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Kirisiw
Ormigliligt1  izertlew maseleleri menen hédm dinamikaliq sistemalardin
sheshimlerinin bahalarinin sanli ham sapali xarakteristikalart menen képlegen
watanlas ham sirt el ilimpazlart 6zlerinin miynetlerin bagishladi,

Har quyli tabiyattagi sistemalard1 izertlewde A.M.Lyapunovtin tuwriUs1 I1 yamasa
Lyapunov G.Dj., Korenevskiy D.G. miynetlerinde A.M.Lyapunovtin ekinshiUs1 It
menen stoxastikaliq differensial tenlemeler sistemasi qaraladi. A.M.Lyapunov
funksiyasin s1zigli sistemani, s1ziqli ayirmali sistemalardi, stoxastikaliq sistemalardi,
keshigiwshi argumentli stoxastikaliq sistemalardin orniqliligin izertlewde kennen
qollaniladi. Al Korenevskiy D.G. miynetlerinde sizigli stoxastikaliq differensial
tenleme garaladi, onnin ornigliligin izertlewde A.M.Lyapunov funksionalinan
paydalanadi. Sonday aq Xusaynov D.YA. miynetlerinde siziglh stoxastikaliq
sistemanin orniqliligin izertlewde Lyapunov funksiyasi kvadratliq forma korinisinde
alinadi ham bul s1ziql1 stoxastikaliq sistemanin orniqliligi izertlenedi, asimptotikaliq
ornigliligin ham baha alinadi. Uliwma siziqlt stoxastikaliq sistemanin ornigliligin
1zertlew matritsaliq korinistegi tenlemeni sheshiwge alip kelinedi.

Pitkeriu kanigelik jumisimifi birinshi babinda sizigh stoxastikaliq differensial
tenlemeler sistemasi qaraladi. Bul s1zigh stoxastikaliq tehlemeler sistemasin izertlew
ushin A .M.Lyapunovtin ekinshiUs1 linan paydalanadi, yagniy Lyapunov
funksiyasin kvadratliq forma korinisinde aladi. Sizigl sistema ushin matematikaliq
kutiliw boymsha baha alinadi. Solay etip siziqli stoxastikaliq sistemanin orniqliligin
izertlew Lyapunov-Silvestr matritsaliq tenlemesin sheshiwge alip kelinedi. Sonday-
aq bul bapta baslangish qozdirtwdi bahalaw ham waqit boyinsha 6tiw protsessinin
bahas1 qaraladi.

Bul pitkeriu kanigelik jumisi kirisiw boliminen, ush baptan ham juwmaglaw
boliminen ibarat. jumistin birinshi babinda stoxastikaliq sistemanin oriniglilig
maselesi, sistemanin sheshiminin baxasin optimallastiriw méselesi qaraladi.

Pitkeriu kanigelik jumisinin ekinshi babinda stoxastikaliq sistemada

baslangish qozdiriwshi aniglaw qaraladi.

I-Bap Stoxastikaliq sistemanin ornighihig
3



1.1 1.1. Bir 6lshewli sistema
Usi bapta koeffitsientler Gaussdin’ aq shawqumlart gradient sizigli birdey

tenlestiriwshi tenlemelerdi iyrenemiz. n(t) Bunday sistema

L NGRS HGI RIS

=1

Usinin menen birge, aq shawqimlar astinda x [t]
ga ten bolgan uliwma Gauss tosinarliprocesslerin nollik ortasha ham kovaryans

matritsasini

M [4) (s)qiy (B] =K (8 (¢ — )

Tomendegi korinistegi siziqh staxastikaliq differensial tenlemeler sistemasin

qaraymiz [3,4]

dx(t) = Ax(@)dr + Bx(@aw(t) 1 g

bunda A,V-turagli kvadrati matritsalar, x(t) -bélsa n-6lshemli vektor, w(t) -skalyar

standart vinerli protsess. Viner protsessinif traektoriyas1 { € [t,,+0) te uzliksiz,

hesh jerde differensiallanbaydi, qalegen shekli waqit intervalinda sheksiz

variyasiyaga iye. Al x(t) tosmnanli protsessi siziqli stoxastikaliq differensial
tenlemenin sheshimi boladi, egerde erikli t = t_ da birge ten itimalliq penen

integral tenlik orinli bolsa

x() =x(2,) + j‘ Ax(s)ds+ j‘ Bx(s)dw(s).

bunda keyingi integral Ito manisindegi integral delinedi.
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Stoxastikaliq tenlemenin sheshiminin ormgliliginin har quyli koplegen jetkilikli
Aniglamalari bar.

Amgqlama. 1.1.1 Sizigh stoxastikaliq tealemeler sistemasimin x(t)=0 sheshimi
ortasha kvadratli orniqli dep ataladi, egerde erikli &£ >0 shamasi ushin sonday bir
5(¢) shamasi tabilsa, yagniy qalegen x(t) sheshim sistemanin t>t, bolganda
M {|x(t)||2}< ¢ tensizlik ormlanadi, sol jagdayda ||x(t)||2 <5(¢ ) bolsa.

Aniglama : 1.1.2.x(t)=0 sheshim ortasha kvadrat asimptotikali orniqli dep
lim
atalads, egerde ol ortasha kvadrath ormqgh bolsa ham = M {|X('[)||2 }= 0 bolsa.

Bul jumista ornigliligtt izertlewde A.M.Lyapunovtin ekinshiUsi linan

paydalanamiz. [1011]. Sistemanin sizigh ekenligin esapga alip Lyapunov
funksiyasin  V(x) =x"Hx  kvadratliq forma turinde alamiz. Onnin stoxastikaliq

differensiali (1.1.1) shi sistemaga tiykarlanip tomendegi targe iye boladi.

AV (x(e)) = (@d @) | Hx(®) +x" () Hedx(£) + (dd(1))” Hdx(t) =
=[x @)dt + Bx@)aw@)| Hx(®)+ x (O H [Ax(t)dt + Bx(t)adw(@)] +
+ [Ax(@)dr + Bx(Daw()|" B[ Ax(r)dr + Bx(r)adw(@)]

Standart vinerli proesstin gasiyetin paydalanip M{dw(t)}=0, M{dwt)}* =dt ham

ekinshi tartipli sheksiz kishi shamalardi taslap ketip, tomendegige iye bolamiz
M {dV (x(t))} = M {x (t|ATH + HA+ BT HBx(t)dt}
Egerde on aniglangan H matritsasi bar bolsa,

C=—(A"H +HA+B"HB)
matritsasi on aniqlangan, onda V(x) Lyapunov funksiyasinin stoxastikaliq

differensialinin matematikaliq kutiliwi teris aniglangan kvadratliq forma boladi,



onda Lyapunov Tedremasinan stoxastikaliq sistema ushin, x(t)=0 rtivial sheshim

ortasha kvadratli asimptotikaliq orniqli bolad.
Solay etip (1.1.1) shi sizigh stoxastikaliq sistemanin orniqliligin izertlew

tomendeg1 matritsaliq tenlemeni sheshiwge alip keledi

A'H +HA+B'HB=-C 1.1.2

bazibir on aniqlangan S matritsasi menen. Al N matritsasinin on aniglanganliginan
B"HB matritsasi da teris emes aniglangan boladi, onda asimptotikaliq orniqli boliw1
ushm, A matritsas1 asimptotikaliq ornigli boladi. (yagniy ReA (A)<0,i=1n), al
bazibir maniste Kishi keleshekte bilay boljaymiz, yagniy (2) shi tenlemege iye
boladi.

Lyapunov funksiyasi jardeminde tek gana ormiqliliq hagqindag tastiyiqlawga
emes (asimptotikaliq orniqliliq yamasa ornigsizliliq), (2)shi stoxastikaliq sistemanin
sheshimlerinin xarakteristikalarin esaplaw mumkin. Kvadratliq formanin bahasinan

kelip shigadi.
2 i (X <V (%) < A (R

Sonligtan (1.1.1.) shi sistemanin  x(t) sheshiminin dégereginde tomendegi tensizlik

orinli

Ao (FOMAXO) < MV (X)) < 20 M X (1.1.3)

V(x) funksiyasimn  stoxastikaliq differensialinin matematikaliq kutiliwinen

tomendegige iye bolamiz

. AT M E,;,EC) PP
Marident=—i . (CIM |2l idr = ——=2—= M {7 (d2))0as.
@ ()} 2 (OBl s~ S22 ()

Payda bolgan differensial tensizlikti integrallap tomendegige iye bolamiz.



-

o [ i (C
M) Y= p(de, expd— 2ia (€)

(r—z )
L "E:E'. (H:] . )

l

Endi (1.1.3) shi tensizlikti paydalanip, minagan iye bolamiz

A (H —min (5 (11,
M {\X(tl\z}ﬁzméx—&;”x(tomz e A (L14)

Lyapunov funksiyasi, V(x)=x"Hx kvadrathq formasi parametrlik koriniste
berilgen, bir manisli emes duaziledi. Ol on aniglangan H matritsast menen
aniglanadi, Lyapunov-Silvestr tenlemesin sheshiwden aniglanatugin. Endi L, -
arqali N on aniglangan matritsasinin kopligin belgileymiz, -A"H -HA-B"HB
matritsasi on aniglangan bolatugin. Sonni koériw qiyin emes, yagniy egerde H, e L,
ham H, eL,,, ondaerikli « ushin: 0 <« <1 boladi ham oH, +(1-a)H, € L,, . Bunnan
basga, egerde H <L,,, onda erikli g ushin: 0< x <+ boladi ham gH eL,,. Solay
etip L, kopligi oyis koplikti korsetedi. Solay etip Lyapunov funksiyasimin kopligi
(1.1.1) sistema ushin N on aniqlangan képligi menen aniglanadi L,, konustan.

(1.1.4) shi tensizlik jardeminde (1.1.1) shi sistemanin sheshimlerinin har qiyl

bahalarin aliw mumkin.

1.2 Baslangish qozdiriwdi bahalaw
Bizge belgili birinshi ham ekinsh Aniglamadan ortasha kvadratli ornigliliq
boymsha ham (1.2.4) bahadan, &(s) funksiyasi ushin, sistemanin sheshiminif
baslangish qozdiriwin bahalaytugin, tomendegi tefisizlik ormnlix [18]

’;':E: (H )
’;':=:. (HJ

dle)= &

Sonligtan V(x) = x" Hx Lyapunov funksiyasi H, € L,,, yagniy

o (H,) 0 [ A ()]
i (H)) Hely| i, (H)]




Berilgen sistemanin sheshiminin baslangish qozdiriw bahasin dal bahalaydi.

Amglama 1.2.1 Lyapunov funksiyasin

H, =arg inf {p, (H)}

bunda ¢, (H)=24,,(H)/2,,(H), L,-bolsa N matritsanin on aniglangan kopligi,
— ATH —HA-B"HB - on aniglangan, baslangish qozdiriw bahasi ushin optimal dep
ataymiz.

Integral baha.

Egerde bizlerdi t,<t<owaraliqtagt ortasha baha qiziqtirsa, onda tomendegi

funksional garalad [10]

o
iE

( ooy ! T ’;‘mu‘. (H) A
J = | ;‘Lf“”x{_s H| s < | e ) ||.‘{{_a.‘C _}| :
”-'f-"—'-w: (5-1, ] | 72 2
E:,Jr.—.uiH: - ds = A max (H) ||1( .IIS 1 2

";’1111'.11 (H) ' ;‘1111'11 (C)

Amgqlama 1.2.2 V,(x) = x"H,x Lyapunov funksiyasin

H, =arginf {p,(H)},

bunda ¢@,(H) = max(H)/[A,,,(H)-2,,,(C)] L,-0n amglangan N matritsasinin

kopligi, - ATH —HA-B"HB on amqglangan, integral maniste optimal dep ataymz.

1.3. Waaqut boyinsha étiw protsessinin bahasi



Asimptotikalig ormqlilig jagdayinda nolge erisiw t —da bolip 6tedi, ameliy
maselelerdi sheshiw ushin jetkilikli, yagny M {x()f [<e, boladi t>T +t, da. Al T
shamasi x(t) sheshim x(t,) jagdaydan ¢ dogerekke otedi ham sonda galadi, bugan
wagit boyinsha otiw dep ataladi. [17]

(2.1.4) tensizlikti paydalanip, tomendegini jazamiz

_ Amin (C)
Zow B ) e <
ﬂ“min (H )

Bunnan

e CED) (2, )|

/‘1 Tax

hin(H) 8|

. “min

T } /"1111?;

% ‘1111'.11(

(H),

c) "

Egerde waqit boyinsha otiw protsessin dal bahalaytugin Lyapunov funksiyasin

duziw zarlrli bolsa, onda mina maqgset funksiyasin qaraymiz

: — /ﬁ‘mu(H) ) ’j‘juu(H)
#H=Z"0 g"{ “W(HJ

I1-Bap Stoxastikahq sistemada baslangish gozdiriwdr amglaw

2.1 Siz1igh stoxastikahq sistemada baslangish gozdirniw oblastin bahalaw

Sistemanin ornighhigin yamasa ormgsizhigin izertlew faktlar: jetkiliksiz
boladi. Soniw darejesi, basqa koplegen jumislarda korsetilgen sistemanin menshikli
manislerinen baylanisli emes. Bul jagdayda ahmiyetli xarakteristikalar bolip onnin
monotonlig1 esaplanad: koordinata basina garay. Monotonliq xarakteristikalarinin

biri bolip ¢,(H) funksiyas esaplanadi[17,18].

