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� áá¬®âà¨¬ ­¥ ¢â®­®¬­ë¥ á¨áâ¥¬ë ­¥©âà «ì­®£® â¨¯ , § ¯¨á ­­ë¥ ¢ ¢¨¤¥ ([1], áá. 36, 322;
[2], á. 201)

d

dt
[x(t)�D(t)x(t� �)] = A(t)x(t) +B(t)x(t� �): (1)

�ãáâì ¬ âà¨ç­ë¥ äã­ªæ¨¨ A(t), B(t), D(t) ­¥¯à¥àë¢­ë, ®£à ­¨ç¥­ë ¯à¨ t � t0 ¨ ¢ë¯®«­¥­ë
ãá«®¢¨ï \ãáâ®©ç¨¢®áâ¨" à §­®áâ­®£® ®¯¥à â®à , â. ¥.

kD( � )k < 1; kD(t)k = max
t�t0

fjD(t)jg:

� ª ¯à ¢¨«®, ¤«ï ¯à ªâ¨ç¥áª¨å § ¤ ç ­¥®¡å®¤¨¬®, ªà®¬¥ ä ªâ  ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©-
ç¨¢®áâ¨, ¨¬¥âì ¬ ¦®à ­â­ë¥ ®æ¥­ª¨ áå®¤¨¬®áâ¨ à¥è¥­¨©. �«ï ¨å ¯®«ãç¥­¨ï ¢®á¯®«ì§ã¥¬áï
­¥ ¢â®­®¬­ë¬ äã­ªæ¨®­ «®¬ ª¢ ¤à â¨ç­®£® ¢¨¤  ([3], á. 120{122)

V [t; x(t)] = [x(t)�D(t)x(t� �)]TH(t)[x(t)�Dx(t� �)] +
Z 0

��

e�sxT (t+ s)G(t+ s)x(t+ s)ds (2)

á ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¬¨ ¬ âà¨æ ¬¨ G(t) ¨ H(t), ã¤®¢«¥â¢®àïîé¨¬¨ ¤¢ãáâ®à®­­¨¬ ­¥-
à ¢¥­áâ¢ ¬

�0jxj
2 � �min[H(t)]jxj2 � xTH(t)x � �max[H(t)]jxj2; �0 > 0;

g0jxj
2 � �min[G(t)]jxj

2 � xTG(t)x � �max[G(t)]jxj
2; g0 > 0:

(3)

�¤¥áì �max(�), �min(�) | íªáâà¥¬ «ì­ë¥ á®¡áâ¢¥­­ë¥ ç¨á«  á®®â¢¥âáâ¢ãîé¨å ¯®«®¦¨â¥«ì­®-
®¯à¥¤¥«¥­­ëå ¬ âà¨æ. �®¤ ¢¥ªâ®à­ë¬¨ ¨ ¬ âà¨ç­ë¬¨ ­®à¬ ¬¨ ¡ã¤¥¬ ¯®­¨¬ âì

jx(t)j =
� nX

i=1

x2i (t)
�1=2

; kx(t)k�;� =
�Z 0

��
e�sjx(t+ s)j2ds

�1=2

; jAj = f�max(A
TA)g1=2:

�à®¬¥ â®£®, ¯à¥¤¯®« £ ¥âáï, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï H(t) ã¤®¢«¥â¢®àï¥â ¬ âà¨ç­®¬ã ¤¨ää¥-
à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î �ï¯ã­®¢ 

d

dt
H(t) +AT (t)H(t) +H(t)A(t) = �C(t)

á ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­®© ¬ âà¨æ¥© C(t), ã¤®¢«¥â¢®àïîé¥© ¤¢ãáâ®à®­­¨¬ ­¥à ¢¥­áâ¢ ¬

c0jxj
2 � �min[C(t)]jxj2 � xTC(t)x � �max[C(t)]jxj2; c0 > 0:
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�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

M [H(t)] =
�

H(t) �H(t)D(t)
�DT (t)H(t) DT (t)H(t)D(t)

�
;

S[G(t);H(t)] =

2
66664

�AT (t)H(t) �H(t)A(t)� AT (t)H(t)D(t)�H(t)B(t)+
�G(t)� d

dt
H(t) + d

dt
H(t)D(t)

DT (t)H(t)A(t) �BT (t)H(t)+ BT (t)H(t)D(t) +DT (t)H(t)B(t)+
+DT (t) d

dt
H(t) +G(t� �)�DT (t) d

dt
H(t)D(t)

