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KHUPHUII (pancada noxkropu (PhD) auccepranusicu aHHOTAIUSICH)

Juccepranuss MaB3yCHHUHT 10J13ap0Jjuru Ba 3apypartu. JKaxoH Mukécuaa
om0 OopwraéTraH WIMHH-aMalluidi TaJAKUKOTIApPHUHT KYrutab  XoJsutapuja
MUKpOOJIaMJla Ky3aTWJIaJIuTaH KapaCHJIApHUHT WIMHH MoOJeIIapu KapajiaJu.
MukpoosaM XoAMCAJIApUHU  TAAKUK KWIUIIA MOJAJAaZa  AJIEKTPOMArHUT
HypJaHUIIUIAp  Ha3apusiCH, KBAaHT MAaWJOHJIAp  Ha3apuscH, 3appadaiap
XapakaTUHUHT TYJIKWH Ha3apusIcM Ba Iy KaOW Hazapusjiap acocuaa KBaHT
MEXaHUKACUra acoc COJMHraH. KBaHT MeXaHMKacuja TaAKWK KWJIMHAIUTaH Xap
KaHJgall cuctemana acocuit (u3uK MuKaopiapaaH Oupu Oy sHeprus O6ymuoO,
SHEprUs oneparopu (Mamkapagard 3appadaiap CHCTEMachra MOC TaMUJIbTOHHMAH),
apHU 1lpénuHrep onepaTOPUHUHT CHEKTPal XOCCAJAPUHU TaxXJIuid KWJIUII, KBAHT
MEXaHUKACUHMHI aCOCUM MacaianapuaaH Oupu xucoOsanagu. [lamxkapagaru
[Ipénunrep onepatopyiapy XaM SKCIIEPUMEHTaJ Ky3aTUIUIAPHUHT HAa3apHil acocu
cudparuga xuzmar kuinaau. [y O6ouc KBaHT MeXaHUKacH, CTaTUCTUK (PU3MKa Ba
KAaTTUK Okucwiiap  ¢u3uKacujga yupaiauran namxkapaaara  péaunrep
orepaTopiiapu CIEKTpJapu (JUCKPET Ba MYXUM CIEKTPH)Ta O TaIKUKOTIAPHU
PUBOXIIAHTUPHUII MyXUM Bazudanapaan oupu 0Yiubd KoIMOKIa.

Xo3upru KyHja kaxoH Mukécuaa namwxkapanaru [Ipénunrep oneparopiapu
MYXHUM CIIEKTPJAPUHUHT YpHHU Ba XOC KUUMATIAPUHUHT COHM HKKU 3appaydaiii
CUCTEMA TYJIa KBa3UUMITYJIbCH, MTAHKapa YIuaMu Ba ¥3apo TabCUP YHEPTUSCUHUHT
y3rapuiiudra HucOaTaH y3rapyByaH OYyJraHiMrd ydyH ymlOy omeparopiiap
CIEKTpJIapura ouj MacajalapHy Xajl dTULI MaTeMAaTHK (PU3MKaJa MyXUM aXaMHsT
kacO otMokna. KymimanaH, mnawxkapagard UKkd 3appadanu  Ipémunrep
orepaTopiapy SKKaJIaHTaH X0C KUiMaTu, Kyiu Oycara pe3oHaHCcH KU Oycara XocC
KUWMAaTHHUHT MaBXY/UIMTHHA HWCOOTNAIl, TMaHXapagarn WKKH —3appadain
[pénuarep OnMEepaTOPUHUHT MYXHUM CIEKTPUHHMHT YPHUHHU aHUKJIAIl Ba MYXUM
CHEKTPHUIAH TalIKapyuaa ETaiural XoC KMMMaTIapUHUHT MaBXyIJIUK TIapTIApUHA
TONUIITAa OHWJ TAAKUKOTIAPHU PUBOXIIAHTHPHUIN aMajuii-Ha3apui IKuXaTdaH
MYXHUM WIMUNA TAIKUKOTIApAaH XUCOOIaHa N,

Mamnakatumuzaa  QyHmaMmeHtan — (GaHJapHUHT WJIMUHA  Ba  aMaiui
TagOuKIapra sra 6yiaran noi3ap0d MyHaauIuiapura 3bTU00p sHala Ky4al THPHIIIN.
by Oopama wMamiakaTUMU3 OJUMJIApU TOMOHHUJAH KyOWMK TaHXapajaru
[pénuurep omnepaTopJapUHUHT CHEKTPaJT HA3APUACUHU PHUBOKIIAHTUPHINTA
anoxuaa 3pTuO0p Oepunmoxaa. Ilanxapanaru Lllpenunrep omnepatopiapu y4yyH
MyXHUM CIEKTpJaH TallKapuaa OOfjaHTaH XoJaTiap MaBXyMJIWTH Ba YJIapHUHT
COHMHM aHUKJIAIra OUJ Ce3WIAPIN HaTWKaaapra SpulIiIn. «Anredpa Ba YHUHT
TaTOMKIapu, AuddepeHnuan TeHIJlaMalap Ba YHUHI TaTOUKJIApH, YH3UKCHU3
TU3UMJIAP, JAWHAMUK THU3UMJAp Ba YJIApPHUHT TaTOMKJIAPUHH MaTeMaTHK
MOJICJUTAIITUPHUIL,  CTOXAaCTUK  TaXJuji, TUOOUN-OMONOTMK  HH(pOpMaTHKA,
XUCOOIaIl  MaTeMaTUKack»® (aHIapUHUHT YCTYBOp MYHaIMILIapu Oyiinda
XaJIKapo CTaHAapTIap Japa)xkacuaa WIMHN TaIKUKOTIAp oJnu0 OOpHUIll MaTeMaTHKa

1 V36exncton Pecry6iukacu ITpesunentununr 2019 fiun 9 mongarn «MaTtemMaTika TabIuMy Ba (haHIAPHHU SHAJA
PHMBOXIAHTHPHILIHHE JaBJaT TOMOHHMJIAH KyIUIab-KyBBaTjall, IIyHHHIJEK, Y30ekucToH PecnyGmukacu Pammap
Axanemusicunuar  B.J.PomaHoBckuit HOMUAaru MaTeMaTUKa HHCTUTYTH (baomzmTI/IHI/I Ty6;[aH
TaKOMUJLIAIITUPHUII Yopa-Tagoupiapu Tyrpucuaanru [1K-4387-con kapopu.
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(banuHUHT ycTyBOp Basudanapu Ba GaonusaT WyHanunuiapu 3Tu0 o6enrunangu. by
Kapop WXpPOCHHHM TabMHHJIAIJA KBAaHT MAaWIOHJIAp HA3apUsCH Ba YU3UKIU
ONEPATOPJIAPHUHT CHEKTPpAJl HA3apUACHUHU PHUBOXKJIAHTUPUII MYXUM HIMHIMA
axamusTra sra XucoOJiaHa u.

V36ekucron Pecniy6nukacu Ilpesunentununr 2017 #iun 7 despangaru [1D-
4947-con «Y36ekucToH Pecrny6nuMKacHHM SHAja PUBOMKIAHTHPHUIN —Oyiinda
xapakatiap crparerusicu Tyrpucuaay dapmonn, 2019 wun 9 uronnaru 11K-4387-
coH «Maremaruka TabJIMMH Ba (DaHIIApUHU SHAAa PUBOXIAHTHPUIIHU JaBJaT
TOMOHHIAH KyJIa6-KyBBaTIIalll, IyHUHTEK, ¥Y30ekucTon Pecry6mikacu ®annap
Axkanemusicununr  B.M.PomaHoBckuii Hommumarm MaremMaTtuka  MHCTUTYTH
daonuaTHHN TyOJaH TaKOMWLIAIITHPHINI Yopa-TaaOupiapu Tyrpucuga» Ba 2020
nun 7 wmaiimarm [IK-4708-con «Marematnka coxacuaard TabiuM CUGATAHA
OLIMPHUII Ba  WIMHI-TAAKUKOTIAPHA  PUBOXIIAHTUPUII  4YOpa-TaaOupiiapu
TYFpUCHIIa»TU Kapopiapu Xamaa Ma3Kyp (aojusTra TeTUIUIM OOIKa HOPMATHB-
XYKYKUH XyxokaTiapaa OenrwiaHrad BasuaiapHd aMaira oIWpHIga yuoy
JUccepTalys TaIKUKOTH MyailsiH Japaxaa Xu3mMaT KAIaau.

TaankuKOTHUHI pecny0aMKa (paH Ba TEXHOJIOTMSJIAPH PHUBOKJIAHUIIN-
HHUHI YCTYBOP HYHAJMILIAPUIA MOCJUTH. Ma3Kkyp TaJKUKOT peciyOnuka ¢an
Ba TEXHOJOrMsIap pUBOXIAHMIMMHUHT V. «Maremaruka, MeXaHUKa Ba
nH(pOpMaTUKa» YCTYBOp MYHaIMILIN Joupacua OaxxapuiraH.

MyaMMOHMHI YPraHuIraHjJMK Japaxacd. busra MabiyMKu, aTtom Ba
MOJIEKYJIIp ~ Xamjaa KaTTUK o Kucumiap  (u3MKacd, KBaHT  MailJIoHIap
Ha3apUsACMHUHI MyxuM Macanamapu lllpenuHrep omneparopiapvuHu  TaaKHUK
KWIMIITa KapaTuirad. by coxamarm 0ab3u HaTwxkanap HaHXapajgard 3appadaiap
cucremacura moc lllpenunrep omeparopmapu yuyn XX acpHuHr 90-umsmnapuna
nactiad A.M.Morunbnaep, [.C.Martucnap TOMOHMIAH KapajraH Ba yHIa OHWJI
TaJKUKOTIIAp M34YWJ PUBOXKJIAHIU. XycycaH, nuckper Lpéaunarep oneparopiapu
YU4yH XOC KHUHMAaTIapHUHT MAaBXYyJUIMTH Ba MyXHM CHEKTp arpoduiaru
Eimnmanapu, y3apo TabCHp JOMUMUNUCHHUHT  OYcaraBuUili  KUHWMaTHIaru
XoJlMcanapHu aHuKiam kabu macananap M.Knayc, C.Anns6eBepuo, [1.dapua ne
Bera, P.A.Munnoc, b.Caiimon, C.H.Jlakaes Ba K.MakapoB Ba Ooikanap
TOMOHMJIAH TaJAKWUK KwinHrad. llamkapajgaru 3sappadajiap CHCTEMAacHra Moc
[lIpénunrep omneparopiapuHUHT crekTpan xoccanapu M.O.Kappon, Papua na
Beura Ba JI.MopuarTtunap TOMOHMJAH CHCTEMa TYJa KBa3WMMITYJIbCUTAa OOFJIMK
paBuia TaaKuK KwinHrad. llamxkapanaru LlpennHrep onepaTopiiapuHy KaTbud
MaTeMaTUK MabHOJA TAIKWK Kuinina y3nykcus Lllpenunrep omeparopiiapuuaru
Kabu MyamMmonap yupailau, sSbHU, AacTiad Oup, MKKA Ba XOKa30 3appayaiu
oriepaTopapHu YpraHulll 3apypaTu nanao oynaiu.