Endi optimal V,(x) funksiyasinin bar boliwin garap étemiz. YAgny 1< ¢ (H) <o
, onda en jags: optimal funksiyalardin biri bolip (A ham V matritsalarina baylanisl)
Amex (H) 2,;,(H) =1 esaplanad.

min



Teorema.1.4.1 . Lyapunov tenlemesi

ATH+HA+BHB =—C (2.1.2)

H, eL,, sheshimge iye boladi, 4., (H,)/4,,(H,) =1 bolatuginday sonda tek

gana sonda, egerde A" + A+ BB teris amglangan matritsa bolsa.
Zararligi. Meyli on amglangan H,el, matritsast bar bolsin ham

Amax (H) 1 20 (H,) =1. Solay etip H, simmetriyali, onda S° ortogonal matritsas: bar

boladi, H, matritsasin dioganal koriniske keltiretugin
STH S = A(H)) =diag{i, . A, . A}

bund 0< 4, <4, <...<2,-bols H, matritsasin1 matritsasin1 menshikli manisi.
Sonlitan, solay etip 4, (H,)/ 4,.,(H,), onda 4, =4, =...= 4, =1 ham A(H, ) = AE,
bunda E -birlik matritsa.
Lyapunov tenlemesin tomendegi turge keltiremiz
|STATS|STH S|+ (STH S1STAS|+(STBTS[STH SISTBS |=-5TC,S

ST(4T +B7RIS =—i,5*'c15

Yamasa A
.i*’+_i+3’3=——%q— _ _
Bunnan A teris aniglangan matritsa.
Jetkilikliligi. Meyli A" +A+B'B-teris amqlangan__ bolsin.  Endi

C, =—(A" + A+ B"B)dep alip, H, = Eiye bolamiz ham A, (H,)/ A.,.(H,)=1

L, kopligi oyis bolsin, gaptal betke iye bolmagan. Mina jagdaydi garaymiz, H,
matritsas: L,, shegeraga derek bolgan.

Lemma 2.1.1 Meyh erikli &>o0shamasi ushin sonday bir C,on aniglangan
matritsas1 bar bolsin, yagniy H,ushin (2) shi saykes tenlemenin sheshimi ushin
A (H,) A0 (H )2, (H,)<1+&. Sonda {C,}, k=12,..., sonda bir on amglangan

izbe-izligi bar boladi C matritsasina jiynagl bolgan, yagmy {H,}k=12,...,

10



matritsasinin izbe-izligi H on amglangan matritsasina jiynagh boladi ham

(H,) = 2 |H )1 7, (D) =1

‘max [ X‘mi.n

fim A, (H.)/ A

o Umax N
L

Dalillew . Meyli g:%, Amax (Hi ) Amin (H ) =141/, . Al endi (2.1.2) shi tenlemeni |C, |

ga bolip tomendegige Iye bolamiz (bul jerde
Il =7 (C7C) = £ (&, .+ &, il + B (B =~ e
Otkerilgen normirovkadan keyin
lel=le. dee=2

Onda alingan {Ci} k=12...., izbe-izlik birlik sferaga derek boladi, yagniy
kompakli koplikke. Ham onnan {C,}m }—> C , ules izbe-izliklerdi bolip ahwga bolads,
sonhgtan uhwma jagdayda C on aniglangan . (2.1.2) shi tenlemenin sheshimi S ga
uzliksiz baylanisli. Ham H,, ules izbe-izlik saykes k”g!o{Hkm}: H ga saykes jiynagh
bolad:.

Solay etip A (H) 2 Ay )[4l +[B]° =1/ + [BI°)> 0,

onda, uzliksiz baylanliliq shartinen

L = lim =
lim A, (H,.)= A, (H), Apin (H s ) = A (H)

= m, =%

(H.)=1onda 4, (H)>0. Solay

Solay etip 4, (H)>0 al mlkiir!o/lmax(Hmk)//l
etip A ofi aniglangan matritsa ham lim 2, (Hy,)/ A (Hy) = A (A1 A (F) =1
Teérema . 2.1.1 . (2.4.2)shi Lyapunov tenlemesi {H, },k =12,..., sheshimler izbe-
izligine iye bolads, yagniy limA,,, (H, )/ 4, (H,) =1 sonda tek gana sonda , egerde

AT + A+ B"B matritsas: —teris turagli bolgan.
Zarurligi. Meyli {H,}eL, ham {C }k=12,... sheshimler izbe-izligi bar bolsin,
talap etilgen gasiyetler menen. Onnan ules izbe-izliklerdi bolim alip, H on

aniglangan matritsasina jiynagli bolgan ham C on turagh matritsasina. Sonda

11



].'IITl ) ";':=_'. (Hi:v.) ’;':E:'.(Hi:v.:] = ’;':=:. [:‘E_T) J;':E:'. (E) =1

b —m

(2.1.2) shi tenlemeni H ham C matritsalart menen garaymiz.
SHep tarepten S7, al onnan S° kobeytip tomendegige iye bolamiz.
(STATSSTHS')+(STH S |STAS )+(STBS)STHS)STBS)=-STCS".
Solay etip STHS =1 E, onda
STA'S +STAS +STB"BS’ =—%STCTS'.

Bunnan A" + A+B"B = —%6 matritsasi on turagl bolad.

Jetkilikliligi. Meyli A" + A+ BB matritsas: on turagl bolsin ham H*,C"-bazibir on

aniglangan matritsalar bolsin, (1.4.2) tenlemeni qanaatlandiriwshi. Endi
C, =—(A" +A+BT B)+%C* izbe-izliklerin dtizemiz. Sonda {C, } on amglangan boladi,

al C =1im{ck}-oﬁ turagh boladi. Sonda Lyapunov Silvestr tenlemesinin sheshimi
H, %H * + E targe keledi. Son1 koriw giyin emes, yagniy Eim% H* =0 bunda 0-nollik

. lim
matritsa ham A (HO Amin (H ) =1
Kk —> o

Teérema. 2.1.3. V,(x),H, eL,, Lyapunov funksiyas: baslangish gqozdirtw bahasi

ushin optimal bolgan, sonda tek gana sonda bar boladi, egerde A™ + A+B"B teris
aniglangan matritsa bolsa, ham
q‘?lEHl) = ’;':=:_ [:HI:] ":':E:-_ EHI) =L

Zararligi. Meyli V,(x) = x" H,x, H, € L,, baslangish gqozdiriw bahasi ushin funksiyasi
bar bolsin, yagniy

ﬁ_ {’F':a'. (Hj ’F':E:'. EHJ}: ’F':=:. EHIJ ’F':E:'. (Hlj =

Sonni korsetemiz, yagmy « =1,yagmy H, = AE. Meyh kerisinshe bolsin «>1 Endi

H, matritsasin s ortogonal tarlendiriw joli menen dioganal targe keltiremiz

12



STH S =diag {4 (H ). A, (H)).....A (H )} =AH,)

Meyli  A,.(H,)=4,(H,)=...= 4, (H,),S<n. V =diag{w, tt,,...,;1,} ~ matritsasin

Kiritemiz. Bunda 4, =...= 14, =1, p; =0 €ger j #iy,i,,...,i; bolsa. Al ¢ matritsas: on
aniglangan, onda turagh jetkilikli s ushin mina matritsasi on aniglangan bolad:.
C.=C, -8 |4"sUsT +5UST 4+ B7SUSB|
Al H, matritsas1 mina tenlemeni sheshiw argal
ATH; +H,A+B"H,B=-C;
ham H, matritsast H, =H, —5-SUS™ gatnas penen baylanisl. Sonligtan

i (H) i\ +ssusT) g [slsTHs+sUT]
oo (H.) iy |H +85UST) i |SISTH,S' +aUIsT|

_ Aum ':-le.|+ P (H)) A (H)
';':i:'. |_H1_|

= < ——— =
Amin l.H1.|+ & min |_H1_|

Solay etip o =1 H, =AE ham AT + A+ BTB:%(ATHO +H A+ BTHOB):—% c, teris

aniglangan matritsa.

Jetkilikliligi. Meyli_ A" + A+ B"B_teris amqlangan matritsa bolsin. Sonda H, =E

hém ﬁ“max(HO)//lmin(HO)zl'
Solay etip tomendegilerge iye boldig. L,, -kopligi oyis koplik boladi, gaptal betti

6zinde uslamaytugin. Egerde mina maseleni tabiwdi garasadg:

H, =arg inf lo(H)L,o,(H)=4,,(H)/ 4, (H) onda ol H, eL, sheshimge iye bolad,

sonda tek gana sonda, egerde AT + A+ B'B -teris amqglangan bdlsa.
Sonhgtan H, =E,2>0 ham 4 (H,)=1.

Endi L,, kopligin keneytemiz, onnin gaptal betin gosip, yagnty

I, =L,UeL,, bunda &L, =g : i, (4"H + H4+ B"HB)=0} ham

Hy =arg mig (@ (H)}, @ () = f () A (H)

isleymiz.
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Teorema: _2.1.4. Meylh A" + A+B'B on amglangan matritsa bolmasin. Al

V,(x) = x"H,x, H, e L, optimalligtia zaruarli sharti bolip C, matritsasinin on turaglihg:
esaplanadi, yagniy H, edL,,.

Dalilllew. Meyh Ao~ AT = A—BTB)<0 ham

inf (Ao (H)/ 2y (H)} = A (H1 )/ Ay (H,) - Kerisine boljayiq, ¢, on amglangan, yagniy

Anin(C,)>0. Sonday bir ortogonal S matritsas: bar boladi, C, di diagonal targe alip

keliwshi.
STC.S =diagl{A(C, ). A, (C)).....A (C )} = AlC))

Endi (2.1.2) shi tenlemeni tomendegi tarde tarlendiremiz
|STATSISTH. S|+ |STH S)STAS)+(STBTSSTH,S|STBS |=-57C,S.
Y Amasa
ATH +H A +B H B =-AlC,)
Bunda A =STA,S,B, =S"BS,H, =S"H,S. Al AT + A +B/B, =ST(A” + A+ B'B)s onda
Ao (AT + A +BI'B,)= 4., (AT + A+ BTB)<0.

Bilay belgileymiz &= \/1 (A" - A-BT B]/;me(co) ham mina tenlemeni garaymiz

min
A'H,+H,A+BH,B =—5-A(C,)+ A
Son1 korsetemiz, yagniy bunin on jag teris turagh matritsa ekenligin.

Haqgiygatindada, on1 mina tarde korsetemiz
5-AC,)~ A A ~BIB, =5-[A(C,)~ 2ys(C.)-E]+ {An(- A ~A-BBJE+ (- AT ~A ~BB,)}
Al 5-[A(C,)~ 2, (C,)E] ham {2, (- A" ~A-B"BJE + (- AT — A ~ BB, )} matritsalar: on
turaqli, yagny olardin summalarinda sonday boladi. Endi (1.4. 1) shi tenlemeni mina
targe tarlendiremiz

Al (H,(6)~E)+(H,(5)-E)A +B] (H,(5)-E)B, =5 A(C, ),
bunda H,(5)-bolsa (2.1.1) tenlemenin sheshimi H, matritsast menen baylanish

bolgan H,(6)-E=5-H,

14



Bunnan A (H,(5)=1+5-4(H,)>0, al H,(s) matritsast on amglangan, sonhgtan

n(,(6) 1462 () A
A (T 5 R e o IR (T R

Solay etip, egerde C, ofn amglangan bolsa, yagmy A4,,(C,)>0, onda
C(s)=6-C,—A"—A-B"B on turagh matritsalardi tabiwga boladi, bunda
5= \/Imm(— AT —A-B' B] I 2,;,(C,), yagmy Lyapunov tenlemesinin saykes sheshiminde
H(5)=E+4-H, da p(H(5))< o(H,).

Solay etip, egerde A" + A+ B"B matritsasi teris amiglangan bolmasa, onda Lyapunov
funksiyasinin optimalliginin zararli sharti 4, (C,)=0 yagmy H, edL,,.

Teoérema-2.1.5 Erikli (2.1.1) shi tenlemeler sistemasi ushin Lyapunov funksiyasi

V,(x)=x"H,x, H, e L,, baslangish qozdinw bahasi ushin optimal bolgan barlq

waqitta bar bolad:.

