¢
Since the operator V is compact, by the Weyl’s theorem, the essential spectrum
G (Hy) Of the operator H,; coincides with the essential spectrum o, (H,) of the

operator Hy, i.e.,

O-ess(l:'\]) = O-ess(I:IO) = O'(HO) = [gmin ’8max]a
where

Emin = min &(P);  Emax = max &(P).
per peT

Let C"(T%), n=012,... be the Banach space of n times continuously

differentiable functions on T°.
Hypothesis 1. (i) Assume that the dispersion relation £(-) e C3(T?)is a real-

valued even function having a nondegenerate minimum at p,,...p, € T, with
p,=0¢€ T¢.

(if) Assume, in addition, that the nonzero (not identically zero) non-positive
function ¢ is absolutely summable, i.e., V e ﬁl(Zd;Rg), d>3.

Definition 1. Let d >3. Assume Hypothesis 1. We define the generalized

Birman-Schwinger operator ]?3\7 (¢min) @s an integral operator acting in fz(Zd) as
1 1

[By (Emin W1(X) =0V 12 Ry (Emin) IV 12 971(X)
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Definition 2. Let d >3. If the number 1 is not an eigenvalue (resp. is an
eigenvalue) of the operator B\; (&min )» then the threshold z = ¢, of the essential

spectrum aess(lflv) is called a regular (resp. singular) point of the essential
spectrum of the operator Ifl\i.

Theorem 1. Let d >3. Assume Hypothesis 1. Assume, in addition, that the
threshold ¢, is a regular point of the essential spectrum of the operator H\;O for
some Y, € /(Z%;R;). Then there exists a neighborhood U (9,) = *(Z%;R;) of v,
such that for all VeU (V,), the number of eigenvalues of the operator Iflv below
the threshold &, remains unchanged.

We introduce the following subsets of interactions ¥  /1(Z%;Ry).

min

U~ () ={V e /(Z%Ry):
U7 (V) ={V e (Z%Ry):
U5 (%) ={0 e (Z%;Ry): gy <7 B, (&min)| <1}
Theorem 2. Let d >3. Assume Hypothesis 1. Assume, in addition, that for
some nonzero function V, efl(Zd;Rg) the equality HB\;O (e =1 holds. Then

gl(zd;Rg) <7 B\] (8min) >1}’
\7—\70H£1(Zd;R6) <7,|By (&min )| =1}

min )

there exists >0 such that:

(i) For all veU (%), the operator HA\; has an eigenvalue z, below the
threshold & ;

(ii) Let d =3,4. Then for all ¥ €U (%,), the threshold &, is a virtual level of

the operator H,;;

(iii) Let d > 5. Then for all V€U (V;), the threshold ¢, is an eigenvalue of
the operator H,;;

(iv) For all v eU 7 (V,), the threshold &, is a regular point of the operator I-Al\i

and therefore, the Ifl\i has neither eigenvalues below the threshold ¢_. , nor a

virtual level equal to &

min 1
min *
Let Lz’e(Tz) be the Hilbert space of square-integrable even functions on T
In the momentum space representation, the one-particle discrete Schrodinger
operator H ,; acts in L%¢(T?) as
H = Ho +VM,
where the operator H, is the multiplication operator by the function
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#(p) =Y (L-cosp)).

The operator V , is the integral operator:
2

Vi F)(P)= v, (p—a)f(a)da= [ (u+A4D cosp cosq)f(a)dg, feLl>(T?).

T2 T2 i=1
Here
v(p)= > e®N(x), peT?
XeZd
where
#, [s|=0,
A
00 =12 l=1
V(X) > 5|
0, |s|>1.

Since the operator V,, has rank at most three, by Weyl’s theorem the
essential spectrum o (H ;) of the operator H , coincides with the spectrum
o(H,) of the operator H,, i.e.,

Gess(Hy/l) = O-(HO) = [gmin 78max] = [0’4]

Let
d cosq;d cos® g.d
a@)= [, b(g)= [ oW gz =[S
ng_g(q) ng_g(q) T2 Z—E(q)
: d
d(z):jcosq'cosql 9 ij=12 ]
12 Z—S(Q)

Theorem 3. (i) If x>0, then the operator H,, has a unique eigenvalue

¢ (1) in (440);
(ii) If 12<0, then the operator H , has a unique eigenvalue ¢ (u) in (—0,0).
Theorem 4. (i) If A>0, then the operator H,, has a unique eigenvalue
¢ (A) in (4,+0);

(i) If <0, then the operator H,; has a unique eigenvalue " (4) in (—0,0).