[lanxkapanaru ukku 3appavanu penunrep omeparopu  OofJIaHraH
XoJaTiaapura Moc X0C Kuimartiap y3apo TabCUp JOMMHICH Y3rapyullyd HATHKACUIA
MyXHUM CHEKTPHUHT Kyiu OYycaracura sKWHJIAIIATd Ba TabCHP JTOUMHUHCHHUHT
0ab3u KUMMaTiIapuga MyXUM CIEKTp Kyiin Oycaracu OujaH ycTMa-ycT TyIIau.
H.AAdaes, b.Caiimon, x.Payx, M.Knay3 xamna C.H.JlakaeBnapHuHT uiuiapuaa
ymly Oycara KuiiMarra OOFJIaHTaH XOJjaT €KUM BUPTyal XOJaT MOC KEJWITUHU
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aHUKJIall Macanacu Kapaiaran.Hykranum noTeHuuamiap y4yH MaHXapa yiadamu
Oemira TeHr €ku OeuigaH KaTTa OYiraHjga MyXUM CIEKTPHMHI KyHU derapacuia
Oycara XoCc KUWMAaTh MaBXYJUIUTH, JIGKUH MaHXapa YyiyamMu OeliaH KUYUK
oynranga sca MaBxkya oSMmaciuru Il.®dapua na Bwura, C.H.JlakaeB xammia
O&. Xupoummanap TOMOHUIAH KYPCaTUIITaH.

Keitnnuanuk  C.AnGesepuo, K.Maxkapo, C.H.JlakaeB, 3.MymuHoB
TOMOHHMIAH d = 3 yia4amiu mNawxkapaaa Xy(pT-KypTu Owinan Kucka macodanaa

TabCUPJIAIIYBYM HMXTUEPUNA HMKKH 3appadajd CUCTeMara MOC HWKKH 3appadaiv
[Ipeaunrep omneparopu y4YyH XOC KHWMMATHUHT MAaBXyMIHK IIApTIApU
JTUCTIepCUOH (YHKIUSUIApHUHT KeHr cuH(u yuyH kypcarwinrad. C.H.Jlakaes,
II.FO.XonmaroB, A.M.XanxyxaeB xamaa I.C.JlakaeB unuiapuaa ymuamiiapu
y4/laH KaTTa OyiraH maHxapajiapja TOPTUIIYBYM KOHTAKT MOTEHIMAN €paMujia
TabCUPJIAIIYBYM UKKWATA KBAaHT 3appadyayin cucremara moc auckper Llpemnunrep
ONEPATOPJIAPUHUHT MaHXKapa yiadamiapH, y3apo TabCUp JOUMHUKCH Ba CHCTEMA
TYJIa KBa3UUMITyJIbCUTa OOFJIMK XOJJIa MYXUM CIEKTpJaH TMacTja sSroHa Xoc
KUMUMaTH MaBXyJUIMTH MCOOTJIAaHTaH Xamja XOC KuUWMarjap COHU Yy4yH
ACUMIITOTHUKAJIAp TOMMJITaH.

Jucceprauus TAAKUKOTHHUHI JUcCCepTanuMs Oa:kKapuiaérran oJMi
TabJIUM MYACCACACHHUHI WJIMHMHA-TAAKMKOT MILIAPH pexaaapu OuIaH
oorsmmkauru. Juccepranms taakukotd CamapkaHj JaBiaT YHUBEPCUTCTUHUHT
WIMHH-TAAKUKOT  WIUIApU pexacura MYBO(UK OT-D4-66-pakamamn
«lTamkapagarm 4YekiM COHJArd 3appadanap CUCTEMAach MOJEIUIapU. JHEprus
ONepaTOPJIAPMHUHT MYXHUM Ba JUCKpeT crmektpiapu» (2017-2020 .
MaB3ycujaru GyHaaMeHTan TaAKUKOT JIOMUXacu Joupacuaa Oaxxapuiiras.

TagKUKOTHHHI MAakKCcaaM TaHwxapajaru UKKW 3appadann [penunrep
OTEPATOPUHUHT MYXUM Ba JUCKPET CIEKTPJIAPUHU TAIKUK KUJIUIIAaH HOOpaT.

TaakukoTHUHT Bazudagapu KyinaaruiapaaH noopar:

Oup VYnuamiaum Tamkapaaa y3apo SKUH  KYIIHM TyryHiaap — Ousad
TabCUPJIAITYBYM WMKKU (epmuoniu cuctemara moc lllpenunrep omeparopu xoc
KUAMATIIADUHUHT MABXYIUIUTH €KW WYKJIWTHHUA XamJa XOC KAMMATJIapUHUHT
COHMHH WKKH 3appadalid CUCTeMa KBa3UUMITYJILCH Ba TAbCHP DHEPTUsiCUTa OOFIIHK
X0J1J1a TAJKUK KUJIHIIL,

MKKM yIYaMJId TaHXapaja KHUCKA TabCHUPJIM MOTCHUUAT OpPKalud Y3apo
TabCUpJAITYBYM HWKKA ¢epMuonnun cucremara Moc Ilpeaunrep tunugaru
OIEePaTOpHM, YHUHT Ky3ranMac kucmu 0 € T? na allHMraH MUHUMyMTa 3ra Oyiran
aucnepiuon QyHkius Oynranna Kypum Xxamjaa k =0 Ba Gapua p > 0 napna
ONEPATOPHUHI MYXHUM CIEKTpIAAaH KyhuJa XOC KuHMaTiIapu MaBXyIJIUTUHU
ncOOTIaLL;

uXTUEpUN  Yo4amiid  TaHXapajga WKKA (QEpMHOHIM CHUCTeMara MoOC
[lIpenunrep omepaTopJapUHUHT KEHT CHH(DH y49yH KBa3UUMITYJILCHUHT HOJIMAcC
kunMmaTiapuga lllpenuHrep OnepaTOpUHUHI MYyXUM CHEKTPUAAH KyWHaa XOC
KUMMATJIaPUHUHT MaBKYJIMTMHA KYPCaTHILI,

UXTHEpUNA  Ya4amiid  TaHXapajga WKKA (QEpMHOHIM CHCTEMara MoOC
[Ipeaunrep omeparopr MyXUM CHEKTPUHUHT Kyin Oycaracu pe30HaHC EKU XOC
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KuiiMaT OyiraHjga, KBAa3sMUMITYJIbCHUHI Hoimac KukMariapuna Illpenunrep
OTIEPATOPUHUHT MYXHUM CIEKTpPUIAH KyHuja XOoC KuUHMar maigo Oynumm €Eku
OYIMaCIUTUHYA aHUKJIAILL.

TaakMKOTHUHT 00beKTH KyOWK MaH)KapaJaru UKKHU 3appadyalid cucremara
moc [Ipenunrep onepaTopuian uoopar.

TagKUKOTHHHI mNpeAMeTH TaHXKapajgaru UKk 3appayanu peguHrep
OTEPATOPUHUHT CIEKTPaJl XOCCATapUHU TAIKUK KUJIUIIIaH noopar.

TagKUKOTHUHI ycy/uiapu. TaIKUKOT MIIKAA MATEMATHK aHAIN3, KOMIUIEKC
aHanu3, (GYHKIMOHAJT aHaIN3, MaTeMaTuK (U3MKa, Y3-y3ura Kymma oreparopiiap
Hazapuscu, bupman-llIBunrep npuniunu, OpearoabM JIeTEPMUHAHTUHUHT
ACUMIITOTHUKACUHU aHUKJIAIl yCyJUlapuaaH (oianaHuiIraH.

TagKNKOTHUHT MJIMHUI SHTWIKMTY Kyiugarwiapiad uoopar:

Oup Vrauamiau TMamkapaga y3apo AKWH  KYIIHH TyryHjaap OujaH
TabCUPJIAITYBYM UKKUA (epmMuoHiu cuctemara moc lllpenunrep omeparopu xoc
KUIUMATIApUHUHT MaBXYJUJIMTH €KUM HUYKIWTU XaMJa XOC KHUMMaTIapUHUHT COHU
WKKHU 3appadyalid CUCTeMa KBAa3WUMITYJIbCH Ba TahCUP DHEPrUsicUra OOFIMK X0JIIa
TYIUK TAJIKUK KUJIUHTaH;

MKKM VyI4aMid [aHXapajaa KUCKA-TabCUPIM TOTEHLMAl OpPKAIA Y3apo
TabCUPJIAITYBYM MKKH ¢depMuonan cucremara moc [peaunrep tunuaaru
oreparop, yHMHI Ky3ranmac kucmu 0 € T? na aliaurad MuUHMMyMmra sra Oyira
aucnepiuon GyHKuMg Oynranaa Kypwirad xamjaa k = 0 Ba Gapua p = 0 napna
ONEPATOPHUHI MYXHM CIEKTPJaH KyHHJa XOC KHWMAaTIaph MaBXKYIJIUTH
UCOOTIaHTaH,

UXTUEPUNA  YI4amild — MaH)Xapajga WKKA (EpMHOHIM CHUCTEMara MoOC
[lIpenunrep OMEPAaTOPUHUHI KEHI CHUH(PU Yy4yH KBa3UUMITYJbCHUHI HOJIMAcC
kunMmatiapuaa lllpenuHrep oOnepaTOpUHUHrI MyXUM CHEKTPpUAAH KyWHaa XOcC
KUMMATJIaPUHUHT MaBKyJIMTY KYPCAaTUJITaH;

UXTHEpUNA  Yo4amiid  TaHXapajga WKKA (QEpPMHOHIM CHUCTEMara MoOC
[lIpeaunrep omeparopu MyXuUM CHEKTPUHUHT Kyl Oycaracu pe3oHaHC €KH XOC
KuiiMaT OynraHjma, KBasHUMITYJILCHMHI HoJMac KukiMmatiapuaa Ilpexunrep
OTEPATOPUHUHT MYXHUM CIEKTPHJIaH KyWHuaa XOC KUWMAT maigo Oynumm Exu
naiio 6yaMaciauru ucOoTIaHTaH.

TaagKUKOTHUHT aMaJIMii HATHXKAJIAPM KyHuaruiapaad noopar:

UXTUEPUN YIIuaMiid TMaHXKapajJard UKKU (PEpMUOHIM CHCTEMara MOC HMKKHU
3appadann  [lpenunrep omneparopu Xoc KuMMaTiaapu xoccanapu JlanmacHUHT
HOJIOKAJI OllepaTopy YUyH 0ab3u yerapaBuil MacalaJlapHUHT XOC KHIMaT Ba XOC
GyHKIUSTIApHU KYpHUI YCYJUTApUHU TaIKUK ATUIIT UMKOHUHU Oepras;

Oup Vayamim maHXkapagard HWKKH (EepMUOHIM CHUCTeMara MOC HKKH
3appadan  Illpenunrep omneparopu XOC KUKWMATIapU XOCCAJIAPU JTUCKPET
craunonap lllpenuHrep omepatopu y4dyH Y3JyKCU3 CHEKTPAAH TAIIKAPUIA XOC
KUMMAaTJIapHUHT MaBxkyZd sMaciuru lllpeaunrep TeHrmamacu ydyyH BakT 4E€KCH3ra
WHTWITAH/a HOJITa UHTUJIMANWIMTaH €YMMIIAPHUHT MaBXKY 1 SMACIUTUHU KYPCaTHUIL
WMKOHUHHU OepraH.