Dalilllew. Bizge belgili L, oyis konus bolip esaplanadi, ézinin gaptal betin

konus penen tutatugin. Al ¢, (H) = 4, (H)/ 4,,,(H) bir tekli, yagniy erikli x ushin
10< p <o, ¢y (H)= g (uH).
Aniglaniw oblastinin bir bolimin garap 6tiw mamkin.
Ly =L N{H:H] =1

Payda bolgan képlik |H||=1 sferani bir bolimin korsetedi, dones tuyiq L, kopligi
menen alingan, kompaktli koplik penen.
Al ¢ (H)=4,,(H)/ A, (H) minimumd: tabiw ham @, =1, (H)/ 4, (H) maksimumd:
L;, kopliginde ekvivalent maseleler bolip esaplanadi. Al L}, kopliginde ¢,(H)
funksiya ¢(H)=4,,,(H) targe iye boladi. L},, ¢,(H) funksiya maksimal maniske iye
boladi. Solay etip V,(x)=x"H,x, H, e [, optimal funksiyam tabiw barliq wagitta
sheshimge iye bolad:.
Sonni korsetip 6temiz, yagniy uliwma jagdayda V,(x) funksiyasin duziw jetkilikli
bolmayd:.

Meyli (2.1.1) sistema A ham B matritsalarga iye bolsin, blokl diagonal

strukturadag:.
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bunda A, A, saykes B,,B, kvadrat matritsalar n, ham n, 6lshemli (n, +n,)=n

Son1 korsetip otemiz optimal funksiyan: tabiw ushin matritsa blokli-diagonal

, cL 0
tarde alw kerek C, = ]
0 C,,

ham saykes H, blokli-diogonal targe iye bolad:

H} 0
Hl - 11 .
0 Hy

Teérema-2.1.6. Egerde A ham B matritsalar1 blokli-diagonal strukturaga iye

bolsa, V,(x) =x"H,x optimal Lyapunov funksiyas: blokli-diagonal strukturaga iye
bolad.
Dalilllew. _Meyli C, ham H, matritsalari mina optimizatsiyalaw maselenin

sheshimi bolsin
arg ;Islzfn{@ (H)} = W(Hl)

ham blokl: formada jaziliw1, tomendegi1 Kkoériniste bolad.

ofe el [ om
. (C112 )T C;E : o (H112 )T Hé2

Endi C, matritsasin garaymiz

_ oo
C = 1
0

(2.1.2)shi Lyapunov tenlemesi, blokli formada jazilgan, tomendegi turge iye
bolad:

A1IH11 +H, 4 +B1IH1131 =-C
AITHI'.’ +Hyy 4, +Ber12B2 =-Cp (2-1-2)
Aerzz +HyA, +B§H2232 =—Cy

Egerde (2.1.2) sistemada on jaginda C,=C,,,C,=0,C, =C;, dep alsag, onda

H, =H,},, H, =0,H,, =H;, onnin sheshimi boladi. Sonhgtan
16



On aniglangan boladi, (1.1.3) shi tensizlikten korinip tuript

o, (H)< o (H,).
Solay etip, H, matritsas: blokli-diagonal strukturaga iye boladi.
Misal 1.

d )= A (e)dt + B (awlt) ¥ (1) R

v, (t)= ax, (¢)dt + bx (1)), x, ()€ R (2.1.4)

Meyl1 birinshi ules sistema ushin optimal funksiya mina targe iye boladi
V,(x)=(x ] H; x, sonhgtan Ao (H7)= 2010 A (H7 )= 24, Ay > 4y Sonda
V,(x)=x"Hx, x=(x'x,) tarindegi funksiya

bunda

(2.1.4) shi tarindegi barlig sistema ushin optimal bolad.
2.2 Optimal Lyapunov funksiyasinin algoritmlerin tabiw

Uliwma jagdayda H, maseleni tabiw matematikaliq programmalastiriwdin
giyin maselesi bolip tabiladi dones emes ¢, (H ) funksiyast menen L,, kopliginde.
Egerde A" + A+B"Bmatritsas: teris turagh boélsa, onda H, =E dep alip, yagniy
V,(x)=[x|’, optimal Lyapunov funkstyasina iye bolamiz.
Haqiygatindada
o(H,) = Ao (E) Ao (E) =1
Sonhqtan keleshekte bilay boljaymiz, yagniy A" + A+B"B teris twraqli bolmasin.

Endi kvazioptimal Lyapunov funksiyasinin eki algoritmin garap 6temiz.
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. Tuwindim parametrizatsiyalaw algoritmi

Meyli H ham c matritsalart on amiglangan bolsin ham (2.2.2) shi tenlemeni

ganaatlandirsin. Endi H, matritsasin H, =H +& tarinde izleymiz, bunda s> o0-

bazibir sanli parametr. Sonda (2.2.2)shi tenleme mina targe keledi

AT(H+E)+(H+ E4+B (H+ EB=-|c-547 + 4+B7B| (2.2.5)

Meyli s sonday matritsa, C matritsasin diagonal targe Kkeltiriwshi, yagny
STCS = A(C), bunda

2, (C) 0 0
A(C) _ 0 "12 (C1 ) 0.
0 0o ... a,(c)]

Endi (2.2.5)shi tenlemeni shepten S™, al onnan s ke kobeytip S tomendegige iye
bolamiz.

[s7as[ [s7 (1 + 6E)s]+[s7 (a7 + s2)s [s7 as]+[s7B7s[s7 (71 + aE)s [s7 BS]= -
=|Alc)-6-57(4 + 4+ B B

Endi 5 >0 parametrin mina shartten alamiz

i [AC) =557 (47 + 4+ B7B)s| >0

Bunin ushin bilay goyamiz

6 = Ay [MC))/| Ay [-s7(4” + 4+ B"B)s],

yamasa

18



8 = A (CV/|Ap (- 47— 4 B7B) |.

Al sonda ham

A (HASE) A (H)+S A (H)
PAH +3E)= A (H+8E) A (H)+s = A (H) olH).

Misal. Meyli Aham B matritsalar: tomendegi targe iye bolsin.

LoV
Egerde C = E dep alsaqg, onda

[0.502 1,000 A (H)=478 A (H)=027
~ 1,009 4,558 p(H)=1774 ~

Sonda A" + A+B"B tomendeg targe iye boladi

-199 4

A" + A+B'B=
4 -1,99

}, A= AT — A—BTB)=-2,01

Bunnan 8 = Ayin (C) |2y A" ~ A~ B7B) = 0,49.

Tomendegige iye bolamiz:

) 049+479

=T 6,047
0,27+0,49

(o(H + 0

Il. Funksiyani parametrizatsiyalaw algoritmi.

Meyli H ham ¢ on amiglangan matritsalar bolsin, (2.2.2)shi Lyapunov tenlemesin
ganaatlandiriwshi. Sonday bir s ortogonal tarlendiriwi bar boladi, H matritsasin
diagonal targe keltiriwshi STHS = A,

Bunda
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(2.2.2) shi tenlemeni shepten S™, al onnan s ke kobeytip minagan iye bolamiz

|STATS|STHS |+ (STHS |S745)+(STB7S|s7HS [s7RS )= {57 5]
Yamasa
A'A+AA+B]AB, =-C,
bunda

STAS=1{al} i,j=Ln, B, =S"BS = {o}

ij

A
i,j=1nC,=s"cs={Ci} i,j=1n

Payda bolgan tenlemeni tomendegishe tarlendiremiz

A(H)+s 0 0] [AH)+s 0
o 0 A(H) 0| 0 A,(H) 0 4
0 0 A,(H) 0 0 A,(H)
AH)+e 0 0 o] 1 o 0
+B7 0 A (?) .0 By =—C +94] | +° %A1+
0 0 A,(H) 0 0.. 0/ |0 o 0
1 0
+B{.0 f) B
0 0 0
yamasa

ATA(£)+ Ale)4, + BIA(s)B, =C, —s-A/],

1 1) 1 141 1 1 41
2ay, Jr(1’11) ay +byyb;, ay, +by by,
1 171 1) 141
A, =| G2 +b5,b;, (blz) byby,
L=
1 141 1 g1 1}
ay, +b;, - by, by, - by, (bm)
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Sonligtan & >0 da : ¢,(A(s)) < p(A), onda & dioptimallastiriwdif zararligi shartinen
saylap alamiz 1 [C,—&-A,]—0. Solay etip 4,.[C,—¢-A]>4,.(C,)—¢- A, (A,)
onda bilay alamiz

£= 20 (C) A (A))
Lyapunov  funksiyas: V,(x)=x"H,x, bunda H,=SA(s)S", baslangish
qozdirtwshilardin kopligi jags: bahalaydi, solay etip

(H,)= A [A ()] _ () (H).

Ao NE)] A (H) 2

2.3 Integral sapa kriteriyasin optimallastiriu

Sonday Lyapunov funksiyasin duziwdi garaymiz, integral sapa Kriteriyasin
optimal bahalawshi. Sonligtan ortasha kvadratl asimptotikaliq ornigliliq garaladi,

yagniy optimal obraz argali mina funksional garalad:
3(H,x,) = MY ot

Onda bul jerde apiwayir natiyjeler boliwi mumkin. Meyli Lyapunov-Silvestr
tenlemesi ¢ =E de H =H_ sheshimge iye bolsin, yagniy

A'TH. +H.A+B"H_B=-E,
Sonda mina gatnas orinh

MYV (x(t)} = -M () fit

Bunnan

H|}ﬂ

(2.3.1) shi sistema ortasha kvadratl asimptotikali ornigli, onda

IimM{|x(t)|2}:0

t—w

M (x(O)f -V (X(

Bunnan

limM{V (x(t))} =0

t—o0

Sonhgtan t — +0o shekke otsek, tomendegige iye bolamiz

i I s =V (x(t, ) = X7 ¢, Hext,)

Solay etip tomendegige tastiyiglawga iye boldiq.
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2.4. S1izikh stoxastikahk sistemada uakit boyinsha otiu protsessin bahalawd:
optimallastiriw

Bul paragrafta V,(x)=x"H,x Lyapunov funksiyasin tabiwdi garaymiz,

sheshimler xarakteristikasin optimal bahalawshi waqgit boyinsha otiw protsessii
siyagli. Endi ¢,(H) magset funksiyasin qaraymiz, H e L,, amglangan[i7,18].
Optimizatsiyahq maselenin sheshiminin sistemanm tarine baylamslhihg:.
Egerde Hel, ushin A (H)>A4,(H)A,,(C)>0, bdlsa, onda 0<¢,(H)<w
Optimal Lyapunov funksiyasinin en jags: funksiyasi bolip (A ham B matritsalarina
baylanish) ¢,(H,)=0. Bul 4,,(H;)#4,.(H;)=E saykes keledi, yagniy sferahq
Lyapunov funkstyasina.

Teérema.-2.4.1. V,(H,), H,e L, optimal Lyapunov funksiyasi ¢,(H,)=0

bolatugin, sonda tek gana sonda bar boladi, egerde A" + A+ BB teris aniglangan

matritsa bolsa. Bul jagdayda H, = AE, 1 > 0.

Dalilllew. _Jogaridagr Teoremada korsetilgenindey (2)shi Lyapunov-Silvestr

tenlemesi H e L, sheshimge iye boladi, 4, (H)/A,, (H)=1sonda tek gana sonda,
egerde AT +A+BTB teris amglangan matritsa bélsa. Al mmna A4, (H)/ 4., (H)=1
sharti ¢,(H)=0 boliwdin zararli ham jetkilikli sharti bolip tabiladh.

Egerde A" + A+B"B matritsas: teris turagh bolsa, yag‘;my/zmax[AT +A+B’ B]=0

onda

|im-anmax(H)}—o i Zmec(M) _

H—2E ﬂ“min(H) o H—2E ﬂ’min(H)_
Sonhgtan ¢,(H) funksiyast konustin 6L, shegaraliq toshkalarinda uziliske

ushiraydi.
Ushinshi jagdaydi garap otemiz, egerde AT +A+B"B tenlemesi teris turagh
bolmagan, yagmy 4, |- A" + A+B"B|>0, 4, |-A"-A-B"B]<0

Teérema.2.4.2 Meylh A" +A+B'B  terris amqlangan  bolmasin.

V,(x)=x"H,x, H, eL, optimal Lyapunov funksiyas: bar boladi.
Dalilllew. ¢,(H) funksiyas: bir tekli, sonligtan onnin aniglamiw oblastin sozamiz,

sferalig bolimi boyinsha
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G, ={H:|H|=1NL,.
SHegaraga jagqinlanganda
oL, = {H :|H| =14, (- A"H —HA-BTHB)=0}

im gy (H) =+, funksiyan1 minimizatsiyalaw maselesi esaplanadi, onda & shegara

oblastin garamaw mumekin,
L5, ={H : 4., (- ATH ~HA—BTHB)> £)N L,
ganaatlandirilad:.
Payda bolgan koplik kompaktli ham onda ¢, (H) uzliksiz funksiya 6zinin minimal
manisine erisedi. Solay etip ¢,(H) optimal funksiya H, e L,, bar boladi.
Sonni korsetsek otemiz, uliwma jagdayda H, bir manisli daziledi.