Corollary 1. The following asymptotics are true for the determinant
A(u,A,2)

(i) Let z € (4,4+0). Then as Z — 4+ we have
A, A,2) =[C (1, ) In(z —4) + Cy (21, A)][A(c(4) —d(4)) - 1] + o(z - 4),
where

N 1 N 1
CL(u, )= 5(2/1 +u—Au),  Co(u,A)= 5(2 +2 - Au).
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(ii) Let z € (—0,0). Then as z— 0— we have

A(u, A, 2) =[C1 (1, A) In(=2) + Cy (11, 1)][A(c(0) —d (0)) -1] +0(-2),
where

Cou ) == @2 ), Gyl ) =5 (222~ 2.

To formulate the main theorem we introduce following regions:
Gy, ={(1,2) eR?:CH(u, ) <0, 4y <},
G,, ={(t,A)eR*:C (11, 2) <0, 0<A<A, 2<pu or Ci(x2)>0, >N}
G, ={(1,2) eR*:CYy(1,4) >0, A<A}
Gy, ={(1,4)eR*:CH(1,4)<0, A<y, u<2}
and
G; ={(#.4)eR*:C(u,2) <0, >},
G, ={(u,A) eR*:C,(11,41) <0, A; <A<0, wu<-2 or C,(x,A)>0, A<Ah
G, ={(#,A)eR*:C(1,A)>0, A>4},
Go_ ={(u,A) eR*:CL(11,A) <0, A>24, -—2<u}

Theorem 5. (i) Assume (u,4) € Gz =G;,. Then the operator H , has no
eigenvalues below the essential spectrum, but it has three -eigenvalues
2 (1, A), z,(u,A) and z5(A) satisfying the relations

4<25(1,2) < in (U A) < G (. A) < 2 (1, 2) and - 4< 25 (2).

(i) Assume (u,4)eGyp =G, (1G,,. Then the operator H ,
eigenvalues below the essential spectrum, but it has two eigenvalues
z/ (u,A) and z,(u,A) satisfying the relations

4 <25 (1, A) < Cgin (11, A) < S (10, 4) < 77 (11, A).
(iii) Assume (u,4)eGy =G, _(1G,,. Then the operator H

has no

i has no

eigenvalues below the essential spectrum, but it has unique eigenvalue z,"(x,A)

above the essential spectrum.
(iv) Assume (u,A)eGy=G,_G,,. Then the operator H

eigenvalues z; (¢,A) and z(u,A) satisfying the following relations

Z (i, A)<0 and  4<z/(u,A).
(V) Assume (u,4)eG, =G, 1G,,. Then the operator H , has three

.« has two

eigenvalues z; (¢, 4), zy (1,A4) and z,(u,A) satisfying the following relations

(1, A) <0 and  4<z; (1, A) < i (14, 4) < S (11, ) < 7 (1, 4).
(vi) Assume (u,1)eG, =G, (1G,,. Then the operator H, has three

eigenvalues z; (1, 4), z,(u,A) and  z (u,A) satisfying the following relations
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2 (11 2) < Sin (1, 2) < Co (1, ) < 2, (11,2) <O and 4 <z (1, 2).
(vii) Assume (u,4)eG,, =G, (1G,,. Then the operator H , has unique

eigenvalue z; (x4, A) below the essential spectrum, but it has no eigenvalues above

the essential spectrum.
(viii) Assume (u,1)€Gy =G, Gy,. Then the operator H , has two

eigenvalues z; (1,A4) and z,(u,A) satisfying the following relations

27 (14, 2) < Somin (1, 2) < e (11, 2) < 25 (11, 4) <O,
but it has no eigenvalues above the essential spectrum.
(ix) Assume (u,4) € Ggy =G5 _. Then the operator H , has three eigenvalues

z (1, A), z,(u,A) and z;(A4) satisfying the following relations

2, (1, 2) < i (1, A) < S (1,4) < 25 (1, 4) <0 and  25(2) <O,
but it has no eigenvalues above the essential spectrum.