TagkukoT HATHKAJIAPUHUHT HIIOHYWIHJIUTH. MaremaTtuk
MyJIOXa3aJapHUHT KATBUIIMIM XaMJa MaTEeMaTUK AaHaJIW3, KOMIUIEKC aHalu3,
GbyHKIMOHAT aHaIU3, MaTeMATUK QU3KKa, ¥3-Y3Ura KyliMa onepaTopiap CreKTpas
Hazapusicu, bupman-IlIBunrep npuHnunu, OpearoabM JIeTEPMHUHAHTUHUHT
ACUMINTOTUKACUHU aHUKJIAII YCYJUIAPUHUHT KYJUIAHUIUIIHN OUJIaH acocliaHaIu.

TagKUKOT HATHKAJIAPUHUHI WJIMHHA Ba aMajJMil axaMusTH. TagKuKOT
HAaTWKAJIADUHUHT WIMHAA aXaMHSATH VY3-y3Ura KyliMa omnepaTopiap CHEKTpall
Ha3zapusICHa, KBAaHT MEXaHUKACH Ba KATTHK >KHCMIIAp (U3MKacuaa MaH)Kapaaaru
WMKKHA Ba y4 3appadajy CHUCTEMa JHEPTUsl ONEpaTOpJIApH CIEKTPIIApU Xamza XOcC
KHIIMaTH MaBXy[UIMTMHU KypcaTuil OwiaH OOFJIMK MacalajlapHU Xal 3THILJA
doiinamanuin MyMKHUHIATH OWIaH W30XJIaHAIH.

TagKUKOT  HATWXKAJTAPUHUHT  aMaJIMM  aXaMUATH  OJMHTaH  WJIMHMN
HATWKATAPHUHT KATTHK OKUCMJap (U3MKACH Ba KBAHT MeEXaHMKacHIa
HKCIIEPUMEHTA TAJKUKOTJIap YTKAa3WIl Ba KYyJUlalira Haszapuil acoc cudaruia
XU3MaT KWWY OWJIaH OeruIaHaIu.

TagKuKOT HATHKAJAPUHUHI KOPpUH KuauHumuU. [lankapagar HKKU
3appadasii cucremMara moc IIpénuurep onepaToOpuHUHI MYXHM Ba JIHUCKpET
CIIEKTpJapura OuJ OJIMHI'aH HaTHXajaap acoCuja:

uXTUEpU  YmyamuiM  TaHXkapajga WKKA  (PEepPMHOHIM  CHUCTeMara MocC
[Ipeaunrep omnepaTopJapyUHUHT KEHT CHH(U y4yH KBA3WHUMITYJIbCHUHT HOJIMAC
kunMatnapuga lllpeaunrep onepaTOpUHUHI MYyXUM CIEKTpUAAH KyuMuga XOcC
KUIUMAaTIapy MaBXyJIMTUHA KypcaTUIl yCYJUTApUIaH “DJUIMNTUK TEHIJIamasiap Ba
YIIAPHUHT Kacp TapTUOJIM aHAJIOTU YU4yH KJIACCHK Ba KJIACCHK OyIMaraH yerapaBuid
MacajlaJlapHd €4uIl ycyJulapuHu unuiad uukum’” wmap3dycugarn AP05131268
pakamiIM XOpWKuil joinxana doigananwirad (Xyxka Axman SlccaBuit HOMIIU
XalKapo  KO30K-TypK  yHuBepcuteTMHMHr 2021  #umn 2 HosOpparu
MabiIyMoTHOMacH). [lamkapagaru WKk (QEPMHOHIM CHUCTEMara MOC WKKH
3appavasii  lpenunrep omeparopu XoC¢ KuMMaTiapu Xxoccanapu JlanimacHUHT
HOJIOKAJI OTlepaTopy YYyH 0ab3u derapaBuil MacalaJlapHUHT XOC KHMaT Ba XOC
GyHKUIUSIIApHU KypHUIIl YCYJUTAPUHU TAJKUK STUIII UMKOHUHU O€praH;

Oup Yimuamiu maHXkapajaa y3apo SKWH KYIIHU TYTYHJap/a TabCUPJIAIlyBYU
ukku Gepmuoniu cuctemara moc Illpeaunrep omeparopu Xoc KUMaTIAPUHUHT
MaBXKYIUIMTH €KA WYKJIMTMHU XaMmJa XOC KHWMMATJIapUHUHT COHWUHH WKKH
3appadajii CUCTEMa KBa3MHMMITYJbCH Ba TabCUP DHEprusicura OOFJIMKJIUIUra OWJL
Hatwxkanapaad OT-d4-69 «I'apMoHUK aHaMM3, AapakaJid TEOMETPHSI BA YJIAPHUHT
MaTeMaTuK (U3MKa Macajajapura TaTOMKIapw» MaB3yCHJard TaJKUKOT
JolMxXacuJa TapMOHMK aHAJM3HUHI MaTeMaTuk (u3MKa macanajapura
Tanoukitapuaa donananunarad (CaMmapkanja JaBjiaT yHUBepCUTeTUHUHT 2021 iun
23  wosiopmaru  10-4720-coH  mabaymoTHOMacu). MiMuii  HaTwKaJIapHUHT
KyJUlaHWIMuM auckper crauuoHap Ilpeaunrep omeparopu ydyH y3iIyKCH3
CIIEKTpAAH TalllKapuJa XOC KHUMMAaTJIApHUHI MaBxkyl sMacauru [penunrep
TEHIJIAMAaCH Y4YyH BakKT YEKCH3ra HWHTWITaHJa HOJIra HHTWIMAaWIUTraH
CUMMIIAPHUHT MaBXKY/]l YMACITUTUHUA KYPCATUIIl HIMKOHUHU OepraH.



TagkukKoT HATHXKAJTAPUHHUHI anpodaumsicu. JluccepTalUsSHUHT acocuil
HaTWXkanapu 3 Ta xankapo Ba 4 Ta pecnyOinKa WiIMUH—aMaiuil aHXyMaHapuaa,
)KamMu 7 Ta WIMUHA—aMaliii aHKyMaHiapaa MyXOKamMaJlad yTraH.

TagKuKOT HATHKAJIAPUHUHT JBbJOH KHJIMHranJauru. J[luccepraums
MaB3ycu Oyitmua sxamu 11 Ta MMMl HII 9O STHITaH, IIyJapiaH, Y36eKHCTOH
Pecniybnukacu Onuii  aTTecTanusiCd  KOMHCCHSCUHUHT  (dancada AOKTOpHU
JUCCEpTAlMSUIApUHA XMMOS KHWJIMILJIA TaBCHUsl ATWJTaH WIMHA Hampiapaa 4 ta
MakoJa, KymJiaJaH, | Tacu XOpHKUi Ba 3 Tacu peciyOIMKa KypHaUIapyuaa HaIp
STUITAH.

JlAccepTaUMAHUHT TY3WIHIIH Ba Xa)kMH. [luccepranusi KUPUII KUCMH,
yuta 000, Xyjoca Ba ¢oiinanaHuirad agabuérnap pyWxarugaH TAIIKUI TOMTaH.
HuccepranussHuHr Xxaxmu 80 O€THH TAIlIKWII TTaH.
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JIACCEPTAIIUSIHUHT ACOCUM MASMYHH

Kupum xucmuaa aumccepranus MaB3yCHHUHT J0J3apOJIMTU Ba 3apypaTu
acocllaHraH,  TaJKUKOTHUHT  pecnyOiuka  ¢aH  Ba  TEXHOJOTHUsIIAPH
PUBOKJIAHUIIMHUHT YCTYBOp MYHalIWIUIApUra MOCIUTH KypCaTWUITaH, MaB3y
Oyiinya XOpMXKUN WIMHA-TQAKUKOTIAp IApXy, MYaMMOHMHT YpraHWUJITaHJIUK
Japakacu KENTUPHWIraH, TAJKUKOT Makcalu, Bazudanapu, oObeKTH Ba MpeIMETH
TaBCU(IaHTaH, TAAKUKOTHUHT WJIMUN SHTWJINTH Ba aMajuil HaTWXamapu OaéH
KWIMHTaH, OJIMHTAaH HATWKAJapHUHT Ha3apuid Ba aMalldid axaMHUSITH OYHO
OepwiiraH, TaAKUKOT HATHMXKAJAPUHUHT >KOPUN KUIMHUIIM, HAIIP STUJTAH HIILIAp
Ba JUCCEPTANHS TY3WININ OYinda MabIyMOTIAp KEJITHPHIITAH.

JucceprauussHuHr «bouLIaHFUY MabJAyMOTJIAaP Ba MaHKapagaru Oup Ba
HKKH 3appaydyajii CUCTeMa TaMWJIbLTOHHAHJApW» 1¢0 HOMJIAHYBYM OWPUHYHU
000uaa acocuid HaTWXKalapHU O0a€H KWW Y4YyH 3apyp OYiraH TylmyHYajgap Ba
HaTWKalap, *XymiaJaH YerapajaHrad y3-y3ura KyliMa oleparopiap CHEKTpall
HA3apUACUHUHT 3apyp TeOpeMallapyu KeITUPWITaH Xamja HKKUTa Oup Xui
dbepMuoOHIIap CUCTEMAcHd TaMUJIbTOHMAHIIAPUHUHT KOOpJMHATA Ba HMITYJIBC
KYpUHUIIUIapUAa 4YerapajaHral Vy3-y3ura KyliMa omepaTtopiap cudaruaa Moc
riibOepT daszonapunia KapainraH. Mkku 3appadanu cuctema Tyia KBa3UUMITYJIbCH
KUPUTUINO, UKKUTA OWUp XWi (epMUOHIAp CHUCTeMacu TaMuibTOHHaHU DoH-
Heiiman wuHTerpanura ¢Etmnran. Hartwxkana ukkura Oup xun  pepmuonHiap
CUCTEMACH TaMUJIbTOHWAHHW CIEKTPUHM YPraHHWII Macalacu KaBaT OIeparopiap,
apHU AuckpeT IlpenuHrep omeparopiapy CIEKTpal XOCCATAPUHU YpPTraHUII
MacaJlaCura KEITUPHUIITaH.