Teorema.2.4.3 Egerde (1)shi sistemanin A ham B matritsalar: blokl: diogonal

strukturaga iye boélsa, onda Vv,(x)=x"H,x Lyapunov funksiyas: blokl diogonal

strukturaga iye bolad.

Dalilllew. (2.4.1)shi sisteman: A ham B matritsalari menen garaymiz

SO LS R
0 A, 0 B,

bunda A, B, A,,B,-bolsa, nxn,n,xn,,n, =n, =nolshemli ules matritsalar.

Meyl1 bizge belgili bolsin, yagniy optimal jup bolip

R -
ey wel 7 ) e
H12 H22 ClZ C22

Soni tekseriw giyin emes, yagniy matritsalar

o _[H; 0 } - _[cfl
3 ’ 3
0 HS, 0 C’,

o
I

On amglangan boladi ham Lyapunov —Silvestr tenlemesin ganaatlandiradi. Bunnan

basqa, tomendeg1 orinl

23



Sonhgtan

ﬁB /ﬂ‘min(HS)S ;i’max(H3)//1min(H3)

/ﬂ’ i (63)Sﬂ’max(H3)/ﬂ’min(C3)

Bunnan kelip shigadi o,(H,)<¢,(H,) ham optimal Lyapunov funksiyas: blokh-

diogonal strukturaga iye bolad:.

Misal. Sistemani mina matritsalar menen garaymiz

SR

Meyli A’ +A +B]B, teris aniglangan bolmasin, ham birinshi ules sistema ushin
optimal funksiya bolip V;(x)=x/Hix, Hi=E,x,eR" Sonda barliq sistemalar

ushin Lyapunov funksiyasin V,(x) = x" H,x tarinde alamiz H, matritsas1 menen:

1
H, {HS o}
0 h

Bunda 4, (H:)<h< 4. (H!) h<-A4,.(c)/(2a+b?)

Optimizatsiyalaw algoritmleri

Endi ¢,(H), H e L, _funksiyasin optimizatsiyalaw algoritmin qaraymiz. Olar
ideyas1 jaginan jogarida garalgan algoritmge ugsas.

. Nur boyinsha soziw algoritmi.

Lyapunov-Silvestr tenlemesin tomendegishe turlendiremiz.
¢ (He +E)+(He + E)A+BT (H, + E)B=—-|E—-5(A" + A+B"B)|

o,(H) magset funksiyas: fiksirlengen H. ham E matritsalarinda s parametrli

funksiyaga aylanadi, yagniy

ﬁ‘max(HE—'_aE) _gn ﬂ’max(HE+8E)
[E-5(A"+A+B™B)| | Zun(He +6E)

?,(6)=~ } (2.4.1)

Boljaw boyinsha A™ + A+ BB teris aniglangan matritsa bolmayd: (on amiglanganda

bolmaydi, basqasha aytganda ten salmaqliliq jagday: ornigsiz boladi). Sonhgtan
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Ao (AT +A+BB)>0, 4. (AT +A+B'B)<0  ham

1—5/ 4T +44B"B. &>0

/,.,I—EL-I +A+ B BI_
[ ] |1—5 /,,.__ _-'1 +_-'1+B BI. 5'\210 (242)

Wliwma korinistegi ¢(5) funksiyasin garaymiz.

a+o a+o
) -/ )
(p( )1—5c n(b+§j

Ekstremumnin zararli sharti bolip ¢'(5)=0yagniy

o ltac | a+§. [a—eﬂ['l—&.'f
@) =- -:'.‘: — = |=

Meyh §,boélsa (2.4.3)shi tenlemeden tabilsin. Al §,toshkada minimumnin jetkilikli

sharti¢'(5,) >0 bolip tabiladi.

9(5,)= (a-b)

“(-s,.c)a+s, )b+, )
Sonlgtan, egerde (1-5,c)a+d,)>0bolsa, onda 5, toshkada (2.4.3)shi tenlemenin
sheshimi bolatugin, ¢(s)minimumga iye boladh.

Alingan natiyjelerdi paydalana otirip, (2.4.1)shi optimizatsiyaliq funksiyaga

gollanamiz. Ol tomendegi targe iye boladi.

_(H_)+& i (H )+5|

£n . ecepoe
l—ﬁx:,lﬂl + A+ B BI | Ano (Hz )+ 8
1
— T — =520
- Ag | A"+ A+B B
@;18) =+ o L
L H)+8 " A (H)+8
" . ezepde
1—5/_,,,|A +A+EB BI | A _,:_,_[H |+5
{ |
ma}:ﬁ—n,;,[_H‘E:_ e 5l
- ,,,IA + A+ B BI

Tomendegl belgilewlerdi kiritemiz
(Ho) b=i (H,).C =i |4A"+4+B"BIC, =/ (47 + 4+ B7B|

Sonda, egerde s, tomendegige tenlemenin sheshimi bolsa

En(a+5j— (a-b)l-&,)

b+5) (b+5)l+ac)

ham tomendegige orinlanadi
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0<¢, <1/C,,

al §,minanin sheshimi bolad:

én(a+5j— (a-b)1-&c,)

b+5) (b+5)l+ac,)

ham minaw orinlanadi
max{-b1/C,}< &, <0
Onda optimal Lyapunov funksiyasi sipatinda v, (x)=x" (H. +&,E)x bunda
& =argminiy(5,), ¢, (5)}
Egerde shartlerdin hesh birewi orinlanbasa, onda &5, =0, yagniy H, =E

1. Menshikli vektor retinde soziw algoritmi

Meyli H_, E jub1 Lyapunov-Silvestr tenlemesinin sheshimi bolsin, yagniy
ATH. +H_A+B"H_B=-E
ham u -ortogonal tarlendiriw, H_ diagonal targe alip keliwshi. Tenlemenin shepten
U ga, al onnan U™ kobeytip, tomendegige iye bolamiz
A'A+AA +B] AB, =-E
Bunda A =UTAU = faij*}ij=1n, B, =UBU = bij" } i, j=1n

Payda bolgan tenlemenin tomendegi turge keltiremiz

AL(H ) +¢ 0 0 L(H)+e 0 0
A7 0 Ao (H ) 0 N 0 ALHL) ... 0 4+
0 0 A,(Hp) 0 0 A,(H ;)
(A (H)+s 0 0 1 0 0 1 0 0
VBT 0 A,(H) ... 0 b= peolar 00 o .0 o 0 gt
Y 0 A, (H ) 00 ol o o 0
1 0 .. 0
+Bf'.0 o. 0. 5
0 0 0

yamasa

AlTA(g)+ A(g)Al +B/ A(g)B1 = —[E - Al],
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Bunda

1 1) 1 141 1 141
2ay, +(b11) ap +bby, ay, +by, by,
1 171 Ly 1 1
A, = | %2 +by,by, (512) by, - by,
, =
1 1 1 1 1 1)
@, +by, by by, by (bln)

Meyli ¢,(H)funksiyas: fiksirlengen H_ ham E & marametrli funksiyaga aylamsin,

yagniy

o) el ele) ]

A (E—£+A,)

Sonhqgtan

1-g-2,,,(A,) ecep e >0
1-&-2,,(A,) ecepe<0

ﬂmm(E—g-Al):{

Onda ¢, (s) funksiyas: tomendeg targe iye bolad:

0,(6) =1 == He) | aw (Hg)

1—e/,(A,) | /g (Hp)+e |

Owe<l/i,, (A ) ecep A (A)=0

0<¢ ezep iy, (A )=0
’;':3. [..HE..l Faal ’;:_7. [..HE.-l |

I_E' /F:_: [j‘ll ) LI_';':‘-' [..HE..H_E_

0z¢e>max (- A, (H: )1/ A (A) ezep A (A)=0

Oze>—i, (H;) ecep A (A)=0 (2.4.5)

Funkstyanin minium shartin garap 6temiz

ole)= 1—aec .En[bjgj

Ekstremumnin ¢'(s)=0 zararlik sharti tomendeg targe iye bolad.

7le)- (1_6‘;)2 %n[bic]_ (1—80?([)4—8) =0

Sonhgtan ¢, manisi mina tenlemeden tabilad:

a | (-e)
fn(bJrgj C(b+8)_0 (2:4.6)
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Endi ¢(¢) funksiyasmin ¢, toshkada ekinshi tuwindisin garaymiz

1 _ a
¢ (80) (1— goc)(b +&, )2

Sonhqtan, egerde a(l-e&,c)>0bolsa, onda ¢(s)funksiyas: ¢,toshkada, (2.4.6)shi

tenlemeden tabilgan tomendegi targe iye boladi.

Meyl ¢, tenlemenin sheshimi bolsin

ﬂmax(HE) 1—6~/1min(Al) ~
£n|:ﬂ“min(HE)+6l_/1min Al [j“min(HE)‘FE] =0 (277)

yamasa

0<e<1/2,, (A )ecepoe ., (A,)>0
0 < g,ecepoel,, (A,)< 0

Al ¢,-mina tenlemenin sheshimi

;Lmax(HE) 1_5'/1max(A1)
£n|:j“min(HE)+g:|_ ﬂ“max(Al)'[ﬂ“min(HE)-i_g] -°

ham mina shart orinlanad:

max{- A, (He ) 1/24_ (A, )j<e <0 egerde 2,,(A,)<0
Yamasa — A (He)<e<0 egerde 4,,(A,)>0
Sonda optimal Lyapunov funksiyast retinde mmnam aliwga bolad:
V,(x)=x"(H. +¢,E)x, bunda
&, =argmin{p; (s,) o3, )}
Egerde (2.7.7)shi, (2.7.8)shi shartlerdin hesh biri orinlanbasa, onda ¢, =0dep

alamiz.

2.5 S1izigh stoxastikahq sistemanm ormglihgin izertlewde Silvestr-Lyapunov
matritsahq tenlemesin qollamw
Meyli bizge s1zigh stoxastikaliq differensial tenleme berilgen bolsin Ito tarindegi
[L0.11].
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@ (£) = x° () Ade + i x° (O)B.(£)dw.(D),
[l

O =b ] @) ==, (2.5.1)

Al (2.8.1)shi tenlemede tomendegiler belgilengen:

x°-bolsa, n-olshemli vektor, ¢-parametr; A B, (¢) bolsa nxn olshemli turagh
matritsa, sonhqtan B,(s) bolsa & parametrine analitikalig baylamsh ham
B, (0) = 0,W, (t) -garessiz komponentler p-6lshemi standart vinerli protsess. Al £=0

sistema determinirlengen differensial tenlemeler sistemasina aylanad:.

% = Ax(x), x(t) = [Xl """ Xn ]'(10)

Bilay boljaymiz, yagny sistema tosinanl agzasiz-(1°) sistema Lyapunov boyinsha
asimptotikalig ormqli, basgasha s6z benen aytganda matritsa A-guritsali
Keyin ala sol korsetiledi, (2.5.1) tenleme boyinsha Silvestr algebraliq
tenlemesin duziwge bolatuginin, ham keyin Silvestr tenlemesi boyinsha (2.5.1)shi
sistemanin birge ten itimallig penen ormgliliq kriteriyasin formulirovkalawga
bolatuginin.
I11-Bap Lyapunovtin ekinshiUsi linin stoxastikalig analog:
3.1Birge ten itimalhqg ormghhqg. Lyapunovtim ekinshiUsi hnimn stoxastikahq
analog
Belgili Aniglamalardi ham Lyapunovtin ekinshiUsi linin Teoremalarin
keltiremiz sistema ushin
Mudamg koeffitsientlarga iye bolgan asimptotik tarepten turaqli dogrusal
deterministiksistema gatan tarde turagli ekenligi jags: belgili.Us1 funktsiya
6zgeriwshen koeffitsientlargaiye bolgan sistema ushin da amel etedi, bul birdey
asimptotik tarepten turaql.
Usi bolimdebiz mudamg: koeffitsientlarga iye linear stokastik sistemalar ushin bul
ayriqshaliglardinugsawligm tastiyiqlaymiz.  Ozgeriwshen koeffitsientlarga iye
sistemalar keyingi baptatalgilaw etiledi.

Lemma 4. 1. Eger mudamg koeffitsientlar menen sizigli sistema bolsa.
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Bul ayrigshaliglardan, atap aytqanda, itimalliq boyinsha asimptotik tarepten turaqgli

bolganlinear stoxastik sistema asimptotik tarepten turaqliligin menen ajralip turada.