In the third chapter, titled “Bose-Hubbard models with on-site and nearest-
neighbor interactions: Exactly solvable case”, it is shown that the change in the
number of eigenvalues outside the essential spectrum of the two-particle
Schrodinger operator on the two dimensional lattice with interaction energy
dependent on the parameters u,A € R, at zero value of the quasi-momentum
depending on the parameters u,A € R. In addition, the exact estimate of the
number of eigenvalues outside the essential spectrum of the two-particle
Schrodinger operator on the two dimensional lattice with interaction energy
dependent on the parameters u,A € R, at all non-zero values of the quasi-
momentum of the operator is obtained.

The discrete operator H , (K),K € T2, associated to a system of two identical
bosons is defined in L*¢(T?) as

H,,(K)=H,(K)+V,,, KeT?
where the unperturbed operator H,(K) is the multiplication operator by the
function

2
e (p)=2) (1- cos%cos b))
i=1

The perturbation operator V , is defined as
1 2
V)P = =7 [ (u+ 2 cosp,cosq) f(a)da,  f el (T?).
(27[) T2 i=1
Since the operator V,, has rank at most three, by Weyl’s theorem the
essential spectrum o (H,;(K)) of the operator H ,(K) coincides with the

spectrum o(H,(K)) of the operator H,(K), i.e.,
O-ess(H,u/l(K)) = O-(HO(K)) = [gmin (K)’gmax(K)l
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where

o (€) = min & (P) =2 (1—C08 1) > 0=, (0),

peT i=1
2
K.
Emax (K) = max & (P) =2 (1+cos—) <8=¢,,(0).
peT2 i=1 2
Theorem 6. Suppose that H ,(0) has n eigenvalues below resp. above the

essential spectrum for some x, A € R. Then for every K e T? the operator H,, (K)
has at least n eigenvalues below resp. above its essential spectrum.

In the (u,4) — plane let us define the following nine sets:
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Sy ={(1,A)eR?*: 1> 2

T
4—ﬂk

72'}’

Seo ={(11, 1) eR* | A<

Sy ={(u,A)eR?*: A<

Cy ={(it, ) eR*: Au—4A—-2u>0,1 <2},

C ={(u,A) eR*: Au—4A -2 <0},

Cy={(t,A) eR*: Au—41-2u>0,1>2},

Co ={(1,A) eR* : Au+4A+2u>0,A>-2},

C; ={(t,A) eR®: Au+4A+2u <O},

C, ={(t,A) eR*: Au+4A+2u>0,1<-2}.

Let n,(H,,(K)) resp. n (H,(K)) be the number of eigenvalues of the

operator H , (K) above resp. below its essential spectrum.

and

Theorem 7. Let K € T? and (u,4) € R% Then
(1, A)eC NSy = n.(H,(K)=3

(11, 4) € C3ASy, = n.(H,;(K)) =2,

(1, A)eC\Sy = n.(H,(K)) =1,

(1) eCy = N (H,,(K)=0,

(1, 2)eC; NS, = n(H,,(K)) =3
(1, 2) € C3AS, = n_(H,,(K)) =2,
(1, A)eCr\Sy = n_(H,,(K)>1,
(1,2)eCy = n (H,,(K)=0.
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Theorem 8. Let K =0. Then all inequalities in theorem 7 are in fact
equalities. Moreover, the spaces

L2,e,S(T2) ::{f = LZ'E(TZ): f(pl’ pz) = f(pz’ pl)’ CHYES T}
and

L**2(T?) ={f e L**(T*): f(pp, p,) =—F (P, P), Py, P, € T}
of symmetric and antisymmetric even functions are invariant with
respectto H , (0) and:

(i) If (1,2) €Sy, then H ;. (0) has no antisymmetric bound states outside the

essential spectrum.
(i) If (u,A)eSy resp. (u,A)eSy,, then H,,(0) has a unique

antisymmetric bound state above resp. below the essential spectrum.

(iii) If (u,A)eC; resp. (u,A)eC;, then H ,(0) has a exactly two
symmetric bound states above resp. below the essential spectrum.

(iv) If (u,A)eCUdC; resp. (u,4)eC; USC,, then H ,(0) has a
unique symmetric bound state above resp. below the essential spectrum.