Muccepranmssaunar «llanskapagarm MKKH (epMHOHJIM cHcTeMara Moc
auckpet lHlpeaunrep oneparopu xoc kuiMataapu» 10 HOMJIAHYBYM UKKUHYH
000umga Oup VYiauamiaum TmamXkapaaa Yy3apo SKUH KYIIHH TYyryHiap Ousad
TabCUPJIAITYBYM WKKW (depmuonnu cuctemara moc lllpenunrep omeparopu xoc
KUUMAaTJIIAPUHUHT MaBXYJJIMTH EKU UYKJIUTH XamMJla XOC KHMMATJIapUHUHT COHUHU
WKKHU 3appadyalid CUCTeMa KBa3WUMITYJIbCH Ba TahCUP DHEPrUscUTa OOFIMK XOJIIa
TYJUK ypraHwirad. byH/1aH Tamkapy MKKH YJIYaMiId MaHXKapajaa KUCKA-TabCUPIIU
MOTEHIIMAI OPKaJW ¥3apo TabCHUPJANIYBYM HWKKH (HEPMUOHJIM CHCTEMara MocC
Ipeauurep TMIMOArH ONEPATOp Kypuirad. YHuHr KysraaMac kucmu 0 € T? na

alHUTaH MUHUMyMra sra OYJIraH IUCIIEPCHOH MYyHOca0aT opKaiu OepuiraHjia
OTNIEPATOPHUHT MYXHMM CIIEKTPJIaH KyWHIAru XO0C KUimatiapyu MaBxyaiauru k = 0
Ba i > 0 napna ucOoTnaHraH.
WNkxuHum 600 acocuii HaTWKaJapUHUHT KAThbUWA MaTeMaThK Oa€HUTa YyTamus.
®apa3 kunaimk, Z% — d-youamnn kyOouk mamkapa Ba €2°(Z%) —Z% na
aHUKJIAHTaH KBaJpaTh OWIaH »XaMJaHyBUYM TOK (GyHKIUsap ruidept dazocu
xamaa £2(Z%) —Z%na ammknaHran xamnanyBun ¢yHkuusiiap banax ¢dazocu

oyncun. Ilamwxapaga y3apo SHT SKUH KYIIHW TYTyHJap OWJaH TabCUpJallyBYd
uKku (hepMuoHIM cuctemara Moc auckper Ilpenunrep onepatopu H;(k),k € T

KOoopauHaTa TaCBUpPHU
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H;(k)=H,(k)+ AV, k €T, AER
dbopmyiia OuslaH aHUKJIAHTaH.
by epna H, (k) oneparop T&mmuil Tunuaaru oneparop 0yuo,

[Ho(OfI0) = ) Ele—0FG) ,f € £2°(D)

yEE
dbopmyia OunaH aHuKjIaHTaH. byHna,

& &
E.(x) = [31?‘7 + e_lEx] e(x), keT,xeZ
Ba
2, x=10

1
g(x) = -5 x| =1,
0, |x| = 1.

Tabcup oneparopu V —kynaiitupuin onepatopu 0ynuo

[VFIG) =v()f(x), [ e€>*(D)

KaOu aHWKJIaHaI1, OyHIa
1

- lxl =1,
v(x) =12 Il

0, |x| = 1.

V' kommakr omeparop odkamnurumad [.Beiin Tteopemacura acocan H; (k)
OINEPaTOPHUHT MyXuM cCriekTpu Hy (k) omepaTOpHHHT MyXHM CIEKTpH OuaH
yCTMa-yCT TyIIAau, SbHA

Oess (H () = Oas (Ho (K)) = [Eqnin (), Eea (1],
OyHJ1a

Emin(k) :==min&,(q) =1 — cos—, Emax(k) = max&,(q)= 1+ cos—.
qeT 2 geT 2

bus C; (k,A) Ba C (k,A) mapuunr vojnapu I'™ Ba '™ umsukiap opkaau

(k, A) mapametpnapuunr (—1m,m) X R itynarunu G, @ = 0,%1 60ornanran
KOMIIOHEHTaIapra aKpaTaMus:

Gy = {(k,A) € R*:C; (k,A) < 0},

Gy ={(k,2) e R*: (5 (k, 1) > 0}
Ba

G ={(k,2) e R*:Cf (k,A) < 0},

GF ={(k,2) e R*:Cf (k,A) = 0}

1-Teopema. dapa3 Kunanuk, k + 1.
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(i) Uxrtuépuit (k,1) € Gyg = Gy NGy  yuyn H,(k) omepartop mMyxum
CIEeKTpJIaH Kyiuaa Xoc Kuiimatra 3ra sMac. byHnaH tamkapu 6ycara
H; (k) MyXyM CIIEKTPHHUHT PETYJISp HYKTACH.

(i) Dapa3 kwnainmuk, (k,A) €T ~. YV xonma H,(k) omepatop MyXxum
CIIEKTP/aH TallIKapuaa SKKaJaHraH X0C KHMMAaTra ara 9Mac Ba MyXuM
criekTp 6ycaracu £, (k) Gycara pesonancu Gynaim.

(ili) apa3 xwnaitmuk, (k,A) € I'*. YV xonma H;(k) omepatop Myxum
CIIEKTP/aH TaIlIKapuaa SKKaJaHraH X0C KHMMaTra ara 9Mac Ba MyXuM
crieKTp Oycaracu émﬂx (k) G¥ycara pe3oHaHcH OYaau.

(iv) WUxtuépuit (k,A)E G, =G; NGy yuyn H;(k) omeparop
(—oo, &, (k) na érysun sirona z~ (k, 1) xoc KuiiMartra ora.

(v) Uxtuépuit (k,1) € Gy =Gy NG yuyn  H,(k) oneparop
(€. (k),+0) na érysun srona z* (k, 1) xoc Kuiimarra sra.

1-naTmxka. ®Papas kunaimmk, k = € T. V xonga uxtuépuii A € R yuyH

H,(m) omepatop A << 0 yuyn z(m,A) <2 Ba A=>0 yuyn z(m,A) =2 Oyaran

A o
arona zZ(m,A) =2+ S XOC KuiimaTra ora.

by umina € pyHkuusHu

4,  |x|=0
-1, x| =1
=+1
il B
0, J|x|=2
KYpUHUIIIA TaHnaimu3 Ba X = (x;,%,) € Z* yuyn |x| = |x,;| + |x,| Ilynunr

yuyH £ QpyHKIMS

2
A 1 2
Ep)=4—- Z [2 cosp; — 3 08 2p;] —I—gcnspl COS P,

i=1
xypunnnia Ba T? ga ronomopd GyHkms 6ymaau.

busHMHT KyWparu Hatwka xap Owp Honmac moreHuuan pv yduyn H,(0)

OTNEPATOPHUHT MYXHMM CHEKTPAaH KyWHAa XOC KUHMATIapUHUHT MaBKyUIUTHHU
Kypcaraiu.

2-teopema. dapas xunainuk, v € £1(Z*) HoMmycOaT, HonMac (aliHaH HOJIAH
daprim) syt Gynxims 6Yncun. Y xonna uxtuépuii g > 0 yuyn H, (0) oneparop
Oess (H,(0)) Myxum cniextp Gycaracu €_.. (0) nau xyitnna z,(0) xoc xuiimarra
ara Oymaau.

Hucceprauusinuar  «llanxkapagaru UKk (GepMHOHIM CHCTEMAHUHT
O0ycara >¢dexTn» 160 HOMIAHYBUM Y4YMHUM Oo0OuIa UXTHEPUN Ymyamiu
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namkapaga uKku ¢epmuoHian cuctemara Mmoc lllpeaunrep omepaTopiiapuHHHT
KeHI CHUH(pU Yy4yH KBa3HMUMIYJbCHUHI HoJMac Kuitmatnapuaa [lpenunrep
ONEPATOPUHUHT MYXUM CHEKTPUIAH KylHaa XOC KUHMATIAPUHUHI MaBXKyMJIUTU
KYpCaTHUJITaH.

Yyunun 000 acocuil HaTWKATAPUHUHT KaThUI MaTeMaTUK OaéHUra YTaMus.

Vkkn depmuoHnn cucremara Moc auckper Lllpexunrep omeparopu £2° (Z4)
runb0ept (azocuaa Kyiuaaru popmynna OmiaH aHUKIaHTaH:

H(k)=H,(k)+V,k € T?,

By epna, Hy(k), k € T? ypama oneparopu
H (0N = ) EG=NF), @@

yEEd
Kabu TacBUpiaHaIU , OyHIa

() 4 o5 d
Ep(x) = [el 2% 4 o7H\2¥ ] e(x), (k,x): = Z k,x, k € T% x € Z?¢
n=1

Ba £ € £1(Z%).

Nxtuépun v € £1(Z%) KypT QyHkius yuyH V omepatop KymanTupuin
oreparopu cudaruia

VA (x) = v()f (x),f € £2°(Z%)

KaOW aHWKJIaHTaH.

1-rumore3a. (i). Jucmepunon myHocabar & € C {zj(Td] — T9,d =1 narm
XaKUKUM KHAMATIIN MAapTId MaH(PUN aHUKJIAHTaH (QYHKITUS.
(ii). Hommac (aifinan Hompman dapkmm) xybr v dyuxmus Z%,d = 1 ga a6eomor

D P e)] < e

xeTd

JKaMJIaHYBYH Ba KyWHJaru

[IapTHU KaHOATJIAHTHUPpAaOIH.

®apa3 kumaiinmuk l-rumortesa wiaptiapu Oaxapmicu. Mxtuépuit k € T® Ba
X,y € Z% yayn 6u3

x sin(p, x)sin(p,y)n(dp)

Ro(0,Emin (0);x,7) =

i Eo(P) — Emin (0)

Ba

~ 1 N 1
B0, Emin (0);%,7) = [V(O)2Ro (0, Emin (05, 7) V()2
GYHKIUSITApHU aHUKJTaliMU3.
1-nemma. d = 106Yyncun. ®apa3 Kuiaiiuk l-runore3a maptiaapu

OakapwicuH. Y XoJa KyiHaaru TabCAUKIap YpUHIIN:
(1) Ry (0, €, (0);-,-) byrkimst Z% X Z% na aHuKIaHTaH;

(i1) B(0, émin (0);,) siapo Z% X Z% na kBajgpaty GHIIaH KaMIaHyBYH (YHKIIHL.
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buz Z°% namxapanarn H(0) Illpexuurep omepaTopura MOC yMyMIallraH
bupman-11I1BuHrep oneparoprnu Kynnaarnya aHuKJIanuMus3.

1-tabpud. d = 16yncun. Papa3z kunaamk l-runore3a maprTiapu
OaxapwiacuH. Ymymiamrad (amMuTuk) B (O,émin (D]) bupman-I1IBunrep

oreparopu £2° (Z%) na mHTerpai onepaTop OpKaIH
(B (0, £min(0)) Y] () = [V Ry (0, £in(0)) IVI2Y] )
= D B(0Ema(@ix)¥0),

yerd

Kalu aHMKTaHaau, Oy epaa

[Ro (0,£1a @) 9] (0= " Ro(0,€min (0i%,3)0 (1), @ € €@

yerd

2-rappud. d > 16yuacun. Myxum cruekrp 0. . (H(0)) muar z = &_,_(0)
oycara kuiiMatu H(0) omeparop MyXuM CHEKTPUHUHT CHUHTYJSP (M.p. pEryssip)
HyKTacu Aeimnanu arap 1 coHu B(U,émin (0)) omepaTropHHMHT X0C KHMATh (M.p.
peryisip HyKracu) oyica.
®dapas kumaitmk ©(Z9),

loll = sup L&

xezd x|+ 1
Hopmara Hucbatan ¢(x) = 0(|x|+ 1),|x| = oo maptHu KaHOATIAHTHUPYBUYH
¢:Z% — R dynxiumsnapaunar baxax dasocu 6YIcHH.
l-scnarma.  bycara z =&, (0), H(0),0€T? onepatop Myxum
CIEKTPUHUHT CHHTYJISAp HyKtacu Ba 1  ¢yakuus B (Drémm (O))lp =
TEHIJIAMaHUHT TPUBUAJ OyJIMaraH e4uMu OYIcuH. Y Xoiaa ymymiamrad bupman-

[IIBuHTEp NPUHIMOUAAH KyiiJarnya xyJjioca KHIaMus:
1. Arapd = 1 (m.p. d = 2) 6yuca, y xoiaa

1
f =R (0,£0in(®) V1 € £2° @

Gyuxuus H(0)f = émin (0)f tenrnamanuur eunmu Ba y P(Z%) (m.p. £4(Z%)) na
éragu. Bymman tamkapu, arap f € P(ZE)\E*°(Z%) mp. f € £, (Z9)\ £2°(Z%)
6ynca, y xomma z =&,;.(0) cunrymsip mykra H(0),0 € T oneparopaunr
BEPTYAJI CATXU ACHUNJIA]IN. )

2. Arap d = 3 6¥ica, y xomma H(0)f = £,,;, (0)f tenrnamanunr (5) eunmu,
£2°(Z%) na éramu, SABHU Z = émin (0) cuurymp wuykra H(0),0€ T¢
OTIEPATOPHUHT X0C KUUMaTH OYJIau.