Amglama 3.1.1. x*(t)=0 trivial sheshim (3.1.1)shi tenlemeler sistemasinin birge

ten itimalliq penen Lyapunov boyinsha ornigl dep ataladi, egerdde galegen kishi s

sant ham qushin, sonday bir ¢ >o0somn koérsetiw mamkin bélsa, yagny |x,|<é

shartinen p itimalligi ushin {y} waqiya

i= {sgp

xg(t1‘<5}
dan
Plri>1-q
kelip shigsa.
Aniglama_3.1.2. (3.1.1) shi tenlemeler sistemasinig trivial sheshimi bire ten
itimallig penen Lyapunov boyinsha asimtotikaliq ormigh dep ataladi, egerde ol

birinshi Amiglama boyinsha ormigh bélsa, onnan basga, P itimallhg ushin {y,}

waqyast

{yt}:{lim sup

T—ot 4T<t

«(t) = o}
boélsa tomendegi baha orinl
P{7t } =1

Teérema 3.1.1. Egerde (3.1.1) stoxastikaliq tenlemeler sistemasi ushin V(x*) on

aniglangan Lyapunov funksiyast bar bolsa, yagmy V(0)=0ham (3.1.1) shi
sistemanin tolig tuwindisinia matematikahq kuatiliwi wagit boyinsha alingan teris
bolsa, onda x*(t)=0trivial. SHeshim birge ten itimalliq penen asimptotikalig orniglh

bolad:.
Solay etip sistema sizigli, onda: (3.1.1) Lyapunovfunksiyasin on aniglangan

kvadrath funksiya retinde tomendegi turde izlewge boladi

V()= xXx" (312)

30



2) (3.1.1) Tedorema gaytimga iye yagnmy (3.1.2) shi kvadrathqg formanmn ishinde
kvadrathiq forma bar boladi zarurlik ham jetkiliklik shartlerinin informatsiyalarin

alip keletugin, asimtotikaliq ornigliliq shartlerinde.

Silvestr tenlemesinin juwmag.

Solay etip, (3.1.1)shi sistema ushin, stoxastikaliq Lyapunov funksiyas: retinde
(3.1.2)shi kvadrathiq forman: alamiz, bunda X >0 belgisiz turaqli matritsa, aniglaw
kerek bolgan. Egerde bizlerge sizigl tenlemeni tabiw mumkin bélsa, X matritsasin
tabiw mumkin bolgan, onda algebralig ormglihg kriteriyasin aliw maselesi
sheshiletugin. Ekenin aytiw kerek, jardemshi algebraik tenlemenin tabirleri belgili
bolgan tagdirde,mudamg: koeffitsientlar menen bir gatarda birdey homogenli
deterministik sistemaniasheshimi jazihwi muamkin. Okiniw menen aytamiz,
stokastik sistemalar ushin bundayyamasa sogan ugsaw magliwmatlar, itimal,
mumkin emes

Ito formulasin paydalanip quramali funksiyanin stoxastikaliq differensiallaw
ushin, dv stoxastikaliq differensiali ushin (3.1.2)shi Lyapunov funksiyas: (3.1.1)shi

Tedremaga tiykarlanip tomendegige iye bolamiz

o]

dv(x? )= x* [{X + X4 —Z B.XB ].rf"dz +x° {Z (B,X + XB Jaw, x*

(3.1.3)
(3.1.1)shi sistemaga tiykarlamp Mi{dv/dt} tuwindinii matematikahq katiliwin

esaplaymiz. Tomendegige iye bolamiz

. A [ r 1
| dv | Migyx® =x
:"L'I";—_‘pl’: =X :#

P
, =x AX+XA"+Y B.XB; |x
| dt J dt

= 1 (314

(4)shidegi matematikaliq kutiliw sonda tekgana sonda teris boladi, egerde

P
AX + XA" + > BXB; teris aniglangan bolsa.

i=1

Teorema 3.1. 2. (birge ten itimalliq penen asimptotikaliq ormqlilig kriteriyasi)

(3.1.1)shi sistemanin trivial sheshiminin birge ten itimallig penen A gurvitsah
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matritsa ushin asimtotikalig ornighliginin zararli ham jetkilikli sharti bolip X on

aniglangan sheshiminin bar boliwi Silvestr matritsali tenlemesi ushin

P
AX + XA" +> B XB/ =-Y (3.1.5)

=)
Bunda Y boélsa n xn olshemli erikli saylap alingan simmetriyali on aniglangan
matritsa .

Soni baygaymiz, (3.1.1)shi sistemada tosinanli shamalardin galip goyiwi (yagniy
&=0) (3.1.5)shi Silvestr matritsaliq tenlemesi Lyapunov tenlemesine keledi.

Silvestr tenlemesinin sheshiminin on amglanganhg:.

(3.1.5)shi tenleme, Silvestr siziglh matritsaliq tenlemeler klassina baylanisls,
(3.1.1)shi sistemanimn sheshiminin birge ten itimalliq penen ornigliliginin analizinin
qurali bolgan.

Jogaridag: belgilewlerdi saglap, B.(¢)=+/¢B, dep alamiz.
L(X)=-AX = XA",R(X)= zP: B,XB,  (3.1.6)
i=1

Sonhgtan (3.1.5)shi tenleme (3.1.3) targe iye boladi ham masele (3.1.6)shi
operatorlar tobinin qgaytimlilig shartinen turadi M, =L-&R, (3.1.1) shi talapta

ganaaatlandiriwshi.

Meyli B-nxn olshemli matritsa, mina blokli matritsanin barliq garessiz

baganalarinan duzilgen

Oz-6zinen aniq, egerde g toliq rangke iye bolsa, onda m=n. Uhwma jagdayda
m<n. Al barlig B; koeffitsientlerin B arqgal: anlatip skeletli joyilmaga iye bolamiz.
p=B|C,....C,|=BC

Bunda C, bolsa mxn o6lshemli bloklar, B ham ¢ mtoliq ranglh matritsa.
Al U ham v aperatorlarinin tasirlerin tomendegishe aniglaymiz
U(z)=BzB*(z eC™) V(X)=Cdiag{X,...,XC* (3.1.7)
Al B matritsasinin b, baganalarin ayirip ham C, bloginin c? gatarlarin mina

jayilmaga iye bolamiz, yagniy
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_ C:l:
U, =bb" WV, =VV.V.= i | V,(X)=o{V,X)
|_ C::F:

Sonhqgtan, A, ham A, matritsalart blokl: birge ten rangga iye ham saykes m
ge.Sonhqgtan rangA, =m, rangA, =1
yagny C toliq rangga iye bolsa, onda V(X )>0 barlig X >oushin. Egerde  (L,U)
-on basgariwshi operatorlar jubi bolsa, yagniy mina tenlemenin sheshimi

— AX — XA* =BzB* (3.1.8)
bar boladi ham barlig z >0 ushin on aniglangan. Bul jagdayda on basgariliw mina
(AB) matritsalar jubinin basgarihwina alip kelinedi ham A matritsasimn
gurvitsalilig.

Al (3.1.1)shi ham (3.1.2)shi Teoremalardi qollamw W =V -L"U operatorlarinin
spektorliq gasiyetlerin ayreniwge alip keledi. Al w operatorlarinin tasiri dazilgen v
operatorlarinin tasiri menen saykes keledi, (3.1.8)shi tenlemenin sheshiminde .
Bunnan kelip shigadi, (3.1.8)shi Lyapunov tenlemesinin sheshimin daziwdin
belgiliUs1 hibirge ten itimallig penen asimptotikaliq ormigliliq Kriteriyasin
paydalanmiwga jol ashad.

Tomendegi zararli shart kelip shigadi

¢(B,XB; +...+B,XB; )<Y (3.1.9)
Bunda Y > oberilgen matritsa, X >0 berilgen tenlemenin sheshimi.

Egerde rangB=nyamasa, en bolmaganda , mmna (A B;,) matritsalar jub:
basgariwshi bolsa, onda (L, R) on basgariwshi operatorlar jubi.
Al

X <1, —AX -XA"=BB" (3.1.10)

(3.1.5)shi tenlemenin on amglanganhginin bar boliwinin jetkilikli sharti anlatadu.
Egerde B ushin skelet joyilma belgili bolsa, ondaUs1 gan ugsas shart (3.1.8)shi

tenleme menen formulirovkalanadi (Misali, z=1,)

Barliq B, koeffitsientlerin sklet joyilma tarinde korsetemiz.
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B, =E,F, rangB =rangE =rangF =r,,i=1...,p bunda E, ham F, toliq rangl tuwri
muyeshli matritsa nxr,ham r,xn 6lshemli . sonn1 ornatiw giyin emes, yagniy barliq
X >0ushin mina tensizlik orinlanatugin

B XB; <tr(X)B,B’, B XB <tr(FXF')EE (3.1.11)

Bunnan bilay aliw mumkin

R(X)=0{(X)BB". R(X)=3 o{F/ X,
[l

bunda
U=EE . V.=FF, i=l...p
Jetkilikli shartin, jogaridag1 natiyjelerden alingan, qisqaliq ushin L™*keri operator
jardeminde tastiyiglaymiz, on tarepine saykes
e<l/o|C(DD)  (3.1.12)

det(r, —o1,) > 0. T, = |, ][, k=Lp (3.1.13)

g0 — U

gp" —u+ i <1, mil_l_&r[l/'iL‘l(Uj)]zy >0 (3.1.14)

gt — u

p~=max o717 (U, )} p~ = min oy, (U,)]
F
U, => U, (3.1.15)
J=1
g<1/p” (z=0)

Egerde barliq B, Ler birlik rangke iye bdlsa, onda (3.1.11)shi tensizliktin ekinshi
gruppas: birdeylikke aylanadi. Bul jagdayda R(x)=R(x) ham (3.1.13)shi tensizligi
(3.1.1)shi sistemanin sheshiminin birge ten itimalliq penen asimptotikaliq ornigliliq
Kriteriyasin korsetedi.
Al (3.1.14)nin jetkilikli sharti (3.1.15)ge garaganda zararligine garaganda jaqin, sol
jagdayda, egerde T = T, -qatan on aniglangan bolsa.

Egerde bar F, kobeymeler skelet joyilmada B, =E; -F, betlesse ham F, ge ten
bolsa, onda (3.1.13) de barhq T, lar birlik rangga iye boladi. Bul jagdayda

ormqlihqtin jetkilikli shartine iye bolamiz sol I, =1  zararlik
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£ <1/trfv, L (U,)] (3.1.16)

bundg e =FoFor  Us=Ui+..+U,
Us1 gan ugsas jagday E =...=E_ = E,mna tarde bolad:.
e<1trlv, - L*(U,)], (3.1.17)
bunda U, =EEp, Vs =V, +..V,.

Dara jagdayda, (3.1.16) ham (3.1.17) tensizlikler orinlanadi, egerde saykes

ool MU, <1, eV L (U,)|<1 i=1...p.
Ekinshi, ushinshi ham basqa buyriglar momentlerin gandiradigan tenlemeler

sistemasi Itoformulasidan paydalanip (3. 3. 8) isletiliwi mamkin.

Misal. 1. Ushinshi tartipli skalyar standart vinerli protsessli W, (t) Ito tenlemeler

sistemasin garaymiz,

-1 0 0 0 0 &
A= 10 -1 0| Blejo 0 0
| 0 10-1] o 0 0| (3.1.18)

Al A matritsas: (3.1.18)de gurvitsiali, onnin menshikli manisleri
SA)=1{-1,-1 -1

(3.1.1)shi, (3.1.18)shi sistemalar ushin (3.1.5)shi Silvestr tenlemesinin sheshimi
Y =21, mina turge iye boladi

8+204e° 4010206 200 +1000¢°
X:;} 40-1000&"  408-4800¢° 3040+1500¢* | (3.1.19)
8-15000¢ ) )
200 +10000¢” 3040 -1500¢" 30408

Silvestr kriteriyasinan (3.1.19)sht matritsanin on aniglanganhiginan kelip shigads,

yagnly X >o0sol jagdayda, egerde |¢<0,0231 Bunnan kelip shigad,

(3.1.2)Teéremanin kuashine tiykarlanip (3.1.1)shi sistemanin x* = 0sheshimi birge
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ten itimallig penen Lyapunov boyinsha asimptotikalig ornigl boladi, sonda tek gana
sonda, egerde |¢| < 0,0231 bolsa.

Misal. Meyli (3.1.1)shi sistemada matritsalig koeffitsientler tomendegi
strukturaga iye bolsin

-1 0 2] 0 0 0] 10 0]
A= 0 -1 0| Blel=al0 -1 0| B,el=p5/0 00
| 0 0-1 1 0 0 0 0 0
) ) ) ) S e (3.1.20)

bunda a =& ham g = Jeb-parametrler.
Al A matritsas1 gurvitsiali, tsh eseli menshikli maniske iye -1 ham B, (s) menen

birgelikte toliq basgariw jubin dtzedi & = o0de.