(V) If (u, A) ec_g resp. (u,A) eC_g, then H ,(0) has no symmetric bound
states above resp. below the essential spectrum.

Lemmal. o(H,,(0)=c(H;,)Uc(H}),
where H, =H,(0)+V,;, and HJ]:=H,(0)+V},
with

V5 1)(P) = 25 [ F(@)da-+ -5 (cos py + cosp,) [ (cosa, + cosay) T (a)dg
A 87

T2 T2

and

A
(V;£)(P) = 25 (cos py —cos p,) [ (cosc, —cosay) f (a)dg
T2

are the restrictions of H ,, (0)onto L***(T?) and L**“(T?).

Theorem 9. Fix (u, 1) e R%.
(i) If 22+ 120, then H;, has at least one eigenvalue greater than 8.

(ii) If 24+ <0, then H}, has at least one negative eigenvalue.
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CONCLUSION

The dissertation is devoted to study essential and discrete spectrum of the one
and two particle Schrédinger operator on a lattice.

The main results of the research are as follows:

the conditions for the existance or absence of bound states below the bottom
of the essential spectrum of the one-particle Schrédinger operator depending on the
potential and the dimension of the lattice were proven;

if the lower threshold of the essential spectrum of the one-particle
Schrodinger operator is a regular point or a singular point, then respectively it does
not create or creates eigenvalue below the essential spectrum under small
perturbations were proven;

the exact number and location of eigenvalues outside the essential spectrum
of the one-particle discrete Schrodinger operator on the two dimensional lattice
with the external interaction energy u, A € R were found;

the change in the number of eigenvalues outside the essential spectrum of the
two-particle Schrodinger operator on the two-dimensional lattice with interaction
energy u,A € R, for zero value of the quasi-momentum depending on the
parameters u, A € R was shown;

the exact estimate of the number of eigenvalues outside the essential spectrum
of the two-particle Schrodinger operator on the two-dimensional lattice with
interaction energy u, A € R, for all non-zero values of the quasi-momentum of the
operator was obtained.
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BBEJIEHUE (anHoTrauusi nuccepranuu 10kropa puinocodun (PhD))

Heabio ucciieoBaHus - SABISETCA U3YYCHUE CYIIECTBEHHBIX U JUCKPETHBIX
CIIEKTPOB OJTHO- M IByX4YacTU4YHOTO ornepatopoB [Ipénunrepa Ha pelieTke.

O0beKkTOM  HMCCJIeJOBAHUS OJHO- M JBYXYACTUYHBIE  ONEPATOPHI
[peauarepa HA KYOMYECKOM peIIeTKe.

Hay4nasi HOBU3HA MCCJIEIOBAHUSA OINPEEISAETCS CIEAYIOINMU TyHKTaAMU:

JIOKA3aHO, YTO CYIIECTBOBAHUE MJIM OTCYTCTBUE CBSA3AHHBIX COCTOSIHUM HUKE
JIHa CYIIECTBEHHOTO CIIEKTpa OJHOYAcTU4YHOro omneparopa lllpenuHrepa 3aBuUCHT
OT MOTEHIIMANa U pa3MEPHOCTHU PEIIETKH;

JIOKAa3aHO, 4YTO €CJIM  HWXHUWA TOpPOr  CYIIECTBEHHOIO  CIEKTpa
onHoyacthuyHoro omeparopa IllpenuHrepa  sBIAETCS  CHUHTYJSIPHOM — WJIM
PEryJIIpHOW TOYKOW, U BO3MYILEHHE Majo€, TOTJa, COOTBETCTBEHHO, CYIIECTBYET
WM OTCYTCTBYET COOCTBEHHOE 3HaUEHUE HUKE CYLIECTBEHHOI'O CIIEKTPA;

HalJIEHO TOYHOE KOJMYECTBO M PACHOJOKEHHE COOCTBEHHBIX 3HAUECHUN BHE
CYILECTBEHHOI'O CIEKTpa OJHOYACTUYHOrO JHUCKpeTHOro omneparopa llIpenunrepa
Ha JBYMEPHOM pEIIETKE, €CIM HHEPrueldl BHEIIHEro B3aMMOJCHCTBUS 3aJaHa C
napamerpamu i, A € R;