JluccepTallMsTHUHT  acOCMi  HaTWXacu Oynran KyWuaaru  (KY3Fajuiil
HazapusaculaH QoiinaraHMacaaH) OJIMHIAaH HATHKaMH3 LIYHU KYpcaTaJuKu, arap

Oycara z = §min(0] MYXUM CHEKTPUHUHT CUHTYJSIp HyKTacu OVyica, y xoJsja
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H(k),k € T? IlIpexuurep onepatopu Gapua k # 0 napia sSHIM X0C KHIMATIAPHA

XOCHIT KHJIAIH.
3-Tteopema. dapa3 kumaiimuk d =1 OYncun Ba l-runore3a mapTiapu

OaxapwicuH xamjaa Oycara z = émin(ﬂj, H(0) onepaTop MyXuM CIICKTPUHHHI
cunryssip Hykrach, seau ||B(0,E ., (0))|| = 1 Tenrmux Ypurm 6¥acun. Y xomnma
uXTHEpHiA K € T\ {0} yayn H(k), k € T¢ orepaTop émin (k) man Kyhinma xoc
KuiiMatra sra 6ynamu. bynnan tamkapu, H(k),k € T\ {0} oneparopausr xap
6up Z (k) xoc xuitmaru Z (k) > €_;_ (0) TCHICH3IMKHY KaHOATIAHTHPAN.

lly Gunan Oupra, GM3HMHI KyWHJaru HaTHKamu3 LIYHJaH MOOpaTKH, arap
oycara z = £,;,(0) MyXuM CHEKTPHHUHI pPEryjisp HyKracu Oyica, y XoJa
H(k),k € T Illpexuurep onepatopd KBa3HHUMITYJIbCHUHI KHYHK Ky3FAIHIIAIA

SHTY X0C KHMMATJIapHUA XOCUJI KUIMANIH.
4-teopema. dapa3 kunaiauk d = 1 Ba l-runores3a maptiapu OakapuICHH

xamua Oycara z =&, (0), H(0) omepatop MyXWM CICKTPHHHHI pPEryJisp

HYKTacCH, AbHU

|B (O,émin (D])” << 1 TeHrcM3IUK YpWHIH OyiacuH. Y Xojma

0 € T? uykranuar mysgaii U(0) € T arpodu masxyaxu Gapua k € U(0) nap
yayn H(k) omeparop &, (k) nam Kyilmma Xoc KuiiMarra sra sMac Ba
k € T4\ U(0) € T? yuyn H(k) onepatop &, (k) nau Kyitmma xoc Kuiimarra
sra 6y MymkuH. Byrnan tamkapu, H(k),k € T% \ U(0) onepatopHHHT Xap
oup Z (k) xoc kuitmatu Z (k) = émin (0) TeHrcH3JIMKHU KaHOATIAHTHPATH.

Dcaarma. Jluccepranusana UKKU GEpPMHUOHIIA CUCTEMA KYpHUO YUKUITAHIUTH
cababnu, uXTUEPUI 3appauanap XohuaaH ¢apkiud yiaapok, Oy xosma Oycara
xonucacu mnanxapa ynmuamu d = 1 yuyH coaup Oymanu. bynpan rtamkapu, Oy
X0Jyla OM3 TOMOHJAH KEJITHPWITaH Ba HMCOOTIIAHTaH ymyMJjalirad bupman-
Isuurep npunmumnu H(0), 0 € T¢ [lpeauHrep OHEPATOPUHUHT BEPTyal CATXH
€ku OOFJaHTaH XOJAaTMHU KHUPUTHUIITa HMMKOH Oepaau Ba O3 KHUpPUTraH
ymymiamrad bupman-IlIBunrep oneparopunan QoiiganaHud acocuii HaTUXKaIap
IIAKJUTAHTHPUTIIH.

dapaz kwmaiimmk H(0) omepartop émin(D] JaH KyHuja SKOWJaIraH
Z,(0)=--= Z,(0) (xappamukmapu OwnaH xucoOmaranga) n=1 Tta xoC
knitmatra sra Ba H,,(0) € I = £2°(Z%), Z,(0) = ... < Z,_(0) xoc KuiimMaTiapra
MOC XOC BEKTOpJIapra TOPTHITAH 7 YI9aMJId HWHBApUAHT KHUCHM (a30 Xamua
Hy(0)=H O H, c £>°(Z%) 6yncun. Ilyauarnex H*(0) omeparop H(0)
mnar €, (0) nas Kyiimga xoc Kuiimarra sra Gymaiimuran H,-(0) kucum
dazomaru kucmu Ba B+ ('D, € min (U]) oneparop H*(0) ra moc bupman-I1IBunrep

omeparopu OyicuH. Y xonja 3- Ba 4-TeopemanapjaH Kydaard HaTwKajiap Kemauo
YUKAJIH.
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2-naTmxa. Papa3 kwiaimk d = 1 Ba 3-Teopema maptTiapu Oa’kapHIICHH,
mrynunaraek H(0Q) omeparop myxum crektp Oycaracuman Kyduaa = 1 Ta Xoc
KuiimMaTra sra Ba Oycara z = émin(D], H*(0) oneparop MyXuM CHEKTPHHHHT
CUHTYJISIp HYKTacHu, SbHH ||BJ‘[{],EAmin(D]]|| =1 Tenrnuk ypuniu OyincuH. Y
XoJaa uxTuépuii k € T\ {0} yayn H(k), k € T® orepaTop émin (k) nau xyiinaa
kamuga mn+1 Ta Xxoc KuiMatra odra Oymaam. byHmaH — Tamikapw,
H(k),k € T\ {0} oneparopuuur xap 6up Z(k) xoc xuiimaru Z(k) > Z,(0)
TEHTCU3JIMKHHA KAaHOATJIaHTUPA]IH.

3-naTmxa. Gapa3 kwiaimk d = 1 Ba l-rumoresa maptiapu OakapuiICHH,

mryauaraek H(0Q) omeparop myxum crektp Oycaracuman Kyiuma n= 1 Ta Xxoc
kuiimarra sra Ba ||B(0,€,,,,(0))|| < 1 TeHrcusmuk GakapwicHH, SbHU OYcara
zZ = émin (0), H*+(0) omeparop MyXuM CIHEKTPHHHMHI PEryIsp HyKracd OyiacuH. Y
xomna 0 € T mykranuur myngait U(0) € T? arpodu maexyaxu 6apua k € U(0)
nap yuyn H(k) omeparop €, (k) nau kyiiuma kaMuma n Ta Xoc KuilMaTra ora.
Bynmau tamkapu, H(k), k € T* \ U(0) omeparopuuar xap oup Z(k) xoc
kuiimatul Z (k) > Z,(0) TeHrcu3IuKHU KaHOATIAHTUPA/IH.
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XVJO0CA

Juccepranus uIM nNaHxapaaa uKku (pepMuoHIu cuctemara Moc Ipenunrep
OIEPAaTOPJAPUHUHTI MYXMM Ba JUCKPET CIIEKTPJAPUHU TAAKUK KWJIMINra
OarvIUTaHTaH.

JAuccepranuss TAAKMKOTHHUHI ACOCHMM HATHKAJIAPH aCOCUAA KyHHIaru
XyJiocajapra KeJaMmus3:

bup Vymuamnu mamkapama  y3apo  SKWH  KYIIHM TYyTyHjaap OuiaH
TabCUPJIAIIYBYM UKKH (hepMHuOHIN cuctemara moc lllpenunrep omepatopu xoc
KUMUMATIAPUHUHT MAaBXYJUIMTH €KUM MYKIWTUM XaMJla XOC KMUMaTJIapUHUHI COHU
UKKH 3appadalii CUCTeMa KBa3MUMITYJIbCH Ba TabCHUP IHEPrHsicura OOFJIMK XO0JIa
TYJIUK TaJIKUK KUIUHTaH,

Nkkn ynuamnm mnaHxapaga KUCKA-TabCHUPJIHA MOTEHUHAT OpKaIu Yy3apo
TQbCUPJIAIIYBYM MKKH (GepMuoHIn cucteMara Moc Ilpeaunrep tunuaaru
oreparop, yHuHr Kysranmac Kucmu 0 € T? ja aliHMraH MUHMUMyMra sra Oyiras
nucnepuuon GyHKius Oynranna Kypwirad xamaa k = 0 Ba Oapua u > 0 napaa
ONIEPATOPHUHI MYXMM CIEKTpJAaH Kyluaa XOC KUHUMAaTiIapu MaBXKyUIUTU
UCOOTIaHTaH,

Uxtuépuil ynauamiam mnaHxkapaga HMKKA (DEPMHUOHIM CHUCTEMara MoC
penunrep onepaTOpJapuHUHT KEHI CHUH(U YYyH KBa3WHMMIYJbCHUHI HOJIMAC
kuiMatnapuga llpeguHrep onepaTOpUHUHI MYXHM CIIEKTPUIAH KyHHIa XOC
KUMUMATIaPUHUHT MaBKYJIUTY KYPCAaTUIITaH,

Uxtuépuii yauyamiaum naHkapaaa WKKA (DEpMHOHIM CHCTEMara MocC
[Ipeaunrep omeparopu MyXUM CHEKTPUHUHT Kyl Oycaracu pe30HaHC EKU XOC
KuiiMaT OVyiraHjga, KBAa3UUMITYJIbCHUHI Hoimac KukMatriapuna Llpenunrep
OMEpPATOPUHUHI MYXUM CIEKTPHJIaH KylHaa XOoC KuUHUMaT maijgo Oynumm Eku
naiio OyaMaciuru ucOoTIaHTaH.
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INTRODUCTION (abstract of PhD thesis)

Actuality and demand of the theme of dissertation. Many scientific and
practical studies conducted around the world are mostly devoted to scientific
models of the processes occurring in the microworld. For the study of microworld
phenomena, quantum mechanics was based on the theory of electromagnetic
radiation in matter, the theory of quantum fields, the wave theory of particle
motion, and others. One of the most important physical quantities in any system of
quantum mechanics is its energy. The analysis of the spectral properties of the
energy operator (Hamiltonian) i.e., Schrodinger operator is one of the main
problems of quantum mechanics. In this regard, the particles systems of the
Schrodinger operator on the lattice serve as the theoretical basis for experimental
observations. Therefore, the development of research on spectrum (discrete
spectrum and essential spectrum) of the energy operators corresponding to
particles systems on the lattice remains to be important in solid state physics,
quantum mechanics, and statistical physics.