3
77775 ;

g�(t) = max
���s�0

f�max[G(t+ s)]g; g�(t) = min
���s�0

f�min[G(t+ s)]g;

L(t) = maxf�max(M [H(t)]); g�(t)g;

r(t; �) = minf�min(S[G(t);H(t)])� (1� e��� )g�(t� �); �g�(t)g; (4)

'(t) =
�max(M [H(t0)])

g�(t)
;  (t) =

g�(t0)
g�(t)

:

�¯à ¢¥¤«¨¢ 

�¥®à¥¬ . �ãáâì áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë G(t) ¨ H(t), ¯à¨ ª®-

â®àëå ¬ âà¨æ  S[G(t);H(t)] â ª¦¥ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ , ¨ ¯ à ¬¥âà �� > 0 â ª¨¥, çâ®
¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�min(S[G(t);H(t)])� (1� e���)g�(t� �) � 0; � � ��:

1. �á«¨ ¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï L(t)
1(t) � r(t; �),


1(t) = �min(S[G(t);H(t)])=�max(M [H(t)]); (5)

â® ¤«ï à¥è¥­¨© x(t) á¨áâ¥¬ë (1) á¯à ¢¥¤«¨¢  ¢¥àå­ïï ®æ¥­ª 

kx(t)k�;� � f
q
'(t) [jx(t0)j+ jx(t0 � �)j] +

q
 (t) kx(t0)k�;�ge

�

tR
t0


1(s)ds

; t � t0: (6)

2. �á«¨ ¯à¨ ¢á¥å t � 0 ¢ë¯®«­ï¥âáï L(t)
1(t) > r(t; �), â® á¯à ¢¥¤«¨¢®

kx(t)k�;� � f
q
'(t) [jx(t0)j+ jx(t0 � �)j] +

q
 (t)kx(t0) k�;�ge

�

tR
t0


2(s)ds

; t � t0; (7)


2(s) = r(s; �)=L(s):

�®ª § â¥«ìáâ¢®. �®«ãç¨¬ ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨ ­¥ ¢â®­®¬­®£® äã­ªæ¨®­ «  �ï¯ã­®¢ {
�à á®¢áª®£® (2). � ª á«¥¤ã¥â ¨§ ¢¨¤  § ¢¨á¨¬®áâ¨ (2), ­¨¦­ïï ®æ¥­ª  ¨¬¥¥â ¢¨¤

g0kx(t)k2�;� � g�(t)kx(t)k2�;� � V [t; x(t)]; g�(t) = min
���s�0

f�min[G(t+ s)]g: (8)

�¥à¥¯¨è¥¬ äã­ªæ¨®­ « (2) ¢ ¢¨¤¥

V [t; x(t)] = (xT (t); xT (t� �))
�

H(t) �H(t)D(t)
�DT (t)H(t) DT (t)H(t)D(t)

��
x(t)

x(t� �)

�
+

+
Z 0

�

e�sxT (t+ s)G(t+ s)x(t+ s)ds:

�âáî¤  ¢¥àå­ïï ®æ¥­ª  ¨¬¥¥â ¢¨¤

V [t; x(t)] � �max(M [H(t)])[jx(t)j2 + jx(t� �)j2] + g�(t)kx(t)k2�;�; (9)

g�(t) = max
���s�0

f�max[G(t+ s)]g:
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�à®¨§¢¥¤¥¬ § ¬¥­ã t+ s = � ¨ ¯à¥®¡à §ã¥¬ äã­ªæ¨®­ « (2) á«¥¤ãîé¨¬ ®¡à §®¬:

V [t; x(t)] = [x(t)�D(t)x(t� �)]TH(t)[x(t)�D(t)x(t� �)] +
Z t

t��
e��(t��)xT (�)G(�)x(�)d�: (10)

�ëç¨á«¨¬ ¯®«­ãî ¯à®¨§¢®¤­ãî ¯à¥®¡à §®¢ ­­®£® äã­ªæ¨®­ «  (10), ãç¨âë¢ ï (1). �®«ãç ¥¬

d

dt
V [t; x(t)] = [A(t)x(t) +B(t)x(t� �)]TH(t)[x(t)�D(t)x(t� �)] +

+[x(t)�D(t)x(t� �)]TH(t)[A(t)x(t) +B(t)x(t� �)] +

+[x(t)�D(t)x(t� �)]
dH(t)
dt

[x(t)�D(t)x(t� �)]�

��

Z t

t��

e��(t��)xT (�)G(�)x(�)d� + xT (t)G(t)x(t)�e���xT (t� �)G(t� �)x(t� �):