Skelet joyillmadag1 B, ham B, kobeymeler tomendegi turge iye boladi

0] _ B
0
E1=:Ul =F1=;0 1_1|=E:=:D=F:=|:1=U=U]
110] - - |0

Belgilewler kiritemiz z = F,XF," = |z, Hz , tomendegige iye bolamiz
R=UV,, U(2) = E,ZE; +z,,E,E;, V(X)=Z

W operatorinin tasiri tomendegi tarde aniglanadi

ul
=

R . .
I | 7} 1 :
WZ)=VL"Ulz)=|"*

I ?l..zll -z ?l..zn +zy -z 2y)

Minan: esapga alsag, yagniy W(0)= p(w)¢, bunda 6 =|j6, HZ >0 baz1 bir matritsa,

2

6,, = o spektrol radiuske iye bolamiz p(w)= 1+
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EkinshiUs1 nisga tiykarlanip, (3.1.1)sistema asimptotikaliq ornigli birge ten itimallig
penen sol jagdayda, egerde mina tefisizlik orinlansa p(w)t1/s . Bunnan kelip shigadh,

& ushin maksimal mumkin bolgan interval tomendeg: targe iye boladi

D<= !

E;I..
1+—
2 (3.1.21)

Al b parametrinin tasiri onnin razmerine 6z 6zinen anig. Dara jagdayda, b=o0de
(skalyar vinerli protsess) ¢ bolsa birden asip ketpeydi.

Egerde b —» da, onda (3.1.21) interval & =0 toshka argal: anlatilad. (3.1.21)shi
tensizlikke bilay keliwge bolads, (3.1.5)shi tenleme argals.

3.2 Stoxastikahq sistemanm ornmighhg:

dX (1) = b(z, X)de + E G (. X)do ()
= (3.2.1)

Meyl1 bilay esaplayiq, yagniy X(t),b(t, X) ham o, (t, X) bdlsa E, degi vektorlar, ¢, (t)
garessiz vinerli protsessler [16,17]. Jane bilay boljayiq, yagniy b ham o, bolsa t

boyinsha uzliksiz, ham Lipshits shartin ganaaatlandiradi x boyinsha, yagniy

> o, 6.9 -, (] e 0 =5
el

< E|J:—J;|
(3.2.2)

Ayirnnim jagdaylarda bilay boljayiq, yagniy B Lipshits turaglis: oblastan garessiz,
yagmy (3.2.2)shi gatnas E ={{t>0)}xE, oninh. Bizler tek gana X(t)=0 trivial

sheshiminin ormqlilig sharti menen shegaralanamiz.Usi gan saykes bilay boljaymiz,

yagny
b(t,0)=0, o, (t,0)=0 (3.2.3)

Usi gan baylanisli tomendegi Aniglamani Kiritemiz.
Meyl U -bazibir oblast U -tuyigligi menen E =1xE, de, al U*(0){(t,x):|x|<s}. Al

V(t,x) funksiyas: mina klassga derek dep aytamiz
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CoU)V(t,x)eCS(U)], egerde ol eki martebe x boyinsha tizliksiz differensiallaniwshi
bodlsa ham t boyinsha bir martebe barlig U oblastinda, onnan basga, minaw boliw1
muamkin, x=0 kopligi u\u*(0) tuyiq kopliginde uzliksiz galegen &>0 ushin.
Sonligtan son1 katiw tabiyiy, yagniy ulken klasslar jagdayinda (3.2.1)shi sistemanin

ornigliligi bolip, egerde birinshi juwiglasiw sistemas: ornigli bolsa

b0 E 2a (£0) .
dX(r):mlI:D-lez+ECG' & L Xdr |t

o r; cx ' (3.2_4)

oo,

Egerde mina jagdayda, 3—2 ham lar t ga baylanisli bolmasa, onda bunin

ushin (3.2.4)shi sistemanin itimallig1 boyinsha asimtotikaliq orniglihiq jetkilikli.
Tilekke qarsi, ornigsizlig shartleri jagday: qiyinrag. Stoxastikaliq sistema ushin,
uliwma aytganda, Lyapunov ham SHetaevtin ormgsizliq Teoremalarinin analogi
duris emes. Qatan aytganda, bunin sebebi sonnan ibarat, yagniy stoxastikaliq sistema
ushin traektoriyasi ormgsizliq kopliginen shigiwi mamkin, tosinnanl kushlerdin
tasirinen. Determinirlengen sistema dx /dt = x,,dx, /dt=—x, Kishi snosti ham Kishi
diffuziyan1 gosiw natiyjesinde buziladi
;::EXI (£) = (X, +b(X,. X, )t + o X, X, )dc,(£)
\dX,(f) =X di+al X X, Jdo, (1) (3.2.5)
Sonnin ushin galegen kishi ¢ >0 soni ushin b ham & funksiyalarin tanlap ahw
mumkin, mina shartti ganaatlandiriwshi
Ib(%,, X, ) +|o(x,, %, ) < &|X
yagniy (5)shi sistema putinley asimptotikaliq ornigl boladi.
Misal. 2. Meyh V(t,x) eki martebe uzliksiz differensiallaniwsh: funksiya x

boyinsha ham t boyinsha bir martebe 1xU da, bunda U € E, shegaralangan tuyiq

oblast, ham MeyliUs1 oblastta

Bazi bir qosimsha natiyjeler.

Meyli (QU,P) itimalliq kenisligi bolsin, #CU -bolsa, Q dan alingan o

algebra waqiyalarinin jiyini, har bir t>0 ushin aniglangan, ham sonday, yagniy

u.Cu, egerde s<t bolsa. Meyl y(t,w)t>0-tosmanl protsess. My(t,w) shekli

38



matematikaliq kutiliw menen, sonhqtan y(t,w)=y(t)-z bolsa har bir t ushin
Olsheniwshi tosmanl shama. Al (y(t,w),« ) supermartingal dep ataladi, egerde
galegen s <t ushin M(y(t)/ u,) < y(s) (3.2.6)

Egerde (3.2.6)tensizlikti tenlik penen almastirsaq, onda martingal Aniglamasina iye
bolamiz.
Misal 1. (t) vinerli protsessi martingal bolip esaplanadi  N,nin o algebra
sistemasina salistirmali, solay etip
M) N ) =M([z(s)+ (ce) = ()] V) = 2ls)

Y Agniy martingal bolip mma uliwma protsess esaplanadi
t
y(t)= [o(s)ds(s)
0

Misal.2. Meyh V(t, x) eki martebe Gzliksiz differensiallaniwshi funksiya x boyinsha
ham t boyinsha bir martebe 1xU da, bunda U < E, -shegaralangan tuyiq oblast, ham

MeyliUs1 oblastta

g BV o1E @ & ey e L& B L (. B0
LT Ir___'c_I=F———Ea___Ir.__‘c_I_ — —Ei:l__lr._:c_l_—s_———z g ALxl— | -F+dtx| —F=10
g 2ia fd. 0 &, ¥ 2 & ) &x )

Bilay belgileymiz z(t)=min(z,t), bunda 7 -bolsa birinshi shigiw momenti U(t)
traektoriyadan X (t) protsesste, (3.2.6)shi tefileme argali aniglaniwshi. Sonda
y(t)=V(z(t), X (z(t))) supermartingaldi korsetedi, N, sistemaga garata

Sonda M[F(z(z) X(c() v, ] = (s, X (s))

Bunnan kelip shigadi, yagniy barliq traektoriyalar ushin, 7 > s ten, X(z(s))= X(s)eU,
, (3.2.6)shi shart ormlanadi. Barliq traektoriyalar ushin mmma z<s shartti
ganaatlandiriwsh1 mma M(y(t)/N,)=y(s) tenlik ormnli, solay etip bul jagdayda
7(s)=(t)=7. Egerde Lv shart ormnlansa barliq x e E, ushmn, t>0, al M_ V(t, X(t))
bar boladi, yagniy protsess V(t, X(t)) supermartingal bolip esaplanadi.

Bul gasiyet, uliwma aytganda, duris eemes, egerde LV <0 shart buzilsa bazibir
koplikte.
Lemma. 3.2.1. Meyli V(t,x) funksiyast x boymsha eki martebe uzliksiz

differensiallantwsh1 ham t boyinsha bir martebe Ix{U/I'} koplikte ham 1 xU
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shegeralangan, bunda U boélsa E, degi shegaralangan koplik, ' U bolsa X(t)

protsess ushin erisilmegen, (3.2.6) tenleme menen aniglangan.
Meyli I1x(U\T') oblastinda LV <0 sharti ormlansin. Sonda V(z, (t), X (z, (t))) protsess-
supermartingal.

Dalilllew. Endi 7, , dep U\U,(I'), 7, , =min(z, ,,t) kopligindegi birinshi shigiw
momentin belgileymiz. Solay etip T kopligi erisilmegen, sonda barliq t ushin § -0
da

7, ;) >, (t) (3.2.7)
Ekinshi jagtan, ekinshi Misaldan korinip turipti.
MV, ()L Xz, ()N, )2 Plr,., (s). X, (5)))
Usit tensizlikte § — 0da shekke otsek ham v funksiyasinin shegaralanganligin

esaplga alsag ham (3.2.7)shini, lemmanin natiyjesine iye bolamiz.
Lemma3.2. 2. Meyli b_ham o, koeffitsientleri (1,1) t

tenlemenin (1.3) shartti qanaatlandiradi ham E=1xE, oblastinda (1.2) sharti

orinlanadi. Sonda galegen haqiyqiy fB,t >s,x =0 ushin tensizlik orinl
M‘X”(t)‘g <|x” -expk(t—s)} (3.2.8)
bunda k -turagl, tek gana ¢, g baylanisli ham B turaqglisi (1.2) shartten.
Dalilllew. Al V(x)= |x|ﬂ funksiyas1 |x>& oblastinda eki martebe Uzliksiz

differensiallaniwsh1 s >0 ushin.Us1 oblasta Ito formulasin gollanip tomendegige

iye bolamiz

Pz ) =1 ()+ 8 [ x|

Blee, X ()L X (u) ldu + s . X () du+ > (o (o, X ()] X5 () e () |+

240 r=l

+ %,51,8 - 2|| |5 (u _'||'E"‘ (Al X5 (2) )- X5 (). X () e
- 3 (3.2.9)

tomendegishe belgilengen: 7, bolsa |x > &, koplikten shigrwdin birinshi momenti ,

al z,(t)=min(z,,t). Al Y**(z,(t)) tosinanl shamas: matematikaliq kutiliwge iye. Endi
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(3.2.9)de matematikaliq kutiliwde esaplap, bazibir k =k(g,B,¢) ushin tomendegi
bahaga iye bolamiz

o + A-_x{_;_[:}'-'-* (1)l
(3.2.10)

Solay etip u < z,(t) ushin 7,(u) =u gatnas: ormli, onda (3.2.10)den tomendegige iye

MY (. (¢)) =

MY *“*(7.(¢)) =

o7 +IM [T () < [+ MT(r, (1))

bolamiz

Keyingi tensizlikten Gronuolla-Bellman tensizliginin tomendegi bahaga iye bolamiz

},,{|X“: I._i"____ |-_I_I|_.||'h < |.‘k‘|'h exp {JH_I — & .'|} (32 11)

Endi (3.2.6)da p = -1 dep alip ham SHebishev tensizliginen paydalanip, tomendegi

tensizlikke iye bolamiz

P Az (t)<t)< ﬁek(ts)

yagniy galegen s <t ushin
P ir. <t}=>0,5>0 da (3.2.12)
Al endi 5§ — 0 da (3.1.11)da shekke 6tsek ham (3.1.12)ni esapga alsaq (3.2.8.)ge iye

bolamiz.
Lemma. 3.2.3. Egerde_(3.2.6)shi tenlemenin koeffitsientleri (3.2.8)shi shartti

ganaatlandirsa, har bir x boyinsha shegaralangan oblast (3.2.7) shart orinlans, al
X **(t) protsessi regulyarl bolsa, onda x =0 toshka nedostijima onnin traektoriyasi

ushin x, =0.