Nowadays, the solution of problems related to the spectrum of these operators

IS important in mathematical physics, as the position and number of eigenvalues of
the essential spectrum of Schrodinger operators in the grid are variable with
respect to changes in the total quasi-impulse and interaction energy of a two-
particle system. In particular, the two-particle Schrodinger operators in the grid
prove the existence of an isolated eigenvalues, a lower threshold resonance, or a
threshold eigenvalue, the development of research to determine the location of the
essential spectrum of the two-particle Schrodinger operator on a lattice and to find
the conditions for the existence of eigenvalues lying below the essential spectrum
is one of the most important theoretical and practical scientific studies.

In our country, a lot of attention is being paid to fundamental sciences which
have scientific and practical applications. The spectral theory of the Schrodinger
operators associated with systems of one and two particle moving on lattices have
quite wide range of applications in various fields, therefore its development is of
special importance. For the discrete Schrodinger operators associated with systems
of two particles moving on lattices, number of interesting results were obtained the
existence of bound states which is located outside of the essential spectrum and for
their number under various conditions. Conducting research have been identified
as the main tasks and areas of activity of mathematical science at the level of
international standards in the priority areas of “Functional analysis, mathematical
physics and statistical physics™. To ensure the implementation of the decision, it is

! Decree of President of the Republic of Uzbekistan at the “On state support for the further development of
mathematics education and science, as well as measures to radically improve the activities of the Institute of
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important to develop theory of quantum field and spectral theory of linear
operators.

The subject and object of our dissertation are in line with tasks identified in
the Decrees and Resolutions of the President of the Republic of Uzbekistan of
February 7, 2017, PF-4947, "On the strategy of action for the further development
of the Republic of Uzbekistan", PQ-4387 dated July 9, 2019 "On state support for
the further development of mathematics education and science, as well as measures
to radically improve the activities of the Institute of Mathematics named after V.I.
Romanovsky of the Academy of Sciences of the Republic of Uzbekistan™ and PQ-
4708 of May 7, 2020 "On measures to improve the quality of education and
research in the field of mathematics"” as well as in other regulations related to this
activity.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of the Republic of Uzbekistan, 1V,
"Mathematics, Mechanics and Computer Science".

The degree of scrutiny of the problem. We know that the physics of atoms
and molecules as well as solids, important issues in quantum field theory are
focused on the study of Schrodinger operators. Some of the results in this field
were first considered by A.l.Mogilner, D.S.Mattis in the 1990s for Schrodinger
operators corresponding to a system of particles in a grid, and research on it has
developed steadily. In particular, issues such as the existence of eigenvalues for
discrete Schrodinger operators and their distributions around essential spectrum,
the detection of events at the threshold value of the interaction constant by
M.Klaus, S.Albeverio, P.Faria de Vega, R.A.Minlos, B.Simon, S.Researched,
S.N.Lakaev, K. Makarov and others. The spectral properties of Schrodinger
operators corresponding to a system of particles in a lattice were studied by
M.O.Carroll, Faria da Veiga and L.loriatti in relation to the complete quasi-
impulse of the system. In the study of Schrodinger operators on a lattice in a
strictly mathematical sense, there are problems similar to those of continuous
Schrodinger operators, i.e., there is a need to study one, two, etc. particle operators
firstly.

The eigenvalues corresponding to the bound states of the two-particle
Schrodinger operator in the grid approach the lower threshold of the essential
spectrum as a result of the change in the interaction constant, and at eigenvalues of
the interaction constant overlap with the lower threshold of the essential spectrum.
In the work of D.Yafaev, B.Simon, D.Raux, M.Claus and S.N.Lakaev, the question
of determining the correspondence of the state or virtual state associated with this
threshold value was considered. P.Faria da Viga, S.N.Lakaev, and F.Hiroshima
were shown that there is a threshold value at the lower limit of the essential
spectrum when the grid size is equal to or greater than five for point potentials, but
not when the grid size is less than five.

Mathematics named after V.I.Romanovsky of the Academy of Sciences of the Republic of Uzbekistan” PQ-4387
dated July 9, 2019.
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Then S.Albeverio, K.Makarov, S.N.Lakaev, Z.Muminov developed a
condition for the existence of a eigenvalue for the two-particle Schrodinger
operator corresponding to an arbitrary two-particle system interacting in pairs at a
distance of d=3 in a grid for a wide class of dispersion functions were shown. In
the works of S.N.Lakaev, Sh.Yu.Kholmatov, A.M.Khalkhodjaev and Sh.S.Lakaev
the existence of a unique eigenvalue below the essential spectrum in relation to the
complete quasi-impulse was proven and asymptotics were found for the number of
eigenvalues.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation is done
in accordance with the planned theme of scientific research "Models of systems
with a limited number of particles on a lattice. Essential and discrete spectra of
energy operators" (OT-F4-66, Samarkand State University, 2017-2020).

The aim of research work. is to study essential and discrete spectra of two
particle Schrédinger operator on a lattice.

Tasks of the research:

to completely study the presence or absence and the number of eigenvalues of
the two-particle Schrédinger operator corresponding to a system of two fermions
on the one-dimensional lattice with the interaction of the nearest sites, depending
on the two-particle quasi-momentum and the interaction energy of the particles;

to construct the two-particle discrete Schrodinger-type operator associated
with a system of two fermions on the two-dimensional cubic lattice interacting
through a short-range potential; to prove that if the unperturbed part with a
dispersion relation having a degenerate minimum for 0 € T?, then the existence of
eigenvalues lying below the essential spectrum of the operator for k = 0 and all
u =0

to prove the existence of eigenvalues of the Schrodinger operator below the
threshold of the essential spectrum for any value of the nonzero quasi-momentum
for a wide class of the two-particle Schrodinger operators corresponding to a
system of two fermions on an integer cubic lattice for any dimension;

to prove the threshold of the essential spectrum of the two-particle
Schrodinger operator, being a singular point, i.e., as a virtual level or threshold
eigenvalue, generates or does not generate eigenvalues outside the essential
spectrum for all nonzero values of the quasi-momentum of the system and all
lattice dimensions.

The research object is two-particle Schrodinger operators in the cubic
lattice.

The research subject is spectral study of two-particle Schrodinger operators
on a lattice.

Research methods: The research uses the methods of mathematical analysis,
complex analysis, functional analysis, mathematical physics, theory of the self-
adjoint operators, Birman-Schwinger principle, analytical continuity of the
Fredholm determinant.

The scientific novelty of the research is as follows:
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the presence or absence and the number of eigenvalues of the two-particle
Schrodinger operator corresponding to a system of two fermions on the one-
dimensional lattice with the interaction of the nearest sites, depending on the two-
particle quasi-momentum and the interaction energy of the particles, was
completely studied,;

the two-particle discrete Schrodinger -type operator is constructed, associated
with a system of two fermions on the two-dimensional cubic lattice interacting
through a short-range potential, the existence of eigenvalues lying below the
essential spectrum of the operator for k=0 and all g =0 is proved if the
unperturbed part with a dispersion relation having a degenerate minimum for
0 eT?

the existence of eigenvalues of the Schrodinger operator is proved below the
threshold of the essential spectrum for any value of the nonzero quasi-momentum
for a wide class of the two-particle Schrodinger operators corresponding to a
system of two fermions on an integer cubic lattice for any dimension;

the threshold of the essential spectrum of the two-particle Schrodinger
operator, being a singular point, i.e., as a virtual level or threshold eigenvalue,
generates or does not generate eigenvalues outside the essential spectrum for all
nonzero values of the quasi-momentum of the system and all lattice dimensions is
established and proved.

Practical results of the research:

the properties of the eigenvalues of the two-particle Schrodinger operator
corresponding to a two-fermion system in an arbitrary dimensional lattice allowed
the study of methods for constructing the eigenvalues and eigenfunctions of some
boundary value problems for the nonlinear operator Laplace;

the properties of the two-particle Schrodinger operator corresponding to a
two-dimensional lattice system in a one-dimensional lattice. The absence of
eigenvalues outside the continuous spectrum for a discrete Schrédinger operator
made it possible to show that there are no non-zero solutions for the Schrodinger
equation.

The reliability of the results of the study. The results have been obtained by
using the methods of mathematical analysis, complex analysis, functional analysis,
mathematical physics, theory of the self-adjoint operators, Birman-Schwinger
principle, analytical continuity of the Fredholm determinant, strict mathematical
proofs and the application of rigorous mathematical considerations.

Scientific and practical significance of research results. The scientific
value of the results of the study lies in the fact that they can be used in the spectral
theory of self-adjoint operators, quantum mechanics, solid state physics, quantum
field theory, in particular, solutions of problems related to the spectrum of
Hamiltonians of systems of two and three particles on a lattice. The practical
importance of the research results is determined by the fact that the obtained
scientific results are relevant to solid state physics and quantum mechanics.

Implementation of the research results. Based on scientific results on the
essential and discrete spectra of the two-particle Schrodinger operator on a lattice:
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the existence of eigenvalues below the threshold of the essential spectrum is
proved for a nonzero value of the quasi-momentum for a wide class of two-particle
Schrodinger operators corresponding to a system of two fermions on an integer
cubic lattice Z%,d = 1 were used in the foreign grant project AP05131268 on the

topic "Development of methods for solving classical and non-classical boundary
value problems for elliptic equations and their fractional analogues” (International
Kazakh-Turkish University named after Khoja Ahmed Yasawi, certificate dated
November 2, 2021). The properties of the eigenvalues of two-particle Schrodinger
operators corresponding to a system of two fermions on a lattice made it possible
to study methods for constructing eigenfunctions and eigenvalues of some
boundary value problems for the nonlocal Laplace operator;

the presence or absence and number of eigenvalues of the two-particle
Schrodinger operator, corresponding to a system of two fermions on a one-
dimensional lattice with the interaction of nearest sites, has been fully investigated,
depending on the two-particle quasi-momentum and the particle interaction energy
was used in the fundamental project OT-F4-69 "Harmonic analysis, degree
geometry and their applications to the problems of mathematical physics"
(November 23, 2021 reference from the Samarkand State University, Ne. 10-4720).
The absence of eigenvalues outside the continuous spectrum for the discrete
stationary Schrodinger operator made it possible to show that the Schrodinger
equation has no solutions tending to zero as time tends to infinity.

Approbation of the research results. The main results of the research have
been discussed in 3 international and 4 republican scientific conferences.

Publications of the research results. On the topic of the dissertation 11
scientific works have been published, 4 of them are included in the list of journals
proposed by the Higher Attestation Commission of the Republic of Uzbekistan for
defending the PhD thesis, in addition 1 of them was published in international
journal of mathematics and physics indexed in Scopus and Web of Science, and 3
papers published in national mathematical journals.