MOKa3aHO HM3MEHEHUE YHhCla COOCTBEHHBIX 3HAYCHHI BHE CYIIECTBEHHOTO
CIIEKTpa AByX4acTH4YHOro orneparopa lllpenuHrepa Ha AByMEPHOU pelIETKE, MpU
HYJIEBOM 3HAYEHUM KBA3WHUMITYJIbCA U C SHEPrUEl B3aMMOJIECHCTBUS, 33aJIaHHOU C
napameTpamu U,A € R B 3aBHCUMOCTH OT MapameTpoB U,A € R m moiaydeHa
TOYHAsi OIEHKA ISl 4YKCJIa COOCTBEHHBIX 3HAYEHUW TMPU BCEX HEHYJIEBBIX
3HAUEHUAX KBa3UHUMITYJIbCa OIepaTopa.

BHeapenue pesyabTaTtoB ucciaenoBanus. [lonydeHHble B auccepTanuu

pe3ysibTaTbl I  CYLIECTBEHHBIX M  JUCKPETHBIX CIEKTPOB OJHO- U
nByxuacTuyHoro omeparopa lpéaunrepa Ha pemieTke ObUIM HMCMOJIL30BAHBI B
CIEAYIOIINX HAYYHO-UCCIIEA0BATENBCKUX ITPOEKTAX:

CYIIECTBOBAaHME WJIM OTCYTCTBHE CBS3aHHBIX COCTOSIHUM HUXE JHA
CYLIECTBEHHOI'O  CHEKTpa oOJHoYacTMuHOro omneparopa Ilpegunrepa B
3aBUCUMOCTH OT TOTEHIMaJa U Pa3MEPHOCTH PELIETKU HCIOIb30BaJIOCh B
bynnamentaiibHoM mnpoekre OT-F4-69 «I'apmoHuueckuil aHanu3, cTeneHHas
reOMETpUsT U MX NPWIOKEHHUS K 3ajJadaM MaTeMaTHYeCKOW (QU3uKuW» s
HaXOXKJEHUsl HMHJAEKCa KoJieOaHUs B TapMOHUYECKOM aHaJIM3€ KOJEOIOIIEerocs
unterpana (Cnpaska CamapkaHackoro ['oCynapCTBEHHOTO YHUBEpCHUTETa OT 23
HOostOpst 2021 roga Ne 10-4721). B pesyabTare 3TO MO3BOJHIO HANTH TEPBBIM
MIOJTFOC B MEPOMOPGHOM MPOAOTHKEHUN 000011IeHHON (HYHKIIUU C TTapaMETPOM.

CIIEKTpaIbHBIC CBOMCTBA, CBSI3aHHBIE C KOJIMYECTBOM COOCTBEHHBIX 3HAYCHUH,

KOTOPBIE PACIIOJIOKEHBI BBIIIE CYIIECTBEHHOTO CIEKTpa TUCKPETHOTO OlepaTopa
[peauarepa, ObUTH UCIIOJIB30BAaHBI B 3apyOEKHOM Hay4YHO-HCCIICIOBATEIHLCKOM
npoekte ERGS/1/2/2013/STG06/UKM/01/2 nnst noka3atenbCcTBa CyIIECTBOBaHUS
CAMHCTBEHHOTO COOCTBEHHOTO 3HaueHUs o0000meHHo wmoxenu Ppuapuxca,
pacmoyIoKeHHOTO BbIIe cylecTBeHHOTo crnektpa (CrnpaBka HarmonampHOTO
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yHuBepcuTeTa Manaiizun ot -24 Hoa0ps - 2021 roma). B pesymbrare 3TO
NO3BOJIMJIO JIOKa3aTh CYIIECTBOBAHUE COOCTBEHHBIX 3HAYEHUH O0O0O0OIIEHHON
mMozenn Opunpuxca, pacioyioKEHHbIX BbIIIE CYyIIECTBEHHOTO CIIEKTpA.

Crpykrypa m 00beM auccepranmu. Jluccepranus COCTOMT U3 BBEACHMS,
TpeX TIJjaB, 3aKIYEHHS U CIHCKa WCIOJIb30BAHHON JuTepaTypel. O0beM
JUCCEepPTAIH COCTABISIECT 98 CTpaHHUIIBI.
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