Lemma. 3.2.4. Meyh V(t,x) funksiyas: CJ((t>0)xU) klasga derek bolsin ham

(t >0)xU oblasta shegaralangan, bunda U -bolsa baslangish koordinatalar dogeregi,
hamUs1 oblastta LV(t,x)<0 Sonda V(z, (t), X(z, (t))) protsessii supermortingal, solay

etip xeU ushin
MV(r,- (). X (- (e)) = Vis. x)
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Teérema3.2.1. Egerde (y(t,w)M, t>0)-on supermartingal bodlsa, onda birge

tenitimalliq penen shekli sheek bar boladi vy, =/imy(t,w) Sonligtan

My, = fimMy(t,w)

t—owo

Teérema3.2.2. Egerde (y(t,w),M,,t>0) martingal bolsa, onda galegen k >0

ushin

M|(T. w)

-
-

P< sup |vlz, -u'_'l| > k=
LT

Itimalliq boyinsha ormiqhihq

Tenlemenin X (t,w) sheshimi itimalliq boyinsha orniqli dep atalad:
t>0 da, egerde galegen s >0 ham ¢ >0 ushin
Lim P{PEEI_] LX""' I'_z.‘_'l| = EWF =0
bolsa.
V(t,x) funksiyas: on aniglangan dep ataladi x =0 kopliginin dogereginde,
egerde V(t,0)=0 hamUs1 dogerekte V(t,x)>w(x) bolsa, sonligtan w(x) >0 bolad:
x =0 bolsa.

o g 71 L. . e ,
Teérema3.2.3. Meyl “””**=" oblastinda, x=0 tuwriga iye bolgan tzliksiz on

aniglangan Lyapunov manisindegi V(t,x)e C?(U,) funksiyas: bar boladi ham x =0

de tomendeg: shartti ganaatlandiriwshi

]

- A S A S
Ji_r.]r =.-._+ ES.|I=.‘|{-|H—+—EH..|I=.T|H
a o @ éx; 255, 7 &

.3]r_.'

B,

]

=0

)

Sonda (3.2.6.) tenlemenin trivial sheshimi itimalliq boyinsha ornigli boladi.
Dalilllew:_rsanin sonday etip saylap alamiz, yagniy U,din r-dogeregi x=0

toshkada 6zinin shegarasi menen U da jatsin. Endi V, = inf V(t,x) dep belgileymiz.

xeUiU,

Al (3.2.9)shi lemmadan |x < r ushin tomendegige tensizlik ormnli
MVl r- (2). Xz ()] = V(5. x)

Ust gatnastan ham SHebishev tensizliginen tomendegige iye bolamiz
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( a0 MPIn- ). X ) i)
P:s Tyl = rr = S DI
Ih:fﬁle . | f I ]r

Endi t — «da shekke 6tsek, tomendegige iye bolamiz

Ve, x)

X I'&:I| ER

el

Psup
L LS

Solay etip V(s,00=0 ham V(s,x) funksiyas1 uzliksiz, onda keyingi tensizlikten
Teoremanin durishigi kelip shigadi.

Eskertiw (3.2.6) tefilemenin X(t)=0 sheshimin t>ode itimallig1 boyinsha ten

6lshemli ornigli dep ataymiz, egerde galegen s>0 de P{sup

X (t) > g} funkstyasi
t>s
x — 0 da nolge umtilsa ten 6lshemli s >0 de.
Teérema. 3.2.4.. Meyh (3.2.6) tenlemenin X =0sheshimi waqitqa baylanissiz
buo, koeffitsientleri menen itimalligi boyinsha orniqli. Bilay boljayiq, yagniy x =0

toshkasimin dogereginde (3.2.7)shi shart orilansin haim aynimaganliq sharti

> aifA A > mix)> A

=l fm=1 (3 . 2 . 13)

bunda m(x) >0 boladi, x =0 de ham uzliksiz.

Sonda x = 0 toshkasinin doégereginde eki martebe uzliksiz differensiallaniwshi

V (x) on aniglangan funksiyasi bar boladi, LV =0 bolatugin.
Dalilllew: Meyh U, = {x|<r} bélsa x=0 toshkasmn jetkilikli kishi dégeregi. Al

u,(x) argali U, \U, oblastindagi sheshimdi belgileymiz maselenin

Lu=0;ul = Lu =0

[x|=0

[x=r

yagny
u,(x)= PiX X(rm)" = r}
bunda z, , bolsa {x =rU{x =&} képligindegi birinshi jetiskenlik momenti.
Oz-6zinen amq, yagnty L izbe-izlik u(x).
Funksiyanii & — 0 monoton 6sedi. Onnin shegi V(x) bolsa, olda L-garmonikaliq

funksiya1 korsetedi.
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Endi 7, argali nol toshkasi jetiskenlik momentinin traektoriya protsessin

belgileymiz. Uaqiyalar arasindag: gatnaslardan

*J,’sup|X :I'_I_'I| = r\,'l* c U HX II 1 = ;'}u {r_. =0 }
L £ J B

|) [|X: |1r ' = r} Casup|X ()= p
&34 L £=0 J

ham 2.3. lemmodan mina tensizlik kelip shigadi

P{sup‘x X(t)‘ > r} = KimP{X X(r,ﬁ] = r}=V(x)

t>0 60
Ust tensizlikten ham X =0sheshimnen itimalliq boyinsha ormigliliq V(x) — 0 eger
x —0 kelip shigadi. Maksimumnin kusheytirilgen prinsipinen us(x) funkstyasinif
on ekenligi kelip shigadi, ol bolsa, V(x)ta eger |x>gd, >5. Solay etip , V(x)
funksiyasi1 Lyapunov manisi boymsha on aniglangan, al Lv =0
Misal. Meyli X (t) -bir 6Ishemli protsess, tomendeg1 tenleme menen jazilgan
dX (t) = bXdt + oXdc(t) (3.2.14)

bunda b ham o turaqlilar. Differensiali tuwindili operator protsess ushin mina targe

iye boladi.

Egerde b <o bolsa, onda X(t)=0 sheshim (3.2.14) sistemanin ormigli, solay etip

1-2b/o?
V(x) = ‘X‘ Tedremanin shartin ganaatlandiradi. Al b> 0 de bul funksiya nolde

tuwindiga iye emes. Sonni ansat korsetiw mumkin, elliptikaliq tenleme ushin
maksimum prinsipine tiykarlanip, yagniy qalegen V,(x) funksiyasi ushin sonday,

yagnty V,(0)=0,V,(¢)>5, al 0<x<e oblastinda mma qatnas orinlanadi

1-2b/c?

V.09 > 5((x)/e]
Itimallig1 boyinsha asimtotikaliq ormqliliq him ormgsizhgq.
(3.2.1)shi tenlemenin X(t)=6 sheshimi itimallig1 boyinsha asimptotikaliq orniqlt

dep ataladi, egerde ol itimallig1 boyinsha ornigli bélsa ham onnan basga, tomendegi

gatnas orinli bélsa
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fimPiim X > (t) = 0j=1 (3.2.15)

Bul paragrafta jiyi bilay boljaymiz, yagniy tomendegi orinlaniwi kerek D sharti:

(3.2.15)tefilemenin sheshimi, ¢ <|x < r oblastta baslanatugin, shekli waqut

araliginda birge ten itimalliq penen shegaraga shigatugin jetkilikli kishi r ham ¢ >0
ganday boliwina garamastan

D sharti orinlanadi, egerde 0<|x/ <r oblastinda V (t,x) e C;({t >0jxU, ) funkstyasi

bar bolsa, yagniy galegen x ushin
W(t,x) >0, LW(t,x) <C, <0, ecep |X| >¢ (3.2.16.)

Gezektegi Teoremada U e E, koordinat basinin bazibir dogeregi.

Teérema. 3.2.5  Meylh on aniglangan, sheksiz kishi shamaga iye

V(t,x) € CI({t > 0}xU) funkstyas1 bar bolsin hdm LV <0 shartin qanaatlandirsin.
Meyli, bunnan basqga, D sharti ormlansin. Sonda X(t)=0 tenlemenin sheshimi
itimallig1 boyinsha asimptotikaliq ornigli.

Dalilllew._ (3.2.18) lemmadan kelip shigads, yagniy V(z,(t), X **(z, (t))) tosinnanli
protsessii supermartingaldi korsetedi.Ust dan ham (3.2.15) Tedremadan birge ten
itimalliq penen shekke iye bolamiz

fmv (e (9, (z, )= ¢ (3.2.17.)
Endi B, argali X**(t) traektoriyalarinin kopligin belgileymiz. Solay etip v
funksiyas1 3.2.15 Tedéremanin shartlerin qanaatlandiradi, onda X(t)=0 sheshim

itimallig1 boyinsha ornigli, ham bunnan kelip shigadi
P(B,)—>1d1 x—0 da (3.2.18)

D shartten, yagniy B, kopligindegi barliq traektoriyalardan, nol itimalligtag
traektoriyalar kopliginen basga, mina gatnas orinl itng\x **(t) =0, ol egerde (3.2.17)
lemmani esapga alsaq, onda juda kushlirek gatnasga iye bolamiz.

Zim
t—>w

X (t)=0
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Zim

t—>

Solay etip v funksiyasi joqgar tartipli shekke iye boladi, onda V(t, X **(t))=0.

Biraq (3.2.17) baylanish barliq traektoriyalar ushin B, kopligindegi shekke iye
bolamiz

Amv (g (£) Xz, )= AimV t, X (1))
Bunnan ham V(t,x) funksiyasinin on aniglanganlhiginan B, traektoriyasinan mina
tenlikke iye bolamiz

zimX (t) =0

toow

Usi gatnastan ham (3.2.18)ten Tedremanin durislig kelip shigadi.
Teérema 3.2.6 Meyl V(t,x) e CJ({t > 0jxU, ) funksiyas: bar bolsmn, mina shartlerdi

ganaatlandiriwshi

LV <0 eger xeU,, x=0 (3.2.19)
ZiminfV(t, x) = oo (3.2.20)

x—0 t>0

Bilay boljayiq, yagniy D sharti orinlansin. Sonda X(t)=0 sheshim (3.2.15)

tenlemenin itimalligi boyinsha ornigsiz. Bunnan,Us1 jagdayda waqiya

{sup‘x S
t>0

barliq s >0,xeU, ushin nolge ten itimalligqa iye.

(x)|< r}

Dalilew. Endi ¢,  -argali {]x| = r}U ﬂx = g}, 7., ()= min(rr’gt) kopliginin jetiskenligin
belgileymiz. Al U, \U, oblastta barliq & <r ler ushin (3.2.19) den ham lemmadan
mina gatnas

MV (7, )©). X *(z,., (1)) <V (5. %)
Endi t — o da shekke 6tsek ham D shartin esapga alsaq, mmagan iye bolamiz yagniy
MV (z, )X (.., (1)) <V (5. %)

SHebishev tensizliginen tomendegi bahaga iye bolamiz.

inf V(t, x)P{ sup [ X **(t) < r} <V (s,X)

[X|<é&,t>0 O<t<r®
bunda z° -bolsa |x| = ¢ kopliginde erisilgen birinshi moment

Eskertiw. Ornigsizligtin tomendegige jetkilikli shartin aliwga bolada.
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1) (3.2.15.) tenlemenin X(t)=0 sheshimi ormgsiz egerde {et >0}xU, oblastinda

(3.2.19), (3.2.20) ham (3.2.15) shartleri orinlansa.
2) (3.2.15) tenlemenin X (t) =0 sheshimi ornigsiz, egerde (3.2.20) shart orinlansa

ham sup LV <0 sharti galegen & >0 ushin.

s<|x|<r
Amglama. (3.2.15) tenlemenin X (t)=0 sheshimi putkilley (asimtotikali) ormqli dep
ataladi, egerde ol itimallig1 boyinsha orniqli bélsa ham onnan basqa, barliq s, x lar

ushin
P LTXS'X(t):O}:l
Teérema-3.2.7. (3.2.15) tefilemenin X(t)=0 sheshiminin putkilley ornigliligmin
jetiskenligi , yagniy ol itimalligi boyinsha ten 6lshemli ornigli boliw1 kerek, onnan
basqga, X(t) protsessii [x| < ¢ oblasta galegen & >0 ushin qaytimli boliw1 kerek.
Dalilllew._Solay etip X(t)=0 sheshim itimalligiboymsha ten 6lshemli ormiqh

bolsa, onda galegen ¢ >0ushin & >0 shamasi bar bolip, yagniy

X (t) > g}< £

sup P{sup

&>0,|y|<s t>s
7, arqall |x <& kopliginin birinshi jetiskenlik momentin belgileymiz Markov
protsessinin gasiyetine tiykarlamp ham >0 sonday etip alip, yagniy [x|>¢ da,

tomendegige iye bolamiz.

P@‘Xs’x(t1>g}= T j P{Z’5 edu,X**(z,)e dy}P{‘lLrL]‘X”'y(tj>g}S T IP{Ta edu,Xs’X(r(s)edy}

u=s|y|=5 u=s|y|=6
X ”'y(tj > g} <e

Usi tensizlikten Tedéremanin durishigi kelip shigadi.