The structure and volume of the dissertation. The dissertation consists of
introduction, three main chapters, conclusion and bibliography. The volume of the
thesis is 80 pages.
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THE MAIN CONTENT OF THE DISSERTATION

In the introduction is given the actuality and relevance of the thesis topics,
determined the appropriate research priority areas of science and technology of the
Republic, presented a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulated goals and
objectives, identified the object and subject of study, scientific novelty and
practical results of the research are stated, revealed the theoretical and practical
importance of the obtained results, information on the implementation of the
research results about the published works and the structure of dissertation are
given.

In the first chapter of the thesis, titled “Preliminary notations and one and
two particle Hamiltonians on lattices” is given basic notions and results
including the necessary theorems of spectral theory of bounded self-adjoint
operators in order to describe main results and the Hamiltonian of the system two
identical fermions in coordinate and momentum representation are considered as
bounded self-adjoint operator in corresponding Hilbert space. Determining two
particle quasi-momentum, the Hamiltonian of system of the two identical fermions
is decomposed into a direct Von Neumann integral. As a result, studying spectral
properties of the Hamiltonian of the two identical fermions system is reduced to
study fiber operators, i.e. investigating spectral properties of the discrete
Schrodinger operators.

In the second chapter, titled “The eigenvalues of the Schrodinger operator
for a system of two-fermions on a lattice” it was completely studied the presence
or absence and the number of eigenvalues of the two-particle Schrédinger operator
corresponding to a system of two fermions on the one-dimensional lattice with the
interaction of the nearest sites, depending on the two-particle quasi-momentum and
the interaction energy of the particles. Moreover, the two-particle discrete
Schrodinger-type operator is constructed, associated with a system of two fermions
on the two-dimensional cubic lattice interacting through a short-range potential;
the existence of eigenvalues lying below the essential spectrum of the operator for
k=0 and all u = 0 is proved if the unperturbed part with a dispersion relation

having a degenerate minimum for 0 € T=.

We consider the strict mathematical description of Chapter II.

Let T¢ be the d-dimansional cubic lattice and £2° (Z%)be the Hilbert space of
square-summable odd functions on Z9. Let #* (Z%) be the Banach space of
summable functions on Z2.

The discrete two-particle Schrodinger operators H; (k),k € T, associated to a

system of two identical fermions, in the position space representation has the form
H,(k)=H,(k)+ AV, k€T, L€eR,

where H, (k) is the Teoplitz type operator
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[Ho (k) f100) = Eyez & X = ¥IF () , f € €2°( D)

where
& Lk
E.(x) = [elzx +e 1z"f] e(x), keT,xeZ

and

2, x=10

1

e(x) =173 x| =1,
0, |x| = 1.

We define multiplication operator V by the function v(-) as

[VA1G) =v()f (), f €€*°(D),

where
1
_.l =1.|
v(x)=1{2 "
0, |x| =1

Since the operator V' is compact, by the Weyl’s theorem, the essential spectrum
O s (H;l (k]) of the operator H;(k) coincides with the essential spectrum
0.« (Ho(k)) of the operator H, (k), i.e.,

Oess (H}l G‘:]) = Ogss (Hﬂ G‘:]) = [EAr:nin:&i‘:]JI l;-:"Ar:na:s: G‘:]]J
where

Emin(k) :==min&,(q) =1 —cos—, Emax(k) = max&,(q) =1+ cos—.
g€eT 2 geT 2

We partition of the parameters (k,A) strip (—m,m) X R to a connected
components G, = 0,+1 by means of the curves I'" and I'*, which are zeros of
Cy (k,A) and Cy (k,1):

Gy = {(k,A) € R*:C; (k,A) < 0},
Gy = {(k,A) € R*:C; (k,A) = 0}
and
G ={(k,A) € R*:C{ (k,A) < 0},
Gy ={(k,A) € R*:C{ (k,A) = 0}
Theorem 1. Let k # m.
1. For any (k, 1) € Gy, = Gy NGy the operator H; (k) has no eigenvalues

outside of the essential spectrum. Moreover the thresholds are regular points of the
ess. spectrum of H; (k).
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2. Assume (k, 1) € I'~. Then the operator H, (k) has no isolated eigenvalues
outside of the essential spectrum and £_;_ (k), the threshold of the ess. spec. is a

threshold resonance.
3. Assume (k,A) € I'*. Then the operator H, (k) has no isolated eigenvalues

outside of the essential spectrum and £__.(k), the threshold of the ess. spec. is a
threshold resonance.
4. For any (k,A) € G;o =Gy NGy the operator H,(k) has a unique

eigenvalue z~(k, 1), which lies in (—oo, &_. (k).

5. For any (k,4) € Gy, =Gy NG the operator H,(k) has a unique
eigenvalue z* (k, 1), which lies in (€., (k), +0).

Corollary 1. Let k = € T. Then for any A € R the operator H; (ir) has a

max

unique eigenvalue z(m,A) = 2 +% satisfying z(r,A) < 2 for A < 0 and
z(m,A) = 2forA > 0.

In this paper we choose the function &, which has the form

4, |x|=0

-1, x| =1
elx) =41

- =7

c |x]

0, J|x|=2

and |x| = |x,| + |x, | for x = (x4,%x,) € Z*. So the function £ is of the form

2
1 2
Ep)=4—- Z [2 cosp; — 3 08 2p;] + 3 COSP1 COS P
i=1
and hence it is holomorphic function on T?=.
The main result is the existence of the eigenvalues of the operator
H, (0) for each nonzero potential pw.

Theorem 2. Let v(-) € £1(Z?) be a non-positive, nonzero (not identically
zero) even function. Then for any u > 0 the operator H,(0) has an eigenvalue

z,(0) below the threshold émm (0) of the essential spectrum o, (H,(0)).

In the third chapter, titled «Threshold effects in a system of two fermions
on an optical lattice» it was considered the existence of eigenvalues of the
Schrodinger operator is proved below the threshold of the essential spectrum for
any value of the nonzero quasi-momentum for a wide class of the two-particle
Schrodinger operators corresponding to a system of two fermions on an integer
cubic lattice for any dimension.

We consider the strict mathematical description of Chapter III.

The discrete operator H(k),k € T% associated to a system of two identical
fermions is defined in £2°(Z%) as

H(k)=H,(k)+V,k € T?,

Here, the Laurent-Toeplitz operator H, (k), k € T% is represented as
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yerd
where

() 4 o5 d
Ep(x) = [el 2% 4 o7H\2¥ ] e(x), (k,x): = Z k,x, k € T% x € Z?¢
n=1

and € () € £1(Z%).

The operator V is defined as the operator of multiplication by the function

V) (x) = v f(x),f € £2°(Z9).

Hypothesis.

1. The dispersion relation &€ C(T%) is a real-valued conditionally
negatively defined function on T%,d = 1.

2. A nonzero (not identically equal to zero) even nonpositive
function v is absolutely summable on Z<, d = 1 and satisfies the condition

D kP <o

xcZd
Let the condition Hypothesis be satisfied. For any k € T% and x,y € Z* we define
functions
sin(p, x)sin(p,y)n(dp)

R,(0,€, .. (0);x,v) = - -
of ) i (@) — Epen(0)

and

1 1
B0, Emin (0% %,) = [0()|2Ro (0,1, (0); %, ¥) () |2
Lemma 1. Let d = 1. Suppose that the condition Hypothesis is satisfied.
Then the following assertions hold true:
1. the function R, (0,&,.,,,(0);-,-) is defined on Z¢ x Z¢;
2. the kernel iB({],EAmm({]];-,-] Is a quadratically summable function on
74 x 79,
Now we define the generalized Birman-Schwinger operator corresponding to
the Schrodinger operator H(0) on the lattice Z2.

Definition 1. Let d = 1. Suppose that the condition Hypothesis.The
generalized (limit) Birman-Schwinger operator B (ﬂ,émm (D]), 0 € TY, is defined
as the integral operator acting in £%°(Z%) as

(B(0, £rin(®)) 910 = [IVIZRs (0, €1en () IV 91 ()
= D B0Ena@sx )0

yerd
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where

[Ro (0,6,n(@)) @] ():= >~ Ro (0,6, (0%%,1) 03, 0 € £2(Z.

yEEd

Definition 2. Let d = 1. The threshold value z = &, (0), of the essential
spectrum a,.. (H(0)) is called singular (resp. regular ) point of the essential
spectrum of the operator H(0) if the number 1 is an eigenvalue (resp. no
eigenvalue) of the operator B (0, §mm (0)).

Let @(Z%) be a Banach space of functions ¢: Z¢ — R, satisfying the condition
@(x) = 0(]x| +1)as |x| — oo relative to the norm

|P(0)]
llll = Sup T

Remark 1. Let the threshold z = £, (0) be the singular point of the

essential spectrum of the operator H(0),0 € T¢ and  is a nontrivial solution (up

to a constant factor) of the equation B (D,EAmm (D])w =1, 0 €T Then from

the generalized Birman-Schwinger principle we conclude the following:
1. 1f d = 1 (resp. d = 2) then the function

1

f =R (0,£,n(®) IV I,y € £2°(Z9)
is a solution of H(0)f =&,,,(0)f and it belongs to ®(Z%) (resp. £5(Z%)).
Moreover, if f € @(ZE\L2°(Z?) resp. f € £,(Z%)\ £2°(Z%), then the singular
point z = £, .. (0) is called the virtual level of the operator H(0),0 € T,

2. If d = 3, then the solution (5) of H(0)f = &,.,,,(0)f belongs to £2°(Z%),
i.e. the singular point z = £, .. (0) is an eigenvalue of H(0),0 € T¢.

Our nonperturbative (not using perturbatign theory) result, the main result of
the dissertation, states that if the threshold &£,,,,,(0) is a singular point of the

essential spectrum, then it generates new eigenvalues (discrete spectrum)
Schradinger operator H(k), k € T? for all k = 0.

Theorem 3. Let d = 1. Assume Hypothesis and the threshold z = £, .. (0) is
a singular point of the essential spectrum of the operator H(0), i.e. the equality
I|B(0,&,,.,(0))]|=1 is true. Then for any k€ T¢\ {0} the operator
H(k), k € T has eigenvalues below the threshold &, (k). Moreover, each
eigenvalue Z(k) of the operator H(k),k € T®\ {0} satisfies the inequality
Z(k)> &, (0).

At the same time, our perturbative result is that if the threshold z = &, ., (0)
is a regular point of the essential spectrum of the operator H(0), then for small
perturbations of the quasimomentum it does not generate new eigenvalues.
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Theorem 4. Let d = 1. Assume Hypothesis and the threshold €., (0) is a
regular point of the essential spectrum of the operator H(0), i.e. the inequality

||B (0,§miﬂ (D])” < 1 holds. Then there exists a neighborhood U(0) = T¢ of the

point 0 € T¢ such that for all k € U(0) the operator H(k) does not have
eigenvalues below the threshold &, . (k) and for k € T*\ U(0) c T¢ the
operator H(k) can have its eigenvalue below the threshold EAmm(k). Moreover,
each eigenvalue Z (k) of the operator H(k),k € T% \ U(0) satisfies the inequality
Z(k) = &, (0).