�®¡¥à¥¬ âà¨ ¯¥à¢ëå á« £ ¥¬ëå ¢ ¥¤¨­ãî ª¢ ¤à â¨ç­ãî ä®à¬ã

d

dt
V [t; x(t)] = �(xT (t); xT (t� �))S[G(t);H(t)]

�
x(t)

x(t� �)

�
+

+ (1� e���)xT (t� �)G(t� �)x(t� �)� �

Z t

t��

e��(t��)xT (�)G(�)x(�)d�;

£¤¥ S[G(t);H(t)] | ¬ âà¨ç­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¢ (4).
�ãáâì áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë H(t) ¨ G(t), ¯à¨ ª®â®àëå ¬ âà¨æ 

S[G(t);H(t)] â ª¦¥ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ . �®£¤  ¤«ï ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)]
¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢®

d

dt
V [t; x(t)] � ��min(S[G(t);H(t)])[jx(t)j

2 + jx(t� �)j2] +

+(1� e���)g�(t� �)jx(t� �)j2 � �g�(t)kx(t)k2�;�; (11)

g�(t� �) = max
���s�0

f�max[G(t� � + s)]g:

�¡®§­ ç¨¬
L(t) = maxf�max(M [H(t)]); g�(t)g; t � t0:

�®£¤  ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨ (8), (9) ¤«ï äã­ªæ¨®­ «  V [t; x(t)] ¡ã¤ãâ ¨¬¥âì ¢¨¤

g0kx(t)k2�;� � g�(t)kx(t)k2�;� � V [t; x(t)] �

� �max(M [H(t)])jx(t)j2 + L(t)[jx(t� �)j2 + kx(t)k�;�]: (12)

�¥à¥¯¨è¥¬ ­¥à ¢¥­áâ¢® (11) ¤«ï ¯®«­®© ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)] á«¥¤ãîé¨¬ ®¡à -
§®¬:

d

dt
V [t; x(t)] � ��min(S[G(t);H(t)])jx(t)j2 �

� f�min(S[G(t);H(t)])� (1� e���)g�(t� �)gjx(t� �)j2 � �g�(t)g�(t)kx(t)k
2
�;� :

�®áª®«ìªã ¯® ãá«®¢¨î â¥®à¥¬ë ¬ âà¨æ  S[G(t);H(t)] ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï, â®

f�min(S[G(t);H(t)])� (1� e��� )g�(t� �)g�=0 = �min(S[G(t);H(t)]) � �0 > 0:

�ãáâì áãé¥áâ¢ã¥â ¯ à ¬¥âà �� > 0 â ª®©, çâ®

�min(S[G(t);H(t)])� (1� e��� )g�(t� �) � 0; t � t0; � < ��: (13)

�®«®¦¨¬

r(t; �) = minf�min(S[G(t);H(t)])� (1 � e��� )g�(t� �); �g�(t)g�(t)g: (14)
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�®£¤  ¤«ï ®æ¥­ª¨ ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)] ¯®«ãç¨¬

d

dt
V [t; x(t)] � ��min(S[G(t);H(t)])jx(t)j2 � r(t; �)[jx(t � �)j2 + kx(t)k2�;�]: (15)

�®«­ ï ¯à®¨§¢®¤­ ï äã­ªæ¨®­ «  ®æ¥­¨¢ ¥âáï ¢ëà ¦¥­¨¥¬, á®¤¥à¦ é¨¬ âà¨ ­®à¬ë ä §®-
¢®© ª®®à¤¨­ âë. �«ï ã¯à®é¥­¨ï ¢¥à­¥¬áï ª ¯à ¢®áâ®à®­­¥© ®æ¥­ª¥ äã­ªæ¨®­ «  V [t; x(t)] ¢¨¤ 
(12).