P{sup

t>u

Tedrema-3.2.8. (3.2.15) tenlemenin X (t)=0 sheshimi putkilley ornigli boliw1

ushin, sonday bir on amglangan V (t,x) e CJ(E) funksiyasmif bar boliw1 jetkilikli,

shekisz kishi jogari shekke iye boliw1 kerek, yagniy LV funksiyasi teris aniglangan
boliw1 kerek, sonligtan

InfV (t, x) — oo di x| >
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Tedrema-3.2.9. (3.2.15) tenlemenin X(t) =0 sheshimi putkilley ornigli boliw1

ushin, tomendegi shartlerdin ormlaniwi jetkilikli.
1) X(t) protsessi regulyarl.
2) Sonday bir V,(t,x) € CJ(E) teris emes funksiyasi bar boladi, yagniy LV, funksiyasi
teris aniglangan.
3) Sonday bir sheksiz kishi shekke iye V, (t,x) e CJ(E) funkstyas1 bar boladi, on
aniglangan, yagniy LV, <0
Misallar. Bir 6lshemli protsessti qaraymiz, E, de Ito stoxastikaliq differensial
tenleme menen berilgen

dX (t) =b(t, X )dt + ot, X Jde(t)  (3.2.21)

Onnin tuwindili differensial operator1 tomendegi turde boladi

_9 9,1 090
L= +ht, X)ax +50 (t,x)ax2 (3.2.22)

Tomendegishe boljaymiz, yagniy x =0 toshkasinin dogereginde tomendegi joyilma
orinl

b(t.x) = b(£)x + Oljx|t &lz.x) = o le)x + 0l (3.2.23)
Bunda b(t) ham o(t) funksiyalari shegarlangan.

Meyli bazibir ¢ >0,k >0 ham barliq t >0 mina shartler orinlanadi.

Hb(s)—%(shg}ds <k (32.24)

Sonda jardemshi funksiya
t 2
V, (t, x) = [x|" -exp{— yI(b(S)—GT(S) + sjds} =[xV (1)

jetkilikli kishi >0 wushin Tedremanin barliq shartlerin qanaatlandirada.
Haqiyqatinda da V,(t,x) funksiyasiin ofi aniqlanganligr (3.2.24)den kelip shigadi.
Ekinshi tarepinen (3.2.22) ham (3.2.16)ge tiykarlanip tomendegige iye bolamiz

LV,(t,%) = y|x|yV(t){— = }/Gz(t)} ol ).
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Sonlqtan y <|x"supo?(t) da LVl(ty x) funksiyasi teris aniglangan, jetkilikli Kishi

x=0 toshkasinin dégereginde. Bunnan kelip shigadi, X =0 sheshim (3.2.24)shi
sharttin orinlaniwinda itimallig1 boyinsha orniqli.

Meyli bilay boljayiq, yagniy bazibir £ >0,k >0 de ham barliq t > 0de mina shart

orinlanadi
| {b(s)—GT(S)—g}ds>—k (3.2.25)
0

Bul jagdayda jardemshi funksiya

v, 6 %)= _zn|x|+j{b(s)_%(s)_g}ds

0
(3.3.21) shartti ganaatlandiradi. Bunnan basga, bul jagdayda
LV, (t,X) < —& +0(1)
Qaralip atirgan jagdayda linerizatsiyalangan sistemanimn ornigliligi
dX (t) = b(t) Xdt + o(t)Xd(t)
(3.2.15) sistemanin ornigliligin 6zinin ishine aladi. Uliwma jagdayda bulUs: lay
emes Al (3.2.19) sharti sonn1 ganaatlandiradi, dara jagdayda, (3.2.15) sistema on
b(s) funksiyas1 menen, egerde b(s)-o?(s)/2 teris turaqlidan Kishi bolsa. Solay etip,
ornigsiz sistema dx/dt = b(t,x) stobilizerlengen boliw1 mimkin of(t, x)dg(t)
stoxastikaliq agzani kiritiw menen, egerde shawqmmnin inteksivligi o (t, x)

jetkilikli kishi bolsa Misali, turaqli koeffitsientli sizigl dX = bXdt+oXdg(t) sistema

2
b < 07 ornigli bélsa. Keyingi tenlemeni mina tarde jazip

X =(b+os)X  (3.2.26)

alingan natiyjeni bilay aytiw mamkin.
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3.3 Eksponensial p-ormighiliq him q-ormigsizhq

Tenlemenin X (t) =0 sheshimi

dX (t) = b(t, X )dt + Zk:ar(t, X)de, (t) (3.3.1)

r=1
E, de bilay aytiladi [17].
1) r-ormigh (p>0),t>0 de, egerde

sup M|X**(®)° >0,6 >0 (s>0)

[x|<5,t=0

2) asimptotikali r-orniqli, egerde al r-ormighh ham, bunnan basqga,
M[X = (0)]" >0, t > oo
3) eksponensial r-ornigli dep ataladi, egerde bazibir on turaqli Ahdme
M|X s'X(t)‘p <AX’-expi-alt-s)l  (3.3.2)
Teérema. 3.3.1. (3.3.1) sistemanin trivial sheshiminin eksponensial r-orniqli boliw1

ushim t>0de, V(t,x) funksiyasinin bar boliwi jetkilikli C?(E) klassga derek bolgan

ham bazibir turagl k,,k,,k, tomendegi tensizliklerdi ganaatlandiriwshi

KX <V(t,x)<k,|x" (3.3.3)

LV (t,x) < —k,|x° (3.34)
Dalillew. (3.3.3),(3.3.4) shartler X(t) protsessinin regulyarligi ushin jetkilikli, solay
etip V (t,x) funksiyas1 Tedoremanin shartlerin qanaatlandiradi.Us1 Tedremadan kelip
shigadi, yagniy MV(t, X**(t)) bolsa barhgq t>s ler ushin bar boladi. Mina

V(t, X**(t)) -V (s,x) aywrman lto formulas: argal anlatamiz, matematikaliq kuatiliwin

esaplap, ham (3.3.3),(3.3.4) shartti paydalanip, mina tenlikke iye bolamiz
MV (t, X **(6)-V (s, x) = [ MLV (u, X ** (u))du

Usi tenlikti t boymsha differensiallap ham (3.3.3), (3.3.4) esapga alip mimani

tabamiz % MV (t, X (t) ) < —:2—3 MV (t, X (1))

2

Bunnan bahaga kelip shigadi
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MV, X7 () =Vs. x)expy — A— lt—s);

el

Usi bahadan ham (3.3.3) ten (3.3.2) kelip shigadi.
Teoérema dalillenedi.

Teorema. 3.3.2 Egerde (3.3.1) sistemanin X (t) = 0 sheshimi eksponensial r-arqali

bolsa, al b ham o koeffitsientleri x boyinsha shegaralangan uzliksiz tuwindilarga
iye bolsa ekinshi tartipli , onda V(t,x) e C{(E) funksiyas1 bar bolsa, (3.3.3), (3.3.4)

tensizliklerdi qanaatlandiriwshi ham bazibir k, >0

<k (3.35)

" |OX. OX .

[

Dalillew. Endi mina funksiyanin

v(t,x):t]TM\x“(u)\pdu (3.3.6)

t
Tedoremanin barliq shartlerin qanaatlandiratuginin kérsetemiz, T >0 saylap aliwda.

Haqiygatindada , (3.3.2) ge tiykarlanip

t+T

V(t,x) < JA|x|p exp{-a(u—t)jdu=k,|x°

Solay etip b ham o, koeffitsientleri x, boymnsha shegaralangan dara tuwindilarga
iye bolsa, al &, (t,0)=0, b(t,0)=0 onda mina baha orinli
la (t,x) < ks [X|*; |b; (t, X) < ks|X]
Bunnan kelip shigadi, yagniy
Lx®) <k 337)
Endi |x" funksiyaga Ito formulasin gollanip ham (3.3.7)ni paydalanip, minagan iye

bolamiz

peeny - o o oo
t t

o1



Endi T saylap alip, mina shart orinlanatugin etip

t,x 1
M[X (e +T)" <’ (338)

bunnan mina tefisizlikke iye bolamuz V (t,x) > | * / p(2k, ). Al (3.3.3) gatnas

dalillenedi. V(t,x) funksiyasinin tegisligi talap etilgen ham (3.3.4) gatnasti alamiz.

Aqirinda tomendeg1 bahaga iye bolamiz

t+T

t+T
- I axi M ‘Xt’x(u)‘pdu < Ikl|x| " explk, (u—t)ldu = kX"
t i t

‘8V (t,x)
OXi

Lemma 3.3.1. Meyl b(t,x), o, (t,x) koeffitsientleri 3.3.2 Tedremanmin shartlerin

ganaatlandirsin, sonligtan
TM XX dt<o  (3.3.9)
Sonda
(imM|X )" =0 (3.3.10)
Dalilllew_Bazibir turaqli k > 0 ushin tensizlik orinli

‘M‘X”(t+h)‘p ~M[x* )"

< kt]h M X **(u)|" du
t
Solay etip,

‘%M‘X”(t)‘p skM‘XS’X(t)‘p (3.3.11)

Al (3.3.9) ham (3.3.11), kelip shigad1 (3.3.10) gatnas
Endi q-ornigsizliq tisinigin uyrenemiz.
(3.3.1) sistemanin trival sheshimi q-eksponensial ornigsiz dep ataladi, egerde
bazibir on A ham « turaqlist ushin
M[X (@) " < AX " exp{- arlt —s)}
Al gasimtotikaliq ornigsizligtan bazibir g >0 ushin itimallig1 boyinsha ornigsizliq
kelip shigadi, solay etip SHebishev tensizliginen galegen R >0 ushin.

PIX (1) <Rj<R*-M|X**()'
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Teérema 3.3.3 Eksponensial q-ornigsizligtan (3.3.1) sistemanin X (t) =0 sheshimi
t>0 de V(t,x) funksiyasinin bar boliw1 jetkilikli, CJ(E)klassqa derek haim mina
tensizliklerdi ganaatlandiriwshi

KX ™ <V x)<k,|X ™ LVt x) <=k | (3.3.12)

Teérema 3.3.4. Egerde b ham o, koeffitsientleri ekinshi tartipli x boyinsha
uzliksiz tuwindilarga iye bolsa, al (3.3.1) sistemanin X (t) = 0 sheshimi eksponensial
q-ornigsiz, onda V(t,x) funksiyasi bar boladi (3.3.12) tefisizlikleridi ham mina
tensizliklerdi qanaatlandiriwshi

v

<k, X"
oX; < 4|X| ’

< k4|x|_q_2;

Teérema 3.3.5 Egerde 3.3.1 Teéremanin shartleri orinlansa, onda sonday bir y >0

turaglis1 bar boladi, yagniy galegen xe E,, s>s bolsa birge ten itimalliq penen
mina gatnas ‘X”(t)‘ <K,, - ¢ ornli. Sonliqtan K, tosmanli shama shekli derlik.

Dalillew. Mina

W (t,x) =V (t,x) exp{%}

2

Funksiyasi ushin (3.3.3) ham (3.3.4) shartten x =0 de mina tensizlik kelip shigadi

LW :gexp Q V +exp E LV <0
k,t k,t

k2 2 2

Bunnan kelip shigadi, W(t, X **(t)) protsessi supermortingal. Ol on, barliq s,x ler
ushin onda shekli shek bar boladi W (t, X **(t)) yagniy t — «. Bunnan
SUPW (t, X > (1)) = A, <0
Birge ten itimalliq penen. Sonligtan
Vit X ()< A e

Bunnan, (3.3.3) shartti esapga alsag, Teéremanin natiyjesine iye bolamiz
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Juwmagq
Bul pitkeriu kanigelik jumisinda tomendegi tiykarg: natiyjeler alinadi.
1. Turagh koeffitsientli sizighh stoxastikaliq differensial tenlemesi garaladi.
Lyapunov funksiyasin  kvadrath koriniste alip sizigh stoxastikaliq sistema ushin
baha alinadi. Baslangish qozdinwdi bahalaw qaraladi. Waagit boyinsha o6tiw
protsessii korsetiledi
2. Si1zigh stoxastikaliq sistemanin orniglihgin izertlew maselesi matritsahq
Lyapunov-Silvestr tenlemesin sheshiwge alip kelinetugin korsetiledi.
3. Siziql1 stoxastikaliq sistemanimn baslangish gozdiriw oblastin bahalaw koérsetiledi.
4. Optimal Lyapunov funksiyasinin algoritmin tabiw qaraladi. Tuwindini
parametrizatsiyalaw algoritmi ham funksiyani parametrizatsiyalaw algoritmi.
5. Siz1ql1 stoxastikaliq sistemada waqit boyinsha protsessin optimallastiriw maselesi
garaladi. Optimallastinw  maselesi qaraladi. Optimallastinw — maselesinin
sheshiminin sistemasinin tarine baylansililig1 korsetiledi.
6. Optimizatsiyalaw algoritmleri keltiriledi. Nur boyinsha soziw algoritmi ham
menshikli vektor boyinsha soziw algoritmi.
7. Siziqh stoxastikaliq sistemanin sheshiminin orniglilig maselesinde Silvestr-

Lyapunov matritsaliq tenlemesi gollanilatugini korsetiledi.
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