Remark 2. Since the system of fermions is considered in the dissertation, in

contrast to the case of arbitrary particles, in this case the threshold phenomenon
occurs for all lattice dimensions d = 1. In addition, in this case, the generalized
Birman-Schwinger principle formulated and proved by us allows us to judge the
virtual or eigenstate of the Schrédinger operator H(0), 0 € T% and formulate the

main results using the generalized Birman-Schwinger operator introduced by us.
Let the operator H(0) have n =1 eigenvalues Z,(0)<---< Z,(0)

(counting multiplicities) that lie below the threshold émin(Dj and let
H,(0) c H = £2°(Z%) be n-dimensional invariant subspace spanned by all
eigenvectors corresponding to the eigenvalues Z,(0)< ..< Z,(0) and
HE0)=H S H, c £2°(Z%). Let the operator H+(0) be part of H(0) in the
subspace H - (0), which does not have a discrete spectrum below the threshold
€. ..(0) and BL(0,€, .. (0)) is the Birman-Schwinger operator corresponding to
H*(0). Then the following corollaries follow from the theorems Theorem 3 and

Theorem 4.
Corollary 2. Let d = 1. Suppose that the assumptions of the theorem

Theorem 3 are satisfied and the operator H(0) has n = 1 eigenvalues below the
threshold of the essential spectrum, and also the threshold £, (0) is a singular
point of the essential spectrum of the operator HL(0), i.e. the equality
I|IBL(0,€,...(0)||=1 holds. Then for all k€T¢\ {0} the operator
H(k), k €T? has at least n+ 1 eigenvalues below the threshold &, (k).
Moreover, for each eigenvalue Z(k) of the operator H(k),k € T%\ {0} the
inequality Z (k) = Z,(0) holds.

Corollary 3. Let d = 1. Assume Hypothesis. Suppose the operator H(0) has
n = 1 eigenvalues below the threshold of the essential spectrum and the inequality
[|BL(0,£,..,.(0)]| < 1, i.e. the threshold z = £,.,(0) is a regular point of the
essential spectrum of the operator H-(0). Then there exists a neighborhood
U(0) © T? of the point 0 € T? such that for all k € U(0) the operator H(k) has
only n eigenvalues below the threshold £, .., (k), and for all H(k), k € T¢ \ U(0)

31



the operator H(k) has at least n eigenvalues below the threshold £, .. (k).
Moreover, for each eigenvalue Z(k) of the operator H(k), k € T%\ U(0), the
inequality Z(k) = Z,(0) holds.

CONCLUSION

The dissertation is devoted to study essential and discrete spectrum of the
two particle Schrodinger operator on a lattice.

The main results of the research are as follows:

The presence or absence and the number of eigenvalues of the two-particle
Schrodinger operator corresponding to a system of two fermions on the one-
dimensional lattice with the interaction of the nearest sites, depending on the two-
particle quasi-momentum and the interaction energy of the particles, was
completely studied,;

The two-particle discrete Schrodinger -type operator is constructed,
associated with a system of two fermions on the two-dimensional cubic lattice
interacting through a short-range potential; the existence of eigenvalues lying
below the essential spectrum of the operator for k = 0 and all x = 0 is proved if

the unperturbed part with a dispersion relation having a degenerate minimum for
0 eT?

The existence of eigenvalues of the Schrodinger operator is proved below the
threshold of the essential spectrum for any value of the nonzero quasi-momentum
for a wide class of the two-particle Schrodinger operators corresponding to a
system of two fermions on an integer cubic lattice for any dimension;

The threshold of the essential spectrum of the two-particle Schrodinger
operator, being a singular point, i.e., as a virtual level or threshold eigenvalue,
generates or does not generate eigenvalues outside the essential spectrum for all
nonzero values of the quasi-momentum of the system and all lattice dimensions is
established and proved.
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BBEJIEHUE (anHoTauusi nuccepranuu 10oxkropa puinocodpuun (PhD))

Henb0 wuccjeq0BaHUA - SBISIETCS HCCIEAOBAHHE CYUIECTBEHHOIO U
JUCKPETHOTO CIEKTPOB JABYX4YacTHUHOro oneparopa lIpénunrepa Ha pemerke.

O0bexTom mcciaenoBanusi Omnepatop Illpenunrepa, cOOTBETCTBYHOUIUI
JBYyXYaCTUYHOM CHCTEME Ha KyONYECKON pelIeTKe.

HayuyHasi HOBM3HA MCCJIeJOBAHUSI IMOJHOCTBIO HMCCIIEIOBAaH HAIWYUE WU
OTCYTCTBHE M KOJUYECTBO COOCTBEHHBIX 3HAUEHHM JBYXYaCTUYHOIO OIeparopa
Hlpenunrepa, COOTBETCTBYIOUIETO CHCTEME JBYX (PEPMHUOHOB Ha OJHOMEPHOM
pelIeTke C B3aMMOJEHCTBHEM OiMKaWMIMX —y3/1ax, B 3aBUCUMOCTH  OT
JBYyXYaCTUYHOT'O KBA3UUMITYJIbCA U SHEPTMU B3aUMOJECHCTBUS YaCTHL;

[loctpoen omeparop Tuma JByxdacTuyHoro omneparopa Illpenunrepa,
COOTBETCTBYIOLLIETO CHUCTEME JIBYX (PEPMHUOHOB Ha JBYMEpPHOH KyOMUYECKOM
peneTKe, B3auMOJACUCTBYOIIMX € IIOMOLIBI0 KOPOTKOAEHCTBYIOLIETO IMOTEHIMANA.
Jloka3aHO  CyIIECTBOBAaHHME  COOCTBEHHBIX  3HAYEHUH, JIKAIIUX  HIKE
CYIIECTBEHHOrO crekrtpa omepatopa npu k=0 wu Becex u >0, ecmm

HEBO3MYIICHHAs YacTh NPEJCTaBIIeT CcOOOM omeparop THIA CBEPTKH C
JUCTIEPCHOHHBIM COOTHONIEHUEM, MMEIOLIUM BHIPOkKIeHHbI MuHuMyM B 0 € T?;
JlokazaHO  CYIICCTBOBaHHME COOCTBCHHBIX 3HAYCHHH HW)XKE  Iopora
CYIIICCTBEHHOT'O CIICKTpa TMPH HEHYJEBOM 3HAYCHHHM KBa3WUMITyJbCa JUIS
IIKPOKOTO Kjlacca JBYXYaCTHYHBIX omneparopoB lllpeauHrepa, cOOTBETCTBYIOIIMX
cHCTeMe JIBYX (pepMHOHOB Ha LIETOUNCICHHOM Kybraeckoii pemerke Z°,d = 1;

YCTaHOBIIEH, YTO IMOPOI CYLIECTBEHHOIO CHEKTpa JABYXYAaCTHUYHOTO
oneparopa lllpenunrepa, Oyayund CHHTYISIPHOM TOYKOH, T. €. KaK BUPTYaJIbHBIM
YPOBEHb WJIM MOPOTrOBOE COOCTBEHHOE 3HAYEHHUE, MOPOKIACT WM HE MOPOXKAAET
COOCTBEHHbIC 3HAUEHUS BHE CYIIECTBEHHOIO CIIEKTpa MpPU BCEX HEHYJEBBIX
3HAYEHUSIX KBAa3UMMITYJIbCA CUCTEMBI JJIs1 BCEX PA3MEPHOCTEU PELIETKH.

Bueapenue pe3yabraToB MccieqoBanus. Ha oCHOBe HaydHBIX pe3ysbTaTOB
JUI. CYIIECTBEHHOTO M JHCKPETHOTO CIIEKTPOB JBYXYACTHYHOIO OIEpaTopa
[lIpénnHrepa Ha pemIeTKeE:

U3 METOJIOB JO0KAa3aTeJIbCTB CYIIECTBOBAHMS COOCTBEHHBIX 3HAYEHUN HIKE
IOpora CyIIECTBEHHOTO CHEKTPA IMPU HEHYJIIEBOM 3HAYEHUM KBA3WHMITYJIbCA IS
HIMPOKOTO KJacca JBYXYacCTUYHBIX oneparopoB llIpeaumHrepa, COOTBETCTBYOMINX
cucTeMe IByX (DEPMHOHOB HA LETOYUCICHHON KyOmueckoi pemerke Z%,d = 1

WCITOJIb30BaHbI B 3apyOexHoM rpante AP05131268 na temy «Pa3paboTka MeTo 0B
pEILICHUs] KIACCHUYECKHX M HEKJIACCUYECKHUX KPAaeBbIX 3aJay JUISl SJUTMIITHYECKHUX
ypaBHEHUN W uX JpOOHBIX aHaAoroB» (MeXmyHapOIHBIN Ka3aXCKO-TYPEIKUNA
yHUBEpcUTET UMeHH Xoka Axmena SlcaBu, cmpaBka oT 2 Hos0ps 2021 rona).
CBoiicTBa COOCTBEHHBIX 3HAUCHMM JByx4yacThuuHOro omepartopa Illlpenunrepa,
COOTBETCTBYIOIIETO CHUCTeME [BYX (EepPMHUOHOB Ha pEIIETKE, IO3BOJIUJIO
UCCIIEIOBaTh METOAbl TOCTPOCHUSI COOCTBEHHBIX (DYHKIIMM M COOCTBEHHBIX
3HAYEHHU HEKOTOPBIX KPAEBBIX 3a/1a4 JJIsl HEJIOKAJIIBHOTO orneparopa Jlamnaca;
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U3 pe3yJbTaTOB O 3aBUCHMOCTH CYIIECTBOBAHUSI WM OTCYTCTBHUSI, a TAKXKe
yycia COOCTBEHHBIX 3HAYEHUH OT ABYXYACTUYHOIO KBA3MMMIIYJbCA M DHEPIUU
B3aumojeicTBus ornepatopa IllpeauHrepa, COOTBETCTBYIOIIETO CHUCTEME JABYX
(GbepMUOHOB, B3aMMOJICUCTBYIOIIMX HA COCEIHUX y3JIaX PEIIETKH, UCTIOIb30BaIach
B (pyHnamenransHoM mpoekte OT-F4-69 «[apmoHuueckuil aHanus, cTeNeHHas
reOMETpUsl U UX MNPUIIOKEHMS K 3aJayaM MaTeMatuyeckod ¢usukm» (CrpaBka
Camapkanackoro ['ocygapctBeHHoro yHusepcutera oT 23 Hosa0ps 2021 roma Ne
10-4720). OtcyTcTBHE COOCTBEHHBIX 3HAYCHHI BHE HEMPEPBHIBHOTO CIEKTpa IS
JUMCKPETHOTO cTallMoHapHoro omneparopa Llpeaunrepa mo3BoiMIO MOKa3aTh, YTO
ypaBHenue lllpenuHrepa HE HUMEET pPEIICHHUM, CTPEMSIIUXCS K HYJII0 MOpH
CTPEMJICHUH BPEMEHH K OECKOHEUHOCTH.

Ctpykrypa m o0beM auccepramum. Jluccepraiusi COCTOUT U3 BBEIICHMUS,
TpeX IJIaB, 3aKJIOYEHHs W CIUCKA HCIOJIb30BaHHOM JsuTepaTypbl. OObeM
auccepranuu coctaBisieT 80 cTpaHUIIbI.
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