1) �¥à¥¯¨è¥¬ (12) ¢ ¢¨¤¥

�jx(t)j2 � �
1

�max(M [H(t)])
V [t; x(t)] +

L(t)
�max(M [H(t)])

[jx(t� �)j2 + kx(t)k2�;�]

¨ ¯®¤áâ ¢¨¬ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¢ ¯à ¢ãî ç áâì (15):

d

dt
V [t; x(t)] � �
1(t)V [t; x(t)] +

�
L(t)
1(t)� r(t; �)

�
[jx(t� �)j2 + kx(t)k2�;�]:

�ãáâì ¯ à ¬¥âàë á¨áâ¥¬ë (1) â ª®¢ë, çâ® ¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

L(t)
1(t) � r(t; �); t � t0: (16)

�®£¤  ¤«ï ¯®«­®© ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)] ¡ã¤¥â ¨¬¥âì ¬¥áâ® ­¥à ¢¥­áâ¢®

d

dt
V [t; x(t)] � �
1(t)V [t; x(t)]; t � t0; (17)

¯à¨ç¥¬ 
1(t) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (5).
2) �¥à¥¯¨è¥¬ ­¥à ¢¥­áâ¢® (12) ¢ ¢¨¤¥

�[jx(t� �)j2 + kx(t)k2�;�] � �
1

L(t)
V [t; x(t)] +

�max(M [H(t)])
L(t)

jx(t)j2

¨ ¢­®¢ì ¯®¤áâ ¢¨¬ ¢ ®æ¥­ªã ¯à ¢®© ç áâ¨ ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)]. �®«ãç¨¬

d

dt
V [t; x(t)] � �

r(t; �)
L(t)

V [t; x(t)] +
�
r(t; �)

�max(M [H(t)])
L(t)

� �min(S[G(t);H(t)])
�
jx(t)j2:

�á«¨ ¯ à ¬¥âàë á¨áâ¥¬ë (1) â ª¨¥, çâ® ¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï

L(t)
1(t) > r(t; �); (18)

â® ¤«ï ®æ¥­ª¨ ¯®«­®© ¯à®¨§¢®¤­®© äã­ªæ¨®­ «  V [t; x(t)] ¨¬¥¥â ¬¥áâ®

d

dt
V [t; x(t)] � �
2V [t; x(t)]; 
2(t) =

r(t; �)
L(t)

; t � t0: (19)

�¡ê¥¤¨­ïï ®¡  á«ãç ï, ¯®«ãç ¥¬, çâ® ¤¨ää¥à¥­æ¨ «ì­ë¥ ­¥à ¢¥­áâ¢  (17), (19) ¨¬¥îâ à¥è¥­¨¥

V [t; x(t)] � V [t0; x(t0)]e
�

tR
t0


(s)ds

; (20)

£¤¥


(t) =

8><
>:

1(t); L(t)
1(t) � r(t; �); t � t0;

r(t;�)

L(t)
; L(t)
1(t) > r(t; �); t � t0:
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�­®¢ì ¢¥à­¥¬áï ª ¤¢ãáâ®à®­­¨¬ ®æ¥­ª ¬ äã­ªæ¨®­ «  V [t; x(t)] ¢¨¤  (8), (9). �á¯®«ì§ãï ­¥à -
¢¥­áâ¢® (20), § ¯¨è¥¬

g�(t)kx(t)k
2
�;� � V [t; x(t)] � V [t0; x(t0)]e

�

tR
t0


(s)ds

�

�
h
�max(M [H(t0)])[jx(t0)j2 + jx(t0 � �)j2] + g�(t0)kx(t0)k2�;�

i
e
�

tR
t0


(s)ds

:

�âáî¤  á«¥¤ã¥â

kx(t)k�;� �
nq

�max(M [H(t0)])

g�(t)
[jx(t0)j+ jx(t0 � �)j] +

q
g�(t0)

g�(t)
kx(t0)k�;�

o
e
�

tR
t0


(s)ds

; t � t0:

� ª¨¬ ®¡à §®¬, ¥á«¨ áãé¥áâ¢ã¥â �� > 0 â ª®¥, çâ® ¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï (16), â® ¤«ï
à¥è¥­¨© x(t) á¨áâ¥¬ë (1) á¯à ¢¥¤«¨¢  ¢¥àå­ïï ®æ¥­ª  ¢¨¤ 

kx(t)k�;� �
nq

'(t) [jx(t0)j+ jx(t0 � �)j] +
q
 (t) kx(t0)k�;�

o
e
�

tR
t0


1(s)ds

; t � t0:

�á«¨ ¦¥ ¯à¨ ¢á¥å t � t0 ¢ë¯®«­ï¥âáï (18), â® á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx(t)k�;� �
nq

'(t) [jx(t0)j+ jx(t0 � �)j] +
q
 (t) kx(t0)k�;�

o
e
�

tR
t0


2(s)ds

; t � t0: �

�¨â¥à âãà 
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